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In this paper, we consider terahertz sources based on Čerenkov difference frequency generation in a dual-wavelength mid-infrared quantum cascade laser and calculate analytically the optical external efficiency of the out going terahertz wave. The midinfrared pumps operate simultaneously and have a common upper level. For short cavity lengths and low terahertz losses in the substrate, we find that implementation of the Čerenkov emission scheme in terahertz difference frequency generation quantum cascade lasers improves the optical external efficiency dramatically. The maximum value of the latter is close to 19%, but is only attainable if the laser exhibits negligible mid-infrared transmission losses.

Introduction

The terahertz (THz) region (0.3-10THz) of the electromagnetic spectrum is extremely important in areas such as spectroscopy, communications, security, and non-destructive testing [START_REF] Ferguson | Materials for terahertz science and technology[END_REF][START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF][START_REF] Jepsen | Terahertz spectroscopy and imaging-Modern techniques and applications[END_REF][START_REF] Dean | Terahertz imaging using quantum cascade lasers-a review of systems and applications[END_REF] . A variety of THz sources have already been developed for such applications and most of them are based on the use of quantum cascade (QC) lasers [START_REF] Köhler | Terahertz semiconductor-heterostructure laser[END_REF] .

Previous designs of THz-QC lasers relied on electron transitions between the quantized energy levels of the conduction band [START_REF] Köhler | Terahertz semiconductor-heterostructure laser[END_REF][START_REF] Williams | 3.4-THz quantum cascade laser based on longitudinal-optical-phonon scattering for depopulation[END_REF][START_REF] Fathololoumi | Terahertz quantum cascade lasers operating up to ∼ 200 K with optimized oscillator strength and improved injection tunneling[END_REF][START_REF] Vitiello | Quantum cascade lasers: 20 years of challenges[END_REF] . However, these THz sources suffer from non-radiative relaxation channels and thermal backfilling. Therefore, their performance decreases quite appreciably with increasing temperature. They have on purpose been developed for this wavelength range and so far all of them require cryogenic cooling to operate.

To produce radiation at room temperature in this spectral window a new scheme has recently been used as an alternative. It is based on intra-cavity difference frequency generation (DFG) in dual-wavelength mid-infrared (mid-IR) QC lasers [START_REF] Belkin | Terahertz quantum-cascade laser source based on intracavity difference-frequency generation[END_REF] . The key ingredient in the new design is the presence of a giant optical nonlinearity monolithically integrated in the active region. These devices use a dual-stack active region, moreover bound to continuum transitions are designed so as to have a giant intersubband nonlinearity [START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF]  for THz DFG and either two-phonon resonance design or one optical phonon lower states bandwidth [START_REF] Belkin | Room temperature terahertz quantum cascade laser source based on intracavity difference-frequency generation[END_REF][START_REF] Jiang | External cavity terahertz quantum cascade laser sources based on intra-cavity frequency mixing with 1.2-5.9 THz tuning range[END_REF][START_REF] Jung | Broadly tunable monolithic room temperature terahertz quantum cascade laser sources[END_REF][START_REF] Lu | Widely tunable room temperature semiconductor terahertz source[END_REF][START_REF] Belkin | New frontiers in quantum cascade lasers: high performance room temperature terahertz sources[END_REF] . This type of design uses just one upper laser state contrary to another design making use of the DFG based on the anticrossed dual-upperstate concept [START_REF] Fujita | High performance, homogeneous broad-gain quantum cascade lasers based on dual-upper-state design[END_REF][START_REF] Fujita | Terahertz generation in midinfrared quantum cascade lasers with a dualupper-state active region[END_REF] . Unfortunately, the main drawbacks of these options are at least twofold: 1) Low power output at room temperature and 2) CW operation. In this regard, the authors in Ref. 17 for instance report a power of just 3µW at 3.6THz.

The use of the Čerenkov emission is another powerful method enhancing the THz DFG power output [START_REF] Vijayraghavan | Terahertz sources based on Čerenkov differencefrequency generation in quantum cascade lasers[END_REF] . In this case, THz radiation is emitted into the substrate and THz radiation can efficiently be extracted along the entire device length. Čerenkov emission in THz DFG-QC lasers occurs when the phase velocity of the THz wave inside the device substrate is greater than that of the difference frequency nonlinear polarisation wave in the device active region. In this configuration, the phase matching condition is automatically fulfilled under a certain angle to the QC laser pumps path [START_REF] Sutherland | Handbook of Nonlinear Optics 2nd Ed[END_REF] . Čerenkov phase matched THz wave generation has the advantage of high THz refractive index and low loss absorption in the substrate.

The schematic illustration of the Čerenkov THz DFG-QC laser is shown in Fig. 1. The active region consists of two stacks of stages: In the first one, a double phonon resonance design is in action [START_REF] Faist | Bound-tocontinuum and two-phonon resonance, quantum cascade lasers for high duty cycle, high-temperature operation[END_REF] and lasing takes place around a wavelength λ 1 ≈10.5μm while in the second a bound-to-continuum design is used [START_REF] Faist | Bound-tocontinuum and two-phonon resonance, quantum cascade lasers for high duty cycle, high-temperature operation[END_REF] and lasing occurs at a wavelength λ 2 about 8.9μm. THz DFG emission occurs into the substrate at Čerenkov angle θ C . The propagation angle of the Čerenkov THz emission with respect to the QC laser cavity is defined as

  1 cos / C g sub nn   
, where n g and n sub are respectively the group velocity index of the mid-IR pumps and the THz refractive index of the substrate. For more technical details on the structure, we kindly refer the reader to the published literature [START_REF] Vijayraghavan | Terahertz sources based on Čerenkov differencefrequency generation in quantum cascade lasers[END_REF][START_REF] Jung | Broadly tunable monolithic room-temperature terahertz quantum cascade laser sources[END_REF][START_REF] Lu | Recent Advances in Room temperature, high-power terahertz quantum cascade laser sources based on difference-frequency generation[END_REF][START_REF] Fujita | Recent progress in terahertz difference-frequency quantum cascade laser sources[END_REF] .

In THz DFG-QC lasers, the mid-IR-to-THz conversion (defined as the ratio of the THz power output to the product of the two powers of the mid-IR pumps) and the wallplug (defined as the ratio of the optical output power to the input electrical power)

efficiencies play an important role that partly determine the device's performance and have already been investigated experimentally in the case of a Čerenkov THz DFG-QC laser [START_REF] Fujita | Recent progress in terahertz difference-frequency quantum cascade laser sources[END_REF][START_REF] Razeghi | Proc. SPIE[END_REF] . At room temperature, the maximum mid-IR-to-THz conversion efficiencies exceed 0.8mW/W 2 and 0.35mW/W 2 for pulsed [START_REF] Razeghi | Proc. SPIE[END_REF] and CW operations [START_REF] Lu | Recent Advances in Room temperature, high-power terahertz quantum cascade laser sources based on difference-frequency generation[END_REF] respectively, while the best wall-plug efficiencies of mid-IR QC lasers exceed 0.7×10 -3 % and 0.8×10 -4 % for pulsed [START_REF] Razeghi | Quantum cascade lasers: from tool to product[END_REF] and CW operations [START_REF] Lu | Recent Advances in Room temperature, high-power terahertz quantum cascade laser sources based on difference-frequency generation[END_REF] respectively.

Equally important for the DFG-QC laser operation is the optical external efficiency, known as optical extraction efficiency in the laser physics literature [START_REF] Hodgson | Laser Resonators and Beam Propagation: Fundamentals, Advanced Concepts and Applications[END_REF] . This parameter is useful for designing THz DFG-QC lasers and optimising their performance. In this paper, we calculate analytically the optical external efficiency for the THz-QC laser based on intra-cavity Čerenkov DFG, using a rate equation model.

Our paper is organized as follows: Section 2 describes the rate equations model of the two mid-IR mode pumps used to derive our results. In addition, this section also contains the steady state solutions above the second QC laser threshold. Section 3 contains the analytical derivation of the optical external efficiency for the THz-QC laser-based on Čerenkov DFG. Finally, Section 4 concludes our paper and highlights our main findings.

The model

The simplified energy level scheme of one period of the bound-to-continuum active region given in Fig. 2 is used to set up the rate equations. The upper and lower states for wavelength pump 1 10.5   µm will be taken as levels 4 and 3 respectively, while 4 and 2 will be for wavelength pump 2 8.9   µm. For mode 1 of wavelength 10.5µm, the first excited state denoted 2 and the ground state denoted 1 are used to empty the lower state through emission of longitudinal optical (LO) phonons. The same ground state, through LO-phonon emission, is also used to empty the lower state of the lasing mode 2 at wavelength 8.9 µm. The THz radiation is generated via the DFG process between levels 3 and 2.

Fig. 2 also presents a sketch of our structure and displays in red and blue the radiative transitions and in grey the non-radiative ones due to phonon scattering. At this stage note that intersubband phonon scattering occurs not only between levels 4 and 1, and 4 and 2 on one hand but also between 4 and 3 as well. In this regard, we also point out the importance of phonon scattering which has been shown to be the main competing nonradiative process in mid-IR QC lasers. We restrict the rate equations model to a threelevel system. The dynamic variables comprise the respective instantaneous numbers of electrons in each level denoted by 2 N , 3 N , and 4 N and the photon numbers [START_REF] Ferguson | Materials for terahertz science and technology[END_REF] S and [START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF] S for the two mid-IR pumps. In the following, we assume a unity injection efficiency for the current into the upper laser level, ignore emission of radiation in the double phonon resonance active region and neglect the thermal backfilling transition times.

The system may be described by the five following rate equations [START_REF] Hamadou | Rate equations analysis of a dualwavelength quantum cascade laser[END_REF][START_REF] Hamadou | Delay time calculation for dualwavelength quantum cascade lasers[END_REF][START_REF] Hamadou | Dynamic modeling of a terahertz quantum cascade laser based on difference frequency generation[END_REF] :
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Where I denotes the electron current being pumped into the upper level, e is the absolute value of the electronic charge. In addition, in the above equations we introduced the gain coefficient per stage 

( ) ( ) ( ) / i i i G c V    where () i  is the mode confinement factor for wavelength i  ( i  1,2),
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For the sake of convenience, let us also introduce the lifetimes 4
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In the steady state, all the time derivatives in the rate equations given above vanish. An analytical solution, above the second QC laser threshold, of the system becomes then feasible. The following expressions for the intersubband population inversions
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S and ( 2) S of the two mid-IR pumps ensue:

(1) (1) 3 4 43

1 th I N e          , ( 3a 
) (2) (2) 3 21 21 4
43 32 42

1 th I N e              , (3b)   1/2 2 1 1 0 (1) (1) 4 2 sat a a a SS     , ( 4a 
) (1) 2 (2) (2) (1) (2) (2) (1) 0 (1) 11 
1 th th sat sat sat S II I I S SS S S           , ( 4b 
)
where the threshold current 
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In Eq.(4a), the parameters 0 a and 1 a are given by the relations
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where the parameters 0  , 1  and 2  are defined as 
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Note that the second QC laser threshold is defined by 26
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Let us stress that 

Derivation of the optical external efficiency for the Čerenkov THz DFG-QC laser

The system of Eqs.(1) describes the amplification of the mid-IR radiation fields inside the nonlinear active medium and will now be used to derive the Čerenkov power coming through the front facet of the substrate () THz out P and the optical external efficiency () THz ext  .

DFG is a nonlinear optical process in which two beams at angular frequencies 1  and 2  , in our case both in the mid-IR range, interact in a nonlinear medium having an effective second-order nonlinear susceptibility [START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF]  to produce radiation at a THz It is well established that the efficiency of the DFG process critically depends on the matching of phase velocities of interacting waves [START_REF] Shen | Nonlinear Infrared Generation 4th Ed[END_REF] . In order to produce perfect phase matching 0 k , we use in this work the Čerenkov DFG scheme as mentioned in section 1. We use here a semi-insulating (SI) InP substrate and the generated THz radiation is emitted at the Čerenkov angle θ C . For example for the refractive index in the nonlinear active region n g =3.37 and at a wavelength of 60µm, SI-InP substrate has a refractive index of about n sub ~3.6 which results in a 21° Čerenkov angle in the substrate [START_REF] Vijayraghavan | Terahertz sources based on Čerenkov differencefrequency generation in quantum cascade lasers[END_REF] .

In most cases, absorption degrades the performance of devices operating at THz frequencies and our aim here is to estimate by how much. To quantify the degradation, we derive the optical external efficiency while keeping the loss terms in the nonlinear active region and the substrate.

The output power of the THz wave produced through Čerenkov DFG is obtained from the well-known formula [START_REF] Shen | Nonlinear Infrared Generation 4th Ed[END_REF][START_REF] Jung | Terahertz difference-frequency quantum cascade laser sources on silicon[END_REF] , including the effects of absorption in the non depleted pump approximation and assuming perfect phase matching 0 k  : 
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Here, () i P (i=1,2) is the mid-IR pump beam power at The intersubband nonlinear susceptibility [START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF]  for the THz DFG is given in the case of a bound-to-continuum active region as 10 : The maximum of the Čerenkov power () max THz P in the substrate is attained when all the waveguide and substrate losses are zero (i.e., [START_REF] Ferguson | Materials for terahertz science and technology[END_REF] ( R for both mid-IR modes pumps approach 100% (i.e.,
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We now derive a general expression for the optical external efficiency of Čerenkov THz DFG-QC laser () THz ext  which is an important parameter characterizing the optical performance of a laser. This quantity is defined as the ratio of the THz DFG-QC laser output power and the maximum THz DFG-QC laser power in the substrate i.e. 10) and ( 12), we get 
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Multiplying and dividing Eq.( 14) by   
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In the above expression,  serves as the relative efficiency function in the presence of losses and can be expressed as
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In the absence of any optical losses, the relative efficiency approaches unity.

In Eq.( 16), the factors [START_REF] Ferguson | Materials for terahertz science and technology[END_REF] int  and [START_REF] Tonouchi | Cutting-edge terahertz technology[END_REF] int  are the mid-IR optical internal efficiencies at wavelengths λ 1 and λ 2 and are given by:
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In the above equation, () ,max THz ext  denotes the THz optical external efficiency when all the losses vanish, so that it represents the best performance.

As we can see from Eq. ( 16) the optical external efficiency for Čerenkov THz DFG depends on the materials parameters of the QC laser and can be controlled either through the cavity length or by the current injection.

We show in Fig. 3 the variation of the relative efficiency as a function of the THz losses in the substrate with and without mid-IR losses. In the absence of any losses, the relative efficiency approaches unity. It decreases when losses in the substrate increase.

The mid-IR losses reduce dramatically the relative efficiency and hence the laser performance.

In Fig. 4, the THz-optical external efficiency is plotted as a function of current injection for different cavity lengths at three values of the THz losses in the substrate. As shown on the different panels, at the second QC laser threshold, the THz-optical external efficiency is zero and it increases when the current injection is increased. For lower values of the cavity length, the photon lifetime in the cavity decreases, thus reducing the threshold current and therefore directly enhancing the THz-optical external efficiency which is very sensitive to the THz losses in the substrate. For example, for L=1mm and at I=12A, the THz-optical external efficiency increases by a factor of ~1.4 times for α=10cm -1 and 1.7 times for α=5cm -1 compared to α=20cm -1 . as a function of the cavity length and THz loss in the substrate. We observe that the impact of the higher THz loss in the substrate on the THz-optical external efficiency can be compensated by decreasing the cavity length. The optimal choice of L < 2mm and 5 sub   cm -1 results in the greatest value of () 5% and THz DFG-QC laser. We find that a maximum THz optical external efficiency of 19% is only attainable if the laser exhibits no mid-IR transmission loss (R 1 =1). In this situation the optical external efficiencies for both mid-IR modes pumps approach zero and the maxima of the mid-IR powers are located in the nonlinear active region.

We show in Fig. 7 the variation of the THz-optical external efficiency as a function of the THz losses in the substrate for two mid-IR reflecting power R 1 . It is worthwhile to stress the strong decrease of () THz ext  as the THz losses in the substrate increase from its minimal value 0 upward. We also see that () THz ext  depends on the R 1 value. By increasing the THz losses from 0 to 40cm -1 , the THz-optical external efficiency decreases from 19% to 5% for R 1 =0.29 and from 24% to 6.5% for R 1 =1. This decrease is due to the strong dependence of the () THz ext  on the relative efficiency  which is strongly affected by the value of the THz loss in substrate, as shown in Fig. 3.

Conclusion

In summary, we have studied the performance of the Terahertz sources based on Čerenkov difference frequency generation in dual-wavelengths mid-IR QC lasers. We have developed an analytical scheme leading to a closed form determination of the THzoptical external efficiency. With the present design and physical parameters, the injection current and the cavity length are found to play a central role on the performance of the Čerenkov THz QC laser. We also find that the drawbacks on the THz-optical external efficiency due to important THz losses in the substrate can be alleviated by decreasing the cavity length.
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 1 Fig.1. Schematic illustration of the Čerenkov THz DFG-QC laser. The nonlinear active region is shown in green and the substrate is in black. Red solid arrows indicate the Čerenkov radiation emission at an angle θ C . The front facet of the substrate is polished to facilitate the out coupling of the THz radiation to free space ( () THz sub R). () 1
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 2 Fig. 2. Four-level model of one stage of the bound-to-continuum active region in a dual-wavelength QC laser as used in our work. Lasing takes place simultaneously through transitions from 4 onto 3 on one hand and from 4 onto 2 on the other. The THz frequency is generated via DFG process between levels 3 and 2.
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 38 Fig.3. Dependence of the relative efficiency  on THz absorption coefficient in the substrate without and with mid-IR losses.[START_REF] Ferguson | Materials for terahertz science and technology[END_REF] 
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 4567 Fig.4. Dependence of the THz-optical external efficiency on current injection for different cavity lengths and at different values of the THz loss coefficients in the substrate: () 20 THz sub 
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