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Editorial

Les Journées d’Intelligence Artificielle Fondamentale (JTAF) constituent un rendez-vous annuel de la com-
munauté francophone travaillant sur I'Intelligence Artificielle Fondamentale. Les thématiques de recherche sont
relatives aux méthodes et outils fondamentaux de I'Intelligence Artificielle, tel que :

Définition de modeles de représentation des informations (croyances, connaissances, préférences, obliga-
tions et permissions, actions, incertitude, confiance, réputation) : langages des logiques classiques ou non
classiques, modeles possibilistes, ontologies, langages a base de contraintes, représentations graphiques,
etc.

Définition et automatisation de raisonnements sur ces informations : raisonnement spatio-temporel, dy-
namique des informations, révision de croyances, fusion d’informations symboliques, raisonnement par
argumentation, raisonnement causal, raisonnement abductif, raisonnement a partir de cas, etc.

Mise au point de méthodes de codage des informations et d’algorithmes de traitement efficaces : compi-
lation de connaissances, SAT, contraintes, ASP, etc.

Modélisation formelle de I'interaction : entre utilisateurs et systémes informatiques, entre entités infor-
matiques autonomes (agents), intégration de ces deux aspects dans les divers agents conversationnels,
agents de recherche, assistants personnels.

Choix social, théorie des jeux, algorithmes pour les jeux.

Pour des objectifs de décision, planification, ordonnancement, diagnostic, apprentissage et dans différents
contextes d’application, comme par exemple le Web sémantique.

Les journées sont composées d’exposés de syntheése, permettant a la communauté de découvrir des thé-
matiques connexes au travers d’exposés de spécialistes, et de communications sélectionnées par le comité de
programme.

Les éditions précédentes se sont déroulées & Amiens (2018), Caen (2017), Montpellier (2016), Rennes (2015),
Angers (2014), Aix-en-Provence (2013), Toulouse (2012), Lyon (2011), Strasbourg (2010), Marseille (2009),
Paris (2008) et Grenoble (2007).

Ces 13émes Journées d’Intelligence Artificielle Fondamentale (JIAF 2019) ont eu lieu du ler au 3 juillet
2019, dans le cadre de la Plate-Forme Intelligence Artificielle (PFIA).

Sylvie DOUTRE, Tiago DE LIMA
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A gentle introduction to unification in modal logics
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Abstract

Unification in propositional logics is an active re-
search area. In this paper, we introduce the results
we have obtained within the context of modal logics
and epistemic logics and we present some of the open
problems whose solution will have an important im-
pact on the future of the area.

Résumé

L’unification dans les logiques propositionnelles
est un domaine de recherche actif. Dans cet article,
nous présentons les résultats que nous avons obtenus
dans le cadre des logiques modales et des logiques
épistémiques et nous introduisons quelques uns des
problemes ouverts dont la résolution aura un impact
important sur ’avenir du domaine.

1 Introduction

The problem of solving equations was at the heart
of the algebra of logic created by Boole. In modern
terms, owing to the fact that given n € N and pairs
(p1,91), ..., (¥n, ¥n) of Boolean formulas, the system
consisting of the n equivalences @1 <> U1, ..., Yn < Vn
can be readily transformed into an equivalent system

*Corresponding author. The addresses of the authors
are philippe.balbiani@irit.fr, cigdemgencer@aydin.edu.tr,
mojtaba.mojtahedi@ut.ac.ir, maryam.rostamigiv@irit.fr and
tinko@fmi.uni-sofia.bg.

X <> T consisting of only one equivalence, the pro-
blem of solving equations can be interpreted as a sa-
tisfiability problem, or as a unification problem. The
satisfiability problem asks whether the variables of x
can be uniformly replaced by constant formulas (i.e.
the formulas 1 and T) in such a way that the resul-
ting formula evaluates to 1 in the two-element Boolean
algebra. The unification problem asks whether the va-
riables of x can be uniformly replaced by formulas (i.e.
arbitrary formulas) in such a way that the resulting
formula evaluates to 1 under all truth assignments in
the two-element Boolean algebra.

Of relevance in many applications of Artificial In-
telligence, the satisfiability problem has given rise to
a significant corpus of results in automated reasoning.
This is borne out by the numerous problems having
translations to the satisfiability problem and by the
multifarious tools available to solve these translations.
In the case of most applied logics, a similar remark
also applies. Witness, the systematic interest falling on
optimal procedures deciding the satisfiability problem
of freshly designed applied logics rather than on ele-
gant axiomatizations explaining the meaning of their
logical connectives. In comparison, the unification pro-
blem has attracted less attention. The truth is that it
has been examined from a different angle : a desirable
output of the satisfiability problem is a model satis-
fying the given formula whereas a desirable output of
the unification problem is a substitution making the

JIAFQPFIA 2019



A gentle introduction to unification in modal logics

given formula valid.

From a mathematical point of view, the unification
problem is strongly related to the admissibility pro-
blem which asks with respect to some predetermined
propositional logics L whether given a rule %,
every substitution turning ¢1, ..., ¢, into members of
L also turns x into a member of L. Firstly, since a
given formula ¢ is unifiable if and only if, when L is
consistent, the associated rule % is non-admissible, we
can turn any algorithm deciding the admissibility pro-
blem into an algorithm deciding the unification pro-
blem. Secondly, since a given rule % is admis-
sible if and only if, when L is finitary !, every maximal
unifier of @1, ..., p, is also a unifier of x, we can turn,
when L is decidable, any algorithm producing minimal
complete sets of unifiers into an algorithm deciding the
admissibility problem 2. See Ghilardi [18, 19] for illus-
trations within the context of intuitionistic logic and
modal logics like K4 and S4. See also [17, 21].

From the point of view of Artificial Intelligence, uni-
fication in propositional logics is an active research
area and several applications of the unification pro-
blem in the maintenance of knowledge bases have been
considered. In this respect, within the context of a ter-
minology of concepts, we may ask whether given n € N
and pairs (C1,D1),...,(Cp, Dy,) of concept descrip-
tions, a substitution can make these pairs equivalent
by replacing some of their variables by appropriate
concept descriptions. Moreover, we may be interested
to obtain, if possible, the most general substitution
that can make the pairs equivalent. See the related
unification algorithms presented in [3, 4] for the des-
cription languages £L£ and FLj.

The thing is that there is a wide variety of situa-
tions where the unification problem arises. Let us ex-
plain our motivation for considering them within the
context of Public Announcement Logic 3. Suppose the
epistemic formula ¢(p) describes a given initial situa-
tion in terms of the knowledge of a group of agents
about the list of parameter facts p = (p1,...,Pm)
and the epistemic formula ((x(pz)))®(p) represents
the knowledge of the group about p in a desirable final
situation (the t-part) after an executable public an-
nouncement concerning p and the list of variable facts
Z = (x1,...,2,) (the x-part) has been performed. It

1. See Section 2 for a definition.

2. It is well-known that owing to its structural completeness,
Boolean logic has a decidable admissibility problem. It was only
after the results of Rybakov [29, 30] that it has been known
that intuitionistic logic and modal logics like K4 and S4 have a
decidable admissibility problem too.

3. In a multi-agent system, public announcements are atomic
actions performed by an outside observer consisting of publicly
announcing a formula [12, Chapter 4]. Perceived by all agents,
it is common knowledge that these public announcements are
truthful.

JIAFQPFIA 2019

may happen that ¢(p) — ({x(pZ)))¥(p) is not valid in
Public Announcement Logic. Hence, we may ask whe-
ther there are tuples ¢ = (¢1, ..., ¢y,) of formulas such
that o(p) — ((x(p¢)))®(p) is valid. Moreover, we may
be interested to obtain the most general tuple ¢ of
formulas such that ¢(p) — ((x(p®)))(p) is valid. In
Section 5, we will prove that some unifiable epistemic
formulas as above have always most general unifiers.

In this paper, we introduce the results we have ob-
tained within the context of modal logics and episte-
mic logics and we present some of the open problems
whose solution will have an important impact on the
future of the area.

2 Unification : preliminary definitions

Syntax We consider a propositional language with
a countably infinite set PAR of propositional parame-
ters (p, q, etc), a countably infinite set VAR of pro-
positional variables (z, y, etc), a countable set O of
operators and an arity function p: O — N. Atoms
(a, B, etc) are parameters, or variables. We denote this
language by PL. Its formulas are defined by the rule
¢ = a | o(p1,...,pn) where o ranges over O and
n = p(o). For all formulas ¢, its set of variables (in
symbols, var(y)) is defined as usual. Let (p1,pa,...)
be an enumeration of PAR without repetitions and
(z1,x2,...) be an enumeration of VAR without repe-
titions. We write ¢(pZ) to denote a formula whose pa-
rameters form a sublist of p = (p1, ..., pm) and whose
variables form a sublist of T = (z1,...,z,). We use
the standard definition for the notion of subformula.

Semantics Formulas of PL are interpreted in alge-
braic structures, or in relational structures : nondege-
nerate Boolean algebras in the case of Boolean logic,
Kripke frames in the case of modal logics, etc. A set
of values and a set of designated values are coming
with each of these structures : A and {14} in the case
of the nondegenerate Boolean algebra (A,04,*4,+4),
P(W) and {W} in the case of the Kripke frame (W, R),
etc. Models are pairs of the form (S, V) where S is a
structure and V is a truth assignment associating each
formula ¢ with a value V(p) in S. We shall say that
a formula ¢ is true in the model (S, V) if V(p) is a
designated value in S. Let C be a class of structures.
We shall say that a formula is C-valid if it is true in
all models based on a structure in C. The propositional
logic determined by C is the set of all C-valid formu-
las : BL in the case of Boolean logic, K4, S4, etc in
the case of modal logics, etc.

Substitutions A substitution is a homomorphism
0 : PL — PL which moves at most finitely many va-
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riables. It is parameter-free if for all variables z, o(z)
is parameter-free. It is ground if for all variables z,
o(x) is variable-free. The composition of the substitu-
tions o and 7 is the substitution o o 7 such that for all
variables z, (o o 7)(z) = 7(o(z)).

We shall say that a substitution o is C-equivalent to
a substitution 7 (in symbols o ~ 7) if for all variables
x, each model associate o(x) and 7(z) with the same
value. We shall say that a substitution o is more ge-
neral than a substitution 7 (in symbols o < 7) if there
exists a substitution v such that o ov ~ 7. Obviously,
< contains ~. Moreover, on the set of all substitu-
tions, ~ is reflexive, symmetric and transitive and =<
is reflexive and transitive. We shall say that a set 3
of substitutions is minimal if for all o,7 € ¥, if 0 <7
then o = 7.

Unifiers We shall say that a formula ¢ is C-unifiable
if there exists a substitution o such that o(y) is C-
valid. In that case, o is a unifier of ¢. We traditionally
distinguish between elementary unification (ELU) and
unification with parameters (UWP). ELU is the pro-
blem of asking whether a given parameter-free formula
is C-unifiable. UWP is the problem of asking whether
a given formula is C-unifiable. It goes without saying
that the computability of the unification problem in a
propositional logic may vary according to whether one
considers FLU, or considers UWP.

We shall say that a set 3 of unifiers of a C-unifiable
formula ¢ is complete if for all unifiers o of ¢, there
exists 7 € ¥ such that 7 < o. It can be easily proved
that if a C-unifiable formula has minimal complete sets
of unifiers then these sets have the same cardinality.
Hence, an important question is the following [14] :
when a formula is C-unifiable, has it a minimal com-
plete set of unifiers? When the answer is “yes”, how
large is this set ?

Let ¢ be a C-unifiable formula. ¢ is said to be nullary
if there exists no minimal complete set of unifiers of
@, infinitary if there exists a minimal complete set of
unifiers of ¢ but there exists no finite one, finitary if
there exists a finite minimal complete set of unifiers of
¢ but there exists no with cardinality 1 and unitary
if there exists a minimal complete set of unifiers of
¢ with cardinality 1. Obviously, the types “nullary”,
“infinitary”, “finitary” and “unitary” constitute a set of
jointly exhaustive and pairwise distinct situations for
each unifiable formula.

C — or the propositional logic determined by C —
is said to be nullary if there exists a nullary unifiable
formula, infinitary if every unifiable formula possesses
a minimal complete set of unifiers and there is an infi-
nitary unifiable formula, finitary if every unifiable for-
mula possesses a finite minimal complete set of unifiers

and there is a finitary unifiable formula and unitary if
every unifiable formula possesses a minimal complete
set of unifiers with cardinality 1. Obviously, the types
“nullary”, “infinitary”, “finitary” and “unitary” consti-
tute a set of jointly exhaustive and pairwise distinct
situations for each propositional logic. Let us remark
that the type of a propositional logic may vary ac-
cording to whether one considers FLU, or considers

UWP.

3 Case of Boolean logic

Syntax and semantics In the case of Boolean lo-
gic, O consists of the usual Boolean connectives 1, —
and V together with their usual arities. We denote the
associated language by BPL. The Boolean connectives
T, A, = and <> are defined by the usual abbreviations.

Formulas of BPL are interpreted in nondegenerate
Boolean algebras (A,04,%4,+4) — with A as set of
values and {14} as set of designated values — by
means of truth assignments V' such that V(L) = 04,

V(mp) =V(p)* and V(p V) = V(p) +a V().

Computability of wunification The unification
problem in Boolean logic has been firstly investiga-
ted by Boole, his method involving successive elimina-
tion of variables [28]. In Boolean logic, both FLU and
UWP are decidable. To be more precise, FLU and
the satisfiability problem are inter-reducible whereas
UWP and the validity problem of V3-QBF-formulas
are inter-reducible. Hence, in Boolean logic, ELU is
NP-complete and UWP is II¥ -complete. See [1] for a
comprehensive analysis.

Unification types Loéwenheim [24] has given a for-
mula for the most general solution of a unification pro-
blem expressed in terms of a particular solution. Given
a unifier o of a unifiable formula ¢, let € be the sub-
stitution such that for all z € VAR, if x € var(yp)
then €7,(r) = (p Ax) V (mp A o(z)) else el (z) = =
By induction on the formula 1, the reader may prove
that if var(¢)) C var(p) then ¢ — (e7(1) > ) and
—p — (e(¥) > o(¢)) are valid. Since o is a uni-
fier of ¢, we obtain the validity of ¢ — €Z(¢) and
—¢ — €5(¢p). Moreover, for all unifers 7 of ¢ and for
all variables z, 7(€%,(z)) <> 7(x) is valid. Hence, €, is
a unifier of  and for all unifiers 7 of ¢, €7, < 7. Thus,
€, is a most general unifier of ¢ : it constitutes by its
own a complete set of unifiers of ¢. Consequently, ¢ is
unitary.

In the case of ELU, given a unifiable parameter-free
formula ¢, we can define a most general unifier of it
by firstly considering a truth assignment V' in the two-

element Boolean algebra such that V(¢) = 1 and by
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secondly defining the substitution ¢’ such that for all
x € VAR, if © € var(p) then €'(z) = “if V(z) =
0 then ¢ Az else ¢ — 27 else €/(z) = z. Obviously,
the substitution € is equivalent to the substitution
ez defined in the previous paragraph when oy is the
parameter-free ground substitution such that for all
x € VAR, if € var(p) then oy (z) = “if V(z) =
0 then L else T” else oy (z) = .

Additional comments Restricting BPL to a lan-
guage (denoted BPL™) where — is the sole Boo-
lean connective makes the satisfiability problem tri-
vial seeing that every formula then becomes satis-
fiable. Nevertheless, the validity problem still remains
coNP-hard. So, all in all, BPL™ is at least easier than
BPL for what concerns the satisfiability problem, or
the validity problem. Surprisingly, the effect of restric-
ting BPL to BPL™ is opposite for what concerns the
unification problem. This opposite effect is visible for
example, in the formula z — (pV ¢) which is unifiable
and non-unitary . It is unifiable : BPL ™~ -substitutions
like o, (z) = pV(gAz) and o4(z) = (pAx) V¢ are uni-
fiers of it ®. However, it is non-unitary. Let us see why.
Indeed, suppose it is unitary. Let 7 be a BP L~ -unifier
of it such that 7 < o), and 7 < 0,4. As can be proved by
induction on ¢ € BPL™, if ¢ — (pV q) is valid then
p — @ is valid, or ¢ — ¢ is valid. Since 7 is a unifier of
x — (pV q), therefore p — 7(x) is valid, or ¢ — 7(x)
is valid. Without loss of generality, suppose p — 7(x)
is valid. Since 7 = oy, therefore A(7(z)) < o4(z) is
valid for some substitution A. Since p — 7(x) is valid,
therefore p — ((p A z) V q) is valid : a contradiction.

This increased difficulty in the unification problem
has to be related to the fact that in BPL™, Boolean
logic is losing its structural completeness. In order to
understand why, let us consider the rule Z:i . As the
reader can prove, for all BPL” -formulas ¢, if ¢ — p
is valid then p — ¢ is valid. Hence, the considered rule
is admissible. Nevertheless, it is not derivable. Let us
see why. Indeed, suppose the rule is derivable. Thus,
by using the derivation theorem which still holds in
BPL™ [13, Chapter 9], the formula (x — p) — (p —
x) is valid : a contradiction.

The type of BPL~ for UWP is unknown
and we conjecture that it is finitary. See Bal-
biani and Mojtahedi [8] for preliminary results. For
BPL7T-ELU, it is relatively easy to prove that every
formula is unifiable and unitary. In order to unders-
tand why, let ¢ € BPL™ be a parameter-free formula.
Let x € VAR and ¢ € BPL be such that = does

4. In BPL™, the Boolean connective V is definable by (¢ V

¥) 1= ((p =) = ¢).
5. As the reader can prove, formulas like p V (¢ A z) and
(p A x) V q are definable in BPL™.
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not occur in 9 and ¢ <> (¢ V ) is valid®. Let € be
the BPL”-substitution such that for all y € VAR,
if y = z then ¢(y) = ¢ — x else e¢(y) = y. Since =
does not occur in ¢ and ¢ + (¢ V x) is valid, there-
fore e(¢) < (¥ V ((¢ V) — x)) is valid. Moreover,
for all BPL-unifiers 7 of ¢ and for all y € VAR,
7(e(y)) + 7(y) is valid. Hence, € is a BPL ™ -unifier
of ¢ and for all BPL ™ -unifiers 7 of ¢, € < 7. Thus,
€ is a most general unifier of ¢ : it constitutes by its
own a complete set of unifiers of . Consequently, ¢ is
unitary.

4 Case of modal logics

Syntax and semantics In the case of modal lo-
gics, on top of the Boolean connectives considered in
Section 3, O contains the modality O... (“necessarily,
...7) of arity 1. We denote the associated language by
MPL. The modality < ... (“possibly, ...”) of arity 1
is defined by the abbreviation : G := —O-¢p. For all
n > 0, we write ¢ ..., to mean 1 A ... A @,. We
write <p0 to mean —¢ and we write <p1 to mean ¢. For
all d > 0, we write 0<%y to mean T when d = 0,
(p A OO<91yp) otherwise and we write 0% to mean
¢ when d = 0, 0091 otherwise. For all formulas 1,
we write [¢]¢ to mean O(y) — ). For all formulas ¢
and for all d > 0, we write [t)]<%p to mean T when
d =0, (oA [Y][1)]<¢"1p) otherwise and we write [1)]%p
to mean ¢ when d = 0, [1][¢)]? !¢ otherwise. For all
formulas ¢, its modal degree (in symbols, deg(p)) is
defined as usual.

Formulas of MPL are interpreted in Kripke frames
(W, R) — with P(W) as set of values and {IV} as set of
designated values — by means of truth assignments V'
such that V(L) =0, V(@) =W\ V(p), V(p V1) =
V(p) UV () and V(Op) = {s € W : forall t €
W, if R(s,t) then t € V(¢)}. In this section, we will
consider the modal logics enumerated in Table 1.

Computability of unification In some popular
modal logics, to solve the unification problem is not
a mere formality. The truth is that contrary to the
case of Boolean logic, there exists parameter-free for-
mulas that are satisfiable without being unifiable. To
see why, take the parameter-free formula Cax A O—z.
In many modal logics such as K4, S4, etc, this for-
mula is satisfiable. Nevertheless, it is known that if
this formula is unifiable in a modal logic L then L
is inconsistent [15, 27]. The thing is that, while atta-
cking the unification problem, little, if anything, from
the standard tools in modal logics (canonical models,

6. Given a parameter-free formula ¢ € BPL ™, the existence
of £ € VAR and ¢ € BPL such that x does not occur in v and
@ <> (¢ V) is valid can be proved by induction on ¢.
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Modal logics Class of Kripke frames

K All

KD Serial

KT Reflexive

KB Symmetric
KDB Serial symmetric
KTB Reflexive symmetric
KG Church-Rosser
KDG Serial Church-Rosser
KTG Reflexive Church-Rosser

K4 Transitive

S4 Reflexive transitive

S5 Reflexive transitive Euclidean
Alt, Deterministic

TABLE 1 — Some modal logics together with the classes
of Kripke frames that determine them.

filtrations, etc) is helpful — to such an extent that
the computability of the following problems re-
mains open : ELU in K and KB and UWP in
KD, KT, KDB, KTB and Alt;.

The case of Alt; constitutes a good example of what
are the difficulties of the unification problem in mo-
dal logics. Within the context of this modal logic, the
modality O corresponds in Kripke frames to a deter-
ministic binary relation similar to the binary relation
corresponding to the “next” modality of linear tem-
poral logics. It is well-known that Alt; gives rise to
an NP-complete satisfiability problem. Recently, by
reducing Alt1-FLU to the problem of determining
whether a graph contains an Hamiltonian path, Bal-
biani and Tinchev [9] have proved that Alt;-ELU is in
PSPACE. Nevertheless, the argument they have put
forward does not seem to be adaptable to the case of
Alt;-UWP and the computability of Alt,-UWP
remains open.

Luckily, in some other popular modal logics, to solve
the unification problem is relatively easy. For instance,
in modal logics L containing KD, ELU is in NP.
This can be proved by reducing L-FLU to the pro-
blem of determining whether, given a parameter-free
formula ¢(Z), there are tuples ¢ of atom-free formulas
uniformly replacing the variables in the tuple Z such
that o(¢) is in KD. Owing to the fact that every atom-
free formula is KD-equivalent to L, or KD-equivalent
to T, one readily observes that the atom-free formu-
las in ¢ uniformly replacing the variables in Z can be
restricted to the formulas 1 and T. This gives rise to
a nondeterministic algorithm able to solve L-ELU in
polynomial time.

If one considers a modal logic not containing KD, or
one interests in UWP then the complexity of the uni-

11

fication problem may dramatically increase. Investiga-
ted as a subproblem of the non-admissibility problem,
the unification problem has been proved by Ryba-
kov [29] to be decidable in modal logics such as K4, S4,
etc. Nevertheless, apart from the work of Jerdbek [22]
who has studied the computability of the admissibi-
lity problem in modal logics such as K4, S4, etc, the
computability of ELU and UWRP is still largely
terra incognita in most modal logics.

Unification types We have seen in Section 3 that in
Boolean logic, every unifiable formulas can be proved
to be unitary. In some modal logics, that is quite a
different matter. Consider for example, the formula
OzVO-z. It is K-unifiable : substitutions like o1 (z) =
T and o, (z) = L are unifiers of it. However, it is
finitary. Let us see why. Firstly, the above-mentioned
unifiers o1 and o | constitute a complete set of unifiers
of it. This is a consequence of the fact that K satisfies
the modal disjunction property : for all formulas ¢, 1,
if Op v Oy is in K then ¢ is in K, or ¢ is in K.
Secondly, there exists no unifier 7 of Oz V O—-z such
that 7 < o1 and 7 < 0 . Indeed, suppose 7 is a unifier
such that 7 < o7 and 7 < o . Since 7 is a K-unifier of
OxVO-z, therefore by the modal disjunction property,
7(z) is in K, or =7 () is in K. In the former case, since
7 =0, , therefore T <+ 1 is in K : a contradiction. In
the latter case, since 7 < o, therefore 1 <+ T is in
K : a contradiction.

The existence of a finitary K-unifiable formula
does not imply that all K-unifiable formulas are fi-
nitary. Witness, the formula * — Oz put forward
by Jefabek [23]. It is K-unifiable : substitutions like
or(xr) = T and o4(x) = O<9z A OL for each d > 0
are unifiers of it. However, it is nullary. Let us see
why. Firstly, for all unifiers 7 of x — Oz, 7(z) is in
K, or 7(z) — 0%e("(®) | is in K. This is a conse-
quence of the fact that K satisfies the following va-
riant of the rule of margins : for all formulas ¢, if
¢ — Oy is in K then ¢ is in K, or ¢ — 0%8(%) | g
in K. Secondly, as the reader can prove, for all sub-
stitutions 7, 7(z) is in K iff o1 < 7 and for all uni-
fiers 7 of x — Oz, 7(x) — 0%e@) | is in K iff
Odeg(r(z)) = T- Thirdly, there exists no minimal com-
plete set of unifiers of x — Oz. Indeed, suppose X is
a minimal complete set of unifiers of x — Ox. Since ¥
is complete, therefore let 7 € ¥ be such that 7 < oy.
Since ¥ is a set of unifiers of © — Oz, therefore 7(x)
is in K, or 7(z) — 0%&(7®) | is in K. In the for-
mer case, o =< T. Since 7 = 0, therefore o1 =< 0y.
Hence, T +» L is in K : a contradiction. In the latter
case, since Y is a set of unifiers of * — Oz, there-
fore 0geg(r(x)) = 7. Since ¥ is complete, therefore let
i € ¥ be such that g = 0deg(r(2))+1- As the reader can

JIAFQPFIA 2019



A gentle introduction to unification in modal logics

Prove, Odeg(r(z))+1 = Odeg(r(z))- SINCE Tdeg(r(x)) = T
and 1t =X Ogeg(r(x))+1, therefore p =< 7. Since T' is
minimal, therefore y = 7. Since 0qeg(r(2)) = 7 and
r= Odeg(7(z))+1> therefore Odeg(7(z)) = Odeg(7(z))+1-
Thus, A(0deg(r(2))(T)) <+ Odeg(r(a))+1(x) is in K for
some substitution \. Consequently, Odes(m(@)+1]
0des(7(#)) | is in K : a contradiction.

Because of the strong proximity between the mo-
dal logics K, KD, KT, KB, KDB and KTB in
terms of axiomatization/completeness and decida-
bility /complexity, the reader may wonder whether
Jerdbek’s line of reasoning can be used as it is for KD,
KT, KB, KDB and KTB. Obviously, in this line of
reasoning, the formulas 091 for each d > 0 play an
important role”. Unfortunately, when d > 1, O%L is
equivalent to L in KD, KT, KDB and KTB and is
equivalent to 0L in KB. It follows that Jerdbek’s line
of reasoning has to be seriously adapted if one wants
to apply it to KD, KT, KB, KDB and KTB.

Using a parameter p, Balbiani and Gencer [6] have
considered the formula z — (p A [p]z) within the
context of KD. This formula is KD-unifiable : substi-
tutions like 0,,(z) = p and o4(z) = p A [p]<%x A [p]¢L
for each d > 0 are unifiers of it. However, it is nul-
lary. To see why, it suffices to firstly prove that for
all unifiers 7 of z — (p A [plz), 7(z) <> p is in KD,
or 7(x) — [p]4&(7(@) | is in KD, to secondly prove
that for all substitutions 7, 7(x) < p is in KD iff
op = 7 and for all unifiers 7 of x — (p A [plx),
7(z) = [p]4e @) L is in KD iff 0geg(r(x)) = 7 and
to thirdly prove that there exists no minimal complete
set of unifiers of z — (p A [p]z).

Using distinct parameters p, ¢, Balbiani [5] and Bal-
biani and Gencer [7] have respectively considered the
formula (z — (p A [qly)) A (v — (g A [p]z)) within
the context of KT and the formula (p°¢° A ) —
[P°!][p'¢°)[p°¢°]z) within the context of KB, KDB
and KTB. Following a line of reasoning similar to the
ones presented above, they have proved that the for-
mer formula is unifiable and nullary in KT and the
latter formula is unifiable and nullary in KB, KDB
and KTB.

The nullariness character of the modal logics KD,
KT, KB, KDB and KTB constitutes an answer to a
question put forward by Dzik [14, Chapter 5]. Never-
theless, this answer only concerns UWP, the types
of KD, KT, KB, KDB and KTB for ELU re-
maining unknown. Moreover, much remains to be
done, seeing that, for instance, the types of simple
Church-Rosser modal logics like KG, KDG and
KTG are unknown. As well, the type of the least
modal logic containing 0?1 is unknown for each

7. As well as the fact that for all d > 0, O4t11 — 041 is
not valid.
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d>2.

In a sense, the existence of a nullary unifiable for-
mula is the worst thing one can imagine about the uni-
fication type of a modal logic. Luckily, there exists mo-
dal logics where every unifiable formulas can be proved
to be unitary. This is the case of the modal logic S5.
In order to understand why, it suffices given a unifier
o of a unifiable formula ¢, to consider the substitu-
tion €7 such that for all x € VAR, if z € var(yp) then
e7(z) = (B Ax) V (=8¢ A o(x)) else €f(z) = x5
By induction on the formula 1, the reader may prove
that if var(y) C var(p) then Op — (e7(¢) <> ¢) and
—Op — (eZ(¥) < o(¢)) are valid. Since o is a uni-
fier of ¢, we obtain the validity of Op — €7() and
—0p — €7 (). Moreover, for all unifers 7 of ¢ and for
all variable z, 7(e7(x)) <> 7(z) is valid. Hence, €7 is a
unifier of ¢ and for all unifiers 7 of ¢, €7, < 7. Thus,
€, is a most general unifier of ¢ : it constitutes by its
own a complete set of unifiers of . Consequently, ¢ is
unitary.

Additional comments The truth is that the above
line of reasoning proving the unitariness of every S5-
unifiable formula can be adapted to each modal lo-
gic where a modality V (“everywhere, ...”) of arity 1
playing the role of a universal modality is definable?.
The unitariness of every unifiable formula is a remar-
kable property of a modal logic seeing that it guaran-
tees the existence of a most general unifier for all its
unifiable formulas. Nevertheless, it does not constitute
a sufficient condition for the decidability of its unifica-
tion problem and its admissibility problem. After the
first results of Rybakov [29, 30] about the decidabi-
lity of the unification problem and the admissibility
problem in modal logics such as K4, S4, etc, it was an
open question to determine whether the decidability of
a modal logic ensures the decidability of its unification
problem and its admissibility problem. This question
has been negatively answered by Chagrov [11] who has
constructed a — rather artificial — decidable modal
logic with an undecidable admissibility problem. Later
on, Wolter and Zakharyaschev [32] has proved that the
unification problem and the admissibility problem are
undecidable in K, K4 and every modal logic between
K and K4 when the above-mentioned modality V is
definable.

Today, it is possible, without using the universal mo-
dality, to construct a very simple decidable modal logic
with an undecidable admissibility problem. Let us see

8. The reader will remark how this substitution looks like
the Lowenheim substitution considered in Section 3.

9. Enriching modal logics with the universal modality gives
rise to an EXP-complete satisfiability problem in the case of K
and a PSPACE-complete satisfiability problem in the case of
some simple extensions of K4 and S4 [20, 31].
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how. In the case of the modal logic Alt; x Alt; —
the product of Alty with itself —, on top of the Boo-
lean connectives considered in Section 3, O contains
the modalities O ... and Oy... of arity 1. The mo-
dalities ©1 ... and g ... of arity 1 are defined by the
abbreviations : O1p = =019 and o = =y,
Formulas are interpreted in Kripke frames (W, Ry, Rs)
where R; and Rs are deterministic binary relations on
W such that R10R2 g RQORl, RQORl g R10R2
and R;' o Ry C Ryo Ry' — with P(W) as set of va-
lues and {W} as set of designated values — by means
of truth assignments V such that V(Oip) ={s € W :
for allt € W, if Ry(s,t) thent € V ()} and V(Ozp) =
{s e W: forallt € W, if Ry(s,t) then t € V(p)}.
It is well-known that in Alt; x Alty, the satisfiability
problem is N P-complete [16, Theorem 8.53]. What is
maybe less known is that in Alt; x Alty, the validity
problem of rules is undecidable ! [16, Theorem 8.54].
What is new is that in Alt; x Alty, the admissibility
problem is undecidable. This can be proved by a reduc-
tion of the domino-tiling problem (II) an instance of
which consists of a 7-tuple (D, S1,S2, Dy, D4, Dy, D,.)
where D is a finite set of domino-types, S; and Ss
are binary relations on D and D,, Dy, D; and D,
are subsets of D. A tiling of such 7-tuple is a triple
(a1, az, f) where ay, ay are positive integers and f is a
function associating an element f(i1,i2) € D to each
(i1,42) € {1,...,a1} x {1,...,a2}. We shall say that
(a1, az, f) is correct if the following conditions hold for
all iy € {1,...,a1} and for all ix € {1,..., a2} :
— if i1 < aq then f(il,ig)slf(il + 1,i2),
— if i9 < ao then f(il,ig)SQf(il,ig + 1),
— f(al,ig) € D,,
— J(1,i2) € Da,
— f(il, 1) e Dy,
— f(il,ag) S Dr-
Let (D, Sy, S2, Dy, Da, Dy, D;) be an instance of (II)
with dq,...,d, a list of its domino-types. Let y, z and
1,...,T, be pairwise distinct variables. Let ¢ be the
conjunction of the following formulas :
— O0y09-(xp A ) where 1 < k, I <n and k # 1,
— O109(zx —» O3 \V{z : 1 <1< nand (§,3) €
S1}) where 1 < k <mn,
— O10g(xp — Oz \{;
Sa}) where 1 < k <mn,
— y — (Owy A Ogy),
— 2z — (012 A Ozz),
— Y — Dlﬁyv
— —z — Oz,
— O0((yAO1L) =2 \{zr: 1<k <nandde€
Du}),
— Os((y A —2) = O1(z —» V{ar = 1 < k

1<l<nand (§,0) €

IN

10. The rule ‘Pl";c"“p" is walid if the validity of ¢1,...,¢n
implies the validity of x.
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n and oy € Dg4})),
— O((yAz) = Oy = V{zr : 1 <k <
n and 0 € D;})),
— 0105((z A02L) - V{zk: 1<k <nandd€
D, }).
Let 9 be the formula
— (OCoyAC12A0 02 V{zk : 1 <k <n})— (yVz).
What is remarkable is that there exists a correct tiling
iff the rule £ is not admissible. Seeing that the domino-
tiling problem (II) is undecidable [26], this proves that
in Alt; x Alty, the admissibility problem is undeci-
dable. As for the computability of Alt; x Alt;-
ELU and Alt; x Alt;-UWRP, it is open.

5 Case of multi-agent epistemic logics

Syntax and semantics In the case of multi-agent
epistemic logics, on top of the Boolean connectives
considered in Section 3, O consists of the modalities
O, ... (“agent a knows that ...”) of arity 1 where a
ranges over a countable set AGT of agents. We denote
the associated language by MAEPL. The modalities
&g - .. (“it is compatible with the knowledge of agent a
that ...”) of arity 1 are defined by the abbreviations :
Oatp = —0,—p. We shall say that a formula ¢ is Boo-
lean if for all a € AGT, ¢ contains no occurrence of
the modality O,. For all a € AGT, we shall say that
a formula ¢ is a-restricted if for all b € AGT, if a # b
then ¢ contains no occurrence of the modality O;. For
all @ € AGT, we shall say that a formula ¢ is a-monic
if for all b € AGT and for all formulas 1, if Oyt is
a subformula of ¢ then a = b, or v is variable-free.
Obviously, for all a € AGT, every a-restricted formula
is a-monic.

Formulas of MAEPL are interpreted in multi-agent
Kripke frames (W,{R, : @ € AGT}) by means of
truth assignments V' such that V(O,p) = {s € W :
for all t € W, if R,(s,t) then t € V(p)}. In this sec-
tion, we will not reopen the debate about the reaso-
nableness of the notion of knowledge corresponding to
such-and-such class of multi-agent Kripke frames. We
will rather content ourselves with analyzing the effects
of the considered classes of multi-agent Kripke frames
on the computability of unification and the unifica-
tion types. In most cases, it is assumed that for all
a € AGT, the accessibility relation R, is an equiva-
lence relation . The associated modal logic is denoted
S5 47 In few cases, it is moreover assumed that for all
a,b € AGT, the accessibility relations R, and R} are
in local agreement, i.e. for all s € W, R,(s) C Ry(s), or

11. In that case, for all a € AGT and for all s € W, we will
denote by Rg(s) the equivalence class modulo R, with s as its
representative.
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Ry(s) C Ru(s). The associated modal logic is denoted
S5%gr-

Computability of unification S54¢7-FLU and
S5ljg7—-ELU are NP-complete, seeing that the cor-
responding classes of multi-agent Kripke frames are
such that for all @ € AGT, R, is serial 2. Regarding
S54¢7-UWP and 85%97—- UWP, their computa-
bility is a mystery.

Unification types In this paragraph, we consider
the class of multi-agent Kripke frames where for all a €
AGT, R, is an equivalence relation. If AGT is finite
then the modality V (“every agent knows that ...”) of
arity 1 defined by the abbreviation Vo ::= A{Oyp :
a € AGT} plays the role of a universal modality when
we restrict the discussion to the class of multi-agent
Kripke frames where for all a,b € AGT, R, and R}, are
in local agreement. In this case, following the argument
used in Section 4 for modal logics where a modality
playing the role of a universal modality is definable,
every unifiable formulas can be proved to be unitary.

Otherwise, that is to say if AGT is not finite, or
when we do not restrict the discussion to the class of
multi-agent Kripke frames where for all a,b € AGT,
R, and R, are in local agreement, the situation is
worse. To see why, use pairwise distinct parameters
p,q,r and take the formula (z — Oz) A (—z — B—x)

where for all formulas ¢, we write Oy to mean

PO r [P r 2 [P T [P s [pt g0 rOTa [p Ot agp

and we write By to mean plq®r! — [pl¢®r%)2[p®qtrt]y
[P°q 702 [p°q%r1]1 [p°q°r0)2 01 . Tt is S5 4g7-unifiable :
substitutions like oq(x) = 0<% AO?L for each d > 0
and 74(z) = —(M<%=z A BL) for each d > 0 are
unifiers of it. However, following a line of reasoning
similar to the ones developed above for K and KD,

the reader may prove that it is nullary.

Additional comments The existence of a nul-
lary S5 4g7-unifiable formula does not imply that all
S5 4g7-unifiable formulas are nullary. Witness, the
monic formulas. Indeed, let a € AGT and ¢ be an
a-monic formula. Suppose it is S5 4g7-unifiable. Since
¢ is a-monic, therefore for all b € AGT and for all
formulas 1, if Oyt is a subformula of ¢ then a = b,
or v is variable-free. Given an S5 4g7-unifier o of a ¢,
let €2 be the substitution such that for all z € VAR,
if z € var(p) then €f,(z) = (Qap Ax) V (=00 Ao (2))
else €7(r) = x. By induction on the a-monic formula
1, the reader may prove that if var(¢) C var(y) then

12. The line of reasoning we have developed in Section 4 to
prove that ELU is in NP for each modal logic containing KD
can be applied in the multi-agent setting as well.
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Oap — (€5(¥) <> ) and ~Oapp — (eZ(¥) < o (¥))
are valid. Since o is a unifier of ¢, we obtain the
validity of O, — €Z(p) and =00 — €Z(¢). Mo-
reover, for all unifers 7 of ¢ and for all variable =z,
7(e5(x)) «» 7(v) is valid. Hence, €, is a unifier of ¢
and for all unifiers 7 of ¢, €7, < 7. Thus, €7, is a most
general unifier of ¢ : it constitutes by its own a com-
plete set of unifiers of ¢. Consequently, ¢ is unitary.
In next section, we will apply this line of reasoning
to the monic MAEPL-formulas associated to some

simple epistemic planning problems.

6 Application to epistemic planning

On top of the Boolean connectives 1, — and V consi-
dered in Section 3 and the modalities O, considered in
Section 5, let us define the modalities [[¢]] ... of arity
1 for each ¢ € MAEPL by the inductive abbrevia-
tions [[¢]lp = (¢ = p), [[P]]L == —o, [[¢]] ==
(¢ = =llel]¥), [PV x) = ([[¢]]¥ V [[¢]lx) and
[[¢]]0a% ::= (¢ — O4[[¢]]¥). Let us define the moda-
lities ((®)) ... of arity 1 for each p € MAEPL by the
abbreviations : ((¢))y ::= =[[¢]]-tp. Within the set-
ting of Public Announcement Logic [12, Chapter 4], for
all p € MAEPL, the modalities [[¢]] ... (“if ¢ holds
then after it is announced, ... holds”) and ({(¢)) ... (“¢
holds and after it is announced, ... holds”) have been
used to formalize the notion of the public announce-
ment of ¢ which is the atomic action performed by an
outside observer, perceived by all agents and consis-
ting of publicly announcing ¢. By means of these mo-
dalities together with the modality of common know-
ledge, one can faithfully represent all of the reasoning
in examples such as the muddy children puzzle.

The reader will remark that the formulas written
by using the modalities [[¢]] ... and {{®)) ... where ¢
ranges over the set of all MAEP L-formulas are expo-
nentially more succinct than the MAEPL-formulas
they are the abbreviations of. Nevertheless, as pro-
ved by Lutz [25], the membership in S54g7 of for-
mulas written by using these modalities has the same
complexity as the membership in S5 4¢7 of MAEPL-
formulas : PSPACE.

Suppose the formula ¢(p) describes a given initial
situation in terms of the knowledge of AGT-agents
about the list of parameter facts p = (p1,...,Pm)
and the formula ((x(pZ)))1(p) represents the know-
ledge of these agents about p in a desirable final si-
tuation (the v-part) after an executable public an-
nouncement concerning p and the list of variable facts
z = (x1,...,%,) (the x-part) has been performed.
It may happen that ¢(p) — ((x(pZ)))¥(p) is not
S5 4g7-valid. Hence, we may ask whether there are
tuples ¢ = (¢1,...,d,) of formulas such that o(p) —
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{{x(p9)))¥(p) is valid. Moreover, we may be interes-
ted to obtain the most general tuple ¢ of formulas such
that o(p) — ((x(p9)))®(p) is valid. Introduced in this
way, the formula o(p) — ((x(pZ)))¥(p) constitutes a
special instance of what is now called an epistemic
planning problem. See [10] for a general introduction.

Consider for example, the formula ¢ — ((O,x))0px
where v is a variable-free MAEP L-formula, x is a va-
riable, a and b are distinct agents and x is a Boolean
variable-free MAEP L-formula. Considered as an epis-
temic planning problem, to solve this formula means to
ask whether there exists an MAEPL-formula ¢ such
that ¢ — ((0,¢))0px — “in every situation where ¢
holds, a knows that ¢ holds and after it is announced
that a knows that ¢ holds, b knows that y holds” —
is Sb 4g7-valid. Since x is Boolean, therefore taking
into account the definition of the modalities [[¢]]. ..
and ((p)) ... for each ¢ € MAEPL, this is equiva-
lent to solve the formula ¢ — (O,x A Opx’) where
x' is the MAEPL-formula O,z — x. Since O, cor-
responds in Kripke frames to an equivalence relation,
therefore this is equivalent to solve the conjunction
of the formulas vy — O,z and Oy — x'. Since ¥
and x are variable-free, therefore « is a-monic. Moreo-
ver, as the reader can prove, x is S5 4g7-unifiable iff
Cap ANy — x is S5 ag7-valid. In that case, any sub-
stitution o such that o(z) = <49 is a unifier of it and
by applying the line of reasoning developed in the pa-
ragraph “Additional comments” of Section 5, one can
construct a most general unifier of it and of the given
formula ¥ — ((O,z))0px too.

More generally, one may be interested by solving for-
mulas like ¥ = ((Oaz A1 Ao AaYm)) (Tp, X1 A
... A Op,xn) where ¢ is a variable-free MAEPL-
formula, m,n > 0, x and y1,...,y, are pairwise dis-
tinct variables, a and bq,...,b, are pairwise distinct
agents and x1,...,Xn are a-restricted variable-free
MAEP L-formulas. Considered as an epistemic plan-
ning problem, to solve this formula means to ask whe-
ther there exists MAEPL-formulas ¢ and 64,...,0,,
such that ¥ — ((Ogd A Cob1 Ao A<a0m)) (Op, x1 A
... A Oy, xn) — “in every situation where ¢ holds, a
knows that ¢ holds, it is compatible with the know-
ledge of a that 6; holds for each i € {1,...,m} and
after it is announced that a knows that ¢ holds and it
is compatible with the knowledge of a that 6; holds for
each ¢ € {1,...,m}, b; knows that x; holds for each
je{l,...,n}’ —is S5 4g7-valid. Since x1, ..., xn are
a-restricted, therefore taking into account the defini-
tion of the modalities [[¢]] . .. and ({¢)) ... for each ¢ €
MAEPL, this is equivalent to solve the formula ¢ —
(BazACY1I A - ACYm ADp, X1 A . .ADy, x7,) Where X/
is the MAEPL-formula (Oaz A Cqy1 Ao A aYm) —
x; for each j € {1,...,n}. Since Oy, ..., 0, corres-
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pond in Kripke frames to equivalence relations, the-
refore this is equivalent to solve the conjunction &
of the formulas ¢ — (Ouz A Coyr A oo A alym)
and O, 1Y) — x’; where j ranges over {1,...,n}. Since
¢ and x1,...,Xn are variable-free, therefore k is a-
monic. Moreover, as the reader can prove, k is S5 4g7-
unifiable iff a1 A Oy — x; is S5agr-valid for
each j € {1,...,n}. In that case, any substitution
o such that o(x) = ©u¢ and o(y;) = @ for each
j € {1,...,n} is a unifier of it and by applying the
line of reasoning developed in the paragraph “Addi-
tional comments” of Section 5, one can construct a
most general unifier of it and of the given formula
= <<Dal‘/\<>ay1 AL -/\<>aym>>(Db1X1 A A Dann)
too.

7 Conclusion

The modal logics like the ones considered in this pa-
per (K, KD, etc) have now limited mathematical in-
terest for what concerns axiomatization/completeness
and decidability /complexity. Nevertheless, with res-
pect to some predetermined propositional logic L,
considering the question of the determination of its
unification type and the question of the computability
of the unification problem it gives rise to is justified
from the following perspectives : methods for deciding
the L-unifiability of formulas can be used to unders-
tand what is the overlap between the properties formu-
las correspond to in L [2]; in case L is a description lo-
gic, unification algorithms can be used to detect redun-
dancies in L-based systems [3, 4] ; methods for deciding
the L-unifiability of formulas can be used to improve
the efficiency of theorem provers devoted to solve the
membership problem in L. One readily observes that,
while attacking the above-mentioned problems, little,
if anything, from the standard tools in modal logics
(canonical models, filtrations, etc) is helpful. In order
to successfully solve them, new techniques in modal lo-
gics must be developed and much remains to be done.
The study of unification in modal logics has still many
secrets to reveal.
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Résumé

Nous nous intéressons au probleme de la gestion des
incohérences dans des ontologies légeres. Nous supposons
que les bases de connaissances terminologiques (TBox) sont
spécifiées dans les logiques de description DL-Lite. Nous
supposons aussi que les bases assertionnelles (ABox) sont
partiellement préordonnées et peuvent étre incohérentes
avec la base terminologique TBox. Une contribution im-
portante de cet article est la proposition d’une méthode ef-
ficace et saine, appelée Elect, pour restaurer la cohérence
de la base ABox par rapport a la base TBox. Notre mé-
thode permet de retrouver la sémantique dite IAR (Intersec-
tion ABox Repair) lorsque la base ABox est non-ordonnée.
Elle permet également de retrouver la sémantique dite non-
contestée lorsque la base ABox est totalement préordonnée.
La justification sémantique de la méthode Elect est basée
d’abord sur le fait qu’une base ABox partiellement préor-
donnée est interprétée comme une famille de bases ABox to-
talement préordonnées. Ensuite, la méthode Elect applique
I’inférence non-contestée a chacune de ces ABox totalement
préordonnées. Dans la deuxiéme partie de I’article, nous in-
troduisons le concept d’assertions, dites élues, qui permet de
donner une caractérisation équivalente de la méthode Elect
sans avoir a générer explicitement toutes les bases ABox to-
talement préordonnées. Nous montrons alors que le calcul
des assertions €lues se fait en temps polynomial.

Abstract

We focus on the problem of handling inconsistency
in lightweight ontologies. We assume that terminological
knowledge bases (TBoxes) are specified in DL-Lite and that
assertional facts (ABoxes) are partially preordered and may
be inconsistent with respect to TBoxes. One of the main
contributions of this paper is the provision of an efficient
and safe method, called Elect, to restore consistency of the
ABox with respect to the TBox. In the case where the ABox

*Cet article est paru en anglais dans les actes de 15" Internatio-
nal Conference on Logic Programming and Nonmonotonic Reasoning
(LPNMR), Philadelphie, USA, 3-7 Juin 2019, pages 210-223, Springer.
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is flat (no priorities are associated with the assertions) or to-
tally preordered, our method collapses with the well-known
IAR semantics and non-defeated semantics, respectively.
The semantic justification of Elect is obtained by first view-
ing a partially preordered ABox as a family of totally pre-
ordered ABoxes, and then applying non-defeated inference
to each of the totally preordered ABoxes. We introduce the
concept of elected assertions which allows us to provide an
equivalent characterisation of Elect without explicitly gen-
erating all totally preordered ABoxes. Finally we show that
the computation of Elect is done in polynomial time.

1 Introduction

Dans cet article, nous nous intéressons a la gestion
des incohérences dans des ontologies spécifiées en DL-
Lite [12], une famille de fragments légers des Logiques de
Description (DL) ayant de bonnes propriétés calculatoires.
Dans le contexte des Logiques de Description, une base
de connaissances (KB) comporte deux composantes : une
base TBox qui contient la connaissance terminologique et
une base ABox qui est une base assertionnelle. II est rai-
sonnable et d’usage de supposer que le contenu de la base
TBox est correct et sans conflits, donc les éléments de
la base TBox ne sont pas remis en cause en présence de
conflits. Cependant, les assertions de la base ABox peuvent
étre discutables lorsque la base de connaissances est in-
cohérente. Plusieurs stratégies ont été proposées pour per-
mettre de raisonner avec des bases de connaissances in-
cohérentes [8, 13, 23] (voir également [2] pour un état de
I’art). Cela revient souvent a calculer des réparations pour
la base ABox, ol une réparation est définie comme un sous-
ensemble maximal de la base ABox qui est cohérent avec
la base TBox.

L’approche dite ABox Repair (AR) [17] revient a réparer
la base ABox de mani¢ére minimale (en termes d’inclusion
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ensembliste) sans modifier la base TBox. La réponse a une
requéte est basée sur les réponses obtenues de chacune des
réparations. L’approche AR est souvent considérée comme
un moyen fiable de gérer les conflits. Cependant, le calcul
des réponses aux requétes avec la méthode AR est coliteux,
méme pour une logique d’ontologie 1égere telle que DL-
Lite. La méthode connue sous le nom Intersection ABox
Repair (IAR) [17] est plus prudente. Elle interroge une
seule sous-base cohérente de la base ABox obtenue a par-
tir de I’intersection de toutes les réparations. L’avantage de
la réparation IAR est qu’elle peut étre calculée en temps
polynomial.

La notion de réparation non-contestée (en anglais non-
defeated) d’une base ABox incohérente et totalement pré-
ordonnée a été proposée dans [4] dans le cadre des logiques
DL-Lite et dans [6] dans le cadre de la logique proposi-
tionnelle. L’approche suppose que la base ABox est strati-
fiée du fait de I’application d’un préordre total sur les as-
sertions. Intuitivement, la réparation non-contestée est ba-
sée sur I’application itérative de la sémantique IAR a des
ensembles formés par un nombre de strates incrémenté a
chaque itération. Ce calcul est également effectué en temps
polynomial [21] pour DL-Lite.

Dans cet article, nous nous intéressons a la recherche
d’un moyen efficace pour calculer les réparations d’une
base de connaissances incohérente spécifiée en DL-Lite, et
dans laquelle la relation de priorité sur les assertions est
un préordre partiel. Pour ce faire, nous proposons une mé-
thode efficace et saine, appelée Elect, pour restaurer la co-
hérence de la base ABox par rapport a la base TBox. Nous
montrons que la méthode Elect généralise a la fois la sé-
mantique TAR lorsque les bases assertionnelles sont non-
ordonnées et aussi la sémantique “non-contestée” pour des
bases ABox totalement préordonnées.

La justification sémantique de la méthode Elect consiste
d’abord a interpréter un préordre partiel associé a une
base ABox comme une famille de préordres totaux, puis
d’appliquer dans un deuxieme temps la sémantique “non-
contestée” a chacune des bases ABox totalement préordon-
nées, et finalement de calculer leur intersection pour pro-
duire une réparation unique. La méthode Elect est saine
puisqu’elle ne fait pas de choix arbitraire entre les pré-
ordres totaux associ€s a un préordre partiel. De ce fait,
tous les préordres totaux sont pris en compte pour défi-
nir la méthode Elect. Nous proposons le concept d’asser-
tion élue comme étant une assertion strictement préférée a
toute autre assertion avec laquelle elle est en conflit. Cela
nous permet de proposer une caractérisation équivalente de
la méthode Elect, et donc d’obtenir la réparation sans avoir
a calculer explicitement I’ensemble des préordores totaux.
Enfin, nous montrons que le calcul de la réparation avec
la méthode Elect se fait en temps polynomial. Ainsi, Elect
préserve la calculabilité de la sémantique IAR et de la sé-

mantique “non-contestée” pour des bases ABox partielle-
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ment préordonnées.

Cet article est structuré comme suit. La section 2
contient des rappels sur la logique DL-Lite. La section 3
présente la sémantique IAR pour des bases ABox non-
ordonnées. La section 4 aborde la réparation non-contestée
pour des bases ABox totalement préordonnées. La sec-
tion 5 concerne les bases ABox partiellement préordon-
nées. Nous introduisons notre méthode appelée Elect et en
proposons une caractérisation. La section 6 contient une
discussion sur trois extensions possibles de la méthode
Elect, avant de conclure 1’article dans la section 7.

2 La Logique de Description DL-Lite

Les Logiques de Description (DL) [1] sont une famille
de formalismes de représentation des connaissances ayant
de nombreuses applications, notamment pour la formalisa-
tion d’ontologies. Les fragments 1égers de DL tels que DL-
Lite [12] sont particulierement intéressants car ils offrent
un bon compromis entre le pouvoir expressif et la com-
plexité calculatoire. En effet, répondre a des requétes en
DL-Lite s’effectue de maniere efficace. Il existe quelques
variantes de DL-Lite, telles que DL-Liteg que nous utili-
sons dans le présent article.

Le langage DL-Liteg est construit sur un ensemble fini
de noms de concepts C, un ensemble fini de noms de
roles R et un ensemble fini de noms d’individus |, tels que
C, Ret | sont mutuellement disjoints. Le langage DL-Liteg
est défini selon les régles suivantes :

R— P| P E— R|-R

B— A|3dR C — B|-B
Dans ces regles, A € C dénote un nom de concept, P € R
dénote un nom de role, et P~ est la relation inverse associée
a P. De plus, R dénote un réle de base, alors que E repré-
sente un rdle complexe. Par ailleurs, B dénote un concept
de base et C est un concept complexe.

Exemple 1 Considérons I’exemple suivant :

— C = {Danse, Mdanse, Tdanse, DanseA, DanseS, Acc},
représentant respectivement les noms de concept : danse,
danse moderne, danse traditionnelle, danse avec des ac-
cessoires, danse sans accessoires ainsi que les accessoires
utilisés dans certaines danses.

— R = {UtA}, représentant les accessoires utilisés dans cer-
taines danses et qui peuvent étre des fleurs (fl en abrégé),
un chapeau (ch en abrégé), ou des écharpes (ec en abrégé).
— | = {d\,dr,ds,dy,ds} U {fl, ch,ec}, oit chaque d;, pour

i=1,...,5, représente une danse et le reste représente des
accessoires.

Des exemples de concepts complexes sont : ~DanseA et
-3UtA. (]

Un axiome d’inclusion sur des concepts (respectivement
des roles) est un énoncé de la forme B C C (respectivement,
R C E). Une inclusion de concept ayant le symbole — du
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cdté droit de I’inclusion est appelée axiome négatif d’inclu-
sion, sinon elle est appelée axiome positif d’inclusion. Des
exemples d’axiomes d’inclusion sur des concepts sont :
DanseS T —DanseA et AUtA™ C Acc.

Une base TBox 7 en DL-Liteg est un ensemble fini
d’axiomes d’inclusion (positifs et négatifs). Une assertion
est un énoncé de la forme A(a) ou P(a,b), avec a,b € I.
Des exemples d’assertions sont Mdanse(d,) et UtA(ds, ch).
Une base ABox A en DL-Liteg est un ensemble fini d’as-
sertions. Pour des bases 7 et A, nous notons une base de
connaissances (KB) par K = (T, A).

Dans cet article, nous utilisons 1’exemple suivant.

Exemple 1 (suite) Soit la base TBox suivante :

. Mdanse C Danse,

. Tdanse C Danse,

. Tdanse € DanseA,

. Mdanse C DansesS,

. DanseS T —DanseA,
. DanseS T —-3U!A,
.AUtA™ C Acc,

. AUtA C DanseA

01NN AW =

Les deux premiers axiomes indiquent seulement que les
danses modernes et les danses traditionnelles sont des
danses. L’axiome 3 signifie que les danses traditionnelles
sont des danses qui utilisent des accessoires. L’axiome 4
énonce que les danses modernes n’utilisent pas d’acces-
soires. L’axiome 5 indique que I’ensemble de danses mo-
dernes et I’ensemble de danses traditionnelles sont dis-
Jjoints. L’axiome 6 énonce qu’une danse moderne n’utilise
pas d’accessoires. L’ axiome 7 indique que les éléments uti-
lisés par les danses, donnés par le nom de role “UtA”,
doivent appartenir a I’ensemble des éléments spécifiés par
le nom de concept “Acc”. L’axiome 8 spécifie que tout ce
qui utilise des accessoires doit étre une danse avec acces-
soires.
Soit la base ABox donnée par les assertions suivantes :

Mdanse(d,), Mdanse(d,), Tdanse(d,),
Tdanse(ds), Tdanse(dy), DanseA(d3),

DanseA(ds), DanseS (ds), UtA(ds, f1),

UtA(ds, ch), UtA(dy, ec)

O

Une base de connaissances K est dite cohérente si elle ad-
met au moins un modele, sinon elle est incohérente. Une
base TBox 7~ est incohérente s’il existe un nom de concept
A e C tel que A est vide dans chaque modele de 7, si-
non elle est cohérente. Notons que la base KB donnée par
K = (T, A) dans I'’Exemple 1 est incohérente.

Pour de plus amples détails sur la famille DL-Lite de Lo-
giques de Description, nous invitons le lecteur & consulter
les travaux de Calvanese et al. [12]. Dans la suite de cet
article, nous notons DL-Liteg simplement par DL-Lite.
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3 Sémantique TAR pour des Bases Asser-
tionnelles Non-Ordonnées

Dans cette section, nous considérons une base KB spé-
cifiée en DL-Lite K = (7, A) qui peut étre incohérente.
Nous supposons que la base TBox 7~ est cohérente et fiable
(c-a-d. validée par les concepteurs de 1’ontologie). De ce
fait, les éléments de 7 ne sont pas remis en cause en pré-
sence de conflits, contrairement aux assertions de A qui
peuvent étre discutables. De plus, nous supposons que la
base ABox A est non-ordonnée, donc toutes les assertions
ont le méme degré de priorité. Une maniere standard de
gérer 1’incohérence consiste a d’abord calculer I’ensemble
des sous-ensembles maximaux cohérents de A, appelés ré-
parations, puis de les utiliser pour I’inférence (c’est-a-dire
pour répondre a des requétes). Formellement, une répara-
tion est définie comme suit [17] :

Définition 1 Soit K = (7, A) une base KB non-ordonnée
et incohérente. Une sous-base R C A est une réparation
si (T, R) est cohérente, et VR’ € Atq. R C R, (T,R)
est incohérente. De plus, si (T, A) est cohérente, alors il
existe une seule réparation R = A.

De ce fait, lorsque K est incohérente, ajouter une asser-
tion f de (A\R) a R entraine 1’incohérence de (7, RU{f}).

Nous notons par MAR(A) (de D'anglais Maximal
Assertional-based Repair) I’ensemble des réparations de A
par rapport a 7. Grice a la notion de réparation, I’inco-
hérence d’une base KB non-ordonnée peut étre gérée par
I’application d’un mécanisme standard de réponse aux re-
quétes, soit a I’ensemble des réparations (conséquence uni-
verselle ou conséquence AR [17]), soit a une seule répara-
tion (conséquance “brave” [10]). Il est bien connu que la
sémantique dite brave est aventureuse et peut entrainer des
conclusions contestables, tandis que la sémantique AR est
saine mais cofiteuse sur le plan calculatoire.

Une alternative a cela est d’utiliser la sémantique
IAR [17] qui sélectionne une seule sous-base cohérente
de A, dénotée IAR(A). Avant d’introduire la sémantique
IAR, nous présentons d’abord la notion de conflit asser-
tionnel. Il s’agit d’un sous-ensemble d’assertions minimal
incohérent qui contredit la base TBox. Formellement :

Définition 2 Soit K = (7, A) une base KB incohérente.
Une sous-base C C A est un conflit assertionnel dans K ssi
(T, C) estincohérente etV f € C, (T ,C\{f}) est cohérente.

Nous notons par C(A) I'ensemble des conflits de A.
D’apres la Définition 2, nous constatons qu’enlever une as-
sertion f de C restaure la cohérence de (7, C). Une pro-
priété intéressante de DL-Lite est que le calcul de I’en-
semble des conflits se fait en temps polynomial [13]. Par
ailleurs, un conflit C concerne exactement deux asser-
tions [13]. Dans ce cas, si f et g sont deux assertions qui
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appartiennent a un conflit, nous notons le conflit par une
paire {f, g} et nous disons que f et g sont en conflit.
Nous introduisons a présent la notion d’éléments libres.

Définition 3 Soit K=(T, A) une base KB incohérente.
Une assertion f € A est dite libre ssiYC € C(A) : f ¢ C.

Intuitivement, les assertions libres correspondent aux
éléments qui n’apparaissent dans aucun conflict. A 1’ori-
gine, la notion d’éléments libres avait été proposée dans le
cadre de la logique propositionelle [5].

Dans la suite de cet article, nous notons par TAR(A)
(de I’anglais Intersection ABox Repair) I’ensemble des é1é-
ments libres de A. Formellement :

Définition 4 TAR(A) ={f : f € At.q. f est libre}.

La Définition 4 est une réécriture équivalente de la défini-
tion standard de JAR(A) donnée par I’intersection de toutes
les réparations : IAR(A) = ({R | R € MAR(A)} [5, 17].

Répondre a des requétes avec la sémantique IAR re-
vient a appliquer un mécanisme standard de réponse aux
requétes a la base (7, IAR(A)) (du fait que (7, IAR(A))
est cohérente).

Exemple 2 L’ensemble des conflits dans (T, A) est :

{Mdanse(d,), Tdanse(d,)},
{Mdanse(d,), UtA(d,, f1)},
{DanseA(ds), DanseS (ds)}

CA) =

Afin d’obtenir IAR(A), il suffit d’enlever de A toutes les
assertions de C(A). Cela donne :

IAR(A) ={ Mdanse(dy), Tdanse(ds), Tdanse(ds), }

DanseA(ds), UtA(ds, ch), UtA(dy, ec)

4 Réparation Non-Contestée pour des Bases
Assertionnelles Totalement Préordonnées

Dans cette section, nous considérons des bases KB spé-
cifiées en DL-Lite, incohérentes et totalement préordon-
nées. Donc une relation de préordre total > est appliquée
seulement a la composante ABox que nous notons par
(A, >). La relation > est réflexive, transitive et vérifie :
Vf e ANVg € A, soit f > goubien g > f. Soient > la
relation de préférence stricte et = la relation d’équivalence
associées a la relation >. De plus, nous représentons (A, >)
par la partition bien-ordonnée de A induite par >. Ainsi,
étant donné (A, >), nous considérons que A est partition-
née en n strates de la forme A = (Sy,...,S,), tel que :
-S1={feA:Vge A, f=g}et
-Si={feA:Vge A\ (S1U...US;_)), f = g}, pour
i=2,...,n.

En d’autres termes, les assertions d’une strate S; ont le
méme degré de priorité i, et elles sont plus fiables que celles
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d’une strate S; pour j > i. Donc S; contient les assertions
les plus importantes, alors que S, contient les assertions les
moins importantes, et A =S U...US,.

Plusieurs travaux prennent en compte la notion de prio-
rité pour interroger des bases de données incohérentes
(comme [18, 20]) ou des bases de connaissances DL
(comme [9, 15]). La plupart de ces formalismes se basent
sur les notions de réparation et de sémantique AR, ils
sont donc coliteux sur le plan calculatoire. En particulier,
la sémantique “des réparations préférées” a été introduite
dans [9] (dans I’esprit de ce qui avait été proposé en logique
propositionnelle pondérée [19, 11]). Cette sémantique revi-
site les sémantiques AR et IAR en remplagant la notion de
réparation par différents types de réparations préférées ba-
sées sur : le cardinal d’un ensemble, des degrés de priorité
sur la base ABox et des poids sur les assertions. Cepen-
dant, ce formalisme entraine souvent une augmentation de
la complexité pour les sémantiques proposées. Notamment,
la complexité de la sémantique IAR qui est polynomiale
dans un cadre sans priorités explose lorsqu’un préordre to-
tal est appliqué a la base ABox.

Dans [4], une attention particuliere a été accordée aux
approches qui sélectionnent une seule réparation. L'une de
ces approches est la réparation non-contestée qui a une
complexité polynomiale sans étre aventureuse (c’est-a-dire
qui génere des conclusions contestables). Intuitivement,
la réparation non-contestée consiste a récupérer itérative-
ment, strate par strate, I’ensemble des assertions libres.

Définition 5 Soit K une base KB incohérente dont la

base ABox (A, >) est totalement préordonnée. Soit A =

(S1,...,8,) la partition bien-ordonnée associée a >.

La réparation non-contestée nd(A,2) = S{U...US, t.q.:
Vi=1,...,n:8 = IARS U...US))

ouVi:IAR(S1U...US)) estla base IAR de (S1U...US)),

donnée par la Définition 4.

La définition d’une sous-base non-contestée est une
adaptation de celle proposée dans le cadre de la lo-
gique propositionnelle [6]. Cependant, la réparation non-
contestée est calculée en temps polynomial dans le cadre
de DL-Lite, alors que son calcul est difficile en logique pro-
positionnelle.

Notons qu’une réécriture (similaire a celle de JAR(A))
est donnée pour nd(A, >) dans [3]. En fait, une assertion
f € S; est dite contestée s’il existe une assertion g € S;
telle que j < i, et {f, g} est un conflit. Il a été démontré que
nd(A, >) contient toutes les assertions non-contestées [3].

Exemple 3 Reprenons notre exemple et considérons un
préordre total > sur les assertions de la base ABox repré-
senté par la Figure 1, ou :

— f = g signifie que les deux assertions ont le méme degré
de priorité,

—la fleche f — g signifie que f est plus prioritaire que g
(c-a-d. f > g).
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Tdanse(d,) = Mdanse(d,) = Tdanse(ds) = UtA(ds, ch)
UtA(d,, f1) = DanseA(ds) = DanseS (ds) = DanseA(ds)
Mdanse(d,) = Tdanse(d) = UtA(dy, ec)

FiGure 1 — Un préordre total sur la base ABox

A partir de cette ABox totalement préordonnée, il est pos-
sible de calculer la sous-classe non-contestée de A. La
partition bien-ordonnée correspondante est :

-8 = {Mdanse(d,), Tdanse(d,), Tdanse(ds), UtA(ds, ch)}.
-8, = {UtA(d,, f1), DanseA(ds), DanseA(ds), DanseS (ds)).
— 83 ={Mdanse(d,), Tdanse(dy), UtA(dy, ec)}.

Nous avons :

nd(A, =) = IAR(S;) UIAR(S; US,) UTAR(S, US, U S;3),
tel que :

— IAR(S)) = {Tdanse(d,), Mdanse(d,), Tdanse(ds),
UtA(ds, ch)}.

— IAR(S| U 8,) = {Tdanse(d,), Mdanse(d,), Tdanse(ds),
UtA(ds, ch), UtA(ds, f1), DanseA(ds)).

—TAR(S, US,US3) = TIAR(A) (donné dans I’exemple 2).
Par conséquent :

nd(A, >) = {Mdanse(d,), Tdanse(d,), Tdanse(ds),
Tdanse(dy), DanseA(ds), UtA(ds, f1), UtA(ds, ch),

UtA(dy, ec)).

5 Bases Assertionnelles Partiellement Préor-
données

La sémantique IAR (ABox non-ordonnée) et la séman-
tique “non-contestée” (ABox totalement préordonnée) sont
connues pour leur efficacité pour gérer 1I’incohérence. En
effet, elles calculent une réparation unique pour la base
ABox et le font en temps polynomial. Dans cette section,
nous proposons une méthode pour calculer une réparation
unique lorsqu’un préordre partiel noté > est appliqué aux

assertions de la base ABox notée (A, >>). Soient > I’ordre

strict (irréflexif et transitif) et £ 1a relation d’équivalence
associés a la relation I>.

Nous appelons notre méthode “Elect” et notons par
Elect(A,>) la réparation qu’elle produit. Comme nous le
verrons par la suite, la méthode Elect généralise la séman-
tique IAR dans le cas ou la relation > est non-ordonnée, et
aussi la sémantique “non-contestée” lorsque la relation >

est totalement préordonnée.

5.1 Une famille de préordres totaux a partir d’un pré-
ordre partiel

Dans cette section, nous considérons qu’un préordre par-
tiel > est interprété comme une famille de préordres totaux,
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FiGURE 2 — Un préordre partiel sur la base ABox

de sorte que chaque préordre total est une extension totale
de la relation > définie comme suit :

Définition 6 Un préordre total > sur A est une extension
totale de > sur A ssiNf,g € A si f > galors f > g.

Notons que I’interprétation d’une base KB partiellement
préordonnée comme une famille de bases KB totalement
préordonnées est une représentation naturelle qui a été uti-
lisée dans d’autres cadres tels que la logique possibiliste
partiellement ordonnée [7, 22] et les réseaux probabilistes
crédaux [14]. Cette démarche n’a de sens que si les élé-
ments peuvent étre comparés (le fait de dire que deux as-
sertions f et g sont incomparables signifie que soit f est
strictement préférée a g, soit f est aussi préférée que g,
soit g est strictement préférée a f, mais on ignore lequel).

Exemple 4 Soit un préordre partiel > sur les assertions
de la base ABox qui permet de les répartir en quatre sous-
ensembles comme suit :

- A = {Mdanse(d,) z Tdanse(d,) z Tdanse(ds) =
UtA(ds, ch)}
_ B = {UtA(ds, fl) 2 DanseA(d;) = DanseS(ds) =

DanseA(ds)}

— C = {Mdanse(d,)}

— D = {Tdanse(dy) Z UtA(dy, ec)}

ou f £ g signifie que les assertions f et g ont le méme de-
gré de priorité.

Ce préordre partiel est représenté par la Figure 2, ou la
fleche A — B (par exemple) signifieVf € A, Vg € B, l’as-
sertion f est plus prioritaire que g (c-a-d. f > g).

De ce fait, ’ensemble A (resp. D) contient les assertions
les plus (resp. les moins) prioritaires. Les assertions des
ensembles B et C sont incomparables.

1l s’en suit que le préordre partiel > peut étre interprété
comme une famille de trois préordres totaux >1,>, et >3
représentés par la Figure 3, de sorte que :

— Selon >, les assertions de I’ensemble B sont strictement
préférées a celles de I’ensemble C.

— Selon >», les assertions des ensembles B et C sont préfé-
rées de maniére égale.

— Selon >3, les assertions de I’ensemble C sont strictement
préférées a celles de ’ensemble B. (]

Une question qui se pose est comment gérer cette famille
de ABox totalement préordonnées. Nous voulons éviter le
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FiGure 3 — Les extensions totales du préordre partiel >

choix arbitraire qui consiste a sélectionner un seul pré-
ordre total parmi tous les autres. Il faudrait donc prendre
en compte tous les préordres totaux. Une méthode pru-
dente pour obtenir une sous-base assertionnelle cohérente
unique est de considérer I’intersection de toutes les répara-
tions non-contestées associées a tous les préordres totaux.

Définition 7 Soit K une base KB spécifiée en DL-Lite, in-
cohérente et dont la base ABox (A,T>) est partiellement
préordonnée.

— Elect(A,>) = (x{nd(A, >) t.q. > est une extension to-
tale de >}, ot nd(A, >) est donné par la Définition 5.

— Soit q une requéte. Alors q est une conséquence de K par
la méthode Elect si q s’ensuit de Elect(A,>) (en utilisant
linférence standard de DL-lite).

Nous illustrons cette idée sur notre exemple.

Exemple 5 Les réparations non-contestées des ABox tota-
lement préordonnées (A, >1), (A, >;) et (A, >3) sont :
—nd(A, >1) = AU {UtA(d, f1), DanseA(d3)} U D.
—nd(A, >,) = AU {DanseA(d3)} U D.
—nd(A, >3) = AU {DanseA(d3)} U D.
Par conséquent :
Elect(A,>) = nd(A, >1) N nd(A, >,) N nd(A, >3)

= A U {DanseA(d3)} U D. O

Dans ce qui suit, nous étudions quelques caractéristiques
de notre méthode.

Un résultat important énoncé dans la Proposition 1 est
que le calcul de la réparation Elect(A, >) peut s’effectuer
en temps polynomial. En effet, il n’est pas nécessaire d’ex-
hiber toutes les extensions totales de la relation >.

Proposition 1 Le calcul de la réparation Elect(A,T>) se
fait en temps polynomial (par rapport a la taille de ‘A).

La proposition suivante établit qu’une base KB ayant
Elect(A,>) comme base ABox est cohérente.

Proposition 2 (7, Elect(A, B)) est cohérente.

Une autre caractéristique de la méthode Elect est qu’elle
correspond a la sémantique IAR lorsque la base ABox est
non-ordonnée, et a la sémantique “non-contestée” lorsque

la base ABox est totalement préordonnée.
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Proposition 3

— Si le préordre partiel > est non-ordonné, alors
Elect(A,>) = IAR(A).

— Si le préordre partiel > est un préordre total, alors
Elect(A,>) = nd(A,>).

Les preuves des Propositions 1 a 3 sont établies grace a
la définition d’une caractérisation équivalente de la répara-
tion Elect(A,>), présentée dans la prochaine section.

5.2 Caractérisation de la réparation Elect(A, >>)

Dans cette section, nous proposons une caractérisation
de la réparation Elect(A,>) qui permet d’éviter de calcu-
ler I’ensemble des extensions totales de la relation >. Pour
cela, nous introduisons le concept d’assertions élues. In-
tuitivement, une assertion est €lue dans (A, >) si elle est
strictement préférée a toutes les assertions avec lesquelles
elle est en conflit. Formellement :

Définition 8 Une assertion f € A est élue ssiNg € A, si
{f, g} est un conflit, alors f > g (c-a-d. f est strictement
préférée a g).

La Définition 8 généralise le concept d’assertions libres
donné dans la Définition 3. En effet, si la relation > est
non-prioritaire (c-a-d. Vf € A Vg € A, f>getgl f),
alors f est élue dans (A, >) ssi f est libre. Evidemment, le
contraire n’est en général pas vrai (lorsque la relation > est
prioritaire). En effet, une assertion élue peut ne pas étre une
assertion libre, mais son degré de fiabilité est strictement
plus important que celui de ses opposants. Cette définition
généralise également la notion d’assertions acceptées don-
née pour des réparations non-contestées dans des bases KB
totalement préordonnées [3]. Enfin, le concept d’assertions
élues est dans le méme esprit que la notion de croyances
acceptées proposée en théorie de I’incertitude [16].

La Proposition 4 énonce que les assertions élues sont
exactement celles de la réparation Elect(A, ).

Proposition 4 Une assertion f € A est élue dans (A,>)
ssi f € Elect(A,D>).

Nous démontrons cette proposition comme suit.

Preuve 1 Soit (A,>) une base assertionnelle partielle-
ment préordonnée.

1. Soit f € A une assertion élue. Montrons que pour
chaque extension totale (A, >) de (A,>), nous avons f €
nd(A, >). Soit (Sy,...,S,) la partition bien-ordonnée as-
sociée a >. Soit i la premiere strate ou f € S,.

Rappelons que f est élue dans (A, >) signifie Vg € A, si
{f, g} est un conflit, alors f > g (c-a-d. f est strictement
préférée a g selon ©>). Et puisque > est une extension to-
tale de >, alors cela signifie que f > g. Cela signifie aussi
Vg € Atel que (f, g} est un conflit, g € S;avec j > i. Donc,
f€IAR(S V... US)). Il s’en suit que f € nd(A, >).
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2. Montrons a présent 'inverse. Supposons que f € A
n’est pas élue et construisons une extension totale (A, >)
de (A,>) telle que f ¢ nd(A, >).

L’assertion f n’est pas élue signifie g € A tel que {f, g}
est un conflit et f 1> g n’est pas vrai. Donc il existe une
extension totale > de > ou g > f. Si {f, g} est un conflit
et (Sy,...,8,) est la partition bien-ordonnée associée a >,
alors si f € S, il s’en suit que g € S o j < i. Par
conséquent, Yk € {1,...,n}, f ¢ IAR(S; U ...USy), donc
f ¢ nd(A,>). (|

A partir de ce résultat, nous pouvons démontrer les Propo-
sitions 1, 2 et 3 données dans la section précédente.

Preuve 2

1. En ce qui concerne la complexité calculatoire, nous rap-
pelons que le calcul de I’ensemble des conflits C(A) se fait
en temps polynomial par rapport a la taille de A. Donc,
calculer Elect(A,>) se fait aussi en temps polynomial. En
effet, vérifier si une assertion f € A est élue revient a par-
courir tous les conflits assertionnels dans C(A). Ceci se
fait en temps linéaire par rapport a la taille de C(A) (cette
taille étant bornée par O(A[)).

2. Montrons que la base Elect(A,>) est cohérente par
rapport a T . Supposons que ce n’est pas le cas. Donc
3f € Elect(A,>), g € Elect(A,>), g £ f, tel que {f, g)
est un conflit. Puisque f et g sont dans Elect(A,>), alors
cela signifie que f > g et g > f, ce qui est impossible.

3. Finalement, par construction de la base Elect(A,>), il
est facile de vérifier que lorsque > est un préordre total,
alors Elect(A, >) est la réparation non-contestée de >. Et
lorsque © est non-ordonnée (doncVf € ANge A, fD> g
et g> f), alors Elect(A,>) = IAR(A) = {f e A: g e A,
t.q. {f, g} est un conflit). (|

Exemple 6 Nous utilisons la notion d’assertions élues de
la Définition 8 pour recalculer la réparation Elect(A, D).
1l est aisé de vérifier que :

— L’assertion Mdanse(dy) n’est pas élue car
{Mdanse(d,), Tdanse(d)} est un conflit et la préfé-
rence stricte Mdanse(d,) > Tdanse(d,) n’est pas vérifiée.
— Les assertions DanseS (ds) et DanseA(ds) ne sont pas
élues car elles sont en conflit et ont le méme degré de
priorité.

—  L’assertion UtA(dy, fl) n’est pas élue car
{Mdanse(d,), UtA(d,, fI)} est un conflit et la préfé-
rence stricte UtA(d,, fI) > Mdanse(d,) n’a pas lieu.

— Les assertions restantes sont toutes élues. A savoir :
Elect(A,>) = {Mdanse(d,), Tdanse(d,), Tdanse(ds),
Tdanse(dy), DanseA(ds), UtA(ds, ch), UtA(dy, ec)}.

Ce résultat correspond a la réparation calculée dans
I’Exemple 5 en considérant toutes les extensions totales du
préordre partiel >.
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6 Extensions de la Méthode Elect

Dans cette section, nous proposons une discussion bréve
de trois extensions possibles de la méthode Elect. Leur
étude approfondie fera I’objet de travaux futurs.

6.1 Au-dela de la méthode Elect

Une question qui se pose est comment obtenir une base
plus grande (plus productive) qu’une base calculée par la
méthode FElect, tout en produisant une réparation saine.
Une solution immédiate est d’utiliser la notion de ferme-
ture déductive positive, selon laquelle la fermeture de la
base ABox est définie en termes des axiomes positifs de la
base 7°. Nous introduisons I’ opérateur de fermeture [12, 4]
comme suit :

Définition 9 Soit T, ’ensemble de tous les axiomes d’in-
clusions positifs de T . La fermeture déductive de ‘A par
rapport a T est :

cl(A) = {B(a) : (T, A) E B(a) t.q. B est un concept de T~
et a est un individu de A} J{R(a,b) : (T,, A E R(a,b)
t.q. R est un role de T, et a et b sont des individus de A}.
Ici, E est une relation d’inférence standard en DL-Lite.

Il y a deux fagons d’appliquer la fermeture déductive po-
sitive, soit sur la base ABox initiale, soit sur I’ensemble des
réparations non-contestées calculées pour toutes les exten-
sions totales du préordre partiel.

Dans la premiére option, 1’application de la fermeture
positive a la base ABox initiale, dans 1’esprit de la séman-
tique ICAR pour des bases ABox non-ordonnées [17], sou-
leve deux questions. Premierement, en termes de séman-
tique, I’approche ICAR peut ne pas étre fiable puisqu’elle
permet de dériver des conséquences a partir d’assertions
discutables. Deuxieémement, il peut y avoir plusieurs facons
de définir la fiabilité des éléments dérivés. Par exemple,
supposons que la base TBox contient {A C B, E C B} et que
la base ABox contient {A(x), E(x)}. Supposons que A(x)
et E(x) sont incomparables. Donc B(x) peut étre dérivée
de A(x) mais aussi de E(x). La question est alors ou posi-
tionner B(x). L’intuition est de considérer B(x) comme au
moins aussi plausible que A(x) et E(x), mais cela n’est pas
évident a définir de maniére générale (en particulier pour
des logiques de description expressives).

La deuxiéme option consiste a définir la fermeture de
toutes les réparations non-contestées, ce qui est plus sain.
En effet, les conclusions supplémentaires sont obtenues
uniquement d’assertions appartenant a des réparations non-
contestées, qui sont connues pour ne contenir que des as-
sertions saines. Ainsi, la réparation associée a un préordre
partiel est calculée comme I’intersection des réparations
non-contestées fermées [4], une méthode que nous appe-
lons CElect.
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Définition 10 Soir (A,>) une base ABox partiellement
préordonnée, cl(.) un opérateur de fermeture donné par la
Définition 9, et nd(A, =) est donné par la Définition 5.
CElect(A,>) = N:{cl(nd(A, 2)) t.q. > est une extension
totale de >}.

Une base calculée avec 1la méthode CElect est alors plus
grande qu’une base calculée avec la méthode Elect. De
plus, pour des bases ABox non-ordonnées, une répara-
tion calculée avec la méthode CElect est équivalente a la
fermeture des réparations IAR (ce qui est différent d’une
réparation calculée avec la méthode ICAR). Et pour des
bases ABox totalement préordonnées, une réparation cal-
culée avec la méthode CElect est équivalente a la ferme-
ture des réparations non-contestées. Dans des travaux fu-
turs, nous envisageons d’exhiber des cas spécifiques ot la
complexité de la méthode CElect serait également polyno-
miale en DL-Lite.

6.2 Au-dela de la réparation non-contestée

La question traitée dans cette partie concerne la possi-
bilit¢ ou non d’utiliser une sémantique autre que la sé-
mantique “non-contestée” pour définir la méthode Elect.
D’un point de vue sémantique, la réponse est positive.
Par exemple, il est possible d’utiliser I’une des réparations
préférées définies dans [9] au lieu de la réparation non-
contestée dans notre définition de Elect(A, >). Rappelons
d’abord la notion de réparation préférée pour des bases

ABox totalement préordonnées.

Définition 11 Soit A = (S;,...,S,) une base ABox tota-
lement préordonnée. Soient R, et R, deux sous-bases co-
hérentes de S| U ... U S,,.

— R, est aussi préférée que Ry ssiVi, 1 <i<n, R NS; =
R, NS,

— Ry est strictement préférée a Ry ssi i, 1 < i < n, t.q.
RNS; g_Rl NS;etVj, 1<j<i, R ﬂSjZRQQSj.

Donc une base R C A est une réparation préférée ssi
IR C Atq. R eststrictement préférée a R.

(Se référer a [9] et aussi [6] pour de plus amples détails.)

La notion de réparation préférée définie pour un préordre
total peut alors servir de base pour définir une réparation en
présence d’un préordre partiel >.

Nous appelons ce nouveau formalisme Partialpr(A,>)
(o PR désigne en anglais Preferred Repairs). Tout
comme une réparation Elect(A,>), une réparation
Partialpr(A, >) considere toutes les extensions totales >
du préordre partiel >. Cependant, au lieu de considérer
I’intersection des réparations non-contestées comme pour
calculer Elect(A,>), nous considérons I’intersection des
réparations préférées, notée IPR (de I’anglais Intersection
of Preferred Repairs), comme suit :
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Définition 12 Soir (A,>) une base ABox partiellement
préordonnée. Soit > une extension totale de >, et (A, >)
la base ABox totalement préordonnée correspondante.

— L’intersection des réparations préférées (au sens de la
Définition 11) associées a (A, =) est :

IPR(A, >) = ({R | R est une réparation préférée de >}.

— La réparation préférée associée a (A,>) est :
Partialpr(A,>) = N{IPR(A, =) t.q. > est une extension
totale de >}.

La réparation Partialpr(A,>) est plus grande que la ré-
paration Elect(A, >). Cependant, la base Partialpg(A,>)
n’est pas calculable en temps raisonnable puisque la com-
plexité de IPR(A,>) est coNP [9] si la relation > est un
simple préordre total. Dans ce cas, la Proposition 1 n’est
pas vérifiée.

6.3 Au-dela de DL-Lite

Une autre question concerne le fait de pouvoir ou non
généraliser la méthode Elect a des bases ABox partielle-
ment préordonnées exprimées dans des logiques autres que
DL-Lite. D’un point de vue sémantique, il n’y a pas de li-
mitations et les résultats obtenus correspondent également
a la réparation IAR (base ABox non-ordonnée) et a la répa-
ration non-contestée (base ABox totalement préordonnée).
En effet, les sémantiques IAR et “non-contestée” sont dé-
finies indépendamment de la taille des conflits. En fait, la
réparation IAR est simplement I’intersection de toutes les
réparations maximales, et la réparation non-contestée est
exprimée en termes de réparations TAR.

Cependant, d’un point de vue calculatoire, il est impéra-
tif d’avoir un moyen efficace de gérer les conflits afin que
la Proposition 1 soit vérifiée. En particulier, il n’est pas
nécessaire que les conflits assertionnels C € C(A) soient
binaires (c-a-d. impliquant deux assertions), a condition
qu’ils puissent étre calculés en temps polynomial.

Dans le cas de conflits impliquant plus de deux asser-
tions, nous redéfinissons la notion d’assertion élue comme
étant celle qui est strictement préférée a au moins une as-
sertion de chaque conflit ou elle apparait. Nous utilisons
le terme d’assertion élue y compris pour des conflits non-
binaires.

Définition 13 Soit K une base KB spécifiée en Logique de
Description, incohérente et dont la base ABox (A,>) est
partiellement préordonnée. Une assertion f € A est élue
ssiVC € C(A)ou f € C,Ag € C,g # f, tel que f1> g
(c-a-d. 'assertion f est strictement préférée a g).

Notons que lorsque C est un conflit binaire, 1a Définition 13
correspond a la Définition 8.

Pour des langages plus expressifs que DL-Lite, nous dé-
finissons formellement la réparation basée sur cette notion
d’assertions élues. Nous la nommons “réparation dl-Elect”.
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Définition 14 Soit ‘K une base KB spécifiée en Logique de
Description, incohérente et dont la base ABox (A,>) est
partiellement préordonnée. Alors :

dl-Elect(A,>) = (:{nd(A, =) t.q. > est une extension to-
tale de >}, ou nd(A, >) est donné par la Définition 5.

Nous proposons une caractérisation (sans avoir a spécifier
tous les préordres totaux) de la réparation dl-Elect(A, &>).

Proposition 5

1. Une assertion f est élue dans (A,>) ssi f €
dl-Elect(A,>) (ou une assertion élue est donnée par la
Définition 13, et diI-Elect(A,>) est donné par la Défini-
tion 14).

2. dl-Elect(A,>) est cohérent par rapport a T .

Preuve 3 Soit (A,>) une base assertionnelle partielle-
ment préordonnée.

1.i) Soit f € A une assertion élue. Montrons que pour
chaque extension totale > de >, nous avons f € nd(A, >).
Soit (S, ...,S8,) la partition bien-ordonnée associée a >.
Supposons que f € S; pour un certaini € {1,...,n}.
Puisque f est élue dans (A,>) et > est une extension to-
tale de ©, appliquer la Définition 13 entraine YC € C(A)
oufeC,AgeC,g#f tqg 1> getégalement f > g.
Cela signifie aussiNC e C(A) t.q. f€C, AgeCtq g+ f
et g € Sjavec j > i. Donc, il n’y a aucun conflit C dans
S1U...US; t.q. f € C. (Rappelons qu’un conflit est un en-
semble d’assertions minimal incohérent par rapport a T .
Donc, enlever un élément de C produit un ensemble d’as-
sertions cohérent par rapport a7 .)

Ainsi, f € IAR(S; U ... US)). Donc, f € nd(A,>). Par
conséquent, f € dl-Elect(A,>).

1.ii) Montrons a présent 'inverse. Supposons que f € A
n’est pas élue et construisons une extension totale > de >
tel que f ¢ nd(A,>). L’assertion f n’est pas élue signifie
AC € C(A) t.q. f € CetVg € C, f > g n’est pas vrai.
Cela veut dire qu’il existe une extension totale > de > t.q.
Vg € C, g > f. En effet, il suffit de définir I’ordre sur les
éléments de C par rapport a f comme suit : Vg € C, g # f,
g > f, puis de compléter le reste de la relation de sorte
a étendre >. Soit (Sy,...,Sy) la partition bien-ordonnée

associée a >, et soit f € S; pour un certaini € {1,...,n}.
Puisque ¥g € C,g = f, il s’ensuit Vg € C, si f € S;
alors g € S pour un certain j < i. Donc, Vk € {1,...,n},

f & IAR(S V... U8y, ce qui signifie que f ¢ nd(A, >).

2. Pour montrer la cohérence de di-Elect(A,>) par rap-
port a T, supposons le contraire. Donc il existe un conflit
C C dI-Elect(A,>). Etant donné que chaque élément de C
est élu, alorsVf € C,Ag € C,g # f, t.q. f > g ce qui est
impossible. (]

Considérons la version modifiée suivante de notre exemple.
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Exemple 7 Soient Reg),Reg, et Regs des régions d’ori-
gine de danses.
Soit T/ =T \U{Mdanse C Regy, Tdanse C Reg,,
Regi MReg, MRegz C L}.
Le premier (resp. second) axiome indique que les danses
modernes (resp. traditionnelles) proviennent de la région 1
(resp. région 2). Le troisieme axiome énonce qu’une danse
peut étre originaire de deux régions mais pas de trois. Cet
axiome représente un conflit ternaire, donc il ne peut pas
étre exprimé en DL-Lite.
Soit A" = A|J{Reg1(ds), Regr(ds), Regs(ds), Mdanse(ds),
Tdanse(dg)}, ott dg représente une danse.
Supposons que &> sur A’ définit les préférences strictes :
— Regi(ds) > Rega(ds) > Regs(ds), et
— Mdanse(dg) > Tdanse(ds).
L’ensemble des conflits est :
/ {Reg1(de), Rega(de), Regs(de)},
CA) = CA) U{ {Mdanse(ds), T danse(d)) }

1l est aisé de vérifier que : dI-Elect(A’,>) = Elect(A,>)
(U{Reg\(ds), Rega(ds), Mdanse(ds)}. O

D’un point de vue calculatoire, la tractabilité peut étre
préservée dans le contexte de langages plus expressifs que
DL-Lite a condition que le calcul des conflits se fasse de
maniere efficace. En effet, la complexité pour calculer la
réparation dl-Elect(A, >) dépend de la complexité de cal-
culer les conflits. Si cette derniere est polynomiale, alors
tout le processus est polynomial. Notons que vérifier si une
assertion f € A est élue revient simplement a parcou-
rir tous les conflits assertionnels, et vérifier pour chaque
conflit C € C(A) s’il existe une assertion g € C qui est
strictement moins préférée que f. Ceci se fait en temps po-
lynomial par rapport a la taille et au nombre de conflits.

7 Conclusion

Nous avons étudié le probleme de la restauration de la
cohérence d’une base ABox partiellement préordonnée et
incohérente par rapport a la base TBox pour des ontologies
DL-Lite. Nous avons proposé une méthode appelée Elect
qui généralise la sémantique IAR (ABox non-ordonnée) et
la sémantique dite non-contestée (ABox totalement préor-
donnée). Dans la méthode Elect, un préordre partiel est in-
terprété comme une famille de préordres totaux auxquels
I’inférence non-contestée est appliquée, produisant des ré-
parations non-contestées. Nous avons introduit le concept
d’assertions €lues et proposé une caractérisation équiva-
lente de la méthode Elect. En particulier, nous avons mon-
tré que la complexité de la méthode Elect est polynomiale.

Dans le cadre du projet AniAge, nous envisageons d’ap-
pliquer la méthode Elect a des ontologies représentant des
danses de I’ Asie du Sud-Est. Des experts annotent des vi-
déos de danses par rapport a la base TBox pour capturer les
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connaissances culturelles représentées par certaines pos-
tures de danses, des mouvements, des tenues ou des acces-
soires. Différents experts peuvent annoter une méme vidéo,
donnant lieu a des conflits que nous proposons de résoudre
avec la méthode Elect.
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Abstract

We investigate the verification of Multi-agent Systems
against strategic properties expressed in Alternating-time
Temporal Logic under the assumptions of imperfect in-
formation and perfect recall. To this end, we develop a
three-valued semantics for concurrent game structures upon
which we define an abstraction method. We prove that
concurrent game structures with imperfect information ad-
mit perfect information abstractions that preserve three-
valued satisfaction. Further, we present a refinement proce-
dure to deal with cases where the value of a specification is
undefined. We illustrate the overall procedure in a variant of
the Train Gate Controller scenario under imperfect informa-
tion and perfect recall.

1 Introduction

Alternating-time Temporal Logic (AT L) and its exten-
sion AT L* are well-known formalisms for reasoning about
strategic behaviours in Multi-agent Systems [2]. An attrac-
tive feature of AT L is the computational complexity of its
model checking problem, which is PTIME-complete un-
der the assumption of perfect information. Multi-agent sys-
tems (MAS), however, typically exhibit imperfect informa-
tion, and model checking MAS against AT L specifications
under imperfect information and perfect recall is known
to be undecidable [14]. Given the practical and theoreti-
cal importance of the imperfect information setting, even
partial solutions to the problem can be useful. Previous ap-
proaches (see related work below) have either focused on
how the information is shared amongst the agents in the
system [10, 9], or developed notions of bounded recall [8].

*This work was accepted and published in the proceedings of Thirty-
Third AAAI Conference on Artificial Intelligence (AAAI-19).
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Instead, at the heart of the present contribution is the idea
that, under a three-valued semantics, MAS with imperfect
information can be approximated (or abstracted) by perfect
information variants. This enables us to derive a sound, al-
beit incomplete, verification procedure for ATL and AT L*
under imperfect information and perfect recall. In more
detail, given a concurrent game structure with imperfect
information (iCGS) representing a MAS, we build a per-
fect information abstraction that preserves satisfaction for
a three-valued variant of ATL*. As we show, if the ATL*
specification is true (resp. false) in the (perfect information)
abstraction, then it is also true (resp. false) in the original
iCGS with imperfect information. On the other hand, if the
specification is undefined, we can proceed to refining the
abstraction in an attempt to give a defined truth value to the
specification. The original problem is undecidable; so no
guarantee can be given that by succesive refinements, the
property’s truth or falsity can ever be established. Howe-
ver, the procedure provides a constructive method to par-
tially model check AT L* under imperfect information and
perfect recall.

Related work. Several approaches for the verification of
specifications in AT L and AT L* under imperfect informa-
tion and perfect recall have been recently put forward. In
one line, restrictions are made on how information is shared
amongst the agents, so as to retain decidability [11]. In a re-
lated line, interactions amongst agents are limited to public
actions only [10, 9]. These approaches are markedly dif-
ferent from ours as they seek to identify classes for which
verification is decidable. Instead, we consider the whole
class of iCGS and define a general verification procedure.
In this sense, our approach is closely related to [8] where a
bounded recall method, also incomplete, is defined. Howe-
ver, while in that work perfect recall is approximated, here
abstraction is carried out on the levels of information.
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At the heart of the method we describe is the no-
tion of abstraction and refinement of MAS models, as
well as three-valued semantics in modal languages. An
abstraction-refinement framework for CTL over the 3-
valued semantics was studied in [26, 27] and the case of
hierarchical systems is considered in [3]. Moreover, in [17]
an abstraction-refinement technique for full u-calculus is
introduced. An abstraction-refinement procedure for net-
work games with perfect information was introduced in [4]
and a symbolic abstraction-refinement approach to the so-
lution of two-player games with reachability or safety goals
is shown in [1]. Games with incomplete information are
studied in [15] by considering only safety goals and, as
we do in this paper, abstraction and refinement are used
to generate from a game with imperfect information a new
one with perfect information. Model checking MAS by
abstraction in an epistemic context was originally inves-
tigated in [13, 7]. Three-valued abstractions for the ve-
rification of ATL properties have also been put forward
in [6, 21, 22, 23]. There are, however, considerable dif-
ferences between these approaches and the one here pur-
sued. In fact, the methods above focus on decidable set-
tings. In [6, 26] ATL" is interpreted under perfect infor-
mation; while [21, 22, 23] considers non-uniform strate-
gies [25]. In both cases the corresponding model checking
problem is decidable. Their aim, therefore, is to speed-up
the verification task and not, as we do here, to provide a
sound procedure for an undecidable problem. In [20] is
shown a multi-valued semantics for AT L* that is a conser-
vative extension of the classical 2-valued variant. Mainly,
they consider the model checking problem for perfect in-
formation games but they also refer at the imperfect infor-
mation case by giving an undecidable result in general and
an exponential-time result for singleton coalitions. Finally,
in [19] is shown an abstraction method over formulas to
make decidable the model checking problem for ATL with
imperfect information and perfect recall.

2 Classic Imperfect Information

In this section we introduce a two-valued semantics for
the Alternating-time Temporal Logic ATL* under imper-
fect information and perfect recall. To fix the notation, we
assume that Ag = {1,...,m} is the set of agents and AP
the set of atomic propositions. Given a set U, U denotes its
complement. We denote the length of a tuple v as |v|, and
its i-th element either as v; or v.i. Let last(v) = v, be the
last element in v. For i < |v], let v>; be the suffix v;, ..., vy
of v starting at v; and v.; the prefix vy, ..., v; of v.

Models for MAS. We begin by giving a formal mo-
del for Multi-agent Systems by means of concurrent game
structures with imperfect information [2, 18].

Definition 1 iCGS) Given
and AP of atoms,

sets Ag of
a concurrent game

agents
structure
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with imperfect information @GCGS) is a tuple
M = (Ag,AP,S, so,{Acti}icag, d,0,{~i}icag, V) such
that :

— S # 0 is a finite set of states, with initial state 5o € S.

— For every i € Ag, Act; is a nonempty finite set of
actions. Let Act = Ujeaq Act; be the set of all actions,
and ACT = [];epq Act; the set of all joint actions.

— The protocol function d : Agx S — (24 \ 0) defines
the availability of actions so that for everyi € Ag, s €
S, (i) d(i, s) C Act; and (ii) s ~; s" implies d(i, s) =
dd, s").

— The (deterministic) transition function & S x
ACT — S assigns a successor state s’ = 8(s,d) to
each state s € S, for every joint action d € ACT such
that a; € d(i, s) for every i € Ag, that is, d is enabled
ats.

— For every i € Ag, ~; is a relation of indistinguisha-
bility between states. That is, given states s, s’ € S,
s ~; 8 iff s and s’ are observationally indistingui-
shable for agent i.

— V : § XxXAP — {tt, ff} is the two-valued labelling
function.

By Def. 1 an iCGS describes the interactions of a group
Ag of agents, starting from the initial state so € S, accor-
ding to the transition function §. The latter is constrained
by the availability of actions to agents, as specified by the
protocol function d. Further, we assume that every agent i
has imperfect information of the exact state of the system;
so in any state s, i considers epistemically possible all states
s’ that are i-indistinguishable from s [16]. When every ~;
is the identity relation, i.e., s ~; §" iff s = s, we obtain
a standard CGS with perfect information [2]. Hereafter we
consider both the class iCGS of all iCGS, and its subclass
CGS of all CGS with perfect information.

Given asetI' C Ag of agents and a joint action d € ACT,
let dr and @ be two tuples comprising only of actions for
the agents in T, resp. I. We also write d@; and @: for dj;
and &’m respectively. Finally, for @ and b in AC T, (ar, l_;f)
denotes the joint action where the actions for the agents in
I (resp. 1_") are taken from @ (resp. 1;).

A history h € S* is a finite (non-empty) sequence of
states. The indistinguishability relations are extended to
histories in a synchronous, pointwise way, i.e., histories
h,h' € S* are indistinguishable for agenti € Ag,orh ~; I,
iff (i) [r] = |h’| and (ii) for all j < |Al, hj ~; K’

Syntax. To reason about the strategic abilities of
agents in iCGS with imperfect information, we use the
Alternating-time Temporal Logic ATL" [2].

Definition 2 (AT L") State (¢) and path () formulas in
ATL* are defined as follows, where g € AP and " C Ag :

qgl=elene| Hy
el e Ay | Xy | (WUY)

@ u=
¥
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Formulas in ATL* are all and only the state formulas.

As customary, a formula {I')® is read as “the agents in
coalition I" have a strategy to achieve ®”. The meaning of
linear-time operators next X and until U is standard [5].
Operators [I']], release R, finally F, and globally G can be
introduced as usual.

Formulas in the ATL fragment of ATL" are obtained
from Def. 2 by restricting path formulas ¢ as follows,
where ¢ is a state formula and R is the release operator :

Yy = Xel (U | (pRy)

Hereafter we also consider the fragment of I'-formulas,
i.e., formulas in which the strategic operator {I')) ranges
only over some coalition I' C Ag.

Semantics. When giving a semantics to AT L* formulas
we assume that agents are endowed with uniform strategies
[18], i.e., they perform the same action whenever they have
the same information.

Definition 3 (Uniform Strategy with Perfect Recall)

A uniform strategy with perfect recall for agent i € Ag
is a function f; : ST — Act; such that for all histories
hlW € S, (i) fi(h) € d(i,last(h)); and (ii) if h ~; W’ then
fith) = fi(h").

By Def. 3 any strategy for agent i has to return actions
that are enabled for i. Also, whenever two histories are in-
distinguishable for i, then the same action is returned. No-
tice that, for the case of (perfect information) CGS, condi-
tion (ii) is satisfied by any strategy f; : S* — Act;.

Given an iCGS M, a path p € S is an infinite sequence
5182 ... of states. Given a joint strategy Fr = {f; | i € T'},
comprising of one strategy for each agent in coalition I', a
path p is Fr-compatible iff for every j > 1, pj.1 = 8(pj, @)
for some joint action & such that for every i € T, a; =
fip<)), and for every i € T, a; € d(i, p;). Let out(s, Fr)
be the set of all Fr-compatible paths from s.

We can now assign a meaning to ATL* formulas on
iCGS based on a semantics with two truth values : ff and tt.

Definition 4 (Satisfaction) The two-valued satisfaction
relation |22 for an iCGS M, state s € S, path p € S¢,
atom q € AP, and ATL* formula ¢ is defined as follows
(clauses for Boolean connectives are immediate and thus
omitted) :

M, 9)E>q  iff V(s,9) =t

(M, s) 2 (W iff for some Fr, for all p € out(s, Fr),
(M,p)E* ¥

(M, p) E* ¢ iff (M,p)E* o

(M,p) B> Xy iff (M, ps2) B> &

(M, p) B> U’ iff for some k > 1, (M, psx) E> ', and
forall j 1< j<k= (M, ps)) E* ¢
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Ficure 1 — The iCGS M for Example 1. Notice that the
transitions are generated with triples of actions. To improve
readability every occurrence of the action idle (i) is omit-
ted. Moreover, * denotes any tuple of actions for which a
transition is not given explicitly.

We say that formula ¢ is true in an iCGS M, or M =2 ¢,
iff (M, s0) E* ¢.

We now state the model checking problem within the
two-valued semantics.

Definition 5 (Model Checking) Given an iCGS M and a
formula ¢, the model checking problem amounts to deter-
mine whether M =% ¢.

Since the semantics provided in Def. 4 is the standard
interpretation of ATL* [2, 18], it is well known that model
checking ATL, a fortiori ATL*, against iCGS with imper-
fect information and perfect recall is undecidable [14]. In
the rest of the paper we develop methods to obtain partial
solutions to this; but first we illustrate the formal machine
above with a toy example.

Example 1 The iCGS M depicted in Fig. 1 describes a va-
riant of the Train Gate Controller scenario [2]. Two trains
t) and ty pass through a crossroad. Due to agreements bet-
ween the railway companies, train t; can choose between
the right (r) or left (1) track, while t, can choose between
the right (r), left (1) or straight (s) track. At the same time,
controller ¢ has to select the right combination of tracks.
For example, if t; and t, choose the joint action rs, then c
has to select action 1 to proceed to the next step. Moreover,
train t; has partial observability on the choices of t,. For
instance, if t; chooses I, then she cannot distinguish whe-
ther t, selects r or s, but she would observe if t, chose | as
well.

After this first step, ¢ can still change her mind. Speci-
fically, she can change arbitrarily the selection of tracks
(e), request a new choice to the trains (a), or execute
their selection (o). The controller ¢ has partial observa-
bility, she cannot distinguish between s, and ss, i.e. she
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does not distinguish r and | of t| when t, selects . Fi-
nally, we use three atoms, one to denote the initial state
(p), one for the preferred selections for t| (b), and one
to mark that an agreement has been reached amongst the
players (d). More formally, the iCGS M is comprised of
the agents in Ag = {t1,t,c}, atoms in AP = {p,b,d)},
states in S = {sy, s1, $2, 83, S4, S5, S¢, $7} With initial state
s, actions in Ac, = {r,L,i}, Ac,, = {r,l,s,1}, Ac, =
{1,2,3,4,5,6,a,e,o0,i}. Transitions are given as in Fig. I,
and we have the following indistinguishability between
different states (indistinguishability is reflexive as well) :
: . S¢, and sy ~¢ 3.

As an example of specifications in ATL*, consider the
formula ¢ = (C)F(b A —~pUd), for U = {t1,c}. This for-
mula can be read as : controller ¢ and train t| have a joint
strategy such that eventually one of the preferred selections
for t, is visited, and then an agreement has to be reached
before visiting the initial state again. Notice that ¢ is true
in M, while for ' = {c}, it is false as, whenever t; always
chooses r and t, always chooses s, then controller ¢ can-
not make b true before d holds. Finally, consider the ATL
Sformula {Ag)Fd, whereby all agents aim at reaching an
agreement, thus making the railway work, which can be
seen to be true in M. However, given the undecidability of
the corresponding model checking problem, there is no ge-
neral method to verify specifications like these on any given
iCGS. Hereafter we provide a sound, albeit partial, method
to tackle this problem.

ST~ 82, 85~

3 Three-valued Imperfect Information

In this section we introduce a novel generalisation of
iCGS in terms of over- and under-approximations. Then,
we develop a three-valued semantics for ATL*, and show
that it conservatively extends the two-valued semantics
of the previous section. In what follows, for x = may
(resp. must) we have that X = must (resp. may).

Definition 6 (Generalized iCGS) Given sets Ag of agents
and AP of atoms, a generalized iCGS (with imperfect
information) is a tuple M = (Ag,AP,S, sy, {Acti}icag,
dmay’ dleSf, 6may, 6"’1145[’ {~1}1€Ags V) such that :

1. S, so, {Acti}icag, {~iticag are defined as in Def. 1.

2. d"™ and d™*" are protocol functions from Ag x S
to 24\ 0 such that for every i € Agand s € S, (i)
d™(i, s) € d™ (i, s) C Act; and (ii) s ~; s" implies
d (i, s) = d*(i, s").

3. 6" and 5" are transition relations on S X ACT X
S such that s' € §(s,d) is defined for some s’ €
S only if a; € d*(i,s) for every i € Ag. Moreover,
6must(s’ 3) C 6may(s’ a’)

4. VS8 XAP — {tt, ff, uu} is the three-valued labelling
function.
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Intuitively, must-components (i.e., d™" and §™*") are
more restrictive than may-components (i.e., d™* and
0™Y) 1 must-transitions can be interpreted as under-
approximations of the actual transitions in the iCGS, while
may-transitions can be thought of as over-approximations.
The undefined value uu can be interpreted in various ways,
for instance, unknown, unspecified, or inconsistent, depen-
ding on the application in hand. This is standard in multi-
valued abstraction based methods [26, 6] and we do not
discuss this further. We say that the truth value 7 is defi-
ned whenever 7 # uu. In the case that under- and over-
approximations coincide, i.e., " = d™*' and & =
6™ and the truth value of every atom is defined, then we
have a standard iCGS as per Def. 1. On the other hand, if
each equivalence relation ~; is the identity, then we have a
generalized CGS (with perfect information).

Next, we introduce must- and may-strategies.

Definition 7 (Uniform x-Strategy with Perfect Recall)
For x € {may,must}, a uniform x-strategy with perfect
recall for agent i € Ag is a function f : S* — Act; such
that for every history h,' € S*, (i) f*(h) € d*(i, last(h));
and (ii) if h ~; I’ then f*(h) = f*(I).

Here we distinguish between may and must strategies
to over- and under-approximate the strategic abilities of
agents. Again, the distinction collapses in the case of stan-
dard (two-valued) iCGS.

For x € {may, must} and a joint strategy Ff = {f" | i €
I'}, a path p € S is Ff-compatible iff for every j > 1,
pj+1 = 6*(p;, @) for some joint action @ such that for every
i €T, a; = f*(p<j), and forevery i ¢ T, a; € d*(i, p;). Then,
let out(s, F) be the set of all F{i-compatible paths starting
from 5. We report full definitions in Table 1.

Intuitively, when computing the outcomes of a joint
strategy F7™ from state s, we adopt a “conservative”
stance with respect to the abilities of agents in I', by
considering only actions enabled according to the under-
approximated protocol d"™', as well as an “optimistic”
stance about the capabilities of agents in I, as given by
the over-approximated protocol d"* and transition 6.
For out(s, ') the reasoning is symmetric (notice that it
might be empty in general). This modelling choice is in line
with similar three-valued semantics for logics of strategies
[6, 23].

Formally we define the three-valued semantics for AT L*
as follows.

Definition 8 (Satisfaction) The three-valued satisfaction
relation 2> for an iCGS M, state s € S, path p € S,
atom q € AP, v € {tt, ft}, and ATL* formula ¢ is defined as
in Table 2. In all other cases the value of ¢ is uu.

Observe that, in the clauses for ATL* operators must-
strategies are used to check the truth of formulas, while
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out(s, F"™")

out(s, F;my)

(M, ) q)=v

(M, ) > —¢)=v
(M) E> ong) =1t
(M, 5)E> png)=1F
(M, s) B> {Dyy) = tt
(M, s) E® (THy) = ff
(M,p)E> o) =v

(M, p) > —¢) =v
(M,p)E Y Ay') =1t
(M,p)E>y Ay') =1
(M,p)E® X¢) =v
(M, p) E> yUY') = tt
(M, p) E? yUy') = fF

F. Belardinelli, A. Lomuscio, V. Malvone

{pesS“| forall j>0,pj €8 (p;,(F"(p<)),dr)) and for all i €T,a; € d" (i, p;)}
{peS®| forall j>0,p; €8 (p;,(Fr"(p<j),dr)) and for all i€ T,a; € d™, P}

TasLE 1 — The definitions of out(s, FI’C””’) and out(s, Fl'imy).

iff V(s,q)=v
iff (M,s) > ¢)=-w
iff (M,s)E?@)=ttand (M,s) E>¢) =tt
iff (M.s)E> ¢)=ffor((M,s) [ ¢)=ff
iff for some F{", for all p € out(s, F{™"), (M, p) Ey)=tt
iff for every F[", for some p € out(s, F{'”), (M, p) E* y) = ff
iff (M.p)E>¢)=v
iff (M, p)E*y)=-v
iff (M,p) E’¢) =ttand (M, p) > /) =t
iff (M,p)E>y)=ffor(M,p)Ey) =1
iff (M, ps2) E>¢)=v
iff forsome k > 1, (M, psx) E> ¢/) = tt,and forall j, 1 < j<k= (M, ps)) E> ¥) = tt
iff forallk > 1, (M, psp) E> ¢') = fF,
or for some j > 1, (M, ps;) B> ¢) = ff,and forall j/, | < j/ < j= (M, ps;) > ¢/') = ff

TaBLE 2 — The three-valued satisfaction relation for AT L*.

may-strategies appear in the clauses for falsehood. Speci-
fically, to check whether (M, s) > {T')¥) = tt we consi-
der all paths in out(s, F;"’”’), which are defined by §"*-
transitions. This restricts the choices available to coalition
I', while increasing the number of paths in which the for-
mula needs to be satisfied. Similarly, to verify whether
(M, s) E> (T)W) = ff we need to use 6"-transitions
over the paths in out(s, F{'*), so as to reduce the number
of candidates witnessing the falsehood of the formula. No-
tice also that, as regards Boolean operators, our semantics
correspond to Kleene’s three-valued logic.

Finally, (M E3 ¢) = tt (resp. ff) iff (M, s0) E> ¢) = tt
(resp. fF). Otherwise, (M [£3 ¢) = uu.

We conclude this section by proving some auxiliary re-
sults on conservative extensions and the model checking
problem.

Lemma 1 (Conservativeness) Let M be a standard iCGS,
that is, d"™ = d™', §™Y = &' are functions, and the
truth value of every atom is defined. Then, for every for-
mula ¢ in ATL",

(M, )Ep)=tt & (Ms)E ¢ (1

(ME ¢=ff o MsE ¢ )

By Lemma 1 the three-valued semantics for ATL* is a
conservative extension of its two-valued semantics, as the

two coincide whenever we consider standard iCGS. Thus,
from the results in the previous section it immediately fol-
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lows that model checking AT L* formulas under the three-
valued semantics, with imperfect information and perfect
recall is also undecidable. However, for perfect informa-
tion we can show the following.

Theorem 1 The model checking problem for generalized
CGS (with perfect information) is 2EXPTIME-complete for
ATL* and PTIME-complete for AT L.

In the following section we leverage on the decidable
model checking problem for the three-valued semantics un-
der perfect information to develop a sound, albeit incom-
plete, abstraction-based method to verify imperfect infor-
mation.

4 Abstraction

We now define perfect information, three-valued abs-
tractions for iCGS. Then, we show that defined truth values
for ATL* formulas transfer from such abstractions to the
original iCGS with imperfect information. Since the mo-
del checking problem on the former is decidable (as per
Theorem 1), this preservation result can be used to define
a sound, albeit partial, verification procedure under imper-
fect information and perfect recall.

To begin with, given a coalition I' € Ag of agents, de-
fine the common knowledge relation ~f as the reflexive and
transitive closure (| ;e ~;)* of the union of indistinguisha-
bility relations ~; for i € I' [16]. That is, s ng s"iff s’ is

JIAFQPFIA 2019



An Abstraction-based Method for Verifying Strategic Properties in Multi-agent Systems with Imperfect

Information

reachable from s by a sequence sy, .. ., s, of states such that
(i) s1 = s, (i) s, = §', and (iii) for every j < n, §; ~; )4
for some i € I'. Clearly, ~1€ is an equivalence relation. Now,
let[s]lr = {s’ € S | s’ ~r s} be the equivalence class of s ac-
cording to ~r. The relation ~r is extended to histories in a
synchronous, pointwise way, i.e., given i, i’ € S*, h ~p I/
iff @) |Al = K| and (ii) for all j < |Al, h; ~r h; So, we
introduce the notation [Alr = {" € S* | i’ ~r h}.
Now, we introduce abstractions for iCGS.

Definition 9 (Abstract CGS) Given an iCGS
M = (Ag APS, so,{Actiticag, d, 6,{~i}icag, V) and a
coalition I' C Ag, the abstract (generalized) CGS

MF = <Ag’ AP, SF’ [50]1"7 {ACti}iGAg$ dlrfmy’ dlr_nust’ 6;10)" 6{“”“”7
Vr) is defined such that :

1. St =A{[slr | s € S} is the set of equivalence classes
for all states s € S, with initial state [solr;

2. for every t,t' € St and joint action @, t' € 6?“y(t, ad)
iff for some s € tand s’ € ', §(s,d) = s ;

3. for every t,t' € St and joint action d, ' € 6?””’(1‘, ad)
iff for all s € t there is s’ € V' such that §(s,d) = s’ ;

4. for x € {may,must}, t € St, and i € Ag, di(i,t) =
{ai € Act; | 61(t, (a;, @) is defined for some a3} ;

5. forv e {t,ff}, p € AP, and t € S, Vr(t,p) = v iff
V(s,p) = vforall s €t; otherwise, Vr(t, p) = uu.

We now show that the abstraction of an iCGS is indeed
a generalized CGS (with perfect information) as defined
in Def. 6. In particular, the indistinguishability relation for
every i € Ag is assumed to be the identity relation.

Lemma 2 For every coalitionT” C Ag, any abstraction Mr
of an iCGS M is a generalized CGS.

We can now state the main theoretical result in this sec-
tion, namely if a I'-formula has a defined truth value in an
abstract CGS Mr, built on an iCGS M, then the I'-formula
has the same truth value in M.

Theorem 2 Given an iCGS M, state s, and coalition I' C
Ag, for every I'-formula ¢ in ATL", we have that

(Mr,[sIDE> ) =tt = (M, 5)E" ¢ A3)
(Mr,[sINE> 9= = (M,s)£* ¢ 4)

By Theorem 2, a defined answer to the model checking
problem w.r.t. abstract, generalized CGS (with perfect in-
formation), which is decidable, can be transferred to the
concrete, two-valued iCGS (with imperfect information),
whose model checking problem is undecidable in general.
Obviously, if the returned value is undefined (uu), then no
conclusive answer can be drawn.

We illustrate the abstraction procedure with our Train
Gate Controller scenario in Example 1.
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Ficure 2 — The abstract CGS for the iCGS in Example 1,
where must-transitions are depicted with continuous lines
while may-transitions are both the continuous and dashed
lines.

Example 2 [n Fig. 2 we show the abstract CGS obtained
from the iCGS for the Train Gate Controller scenario in
Example 1 by considering the formula ¢ = (I)F(b A
-pUd) for I = {11, c}. Specifically, the abstraction My in-
cludes five abstract states according to the equivalence re-
lation ~Cl o Notice that formula ¢ is undefined in Mr due
to the undefined value of atom b in the abstract state a,.

5 Refinement

By Theorem 2 if a formula is undefined on abstraction
Mr, then no conclusion can be drawn on the model che-
cking problem for M. In this section we provide a refine-
ment procedure taking as input a “failure” state sy in Mr
and a I'-formula ¢ such that ¢ is undefined in s, and re-
turning a refined CGS M/, whose state space is smaller
than M in general, and for which we are able to prove
Theorem 3, a preservation result similar to Theorem 2. In
what follows we assume that failure states are identified
manually. We leave their automatic generation for further
work.

The algorithm Refinement(Mr, M, sy) is described in
Fig. 3a. Intuitively, we look at incoming transitions into
sy. For concrete states s and s” in sy, if the I'-component
of actions ending respectively in s and s’ are different, any
uniform strategy for I' will visit either s or s’. As a result,
the abstract state sy can be split “safely” into an s- and an
s’-component. More precisely, the procedure Refinement()
begins by initializing as true the values of a matrix m that
stores the relation outlined above between the concrete
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states in s (line 1). Then, the algorithm calls the subroutine
Check(Mr, M, sy, m) in Fig. 3b, which updates the values
in m by considering the concrete transition function ¢ in M.
In particular, at each iteration Check;() considers one pre-
decessor #7 of sy (line 1). Then, two other loops consider
pairs of states s and s in the abstract state sy and pairs of
states t and ¢’ in the predecessor #; (lines 2-3). If s and s’
are indistinguishable for some agent i € I" and i performs
the same action in the transitions from ¢ and ¢’ to s and §’
respectively (lines 4-6), then we update the value of the cor-
responding cell in m to false (line 6). The subroutine repor-
ted in Check, () carries out the first round of updates on m.
Further updates in the Refinement() algorithm are perfor-
med by the subroutine Check,(Mr., sy, m, update) reported
in Fig. 3¢, which considers the “indirect” binding that some
concrete states may have in an abstract state. Specifically,
given the states s and s’ in the abstract state s that have
true as value in m (lines 2-3), we need to consider the rela-
tion that s and s” have with the other states in s, (lines 4-6) :
if the values in m for both states related with some other
state ¢ are false, then we update the value of cell m[s, 5]
to false as well. Subroutine Check;() is called repeatedly
in algorithm Refinement() as long as guard update remains
true. When update becomes false, we proceed to check
whether there is at least an element frue in m (line 8). If
this is the case, we assign the related concrete states s and
s’ to two different, new abstract states v and w (line 10).
Finally, we populate the new abstract states v and w with
the other concrete states in the old abstract state s, (which
is removed) according to matrix m (lines 12-14).

Hereafter we present the formal definition of the refined
CGS M. as obtained by the application of the Refinement()
algorithm.

Definition 10 (Refined CGS) Given an abstract CGS
My = (Ag. AP. St so. | ActVieag, dj'®  d™ 51 57 Vi,
its refinement My = (Ag, AP, S, s;,
{ActiYieag, di® , df™", 67V, 61 V1Y as  obtained by
an application of algorithm Refinement(Mr, M, sy) is
defined as follows :

1. S| is the set St of states in Mr, possibly without the
“failure” state sy, but with the new states added by
Refinement(). Then, s; is the state in Sp. such that
50 € 87, for so € M.

2. For x € {may, must}, the transitions relations 6{ and
the protocol functions di- are defined as in Def. 9. In
particular,

N

(a) for every t,t' € S[ and joint action @, t' €
81V (1, @) iff for some s € tand s’ € 1, §(s,d) =
sy

(b) for every t,t' € S[ and joint action d, t' €
PNt @) if for all s € t there is 5" € t' such
that 5(s,d) = 5" ;
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Algorithm Refinement(Mr, M, s¢):

for s,s" € sp,m[s,s'] = true;
Check(Mr, M, s, m);

update = true;

while update = true

Check,(Mr, sy, m, update);

split = false;

while s,5" € s, and split = false
if m[s,s'] =true then
remove(sys,Sr);

add(v, Sv); add(w, St); add(s,v);add(s’,w);
split = true;

for re s,

if m[s,t] = true then add(t,w),
else add(t,v);

O N R W~

== = = =
B WO~ O

(a)

Algorithm Check(Myr, M, sy, m):

for t; € Pre(sy)

for s, €5y

for 1,1 et

if 5(,d)=s and 6(/,b) = s then

for iel

if s~; 5 and ﬁ,-zi_;,- then m[s,s’] = false;

(o Y T S

(®

Algorithm Checky(Mr, sy, m,update):

update = false;

for s, €y

if m[s,s'] =true then

for re sy

if m[s,t] = false and m[s',t] = false then
mls, s'] = false;

update = true;

N O B WD =

(©)

FiGurE 3 — The Refinement procedure (3a) with its auxiliary
subroutines Check, and Check, (3b and 3c respectively).

(c) foreveryt € S[, andi € Ag, di(i,t) = {a; € Act; |
83(t, (a;, @) is defined for some ).

3. Forv e {t,ff}, p € AP, andt € S, V{(t,p) = v iff
V(s,p) = vforall s €t; otherwise, Vr(s, p) = uu.

By Def. 10 the components of the refined CGS M[. coin-
cide with those in abstraction Mr, except possibly as re-
gards the “failure” state s; and new states introduced by
Refinement(). On the new states, the transition relations and
protocol functions are defined in analogy with Mr.

We now show a property of the refined CGS M., which
will be useful to prove the main preservation result Theo-
rem 3. Intuitively, must strategies in M[. respect uniformity
on the set of their outcomes.
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Ficure 4 — Example of split of abstract CGS in Fig. 2.

Lemma 3 In M{ for every joint strategy Fl’i””’, for all
p,p € out(t, F?’”’), all p € p, p’ € p,and all i € T,
JEN I pl; ~i Pl then [ (pe)) = f™(pe))

By Lemma 3 we can prove the main preservation result
of this section. In particular, the lemma is used in the in-
ductive step for strategy operators.

Theorem 3 Given an iCGS M, state s, coalition T, its abs-
tract CGS Mr with refinement MY, and state si. > s, for
every I'-formula ¢ in ATL",

(ML, E ¢ =tt = (M s)E*¢ Q)
(ML, E ¢ =fF = (M s)F ¢ (©6)

By Theorem 3 defined truth values are preserved from
the refined CGS to the original iCGS, similarly to Theo-
rem 2.

Example 3 In Fig. 4 we present a refinement of the abs-
tract CGS in Fig. 2. In this new model we split the state
ay in two new abstract states a{ and a% according to the
Refinement() algorithm in Fig. 3a. By doing so, formula
¢ = {t1, c}HF(bA-pUd) becomes true as atom b becomes
defined in a} and a%. So, by Theorem 3 formula ¢ is true in
the original iCGS M as well.

By combining the results in Section 3, 4, and 5 we can
outline a method to verify strategic properties of Multi-
Agent Systems under the assumptions of imperfect infor-
mation and perfect recall. Given an iCGS M and a I'-
formula ¢ in AT L*, we first build the abstract, three-valued
CGS M as per Def. 9. We can model check ¢ on Mr, as
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the corresponding decision problem is decidable by Theo-
rem 1, and then tranfer any defined answer to the original
iCGS M in virtue of Theorem 2. In case of an undefined
answer, we can apply the refinement procedure in Section 5
iteratively : if the value of ¢ or any of its subformulas is un-
defined at some state s in Mr, we can apply the refinement
algorithm so as to obtain a refined CGS M. : any defined
value for ¢ on My transfers to M by Theorem 3. The refi-
nement step can be iterated as long as ¢ stays undefined.
Since the verification of ATL* under imperfect informa-
tion and perfect recall is undecidable in general [14], the
procedure here outlined is obviously partial and there is no
guarantee of termination with a defined answer. However,
partial results can be useful in cases of interest, like the
Train Gate Controller scenario illustrated in Example 1, 2,
and 3.

6 Conclusions

As we discussed in the introduction one of the key issues
in employing logics for strategic reasoning, such as ATL
and ATL", in the context of Multi-agent Systems is that
their model checking problem is undecidable under per-
fect recall and incomplete information. Yet, this is one of
the most natural and compelling setup in applications. Fin-
ding appropriate approximations remains an open problem
at present.

In this paper we have put forward a notion of abstrac-
tion between different classes of systems to overcome this
difficulty. Specifically, we showed that iCGS with imper-
fect information admit a (perfect information) abstraction
which preserves satisfaction back to the original model,
when checked under a three-valued semantics. This en-
abled us to give an incomplete but sound procedure for the
original model checking problem, which is undecidable in
general.

In future work we intend to build a toolkit to gene-
rate abstractions and refinements automatically, perhaps in
combination with refinement techniques built on interpo-
lants [6]. Moreover, we plan to extend the abstraction and
refinement techniques here developed to more expressive
languages for strategic reasoning including Strategy Lo-
gic [12, 24].
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Résumé

Nous proposons une tentative d’exploration du concept
de mesures de cohérence. Par celles-ci, il s’agit d’attribuer
un degré de cohérence a des ensembles finis de formules
logiques, comme un pendant au concept bien connu de me-
sures d’incohérence qui attribuent un degré d’incohérence a
des ensembles finis de formules logiques. Nous introduisons
un ensemble primitif de postulats pour des mesures de co-
hérence. Nous nous penchons sur quelques correspondances
avec les mesures d’incohérence. Nous posons également les
bases d’une dualité entre les deux univers. Finalement, nous
examinons de facon préliminaire ce que pourrait étre une
mesure mixte, a savoir, une mesure qui détermine un degré,
sur un méme référentiel, pour la cohérence (valeur positive)
ainsi que pour I’incohérence (valeur négative). Nous abor-
dons aussi, en comparaison, la question des super-modeles
de Ginsberg et col., ainsi que ce qui peut en &tre considéré
comme une généralisation, les morpho-logiques.

Abstract

We give some insight into a preliminary attempt at in-
vestigating a notion of consistency measures. These would
provide a consistency degree for any finite collection of log-
ical formulas, on a par with the well-known notion of in-
consistency measures, that aim at assigning degrees of in-
consistency to finite sets of logical formulas. We first pro-
pose a basic set of postulates for consistency measures. We
look at a couple of relationships with inconsistency mea-
sures. We even lay grounds for a formal duality between
these two domains. Lastly, we have a look at what would
be a mix measure, that is, a measure that gives a degree,
on the same scale, for consistency (positive values) and in-
consistency (negative values). We also mention supermod-
els, as defined by Ginsberg et al., as well as a theory that
can be regarded as a generalization of super-models, namely
morpho-logics.
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1 Introduction

In some sense, a formula can be viewed as more con-
sistent than another. An illustration on such an idea is as
follows. For a formula ¢ and a propositional variable a,
define

def
va.p = @[T « a] A p[L < a].

Then, assuming Var(y) = {ay, ..., a,}, and p a permutation
(for the a;’s), an example of a “consistency measure” is

C(p) = inf{k | Fp s.t. Vap(1) "+ Aoy 1}

In a more explicit way, min{k | Jo s.t. va,y - - - app).¢ + L}
is the value of C(y) in the case that there exist k and p such
that va,y - - - apk)-¢ is inconsistent. Otherwise, C(p) = co.

Example 1 In view of va.—a = (=T A —1), it holds that
C(-a) = 1. Similarly, C(a) = 1. However, va.(a V —a) =
(TV=T)A(LV=L)so that ClaV —a) = .

Generalizing the above idea, a consistency measure is a
total function that maps every finite set of formulas K to a
value in R* U {co}.

2 Preliminaries

All the formal matters will refer to propositional logic
with a language .Z based on a set of propositional variables
denoted Var(.Z’) as well as the propositional constants L
and T. The symbols for the connectives are — (negation),
A (conjunction), V (disjunction), — (material implication).
Logical equivalence (not the equivalence connective) is de-
noted by means of =. For the sake of clarity, we write &
(and), = (if ... then), & (if and only if) in meta-level state-
ments where ¢, ¥, ... denote formulas of .Z while K, K’,
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... are called belief bases and denote finite sets of formulas
of .Z. As a final word about notation, K¢ is comprised of
all belief bases over .Z.

For our purposes, a consistency measure is a map

C: Ky — R"U{co}.

The paper is organized as follows: in section 3 below,
basic postulates for consistency measures are proposed,
and the duality with inconsistency measures is investigated.
In section 4, the notion of mixed measure is introduced.
Section 5.1 exhibits a link with supermodels such as de-
fined by Ginsberg et al.

3 Postulates for consistency measures

Not all such functions C can do! A list of requirements
over C is needed. To this end, postulates can ensure C fo
make sense for the purpose of consistency measuring.

This section is an investigation into such requirements as
postulates formulated on the following grounds:

— The context is classical logic - over a language .Z.
— Belief bases are finite sets of formulas of .Z’.

— C maps all finite sets of formulas of . to values in
R* U {co}.

The first postulates that come to mind are those speci-
fying what cases must be ascribed the lowest, respectively
highest, consistency degree. Thus arise the following pos-
tulates.

Inconsistency Null
CK)y=0 © K+ L

Inconsistent bases, and only them, have the lowest
consistency degree: 0.

Tautology Top
FK = CK)=CK)

Tautologies have the highest consistency degree.

Equivalence
K=K = CK)=CK")
Logically equivalent bases have the same consistency
degree. !
Variant Equality

cK=K & o’ K=K = C(K)=CK")

Renaming does not change the consistency degree.

1. Due to Inconsistency Null, introducing the extra condition K ¥ L
(or, equivalently, K’ ¥ 1) would be otiose.
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Proposition 1 Inconsistency Null is equivalent to the con-
Jjunction of the conditions below.

(YK’ C(K) <C(K")) = KFrL (1)
K+r1 = CK)<CK) 2)
AK C(K) =0 3)

Two (equivalent in the context of (1)—(3)) consequences
are:

KrlL & K'F1L = CK) <CK) 4)
KF1 = 0<CK) (5)

Proof Let us start by showing that Inconsistency Null en-
tails (1)—(3). To start with, (3) is a trivial consequence of
Inconsistency Null. As regards (2), it is a direct conse-
quence of Inconsistency Null because the codomain of C is
IR* U {o0}. Now, in order to prove (1), assume YK’ C(K) <
C(K’). By (3), C(Ky) = 0 for some Kj. Due to Inconsis-
tency Null, Ky + L. An instance of (2)is K + L = C(K) <
C(Kp) which gives K + L = C(K) < Ohence K + L =
C(K) = 0 (the codomain of C is R* U {c0}). Applying In-
consistency Null, K + L and (1) is proven. Let us now
show that (1)—(3) entail Inconsistency Null. An obvious
consequence of (1)—(2) is (VK’ C(K) < C(K’)) oK+l
ie. C(K) = min{C(K’) | K’ C; £} & K + L.2 Now, (3)
means that min{C(K") | K’ <5 £} = 0 since the codomain
of C is R*U{oo}. Therefore, (VK' CK) < C(K’)) S Kk L
is equivalent with Inconsistency Null.

We now show that (1) and (2) imply (4). Due to (1),
(VK" CK') < C(K")) = K’ + L. In contrapositive form,
K ¥ 1 = 3IK” C(K’) > C(K"”). Since an immediate
instance of (2) is K + L = C(K) < C(K"), it ensues that
K+ L &K' ¥F 1 gives dK” C(K") < C(K’) as well as
VK" C(K) < C(K") hence AK” C(K) < C(K") < C(K").
Summing itup, K + L & K’ ¥ L = C(K) < C(K").

Lastly, we show that (4) and (5) are equivalent in the con-
text of (1)—(3). Assume first that C satisfies K + L & K’ ¥
1 = C(K) < C(K"). However, {1} + L. Accordingly,
K ¥ 1 = C{L}) < C(K’). Since the codomain of C is
IR* U {co}, it then follows that K’ ¥ 1L = 0 < C(K’). As to
the converse, assume that C satisfies K’ ¥ 1. = 0 < C(K").
A consequence of (2) and (3) (together with the fact that
the codomain of C is R* U {o})is K + L = C(K) = 0. It
follows that K + 1L & K’ ¥ L = C(K) < C(K'). [ ]

Conditions (1)—(2) express that inconsistent formulas get
the lowest consistency degree and induce that consistent
formulas are ascribed a strictly greater consistency degree.

2. We write X Cr Y to denote that X is a finite subset of Y.

38



3.1 Postulate chopping

Do we wish to endorse the general principle that K’ + K
entails C(K) > C(K’)? Under the reading of “being more
consistent” as “having more models”, the answer must be
positive.

Adopting a positive answer actually amounts to supple-
menting Inconsistency Null with the following postulate.

Entailment Decrease

K+rK = CK)<CK)

Proposition 2 Entailment Decrease entails Tautology Top,
Equivalence, Variant Equality, condition (2) from Proposi-
tion 1 and the following property.

oK =K = CK)=>CK) (©6)

Proof The case of Equivalence is trivial. As regards Tau-
tology Top, if + K then K’ + K. By Entailment Decrease,
C(K’) < C(K). As to Variant Equality, it is a special
case of (6) that is taken care of as the last item in this
proof. As regards (2), assume K + L. Thus, K + K'.
Applying Entailment Decrease, C(K) < C(K’). As re-
gards (6), assume oK = K’. Now, K’ = oK entails
K =KU{a - b | [b « a] € g}. Obviously, K’ + K.
In view of Entailment Decrease, C(K’) < C(K) ensues. W

In (6), the significant case is K’ consistent (otherwise,
C(K’) = 0 by Inconsistency Null and C(K) > C(K’) triv-
ially ensues). Thus, (6) expresses that K has a higher (or
equal) consistency degree than any instance of K.

Example 2 Let K = {p V q} and K" = {p V p}. Thus,
oK = K’ for o = [p « q]. Inview of (6), C(K) > C(K’")
i,e.C(pVvq)=2C(pV p).

Obviously, Entailment Decrease realizes the idea that
“having more models” does imply “being more consis-
tent”: If Mod(K) € Mod(K’) then C(K) < C(K’). The
converse is untrue because < is a total order whereas C (as
ranging over models of finite subsets of .%’) is only a partial
order. In particular, for Var(K) N Var(K’) = 0, it must still
be the case that either C(K) < C(K") or C(K") < C(K) but
neither Mod(K) € Mod(K’) nor Mod(K”) € Mod(K) hold.

Note. A strict version of Entailment Decrease is of interest,
in the form of condition (4) from Proposition 1, that is:

Strict Entailment Decrease

KrK & K'¥K = CK)<CK)

The codomain of a consistency measure might be re-
stricted to [0, 1]. Equivalently, such a consistency measure
can be viewed as satisfying the following postulate.
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Normalization

0<CK)<1

Trivially, Normalization suggests alternative postulates,
e.g., Tautology Top could be replaced by the following
(stronger even in the case that the codomain of C is [0, 1])
postulate.

Tautology 1-Top
FK = CK)=1

3.2 Relationship with inconsistency measures

Inconsistency measures (they have received a great deal
of attention [9]) are meant to indicate to what extent a fi-
nite set of formulas K is inconsistent. Formally, an in-
consistency measure I maps every finite set of formulas
K to a value in R* U {co}. Interestingly, various postulates
have been proposed for inconsistency measuring, here is
the most important one (see the survey [18]).

Consistency Null
IK)y=0 & KF 1

No more is needed to show that every pair (C, I), no mat-
ter how arbitrary, conveys some duality between C and I:

Proposition 3 Let C enjoy Inconsistency Null and I enjoy
Consistency Null. Then,

CK)=0 © K+1 © IK)>0
CK)>0 © KFL © IK)=0

Proof (C(K) = 0 = K + 1) Assuming C(K) = 0, In-
consistency Null then gives K + L. (K + L = I(K) > 0)
Assuming K + L, Consistency Null gives I(K) # 0. As
the codomain of I is R* U {oo}, it follows that I(K) > O.
(I(K) > 0 = C(K) = 0) Assuming I(K) > 0, Consistency
Null gives K + L. Applying Inconsistency Null, C(K) = 0.

C(K)>0e KF¥F L © I(K)=0is proven in a similar
way. |

The Tautology Top postulate is to be put in regard with
the following property (induced from Consistency Null and
the fact that I has codomain R* U {co}):

K¥1 = IK) <IK)

That is, the lowest value for I holds for the case that K
is consistent. Duality appears as Tautology Top actually
means that the highest value for C holds for K being tauto-
logical, intuitively the most extreme 3 form of consistency:

Kemax{K|K¥F L} = CK)=CK)

>

Zcons

FK

3. We use >cons to intuitively denote a pre-order for “is at least as
consistent as”.
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According to this scheme, it is expected that the following
consequence of Inconsistency Null

K+l = CK)<CK)

gets a dual so that the highest value for I holds for the most
extreme * form of inconsistency:

Kemax{K| K+ 1} = IK)>IK)

>

Zinc

7?7
Duality breaks down as no such notion of “maximal incon-
sistent” arises in classical logic.
3.2.1 Formal duality

The aim here is to set a duality formally between pos-
tulates (and more generally properties) about consistency
measures and inconsistency measures.

Definition 1 Recursively set [A R B]* = A* R* B* where
the relation R as well as the expressions A and B have the

Sfollowing primitive cases:

*
«—>

cX) Ix)
*
is inconsistent < is consistent

*

= —> =

< &<
*

> — >
*

= N nd =
*

1 —> 1
*

0 — 0
*

K — K

K’ ;) K’

Example 3 Here are a few examples of dual properties
(we write K + L to stand for “K is inconsistent” but the
latter expression is what is used for determining the dual
expression, and similarly for K ¥ L standing for “K is
consistent” ).
[CK)=0=KF 1] = [CK)=0]" = [K+ L]*
=IK)=0=>KF L

K+ L= IK)>O0]*

[K+L1]* = [I(K)>0]*
K¥F1=CK) >0

[K+ L= CK) <CK)N

= K¥ L =IK) <IK)

4. We use >, to intuitively denote a pre-order for “is at least as in-
consistent as”.
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[K+1]* = [C(K) < C(K)]*

The duality fails with
FK = CK)=CK)

because + K is not mapped to ¥ K (there is no “is max-
imally unsatisfiable” —which is expected as dual to “is
valid” understood as “is maximally satisfiable”).

The duality also fails as Definition 1 has no entry for +*.
In fact, the idea that “having more models” implies “being
more consistent” has no counterpart in the universe of in-
consistency measures: by strong completeness of proposi-
tional logic, having more models is equivalent with propo-
sitional entailment but this is useless for inconsistent sets
of formulas because they all entail each other. In symbols,
[K + K’ = C(K) < C(K")]* is undefined. The correspond-
ing item would be K + K’ = I(K) < I(K’) which would
make I to collapse because K + K’ holds for every incon-
sistent K and K’.

4 Mixed measures

Consider extending C so that not all inconsistent bases
get the same consistency degree. An idea is to extend the
codomain to R U {—o0, +00}. The main postulate would
become

Inconsistency below zero

CK)<0 & KrL

The negative values can as well come from a given in-
consistency measure I, by letting C(K) = —I(K) whenever
Kr 1.3

The original (i.e., non-extended) C ascribes O to every
inconsistent K whereas I ascribes 0 to every consistent K.
Since no K is both consistent and inconsistent, the extended
C is to ascribe 0 to no K at all: the codomain of the ex-
tended C is not to include 0.

Definition 2 A mixed measure M assigns any finite K a
value in R* U {—o0, +00}.

For mixed measures, the fundamental postulate therefore
is

Inconsistency

MK)<0 © K+ L

Lemma 1 The Inconsistency postulate is equivalent to
MK)>0 © KF L

Proof Trivial. |

5. Careful: Equivalently, I(K) = —C(K) but keep in mind that K + L
must hold hence I actually fails to be defined from C.
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Lemma 2 The Inconsistency postulate implies that
M(K) > M(K") whenever K ¥ L and K’ + L.
Proof Trivial. ]

Another major postulate is
Tautology Top

FK © VK M(K)>=MK')

That is, tautologies are ascribed the highest degree (they
are regarded as more consistent than any non-tautologies).

S Consistency Measures based on Opera-
tions over Models

Entailment Decrease (or the weaker Equivalence postulate)
allows us to take advantage of operations over the set of
models of a belief base K to ascribe a consistency degree
to K using the set of models of K. The next two sections
present such examples: supermodels and morpho-logics.

5.1 Supermodels

Ginsberg et al. [6] introduced the notion of supermodels.
In a nutshell, these act as would be models for a formula ¢
as follows: if the truth-value of n atoms (not occurrences
of atoms) are switched, does switching the truth-value of m
other atoms yield a model of ¢? This can be viewed as an
assessment of consistency, indicative of the extent to which
the model can be distorted and still remain a model. To be
self-contained, here is a short presentation of supermodels.

Definition 3 An (n, m)-supermodel of ¢ is a model M of ¢
such that whenever the truth-value of at most n variables
is switched in M (yielding an interpretation M'), we can
[still] obtain a model of ¢ by changing the truth-value of at
most m other variables in M.

Remark. Should there be less than n or m variables oc-
curring in ¢, the definition means that the extra variables
whose value may happen to be varied are taken in the rest
of the infinite supply (remember that an interpretation is
defined over the set of all variables).

Notation. The set of all (r, m)-supermodels of ¢ is denoted
Supmodw(n, m).

Obviously, the classical models of ¢ always are the
(0, 0)-supermodels of ¢, i.e. Supmodw(O, 0)=Mod(y).

Example 4 The interpretation pq is a (1, 0)-supermodel of
pV qaswell as a classical model of p V q.
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Making a restricted use of supermodels is enough to in-
duce a consistency measure as follows.

CK) def [ O if Supmod(0,0) =0
" | 1+ sup{n | Supmodg(n,0) # 0} otherwise

Detailing, C(K) = 1 +max{n | Supmodg(n,0) # 0} when
K is neither tautologous nor inconsistent, while C(K) = oo
for K tautologous.

Please observe that C satisfies Inconsistency Null and
Entailment Decrease hence Tautology Top, Equivalence,
Variant Equality. Actually, C satisfies Strict Entailment
Decrease. Trivially, C fails Tautology 1-Top and Normal-
ization.

5.2 Morpho-Logics

Mathematical morphology, which is based on set theory,
deals with shapes and transformations. It has been intro-
duced in logic by Bloch and Lang [4]. Two basic operations
in mathematical morphology are dilution (meant to enlarge
a shape) and erosion (meant to contract a shape). They are
based on a auxiliary structure, captured by a function that
maps each point (of the shape) to a set of points (meant to
serve as a neighborhood but other options are possible).

This gives us, for Q a set of interpretations on Var(.%),
and w varying over the set of all interpretations on Var(.%),

Di(Q) ={w| flw)NQ # 0}

and
E/Q) ={w]| flw)c Q)

Clearly, properties of f are crucial for Dy and E; to be
faithful to the idea of actually enlarging and contracting:
e.g., f must be extensive in the sense that w € f(w), ...

Both Dy and E; are monotone wrt set inclusion of sets
of interpretations, e.g.,

if I € Q then E/(T') C E/(Q)

With respect to the auxiliary structure, however, dilution is
monotone but erosion is anti-monotone: ®

if f < g then E,(Q) € E/(Q)

A host of consistency measures can be cast by resorting
to distance-based functions. For example, a family (f;);eN
can be defined by

Jilw) = {0’ | 6(w, ) < i}

where 6 is an integer-valued distance over the set of all in-
terpretations on Var(.%).

6. < is the usual order over functions with codomain a set of sets:

f<fiff Vo, f(w) € f(w).

JIAFQPFIA 2019



Consistency Measures, Inconsistency Measures, and Mix Measures (Preliminary Report)

A collection of consistency measures then arises from
C(K) S sup{n | E;,(Mod(K)) # 0}

Please observe that the consistency measure previously
defined with supermodels is the same as the consistency
measure obtained here for the case that § is the Hamming ’
distance dy defined as

dy(w, )= D lw(@ - (@)

aeVar(K)

6 Interim Conclusion

Indeed, there is an extensive body of literature on incon-
sistency measures: From the seminal article [7], with mile-
stones such as [13, 11, 17] up to more recent contributions
in a special issue [14] and an anniversary book [9], as well
as, in the meantime, specific measures [19, 15, 1, 5, 12]
or analysis of measures through properties and postu-
lates [10, 2, 3, 18] and even measures defined with posi-
tive/negative values [16] (also, [8] by a measure compar-
ing inconsistency in two sets of formulas). From a dual
perspective, a similar development would seem natural. It
certainly makes sense to rank logical bases from more con-
sistent to less consistent in the context of getting conclu-
sions on firmer grounds.

We have shown that a study of consistent measures could
reflect work on inconsistency measures. A number of cor-
respondences show up. Though, even with such a prelim-
inary investigation, a caveat has been exhibited: While a
notion of “maximally satisfiable” makes sense, there is no
corresponding notion of “maximally unsatisfiable”. On the
more positive side, a finding of interest is that very little
(actually, the pair of Null postulates) is needed to estab-
lish the correspondence between consistency/inconsistency
and positive/negative values for consistency measures and
inconsistency measures (Proposition 3).

Also, we have initiated a process of merging a consis-
tency and inconsistency measure into a single measure.
Here, a perhaps unexpected byproduct is that the null value
disappears. .. Hopefully, further such surprises are afoot in
the area of consistency measures.
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Résumé

Les sémantiques a base d’extensions évaluent I’accepta-
bilité d’ensembles d’arguments, tandis que les sémantiques
a base de classement évaluent la force de chaque argument
pour ensuite les classer. Ces deux types de sémantiques se
concentrent sur différents aspects de I’information véhicu-
1ée par les systemes d’argumentation. Apres avoir discuté du
pour et du contre de ces deux approches, nous étudions com-
ment les combiner afin de tirer profit des deux. Nous défi-
nissons six nouvelles sémantiques combinant ces deux types
de sémantiques. Plus précisément, nous proposons d’affiner
les sémantiques a base de classement en utilisant des in-
formations provenant de I’acceptabilité des arguments issue
des sémantiques a base d’extensions, et de modifier les ex-
tensions provenant des sémantiques a base d’extensions a
I’aide d’informations préférentielles issues des sémantiques
a base de classement.

Abstract

Extension-based semantics evaluate the acceptability of
sets of arguments, while ranking-based semantics evaluate
the strength of each argument. These two kinds of seman-
tics focus on different aspects of the information conveyed
by argumentation systems. After discussing pros and cons
of both approaches, we study how to combine them, in or-
der to take benefits from both. We propose six new families
of semantics combining extension-based and ranking-based
semantics. More precisely we propose to refine the ranking-
based semantics using information coming from extension-
based semantics acceptability of arguments, and to modify
the extensions chosen by extension-based semantics using
preferential information coming from ranking-based seman-
tics.

*Cet article est la version francaise d’un article publié a KR*18 [9].
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1 Introduction

L’argumentation consiste a raisonner a partir d’infor-
mations conflictuelles basées sur 1’interaction entre argu-
ments. Dans le cadre de I’argumentation abstraite [15], les
sémantiques a base d’extensions ont été les premicres a
étre introduites dans I’optique de déterminer les ensembles
d’arguments pouvant étre conjointement acceptés. Ces ex-
tensions doivent généralement étre sans-conflits (deux ar-
guments dans une méme extension ne peuvent pas s’atta-
quer) et étre capable de défendre chacun de ces arguments.
Chaque ensemble d’arguments est donc évalué de maniere
binaire (un ensemble d’arguments est ou n’est pas une ex-
tension) par ces sémantiques.

Les sémantiques a base de labellings [10] ont été in-
troduites par la suite afin d’associer un label a chaque
argument d’un systéme d’argumentation. Une fonction
est utilisée pour associer a chaque argument un label
{in, out, undec}, ou in signifie que I’argument est accepté,
out signifie que I’argument est rejeté et undec signifie que
le statut de I’argument est indécis. Tout comme les séman-
tiques a base d’extensions, 1’évaluation proposée par ces
sémantiques s’effectuent sur les ensembles d’arguments. 11
a d’ailleurs été prouvé [10] que les principales sémantiques
a base d’extensions correspondent exactement a certaines
sémantiques a base de labellings.

Plus récemment, il a été avancé que cette évaluation bi-
naire ou ternaire est parfois trop rude pour certaines ap-
plications (comme les plateformes de débat en ligne [19]),
justifiant ainsi la nécessité d’une évaluation plus ciblée de
chaque argument. Les sémantiques a base de classement
ont alors été proposées (e.g. [11, 18, 8]), avec comme ob-
jectif d’évaluer (comparativement) chaque argument. Une



sémantique a base de classement est une fonction qui as-
socie a chaque systeéme d’argumentation un classement (un
pré-ordre) entre les arguments. Ce classement représente
la force comparative de chaque argument. Ainsi, contrai-
rement aux sémantiques a base d’extensions (et de label-
lings), cette approche n’évalue pas des ensembles d’argu-
ments mais chaque argument individuellement, en fonction
de sa situation dans le graphe d’argumentation. Un type
apparenté de sémantique sont les sémantiques graduées
(e.g. [6, 19, 12]), ol une valeur numérique est associée a
chaque argument. L’évaluation ici est donc numérique au
lieu d’étre ordinale, mais 1’objectif reste d’évaluer chaque
argument individuellement. Clairement, si une sémantique
graduée est définie, alors cela induit directement une sé-
mantique a base de classement correspondante [14].

Deux types d’évaluations existent donc : individuelle-
ment, au niveau des arguments (avec les sémantiques a base
de classement ou graduées) ou au niveau des ensembles
d’arguments (avec les sémantiques a base d’extensions ou
de labellings). Ces deux manieres d’évaluer les informa-
tions codées dans un systéme d’argumentation sont com-
plémentaires, et utiles pour différentes applications. La pre-
micre approche est beaucoup plus récente et des travaux
restent nécessaires pour mieux comprendre leur comporte-
ment et définir de nouvelles sémantiques significatives. Le
second type d’évaluation, bien qu’étudié depuis longtemps,
nécessite toujours une étude approfondie pour comprendre
leurs principes sous-jacents (il convient de mentionner que,
contrairement a d’autres tiches de raisonnement telles que
I’inférence [20] ou la révision [1, 16], aucun théoréme de
représentation ou postulat permettant de caractériser les sé-
mantiques de 1I’argumentation rationnelles n’existe).

Ce travail est basé sur 1’observation que ces deux
types d’évaluation sont, en un sens, orthogonaux puisqu’ils
peuvent tous deux étre utilisés pour extraire des informa-
tions sur le statut, la force, la situation (des ensembles) des
arguments. Au lieu de considérer ces approches comme
mutuellement exclusives, notre idée est de combiner le
meilleur des deux approches. Nous pensons qu’étudier le
potentiel d’une telle combinaison pourra étre utile dans le
développement des sémantiques de 1’argumentation.

Dans ce travail, nous proposons six nouvelles familles
de sémantiques, combinant les sémantiques a base d’ex-
tensions et les sémantiques a base de classement. Plus pré-
cisément, nous proposons d’affiner les sémantiques a base
de classement avec des informations provenant de 1’accep-
tabilité d’arguments basée sur les sémantiques a base d’ex-
tensions, et de modifier les extensions provenant des sé-
mantiques a base d’extensions a I’aide d’informations pré-
férentielles issues des sémantiques a base de classement.

Dans la section suivante, nous discuterons des diffé-
rences entre I’évaluation des arguments faite par les sé-
mantiques a base d’extensions et celle faite par les séman-
tiques a base de classement. Nous rappellerons ensuite cer-
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taines notions de 1’argumentation abstraite avant de propo-
ser quatre méthodes pour modifier les sémantiques a base
de classement en tenant compte des informations provenant
des sémantiques a base d’extensions. La premiere se foca-
lise sur le statut d’acceptabilité de chaque argument (issu
des sémantiques a base d’extensions). La seconde se base
sur une évaluation plus précise du statut d’acceptabilité de
chaque argument [22]. Les deux dernieres modifient les sé-
mantiques de propagation [8] pour permettre une distinc-
tion plus fine des arguments grace a ces statuts d’accepta-
bilité€. A I’inverse, afin de modifier les sémantiques a base
d’extensions en utilisant les sémantiques a base de clas-
sement, nous montrons d’abord que ces derniéres peuvent
étre utilisées pour évaluer les extensions et ne sélection-
ner que les meilleures. Nous discutons ensuite de la pos-
sibilité de prendre le classement retourné par une séman-
tique a base de classement en tant qu’information préfé-
rentielle dans un cadre d’argumentation basé sur les pré-
férences [2] pour ne sélectionner que les attaques les plus
convaincantes.

2 Confrontation des sémantiques

Les sémantiques a base d’extensions [15] sont étroite-
ment liées aux modeles de programmes logiques car elles
présentent une évaluation « tout ou rien » des ensembles
d’arguments. Amgoud et Ben-Naim [18] soulignent cer-
taines caractéristiques propres a ces sémantiques : Elimina-
tion : I'impact d’une attaque d’un argument y sur un argu-
ment x est radical, i.e. si y appartient a une extension, alors
x est automatiquement exclu de cette extension ; Existence :
une attaque réussie contre un argument x a le méme effet
que plusieurs attaques réussies (i.e. une attaque est suffi-
sante pour « éliminer » x et plusieurs attaques ne peuvent
pas éliminer x dans une plus grande mesure) ; Absolutisme :
les trois statuts d’acceptabilité (accepté, rejeté ou indécis)
ont un sens méme sans comparaison entre eux; Planéité :
tous les arguments ayant le méme statut d’acceptabilité
ne peuvent pas étre distingués. Ce type d’évaluation peut
étre utile pour définir des arguments a partir de formules
logiques. Ici, les principes d’Elimination et d’Existence
semblent essentiels pour capturer le fait qu’une attaque est
1étale et ainsi éviter toute contradiction entre les arguments
afin d’obtenir un ensemble cohérent de formules.

Cependant, dans d’autres applications, certaines de ces
propriétés sont discutables. Les plateformes de débat en
ligne ont récemment fait leur apparition pour prendre de
plus en plus d’importance. Sur ces plateformes, les utili-
sateurs peuvent argumenter pour ou contre un sujet donné
(sous forme de question ou d’affirmation) ou un des argu-
ments déja existants. Comme le soulignent Leite et Mar-
tins [19], I’objectif n’est pas ici de déterminer les argu-
ments pouvant étre acceptés ensembles, mais plutot d’éva-
luer & quel point la question/affirmation est acceptée. De
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plus, face a de nombreux arguments, il est préférable de
disposer d’une évaluation des arguments plus détaillée que
celle retournée par les sémantiques a base d’extensions. En
outre, pour représenter avec exactitude les opinions de mil-
liers d’utilisateurs, il semble plus approprié d’évaluer les
arguments en utilisant plusieurs degrés d’acceptabilité ou
une acceptabilité graduée. Les sémantiques a base de clas-
sement permettent justement de précisément obtenir une
évaluation plus détaillée de la force de chaque argument.
Cela peut étre utile aussi bien pour ces plates-formes de
débat que pour sélectionner les meilleurs arguments dans
tous les types de débats (persuasion, délibération, etc.).

Cependant, un inconvénient pourrait étre que 1’évalua-
tion de chaque argument n’est pas du tout liée a son statut
d’acceptabilité : &tre un argument avec une bonne évalua-
tion ne signifie pas que cet argument doit étre accepté (étant
donné une sémantique a base d’extensions), et méme le
terme «acceptation» étant défini par rapport au classement,
il n’existe aucun seuil naturel permettant de faire la distinc-
tion entre les arguments acceptés et non acceptés. Définir
une sémantique a base de classement compatible avec le
statut d’acceptabilité d’une sémantique a base d’extensions
serait alors une solution possible. C’est pourquoi nous pro-
posons, dans cet article, de construire une nouvelle famille
de sémantiques qui affinent les sémantiques a base de clas-
sement en utilisant les sémantiques a base d’extensions.

A l’inverse, les sémantiques a base d’extensions ont I’in-
convénient de proposer une évaluation trop stricte des ar-
guments. Il est, par exemple, impossible de donner une
meilleure évaluation a un argument non-attaqué qu’a tous
les arguments qu’il défend (voir principe de Planéité), alors
que I’acceptabilité de ces derniers dépendent de 1’accep-
tabilit¢ de I’argument non-attaqué. Une évaluation plus
détaillée des arguments peut &tre utilisée pour modifier
les sémantiques a base d’extensions en sélectionnant, par
exemple, uniquement les meilleures extensions. Ces deux
approches seront détaillées par la suite.

3 Préliminaires

Dans cette section, nous rappelons brievement certains
éléments clés des systemes d’argumentation abstraits.

Définition 1 Un systeme d’argumentation (AF) est un
couple AF = (A, R) ou A est un ensemble fini d’arguments
et R € AxA est larelation d’attaque entre arguments. Un
ensemble d’arguments S C A attaque un argument y € A,
si dx € S, tel que (x,y) € R. S défend z € A contre son
attaquant y si S attaque y.

Un systeme d’argumentation abstrait peut €tre repré-
senté par un graphe orienté, ou les noeuds représentent les
arguments et les arétes représentent la relation d’attaque
entre deux arguments.

Rappelons certaines notions connues sur les graphes.
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Définition 2 Soient AF = (A, R) et x,y € A. Un chemin
P de y vers x, noté P(y, x), est une séquence (X, ...,Xn)
d’arguments telle que xo = x, x, =y et Vi < n,(Xi+1,X;) €
R. La longueur du chemin P est n (le nombre d’attaques
qui le compose) et est noté lp = n.

En fonction de la longueur d’un chemin entre deux ar-
guments, I’argument au début de ce chemin peut étre un
attaquant et/ou un défenseur (i.e., un argument qui attaque
un attaquant) de I’argument au bout du chemin.

Définition 3 Un défenseur (resp. attaquant) de a est un
argument situé au début d’un chemin de longueur paire
(resp. impaire). Soit R,(x) = {y | AP(y, x) with lp = n} le
multi-ensemble des arguments situés au début d’un chemin
de longueur n vers l'argument x. Un argument y € R,(x)
est un attaquant (resp. défenseur) direct de x sin = 1 (resp.
n = 2). Une branche défensive (resp. attaquante) est un
chemin de longueur paire (resp. impaire) commengant par
un argument non-attaqué.

3.1 Sémantique a base d’extensions/de labellings

Dans le cadre de Dung [15], plusieurs sémantiques d’ac-
ceptabilité ont ét€ définies pour sélectionner les ensembles
d’arguments, appelés extensions, qui peuvent étre conjoin-
tement acceptés étant donné un systéme d’argumentation.

Définition 4 Soit AF = (A, R). Un ensemble d’arguments
S C A est sans-conflit dans AF si Vx,y € S,(x,y) ¢ R
Un ensemble sans-conflit S est admissible s’il défend tous
ces arguments contre chacun de leur attaquants directs.
Un ensemble admissible S est une extension compléte si
chaque argument défendu par S appartient a S; une ex-
tension préférée si c’est un ensemble admissible maximal
pour C; une extension stable s’il attaque chaque argument
dans A\S; l'unique extension de base (ou grounded) si
c’est Iextension compléte minimale pour C.

Notons E,(AF) I'ensemble des extensions de AF pour o €
{co(mpléete), pr(eférée), st(able), gr(ounded)).

Une autre fagon de représenter les concepts d’admissibi-
lité consiste a utiliser les labellings [10].

Définition 5 Soit AF = (A,R). Un labelling de AF
est une fonction L : A — {in,out,undec}. Soit | €
{in, out, undec}, on note (L) = {x € A| L(x) = 1}.
Un labelling L est un reinstatement labelling de AF ssi
— Vxe A L(x)=inssiVy € Ri(x), L) = out;
— Vx e A L(x)=out ssi Ay € Ri(x), L) = in;
— Vx € A, L(x) = undec ssi By € Ri(x), L(y) = in et
dz € Ri1(x), L(2) = undec.
Un reinstatement labelling L est :
— un labelling complet ;
— un labelling de base si in(L) est minimal pour C;
— un labelling préféré si in(L) est maximal pour C;



— un labelling stable si undec(L) = 0.
Notons L,(AF) ’ensemble des reinstatement labellings de
AF pour o € {co, pr, st, gr}.

Concernant le statut d’acceptabilité, pour un AF avec
au moins une extension (resp. reinstatement labelling), un
argument est dit sceptiquement accepté s’il appartient a
toutes les extensions (resp. il est in dans tous les reinsta-
tement labellings) de AF. Un argument est crédulement
accepté s’il appartient a au moins une des extensions (resp.
il est in dans au moins un des reinstatement labellings)
de AF. Pour une sémantique o donnée, sa,(AF) (resp.
cay,(AF)) représente I’ensemble des arguments sceptique-
ment (resp. crédulement) acceptés dans AF.

Une notion plus fine du statut de justification a été in-
troduite dans [22] ou ce statut est cette fois-ci basé sur le
labelling des arguments. Concretement, le statut de justifi-
cation d’un argument est constitué de I’ensemble des labels
qui lui a été attribués en utilisant la sémantique complete.

Définition 6 Soit AF = (A, R) et x € A. Le statut de jus-
tification de x est le résultat de la fonction JS : A —
z{in,ouz,undec} avec jS(X) — {L(X) | L c Lco(AF)}

Par exemple, si un argument est étiqueté soit in ou undec
dans tous les labellings complets alors le statut de justifica-
tion de cet argument sera {in, undec}. Six statuts peuvent
étre considérés avec la sémantique complete : {in}, {out},
{undec}, {in, undec}, {out, undec} et {in, out, undec}.

3.2 Sémantique a base de classement

Une sémantique a base de classement permet de classer
les arguments des plus acceptables aux moins acceptables.

Définition 7 Une sémantique a base de classement o as-
socie a chaque systeme d’argumentation AF = (A, R) un
classement >, sur A, ou >, est un pré-ordre (une relation
reflexive et transitive) sur A. x =, y signifie que x est au
moins aussi acceptable que y; x =y équivaut a x >,y et
y =9, x; et x>, yéquivauta x >,y ety #J, x.

Un grand nombre de ces sémantiques ont été proposées
(voir [14] pour un apergu) avec, pour chacune d’elles, un
comportement et des propriétés logiques différents. Dans
cet article, nous nous focaliserons sur la sémantique A-
categoriser pour illustrer nos méthodes. Cette sémantique
a été d’abord introduite dans [6] en tant que sémantique
graduée avant d’étre définie comme une sémantique a base

de classement dans [21].

Définition 8 Soit AF = (A, R). La fonction h-categoriser
Cat : A — 10, 1] est définie t.q. Vx € A,

SiR(x)=0

sinon

1
Cat(x) = { 1

H‘Zye'kl ( Cat(y)
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Définition 9 La sémantique h-categoriser (Cat) associe a
chaque AF = (A,R) un classement > sur A tel que
Vx,y e A x =y ssi Cat(x) = Cat(y).

Exemple 1 Calculons [’ensemble des extensions, des
reinstatement labellings pour o € {co, pr, st, gr} ainsi que
le classement retourné par la sémantique h-categoriser sur
I’AF de la Figure 1.

%%

Ficure 1 — Un systéme d’argumentation AF

Eor(AF) = {a}, Ep(AF) = H{a, ¢} {a. d, f1},
Ex(AF) = {{a,d, f}} et Eco(AF) = {{a}, {a, ¢}, {a, d, f}}-

AF possede 3 reinstatement labellings L, L, et L3 avec :
in(Ly) = {a}, out(Ly) = {b}, undec(Ly) = {c,d,e, f, g}
in(Ly) = {a, c}, out(Lr) = {b, d}, undec(L,) = e, f, g}
in(L3) = {a,d, f},out(L3) = {b,c, e, g}, undec(L3) = 0

Cat(AF) =a > f>Sd > g > b > e >e
De nombreuses propriétés ont €té introduites [7, 5] pour
mieux comprendre le comportement de ces sémantiques a
base de classement dans diverses situations. Nous étudions,
par la suite, comment certaines de nos méthodes tiennent
compte de ces propriétés. Nous nous contentons de rappe-
ler leur définition informelle mais orientons le lecteur vers
[7] pour les versions formelles. Les propriétés générales
de base disent qu’'un classement sur un ensemble d’argu-
ments doit étre défini uniquement sur la base de la relation
d’attaque (Abstraction, Abs) ; que le classement entre deux
arguments doit étre indépendant des arguments qui ne sont
connectés ni a ’'un ni a 'autre (Independence, In); que
tous les arguments sont comparables (Total, Tot); et que
tous les arguments non-attaqués doivent avoir le méme ni-
veau d’acceptabilité (Non-attacked Equivalence, NaE).
Les propriétés locales se focalisent sur les atta-
quants/défenseurs directs en disant qu’un argument non-
attaqué doit étre strictement plus acceptable que tout argu-
ment attaqué (Void Precedence, VP); qu’un argument qui
s’auto-attaque doit étre strictement moins acceptable qu’un
argument qui ne s’auto-attaque pas (Self-Contradiction,
SC); que si un argument x a strictement plus d’attaquants
directs qu’un autre argument y, alors y doit étre stricte-
ment plus acceptable que x (Cardinality Precedence, CP);
que si x posseéde un attaquant direct qui est strictement
plus acceptable que tous les attaquants directs de y, alors
x doit étre strictement plus acceptable que y (Quality Pre-
cedence, QP); que pour deux arguments avec le méme
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nombre d’attaquants directs, un argument défendu doit étre
strictement plus acceptable qu’un argument non-défendu
(Defense Precedence, DP); qu'une défense ou chaque
défenseur attaque un attaquant différent est la meilleure
(Distributed-Defense Precedence, DDP); que si les atta-
quants directs de y sont (i) au moins aussi nombreux et (ii)
acceptables que ceux de x, alors x doit étre au moins aussi
acceptable que y (Counter-Transitivity, CT). Pour sa ver-
sion stricte (SCT), soit (i) ou (ii) doit étre strict, impliquant
une comparaison stricte entre x et y.

Les propriétés globales précisent comment le classement
devrait étre affecté sur la base de la comparaison des
branches attaquantes et défensives de chaque argument.
Plus précisément, ajouter une branche défensive a n’im-
porte quel argument doit augmenter son acceptabilité
(Strict Addition of Defense Branch, ®DB); la méme pro-
priété a été définie en ajoutant la restriction que 1’argu-
ment ciblé doit étre attaqué (Addition of Defense Branch,
+DB); augmenter la longueur d’une branche attaquante
d’un argument doit augmenter son acceptabilité (Augmen-
tation de la branche d’attaque, TAB) ; ajouter une branche
attaquante a un argument doit diminuer son acceptabilité
(Addition of Attack Branch, +AB); et augmenter la lon-
gueur d’une branche défensive d’un argument doit dimi-
nuer son acceptabilité (Increase of Defense Branch, TDB).
Dans le méme esprit, (Attack vs Full Defense, AvsFD) re-
quiert qu’un argument possédant uniquement des branches
défensives (donc aucune branche attaquante) doit étre stric-
tement plus acceptable qu’un argument attaqué unique-
ment par un argument non-attaqué.

Nous insistons sur le fait qu’il est impossible de satisfaire
toutes ces propriétés simultanément [7]. Cependant, véri-
fier quelles sont celles satisfaites par une sémantique don-
née permet de mieux caractériser son comportement.

4 Améliorer les sémantiques a base de clas-
sement en utilisant les sémantiques a base
d’extensions

4.1 Raffiner avec le statut d’acceptabilité

Cette approche vise a contraindre les classements a étre
compatibles avec le statut d’acceptabilité des arguments.
Pour cela, nous combinons lexicographiquement le classe-
ment représentant le statut d’acceptabilité des arguments
donné par une sémantique a base d’extensions avec le clas-
sement fourni par une sémantique a base de classement.

>2 deux classe-

Définition 10 Soient AF = (A, R) et !, >2,
ments sur A. Le raffinement ( lextcographlque) de >2_par

>!, donne un nouveau classement =12 tel que Vx,y € A,

>]2ySSI(x> y)ou(XNAfyetx—A[-y)

La définition suivante permet de construire un classe-
ment a partir du statut d’acceptabilité donné par une séman-
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tique 4 base d’extensions ! : un argument sceptiquement ac-
cepté est plus acceptable qu'un argument crédulement ac-
cepté, qui est plus acceptable qu’un argument rejeté.

Définition 11 Soient AF = (A, R) et o € {co, pr, st gr}h.
>7. est un classement sur A tel que Vx,y € A, x =, y ssi
une des ces conditions est satisfaite : i) x € sa,(AF), ii)

x € car(AF)\sa,(AF) ety ¢ sa,(AF), iii) x,y ¢ ca,(AF).

Définition 12 Soient o) une sémantique a base de classe-
ment et o € {co, pr, st, gr}. La sémantique a base de clas-
sement basée sur I’acceptabilité ARS,, ., associe a chaque
AF = (A, R) un classement >0 sur A qui est le raffine-
ment de > par >

Exemple 2 Les arguments sceptiquement et crédulement
acceptés selon la sémantique compleéte sur I’AF de la Fi-
gure 1 sont respectivement sa.,(AF) = {a} et ca.,(AF) =
{a,c,d, f}. On obtient donc le classement suivant :

a>(‘0 c ~(‘0 d~L0f>C0 b NCO e Ni‘;}g

Rappelons que le classement retourne par la sémantique

h-categoriser est le suivant :

a>f>d > >h>e>e
Donc en combinant ces deux classements, la nouvelle sé-
mantique retourne le classement suivant :

a >§:r ,CO f >(‘ar(‘0 d >Cal Cco c >/(;:t co g >Cm ,CO b >Cm ,CO e

Cet exemple montre que g posséde une assez bonne éva-
luation avec la sémantique h-categoriser, alors qu’il s’agit
d’un argument rejeté avec la sémantique complete. Son
évaluation est méme meilleure que celle de ¢ qui est cré-
dulement accepté. Cette nouvelle sémantique >“““° permet
donc de forcer ¢ a étre plus acceptable que g.

La question est maintenant de savoir si ces modifications
changent la « rationalité » de la sémantique initiale.

Proposition 1 Soient oy une sémantique a base de clas-
sement et 0, € {co, pr, st, gr}. Soit @ une propriété parmi
Abs, In, VP, DP, DDP, SC, ®DB, +DB, +AB, TAB, TDB,
Tot, NaE. Si o) satisfait la propriété a, alors la sémantique
ARS,, -, satisfait la propriété a. Les sémantiques ARS, o
et ARS,;,  satisfait QP, CT et SCT. La sémantique ARS, ,
satisfait AvsFD et ne satisfait pas CP.

Il est intéressant de noter que, a part pour AvsFD et CP,
cette nouvelle sémantique satisfait les mémes propriétés
que celles satisfaites par la sémantique a base de classe-
ment d’origine. Ainsi, la conformité de la sémantique a
base de classement vis-a-vis de ces propriétés est préser-
vée mé€me lorsque celle-ci est raffinée par une sémantique a
base d’extension. Mieux que cela, elle garantie AvsFD qui
est satisfaite par peu de sémantiques existantes [7]. C’est
donc un moyen simple d’obtenir de nouvelles sémantiques
satisfaisant AvsFD a partir des sémantiques de Dung.

1. Notons que, a priori, toute sémantique a base d’extensions peut étre
utilisée ici, mais nous nous focalisons uniquement sur les quatre séman-
tiques de Dung dans cet article (pour les propriétés notamment).



4.2 Raffiner avec le statut de justification

Au lieu de prendre en compte le statut d’acceptabilité
des arguments, il est également possible d’établir un clas-
sement a partir du statut de justification des arguments qui
est basé sur les labellings, offrant une distinction plus fine
des arguments. Cependant, la définition d’origine [22] (voir
Définition 6) concerne uniquement la sémantique com-
plete. C’est pourquoi nous proposons d’étendre cette dé-
finition a toutes les sémantiques de Dung.

Définition 13 Soient AF = (A, R), o € {co, pr, st, gr} et
x € A. Le statut de justification étendu de x est le résul-
tat de la fonction JS : A — linoutundect ¢ 4 G (x) =
{Lo(x) | L e L(AF)}

En plus des 6 statuts {in}, {out}, {undec}, {in, undec},
{out, undec} et {in, out, undec}, nous devons ajouter le sta-
tut {in, out}, qui ne peut pas apparaitre avec la sémantique
compléte 2, mais qui peut étre obtenu avec les autres sé-
mantiques. Les statuts peuvent donc étre classés de la facon
suivante : {in} > j; {in, undec} > ;; {undec} ~ {in, out, undec}
= {in, out} > j; {out, undec} > j; {out}. En se basant sur cette
classification, il est possible de dire qu'un argument est
plus acceptable qu’un autre s’il posséde un meilleur statut.
Définition 14 Soient AF = (A, R) et o € {co, pr, st, gr}.
ZA‘ZS” est un classement sur At.q. Vx,y € A,

X =007 y 551 IS(%) =5 TSe(y)

Définition 15 Soient oy une sémantique a base de classe-
ment et o € {co, pr, st, gr}. La sémantique a base de clas-
sement basée sur le statut de justification IRS,, , associe
a chaque AF = (A, R) un classement zﬁ\TF“JS” sur A qui

S
est le raffinement de >;{,7r 7 par >9!.

Exemple 3 Rappelons que I’AF de la Figure 1 possede
3 reinstatement labellings L, L, and L3. Le(s) statut(s)
de justification de chaque argument est JS.,(a) = {in},
ISco(b) = {out}, IS.,(c) = JS.0(d) = {in, out,undec},
ISeo(e) = IS.(8) = Aundec,out} et JSo(f) =
{in,undec}. Ce qui nous donne le classement suivant :
QR e d e < g > b

En le combinant avec le classement retourné par la sé-
mantique h-categorizer, on obtient le classement suivant :

Cat,JSco Cat,JS¢co Cat,JSco ., Cat,JS¢o Cat,JS¢co Cat,JS¢o
a >AF f >AF d >AF & >AF g >AF e >AF b

Proposition 2 Soient o) une sémantique a base de classe-
ment o € {co, pr, st, gr}. Soit a une propriété parmi Abs,
In, VB, DP, DDP, ®DB, +DB, +AB, 1AB, 1DB, Tot, NaE.

Si oy satisfait la propriété «, alors la sémantique JRS s,
satisfait la propriété a. Les sémantiques IRS, s, et
IRSy, s, satisfait QF, CT et SCT. La sémantique JRSy, s,
satisfait AvsFD et ne satisfait pas CP, SC. i

2. Pour la sémantique compléte, il est a été démontré [22, Théoreme
2] que si un argument est in dans un labelling et out dans un autre alors il
existe obligatoirement un autre labelling ol cet argument est undec.
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Remarquons que la différence entre les propriétés satis-
faites par cette sémantique et celle de base est mineure. En
effet, la seule différence concerne Self-Contradiction (SC)
et peut s’expliquer par le fait qu’un argument qui s’auto-
attaque possede le label undec s’il n’est pas attaqué par
d’autres arguments. Ainsi, cet argument est plus accep-
table qu’un argument directement attaqué par un argument
non-attaqué. Cela explique la différence avec la Proposition
1 ou les fonctions d’inférence sceptique et crédule consi-
derent toujours ces deux arguments comme rejetés.

4.3 Raffiner les sémantiques de propagation avec les
statuts d’acceptabilité et de justification

Dans cette section, nous proposons d’adapter les séman-
tiques de propagation introduites dans [8]. L'idée de ces
sémantiques est d’attribuer, dans un premier temps, une va-
leur initiale a chaque argument (cette valeur est plus élevée
pour les arguments non-attaqués que pour les arguments
attaqués, afin d’améliorer leur impact sur I’évaluation des
arguments). Ces valeurs sont ensuite propagées dans I’ AF
et combinées avant d’étre comparées.

Afin de permettre un évaluation initiale plus fine (et non
plus binaire), nous proposons d’utiliser le statut d’accepta-
bilité et le statut de justification.

Définition 16 Soir AF = (A, R). La fonction de valuation
v : A — [0, 1] assigne un poids initial a chaque argument.
L’évaluation P de x € A, a l’étape i € N, est donnée par :

) v(x) sii=0
Pi) =1 P )+ ¥ v() sinon
YERi(x)
Le vecteur de propagation de x est not¢ P’(x) =
(Py(x), P{(x),...).

Comme dans [8], nous utilisons I’ordre lexicographique
pour comparer les différents vecteurs de propagation.

Définition 17 L’ordre lexicographique entre deux vec-
teursde réels V=_V|,...,V,)and V' =(V{,..., V,) est de-
finiparV = V' ssidi<ntq. Viz Vi etVj<i,V;= Vj’..

Définition 18 La sémantique a base de classement Propa’
associe a chaque systeme d’argumentation AF = (A, R)
un classement >4y sur A, o v est une fonction d’évaluation
t.g.Vx,y €A, x = y 55i P'(X) Z1ex P'(y).

Le classement retourné par cette sémantique dépend
clairement de la fonction de valuation choisie v. Dans [8],
cette fonction ne prend que deux valeurs (une pour les ar-
guments non-attaqués et une pour les arguments attaqués).
Considérons maintenant des fonctions de valuations plus
complexes en commencant par une fonction de valuation
prenant en compte le statut d’acceptabilité des arguments.
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Définition 19 Soient AF = (A, R) et Z, = {(a,B,y,6) un
vecteur de réels lié a la sémantique o € {co, pr, st,gr}. La
fonction de valuation v, : A — [0, 1] est définie Vx € A,

si Ri(x) =

si x € say(AF) et Ri(x) #0
si x € car(AF)\sa,(AF)

si x ¢ car(AF)

vz, (x) =

HR ™R

avecl za>B>y>6=0.

L’importance donnée aux arguments non-attaqués est
préservée puisqu’ils ont la plus grande valeur initiale, sui-
vis des arguments sceptiquement acceptés, puis des argu-
ments crédulement acceptés, pour finir avec les arguments
rejetés.

Exemple 4 Avec la sémantique compléte, nous observons
sur I’AF de la Figure 1 que a est non-attaqué, c,d et f sont
crédulement (mais pas sceptiquement) acceptés et b,e, g
sont rejetés. La table suivante résume les évaluations de
chaque argument avec Z., = (1,0.7,0.3,0) :

P?‘"’ a| b c d e f g
0 |1]0]03|03| 0 |03 0
) 1|-1| 0 0 |-03)|03]-03
2 |1|-1|13/03|03]06|-03

En comparant lexicographiquement chaque vecteur de pro-
pagation, nous obtenons le classement suivant :
Pz, Pzo Pzo Pz,
a >AF”’ f > >t d >yt e >t g > b

Vérifions maintenant les propriétés que cette sémantique
satisfait :

Proposition 3 Soit o € {co, pr, st,gr}. La sémantique
Propaf‘r satisfait Abs, In, VP, DP, TAB, TDB, +AB, Tot,
NaE et AvsFD. Les autres propriétés ne sont pas satisfaites.

Les propriétés satisfaites par Propa® sont A peu prés
les mémes que celles satisfaites par la sémantique Propac
introduite dans [8]. Les différences concernent AvsFD qui
est maintenant satisfaite par Propa® grice a la distinc-
tion faite entre les arguments attaqués par la fonction de
valuation, par contre SCT et CT qui ne sont plus satisfaites.

La fonction de valuation suivante prend en compte le sta-
tut de justification étendue (voir Définition 13).

Définition 20 Soient AF = (A, R) et i, = {,B,7,6, €, w)
un vecteur lié a la sémantique o € {co, pr, st, gr}. La fonc-
tion de valuation vy : A — [0, 1] est définie Vx € A,

a siRix)=0
B 5i IS, (x) = {in} et Ri(x) # 0
v si IS, (x) = {in, undec}
v, (X) =1 6 siJS;(x) € {{undec}, {in, out},
{in, undec, out}}
€ 51 9IS, (x) = {undec, out}
w  si IS, (x) = {out}
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avecl za>B>y>0>e>w=0.

Exemple 5 En appliquant la sémantique complete a I’'AF
de la Figure 1 et avec 5., = (1,0.8,0.6,0.4,0.2,0), nous
obtenons les évaluations suivantes :

P?"" a|lb| c | d e f g
0 11010410402 ]06| 02
1 1| -1 0 0 | -04]04]|-04
2 1|-1]114]04| 06 1 -0.2

Ce qui donne le classement suivant
P
a > JS“, f > JYm c > JYm d > 77«) e > JY“) g >A;Sm b

Comme le montre la proposition suivante, augmenter le
nombre de distinctions entre les arguments attaqués permet
de conserver I’idée des sémantiques de propagation de base
tout en proposant une distinction plus fine.

Proposition 4 Soit o € {co, pr, st,gr}. La sémantique
PropaZfor satisfait Abs, In, VP, DP, TAB, TDB, +AB, Tot,
NaE et AvsFD. Les autres propriétés ne sont pas satisfaites.

5 Améliorer les sémantiques a base d’exten-
sions en utilisant les sémantiques a base de
classement

Dans cette section, nous proposons trois méthodes vi-
sant a utiliser les sémantiques a base de classement pour
modifier les résultats retournés par les sémantiques a base
d’extensions. L’ objectif des deux premieres méthodes est
de réduire le nombre d’extensions, afin de faciliter 1’infé-
rence, en utilisant les sémantiques a base de classement. La
derniere méthode considere le classement retourné par les
sémantiques a base de classement en tant qu’information
préférentielle dans un cadre d’argumentation basé sur les
préférences pour ne sélectionner que les attaques les plus
convaincantes.

e

A

Eor(AF) = {}

Epr(AF) = {{a,c}, {b.d. f}.{b. e, f}.{b.d. g}.{D. e. g}}
Eu(AF) = {{a,c},{b.d, f},{b,e, [}, 1D, d, g}, {b, e, g}}
Eco(AF) = {0.{a.c}.{b.d, f}.{b. e, f}.1b.d. g}, {b.e. g}}

Cat(AF)=b >3 a>S e >0 g>d = e> f

FiGure 2 — Un AF possédant de nombreuses extensions



5.1 Sélectionner les meilleurs extensions

Comme le montre I’AF de la Figure 2, lorsque plu-
sieurs cycles de longueur paire existent, les sémantiques a
base d’extensions de Dung renvoient plusieurs extensions
(a 'exception de la sémantique de base qui retourne tou-
jours une extension unique). Comme discuté dans [17], sé-
lectionner les arguments sceptiquement et crédulement ac-
ceptés peut étre problématique dans ce cas de figure. En
effet, ’utilisation de I’inférence sceptique peut ne fournir
presque aucune information alors que I’inférence crédule
peut retourner jusqu’a I’ensemble de tous les arguments.
Par exemple, sur I’AF de la Figure 2, avec la sémantique
préférée (la remarque s’applique également aux séman-
tiques stable et compleéte), I’ensemble des arguments scep-
tiquement acceptés est vide, alors que I’ensemble des ar-
guments crédulement acceptés contient tous les arguments
de AF. Certains travaux existants (e.g. [13, 3]) considerent
certains éléments supplémentaires (quand ils sont dispo-
nibles), comme les poids sur les attaques ou les préférences
sur les arguments, pour réduire le nombre d’extensions. Ce-
pendant, notre objectif est de le faire sans aucune informa-
tion supplémentaire. Alors que, dans [17], la relation d’at-
taque est prise en compte pour discriminer certaines ex-
tensions, nous proposons ici de considérer le classement
renvoyé par une sémantique a base de classement pour sé-
lectionner les "meilleures” extensions. Pour cela, nous pro-
posons deux approches.

5.1.1 Comparer le rang des arguments

Le premier critére que nous considérons est le rang que
possede un argument dans un classement d’arguments ren-
voyé par une sémantique a base de classement. Suppo-
sons qu’'un agent veuille sélectionner les arguments les
plus convaincants a mettre en avant dans un débat afin
de convaincre un auditoire : I’agent souhaite utiliser les
meilleurs arguments tout en restant cohérent et en étant ca-
pable de se défendre contre d’éventuelles attaques.

Définition 21 Soit AF = (A, R). Etant donné une séman-
tique a base de classement o, le rang de x € A, noté r,(x),
est le niveau auquel il appartient dans la séquence ordon-
née des classes d’équivalence de A étant donné >3,. Ainsi
re(x) =i ouiest le plus long chemin x; >, ... >, x; >,
x;etrg(x)=0siflye Atq.y>9, x

Exemple 6 En considérant le classement retourné par la
sémantique h-categoriser sur AF (Figure 2), le rang de
chaque argument est rcq(a) = 1, req(b) = 0, req(c) = 2,
rea(d) =4, rea(e) =4, rea(f) =5 et rea(g) =3

Etant donné une sémantique 2 base de classement, le
multi-ensemble de rangs d’une extension obtenu & partir
d’une sémantique a base d’extensions est composé du rang
de chacun de ces arguments.
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Définition 22 Soient AF = (A, R), 0| une sémantique a
base d’extensions et o une sémantique a base de clas-
sement. Pour & = {x,...,x,} € &y (AF), son multi-
ensemble de rangs est rv,,(E) = (ro,(x1), ..., 1o, (Xn)).

Exemple 6 (cont.) En se focalisant sur ’extension préfé-
rée {b,d, f} et la sémantique h-categorizer, nous obtenons
rvea({b,d, f}) = (0,4,5).

Nous utilisons une fonction d’agrégation afin d’agréger
les valeurs appartenant au méme multi-ensemble de rangs.

Définition 23 Une fonction ® est une fonction d’agréga-
tion si Yn € IN, ® est une fonction de N"— NN t.q.
— X 2 X D B, Xy X)) 2 B(X, . X,
— ®(x1,...,%x,) = 0ssi pour tout i, x; =0
— ®(x) = x.

> Xp)

De nombreuses fonctions d’agrégation existent comme
sum, avg, max, min, leximax, leximin, etc.

L’ objectif est maintenant de comparer le score attribué a
chaque extension afin de sélectionner les meilleures.

Définition 24 Soient AF = (A, R), 0| une sémantique a
base d’extensions, o une sémantique a base de classement
et ® une fonction d’agrégation. L’ensemble des extensions
basées sur le rang (RBE) est défini comme suit :

RBE7, ., (AF) = argMingeg, (ar) ®(ve,(E))

De toute évidence, I’ensemble d’extensions résultant dé-
pend de la fonction d’agrégation choisie. En effet, I’ utilisa-
tion de la moyenne favorise les extensions avec peu d’argu-
ments mais qui ont un bon rang (méme si ce ne sont pas les
meilleurs rangs) alors que quand le leximin est utilisé, le
nombre d’arguments n’a pas autant d’impact car le rang du
meilleur argument de chaque extension est d’abord com-
parée et en cas d’égalité, les arguments avec le deuxieme
meilleur rang sont comparés, etc. Ainsi, un agent peut pri-
vilégier une fonction d’agrégation soit lexicographique ou
basée sur la moyenne, en fonction de la maniere dont il
pense que le public percevra les arguments (se focaliser sur
les plus significatifs ou évaluer le débat dans sa globalité).

Exemple 7 Sélectionnons les meilleures extensions parmi
celles retournées par la sémantique préférée dans I’AF de
la Figure 2. Le rang de chaque argument est calculé en
utilisant la sémantique h-categoriser. Nous nous focalisons
sur la moyenne et le leximin comme fonction d’agrégation.

o(AF) | Leximin | avg
& | la,c) (1,2) | 15
& | {bd.fy | 0,45 | 3
& | beft | 0,45 | 3
& | b,d,g) | (0,3,4) | 2.33
& | {beg) | (03,4 | 233
Donnant RBE<2""(AF) = (&4, Es) et RBE) . (AF)={&}.
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Proposition 5 Pour tout ®, pour toutes sémantiques o et
o, pour tout AF = (A, R), pour tout x € A,
— RBE® _ (AF) C &,,(AF)

01,02
— Sas,(AF) C Ugerpre. _(ar) & C cag, (AF)

T,

Baroni et Giacomin [4] ont défini un ensemble de pro-
priétés pour les sémantiques a base d’extensions. Vérifions
lesquelles sont satisfaites par RBE.

Proposition 6 Soient ® une fonction d’agrégation et o
une sémantique a base de classement. Soit & une propriété
parmi I-maximality, Admissibility, Strong Admissibility,
Reinstatement, Weak Reinstatement et CF-Reinstatement
[4]. Si la sémantique a base d’extensions | satisfait «,

® e
alors RBEZ, . satisfait a.

Ainsi, RBE satisfait les mémes propriétés que la séman-
tique a base d’extensions (ou de labellings) initiale, a 1’ex-
ception de la propriété Directionality, comme dans [17].

5.1.2 Comparaison deux a deux

Notre seconde approche vise a comparer toutes les ex-
tensions deux a deux en fonction du nombre d’arguments
d’une extension qui sont plus acceptables que les argu-
ments d’une autre extension. Un tel choix de comparaison
pourrait étre intéressant lorsque 1’utilisateur aura la pos-
sibilité de proposer lui-méme des extensions alternatives
et de demander une justification quant a la raison pour la-
quelle cette autre extension n’a pas été sélectionnée.

Définition 25 Soient AF = (A, R), 0| une sémantique a
base d’extensions, o, une sémantique a base de classement
etE,& € &y (AF).

Ny (E,8) = {(x,y) t.q. x >2 yavec x e Eety € E'}|

Exemple 8 Considérons I’ensemble des extensions préfé-
rées de AF (Figure 2) et le classement retourné par h-
categoriser. On a Ncay(E1,E4) = 4 car ¢ >“ d, ¢ >™ g,
a >“deta > g. La table suivante contient les résultats
des comparaisons de toutes les paires d’extensions :

Ncar E | E | E | & | &Es

&1 ={a,c} X 4 4 4 4
E ={b,d, f} | 2 X 0 0 0
Ey=1{b,e, f} | 2 0 X 0 0
Sa=lbdg | 211 | x]|0
Es ={b,e,g} | 2 1 1 0 X

L’approche consiste & compter le nombre d’extensions
« vaincues » par chaque extension et sélectionner celle(s)
obtenant le meilleur score.

Définition 26 Soient AF = (A, R), 0| une sémantique a
base d’extensions et o une sémantique a base de classe-
ment. L’ensemble des extensions basées sur I’acceptabilité
(ABE) est défini comme suit : ABE;, . (AF) =

argmax {&' € &, (AF) : Np,(E,E") > N, (&', E)}
&€&y, (AF)
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Exemple 8 (cont.) L’extension &, bat toutes les autres ex-
tensions donc ABE . c;(AF) = {&1).

Proposition 7 Pour toutes sémantiques o et 0, pour tout
AF = (A, R), pour tout x € A,

— ABE,, ,,(AF) C &, (AF)

— Sag (AF) € Ugenss,, ., ar) € € cao, (AF)

Tout comme RBE, la sémantique ABE satisfait globale-
ment les mémes propriétés que la sémantique initiale.

Proposition 8 Soit o, une sémantique a base de classe-
ment. Soit a une propriété parmi I-maximality, Admissi-
bility, Strong Admissibility, Reinstatement, Weak Reinsta-
tement et CF-Reinstatement [4]. Si la sémantique a base
d’extensions oy satisfait a, alors ABE,, , satisfait a.

5.2 Suppression d’attaques

La derniere modification des sémantiques a base d’ex-
tensions que nous proposons est une modification plus ra-
dicale puisqu’elle prend beaucoup plus en considération le
classement retourné par les sémantiques a base de classe-
ment. L’idée ici est de donner une plus grande priorité aux
arguments les plus acceptables selon une sémantique a base
de classement, en ne considérant que les attaques prove-
nant des arguments plus acceptables que leurs cibles. Nous
avons choisi d’utiliser le cadre d’argumentation basé sur
les préférences de Amgoud et Cayrol [2] en considérant le
classement retourné par une sémantique a base de classe-
ment comme relation de préférence entre les arguments.

Amgoud et Cayrol [2] redéfinissent la relation d’attaque
en disant qu'un argument x attaque un argument y si et
seulement s’il existe bien une attaque de x vers y mais avec
la condition supplémentaire que y ne soit pas préféré a x
selon le relation de préférence. Cette nouvelle relation d’at-
taque est ensuite utilisée pour définir les extensions et I’ac-
ceptabilité des arguments de maniere standard.

Définition 27 Soient AF = (A, R) et o une sémantique a
base de classement. Un AF ; est un triplet (A', R, =7.) ou :
— A=A
— R ={(a,b) | (a,b) e Reta >3, b}

— =9, est le classement sur A retourné par o sur AF

Exemple 9 Illustrons cela sur I’AF de la Figure 2 avec la
sémantique h-categoriser. Les attaques suivantes doivent
étre retirées : (c,b) (car b > ¢), (d,c) (car ¢ >
d), (e,c) (car ¢ > e) and (f,g) (car g > f).
Les extensions de AFcy sont donc : Eg(AFce) =
{b,c,f), EeoAFca) = Hb,c, fhib,c,e f1,{b,c.d, fl},
8pr(AFCat) = Eu(AFca) = {{b, ¢, e, f}: {b,c.d, f}}

Notons que ces nouvelles extensions ne sont pas néces-
sairement sans-conflits par rapport au systéme d’argumen-
tation original a cause de la suppression de certaines at-
taques. Mais cela n’est pas surprenant car ces attaques sont



considérées comme illégitimes selon la nouvelle relation
d’attaque. Dans [9, Definition 30], une méthode est donnée
pour rendre ces extensions sans-conflits.

6 Conclusion

Les sémantiques a base d’extensions et celles a base de
classement offrent des évaluations différentes pour les sys-
temes d’argumentation. Bien qu’elles puissent étre utili-
sées séparément pour différentes applications, il est éga-
lement intéressant de combiner ces deux approches afin
de tirer le meilleur de ces deux types d’évaluation. Dans
ce travail, plusieurs approches sont proposées pour combi-
ner ces sémantiques. Plus précisément, nous avons affiné
les sémantiques a base de classement en utilisant des in-
formations provenant du statut d’acceptabilité (ou de jus-
tification) des arguments issues des sémantiques a base
d’extensions. Puis, nous avons procédé au processus in-
verse en modifiant les extensions pour ne sélectionner que
les meilleures d’entre elles, soit en utilisant directement le
classement entre arguments ou a 1’aide d’informations pré-
férentielles issues des sémantiques a base de classement.
Pour chacune d’entre elles, nous avons montré qu’elles
gardent globalement les mémes propriétés logiques.
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Résumé

Les systemes autonomes prennent une place de plus en
plus importante dans nos environnements quotidiens et im-
posent des spécifications particulieres. Il est donc impor-
tant de définir et vérifier des propriétés liées a la sécurité,
la stireté ou encore la fiabilité de tels systeémes. Dans cet
article, nous adoptons un formalisme de modélisation basé
sur les systemes a événement discrets (SED) et nous intéres-
sons a des propriétés relatives au diagnostic. Une nouvelle
propriété appelée estimabilité a état unique est introduite.
Lorsque les observations produites par un systéme ne per-
mettent pas d’étre certain de 1’état dans lequel il se trouve
(plusieurs états sont compatibles avec les observations) I’es-
timation de son état est ambigué. Cette propriété exprime
alors la possibilité de limiter 1’estimation a un seul état sans
rencontrer d’incohérence dans la suite de 1’exécution. Limi-
ter I’estimation a un seul état facilite entre autres la décision
notamment par 1’ utilisation éventuelle d’un planificateur dé-
terministe dans une architecture autonome complete. Une
condition nécessaire et suffisante pour 1’ estimabilité a état
unique des SED est fournie ainsi qu’un algorithme récur-
sif permettant de la vérifier et, testé sur différents jeux de
données.

Abstract

Specific requirements must guide the design of au-
tonomous systems as they are increasingly present in our
everyday environment. Their properties must be carefully
defined and checked to guarantee safety, security and de-
pendability. In this paper, we adopt a discrete event system
modelling framework and focus on properties that are re-
lated to diagnosis. A new property called single state track-
ability is introduced. When available observations may lead
to an ambiguous estimate, i.e. several admissible state can-
didates, this property assesses the possibility of reducing the
estimate to a single state without this leading to a dead-end
in the continuation of the execution. A single state estimate
advantageously facilitates decision making and allows the
use of a deterministic planner in the autonomous architec-
ture. We provide a necessary and sufficient condition for
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single state trackability of a discrete event system and we
propose a recursive algorithm to check this property. The
algorithm is validated with a set of benchmarks.

1 Introduction

La capacité d’un systeme autonome a réagir a des événe-
ments imprévus dépend de sa capacité a estimer son état in-
terne. Ceci influe fortement sur la prise de décision et peut
étre nécessaire a sa survie. Nous nous concentrons sur des
systemes dont la dynamique peut étre représentée par un
formalisme de modélisation a événements discrets a temps
échantillonné.

Dans ce contexte, I’estimation d’état et le diagnostic ont
fait I’objet de nombreux travaux [17, 18, 6, 5]. En géné-
ral, les observations issues du systeme ne suffisent pas a
garantir 1’observabilité de 1’état [12, 10], ce qui signifie
que I’estimation d’état est ambigué : plusieurs estimations
sont possibles a chaque pas de temps. Par conséquent, le
nombre d’états candidats augmente de facon exponentielle
au fil de I’exécution du systeme. La plupart des travaux
s’attaquent a ce probleme en sélectionnant un nombre li-
mité de meilleurs candidats en fonction d’un critére de pré-
férence, par exemple des probabilités comme dans [16, 8].
Cependant, lorsque 1’état réel ne fait pas partie du sous-
ensemble sélectionné, cela peut conduire a une impasse
dans la suite de 1’exécution. La solution proposée par [8]
pour ce probleme est de revenir en arriere et de récupérer la
trajectoire de I’état qui permet a 1’estimation de reprendre.

Dans ce travail, nous réduisons a ’extréme le nombre
d’estimations et nous proposons de n’en conserver qu’une
seule, comme dans [1]. Cela découle de plusieurs rai-
sons. Premiérement, les architectures autonomes ont une
quantité tres limitée de mémoire et il n’est pas souhai-
table de stocker I’historique complet de 1’exécution du sys-
téme puisque celle-ci croit au fil du temps. Deuxiemement,



I’estimation doit étre incrémentale et fondée uniquement
sur ’estimation précédente et sur I’observation actuelle a
chaque étape. Enfin, I’estimation d’un état unique facilite
avantageusement la prise de décision et permet 1’utilisa-
tion de planificateurs déterministes dans 1’architecture au-
tonome.

Nous pensons qu’un retour en arriere en cas d’impasse
n’est pas une solution viable compte tenu des contraintes
de temps réel. C’est pourquoi nous introduisons une nou-
velle propriété appelée estimabilité a état unique qui éva-
lue la possibilité de réduire 1’estimation a un seul état sans
que cela n’aboutisse a une impasse dans la poursuite de
I’exécution. Des observations ultérieures peuvent prouver
que I’état estimé était erroné, invalidant ainsi les décisions
précédemment prises. Bien qu’il soit souvent impossible
d’assurer I’exactitude de 1’état estimé, la propriété présen-
tée dans cet article évalue s’il est possible de sélection-
ner une estimation unique de 1’état du systéme de maniere
a ce qu’elle ne soit jamais remise en cause par une sé-
quence d’observations ultérieure. Notre principale contri-
bution est de fournir une condition nécessaire et suffisante
pour estimabilité a état unique d’un systeme a événe-
ments discrets et nous proposons un algorithme récursif
pour vérifier cette propriété a partir du modele du systeme
et de son estimateur.

Cet article est structuré comme suit. Les travaux
connexes sont présentés en Section 2. La Section 3 pré-
sente le formalisme de modélisation pour les systemes a
événements discrets et les estimateurs incrémentaux. En-
suite, la propriété d’estimabilité a état unique est présentée
en Section 4. Les concepts utiles a la vérification de cette
propriété sont introduits en Section 5. Enfin, un algorithme
de vérification est proposé en Section 6 et validé sur des
systemes expérimentaux en Section 7.

2 Travaux connexes

Bien que la propriété d’estimabilité a état unique soit
nouvelle, les notions connexes d’observabilité et de diag-
nosticabilité des SED ont fait 1’objet de plusieurs travaux.
[12] traite de 1’observabilité dans le cadre de 1’observation
partielle de I’état et de 1’ observation totale des événements.
La notion d’états (faiblement) indiscernables tient compte
de toutes les observations futures, et I’observabilité (faible)
est obtenue lorsque toutes les paires d’états sont (faible-
ment) indiscernables. La notion de coobservabilité est dé-
finie de la méme facon pour des observations antérieures.
Une forte coobservabilité implique que 1’état actuel peut
étre déterminé de fagon certaine a partir de 1’historique des
observations, ce qui est beaucoup plus fort que I’ estimabi-
lité a état unique car celle-ci n’impose pas a 1’état estimé
de correspondre parfaitement a I’état du systeme.

Dans [10], seuls quelques événements sont observés, et
un systeme est dit observable lorsqu’un observateur qui suit
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tous les états possibles visite régulierement un état connu
avec certitude. La notion d’observabilité avec délai est si-
milaire, mais permet a I’état unique connu de se situer dans
le passé. La définition des observateurs résilients reflete le
principe de robustesse aux observations perturbées. L’ ob-
servabilité exige la connaissance de 1’état exact du systeme,
ce qui n’est pas nécessaire pour |’ estimabilité a état unique.
Inversement, I’ estimabilité a état unique exige que, parmi
deux états indiscernables, I’'un explique toutes les observa-
tions produites par I’autre, ce qui n’est pas nécessaire dans
les définitions de 1’observabilité.

La diagnosticabilité, telle que définie dans [13], differe
de notre approche par plusieurs aspects. Tout d’abord, elle
cible les fautes permanentes, tandis que notre approche
peut également étre appliquée pour estimer la présence
de fautes intermittentes. Deuxiemement, elle nécessite la
construction complete d’un diagnostiqueur, ce qui pose un
probleme de passage al’échelle ([14] atténue ce probleme).
Enfin, elle tient compte d’un délai limité entre I’apparition
d’une faute et son diagnostic. Bien que cette idée soit inté-
ressante et constitue une exigence réaliste, il n’existe aucun
moyen universel de I’appliquer aux phénomenes intermit-
tents. Les méthodes issues de [3] et [7], ont été difficile a
appliquer a notre contexte de systémes autonomes.

3 Estimation d’état dans les SED

Dans cet article, nous adoptons une approche de modé-
lisation similaire a celle du model-checking, dans laquelle
les états sont définis par des affectations sur un ensemble
de variables booléennes S. Certaines variables sont obser-
vées (toujours les méme a chaque pas de temps) et forment
un ensemble O tel que O C S. Les variables qui ne sont pas
observés sont alors estimées. On appelle observation une
affectation aux variables d’états observés. Nous supposons
que le systeme suit une dynamique discrete et que tous les
pas de temps sont de méme durée.

définition 1 (Systeme a événements discrets) Un  sys-
teme a événements discrets (SED) est représenté par un
tuple (S, A, so) out S est Uespace d’état, A € S X S est la
relation de transition et sy € S est I’état initial.

On suppose qu’il n’existe aucune contrainte a propos de
la vivacité du systeme, cet hypotheése n’influant pas le pro-
bleme traité et les définitions associées.

définition 2 (Langage d’exécution) Pour  un SED
(S, A, so), le langage d’exécution L(A) C S* est l'en-
semble des séquences finis d’états cohérentes :

L(A) = {(s0, - -

Notations : Soit seq € L(A) une séquence d’états, seq[i]

Ls)ln € N*, Vi€ [0,n— 1], (s;, $i+1) € A}

dénotelei " étatdela séquence commencant a I’ état initial
seq[0], la taille de la séquence est notée |seq|.
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Une affectation sur les variables de O est appelé une ob-
servation. On note O I’ensemble des observations possibles
et on note obs la fonction d’observation de S vers O qui
projette un état sur son observation et nous 1’étendons na-
turellement de S* vers O* comme suit : [obs(seq)| = |seq| et
obs(seq)[i] = obs(seq[i]) pour i € [0, |seq][.

Nous définissons ensuite le langage des observations
pour un SED.

définition 3 (Langage des observations) Pour un SED,
le langage des observations L,,s(A) € O* est I’ensemble
des séquences d’observations cohérentes.

Lops(A) = {obs(seq)lseq € L(A)}

Pour une séquence d’observations sobs de L,,,(A) et une
observation o de O, on note sobs.o la concaténation de sobs
eto.

Nous définissons maintenant le probleme de 1’estimation
d’état dans les SED. L’estimation est un processus incré-
mental qui base son raisonnement uniquement sur 1’état
précédent (estimé) et 1’observation actuelle.

définition 4 (Candidats a estimation) Etant donnés un
SED (S, A, sg,), un état s € S et une observation o € O,
nous définissons 'ensemble des candidats a ’estimation
cands(s,0) comme [’ensemble des états dans lesquels le
systeme pourrait se trouver, en supposant qu’il était dans
I’état s a linstant précédent, et produit I’observation o a
Iinstant courant. Formellement :

cands(s,0) = {§ € S|(s, §) € A et 0bs(8) = o0}

Pour une paire donnée (s, 0), il existe souvent plusieurs es-
timations possibles. Dans notre approche, un seul candidat
est sélectionné a chaque étape. Ainsi, I’estimation d’état
peut étre modélisée comme suit.

définition 5 (Fonction d’estimation) Soit (S, A, sy) un
SED. Une fonction d’estimation est une fonction estim :
(S X 0) = S qui sélectionne un état unique parmi les can-
didats, c.a.d. pour chaque s € S et o € O, si cands(s,0) # 0
alors estim(s, 0) € cands(s, 0).

Un estimateur est compleétement défini par sa fonction
d’estimation. Il regoit les observations en entrée, et 1’état
estimé est réutilisé a 1’étape suivante pour calculer 1’esti-
mation.

définition 6 (Séquence d’estimations) Soient (S, A, so)
un SED, estim : (S X O) — S une fonction d’estimation, et
sobs une séquence d’observations de L,,s(N). La séquence
d’estimations pour sobs est I’'unique séquence d’états sest
telle que :
— sest[0] = sg et
— pour i € [1,|sobs][, si cands(sest[i — 1], sobs[i]) # 0
alors sest[i] = estim(sest[i — 1], sobs|i])
sinon sest est indéfinie.
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4 Estimabilité a état unique

Le simple fait qu’un estimateur sélectionne une estima-
tion unique crée des scénarios dans lesquels 1’estimation
peut différer de I’état réel du systeme, le systeme peut par
la suite produire une observation incompatible avec 1’état
précédent estimé. Dans de tels scénarios, I’estimateur est
incapable de produire une estimation, car 1’ensemble des
candidats a I’estimation est vide et la fonction d’estimation
est alors indéfinie !. Formellement, si nous notons s 1’état
réel du systéme et § I’estimation de 1’état faite par 1’estima-
teur, si s # §, le systeme peut évoluer dans un état s” et pro-
duire une observation obs(s’) = o telle que cands(s, 0) = 0.
Nous appelons une telle situation une impasse, et le chemin
observable est appelé un chemin sans issue.

définition 7 (Chemin sans issue) Soient (S,A,sy) un
SED, estim : (S X O) — S une fonction d’estimation,
k € N, sobs une séquence d’observations de L,ps(A) telle
que k = |sobs| et o une continuation de sobs telles que
sobs.o € Lyps(A). sobs.o est un chemin sans issue si et
seulement si :
— il existe une séquence d’estimations sest
(80, - - . , Sx) pour sobs ;
— il n’existe aucun candidat a [l’estimation pour o,
c.a.d. cands(Sy,0) = 0.

Les chemins sans issue illustrent le probleme dans le-
quel I’estimateur fait une hypothese au sujet de 1’état réel
du systeme, et découvre plus tard que celle-ci était fausse.
Cela peut poser probleme si une décision importante a été
prise a la suite de cette hypothese. La plupart du temps, il
est impossible (et pas nécessaire) de connaitre avec certi-
tude I’état réel du systeme pour le faire fonctionner. C’est
pourquoi nous introduisons le concept d’estimabilité a état
unique, c.a.d. la capacité d’estimer de maniere unique 1’état
du systéme et de ne jamais rencontrer un chemin sans issue.
définition 8 (Estimabilité a état unique) Un SED est es-
timable a état unique ? si et seulement s’il existe une fonc-
tion d’estimation estim : (S X O) — S telle qu’aucune
séquence d’observations sobs € L,ps(A) n’est un chemin
sans issue.

exemple 1 Considérons le SED représenté en figure 1, dé-
crit comme un automate de Moore [9] sans alphabet d’en-
trée.

Au début de I’exécution, le systéme produit la séquence
d’observations (a, a,b). Pour les 3 premiers pas de temps,

1. Notons que de tels scénarios peuvent se produire puisque 1’estima-
teur ne garde pas en mémoire tous les candidats a I’estimation.

2. Dans cet article, « estimable » et « estimabilité » font respective-
ment référence a estimable a état unique et estimabilité a état unique
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FIGURE 1 — Un SED non estimable avec comme états S =
{s0, 81, 52} et observations O = {a,b}. A et obs sont représentés
comme dans une machine de Moore.

Destimation est triviale puisque le systéme ne peut qu’em-
prunter la séquence d’états (so, S1, S2). Mais pour la sé-
quence d’observations (a,a,b,a), I’ensemble des candi-
dats est alors cands(s»,a) = {sg, s1}. Un choix doit alors
étre fait. Considérons donc les deux fonctions d’estima-
tion possibles estimy(sz, a) so et estimj(sz,a) = sy,
ainsi que les deux séquences d’observations (a,a, b, a,a)
et (a,a, b, a, b) respectivement produites par les séquences
d’états (sg, S1, 52, S0, S1) et (8o, S1, 52, S1, 52).

Avec estimy, la séquence d’observations (a,a,b,a)
est estimée comme (So, S, S2,S0), mais du fait que
cands(sg,b) = 0, la séquence d’observations (a,a, b, a,b)
est une impasse.

Avec estimy, la séquence d’observations (a,a,b,a)
est estimée comme (So,S1,S2,81), mais du fait que
cands(s;,a) = 0, la séquence d’observations (a,a, b, a, a)
est une impasse.

Puisque toutes les fonctions d’estimation possibles ren-
contrent des impasses, le systeme n’est pas estimable.

5 Vérification de I’estimabilité a état unique

Vérifier ’estimabilité d’un systeme est une tache diffi-
cile. Nous introduisons dans cette section certaines condi-
tions nécessaires et une condition d’équivalence.

définition 9 (Etat atteignable) Un étar § est atteignable
par la séquence d’observations sobs € L,ps(A) si et seule-
ment si il existe une séquence d’états seq € L(A) telle que
obs(seq) = sobs, et seq se termine par §. L’ensemble des
états atteignables via sobs est noté reach(sobs).

Notons que si I’ensemble des séquences d’observations
est infini, I’ensemble des états atteignables est toujours fini
car ¢’est un sous-ensemble de 25. Cet ensemble peut étre
énuméré en utilisant une construction par sous-ensembles
cohérents avec obs.

définition 10 (Etat non-bloquant) Soient (S,A,sy) un
SED, et sobs € L,ps(A) une séquence d’observations. Un
état § est non-bloquant pour sobs si celui-ci est atteignable
par sobs et pour chaque observation ultérieure o, il existe
au moins un candidat. Formellement, § € reach(sobs) est
non-bloquant si et seulement si :

Yo € O si sobs.o € L,,;(A), alors cands(S,0) # O

V. Bouziat, X. Pucel S. Roussel, L. Travé-Massuyes

Un état atteignable via sobs mais qui n’est pas non-
bloquant pour sobs est appelé état bloquant. Notons qu’un
état § peut étre non-bloquant pour une séquence d’obser-
vations sobs; et bloquant pour une autre séquence sobs;.
Les états non-bloquants sont importants car les estimateurs
doivent toujours les sélectionner, sinon ils pourraient ren-
contrer un chemin sans issue.

proposition 1 (Condition sur les états non-bloquants)
S’il existe une séquence d’observations sobs € L,p(A)
telle que reach(sobs) ne contient que des états bloquants,
alors le systeme n’est pas estimable.

Intuitivement, la proposition 1 signifie que si I’ensemble
des états atteignables reach(sobs) pour une séquence d’ob-
servations sobs de L,;;(A) ne contient que des états blo-
quants, alors quel que soit I’état § € reach(sobs) choisi, il
existe une continuation sobs.o € L,p;(A) qui est une im-
passe. Il est donc impossible, dans cette configuration, de
construire un estimateur qui ne rencontrerai pas d’impasse.

proposition 2 (Transitions entre états non bloquants)
Soit sobs € L,p(A) une séquence d’observations et
0 € O une observation telle que sobs.o € Lyp(A). Si le
systeme est estimable, alors il existe une paire d’états
(s1,52) € A telle que s, est non-bloquant pour sobs et s,
est non-bloquant pour sobs.o.

La proposition 2 étend la proposition 1 aux transitions,
et pourrait étre étendue a des chemins de longueur arbi-
traire. D’une part, lors de la construction de I’ensemble
de tous les reach(sobs) afin de vérifier la proposition 1, et
en particulier lors de la construction d’une transition entre
reach(sobs) et reach(sobs.o), il est facile de vérifier la pro-
position 2 a la volée. La recherche de chemins plus longs
nécessiterait une recherche spécifique.

D’autre part, la vérification de cette propriété pour les
chemins de n’importe quelle longueur ne fournit pas une
condition suffisante pour 1’estimabilité. Dans le SED pré-
senté en figure 2, il est toujours possible pour une sé-
quence d’observations de construire des paires d’états res-
pectant la proposition 2 cependant le SED n’est pas esti-
mable. En effet, si nous prenons la séquence d’observations
(a, b, a, b, c) produite par la séquence d’états non bloquants
(50, 1, S0, S2, 84), il est cependant impossible de construire
une fonction estim : (S X O) — S permettant d’emprun-
ter cette séquence puisque qu’a partir de sy et en recevant
I’observation b, il faudrait choisir tantdt s;, tantdt s,.

Afin de fournir une condition nécessaire et suffisante
pour assurer I’estimabilité, il est requis de s’assurer que le
langage des observations (I’ensemble des séquences d’ob-
servations) est supporté par un estimateur.

définition 11 (Langage accepté par I’estimateur) Soit
(S, A, so) un SED, sobs € L,ps(A) une séquence d’obser-
vations et estim : (S X O) — S une fonction d’estimation.
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FIGURE 2 — Un SED non estimable mais satisfaisant la condition
de la proposition 2.

Le langage accepté par cette fonction d’estimation, noté
Lops(estim), est I’ensemble de toutes les séquences d’ob-
servations possibles pour lesquelles il existe une séquence
d’estimations. Formellement :

Lops(estim) = {sobs € Lypg(A) | [sobs| > 1 et dsest € L(A)

t.q. sobs = obs(sest)

et pour i € [1,|sobs|], estim(sest[i — 1], sobs[i]) = sest[i]}

Nous définissons ensuite une condition nécessaire et suf-
fisante pour 1’estimabilité a état unique.

proposition 3 (Condition d’estimabilité) Un SED
(S, A, so) est estimable a état unique si et seulement s’il
existe une fonction d’estimation dont le langage accepté
est égal au langage des observations du systeme :

destim : (S X 0) — S telle que Lps(estim) = Lyps(A)

Il devient maintenant évident qu’il est possible de trou-
ver des impasses pour un estimateur donné a I’aide d’un
algorithme semblable a celui de la vérification de 1’égalité
des langages réguliers.

La preuve est assez directe : si la condition de la propo-
sition 3 est satisfaite, alors la fonction d’estimation four-
nit une séquence d’estimations pour tous les éléments de
Lops(A). Il n’y a donc pas d’impasse. La principale diffi-
culté est de trouver une telle fonction d’estimation ou de
prouver qu’elle n’existe pas.

Afin de vérifier efficacement I’estimabilité, notre ap-
proche consiste a construire récursivement des fonctions
d’estimation partiellement définies et les tester. Nous défi-
nissons les impasses pour ces fonctions d’estimation par-
tielles et introduisons une proposition utilisée dans notre
algorithme.

définition 12 (Prolongement d’une fonction d’estimation)
Soient estim et pestim deux fonctions d’estimation de
(S X O) vers S. On dit que estim prolonge pestim si et
seulement si pour tout couple (s,0) de S X O tel que
pestim(s,0) est définie, alors estim(s,0) est également
définie et pestim(s, 0) = estim(s, 0)
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pestim

o Estimable
Validation

Génération

——— Impasse

Définir pour (s, 0)

FIGURE 3 — Structure de I’algorithme.

proposition 4 Soient sobs une séquence d’observations de
Lops(A), pestim et estim deux fonctions d’estimation de (S X
0) vers S telles que estim prolonge pestim. Si sobs est un
chemin sans issue pour pestim, alors sobs est également un
chemin sans issue pour estim.

6 Algorithme

Nous décrivons un algorithme pour vérifier I’ estimabilité
d’un systeme. Le principe est de trouver des impasses pour
des fonctions d’estimation partiellement définies. Notre al-
gorithme est structuré en deux composantes : la premiere
produit des fonctions d’estimation partiellement définies
et la seconde vérifie si une fonction d’estimation partielle
donnée satisfait la proposition 3. La structure de 1’algo-
rithme est illustré en figure 3.

La composante de génération produit récursivement des
fonctions d’estimation partielles pestim et les envoie pour
validation. La composante de validation a trois types de
retours : « Estimable » signifie que le systeéme peut étre
surveillé avec la pestim courante ; « Impasse » signifie que
pestim rencontre une impasse; « Définir pour (s,0) » si-
gnifie que pestim doit étre prolongée pour inclure une es-
timation pour (s,0). Selon le résultat de la validation, la
composante de génération peut terminer ou produire récur-
sivement d’autres fonctions d’estimation partielles.

6.1 Génération de fonction d’estimation

La composante de génération passe par une fonction GE-
NESTIM décrite dans I’algorithme 1 qui lance le processus
de vérification et appelle la composante de validation. Lors
de la premicre itération, la composante de génération pro-
duit la fonction d’estimation partielle vide (c.a.d. définie
sur ), et I’envoie a la composante de validation.

Si la composante de validation retourne « Estimable »,
cela signifie que la fonction d’estimation partielle courante
pestim définit un estimateur qui accepte L,p5(A), et que les
paires d’états pour lesquelles pestim n’est pas définie ne
sont pas nécessaires pour 1’estimation. De ce fait, toute ex-
tension de pestim satisfait la proposition 3, et le systeme est
estimable.

Si la composante de validation retourne « Impasse »,
cela signifie qu’il existe un chemin sans issue pour pestim.
Par la proposition 4, aucune extension de cette fonction ne
peut satisfaire la proposition 3. La récursion se termine.
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Algorithme 1 Composante de génération : fonction GE-

Algorithme 2 Composante de validation : fonction CHE-

NESTIM CKESTIM
1: Entrees 1: Entrees
2 X =(S,A,sp) :un SED 2 2 =(S,A,sp) :un SED
3: Sorties 3:  estim : une fonction d’estimation partielle
4 pestim : une fonction d’estimation partielle 4 estSt € S : état de 'estimateur
5. function GENESTIM(Z, pestim) 5: sysSts C S : états du systeme
6:  switch CHECKESTIM(Z, pestim, so, {so}) : 6: Sorties
7 case Estimable : return true 7 « Estimable » , « Impasse » ou « Définir pour (s, 0) »
8 case Impasse : return false 8: Global
9: case Définir pour (s,0) : 9:  visited € S x25 «— 0
10: for ¢ in cands(s, o) do 10: function CHECKESTIM(Z, estim, estSt, sysSts)
11: extension «— pestim U ((s, 0), ¢) 11:  if (estSt, sysSts) € visited then
12: if GENESTIM(Z, extension) then 12: return Estimable
13: return true 13:  visited « visited U (estSt, sysSts)
14 end for 14:  nextObs < {obs(s")|As € sysSts, (s,s’) € A}
15: return false 15:  for o in nextObs do
16: estNxts «— NEXTESTSTATES(estSt, 0)
17: sysNxts « {s"|obs(s’) = oA
Si la composante de validation retourne « Définir pour 18: ds € sysSts, (s, 5") € A}
(s,0) », cela signifie qu’il existe une paire (s, 0) telle que s 19: if estNxts = () then
est atteignable, cands(s, o) contient plusieurs candidats, et ~ 20: return Impasse
pestim n’est pas définie pour (s, 0). Dans ce cas, nous de-  21: else if estNxts = {estNxt} then
vons vérifier s’il existe une option d’estimation pour (s,0)  22: rec < CHECKESTIM(Z, estim, estNxt, sysNxts)
qui satisfait la proposition 3, et les extensions de pestim  23: switch rec :
sont alors générées récursivement. 24: case Impasse : return Impasse
Lalgorithme explore récursivement toutes les options 25: case Définir pour (s,0) :
d’estimation, Ainsi s’il termine sans qu’aucune fonction 26: return Définir pour (s, 0)
d’estimation satisfaisant la proposition 3 n’ait été trouvée,  ,. case Estimable : continue
alors le systeme n’est pas estimable. 28 else
29: return Définir pour (estSt, 0)
6.2 Validation de fonction d’estimation 30:  end for
31:  return Estimable

La composante de validation contient une fonction CHE-
CKESTIM qui vérifie si le langage accepté par une fonction
d’estimation partielle est égal au langage des observations
du systeme. L’algorithme est basé sur une 1égere modifica-
tion de I’algorithme classique pour tester 1’égalité des lan-
gages réguliers [2] afin de tenir compte des cas ol plusieurs
candidats a I’estimation existent et pour lesquelles la fonc-
tion d’estimation partielle est indéfinie.

L approche consiste a simuler 1’exécution de 1’estima-
teur et du systéme, tout en s’assurant qu’ils sont synchro-
nisés sur les mémes séquences d’observations. Puisque
pour chaque séquence d’observations sobs, il existe (au
plus) une séquence d’estimations unique, nous n’avons be-
soin de garder trace que d’un seul état dans I’estimateur.
Ainsi, I’état de I’estimateur atteint via une séquence d’ob-
servations sobs est associé a I’ensemble des états systemes
reach(sobs) (voir définition 9).

Lalgorithme explore récursivement des paires
(estSt, sysSts) ou  sysSts = reach(sobs) pour une
sobs € Lyps(A), et ou estSt € sysSts. Pour s’assurer
que I’algorithme termine, une variable globale « visited »

stocke les paires qui ont déja été explorées. L’algorithme
recherche les séquences sobs pour lesquelles I’estimateur
n’est pas défini, de sorte que la condition de terminaison
n’est remplie que si une telle séquence n’existe pas.
Dans ce cas, les langages sont égaux, et nous retournons
« Estimable » (lignes 11 a 12).

A chaque itération, CHECKESTIM calcule les observa-

tions que le systeme peut produire (ligne 14). Ensuite,
pour chaque observation produite, il appelle une fonc-
tion NextEstStates(estSt, 0) (ligne 16) définie comme
suit. Si pestim est définie pour (estSt, 0), celle-ci retourne
{pestim(estSt, 0)} sinon cands(estSt, 0). L’algorithme teste

€n
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suite le nombre d’état possibles pour I’estimateur :

— Si estNxts = 0 (ligne 19) : cela signifie que si sobs
est la séquence d’observations courante (dans I’ap-
pel récursif), sobs.o est un chemin sans issue (voir
définition 7),« Impasse » est retourné.

— si estNxts = {estNxt} (ligne 21) : cela signifie que
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pour la paire d’état courante (estSt,o0), soit il n’y
a qu’un unique successeur, soit pestim est définie.
Dans ce cas la recherche continue avec des appels
récursifs.

— si |estNxts| > 1 (ligne 28) : cela signifie qu’il y a plu-
sieurs candidats a 1’estimation, et que pestim n’est
pas définie pour (estSt, 0). « Définir pour (estSt, 0) »
est retourné, afin que la composante de génération
produise des fonctions d’estimation définies pour
cette paire.

6.3 Améliorations

Les performances de [I’algorithme décrit ci-dessus
peuvent étre considérablement améliorées avec quelques
mécanismes. Une vérification préliminaire est ajoutée pour
vérifier les propositions 1 et 2 pour chaque ensemble
d’états qui peut étre atteint via une séquence d’observa-
tions.

Dans nos expériences, la principale source de complexité
est le nombre de fonctions d’estimation partielles a tes-
ter. Le seul mécanisme dont nous disposons pour élaguer
les fonctions d’estimations partielle est de trouver des im-
passes le plus tot possible.

Tout d’abord, dans 1’algorithme 1, lors de la détection
d’une impasse, les triplets d’estimation qui ne sont pas uti-
lisés dans le chemin sans issue peuvent étre supprimés de
pestim, et nous pouvons mémoriser uniquement cette fonc-
tion d’estimation partielle tronquée. De cette facon, par la
proposition 4, nous pouvons tester a la ligne 11 si certaines
extensions sont compatibles et étendre celle que nous ve-
nons de mémoriser afin d’épargner quelques appels a 1’al-
gorithme 2.

Deuxiemement, il existe des fonctions d’estimation par-
tielles qui contiennent a la fois un chemin sans issue et des
paires non définies (s, 0). Dans ce cas, dans 1’algorithme 2,
soit « Impasse » , soit « Définir pour (s, 0) » est retourné
selon I’ordre de traversée de la ligne 15. Afin de favoriser
« Impasse » , au lieu de retourner « Définir pour (s,0) » ,
nous stockons la fonction partielle dans une variable glo-
bale, et continuons la recherche. Lorsque la recherche ré-
cursive globale est terminée, si le résultat est « Impasse »
nous le retournons, sinon si la variable globale contient une
paire (s, 0) nous retournons « Définir pour (s, 0) » et sinon
nous retournons « Estimable » . De cette facon, nous détec-
tons les impasses beaucoup plus tot dans la recherche.

Les propriétés sur les états bloquants des propositions
1 et 2 peuvent également étre utilisées pour réduire 1’es-
pace de recherche : dans 1’algorithme 1 a la ligne 10, les
états bloquants peuvent étre ignorés car ils meneront for-
cément a une impasse. Puisque les fonctions d’estimation
sont générées en largeur pour un état précédent et une ob-
servation, cela permet d’élaguer une branche dans I’espace
de recherche pour chaque état bloquant.
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FIGURE 4 — Le workflow des états des actions qui peuvent &tre
(W)aiting, (C)ancelled, (A)ctive (0)k, (F)inished (o)k, (F)ailed,
(A)ctive (d)elayed, ou (F)inished (d)elayed.

7 Expérimentations

Nous avons testé notre approche sur un exemple inspiré
du langage de robotique autonome PLEXIL. [15]. Ce cadre
est organisé autour du concept d’actions, qui ont un work-
flow hiérarchique complexe. Nous utilisons un workflow
d’actions séquentielles simplifié décrit dans I’exemple 2.

exemple 2 Nous considérons un cadre robotique ou les
plans des robots sont représentés sous forme de séquence
d’actions. La figure 4 illustre le workflow des actions. Nous
considérons un robot avec un plan constitué de deux ac-
tions séquentielles : move et inspect, dont les états sont
représentés par les variables mv et ins. L’état de santé
du robot est décrit par trois variables booléennes hnav,
hsens et hpow représentant respectivement si les fonc-
tions de navigation, de capteur et d’alimentation élec-
trique fonctionnent normalement. Une autre variable boo-
léenne, pert, indique si le robot est sujet a des pertur-
bations (terrain glissant, obstacle, vent) a chaque pas
de temps. Nous notons move = W pour exprimer que
’action move passe dans 1’état W. Nous notons Y(v)
la valeur a ’étape précédente pour la variable v €
{mv, ins, hnav, hsens, hpow, pert}. Nous utilisons la fonc-
tion start(v) = K qui signifie Y(v) # K Av = K. Le
comportement du systeme est décrit par I’automate pour
chaque action, associé aux contraintes suivantes :

my € {W,Ao,Ad} — ins =W (D)
mve{C,F} —-ins=C ?)
start(mv = Fo) — ins = Ao 3)
start(my = Fd) — ins = Ad 4)
start(mv = Ad) — (=hnav vV =hpow V pert)  (5)
start(mv = F) — =hpow (6)
start(ins = Ad) — (=hsens V =hpow V pert) (7)
start(ins = F) — —hpow (8)
hnav V hsens — hpow )

L’action ins doit rester dans W lorsque [’action mv
s’exécute (1). Si mv échoue ou est annulé, ins est annulé



Modele Btats | Succ. | Résultat Temps(s)
Exemple 2 112 | 13.7 oui 66
Exemple 2-v2 112 | 13.7 non 0.4
Valve Controller | 209 15.5 non 0.4
Valve Driver 51 22.3 oui 56

TABLE 1 — Temps de calcul pour vérifier I’estimabilité. La co-
lonne « Etats »indique le nombre d’états du systeme, « Succ. »le
nombre moyen de transitions pour chaque état, « Résultat »in-
dique si le systéme est estimable, « Temps »le temps de calcul en
secondes.

(2). ins commence au moment out mv finit (3), (4). Un re-
tard dans mv (resp. ins) peut s’expliquer par un probleme
de navigation (resp. capteur), d’alimentation, ou une per-
turbation (5). (resp. (7)). Une défaillance dans mv ou ins ne
peut s’expliquer que par un probleme d’alimentation (6),
(8). Un probleme d’alimentation électrique se propage au
capteur et a la navigation (9).

Les variables mv et ins sont observables, c’est-a-dire
que 1’état de chaque action est connu. Les variables hnav,
hsens, hpow et pert sont estimées. L’ensemble d’états
S est l'ensemble des évaluations pour toutes les va-
riables, la fonction obs limite une évaluation aux variables
mv et ins. Par exemple, I’état initial (imv = W,ins =
W, hnav, hsens, hpow, pert) produit I’observation (mv =
W, ins = W).

Notre algorithme est implémenté en Scala, et exécuté
sur un processeur Intel® Xeon(R) W-2123, 3.60GHz 8
coeurs, avec une mémoire limitée a 4 Go. Le systéme tel
que décrit dans I’exemple 2 est estimable, nous avons donc
introduit quelques modifications pour le rendre non esti-
mable. Nous avons fait en sorte que les actions produisent
la méme observation dans leurs états « Ao » et « Ad ».
Nous avons aussi modélisé les systeémes d’exemple de [13]
(Valve Controller) et [16] (Valve Driver).

Les résultats présentés dans la table 1 montrent que
les systeémes non estimables sont détectés tres rapidement.
Ceci est di a la vérification préliminaire introduite dans la
Section 6.3 qui capte les impasses plus tot. Bien que les
propositions 1 et 2 ne suffisent pas a assurer 1’estimabilité,
elles sont utiles dans une grande majorité des cas. Dans le
cas des systemes estimables, le temps de calcul est lié au
nombre de fonctions d’estimation partielle testées. Notons
qu’il peut étre améliorer en tenant compte des besoins opé-
rationnels pour limiter 1’espace des fonctions d’estimation
a examiner.

8 Conclusion

pour les systemes d’événements discrets partiellement ob-
servables. Cette propriété indique s’il est possible de suivre
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I’exécution d’un systéme en ne gardant en mémoire qu’un
unique état, sans jamais perdre de cohérence avec sa dy-
namique. Certaines conditions sont fournies avec un algo-
rithme pour vérifier cette propriété. Les résultats expéri-
mentaux montrent que cet algorithme peut étre appliqué
a des exemples tels que des plans de robots autonomes.
Lalgorithme constitu une validation de concept et pour-
rait étre amélioré de nombreuses facons, par exemple en
définissant des heuristiques spécifiques pour le rendre plus
efficace. Des tests sur des jeux de données plus larges vien-
dront étoffer les expérimentations.

Dans cet article, I’estimabilité a état unique est obtenue
en trouvant une fonction d’estimation dont le langage des
observations correspond a celui du systéme. En général,
comme il peut exister un nombre important de telles fonc-
tions, nous pourrions chercher la meilleure fonction d’es-
timation par rapport a d’autres propriétés, par exemple la
correction de 1’estimation pour certaines variables ou a cer-
tains moments.

Les travaux sur l’observabilit¢ et la diagnostibilité
tiennent souvent compte d’un délai limité possible entre les
événements, leur observation ou leur diagnostic. Si nous
pouvions tenir compte des retards dans le processus d’es-
timation, nous pourrions nous pencher sur une définition
plus générale de I’estimabilité a état unique. L’ étude de la
complexité théorique du probleme de I’estimabilité a état
unique fait aussi partie de nos perspectives.

De plus, nous sommes convaincus qu’il existe un lien
tres fort entre certains travaux issus de la théorie des jeux
[4], ainsi que de la synthese de controleur [11] ce qui laisse
entrevoir des perspectives d’application et de comparaison
avec ces différents domaines.

Enfin, la syntheése automatique ou semi-automatique des
fonctions d’estimation est une application directe de ce tra-
vail, par exemple en représentant la fonction d’estimation
avec des langages compacts comme le font les auteurs dans

[1].
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Résumé

La réduction de domaines est un outil essentiel
dans la résoluion de probléemes de satisfaction de
contraintes (CSP). Pour les CSP binaires, la substi-
tution de voisinage constiste & éliminer une valeur s’il
existe une autre valeur qui peut la remplacer dans
chaque contrainte. Nous démontrons qu’il est possible
de rendre plus forte la notion de substitution de voi-
sinage de deux fagons distinctes sans augmenter la
complexité temporelle. Nous démontrons que contrai-
rement & ce qui se passe pour la substitution de voi-
sinage, trouver la séquence optimale de ces nouvelles
opérations est NP-difficile.

Abstract

Domain reduction is an essential tool for solv-
ing the constraint satisfaction problem (CSP). In the
binary CSP, neighbourhood substitution consists in
eliminating a value if there exists another value which
can be substituted for it in each constraint. We show
that the notion of neighbourhood substitution can be
strengthened in two distinct ways without increasing
time complexity. We also show the theoretical result
that, unlike neighbourhood substitution, finding an
optimal sequence of these new operations is NP-hard.

1 Introduction

Domain reduction is classical in constraint satisfac-
tion. Indeed, eliminating inconsistent values by what
is now known as arc consistency [28] predates the first
fomulation of the constraint satisfaction problem [23].
Maintaining arc consistency, which consists in elimi-
nating values that can be proved inconsistent by ex-
amining a single constraint together with the current
domains of the other variables, is ubiquitous in cons-
triant solvers [1]. In binary CSPs, various algorithms
have been proposed for enforcing arc consistency in
O(ed?) time, where d denotes maximum domain size
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and e the number of constraints [25, 3]. Generic con-
straints on a number of variables which is unbounded
are known as global constraints. Arc consistency can
be efficiently enforced for many types of global con-
straints [17]. This has led to the development of ef-
ficient solvers providing a rich modelling language.
Stronger notions of consistency have been proposed
for domain reduction which lead to more eliminations
but at greater computational cost [1, 2, 29].

In parallel, other research has explored domain-
reduction methods that preserve satisfiability of the
CSP instance but do not preserve the set of solu-
tions. When searching for a single solution, all but
one branch of the explored search tree leads to a dead-
end, and so any method for faster detection of unsat-
isfiability is clearly useful. One family of satisfiability-
preserving domain-reduction operations is value merg-
ing. For example, two values can be merged if the
so-called broken triangle (BT) pattern does not occur
on these two values [10]. Other value-merging rules
have been proposed which allow less merging than BT-
merging but at a lower cost [22] or more merging at a
greater cost [11, 26]. Another family of satisfiability-
preserving domain-reduction operations are based on
the elimination of values that are not essential to ob-
tain a solution [14]. The basic operation in this family
which corresponds most closely to arc consistency is
neighbourhood substitution: a value b can be elim-
inated from a domain if there is another value a in
the same domain such that b can be replaced by a
in each tuple in each constraint relation (reduced to
the current domains of the other variables) [13]. In
binary CSPs, neighbourhood substitution can be ap-
plied until convergence in O(ed?) time [6]. In this
paper, we study notions of substitutability which are
strictly stronger than neighbourhood substitutability
but which can be applied in the same O(ed?) time
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Figure 1: (a) A 4-variable CSP instance over boolean
domains; (b) a 3-variable CSP instance over domains
{0,1,2} with constraints x; # x2, x1 # x3 and za >
xrs3.

Y

T4

Figure 2: A 4-variable CSP instance over domain
{0,1,2,3} with constraints z1 # x2, 1 # x3, T1 # T4,
g < x3, T2 > 24 and 14 < T3,

complexity.

To illustrate the strength of the new notions of sub-
stitutability that we introduce in this paper, consider
the instances shown in Figure 1 and Figure 2. These
instances are all globally consistent (each variable-
value assignment occurs in a solution) and neighbour-
hood subsitution is not powerful enough to eliminate
any values. In this paper, we introduce three novel
value-elimination rules, defined in Section 2: SS, CNS
and SCSS. We will show that snake substitution (SS)
allows us to reduce all domains to singletons in the in-
stance in Figure 1(a). Using the notation D(x;) for the
domain of the variable x;, conditioned neighbourhood-
substitution (CNS), allows us to eliminate value 0
from D(z2) and value 2 from D(x3) in the instance
shown in Figure 1(b), reducing the constraint between
x2 and x3 to a null constraint (the complete relation
D(z2) X D(z3)). Snake-conditioned snake-substitution
(SCSS) subsumes both SS and CNS and allows us to
reduce all domains to singletons in the instance in Fig-
ure 2 (as well as both instances in Figure 1).

JIAFQPFIA 2019

In Section 2 we define the substitution operations
SS, CNS and SCSS. In Section 3 we prove the va-
lidity of these three substitution operations, in the
sense that they define satisfiability-preserving value-
elimination rules. In Section 4 we explain in detail
the examples in Figures 1 and 2 and we give other ex-
amples from the semantic labelling of line drawings.
Section 5 discusses the complexity of applying these
value-elimination rules until convergence. Unlike NS,
finding an optimal sequence of value eliminations by
SS or CNS is NP-hard: this is shown in Section 6.

2 Definitions

We study binary constraint satisfaction problems.
A binary CSP instance I = (X, D, R) comprises

e n variables z1,...,x,,

e a domain D(z;) for each variable z; (i = 1,...,n),
and

e a binary constraint relation R;; for each pair of
distinct variables z;,z; (¢,7 € {1,...,n})

For notational convenience, we assume that there is ex-
actly one binary relation R;; for each pair of variables.
Thus, if x; and x; do not constrain each other, then
we consider that there is a trivial constraint between
them with R;; = D(z;) x D(x;). Furthermore, Rj;
(viewed as a boolean matrix) is always the transpose
of R;;. A solution to I is an n-tuple s = (s1,...,8p)
such that Vi € {1,...,n}, s; € D(x;) and for each
distinct 4,5 € {1,...,n}, (si,8;) € Ryj.

We say that v; € D(x;) has a support at variable
z; if Jv; € D(z;) such that (v;,v;) € R;;. A binary
CSP instance I is arc consistent if for all pairs of dis-
tinct variables z;,z;, each v; € D(xz;) has a support
at x; [20].

In the following we assume that we have a binary
CSP instance I = (X, D, R) over n variables and, for
clarity of presentation, we write j # 7 as a shorthand

fori e {1,...,n}\{i}. We use the notation b Y, a for
Ve e D(CL’J‘), (b7 C) S Rij = (a,c) S Rij

(i.e. a can be substituted for b in any tuple (b,c) €
R;;).

Definition 1 [15] Given two values a,b € D(x;), b
is neighbourhood substitutable (NS) by a if Vj # 1,

i
b a.

It is well known and indeed fairly obvious that elim-
inating a neighbourhood substitutable value does not
change the satisfiability of a binary CSP instance.
We will now define stronger notions of substitutabil-
ity. The proofs that these are indeed valid value-
elimination rules are not directly obvious and hence
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Figure 4: An illustration of the definition of condi-
tioned neighbourhood-substitutability of b by a (con-
ditioned by z;).

are delayed until Section 3. We use the notation b %q
for

Vd € D(xy), (b,d) € Ry, =
Je € D(zy)((a,e) € Rixp N VL& {i,k},d LN e).

This is illustrated in Figure 3, in which ovals repre-
sent domains, bullets represent values, a line joining
two values means that these two values are compati-
ble (so, for example, (a,e) € R;), and the f} means
that (e, f) € Rxe = (d, f) € Rye. Since e in this def-
inition is a function of i, k,a and d, if necessary, we
will write e(, k, a, d) instead of e. In other words, the

notation b %% ¢ means that a can be substituted for b
in any tuple (b, d) € Ry provided we also replace d by
e(i, k,a,d). It is clear that b s a implies b % 4 since
it suffices to set e(i, k, a,d) = d since, trivially, d LN
for all ¢ ¢ {i, k}.

Definition 2 Given two wvalues a,b € D(z;), b is
snake substitutable (SS) by a if Yk # 4, b % a.

In the following two definitions, b can be eliminated
from D(x;) because it can be substituted by some
other value in D(z;), but this value is a function of
the value assigned to another variable x;. Definition 3
is illustrated in Figure 4.

Definition 3 Given a value b € D(x;), b is condi-
tioned neighbourhood-substitutable (CNS) if for some
Jj # 1, Yc € D(z;) with (b,c) € R;j, Ja € D(x;) \ {b}

such that ((a,¢) € Ry A Vk ¢ {i,j}.b % a).
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Figure 5: An illustration of the definition of snake-
conditioned snake-substitutability of b by a.

A CNS value b € D(z;) is substitutable by a value
a € D(z;) where a is a function of the value ¢ as-
signed to some other variable ;. Observe that CNS
subsumes arc consistency; if a value b € D(z;) has
no support ¢ in D(x;), then b is trivially CNS (con-
ditioned by the variable z;). It is easy to see from
their definitions that SS and CNS both subsume NS
(in instances with more than one variable), but that
neither NS nor SS subsume arc consistency.

We now integrate the notion of snake substitutabil-
ity in two ways in the definition of CNS: the value d
(see Figure 4) assigned to a variable k ¢ {i,j} may be

replaced by a value e (as in the definition of b & a,
above), but the value ¢ (see Figure 4) assigned to the
conditioning variable z; may also be replaced by a
value g. This is illustrated in Figure 5.

Definition 4 Given a value b € D(z;), b is snake-
conditioned snake-substitutable (SCSS) if for some
j # i, Ve € D(x;) with (b,c¢) € Rij, Ja € D(x;) \ {b}
such that (Vk ¢ {i,5},b % a A (3g € D(x;)((a,9) €
Rij A Ym ¢ {i,j},c 7 g))).

We can see that SCSS subsumes CNS by setting
g = c in Definition 4 and by recalling that b LA

implies that b % 4. Tt is a bit more subtle to see that
SCSS subsumes SS: if b is snake substititable by some
value a, it suffices to choose a in Definition 4 to be this
value (which is thus constant i.e. not dependent on the
value of ¢), then the snake substitutability of b by a

implies that b % 4 for all k #14,jand b 4 a, which in
turn implies that (a,g) € Rij A Vm ¢ {i,j},c 5 g
for g = e(i, 4, a,c); thus b is snake-conditioned snake-
substitutable.

3 Value elimination

It is well-known that NS is a valid value-elimination
property, in the sense that if b € D(z;) is neighbour-
hood substitutable by a then b can be eliminated from
D(z;) without changing the satisfiability of the CSP
instance [13]. In this section we show that SCSS is
a valid value-elimination property. Since SS and CNS
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are subsumed by SCSS, it follows immediately that SS
and CNS are also valid value-elimination properties.

Theorem 1 In a binary CSP instance I, if b € D(x;)
is snake-conditioned snake-substitutable then b can be
eliminated from D(x;) without changing the satisfabil-
ity of the instance.

Proof: By Definition 4, for some j # i, Vc € D(x;)
with (b, ¢) € Ry;, Ja € D(x;) \ {b} such that

Vi ¢ {i,j1,b % a A (1)
39 € D(z;)((a,9) € Rij A ¥Ym ¢ {i,j},c ™ g) (2)

We will only apply this definition for fixed ¢,j, and
for fixed values a and ¢, so we can consider g as
a constant (even though it is actually a function of
i,j,a,c¢). Let s = (s1,...,$n) be a solution to I with
s; = b. It suffices to show that there is another solution
t = (t1,...,tn) with t; # b. Consider ¢ = s;. Since s is
a solution, we know that (b,c) = (s;, s;) € R;;. Thus,
according to the above definition of SCSS, there is a
value a € D(x;) that can replace b (conditioned by the
assignment z; = ¢ = s;) in the sense that (1) and (2)

are satisfied. Now, for each k ¢ {i,5}, b & a, i.e.

Vd € D(xy), (b,d) € Ry, =
3e € D(xx)((ae) € Rix A V& {i,k},d 5 e).

Recall that e is a function of i, k, a and d. But we will
only consider fixed i, a and a unique value of d depen-
dant on k, so we will write e(k) for brevity. Indeed, set-
ting d = s we can deduce from (b,d) = (s;, 8;) € R
(since s is a solution) that Vk # i, j,

Je(k) € D(xk)((a,e(k)) € R AVE & {i,k}, sk LN e((k)))
3

Define the n-tuple ¢ as follows:

a ifr=1

ifr#£4i A (a,s) € Rir
g ifr=4 A (a,s,) ¢ R,
ifr#id,5 N (a,sr) ¢ Rir

Clearly t; # band t; € D(z,) forallr € {1,...,n}. To
prove that ¢ is a solution, it remains to show that all
binary constraints are satisfied, i.e. that (tx,t,) € R,
for all distinct k,r € {1,...,n}. There are three cases:
W k=dir#i 2 k=j,r#14,], (3) k,r #14,5.

(1) There are three subcases: (a)r = j and (a, s;) ¢
R;;, (b) r # i and (a,s,) € Rir, (¢) r # 4,j and
(a,$r) ¢ Rir. In case (a), t; = a and t; = g, so
from equation 2, we have (¢;,t,) = (a,9) € R;j.
In case (b), t; = a and t, = s, and so, trivially,
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(ti,ty) = (a,s,) € Rjr. In case (c), t; = a and
t, = e(r), so from equation 3, we have (t;,t,) =
(a,e(r)) € Ry

(2) There are four subcases: (a) (a,s.) € R;» and

(a,s;) € R;j, (b) (a,8,) ¢ Rir and (a,s;) € Ryj,

(©) (a,5,) € Ry and (a,5;) ¢ Rz, (d) (a,5,)

R;r and (a,s;) ¢ Ri;. In case (a), t; = s; and

tr = S, 50 (tj,t,) € R, since s is a solution. In

case (b), t; = s; and t, = e(r); setting k = 7,

¢ = j in equation 3, we have (¢;,t,) = (s;,e(r)) €

R, since (s;,s;) € Rjr. In case (c), t; = g and

t, = s,; setting ¢ = s; and m = r in equation 2

we can deduce that (t;,t,) = (g,s,) € R;, since

(s5,8r) € Rjr. In case (d), t; = g and t, = e(r).

By the same argument as in case 2(b), we know

that (s;,e(r)) € Rjr, and then setting ¢ = s;

and m = r in equation 2, we can deduce that

(t5,t) = (g,e(r)) € Ryp.

(3) There are three essentially distinct subcases: (a)
(a,s;) € Ry and (a,si) € Rik, (b) (a,s,) ¢ Rir
and (a,sk) € Rik, (¢) (a,s,) ¢ Rir and (a,si) ¢
Rij. In cases (a) and (b) we can deduce (¢, t,) €
Ry, by the same arguments as in cases 2(a) and
2(b), above. In case (c), tx = e(k) and ¢, = e(k).
Setting £ = r in equation 3, we have sj, ~ e(k)
from which we can deduce that (e(k),s,) € Rgr
since (Sk, sr) € Ry,. Reversing the roles of k and
r in equation 3 (which is possible since they are
distinct and both different to ¢ and j), we also

have that s, % e(r). We can then deduce that
(ti,tr) = (e(k),e(r)) € Ry, since we have just
shown that (e(k),s,) € R,
We have thus shown that any solution s with s; = b
can be transformed into another solution ¢ that does
not assign the value b to z; and hence that the elimi-
nation of b from D(z;) preserves satisfiability. m

Corollary 1 In a binary CSP instance I, if b €
D(z;) is snake-substitutable or conditioned neighbour-
hood substitutable, then b can be eliminated from D(x;)
without changing the satisfability of the instance.

4 Examples

We illustrate the power of SS, CNS and SCSS using
the examples given in Figure 1 and Figure 2. In Fig-
ure 1(a), the value 0 € D(z1) is snake substitutable

by 1: we have 0 21 by taking e(1,2,1,0) =1 (where
the arguments of e(4, k, a, d) are as shown in Figure 3),
since (1,1) € Ry2 and 0 2, 1;and 0 42 1 since 0 25 1.
Indeed, by a similar argument, the value 0 is snake
substitutable by 1 in each domain. In Figure 1(b),
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Figure 6: The six different types of trihedral vertices:
A B,C,D,E,F.

the value 0 € D(z2) is conditioned neighbourhood-
substitutable (CNS) with z; as the conditioning vari-
able (i.e. 7 = 1 in Definition 3): for the assignments

of 0 or 1 to 21, we can take a = 2 since 0 23, 2,
and for the assignment 2 to x1, we can take a = 1

since 0 2% 1. By a symmetrical argument, the value
2 € D(z3) is CNS, again with z; as the condition-
ing variable. We can note that in the resulting CSP
instance, after eliminating 0 from D(z3) and 2 from
D(x3), all domains can be reduced to singletons by
applying snake substitutability.

In Figure 2, the value 3 € D(x;) is snake-
conditioned snake-substitutable (SCSS) with zo as
the conditioning variable: for the assignment of 0 or
2 to xo2, we can take a = 1 since 3 B (taking
e(1,3,1,d) = 3 for d = 0,1,2) and 3 *3 1 (taking
e(1,4,1,d) =0 for d =0, 1,2), and for the assignment
of 1 to x4, we can take a = 2 since 3 S ) (again taking
e(1,3,2,d) = 3ford = 0,1,2) and 3 *3 2 (again taking
e(1,4,2,d) =0 for d = 0,1,2). By similar arguments,
all domains can be reduced to singletons following the
SCSS elimination of values in the following order: 0
from D(z1), 0, 1 and 2 from D(z3), 0, 1 and 2 from
D(z2), 1, 2 and 3 from D(z4) and 2 from D(z1).

To give a non-numerical example, we considered the
impact of SS and CNS in the classic problem of la-
belling line-drawings of polyhedral scenes composed
of objects with trihedral vertices [4, 18, 28]. There
are six types of trihedral vertices: A, B, C, D, E and
F, shown in Figure 6. The aim is to assign each line
in the drawing a semantic label among four possibili-
ties: convex (+), concave (—) or occluding (+ or —
depending whether the occluding surface is above or
below the line). Some lines in the top middle drawing
in Figure 6 have been labelled to illustrate the mean-
ing of these labels. This problem can be expressed as
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Figure 7: The catalogue of labelled junctions that are
projections of trihedral vertices.

a binary CSP by treating the junctions as variables.
The domains of variables are given by the catalogue
of physically realisable labellings of the corresponding
junction according to its type. This catalogue of junc-
tion labellings is obtained by considering the six ver-
tex types viewed from all possible viewpoints [4, 18].
For example, there are 6 possible labellings of an L-
junction, 8 for a T-junction, 5 for a Y-junction and
3 for a W-junction [9]. The complete catalogue of
labelled junctions is shown in Figure 7, where a ques-
tion mark represents any of the four labels and ro-
tationally symmetric labellings are omitted. There is
a constraint between any two junctions joined by a
line: this line must have the same semantic label at
both ends. We can also apply binary constraints be-
tween distant junctions: the 2Reg constraint limits
the possible labellings of junctions such as A and D
in Figure 8, since two non-colinear lines, such as AB
and C'D, which separate the same two regions cannot
both be concave [8, 9].

The drawing shown in Figure 8 is ambiguous. For
example, any of lines AB, BC or C'D could be projec-
tions of concave edges (meaning that the two blocks on
the left side of the figure are part of the same object)
or all three could be projections of occluding edges
(meaning that these two blocks are, in fact, separate
objects). The drawing shown in Figure 8 is an exam-
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i

Figure 8: An example from a family of line drawings
whose exponential number of labellings is reduced to
one by snake substitution.

ple of a family of line drawings. In this figure there are
four copies of the basic structure, but there is a clear
generalisation to drawings containing n copies of this
basic structure. The ambiguity that we have pointed
out above gives rise to an exponential number of valid
labellings for this family of drawings. However, after
applying arc consistency and snake substitution until
convergence, each domain is a singleton for this family
of line drawings.

Of course, there are line drawings where snake sub-
stution is much less effective than in Figure 8. Nev-
ertheless, in the six drawings in Figure 6, which are a
representative sample of simple line drawings, 22 of the
73 junctions have their domains reduced to singletons
by arc consistency alone and a further 20 junctions
have their domains reduced to singletons when both
arc consistency and snake substitution are applied.
This can be compared with neighbourhood substitu-
tion which eliminates no domain values in this sample
of six drawings. It should be mentioned that we found
no examples where conditioned neighbourhood substi-
tution could lead to the elimination of labellings in the
line-drawing labelling problem.

5 Complexity

In a binary CSP instance (X,D, R), we say that
two variables x;,x; € X constrain each other if there
is a non-trivial constraint between them (i.e. R;; #
D(z;) x D(x;)). Let e denote the number of pairs
{i,7} such that z;,z; constrain each other. We use d
to denote the maximum size of the domains D(x;).

Using standard data structures and techniques in-
spired by efficient algorithms for arc consistency and
neighbouhood substitution, we obtain the complexi-
ties for CNS and SCSS, as given below. Proofs are
omitted due to space limitations.

Theorem 2 Value eliminations by snake substitution

can be applied until convergence in O(ed®) time and
O(ed?) space.
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Theorem 3 Value eliminations by conditioned neigh-
bourhood substitution can be applied until convergence
in O(ed®) time and O(ed?) space.

Thus, the complexity of applying the value-
elimination rules CNS and SS is comparable to the
O(ed®) time complexity of applying neighbourhood
substitution (NS) [6]. This is interesting because (in
instances with more than one variable) CNS and SS
both strictly subsume NS.

Theorem 4 [t is possible to verify in O(ed®) time and
O(ed?) space whether or not any value eliminations
by SCSS can be performed on a binary CSP instance.
Value eliminations by SCSS can then be applied until
convergence in O(end®) time and O(ed?) space.

6 Optimal sequences of eliminations

It is known that applying different sequences of
neighbourhood operations until convergence produces
isomorphic instances [6]. This is not the case for
CNS, SS or SCSS. Indeed, as we show in this sec-
tion, the problems of maximising the number of value-
eliminations by CNS, SS or SCSS are all NP-hard.
These intractability results do not detract from the
utility of these operations, since any number of value
eliminations reduces search-space size regardless of
whether or not this number is optimal.

Theorem 5 Finding the longest sequence of CNS
value-eliminations or SCSS value-eliminations is NP-
hard.

Proof: We prove this by givng a polynomial reduc-
tion from the set cover problem [19], the well-known
NP-complete problem which, given sets S1,...,S, C
U and an integer k, consists in determining whether
there are k sets S;,,...,S;, which cover U (i.e. such
that S;, U...US;, = U). We can assume that
S1U...US,, = U and k < m, otherwise the prob-
lem is trivially solvable. Given sets Si,...,S5, C U,
we create a 2-variable CSP instance with D(z;) =
{1,...,m}, D(z2) = U and Ry2 = {(3,u) | u € S;}.
We can eliminate value ¢ from D(zq) by CNS (with,
of course, x2 as the conditioning variable) if and only
if S1,...,8-1,5i41,...,m cover U. Indeed, we can
continue eliminating elements from D(z1) by CNS pro-
vided the sets S; (j € D(z1)) still cover U. Clearly,
maximising the number of eliminations from D(x)
by CNS is equivalent to minimising the size of the
cover. To prevent any eliminations from the domain
of o by CNS, we add variables z3 and x4 with do-
mains {1,...,m}, together with the three equality
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constraints xo = 3, r3 = x4 and x4 = x3. To com-
plete the proof for CNS, it is sufficient to observe that
this reduction is polynomial.

It is easily verified that in this instance, CNS and
SCSS are equivalent. Hence, this proof also shows
that finding the longest sequence of SCSS value-
eliminations is NP-hard. =

In the proof of the following theorem, we need the
following notion: we say that a sequence of value-
eliminations by snake-substitution (SS) is convergent
if no more SS value-eliminations are possible after this
sequence of eliminations is applied.

Theorem 6 Finding a longest sequence of snake-
substitution value-eliminations is NP-hard.

Proof: It suffices to demonstrate a polynomial reduc-
tion from the problem MAX 2-SAT which is known
to be NP-hard [15]. Consider an instance Iogar of
MAX 2-SAT with variables Xi,..., Xy and M bi-
nary clauses: the goal is to find a truth assignment
to these variables which maximises the number of sat-
isfied clauses. We will construct a binary CSP in-
stance Icsp on O(N + M) variables, each with do-
main of size at most four, such that the convergent
sequences S of SS value-eliminations in Iogp corre-
spond to truth assignments to Xi,..., Xy and the
length of S is alN + fm where «, § are constants and
m is the number of clauses of Ioga7 satisfied by the
corresponding truth assignment.

We require four constructions (which we explain in
detail below):

1. the construction in Figure 9 simulates a MAX 2-
SAT literal X by a path of CSP variables joined
by greater-than-or-equal-to constraints.

2. the construction in Figure 10 simulates the rela-
tionship between a MAX 2-SAT variable X and
its negation X.

3. the construction in Figure 11 allows us to create
multiple copies of a MAX 2-SAT literal X.

4. the construction in Figure 12 simulates a binary
clause X VY where X,Y are MAX 2-SAT literals.

In each of these figures, each oval represents a CSP
variable with the bullets inside the oval representing
the possible values for this variable. If there is a non-
trivial constraint between two variables x;,x; this is
represented by joining up with a line those pairs of
values a, b such that (a,b) € R;;. Where the constraint
has a compact form, such as x; > xo this is written
next to the constraint. In the following, we write b ~% a
if b € D(z;) is snake substitutable by a € D(x;). Our
constructions are such that the only value that can be
eliminated from any domain by SS is the value 2.
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Figure 9: A construction to simulate a MAX 2-SAT

variable X: (a) X =0, (b) X =1.

Figure 9(a) shows a path of CSP variables con-
strained by greater-than-or-equal-to constraints. The
end variables 1 and x5 are constrained by other vari-
ables that, for clarity of presentation, are not shown in
this figure. If value 2 is eliminated from D(z1 ), then we
have 2 ¥3 3. In fact, 2 is neighbourhood substitutable
by 3. Once the value 2 is eliminated from D(z3), we
have 2 %8 3. Indeed, eliminations of the value 2 propa-
gate so that in the end we have the situation shown in
Figure 9(b). By a symmetrical argument, the elimina-
tion of the value 2 from D(z5) propagates from right to
left (this time by neighbourhood substitution by 1) to
again produce the situation shown in Figure 9(b). It
is easily verified that, without any eliminations from
the domains D(z1) or D(x5), no values for the vari-
ables s, x3, x4 are snake-substitutable. Furthermore,
the values 1 and 3 for the variables x5, z3, x4 are not
snake-substitutable even after the elimination of the
value 2 from all domains. So we either have no elimi-
nations, which we associate with the truth assignment
X = 0 (where X is the MAX 2-SAT literal correspond-
ing to this path of variables in Icgp) or the value 2 is
eliminated from all domains, which we associate with
the truth assignment X = 1.

The construction in Figure 10 joins the two path-of-
CSP-variables constructions corresponding to the lit-
erals X and X. This construction ensures that exactly
one of X and X are assigned the value 1. It is easy
(if tedious) to verify that the only snake substitutions
that are possible in this construction are 2 %% 3 and

2 28 3, but that after elimination of the value 2 from
either of D(xg) or D(Zy), the other snake substitution
is no longer valid. Once, for example, 2 has been elim-
inated from D(zg), then this elimination propagates
along the path of CSP variables (z1, z2, 3, ...) corre-
sponding to X, as shown in Figure 9(b). By a symmet-
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Figure 11: A construction to create two copies X’ and
X" of the MAX 2-SAT variable X.

rical argument, if 2 is eliminated from D(%¢), then this
elimination propagates along the path of CSP vari-
ables (%1, #2,3,...) corresponding to X. Thus, this
construction simulates the assignment of a truth value
to X and its complement to X.

Since any literal of Isg4r may occur in several
clauses, we need to be able to make copies of any lit-
eral. Figure 11 shows a construction that creates two
copies X', X" of a literal X. This construction can
easily be generalised to make k copies of a literal, if
required, by having k identical paths of greater-than-
equal-to constraints on the right of the figure all start-
ing at the pivot variable x3. Before any eliminations
are performed, no snake substitutions are possible in
this construction. However, once the value 2 has been
eliminated from D(z1), eliminations propagate, as in
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W

Y12>Y2

Figure 12: A construction to simulate a MAX 2-SAT
clause X VY.

Figure 9: the value 2 can successively be eliminated
from the domains of variables xo, x3, 2, x§, and 2,
xf. Each elimination is in fact by neighbourhood sub-
stitution, as in Figure 9. These eliminations mean
that we effectively have two copies X', X" of the lit-
eral X. The triangle of equality constraints at the
top left of this construction is there simply to prevent
propagation in the reverse direction: even if the value
2 is eliminated from the domains of zf, 2, and zy, x)
by the propagation of eliminations from the right, this
cannot provoke the elimination of the value 2 from the
domain of the pivot variable x3.

Finally, the construction of Figure 12 simulates the
clause X VY. In fact, this construction simply joins
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together the paths of CSP-variables corresponding to
the two literals X,Y, via a variable z. It is easily
verified that the elimination of the value 2 from the
domain of z; allows the propagation of eliminations of
the value 2 from the domains of z2, 2z, yo2, y1 in ex-
actly the same way as the propagation of eliminations
in Figure 9. Similarly, the elimination of the value 2
from the domain of y; propagates to all other vari-
ables in the opposite order ys, z, 2, x1. Thus, if one
or other of the literals X or Y in the clause is assigned
1, then the value 2 is eliminated from all domains of
this construction. Eliminations can propagate back up
to the pivot variable (x3 in Figure 11) but no further,
as explained in the previous paragraph.

Putting all this together, we can see that there is
a one-to-one correspondence between convergent se-
quences of SS value-eliminations and truth assign-
ments to the variables of the MAX 2-SAT instance.
Furthermore, the number of SS value-eliminations is
maximised when this truth assignment maximises the
number of satisfied clauses, since it is a/N+8m where «
is the number of CSP-variables in each path of greater-
than-or-equal-to constraints corresponding to a literal,
B is the number of CSP-variables in each clause con-
struction and m is the number of satisfied clauses.
This reduction is clearly polynomial. m

7 Discussion and Conclusion

We have given two different value-elimination rules,
namely snake substitutability (SS) and conditioned
neighbourhood substitutability (CNS), which strictly
subsume neighbourhood substitution but nevertheless
can be applied in the same O(ed?) time complexity.
We have also given a more general notion of substitu-
tion (SCSS) subsuming both these rules that can be
detected in O(ed®) time. The examples in Figures 1
and 2 show that these three rules are strictly stronger
than neighborhood substitution and that SS and CNS
are incomparable. We found snake substitution to be
particularly effective when applied to the problem of
labelling line-drawings of polyhedral scenes.

Further research is required to investigate general-
isations of SS, CNS or SCSS to non-binary or even
global constraints. Another obvious avenue of research
is the generalisation to valued CSPs (also known as
cost-function networks). It is known that the general-
isation of neighbourhood substitution to binary valued
CSPs [16, 21] can be applied to convergence in O(ed*)
time if the aggregation operator is strictly monotonic
or idempotent [7]. The notion of snake substitutabil-
ity has already been generalised to binary valued CSPs
and it has been shown that it is possible to test this
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notion in O(ed*) time if the aggregation operator is ad-
dition over the non-negative rationals (which is a par-
ticular example of a strictly monotonic operator) [12].
However, further research is required to determine the
complexity of applying this operation until conver-
gence.

It is known that it is possible to efficiently find all
(or a given number of) solutions to a CSP after ap-
plying neighbourhood substitution: given the set of
all solutions to the reduced instance, it is possible to
reconstruct K > 1 solutions to the original instance
I (or to determine that I does not have K solutions)
in O(K(de + n?)) time [6]. This also holds for the
case of conditioned neighbourhood substitution, since,
as for neighbourhood substitution, for each solution
s found and for each value b eliminated from some
domain D(x;), it suffices to test each putative solu-
tion obtained by replacing s; by b. Unfortunately,
the extra strength of snake substitution (SS) is here a
drawback, since, by exactly the same argument as for
the 32snake value-elimination rule (which is a weaker
version of SS) [5], we can deduce that determining
whether a binary CSP instance has two or more solu-
tions is NP-hard, even given the set of solutions to the
reduced instance after applying SS.

This work begs the interesting theoretical ques-
tion as to the existence of reduction operations which
strengthen other known reduction operations without
increasing complexity.
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Abstract

We study a simple epistemic logic with a re-
stricted language where formulas are boolean com-
binations of (epistemic) atoms: sequences of ‘know-
ing whether’ operators followed by propositional
variables. Our language is strictly more expressive
than existing restricted languages, where atoms are
sequences of epistemic operators and negations fol-
lowed by propositional variables (in other words:
atoms are epistemic formulas without conjunctions
and disjunctions). Going further beyond existing ap-
proaches, we also introduce a ‘common knowledge of
a group whether’ operator. We give an axiomatiza-
tion for this logic and show that the model checking
and satisfiability problems can be reduced to their
classical counterparts.

1 Introduction

Suppose there are n agents, each of which knows
some secret: a piece of information that is not
known to the others. They communicate by phone
calls, and whenever one person calls another they
tell each other all they know at that time. How
many calls are required before each item of gossip
is known to everyone? This is known as the gossip
problem. It is of great interest in the conception of
communication networks [15] and in parallel and
distributed computing, but there are other less ob-
vious applications like the management of data
on storage devices [20], or the computation of the
syntenic distance between two genomes (minimum
number of fusions, fissions, and translocations re-
quired to transform one into the other) [24]. Sev-
eral variants have been studied in the literature,
and a survey of these alternatives and the associ-
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ated results has been published [15]. The gossip
problem can be viewed as a multiagent epistemic
planning task where the goal is shared knowledge:
everybody knows all secrets. It is a purely epis-
temic planning task because it is only the agents’
knowledge that evolves, while the facts of the world
remain unchanged. There are numerous varia-
tions of such a planning problem; see e.g. [10] for
an overview. The goal may in particular be to
achieve higher-order shared knowledge: everybody
knows that everybody knows all secrets, and so on.
Due to its simplicity and its variations, the gos-
sip problem can be viewed as a paradigmatic epis-
temic planning task, much in the same way as the
blocksworld is a paradigmatic classical planning
task.

The aim of the present paper is to follow up on
[8], in which we introduce a simple logical approach
within which we can account for epistemic plan-
ning tasks such as the above. We could have chosen
Dynamic Epistemic Logic (DEL) for that purpose:
its event models allow us to model telephone calls
as private announcements. However, we take in-
spiration from a simpler framework: the Dynamic
Epistemic Logic of Propositional Assignment and
Observation (DEL-PAO), introduced in [16] and fur-
ther developed in [6, 17, 25]. It is based on visi-
bility atoms, that are recursively defined as either
propositional variables or atomic pieces of informa-
tion about whether or not an agent sees the truth
value of a visibility atom. DEL-PAO was applied to
epistemic planning in [9]. We here concentrate on
the epistemic logic underlying DEL-PAQ, disregard-
ing the dynamic aspects. The logic is consequently
called the Epistemic Logic of Observation, abbre-
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viated to EL-O. We improve in [8] over [9] by inte-
grating a form of common knowledge into planning,
and polynomially embed the EL-O-based planning
we define into classical planning. It follows that
deciding the solvability of a simple epistemic plan-
ning task is PSPACE complete.

However, the form of common knowledge we
have in [8] only accounts for knowledge shared by
all of the agents. In particular, in the gossip prob-
lem, we cannot model the common knowledge be-
tween only two agents that we would expect to oc-
cur after a phone call between those agents. In
many situations we can imagine knowledge becom-
ing common within a subgroup of agents, such as
agents in a call or agents present in a room (while
some other agents may be outside of that room).
In this paper we therefore study a generalization
of EL-O which accounts for joint vision within sub-
groups of agents.

The paper is organized as follows. In Section 2
we provide a detailed motivation of our approach.
In Section 3 we introduce our generalization of EL-
O. In Section 4 we study its properties. We conclude
in Section 5.

2 Background and motivation

Reasoning in epistemic logic as introduced by
Hintikka [18] and popularized in Al by Halpern
and colleagues [12] is strictly more complex than
in classical logic: the satisfiability problem is at
least in PSPACE, and is EXPTIME-complete if com-
mon knowledge is involved [14]. The complexity
gap widens for planning tasks: while the solvabil-
ity problem is PSPACE complete for classical plan-
ning [5], it is undecidable for planning in DEL [3].
Such DEL-based accounts of epistemic planning
provide rather expressive models for the agents’
perception of actions. These models parallel the
standard epistemic logic modelling of uncertainty
in terms of indistinguishability relations between
possible states: uncertainty in the perception of ac-
tions is modelled by so-called event models in terms
of indistinguishability relations between possible
events. As explored in a series of papers, unde-
cidability is already the case under very weak hy-
potheses about these event models [1, 4, 7]. Basi-
cally, DEL planning tasks are only decidable when
the event model is a singleton, i.e., when all actions
are public. However, actions in the gossip problem
as well as in many real world applications are not
public.

We propose in [8] to base epistemic planning
on an epistemic logic that is simpler than Hin-
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tikka’s. Basically, what we do is restrict epistemic
information to atomic formulas. We are not the
first to do this: several previous approaches have
proposed languages where the scope of the epis-
temic operator K; is restricted to literals, or liter-
als that are preceded by a sequence of epistemic
operators [11, 28, 21], possibly with negations [27].
Such restrictions however exclude formulas such as
Ki(K;p vV K;—p) expressing that agent i knows that
agent j knows whether the propositional variable
p is true. This is a major drawback because such
formulas are fundamental in communication and
more generally in any forms of interaction: a situ-
ation where agent i does not know whether p is the
case or not (=K;p A =K;=p) but knows that j knows
(Ki(K;p v K;=p)) may lead agent i to ask j about p.
For example, in the modelling of the gossip prob-
lem ‘knowing-whether’ information is required to
describe the initial situation
/\i ((Kisi \Y% Ki—|s,») A /\jii(_‘Kisj A —|Ki—|sj))

where s; is the secret of agent i, as well as the goal
/\i,j (K,‘Sj Vv K,“‘Sj).

We here make a similar restriction, but move
from the primitive ‘knowing-that’ operator K; to the
less standard ‘knowing-whether’ or ‘knowing-if’ op-
erator Kif;, also considered in [26]. In the unre-
stricted language these two operators are interde-
finable: we have Kifo < K¢ V K;—~¢ and Kjp <
@ AKifip, for arbitrary formulas ¢ [13]. However, the
situation changes when we restrict the language to
sequences of ‘knowing-whether’ operators followed
by propositional variables: we can not only define
K;p as pAKif;p and K;-p as ~pAKif;p, but we can also
express formulas such as the above K(K;p V K;-p),
namely by Kif;p A KifiKif;p.

We present in [8] the logic EL-O, where Kif; is
written as S;. We read S; p as “agent i sees whether
p is true or not”. When we define K;p as p A S; p we
therefore consider that i’'s knowledge comes from
what i sees. Such a primitive was introduced in
the model checking literature in order to repre-
sent epistemic models in a compact way [29, 19, 2].
All these approaches were based on the hypothe-
sis that who sees what is common knowledge. This
is a very strong hypothesis: it follows that when-
ever i knows that p is true then i knows exactly
who else knows that p is true. In terms of the vis-
ibility operator, these papers consider S;S; p to be
valid for arbitrary i and j. As first proposed in [16],
this restriction can be overcome by abandoning the
validity of §; S; p and giving the status of first-class
citizens to such sequences.

Formally, in EL-O, it is considered that every vis-
ibility atom S;, ...S;, p is an atomic formula. Com-
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plex formulas are then boolean combinations of
such atomic formulas. The reader should keep in
mind that S; is not a modal operator, in opposi-
tion to Kif; (and our move in notation also aims
at stressing that). This comes with a move away
from Kripke models with accessibility relations: a
model is simply a valuation over the set of visibil-
ity atoms, alias a state. We identify such valua-
tions with sets of visibility atoms. As argued in
[29, 2], such compact models are more attractive
than Kripke models when it comes to model check-
ing.

Simplifications of epistemic logic typically lack a
modal operator of common knowledge. In [8] we in-
troduce the operator JS, reading JS p as “all agents
jointly see the value of p”, or “all agents jointly see
whether p is true or not”. Metaphorically, joint at-
tention about a propositional variable p can be un-
derstood as eye contact between the agents when
observing p. JS is a powerful operator that rep-
resents common knowledge obtained through co-
presence. To understand the power of JS, one may
think of JS p as implying the infinite set of propo-
sitions of the form S;, ... S, p for all ij,...,i, and all
n > 1. Suppose p stands for ‘the door is open’. We
can imagine that JS p is true when all agents are
present in the same room and not only observe the
door, but also mutually observe each other. In this
concrete example, if an agent leaves the room and
closes the door behind her, JS p becomes false be-
cause the agents no longer mutually observe each
other (even if the agent who has left can see the
closed door from the outside). As joint visibility of
p should imply individual visibility of p, we require
that states containing JS p should also contain ev-
ery S; p, and more generally every p preceded by
any sequence of S; and JS. Defining CKp as p A JS p,
we obtain a common knowledge operator that sat-
isfies all the standard properties except the induc-
tion axiom CK(p — Ajeag Kip) = (p — CKp); actu-
ally the antecedent cannot be directly expressed by
means of JS operators.

This joint vision’ operator still has expressive
limits. In particular, it does not account for joint vi-
sion between groups of agents, when those groups
are strictly smaller than the set of all agent. We
therefore generalize the notion of joint vision to
joint vision within a group’, and introduce the cor-
responding operator JS, where G is a group of
agents. The operators JS and S; can be expressed
as JSi,; and JS;) respectively. We can now express by
J§1.2) p the fact that agents 1 and 2 jointly see p, for
example after 1 has called 2 to share information
about p, excluding 3 from the conversation.

(0]

It is generally considered in the AI literature
that a reasonable epistemic logic should satisfy in-
trospection: the formulas K;¢o — K;K;¢ and -K;¢ —
Ki-Kip should both be valid.! In terms of visi-
bility this means that states should contain every
JS JS% p for G’ € G, and more generally JS JS p pre-
ceded by any sequence JSy ... Sy .

In the rest of the paper we will work out the de-
tails of what we have sketched up to now.

3 EL-O: Epistemic Logic of Observa-
tion

We introduce our generalization of the Epistemic
Logic of Observation, abbreviated to EL-O.

3.1 Atoms, introspective atoms, and atomic
consequence

Let Prop be a countable set of propositional vari-
ables and let Agr be a finite set of agents. We call
finite set of agents groups, and denote them by G,
H, etc.

We use o, 0, etc. to denote elements of (24¢')", i.e.,
words on the set of groups. The set of non-empty
words built from elements of G is (29)*.

An atom is a word of groups followed by a propo-
sitional variable. We use «, ¢/, etc. to denote ele-
ments of the set of atoms ATM = (24¢')" x Prop. We
treat atoms as words, too, allowing the notation o«
for atoms, and identify in atoms any group G with
the operator J%;; for example, we write J%;, /S, p
instead of the couple (G,G,, p). We read JG @ as
“group G jointly sees «”. Atoms with an empty
sequence of groups are nothing but propositional
variables.

Here are some examples: JS;, p reads “I sees the
value of p”. It means that 1 knows whether p is
true or false. J§3 J52; ¢ reads “1 and 3 jointly see
whether agent 2 sees the value of ¢”. In other
words, there is joint attention between 1 and 3 con-
cerning 2’s observation of ¢: agent 2 may or may not
see the value of ¢, and in both cases this is jointly
observed.

We are going to design the semantics in such a
way that principles of introspection are valid. An
atom is introspective if it is of the form oJSy JS «
with H € G. We call I-ATM the set of all introspec-
tive atoms.

1. We are aware that negative introspection was criticised
in the literature as being too strong [22, 23]. One may how-
ever argue that these criticisms do not apply to visibility-based
knowledge.
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Atomic consequence is a relation on ATM that is
defined inductively by:

p=piff p=p
JG a = Biff = ca and o € (2°)"

For example, JSi 23 p = JS3 /512 p- The relation
= is clearly reflexive and transitive. When o = g,
we say that « is a cause of 8 and that g is a conse-
quence of a. We will, of course, ensure that atomic
consequences are valid implications.

The set of atomic consequences of an atom « is
a~ = {8 : @ = B}. The set of atomic causes of an
atom a is @< = {8 : B = a}. The set of consequences
of an atom other than a propositional variables is
infinite. The set of causes of an atom « is finite and
if we define the length of a visibility operator J% to
be one, then each cause is no longer than «.

We generalise the definition of atomic conse-
quence to sets of atoms s C ATM in the obvious way:

57 = Uses@™-

3.2 Language

The language of EL-O is defined by the following
grammar:

pu=al-e| (@A)

where @ ranges over ATM. The set of EL-O formulas
is noted Fmlg o.

The boolean operators T, L, V, — and < are de-
fined in the standard way. The set ATM(y) of atoms
of formula ¢ is defined by:

ATM (@) = {a)
ATM(~p) = ATM(y)
ATM(¢ A ¢') = ATM(¢) U ATM(¢')

For example, ATM(JS13 9 A S p) = {(IS13 9,552 P}
and ATM(]&]}J&Z:‘,} [J) = {J.Sh}.]&zﬂ [)}. Note that nei-
ther p nor JS» 3 p are atoms of JS) JS2.3 p.

3.3 Interpretation of formulas

A state is a subset of the set of atoms ATM. We
denote states by s, s/, etc. The set of all states is
2ATM .

An obvious way of guaranteeing introspection is
to interpret formulas exclusively in introspectively
closed states: states that contain all introspective
atoms and are closed under =, i.e., sets of atoms
that equal s~ U I-ATM for some state s C ATM. This
is what was done in [16]. The drawback of such a
semantics is that introspective states are infinite,
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sEa iff @ €s™ UI-ATM
sE - iff not (s £ ¢)
sEQeAY iff sEpandskE ¢

Table 1 — Interpretation of formulas

while model checking requires a finite state. This
problem can be overcome by defining states that
are ‘sufficiently introspective’, as done in [25]. We
here take an easier road by directly working with
finite models, interpreting formulas in such a way
that introspection is simulated.

The truth conditions for EL-O formulas are given
in Table 1. The non-standard one is the one for
atoms a: « is true in state s if and only if @ is intro-
spective or 8 = « for some 3 € s.

Example 1. In the initial state of the gossip prob-
lem every agent only knows her own secret. For
the sake of simplicity we moreover suppose that all
secrets are initially true. Therefore s, = {JS;s; :
i € Agt} U {s; i € Agt}. Then s, F JS3s and
8o B N\ jzi IS s; for every i € Agt.

When s | ¢ for every s C ATM then we say that ¢
is valid; when s = ¢ for some s C ATM then we say
that ¢ is satisfiable.

Proposition 1. For every a C ATM, « is valid iff «
is introspective.

Proof. For the left-to-right direction, suppose « is
valid. Then in particular 0 | a. As 07 is still empty,
a must be introspective. O

If « = B then @ — B is EL-O valid. The converse
is not always the case. However:

Proposition 2. o« — g is EL-O valid iff B is intro-
spective or @ = f.

Proof. The right-to-left direction is obvious. For the
left-to-right direction, suppose @ — g is EL-O valid.
Then in particular {a} E 8. Hence B is either an
introspective atom or an atomic consequence of a.

O

4 Properties

We now reduce EL-O to Classical Propositional
Calculus, then give an axiomatization for it.
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4.1 Relation with Classical Propositional
Calculus

In our framework there are two options when it
comes to defining Classical Propositional Calculus
(CPC). The first is to restrict the language to for-
mulas without operators of visibility; classical logic
is then the set of validities of that language. The
second option is more interesting here: we consider
the full language built from ATM, but we modify the
interpretation of visibility atoms to

sECPC o iff aes
and keep the same interpretation as in EL-O oth-
erwise. Hence we have visibility atoms but do not
care about introspection; for example, the formulas
-JSy IS, p and JS; j; p A 2JS; p are classically satisfi-
able: for the former, @ E°FC —JS;, JS; p; for the latter,
(IS p} ECPC =I5 p.

In the rest of the section we provide two embed-
dings from EL-O into CPC: one where we expand
states, and one where we expand formulas.

Proposition 3. For every state s C ATM and for-
mula ¢ € Fmlgo, s E ¢ if and only if s U
[-ATM [ECPC .

Proof. The proof is by induction on the form of ¢.
The base case is immediate from the interpretation
of atoms in EL-O. O

The above proposition confirms that we simulate
introspectively closed states with our interpreta-
tion of formulas. It also entails the following prop-
erties:

Lemma 1. For all states s, s’ C ATM and for every
formula ¢ € Fmlg o, if s and s’ classically agree on
atoms of ¢ then they classically agree on ¢. That is,
if SNATM(p) = s’ NATM(p) then s ECPC ¢ iff s ECPC .

Proposition 4. For every state s C ATM and for-
mula ¢ € Fmlg .0, s E ¢ if and only if (s U I-ATM) N
ATM(p) E°FC ¢.

Corollary 1. For every state s C ATM and formula
¢ € FmlgLo, s E ¢ if and only if (s U I-ATM) N
ATM(p) E ¢.

Proof. This stems from the fact that if s, = (s¥ U
I-ATM) N ATM(p), then (s,), = s,. Therefore s, = ¢
iff s, ECPC 0. O

As ATM(yp) is finite, we hence have the finite
model property both in EL-O and in the classical
translation. In particular, the model checking prob-
lem and the satisfiability problem have the same
complexities as in CPC.

7

The second embedding is more interesting from
a planning point of view, as it does not modify the
states. We define the expansion of an atom as fol-
lows:

Exp(a) T if @ € I-ATM
Q) =
P (V a©) otherwise

We extend this definition homomorphically to for-
mulas. For example, if Agr = {i,j}, the expan-
sion of the EL-O unsatisfiable J§; , p A —JSiy p is
JSijyp A (S p Vv JSij p), which is classically un-
satisfiable; and the expansion of the EL-O satisfi-
able JY; j JSi p A —JS p is the classically satisfiable
(J*Si,j} J&i} pV J&i,j] p) A _‘(J&i] pVv JSi,j} ]7) This can be
generalised:

Proposition 5. For every state s C ATM and for-
mula ¢ € FmlgLo, s E ¢ iff s E°°C Exp(p).

Proof. The proof is by induction on the form of
¢. For the base case we distinguish two subcases.
First, if @ € I-ATM then Exp(e) = T and therefore
s E a and s ECPC Exp(a). Second, if & ¢ I-ATM then
s E a iff 8 = a for some B € s. The latter is equiva-
lent to s ECPC \/ o=, O

In the version of EL-O with only the JS and S; op-
erators, the expansion was polynomial and allowed
us to go from epistemic to classical planning with
no increase in complexity. However, in this more
general case, this expansion causes an explosion of
the length of the formula, as the number of causes
of an atom J% « is exponential in the size of G. We
will come back to this issue in the conclusion.

4.2 Axiomatization

The valid EL-O formulas are axiomatized by the
schemas of Table 2.

Proposition 6. For every formula ¢ € Fmlg .o, ¢ is
EL-O valid iff ¢ is provable in CPC from the four
axiom schemas Vis;— Vis, of Table 2.

Proof. We take advantage of Proposition 3 and
show that the schemas Vis;—Vis, characterise the
set of introspectively closed states {s~ UI-ATM : s C
ATM}.

The right-to-left direction is clear: each of the
four axiom schemas is valid in introspectively
closed states.

For the left-to-right direction, we show that every
s satisfying Vis;—Vis, is introspectively closed. We
begin with closure under atomic consequence. Let
s E a. The interesting case is when « = JG o’. Then
s E J% Sy, o for any H, € G by axiom (Vis,), and
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JSy IS forHC G (Vis;)
gt St IS o forHC G (Vis»)
JGa— SSya forHC G (Vissz)
JGa— I ISy a forHC G (Visy)

Table 2 — Axioms for introspection

also s = JS% JSu, JSu, ' for any H,, H, € G, and so on:
we can generate any s = J% o’ for any o € (29)°
and then, by (Vis;), we can obtain s | JS; o’ for any
H C G and any o € (2°)". We can therefore obtain
that s satisfies any sequence whose strict postfix is
o, that is, every o o’ for any o € (29)".

We use the same technique to show that a state s
satisfying Vis;—Vis, satisfies every o JS J% « for o €
(2¥)" and H C G, using (Vis;) if o is empty, and
(Visy), (Vis4) and (Vis3) otherwise. O

5 Conclusion

In this paper, we have generalized the logic EL-O,
subsuming its observability operators by an opera-
tor of joint vision within an arbitrary group. We
have defined and axiomatized the corresponding
logic, and shown that it can be reduced to classi-
cal propositional logic.

Based on the visibility information that is con-
tained in the states, an accessibility relation can be
defined for every group of agents to in order to in-
terpret a common knowledge operator CK;, which
becomes the standard knowledge operator K; when
G = {i} and the common knowledge operator CK
when G = Agr. The properties of the latter and
the relation with standard epistemic logic are dis-
cussed in [8] and can be extended to this general-
ized definition. In particular, CK;a is equivalent to
a ANJs a.

We give in [8] a definition of planning in EL-O
as well as a reduction to classical planning. The
decidability of EL-O-based epistemic planning con-
trasts with the undecidability of DEL-based epis-
temic planning, which is the case even for simple
fragments.

It is proved in [8] that the complexity of solvabil-
ity in EL-O-based planning is PSPACE complete.
The proof relies on the fact that the length and
number of causes of a given atom are not greater
than the length of that atom, resulting in polyno-
mial translations to CPC and classical planning. In
the more general setting where joint vision within
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arbitrary groups is allowed, the number of causes
of an atom becomes exponential, and the property
no longer holds. We can however retain this low
complexity while keeping our framework relevant
for a number of applications by allowing joint vi-
sion only for relevant groups. For example, in the
gossip problem, we only need joint vision between
pairs of agents. Similarly, it is natural to imagine
that there may be a limit on the number of agents
that can be present in a room at the same time, or
that can join in on a conversation.

We have as of now only presented the general-
ization of EL-O. The next step is of course to ex-
tend this generalization to epistemic planning, and
further refine the limits in complexity mentioned
above. More generally, it will be interesting to
study how our epistemic actions compare to DEL
event models.
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Résumé

Un probleme de décision courant se répete de nom-
breuses fois, avec le méme type d’alternatives et le méme
ensemble de critéres, mais avec une situation de décision
différente a chaque occurence du probleme. Dans ce type
de probléme, le conseil en amont vise a faciliter la sélec-
tion d’un sous ensemble d’alternatives satisfaisantes pour
le cas de décision considéré, sans demander a 1’utilisateur
d’avoir des connaissances sur le probleme. Cet article pro-
pose un systéme de conseil en amont basé sur un modele
de connaissances du probléme de décision courant. Pour
commencer, |’article présente la construction d’un réseau
bayésien pour embarquer la connaissance dans le systéme.
Ensuite, le concept d’intervention dans un réseau bayésien
proposé par Pearl est étendu aux interventions probabilistes
pour des variables simples et des ensembles de variables.
Enfin, la procédure de conseil en amont pour un probleme
de décision courant est présentée, sur la base du modele de
connaissance et en utilisant les interventions probabilistes
pour fixer I’écosysteme de la personne, méme lorsque le cas
de décision n’est que partiellement observé.

Abstract

A common decision problem repeats a lot of time with
the same kind of alternatives and the same set of criteria, but
with a different decision case in each occurrence. The ob-
jective of early guidance in this kind of problem is to facil-
itate the selection of a subset of satisfactory alternatives for
each new decision case, without asking the user any knowl-
edge of the problem. This article proposes an early guid-
ance system based on a model of knowledge of the com-
mon decision problem. It first presents the construction of a
Bayesian network for a common decision problem to embed
the knowledge in the aiding framework. Second, the con-
cept of intervention proposed by Pearl is extended to prob-
abilistic interventions for a single variable and for a set of
variables. Finally the early guidance procedure is presented
on the basis of the Bayesian network and using a proba-
bilistic intervention to set a decision case even though it is
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partially observed.

1 Introduction

A common decision problem occurs repeatedly in dif-
ferent decision cases, corresponding to different actors,
needs, constraints and priorities, but including each time
the same type of alternatives and the same set of decision
criteria. An example is the problem of study and career
guidance for students. This question, what to do after the
baccalaureate, concerns a high number of young people,
but each of them has its own characteristics (location, le-
vel, project, ambition, constraints, etc.). Another example
of a common decision problem is the choice of a manual
wheelchair that has been analyzed in [21].

The problem of early guidance in a common decision
problem consists in providing advice at a very early step of
a decision process, when the actors of the decision have not
yet seriously thought about the problem. Early guidance
precedes the whole decision process. At this step, the per-
sons concerned by the consequences of a potential or future
decision are considered to be merely passive.

Since the person concerned by the consequences of the
choice is not obligatory the user of the general aiding fra-
mework, the early guidance system can be used by different
persons involved in a decision case of a common decision
problem. It can also be used as an automatic system, wi-
thout any human user.

In a common decision problem, the whole decision pro-
cess is most often achieved without the aid of any expert,
and the actors involved generally gather only a small part of
the relevant knowledge to guide the decision. For example,
they do not necessary know what kind of alternative would
best match their own situation. Because of that, it is impor-
tant that an early guidance system does not appeal to the
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actors knowledge or preference. The only certain available
information is a partial description of the personal ecosys-
tem of the person concerned by the consequences of the
decision, including some of the constraints and preferences
that could influence the decision.

As a consequence, the early guidance system has to em-
bed general knowledge about the common decision pro-
blem, in order to provide some relevant guidance. This
knowledge is about : (1) decision criteria to be conside-
red, (2) alternative description in terms of characteristics
and their evaluation (3) the personal ecosystem, i.e. any
elements about the person and the context that could in-
fluence the choice.

In this paper, we address the new challenge that concern
the design of an early guidance system, as part of a general
aiding framework. Once defined, it should be possible to
use the system easily for any new decision case, with the
constraints presented above about the ignorant user. The
objective of our early guidance system is to facilitate the
selection of a small subset of satisfactory alternatives on
the sole base of the available information about the deci-
sion case. Depending on the objective, this subset can be
the final result, such as in the display of targeted car ad-
vertisement for a given internet user, or it could be used to
choose an alternative among this subset, which can be done
directly or by using a classic decision aiding system.

In the following of this paper, we define what is a com-
mon decision problem and set out the early guidance pro-
blem. Second, we present the knowledge based aiding fra-
mework and we explain the construction of the Bayesian
network model of knowledge for a common decision pro-
blem. Then we describe the early guidance system based on
the Bayesian network models. In that section, we explain
the satisfactory situation principle, the definition and the
implementation of probabilistic intervention, and the early
guidance procedure. In the last section, we briefly present
and discuss some related works.

2 Common Decision Problem and Early
Guidance

In this section, we precisely define a common decision
problem and the early guidance problem. We also provide a
brief comparison with classical multi-criteria decision sys-
tems.

2.1 A Common Decision Problem

A common decision problem is a decision problem (such
as choice, sorting or ranking) that repeats a lot of times,
each time in a specific ecosystem, whose observed part is
called a decision case. It involves alternatives whose eva-
luation regarding the decision criteria may also depend on
the decision case.
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The main components of a common decision problem
are :

the characteristics of the alternatives; The set of al-
ternatives is potentially defined through the domain
of the set of attributes. An alternative is an assi-
gnment of the set of characteristics. Some aberrant
combinations of values are excluded due to some in-
herent constraints between some subsets of charac-
teristics of an alternative.

the ecosystem of the person concerned by the deci-
sion ; it regroups any parameters related to the person
and his/her context that may influence the decision.
A decision case is a partial instantiation of the eco-
system, corresponding to the available observations
of that specific case.

the set of decision criteria, each of them being charac-
terized by :

the level of importance of the criterion in the deci-
sion case.

the criterion evaluation index that represents the
evaluation (or the quality) of an alternative ac-
cording to the criterion and the decision case.

the level of satisfaction brought by an alternative
on the criterion in that decision case. It depends
on the importance and the evaluation such that
(1) when an alternative presents a very good qua-
lity for a criterion, the satisfaction is very good
whatever the importance of the criterion; (2) the
higher is the quality of the alternative, the hi-
gher is the satisfaction, but the lower is the im-
portance, the easier it is to get a good level of
satisfaction ; (3) when the criterion is indifferent
according to a decision case, the satisfaction is
good whatever the quality of the alternative ac-
cording to that criterion.

A common decision problem is a triple (Xajt, XecosS)
where Xaj¢ and X, are finitely-valued variables and § is
a set {(Impg, Ind,,S,),g € G} with G = {1,2,..|G|} and
Imp,, Ind,, S ; being probabilistic functions such that :

Impy is defined on Xg"p C Xeco and Impy(x) = P(- | X)
with x € Dom(X'gmp).
Ind, is defined on X2 C Xeeo U Xai and Ind,(x) =
P(- | x) where x € Dom(X3).
S ¢ only depends on Imp, and Ind,.
and

Xart 18 the set of characteristics of the alternatives,

Xeco 1S the set of characteristics of the ecosystem,

a € Ais an alternative,

A C Xyex,, Pom(X) is the set of alternatives,

Let G a set of criteria and (Xayt, Xeco,S) a common de-
cision problem for G. A decision case for (Xayt, Xeco> S)
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is a couple (Xpc,Xqc), where Xpc C Xeco and Xge €
XKyexpe Pom(Y).

In order to simplify the notation, we use the same nota-
tion to denote the probabilistic functions Imp,, Ind,, S,
and the resulting random variables. The variables Imp,,
Ind, and S , represent respectively the level of importance,
the criterion evaluation index and the level of satisfaction.

2.2 The problem of early guidance

Given the set A of potential alternatives, and a deci-
sion case, the problem of early guidance is to make easier
the selection of a subset of satisfactory alternatives in the
considered situation. The satisfaction refers to the level of
satisfaction S, provided by an alternative regarding each
decision criterion

A naive approach would be to evaluate the satisfaction of
each alternative according to each criterion, in the conside-
red situation, and try to exploit this huge matrix to classify
the alternatives. this is not relevant since the size of the set
of alternatives (A is exponential in the number of attributes
of the alternatives X,y. This approach is possible when an
initial small set of relevant alternatives has first been selec-
ted. It corresponds to the approach of Multi-criteria Deci-
sion Analysis that we discuss further. In our approach we
focus on satisfactory alternatives, on the basis on the lo-
cal level of satisfaction for each criterion, without trying to
maximize any form of global satisfaction.

Since a common decision problem concerns a wide
range of actors, we consider the possibility of "ignorant"
actors, or with low involvement ; we also consider decision
cases where the selection a subset of satisfactory alterna-
tives for a given decision case is achieved without any par-
ticipation of the person concerned by the decision, as in
targeted advertisement. Those reasons underline the inter-
est of an early guidance system.

The repetitiveness of a common decision problem makes
interesting to capitalized general knowledge about the de-
cision problem and identify what could be reused in each
new decision case. Thus, we propose a knowledge based
system. The modeling of the common decision problem
is made once. It embeds general probabilistic knowledge
about the parameters that should be taken into account
and the way they influence the decision. Each use of the
early guidance system concerns a specific decision case of
the common decision problem, meaning specific persons,
situations, objectives, etc. It takes place before the deci-
sion process as usually understood in multi-criteria deci-
sion analysis (MCDA).

The next section provides a quick comparison between
the early guidance problem and MCDA.
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2.3 Position of early guidance with respect to MCDA

In multi-criteria decision analysis (MCDA), each deci-
sion problem is usually unique (not repeated). The methods
developed for MCDA [9] are based on the hypothesis that
the decision maker is strongly involved in the decision pro-
cess, and that he/she is guided by an analyst. At the op-
posite, we consider that a case of decision of a common
decision problem generally occurs without the presence of
an analyst or a specialist, meaning that the actors may not
be aware of all the aspects of the decision problem. Conse-
quently, an early guidance system can not be based on pre-
ferences, whereas most MDCA methods are based on pair-
wise comparisons of alternatives regarding each criterion.

Another point concerns the definition of a criterion. In
[20], a criterion is a tool allowing to compare alternatives
according to a particular significance axis or a point of
view. More precisely, in MCDA, a criterion is a real-valued
function on the set of alternatives, such that it appears mea-
ningful to compare two alternatives a and b according to a
particular point of view on the sole basis of the two num-
bers g(a) and g(b) [2]. In a common decision problem, the
evaluation of an alternative according to a criterion may
also depend on the decision case, since what is suitable for
a decision case may not be suitable for another one. As a
consequence, the evaluation of an alternative may be dif-
ferent depending on the decision case.

Another difference is about the set of alternatives : in our
approach, the alternatives are potentially defined through
the domain of the set of attributes, whereas in MCDA, a
problem is usually defined by the so called decision ma-
trix that gathers the performances of n alternatives a with
respect to m criteria, in addition with the weights of the
criteria. The decision matrix is the start point in MCDA,
whereas the subset of satisfactory alternatives is the objec-
tive of our proposed early guidance system.

However, the early guidance problem partially meets the
objective of the screening problem in MCDA. A screening
procedure aims to reduce a large set of alternatives to a
smaller set that most likely contains the best choice. As
mentioned in [8], screening “should eliminate alternatives
that are unlikely to be chosen, so that later effort can be
focused on the more attractive options.” However, scree-
ning is based on preference information provided by the
decision maker, whereas we only have a partial description
of the ecosystem of the person concerned by the conse-
quences of the decision.

3 A knowledge based aiding framework for
a common decision problem
In this section, we present a general aiding frame-

work for a common decision problem and we describe the
construction of the knowledge models embedded.

JIAFQPFIA 2019



An early guidance system for a general knowledge-based aiding framework using probabilistic interventions

3.1 Overview of the framework

Figure 1 shows the structure of an aiding framework for
a common decision problem.

The early guidance system is only part of the knowledge
based aiding framework

(7

~)

Early guidance system

General probabilisticknowledge models
of the Common Decision Problem

Decision
criteria

Ecosystem of the person

o Alternative
concerned by the decision

Input:
partial

description Early guidance procedure
ofa
decision

case A\

Output 1 v
Probability distribution satisfactory alternatives

Figure 1 — General knowledge based aiding framework for
a common decision problem.

The early guidance system is composed of a set of mo-
dels of probabilistic knowledge, based on Bayesian net-
works. They concern decision criteria, the ecosystem of the
person and the alternatives. Those models are linked toge-
ther through the evaluation of the alternative regarding the
criteria and the ecosystem of a decision case, and the as-
sociated satisfaction. Those models are built once for all,
since they embed general probabilistic knowledge, which
are relatively stable. Based on those models, the early gui-
dance procedure is to be used in each new decision case,
meaning in each situation where a decision has to be ta-
ken, according to its specific features. The only input is a
partial description of the decision case, which can be given
by the actors of the choice, or obtained thanks to automatic
information collector. The output of the early guidance pro-
cedure is a probability distribution of satisfactory alterna-
tives. This output can be exploited through different algo-
rithms in order to get a subset of satisfactory alternatives. In
the MCDA literature, this subset is the starting point of the
decision process. In common decision problem, we claim
that there is often a real need to provide early guidance to
get such a subset.

In this article, we focus on the early guidance procedure.

3.2 The Bayesian network model(s) construction

The general knowledge model embedded in the aiding
framework is constructed once for all. We propose to em-
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bed general probabilistic knowledge about the alternatives
(their characteristics) and the ecosystem of the person
concerned by a common decision problem in two local
Bayesian networks. Those features are next used in the lo-
cal Bayesian network models that we propose for each cri-
terion.

A Bayesian network B consists in a set of random va-
riables X = {Xj,...,X,}, a simple directed acyclic graph
G = (X,E), and a set of parameters ® including the lo-
cal probability distributions associated with each variable
in X. Together, G and ® define a probability distribution P
over X which factorizes as P(X = X) = [[x,ex P(X; = x |
pa(X;)), where pa(X;) Cc X is the set of the parents (imme-
diate predecessors) of X; in the graph G. Similarly, ch(X)
denotes the set of children of X in the graph. Let Dom(X)
represents the finite domain of definition of the variable X.
Nodes X, Y, and Z form an unshielded collider in a DAG if
X and Y have a common child Z and there is no arc between
X and Y. In this paper, we consider a causal Bayesian net-
work, meaning that each directed edge represents a direct
causal influence between a cause and an effect.

We propose the construction of the following three
Bayesian networks.

The knowledge model of the alternatives is a Bayesian
network B4, whose nodes are the characteristics Xy of
the alternatives. The graph structure and the local proba-
bility distributions embed pieces of knowledge about the
alternatives, such as the (in)dependence between the attri-
butes, internal constraints between some features, the state
of the market or the actual distribution of some characteris-
tics regarding some parameters. The set of alternatives A is
composed of any configuration of the variables of Xy ha-
ving a non zero prior probability in the Bayesian network
By : A ={a € Xxex,,» P(@) > 0}.

The knowledge model of the ecosystem of the person
concerned by a common decision problem is a Bayesian
network B, regrouping all the parameters that may in-
fluence the decision process, except the characteristics of
the alternatives. The set of nodes is Xeco and the graph re-
flects statistic and expert knowledge about those variables.
A decision case dc is a partial instantiation of the ecosys-
tem, Xpc = dc, where Xpc € Xeco-

We also propose a knowledge model for each decision
criterion. In the context of common decision problem, a
criterion is a way to evaluate an alternative according to a
decision case and a particular significance axis. A criterion
given by the triplet (Imp,, Ind,, S ;) is represented in a cau-
sal Bayesian network by an unshielded collider as shown in
Figure 2. The parents of the unshielded collider are the im-
portance index Imp, and the evaluation index Ind, whose
ancestors are some characteristics of the alternative in Xy
and possibly some characteristics of the decision case in
Xeco- the node S, associated with the level of satisfaction
of the criterion g has exactly two parents since the para-
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meters involved in the evaluation of an alternative for the
criterion are ancestors of the node Ind,.

Xeco Xait

FiGure 2 — Graph structure of the local Bayesian network of
a decision criterion. Dotted arrows represent sets of arrows
from any node of the set Xy or Xeco to the node Ind,.

The modeling of a decision criterion by an unshielded
collider in a Bayesian network can be found for example in
[5, 14] but it was not formalized.

The complete graph of the Bayesian network of a com-
mon decision problem is obtained by combining the local
graphs of each criterion with the graphs of B4;, and B,,,.
Combining those graphs consists in merging the nodes that
represent the same parameter when several criteria depend
on it. This operation does not bring to add a new parent for
any node, and thus no conditional probability tables have
to be modified.

XECO
Impg
\
\ K,
v Indg <__ X
\ 2
Se

Ficure 3 — The Bayesian network graph of a common deci-
sion problem. Bold dotted arrows represent sets of arrows
between any node of the connected sets of nodes.

Figure 3 shows the general structure of the graph of the
Bayesian network associated with a common decision pro-
blem. The set of nodes is X = Xeeo U Xax U Sg U Indg,
where :

S = {Sg, g € G} is the set of variables associated with
the level of satisfaction of each criterion.

Impg = {Imp,, g € G} is the set of variables associated
with the level of importance of each criterion,
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Indg = {Ind,, g € G}ULis the set of variables associated
with the criterion evaluation index of each criterion,
augmented with the set I of additional intermediate
variables defined to evaluate a criterion.

Xeco 18 redefined as the set of the characteristics of the
ecosystem, augmented with the set Impg, since the
level of importance of a criterion is a derived charac-
teristic of the ecosystem.

Once defined, this Bayesian network can be used for
early guidance in any new decision case.

4 A Bayesian network based early guidance
system

When a new decision case occurs in a common decision
problem, it corresponds to a partial instantiation of the eco-
system of the considered situation, because the situation is
only partially observed. We thus have a subset Xpc = dc,
with Xpc C Xeco. Remark that the composition of the sub-
set Xpc differs from one situation to another. The uncer-
tainties about the ecosystem can be reduced by updating
the unobserved elements of Xec, given dc in the Bayesian
network B,.,, meaning computing P(Xeco | dc).

The objective of early guidance lead to focus on the cha-
racteristics of the alternative for a specific decision case,
guided by the desire of a good level of satisfaction of cri-
teria. It’s about fixing the ecosystem during the reasoning
about the characteristics of the alternative and criteria. We
thus make an action that consists in setting the ecosystem
as a whole. Indeed, without that action, the reasoning could
lead to some belief changes on unobserved variables of the
decision case, which is not relevant.

Such an action corresponds to the concept of interven-
tion in a Bayesian network, with the difference that we
consider a set of variables, and we do not have a complete
instantiation of that set for the intervention. We thus pro-
pose definitions for a probabilistic intervention on a va-
riable do(R(X))and for a set of variables do(R(X)), that ex-
tend the definition of an intervention do(X = x).

In the next section, we first explain the principle of satis-
Jactory situation that guides the early guidance procedure.
Then we define probabilistic interventions and we propose
the early guidance procedure based on these two points.

4.1 The satisfactory situation

Given a common decision problem and a decision case,
we first define a satisfactory alternative in an informal way
as an alternative providing a sufficient level of satisfaction
regarding each criterion, meaning that we have S, > s for
each criterion g € G, where s € [0, 1] represents the mi-
nimum level of satisfaction to ba satisfactory. Remark that
we consider the level of satisfaction and not the quality in-
dex of the criterion, which make relevant to consider the
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same value s for all the criterion. Following this, we define
a satisfactory situation as a situation where a satisfactory
alternative has been found.

In order to find a subset of satisfactory alternatives for a
given decision case we propose the following two steps :

1. Imagine a satisfactory situation in which the per-
son concerned by the consequence of a decision has
found a satisfactory alternative ;

2. Compute the probability distribution of the alter-
native that explain that satisfactory situation in the
considered decision case.

Remark that we are not interested in the alternative that
best explains the satisfactory situation since we do not look
for a single alternative, but we look for a subset of satisfac-
tory alternatives.

As introduced above, this result cannot be obtained by a
simple inference (updating) in the Bayesian network B,.,
because of the unobserved variables in Xeco.

We have to compute P(Xayx | Sg = 5, do(R(Xeco))),
where Sg > s represents the observation of a satisfac-
tory situation : S, > s, for each g € G and do(R(Xeco))
is a probabilistic intervention that set the ecosystem with
the considered decision case. Thanks to this approach, we
obtain a probability distribution of the alternatives that ex-
plains the satisfaction.

With that objective, we know introduce Probabilistic in-
tervention.

4.2 Probabilistic intervention

An intervention do(X = x) in a causal Bayesian network
[18] consists in making an action on the variable X that
makes the variable being in the state x. An intervention (or
manipulation) forces a variable into a certain value or state.
As a consequence, incoming arrows have to be removed,
since we remove the direct influences by intervening.

Intuitively, a probabilistic intervention do(R(X = x)) on
a variable X in a causal Bayesian network consists in an ac-
tion on X that makes R(X) stand fix, such that further rea-
soning takes place in a restricted world where R(X) stands.
This means that the belief on X must not be modified by fu-
ture observations on other nodes of the Bayesian network.
In order to integrate the influence of R(X), the Bayesian
network is temporarily modified.

Let consider a a causal Bayesian network 8 = (G, P),
with G = (X, &).

A probabilistic intervention do(R(X)) on a variable X €
X in is an action that integrate R(X) in the probability dis-
tribution of a modified Bayesian network 8’ = (G’, P’) ob-
tained as follows :

1. Remove the node X and the associated arcs,

2. Define the graph G’ as the subgraph of G induced by
the set X’ ¢ X'\ {X} including the children of X and
all connected nodes.
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3. The probability distribution P” on X’ is defined by :

PX)= [| Pipayy [ PZIpag@)

Yé¢ch(X) Zech(X)

where P'(Z | pag(Z)) is defined as follows, suppo-
sing without loss of generality that Y is the only pa-
rent of Z in G’, meaning that X and Y were common
parents of Z in G (see Figure 4) :

P(Z|Y)= ZP(Z IX=x,V)RX=x) (1)

do(R(X))

(G,P) (GP)

Ficure 4 — Configuration of the graph around a node X
before and after a probabilistic intervention do(R(X)).

Figure 4 shows the modification of the graph of the
Bayesian network after the intervention do(R(X)). The chil-
dren of X in the initial graph G are the only nodes whose
local conditional probability distribution is modified by the
absorption of the node X in G'.

Remark that when the probability distribution R(X) is a
dirac on the value x, the definition of do(R(X)) and do(X =
x) are the same.

We extend the definition of probabilistic intervention for
a subset of variables in the configuration of the graph des-
cribed on the left part of in Figure 5. We consider a Baye-
sian network B = (G, P) whose set of nodes is X U Z, with
X N Z = 0 and there is no arrow from a node in Z toward a
node in X.

do(R(X))

Ficure 5 — Modification of the graph of a Bayesian network
after a probabilistic intervention on a subset of variables.
The bold dotted arrow represents the set of arrows from
any node of the set X to any node of the set Z.

A probabilistic intervention do(R(X)) on a set X is an
action that integrates R(X) in the probability distribution P’
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of the modified Bayesian network 8’ = (G’, P’) obtained as
follows :

1. Define the graph G’ as the subgraph of G induced by
the setZ;

2. Define the subset Xou¢ € X composed of the nodes
of X with an outgoing arc toward Z. By construction
the children of a node in Xy are in Z U Xy.

3. Define the probability distribution P’ on Z :

P@= [] P@lipayy []| P@lpag2)

Yech(Xout) Zech(Xout)

where P'(Z | pag (Z)) is defined below ; for that, let
X u(z) be the set of parents of a node Z € ch(Xgy) in
Xout, meaning that X,uz) = pa(Z) N Xoue. We sup-
pose without loss of generality that Y is the only pa-
rent of Z in G’, meaning that Y and X ,,(z) were com-
mon parents of Z in G (see Figure 6). Remark that it
doesn’t matter whether Y € ch(Xgut) or Y ¢ ch(Xout),
since we compute the new conditional probability
distribution of Z to incorporate in it the influence of
R(X) :

P(Z1Y) =Y PZ| Xpaz) = % VIRXK puiz) = X)
X

2)
The probability R(X,.z = X) is a marginal from
R(X).
X X Z

out

FiGure 6 — Detail of the parents of a node Z whose proba-
bility is re defined in the modified Bayesian network after
the probabilistic intervention on a subset of variables X.

A direct consequence of this definition is that there
is no distinction between the probabilistic interventions
do(R(X)) and do(R(Xout)) ; they produce exactly the same
Bayesian network 5'.

Remark also that when the set X is a singleton, the
definition of the probabilistic intervention do(R(X)) and
do(R(X)) are the same.

We can now present the early guidance procedure.

4.3 The early guidance procedure

The early guidance procedure follows the idea of the sa-
tisfactory situation and it is based on the Bayesian network
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of the common decision problem. The input of the proce-
dure is a partial description of the ecosystem of the new
decision case. The output is the posterior probability dis-
tribution of satisfactory alternatives. It can be later used in
different ways to provide a list of relevant alternatives.

The three main steps of the early guidance procedure are
presented in Figure 7.

Probabilistic
distribution
of the decision case

R(Xeco) = P(Xeco | Xoc = de)

Observation Probabilistic distribution
of an imaginary ofa
satisfactory situation  satisfactory alternative
Sezs P (X | So25)

Partial
observations
of a decision case
Xoc = de

Update
the ecosystem
given the
observation of the
decision case

Update
the characteristics of the
alternative
given the satisfactory
situation

Set the ecosystem R(Xeco)
by the

probabilistic intervention
do(R(Xeco))

Bayesian network
of the common
decision problem
B=(GP)

Specific guidance
Bayesian network
Buia= (Giuiar P')

with P'(.) = P(. |do(R(Xeco)))

6%} Bayesian network
of the ecosystem

Beco = (GecorP)

Ficure 7 — The early guidance procedure.

Here is the description of the early guidance procedure :

Input :
Xpc = dc, with Xpc C Xeceo a partial description of a deci-
sion case,
B, the Bayesian network of the common decision problem,
s, minimum level of satisfaction for the criteria.

Output : P(Xax | Sg > 5, do(R(Xeco))) probability dis-
tribution of the attributes of the satisfactory alternatives for
the given decision case.

step 1 - Compute R(Xeco) = PXeco | Xpc = do) :
use the Bayesian network of the ecosystem B,
to update the belief about the unobserved variables
of the ecosystem from a partial set of observations
Xpc = dc of the decision case.

step 2 - Make the probabilistic intervention
do(R(Xeco)) in the Bayesian network $ to set
the ecosystem with R(Xeeo). The result is a new
Bayesian network 8’ = (G’, P’) to be used for early
guidance in that specific decision case. Note that the
condition to make a probabilistic intervention on the
set Xeco 18 fulfilled since there is no arcs from the
rest of the graph towards Xec, (see the left part of
Figure 8); the Figure shows the graph before and
after the probabilistic intervention. The set of nodes
of B is X' = Sg U Indg U Xy
The new probability distribution P’ on X’ incorpo-
rates R(Xeco)- It is defined following equation (3), by
redefining the local conditional probability distribu-
tions of nodes of S and Indg.

step 3- Compute P’(Xari | Sg¢ > s) to propagate an
imaginary satisfactory situation Sg > s in the Baye-
sian network 8.
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FiGure 8 — The graph resulting of the probabilistic inter-
vention do(R(Xeco)) in the Bayesian network 5.

This procedure requires inferences in steps 1 and 3, to
compute joint probability distributions on the sets Xe¢, and
Xar- Since each of these set corresponds to a local Baye-
sian network, it is sufficient to compute and store the set
of local conditional probability distributions associated to
each node given its parents, following the partial order in-
duced by the graph. By this way, the required size in me-
mory is decreased. It only depends on the number of pa-
rents of the nodes and the size of the domains.

Moreover, thanks to the remark above about equiva-
lent probabilistic interventions, Step 1 can be made ea-
sier by considering only the nodes of Xec that are pa-
rents of a node in X’. Let Xpax:y € Xeo be this set :
Xpacx) = Imgg U (pa(Indg) N Xeeo). The probabilistic in-
terventions do(R(Xeco)) and do(R(Xpacxy)) are equivalent.
So, in Step 1, it is sufficient to compute R(Xpacx)), Where
Xpacx) is composed of the nodes of importance of the crite-
ria and the variables of the ecosystem involved in the eva-
luation of the quality of an alternative regarding a criterion.

The result of this procedure is the posterior probability
distribution of satisfactory alternatives for a decision case.
As shown in Figure 1, this result is a first step to make
easier the selection of a subset of satisfactory alternatives.
With this aim, different algorithms could be proposed de-
pending on the common decision problem and the context
of use of the aiding framework. For example, in the choice
of a manual wheelchair [21], an interesting objective is be
to propose a very short list of three real wheelchairs such
that all of them are relevant for the considered person and
his/her situation, and such that each wheelchair is as dif-
ferent as possible from the other two. Each of the three
proposal could then be evaluated in detail according to the
most important criteria for this decision case, which would
allow the person to understand the advantages and the rela-
tive drawback of each wheelchair. For the final selection of
a subset of alternatives, several elements can be very dif-
ferent depending on the objective : what is the desired size
of the final set of alternatives ? Do we desire all the most
satisfactory alternatives, or just a panel? Can we have a
subset of characteristics, and / or an ordered subset of cha-
racteristics ? Is it possible (desirable) to involve the actors
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of the choice in this step? and what kind of information
could be waited ? Finally, the complexity of this final pro-
cedure has also to be considered. In this article, we provide
a general framework that can suit different common deci-
sion problems, and different kind of applications. We let
for a future work the selection of a subset of alternatives
from the posterior probability distribution that results from
the early guidance procedure proposed in this paper.

5 Related works and conclusion

This last part is dedicated to a brief comparison of pro-
babilistic intervention with another proposal that also aim
to fix a local conditional probability distribution in a Baye-
sian network.

5.1 A brief comparison with soft evidence and AEBN

The idea to keep fixed a local probability distribution in
a Bayesian network has been approached through Soft evi-
dence [1, 22, 15]. It refers to a local probability distribution
that defines a constraint on the belief after this information
has been propagated; it describes the state of beliefs “all
things considered” and can not be modified by the propa-
gation of other findings. Actually, soft evidence may cor-
respond to the second meaning of the term "uncertain in-
put" in the probabilistic framework [4] : The input is a par-
tial description of a probability measure ; the uncertainty
is part of the input and is taken as a constraint on the final
cognitive state. The input is then a correction to the prior
cognitive state. It must be clearly distinguished from the
cases where the uncertainty bears on the meaning of the
input, which is usually referred as virtual evidence or like-
lihood evidence [17] in the context of Bayesian networks.
Soft evidence were first introduced in the context of Agent
Encapsulated Bayesian networks (AEBN) [1, 22, 13, 11].
In an agent based model using AEBNS, the belief of a re-
ceiver agent is updated following the transmission of a soft
evidence sent from a publisher agent. Several algorithms
have been proposed to manage soft evidence in Bayesian
networks. Most of them are based on the Iterative Propor-
tional Fitting Procedure (IPFP), adapted to the factorized
form of the joint probability distribution to be used with
Bayesian networks [19, 22, 10, 16, 12], including cases
with inconsistencies [23]. However, those algorithms are
rarely proposed in Bayesian network software tools !. This
kind of algorithm has been used in Markov networks in a
complex application for item planning and capacity mana-
gement in the automotive industry [6].

Even if both probabilistic intervention and the revision
of a probability distribution leads to define a new proba-

1. In 2014, Bayesialab was the only Bayesian network software to
propose fixing the probabilities of some selected nodes to the current mar-
ginal probabilities [15].
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bility distribution, they are deeply different. First because
an intervention is an action performed on a causal model,
and it leads to modify the graph since the action performed
move aside any other cause of the value resulting from the
action. At the opposite, the revision of a joint probability
distribution by a local one has nothing to do with causality,
and it keeps unchanged the structure of the graph.

Another point of comparison is worth mentioning : the
propagation of several pieces of evidence including at least
one piece of soft evidence is not commutative. As a conse-
quence, as long as a soft evidence stands, each additional
piece of evidence requires to apply again the algorithm
to maintain the constraint. Using a probabilistic interven-
tion leads to define temporarily a new Bayesian network in
which several pieces of evidence can be easily taken into
account.

5.2 Conclusion and perspectives

In this article, we define what is a common decision pro-
blem, and introduce the concept of ecosystem of the person
concerned by the decision as an explicit set of parameters
to be considered. we provide a brief comparison between
the early guidance problem and multi-criteria decision ana-
lysis. We explain the need of early guidance to facilitate the
selection of a a subset of satisfactory alternatives, before
the decision process really starts, and without requiring any
specific knowledge from the person regarding the problem.
We propose an early guidance system that embeds general
probabilistic knowledge about a common decision problem
and redistributes it appropriately in each decision case as
relevant guidance. Our proposition helps the actors of a
common decision problem and takes in input only a par-
tial description of their decision case (who, what, where,
when, why, how important, etc.).

We propose a new definition of a decision criterion that
gathers the importance of the criterion according to the eco-
system of the person, the evaluation of the alternative ac-
cording to ecosystem, and the satisfaction associated with
an alternative in a given decision case. We explain the
construction of the Bayesian network for a common de-
cision problem, embedding knowledge about the alterna-
tive, the ecosystem and using an unshielded collider in the
graph for each decision criterion. We introduce the prin-
ciple of the satisfactory situation as our starting point in
the reasoning towards satisfactory alternatives. In that rea-
soning, we explain the need of a probabilistic intervention
in the Bayesian network to set the ecosystem even though
it is partially observed. We extend the concept of interven-
tion proposed by Pearl to the concept of probabilistic inter-
vention. for a single variable, and for a set of variables in
a specific configuration of the graph. Finally, we propose
the early guidance procedure based on the knowledge mo-
del and using probabilistic intervention. The output of the
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early guidance system is a probability distribution of sa-
tisfactory alternatives that is a basis for the selection of a
subset of relevant alternatives.

In future works, we plan to complete this proposal with
an additional algorithm to provide a subset of satisfactory
alternatives based on the posterior probability distribution
resulting from the early guidance procedure. With that aim,
we will consider a specific common decision problem and
a precisely defined context of use of the aiding framework.
We also plan to implement and test probabilistic interven-
tion in pyAgrum 2[7], and to implement the early guidance
procedure on a specific common decision problem as the
one presented in [3].
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Abstract

Computational argumentation has taken a predominant
place in the modeling of negotiation dialogues over the last
years. A competent agent participating in a negotiation pro-
cess is expected to decide its next move taking into account
an, often incomplete, model of its opponent. This work pro-
vides a complete computational account of argumentation-
based negotiation under incomplete opponent profiles. After
the agent identifies its best option, in any state of a negotia-
tion, it looks for suitable arguments that support this option
in the theory of its opponent. As the knowledge on the op-
ponent is uncertain, the challenge is to find arguments that,
ideally, support the selected option despite the uncertainty.
We present a negotiation framework based on these ideas,
along with experimental evidence that highlights the advan-
tages of our approach.

1 Introduction

During the last years computational argumentation has
taken a predominant place in the modeling of negotiation
dialogues (for a survey see [11], [24]). The goal of a ne-
gotiation dialogue is to allow interacting agents to resolve
conflicts and reach a mutually accepted agreement, which
in this work is a mutually accepted offer (e.g. the price of a
product, the mode of payment). In an argumentation-based
negotiation (ABN), agents choose offers that are likely to
be accepted by the opponent and exchange arguments that
support these offers, either based on their own theories (see
e.g. [1], [3], [18],[13], [22], [14]), or based on the oppo-
nent’s profile (e.g. [15], [23], [9]).

The modeling of the opponent profile is an important
issue in negotiation dialogues (and more generally other
types of dialogue such as persuasion). As explained in [5],
although there are important differences between opponent
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models, there are strong reasons justifying their use, such
as the minimization of negotiation cost, the adaptation to
the opponent and the capacity to reach win-win agree-
ments, especially in cooperative environments. Learning
the opponent profile means learning its acceptance and bid-
ding strategies, the deadlines and its preference profile [5].
In most of the proposed works, the (online) opponent mo-
deling is based on learning techniques (see e.g. [4] for a
survey). Apart from the fact that learning the opponent
profile with traditional learning techniques is not an easy
task, as pointed out in [28], those techniques seem better
suited to game-theoretic (or utility-based) negotiations, ra-
ther than argumentation-based negotiations. Other works
(although they concern persuasion dialogues and legal dis-
putes), have proposed a probabilistic approach for dealing
with the uncertainty about the opponent profile. In these
works (e.g. [16], [27], [17]), probabilities are used in dif-
ferent ways for finding the arguments that are most likely
to be accepted by the opponent. Finally, some works (e.g.
[26], [21], [8]) investigate other approaches to modeling
the opponent profile in argumentation-based dialogues.
This work advances the state of the art in argumentation-
based negotiation by making original contributions to the
opponent modeling, and the associated acceptance strategy
(i.e. what offers are most likely to be accepted) as well as
bidding strategy (i.e. the strategy that an agent applies for
choosing the next offer). For opponent modeling, it builds
on the work of [10] on control argumentation frameworks
(CAFs), a formalism for modeling the uncertainty about the
opponent profile. More specifically, it borrows the concepts
of "on/off" arguments (i.e. arguments we don’t know whe-
ther they are present or not in a theory), and the three dif-
ferent categories of attacks (i.e. attacks we know their exis-
tence and direction, attacks we know the existence but not
the direction, attacks we don’t know the existence but we
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know the direction). This allows generating different pro-
files modeled as completions of the known part of the op-
ponent’s theory, and seeking offers that satisfy all possible
profiles (or as many as possible). Regarding the bidding
and acceptance strategies, the originality of this work lies
in the assumption that in argumentation-based negotiation,
a central challenge for an agent is to lead, by means of ap-
propriate arguments, its counter party to change its theory,
and eventually accept the offer it proposes, hence influen-
cing its acceptance strategy. Thus, in our approach, we pro-
pose a bidding strategy that relies on the previous assump-
tion. More precisely, the idea is that a proponent agent uses
first its own theory for choosing the best offer to propose,
but next, it uses the incomplete theory of its opponent to
find the arguments to support it. Then, it seeks and puts for-
ward a set of arguments called control configuration, that
could reinstate the supporting arguments, if these are re-
jected in the current state of the argumentative negotiation
theories of all (or most) of the generated opponent profiles.
Once the arguments of the control configuration are inser-
ted in the opponent theory, they would, ideally, allow it to
reach an agreement with the proponent, thus they alter its
acceptance decision.

2 Background

We assume that the reader is familiar with abstract argu-
mentation frameworks as introduced in [12], presented as
a pair (A, R), where A is a set of arguments,and RC AX A
is an attack relation. The relation a attacks b is denoted by
a R b or (a,b) € R. Different acceptability semantics were
also introduced in this work. Based on the acceptability se-
mantics, we can define the status of any argument, namely
skeptically accepted, credulously accepted and rejected ar-
guments.

Now we introduce briefly the control argumentation fra-
meworks (CAFs) proposed in [10], and discusses how they
capture the knowledge of an agent on its opponents. On a
high level, a CAF is an argumentation framework where
arguments are divided in three parts, fixed, uncertain and
control.

The fixed part of the theory concerns the certain know-
ledge that an agent holds about its opponent. This includes
arguments as well as attacks that undoubtedly belong to the
argumentation theory of the opponent. For instance, a sel-
ler agent knows that the customer agent prefers European
cars, that safety is an important issue for it and that it pre-
fers electric or gasoline-powered cars than diesel cars. The
uncertain part captures the uncertainty about the presence
of arguments in a theory (expressed by the “on/off” argu-
ments as shown below), as well as the presence and the
direction of attacks between arguments in this theory. It re-
flects the uncertainty that arises due to lack of complete in-
formation on the current state of the world that determines
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the decisions of the opponent, but also its beliefs and pre-
ferences. For example, the seller agent may not know the
income of the customer agent, whether a car is a social sta-
tus symbol for it, the highest price that it is ready to pay, or
whether it is willing to pay more if some extras are inclu-
ded, and payment by installments is accepted. Finally, the
control part contains arguments that can be used against
arguments of the fixed or uncertain parts that attack argu-
ments that are in favour of some offer of the proponent.
Therefore, the control part serves to ensure that arguments
in the fixed part that support some offer of the seller that
is not adequate with some certain (i.e. European car) or
uncertain (e.g. max price, preferred mode of payment) pre-
ferences of the customer, can be accepted under some cir-
cumstances. For instance, a control argument could allow a
seller agent to propose a car from abroad Europe (which is
against the known preference of the customer agent and re-
presented in the fixed part) by proposing some interesting
options (e.g. five airbags knowing that safety is an impor-
tant issue for the customer and also represented in the fixed
part) and in a price that is probably higher than the highest
price the customer is intended to pay (this is part of the un-
certain knowledge) but which allows the seller to accept a
payment by installments, if this is the preferred payment
mode for the customer (this is also part of the uncertain
knowledge). Formally, a CAF is defined as follows :

Definition 1 Let L be a language from which we can build
arguments, and let Args(L) be the set which contains
all those arguments. A Control Argumentation Framework
(CAF) is a triple CAF = (F,C,U) where F is the fixed
part, U is the uncertain part and C is the control part of
CAF with :
1. F = (A, —) where A is a set of arguments that we know
they belong to the system and —C (Ar U Ay) X (Ap U Ay)
is an attack relation representing a set of attacks for which
we are aware both of their existence and their direction.
2. U =(Ay,(2 U --3)) where Ay is a set of arguments
for which we are not sure that they belong to the sys-
tem, 2C (((Ay U Ap) X (Ay U Ap))\ —) is an attack
relation representing a set of attacks for which we are
aware of their existence but not of their direction, and
->C (((Ay U AFR) X (Ay U Ap))\ —) is an attack relation
representing a set of attacks for which we are not aware
of their existence but we are aware of their direction, with
2N ->=0.
3. C = (Ac,=) where Ac is a set of arguments, called
control arguments, that the agent can choose to use or not,
and =C {(a;,a;) | a; € Ac, aj € ApUAcUAy} is an attack
relation.

Ap,Ay and Ac are disjoint subsets of Args(L).

A CAF features a set of distinct attack relations that
capture different sorts of information. Its simplest part is
(Ar,— N(Ar X Afr)), which is a classical AF that contains
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the indisputable knowledge of the agent on its opponent.
The idea of CAFs essentially extends this basic argumenta-
tion framework with additional attack relations defined on
arguments from the sets Ay and Ac. For instance, there is
an attack (a;,a;) €2, with a;,a; € Ap whenitis certain that
the two arguments exist and are in conflict (e.g. because
they make mutually exclusive claims), but the direction of
the attack(s) is unknown (e.g because of lack of informa-
tion on the intrinsic strength of arguments, or on the prefe-
rence relation between arguments). An attack (a;,a;) €—,
with a; € Ay and a; € Ap, represents a situation where it is
unknown whether q; is present in the system (e.g. some of
its premises could be false at the current time), but if a; is
in the system, then a; definitely attacks a;.

Central to controllability is the notion of completion of
a CAF. Intuitively, a completion is a classical AF which is
built from the CAF, by choosing one of the possible options
for each uncertain argument or attack.

Definition 2 [10] Given a CAF CAF = (F,C,U), a com-
pletion of CAF is an AF AF = (A, R), s.t.

1.A=Ap UAc UAcomp where Acomp € Ay ;

2.if(a,b) € R, then (a,b) e-> U 2 U --> U >;

. if (a,b) €—, then (a,b) € R;

.if(a,b) €2 and a,b € A, then (a,b) € R or (b,a) € R;
.if(a,b) e and a,b € A, then (a,b) € R.

b N W

Note that the definition of a completion leaves the at-
tacks from --» unspecified, as these attacks may not appear
in the theory. For some examples of completions the reader
can see [10].

Controllability means that we can select a subset A,y €
Ac and the corresponding attacks {(a;,a;) €| a; €
Ac, aj € (AF U Ac U Ay)} such that whatever the com-
pletion of CAF, a given target is always reached. We fo-
cus on two kinds of targets : credulous acceptance of a set
of arguments (this is reminiscent of extension enforcement
[6]), and skeptical acceptance of a set of arguments.

Definition 3 [10] A control configuration of a CAF
CAF =(F,C,U)is asubset Ac,ny < Ac. Given a set of ar-
guments T C Ar and a semantics o, we say that T is skepti-
cally (resp. credulously) reached by the configuration A o, ¢
under o if T is included in every (resp. at least one) o-
extension of every completion of CAF' = (F,C’,U), with
C' = (Acons-(ai,a)) €] a; € Ac, aj € (AF UAc U Ap))).
We say that CAF is skeptically (resp. credulously) control-
lable w.rt. T and o

In a nutshell, CAFs are a powerful enabler of advan-
ced negotiation techniques, that blend together a number of
desirable features such as the qualitative representation of
uncertainty, simultaneous reasoning with different profiles
through completions, simultaneous consideration of both
certain and uncertain knowledge of the opponent, the use

93

Y. Dimopoulos, J.-G. Mailly, P. Moraitis

of control arguments (corresponding to a persuasion phase
embedded in negotiation, allowing for the reinstatement of
rejected arguments), along with a computational model ba-
sed on QBFs.

3 The Negotiation Framework

This section presents a new argumentation-based nego-
tiation framework that relies on CAFs [10] for represen-
ting the incomplete information that agents have about their
opponents. Agents communicate through the exchange of
messages (or dialogue moves, see e.g. [11]). We assume
that agents play the roles of the proponent and opponent
in a turn-taking round-based protocol (e.g. similar to the
alternating offers protocol of [14]), where a proponent ini-
tiates a round and passes the token to its opponent when it
is unable to defend an offer rejected by the opponent. The
opponent may accept an offer when one of the supporting
arguments is an acceptable argument for it, or reject an of-
fer if it cannot accept any of the different supporting argu-
ments sent by the proponent. We build on the works of [1],
[14], and in the following, £ denotes a logical language,
and = an equivalence relation associated with it. From £,
a set O = {oy,...,0,} of n offers is identified, such that
fo;, 0 ; € O such that 0; = o ;- This means that the offers
are different. Offers correspond to the different alternatives
(e.g. prices for a product) that can be exchanged during the
negotiation dialogue. We assume that agents share the same
set of offers O but those offers can be supported by dif-
ferent practical arguments (although not necessarily) in the
theories of the negotiating agents. By argument, we mean a
reason in believing (called epistemic arguments) or doing
something (called practical arguments). The set Args(L) is
then divided into two subsets : a subset Args,(L) of prac-
tical arguments supporting offers, and a subset Args.(L)
of epistemic arguments supporting beliefs. Thus, Args(L)
= Args,(L) U Args.(L). A negotiation theory is therefore
represented as follows :

Definition 4 (Negotiating agent theory) Let O be a set of
n offers. A negotiating theory of an agent « is a tuple T =
(O, T CAF P, F) with T = (A%, —,) and CAF** =
(FB U*P C*BY and where :

1. A" C Args(L) is a set of arguments s.t. A* = Aj U A7
where AJ is a set of practical arguments, Ay a set
of epistemic arguments, and AY C AY is the set of
control arguments. For the attack relation it holds
—e¢=—p U =, U >, with —,C A; X AZ, representing
an attack relation for practical arguments, —,C A X AS
representing an attack relation for epistemic arguments
and —,C A, X Aj representing an attack relation between
epistemic and practical arguments i.e. (a,0) €—,, if
acAfando € Ai (see [2], [14]).
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2. CAF* is defined by :

— F =AY, = o) with AP =AY UAYY, =, p=—0”
U —>"ﬁ and (A”ﬁ —Py defining the epistemic argu-
ments subpart s.t. —>Z’ﬁ c (A(;’f UA‘Zf )X (Aji’f UA(UY’f ).
The above hold also for the practical arguments sub-

af_ saf af
part. It al;o holds A —AUB U AU,,
ap a,

— U*B=( Ay

e p=e U oo

,2ap U ep)) With 245=2, U 2,
and (A3f. 2, U =0) 2.0
(A U AT x (A;Sf VAR =7), -.C (A7 U
A{;f) X (A‘Z,’f U A‘;;ﬁ))\ Y defining the epistemic
arguments subpart. The same hold for the practical
arguments subpart. 2, N --»,= (.
— C“’ﬁz(A‘j, =) where C {(a;,a;) | a; € A and a; €
ATUAZF VAP (5P U, U -))).
3FC:0 28 st Vi, jwithi £ j, F0:) N Fo;) = 0.
Let Al,g UF% o) withi=1,...,n. This function returns
the practical arguments supporting offers in O.

In the following we present the different procedures that
implement the new negotiation framework of this paper.

3.1 Best Offers Selection

Algorithm 1 is the procedure invoked by the proponent
agent « in order to compute, first, its best offer, based on
its own theory, and it is implemented through function
comp_next_of fer. This function looks for the best offer
supported by an acceptable practical argument by using
a ranking on the supporting arguments based on a partial
preorder (other methods can be also applied here). Then,
based on its CAF**, it computes the practical arguments
that support this offer in its opponent theory and calls a pro-
cedure, implemented by algorithm 2, that selects the sup-
porting argument to be sent. If the proponent agent has no
(other) offer to propose, the opponent of the agent is infor-
med by a suitable message (i.e. nothing).

Algorithm 1:

offer(0, T, CAF ™, F4(0))

1 0 « comp_next_offer(O, 7°);

2 if 0 # 0 then

3 FB(0) compute_sup_arg(o,A;‘f u A‘Z,f);
call choose-support-arg(o, F*#(0), CAF **);

choose-best-

4

5 else

L message(a, f)=nothing ; send(message(a, 3));

3.2 Supporting Argument Selection

The algorithm described below, selects (through func-
tion choose — arg, where the choice can be random, as
herein, or based on other methods) the argument that the
proponent agent « sends to its opponent agent to support its
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offer. Moreover, another procedure finds the arguments that
defend this supporting argument whenever this argument is
currently rejected by the opponent. This task is carried out
by the procedure implemented by algorithm 3. If there is no
other available argument that supports the current offer, the
agent abandons this offer and passes the negotiation token
to the opponent agent.

Algorithm 2:
arg(o, F**(0), CAF )

1 if F*P(0) # 0 then

2 0 « choose-arg(F**(0));
3 L call defend-offer(o, 6, F*#(0), CAF“*)

choose-support-

4 else
5 L():O—{o};

6 message(a, §)=give_token;

A = A, - F(0);
send(message(a, 5));

3.3 The Bidding Strategy

The bidding strategy of the proponent agent is imple-
mented by algorithm 3. The main task here is to defend the
proposed offer by an argument that (as said before) sup-
ports the offer in the opponent’s theory. Consider for ins-
tance a car seller agent who proposes an expensive luxury
SUV of a prestigious brand to a customer who, as the agent
understands, seems to afford it. The reason (argument) that
the seller agent has chosen this particular car is probably
the high sales commission that it brings. However, this is
not an argument it can use to convince its customer. The
pool of appropriate arguments could include the smooth
ride, fast acceleration, high top speed, off-road capabilities,
safety features, or even the high social status associated
with the brand. In fact, the discovery of those arguments
takes place inside algorithms 1 and 2. The role of the bid-
ding strategy algorithm is to determine whether such a sup-
porting argument is already acceptable in the opponent’s
theory, or to search for a control configuration that can de-
fend the selected supporting argument under all possible
opponent profiles.

More precisely, acceptance in the context of incomplete
theories is based on the notion of completion which repre-
sents a possible profile (see definition 2). The computation
in line 1 of the algorithm relies on reasoning with Quan-
tified Boolean Formulas (QBFs), as described in [10], that
is carried out by the quantom solver [25]. The credulous
controllability wrt the theory Aif:ﬁ U A(Zj’ﬁ (i.e. arguments in
A? are not considered in this case) is computed by using
the following Formula 1 :

Viony, | x; € ASF Wiatty, x; | (i, X)) €245 U Rapl
FHaccy, | x; € AP (CATF, 0)
V(\/(xi,x,‘)e;?(,ﬁ(_‘atta,-,aj A _‘attaj,a,))]

where A = A‘;"B U Acomp With Agomp C A”"B
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Algorithm 3: defend-offer(o, 8, 7*#(0), CAF P )
1 if 0 is credulously accepted in all completions of the
theory A?ﬁ U A(ijﬁ
2 then
3 offer(a, 8) = (0,6,(0,0));
4 F*P(0) = FF(0) - {6};
5 message(a, f)=offer(a, B) ;

send(message(a, 8))

else

S « comp_contr_conf(Cﬂ'f"ﬁ, 0);

if S # 0 then

R = {(aia)la; € S, a; € AT UATY,
offer(a, B) = (0, (6,(S, R)));

10 message(a, )=offer(a, f);

send(message(a, 3))

e ® 9 &

11 else
12 FrB(0) = F¥(0) — {6);
13 call choose-support-arg(o, F*#(0), CAF **);

The on, variable means that the argument x; cur-
rently belongs to the system; it is used for making the
differentiation between the completions where x; is in-
cluded and those where it is not. Similarly, att,, ,; is true
when there is an attack from x; to x;. This variable has to
be true if (x;, x;) is a fixed attack of CAF . Otherwise the
truth value of this variable allows to make the distinction
between the completions where (x;, x;) is included and
those where it is not. Finally acc,, is a propositional
variable representing the acceptance status of the argument
x;. The propositional matrix @ (CAF,6) of the formula
is satisfiable when 6 belongs to at least one extension of
a completion of CAF (more details about this part are
given later). Straightforwardly, the prefix of the formula
corresponds to an enumeration of every completion (by
the V quantifiers); for every such completion, we have
to search for at least one extension (represented by the
existentially quantified part) such that 6 belongs to it.
Now, in case this computation succeeds, 6 is acceptable in
all possible opponent profiles (completions), and agent «
sends to agent 3 the offer o, along with 6.

In case 6 is not acceptable wrt the above theory, agent «
reacts as depicted in lines 7-13 of algorithm 3. First, it uses
its CAF to seek a control configuration S, that defends 6.
This is again a problem on QBFs that is solved by a call
to quantom solver (line 7 of the algorithm). However, this
time arguments in A? are considered and credulous control-
lability is computed by using the following Formula 2 :

Aony, | x; € AZW{on,, | x; € AT Watt,, ;|
(xi, Xj) €908 U 245} accy, | x; € AJ[ DS (CAF, 0)
V(\/(x,-,xj)er_’,l_ﬁ(_'atta,,aj A _‘a[[a_,,ai))]

where A = A% U A2 U Aomp With Aom, C AP,
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Note that this formula is very similar to the previous
one. This time, the existential quantifier over the on,,
variables, for x; € A, corresponds to the search for one
control configuration. So the whole formula corresponds
to the definition of credulous controllability : the formula
is true if there is a control configuration such that, for
every completion, 6 belongs to at least one extension.

In both above cases we use the formula O (CAF, 6) =
DO (CAF) A accg which is based on

Ou(CAF) = A, cypolace, &
/\X,‘EA(atth,x, = _‘aCij)] A /\X,.eAgﬂqu-ﬂ[aCCxi S (ongA
/\,vcjeA(atzx_f,xi = _‘accx_f))] A /\(,’C,‘,X’,)E—)aﬁuéaﬂ ally, x;
/\(x,‘,xj)e:”ﬁ atty, x; V atty, x, /\(x,-,xj)eR -atty, x;

where R ==, U 2,5 U =345 U 24p.
Moreover, in the first case, where the control arguments
are not used (in Formula 1), /\X’_E ATBUATE becomes /\x,e o

This formula is a generalization of the encoding of stable
semantics defined in [7]. When every att-variable and every
on-variable is assigned a truth value, this assignment cor-
responds to a completion. Then, the consistent truth as-
signments of the acc-variables correspond to the set of
stable extensions of the completion. This means that if
O (CATF) A accy is satisfiable, then 6 belongs to at least
one stable extension of the completion which is represen-
ted by the att and on-variables.

Now if in this second case the call succeeds, agent &
sends offer o to agent §, along with the supporting argu-
ment 6, the set of arguments S, and the associated attacks
R. Otherwise, the agent abandons this argument and picks
another from 7 %#(0) in order to continue defending o. This
is done by function choose-support-arg. Recall that our ap-
proach looks for sets of arguments that are control configu-
rations, i.e. work for all possible profiles of agent 5. Howe-
ver, if there is no such solution, the QBF based techniques
of quantom [25], can find sets of arguments that work for
most of these profiles.

In the following we define an operator @ that is used in
algorithms 4 and 5.

Definition 5 Let Ay, Ay, A3 be sets. We define (A1,A)® A3
as the pair (A, A)}) such that A\ = A\ (A N A3) and
A,Z =A, U(A] NA3).

At the beginning of the negotiation each agent has in its
theory (i.e. A” and AP respectively) only a part of the pos-
sible epistemic arguments (wrt a specific application). That
means that some arguments are in A* and not in A? (and
vice-versa). However, when an agent will use arguments
(and the associated attacks) that do not belong to the op-
ponent’s theory, the opponent agent will add them (as well
as the associated attacks) in its own theory, and it will be
able to use them from that point onwards in the negotiation.
This situation may take place in the algorithms 4 and 5.
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3.4 The Acceptance Strategy

This section discusses Algorithm 4, that implements the
acceptance strategy of an agent. Upon receiving an offer
and its supporting arguments (and the associated attacks)
sent by a proponent agent, the algorithm updates the theory
as well as the CAF of the receiving agent by integrating
the supporting arguments, the defending arguments (i.e. the
control configuration), and the associated attacks into both
theories (i.e. the receiving agent own theory and its CAY).
Then, the receiver agent either accepts the offer (i.e. if the
supporting arguments are acceptable) and informs the pro-
ponent accordingly, or sends to the proponent the reasons
for rejecting its offer.

Algorithm 4:
offer(8, @))

1 0,0,(S,R))=offer(B, @);
2 if § # 0 then
3 Tr=(A*US, >, UR);
A A7) =AY, A e S
(e8> —ap) = (ap —ep) OR;
L ((jar,/iv _)a,ﬁ) = ((Z)a,ﬁv _>a/,ﬁ) o R

decide-upon-offer(7®, CAF *#,

= 7 I

7 if 6 is a credulous conclusion of theory 7* then
8 message(a, 3)=Accept(0);

v | send(message(a, 3))
10 else
1 Compute Q € & where & is an extension of 7 and Q

is the set of arguments from which 6 is reachable in
the attack graph;

12 Reasons={(p, 0)|(p,0) e, and pe QO };

13 message(a, §)=Reject(o, 8, (Q, Reasons));

14 send(message(a, 8)) ;

3.5 The Negotiation Protocol

The algorithm 5 described below implements the core
procedure that drives the overall negotiation between the
two negotiating agents through the necessary updates of
their negotiation theories and calls to appropriate functions.
The first part of algorithm (lines 1-2) implements the be-
havior of an agent when it is the proposer of the first of-
fer, whereas the second part (lines 3-24) is concerned with
its reaction when it receives an answer from another agent
(i.e. the opponent). While the first part is straightforward
as it concerns the selection of the best offer to propose,
the second part is more involved and breaks down to seve-
ral subcases. Those cases concern different situations that
may arise during a negotiation, such as the rejection of an
offer by the opponent, the acceptance of an offer (that ter-
minates the negotiation with an agreement), the situation
where the opponent informs that it has no other offer to pro-
pose, the situation where the opponent responds that it has
no offer to propose too in a received similar message by the
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(proponent) agent (this ends the negotiation without agree-
ment), the situation where an agent informs that it gives the
token, and the situation where an offer is received and the
receiver agent has to decide upon its acceptance or rejec-
tion. The example below explains how the protocol works.

Algorithm 5:
negotiate({0, 7, CAF *#, F2))
1 if agent a proposes first then
2 L call choose-best-offer(O, 7, CAF P For (0));

Procedure

3 while true do

4 get message((, @);

5 switch message(f3, @) do

6 case Reject(0,60,{Q, Reasons)) do

7 Ay AP = Ay A e 0;

8 (208> ap) = (2ap 2ap) ® Reasons;
9 (Rap> —ap) = (Sap> —ap) ® Reasons;

10 call defend-offer(o, 6, F*#(0), CAF*F);
11 case Accept(o) do
12 End of negotiation with agreement on
offer o
13 case nothing do
14 if O # 0 then
15 L call choose-best-
offer(0, T, CAF ™, FF(0));
16 else
17 answer(a, B)=nothing_too;
18 send(answer(a, 3))
19 case nothing_too do
20 ‘ End of negotiation without agreement
21 case give_token do
22 call choose-best-
offer(0, T, CAF*, F*#(0));
23 case offer(B, a)=(o0, (6, (S, R))) do
24 call decide-upon-offer(7®, CAF *#,
offer(B, @));

3.6 A Negotiation Example

In the following we run an example of negotiation for
illustrating our framework. Figure 1 presents the agents
a and B theories (before (a) and after the negotiation
(b)) and their associated CAF respectively. Green argu-
ments (resp. attacks) represent certain arguments (resp. at-
tacks), red arguments (resp. attacks) represent uncertain ar-
guments (resp. attacks) and blue arguments (resp. attacks)
represent control arguments (resp. attacks). Thus in the
current example we have A; = {X} and AY = {B,E,K}
for agent o and Af, = {Y} and Af = {B,E,D, F} for
agent 8. The arguments {D, F} are ignored by agent a.
We have also the common set of offers O = OF = {o}.
F0) = {X} and FP(0) = {Y} represent the practical ar-
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guments supporting offer o in the agents « and S theories
respectively. For their CAF we have F(0)* = {Y} and
F(0)** = {X} respectively. Regarding the uncertainty, for
CAF** we have AZ’?:{B}, 54 5={(E, Y)} and for CAF"*
we have AG={E}, -5,=((B.X)}. 24.=((K.E).(E.K)}.
=p0={(F, E), (D, B)} and control arguments Af ={D, F}.
The negotiation starts with agent @ as proponent (see
Fig. 1 (a)) by invoking algorithm 5. Following line 2 there
is a call of algorithm 1. This algorithm computes the next
(best) offer (line 1) to propose that is supported by an
acceptable argument. In our example there is offer o but
the supporting argument X is rejected as it is attacked by
arguments B and E that belong into the two stable ex-
tensions namely {B, K} and {B, E}. Agent « has no offer
to propose to agent 8 and following line 6 it prepares a
message(a,B) = nothing and sends it to agent 5. Agent
B acts now as proponent (see Fig. 1, (a)). By using al-
gorithm 5 (line 13) it checks whether O° # 0 (line 14)
which is the case and calls algorithm 1. This algorithm
computes (as previously) the next (best) offer (line 1) that
is supported by an acceptable argument. In the current si-
tuation we have the offer o which is now supported by the
acceptable argument Y as it belongs to the (only) stable ex-
tension {Y, D, F}. Then (line 3) it computes the supporting
practical arguments in the uncertain theory of agent @ na-
mely F(0)*® = {X} by using its CAF. Then (line 4) there
is a call of algorithm 2. This algorithm allows to choose
a supporting argument (line 2). In our case there is only
one the argument X. Then there is a call (line 3) of al-
gorithm 3. This algorithm allows to check firstly (line 1)
whether X is credulously accepted in the uncertain theory
of agent @ without the use of a control configuration (see
Formula 1). Argument X is attacked by the uncertain ar-
gument E (i.e. see attack (E, X)). That means that there is
a completion (or profile) where this argument is present
in the theory. Moreover the type of uncertain attack bet-
ween arguments K and E informs us that an attack is in-
deed present but the direction is unknown. That means that
there are two completions (profiles) (among the three pos-
sible ones) where we have {(K, E), (E, K)} and {(E, K)} as
possible attacks. In one of these completions argument E
defends itself against the attack from K and in the other it
attacks K. Therefore in both cases E will be an acceptable
argument and X will be rejected (as there is no defence
against this attack). Argument X is also attacked by argu-
ment B through the uncertain attack (B, X). That means that
there is a completion (profile) where this attack is present
in the theory and in that case X will also be rejected as B
is an acceptable argument and there is no defence for X
against the attack (B, X). Therefore X cannot be accepted
without the use of a control configuration. By looking at
the real theory (green arguments) of agent @ we may ob-
serve that the profile with the attacks {(K, E), (E, K)} is the
right one but agent 8 ignores this information. Then the al-
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gorithm tries to check whether it can find (see Formula 2)
a control configuration S (line 7). As we may observe such
a set exists (see line 9) that can defend X no matter the real
profile (i.e. for all the completions) of agent . More pre-
cisely we have S = {D, F} and R={(F, E), (D, B)} and an
offer(8, @)=(o0, (X, ({D, F},{(F, E), (D, B)}))) is built. Then,
following line 10, a message(B3, @)=offer(8, @) is prepa-
red and sent to agent @. Agent @ acts as receiver now.
By using algorithm 5 (see line 23) it calls algorithm 4
(see line 24). By using algorithm 4 agent « updates its
theory and CATF (see lines 3-6), by using S = {D, F} and
R={(F,E), (D, B)} (see Fig. 1 (b)). Then it checks whether
it can accept X (see line 7). As shown in Figure 1 (b), the in-
tegration of agent’s 8 control (blue) arguments {D, F'} (and
the associated attacks) in agent’s « theory (see green argu-
ments and attacks in Fig. 1 (b)), allows this agent to accept
argument X as {X, D, F, K} is a stable extension and there-
fore to accept offer o. Thus, following lines 8-9 it prepares
a message(a, f)=accept(o) and sends it to agent 5. Agent 8
acts as receiver by using algorithm 5 (see line 11) and the
negotiation ends successfully (line 12) with an agreement
on offer o.

4 Experimental evaluation

Our framework has been implemented by using the
JADE (http ://jade.tilab.com/) platform and evaluated on
negotiations with random argumentation theories.

4.1 Random Theory Generation

The experimental evaluation of the proposed framework
is based on a system, implemented in Java, that generates
pairs of random negotiation theories and associated CAFs,
with different user specified characteristics.

Each negotiation experiment involves a pair of random
theories 7@ = (A%, —,) and 77 = (AP, —p) that share a
common part, i.e. there exists Ny = (ANes, —N,;)s Such
that AN = A* N AP and (a,b) €—y, , iff (a,b) €—, N —p.
Moreover, control arguments are only attacked by other
control arguments, i.e. (A" \ A?) X AY)N —,= 0.

The structure of the generated theories depends on a num-
ber of user supplied parameter values that are explained
briefly below.

The user inputs the number of epistemic, practical and
control arguments of theories 7% and 77, as well as their
density, defined as the ratio of attacks present in the
theory to the number of all possible attacks between the
arguments of the theory. Moreover, the instance generation
system receives as input the number of epistemic, practical
and control arguments of the shared part N, g.

From theory 77, the CAF CAF* = ((A(;'ﬁ  Dap
) (A% 205 U —54p), (A%, 2)) s built (similarly for 7
and CAFP), which is the theory that agent a holds about
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Figure 1 — The theor&es of agents @ and B before (a) and after (b) the negotiglbt)lon and their respective CAFs.

agent B. CAF™F satisfies the following conditions (a)
AP UAY = AP UAS, (b) A C ATP

The attack relation —45 U 244 U --544 Of CAF P is
generated so that it satisfies the following conditions :
a) _)(Z,ﬁg_)ﬁv
b) —p NAT x ATy C—,p,

C) (Rap U 208 C (=5 \ —ap), and
d) <:)n,ﬁ N "')a,ﬁ: 0

The main consequence of the above requirements is that
the attack relation of CAF ™* is a subset of the attack rela-
tion of 77. The rationale for this restriction, in this initial
experimental evaluation, is to focus on negotiation experi-
ments where agents possess an "accurate” model of their
opponent. One way to formalize the model accuracy is via
the above relation between individual theories and CAFs.
Moreover, it is interesting to study how the framework be-
haves when this restriction is removed. Indeed, the next
section provides initial evidence that the method of this pa-
per can cope with the relaxation of this restriction.

As with the individual agent theories 7¢ and T8, the
random instance generation software accepts as input a
number of parameter values that determine various fea-
tures of the CAFs of the agents. Most of them concern
the uncertainty of an agent profile on its opponent, as cap-
tured by the corresponding CAF. The first is parameter
rateUncertArgs that defines the ratio of uncertain argu-
ments to all (fixed and uncertain) arguments of the theory.
That is, rateUncertArgs= IAZ'ﬁI/IA‘;ﬁ UA‘Z]’ﬁI for agent a,
and similarly for agent £.

Other  parameters of the system include
rateUncertAtt, that defines the ratio of uncertain
attacks over all attacks, as well as rateUndirAtt that
defines the ratio of undirected attacks to all attacks. That
is, rateUncertAtt=| >4 4 |/| 2ap U Sep U 204 |, and
rateUndirAtt=| 2,4 |/| =ep U Rap U -ag |-
Moreover, parameter densContrAtt defines the ratio of
attacks from the control arguments of the agent to the
arguments of its opponent that are included in its CAF
to all possible such attacks from control arguments. For
instance, densContrAtt=0.1 for CAF?, means that
10% of all possible attacks from arguments of AY to
arguments in A’ U A‘l’,’ﬁ are included in the particular
CAF“®. Finally, the instance generation system receives
as input the number of offers, i.e. |0?| and |0#|, as well as
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the number of practical arguments that support each offer.

4.2 Experimental Results

This section reports on selected results of the experimen-
tal evaluation of the framework. As the negotiation theory
generation system accepts several parameter values, it is
outside the scope of this work to provide exhaustive ex-
perimental results for all possible value combinations. Ins-
tead, we present results for selected runs that reveal impor-
tant factors that influence the working of the negotiation
algorithm, and highlight its merits and limitations. In all
experiments we fix |A?| = |48 = 40, |ASl = |A€| =6,
|0 = |0 = 4 and A% N ANes = AP () ANes = ¢,

The experimental evaluation is centered around 12 sets

of agent theories, and associated CAFs, that differ in the
uncertainty of these CAFs and the size of the shared part
of agent theories. More specifically, four (4) combinations
of parameter values concerning the CAFs are considered,
same for both agents. The first combination, abbreviated
as comb1, is determined by the values rateUncertArgs=
0, rateUndirAtt= 0, rateUncertAtt= O which cor-
respond to the case where both agents have complete
knowledge of their opponent. Then, comb2 is defined
by the values rateUncertArgs= (.10, rateUndirAtt=
0.5, rateUncertAtt= 0.5. Moreover, the third combina-
tion comb3 is rateUncertArgs= (.25, rateUndirAtt=
0.125, rateUncertAtt= 0.125. Finally, the last combina-
tion comb4 is rateUncertArgs= 0.50, rateUndirAtt=
0.25, rateUncertAtt= 0.25 and is the case where the
agents have the highest uncertainty about their opponents
among all the experiments.
Each of the above set of values for the 3 CAF parame-
ters is combined with one of the three possible values
{0.25,0.5,0.75} for the ratio |AN*#|/|A?| that capture dif-
ferent degrees of similarity between agent theories.

Each row of Tables 1 and 2 presents the agreement rate,
(i.e. ratio of the number of negotiations terminated with
agreement over the total number of negotiations) of 600
negotiations consisting of 50 randomly generated experi-
ments for each of the 12 parameter values combinations
described above. Therefore, each experiment is an amal-
gamation of negotiation theories of various types as far as
the values of the 12 value parameters is concerned. Each
row of Table 1 corresponds to an experiment (600 negotia-
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tions) where the number of control arguments is shown in
the numContrArg column, whereas the value of parame-
ter dens ContrAtt in the corresponding column. The last
two columns refer to the agreement rates achieved when
the density of the individual theories of the agents parti-
cipating in the negotiations is fixed to 0.15 (column "Agr
0.15") and 0.2 (column "Agr 0.2") respectively. The first
row corresponds to the case where none of the agents has
any control arguments.

The first conclusion that can be readily drawn from Table
1 is that the presence of control arguments increases si-
gnificantly the number of negotiations that terminate with
agreement. Indeed, for theories with density 0.15 (column
"Agr 0.15"), the agreement rate almost doubles from 0.23
to 0.44 for cases where there are relatively few control ar-
guments and attacks from those arguments, and triples to
0.65 in the experiments with the highest number of control
arguments and attacks.

Similar are the results when the density of the indivi-
dual theories of the participating agents is set to 0.2 (co-
lumn "Agr 0.2"). Observe that the slight increase of the
density leads to a decrease in the rate of agreements in all
cases. However, again the presence of control arguments
increases the agreement rate from 0.16 to as high as 0.56.

numContrArg | densContrAtt | Agr0.15 | Agr0.2
0 0 0.23 0.16
3 0.03 0.44 0.39
3 0.05 0.46 0.44
3 0.1 0.57 0.49
3 0.2 0.60 0.52
6 0.03 0.58 0.52
6 0.05 0.59 0.50
6 0.1 0.65 0.56
6 0.2 0.58 0.54

TaBLE 1 — Agreement rate for negotiations with individual
theories of density 0.15 and 0.20

Recall that the negotiation experiments are generated
so that AT U ATF = AP U A% ie. agent @ CAF about
[ contains all the arguments of its opponents. In the ex-
periments of Table 2 this assumption is removed by allo-
wing agent 8 to possess arguments that are not part of the
CAF of agent @. The number of these arguments is de-
termined by the value of parameter unknown defined as
(AP — (AT U ATOINNASY U ATP)L. Tn the experiments of
Table 2 this value is set to 0.25 with the effect of a decrease
in the agreement rate when compared to the case with no
unknown arguments. This decrease was less significant for
theories with more control attacks. The experimental eva-
luation leads to a number of general conclusions. The first
is that, not surprisingly, the effectiveness of the approach
wrt the rate of agreements depends on a number of para-
meters including the density of the individual theories, the
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numContrArg | densContrAtt | Agreement
3 0.03 0.32
3 0.05 0.37
3 0.1 0.42
3 0.2 0.43
6 0.03 0.45
6 0.05 0.43
6 0.1 0.55
6 0.2 0.57

TaBLE 2 — Agreement rate for negotiations with individual
theories of density 0.15 and unknown= 0.25

number of attacks from control arguments, etc. Moreover,
other experiments not reported here, have shown that the
agreement rate also depends on the size of the shared part
Nog. In all cases it seems that, for "reasonably good" op-
ponent profiles, the method leads to a significant increase in
the number of negotiations that terminate with agreement.

5 Related work and Conclusions

In this paper we presented an original argumentation-
based negotiation framework that exploits a recent work
proposed in [10] on control argumentation frameworks for
modeling the uncertainty about the opponent profile and
also the acceptance and bidding strategies of the nego-
tiating agents. Compared to previous works proposed in
the literature on argumentation-based negotiation (see e.g.
[11,03]1, [18],[13], [22],[14], [19],[20]) this new framework
introduces and combines together a number of original
ideas, with most notable a qualitative representation of un-
certainty that enables simultaneous consideration of several
different profiles, the bidding strategy that allows an agent
to use arguments that do not belong to its theory, along with
the notion of control arguments that facilitates persuasion
and utilizes arguments that defend against all the possible
attacks at once, hence minimizing the number of exchan-
ged messages. We consider that our work generalizes the
works proposed in [15],[9]. Our work is also different from
the work proposed in [23] where the agents have an in-
complete theory on the opponent which evolves based on
the information contained in the exchanged offers during
the negotiation through classical belief revision. The bid-
ding strategy also used in this work is different to ours.
Our experimental results have shown that the outcome of
an argumentation-based negotiation dialogue depends on
different parameters of the argumentation theories of the
agents but in all cases the use of control arguments seems
to have a positive impact on the number of agreements.
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Résumé

Cet article décrit et illustre 1’utilisation de Adpositional
Argumentation (AdArg), une méthode formelle nouvelle qui
permet a I’analyste du discours argumentatif de représen-
ter des informations linguistiques et pragmatiques de ma-
niere tres détaillée et quand méme flexible. L article explique
d’abord les points de départ théorétiques de la méthode, qui
associe le cadre de représentation linguistique Constructive
Adpositional Grammars (CxAdGrams) et le cadre de classi-
fication des arguments Periodic Table of Arguments (PTA).
Il détaille ensuite les étapes de base de la méthode et les
illustre en expliquant comment construire un ‘argumentative
adpositional tree’ (ou ‘arg-adtree’) d’un exemple concret
d’argument.

Abstract

This paper describes and illustrates the use of Adposi-
tional Argumentation (AdArg), a new formal method that
enables the analyst of argumentative discourse to represent
linguistic and pragmatic information in a highly detailed
and yet flexible way. It first explains the theoretical starting
points of the method, which is a combination of the linguis-
tic representation framework of Constructive Adpositional
Grammars (CxAdGrams) and the argument classification
framework of the Periodic Table of Arguments (PTA). It
then lays out the basic steps of the method and illustrates
them by explaining how to build a so-called ‘argumentative
adpositional tree’ (arg-adtree) of a concrete example of an
argument.

1 Introduction
Scholars in the fields of Argumentation Theory and Rhe-
toric have developed a great many insights concerning the

way in which people support their points of view with ar-
guments. These linguistic and pragmatic insights pertain to
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the nature and constituents of various types of arguments,
the structure of different genres of argumentative discourse,
as well as the stylistic features of such discourse. In com-
bination with normative standards regarding the validity,
reasonableness, and effectiveness of argumentation, this
knowledge is used for providing theoretically informed ana-
lyses and evaluations of argumentative texts and discussions
—see, e.g., [4]

So far, researchers in the fields of Artificial Intelligence
and Computational Argumentation have used only a small
part of this cornu copiae of knowledge. Their computational
models of argument and tools for argument mapping, argu-
ment mining and computer-aided decision-making usually
operate on the abstract level of complete propositions and
the interactions between them. This goes, for example, for
approaches inspired on Dung’s abstract argumentation fra-
meworks, which study sets of atomic arguments and their
interrelations. But it also applies to approaches that take Wal-
ton’s argument schemes as a point of departure, in which an
argument scheme is taken to consist of a conclusion and a
set of premises — see, e.g., [10].

One of the factors that explains the lack of interaction
between the two research areas is that the insights about
argumentation and rhetoric developed by scholars from the
humanities, although profound and detailed, are mainly
informal in nature. Therefore, in order to be used by more
formally oriented researchers, these insights need to be
translated in such a way that formalizing them does not
result in a decrease of the richness of the information that
can be represented or in a loss of relevant details.

Adpositional Argumentation (AdArg) is a constructive
linguistic approach to argumentation that is aimed at forma-
lizing the insights developed within Argumentation Theory
and Rhetoric so as to enable their integration into the models
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and frameworks developed within Artificial Intelligence
and Computational Argumentation. One of the first achieve-
ments of this approach is the development of a method for
the formal representation of linguistic and pragmatic infor-
mation concerning arguments expressed in natural language.
The method produces so-called ‘argumentative adpositional
trees’ (or ‘arg-adtrees’), which enable the analyst not only
to represent sentences on the morphosyntactic level, but also
to include information regarding the argumentative function
of their constituents. The parsing largely depends on the
natural language in use, while the pragmatic information is
language-independent to a large extent.

In this paper, we explain the basic characteristics of this
representation method and illustrate its use by constructing
an arg-adtree of an argument expressed in natural language.
For the sake of brevity and clarity, in our example we focus
on representing the conclusion and the premise of a single
argument on the level of the individual words. As we intend
to demonstrate, the method enables the analyst to identify
in a very detailed way those linguistic elements that have
a pragmatic function in the argumentation. At the same
time, it is highly flexible in that the analyst is free to choose
which details to show and hide, according to her needs.
In particular, the representation of the argument in an arg-
adtree may prepare the ground for an assessment of its
quality, helping the analyst to identify in a very precise way
the ‘points of attack’ of the argument under scrutiny.

Our method for representing arguments in adtrees results
from a combination of two theoretical frameworks. Its basic
characteristics are derived from Constructive Adpositional
Grammars (CxAdGrams), a formal linguistic framework
developed by Gobbo and Benini [6] that employs adpositio-
nal trees for the purpose of representing natural language.
The addition of a layer of pragmatic information to these
adtrees is achieved by using the Periodic Table of Arguments
(PTA), an argument classification framework developed by
Wagemans [13, 17] that is especially suitable for formal
linguistic and computational approaches to argument. In
the following, we explain the theoretical starting points of
CxAdGrams (Section 2) and the PTA (Section 3). We then
lay out the basic steps of the method and illustrate them
by explaining how to construct an arg-adtree of a concrete
example of an argument expressed in natural language (Sec-
tion 4). We conclude the paper with a short reflection on
further research and applications (Section 5).

2 The linguistic representation framework

The theoretical framework of Constructive Adpositional
Grammars (CxAdGrams) is the result of the application of
constructive mathematics to the adpositional paradigm in
linguistics. We first elucidate this framework by explaining
the meaning of the key terms ‘constructive’ and ‘adpositio-
nal’ in this particular context. Then, we explain the central
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notion of ‘adpositional tree’ and illustrate its characteristics
by means of an example.

Constructive mathematics is an approach to mathematics
that is premised on the idea that regarding the formulas of a
theorem, the information content of any statement should
be strictly preserved — see Bridges and Richman [2]. There
is a tradition of using constructive mathematics to formally
represent natural languages, starting from the work of Ad-
jukiewicz [1] and Church [3]. Of the various constructive
models in mathematical and computational linguistics de-
veloped so far, CxAdGrams specifically are based on topos
theory. It thus permits to use Grothendieck’s topoi as the
mathematical instrument to formalize natural languages and
their regularities, both intra a single language and between
two or more natural languages in comparison.

The adpositional paradigm in linguistics follows the idea
that each pair of linguistic elements can be conveniently des-
cribed in terms of asymmetrical relations, that is, in such a
way that their arrangement cannot be reversed. Thus, given
a pair of morphemes, words or expressions, one element
‘governs’ the other, and consequently, the latter element ‘de-
pends’ on the former. A very basic example is the phrase
children play, which has the verb play as the governing ele-
ment (gov) and the noun children as the dependent element
(dep). The hierarchical relation between a pair of linguistic
terms is conventionally called an ‘adposition’ and can be
pictured in a so-called ‘adpositional tree’ (or ‘adtree’).

CxAdGrams, then, is the result of taking a constructive
mathematical approach to representing natural language
in adpositional trees. More specifically, the formation of
an ‘adpositional grammar’ (or ‘adgram’), a set of rules for
building adtrees that is admissible within a given natural
language, follows certain meta-rules that are described in
terms of Grothendieck topoi. As a result, the adtrees pro-
duced within CxAdGrams do not only represent natural
language expressions in the form of recursive trees but can
also be interpreted as formulas — which means that they are
suitable for the purpose of natural language processing (for
an example, see Figure 4 below). !

We now turn to explaining the notion of ‘adpositional
tree’ in more detail. A minimal adtree consists of a pair of
linguistic elements and their relation, expressed in terms of
their adposition. The governing element (gov) is conventio-
nally put on the right leaf at the bottom of the rightmost
branch, while the dependent element (dep) is put on the left
leaf at the bottom of the leftmost branch. The adposition
(adp), which represents the relation between the governor
and the dependent, is depicted as a hook under the bifur-
cation of the two branches. Under both elements and their
adposition, a grammar character (gc) is placed. In order to

1. The linguistic and formal rules of CxAdGrams are not discussed
here for reasons of conciseness. For a comprehensive presentation of this
approach to linguistic analysis, see [6]. The formal model is presented in
Appendix B of that work.
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illustrate these concepts, we picture in Figure 1 the adtree
of the phrase children play that was mentioned above.

—
€

I2
. I play
children

2
0, [

Figure 1 — The adtree of the phrase children play

In this example, the governor is substantiated by play, the
dependent by children, and the adposition by an epsilon (€),
indicating that there is a syntactic relation between the two
words. In general, a triangle (2) indicates the possibility of
recursion, i.e., the fact that another adtree can be appended
to each leaf recursively. In this particular case, it indicates
the possibility of representing morphological information
regarding the word children, which is irrelevant for the
present purposes but illustrates the fact that the analyst can
hide or show details according to her needs.

The theoretical framework of CxAdGrams uses five dif-
ferent grammar characters, which are represented by five
vowels (A, E, I, O, U). Table 1 explains their meaning —
adapted from [6, 41].

gc | name function examples
A | adjunctive modifier of O | adjectives, articles,
determiners

adverbs, adverbial
expressions

E circumstantial | modifier of 1

1 verbant valency ruler | verbs, interjections

O | stative actants nouns, pronouns,
name-entities

U | underspecified | transferer prepositions,
derivational
morphemes

TaBLE 1 — The meaning of grammar characters in adtrees

The overall shape of an adtree is mainly defined by ver-
bants — typically, verbs (see Table 1). Their grammar charac-
ters (I) and those of the correlated nominal expressions (O)
may show additional parameters. In the case of verbants, an
apex indicates the verbal valency (val), i.e., the number of
actants that are potentially involved in the activity described
by the verb. > The I? in our example indicates that the verb
play is bivalent (val = 2), because semantically it implies
a player (the first actant) as well as a game or a musical
instrument (the second actant). >

2. The concept of valency was introduced by Tesniére [12] within the
framework of Structural Syntax. Gobbo and Benini [7] clarify the relation
between CxAdGrams and that framework.

3. Please note that if the adposition of the second actant of ’to play’
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In the case of the nominal expressions correlated with
the verbant, a pedix indicates the number by which they are
identified. In our example, children acts as the first actant
(0)), while the second actant has remained implicit.

Finally, the information expressed in the complete adtree
is summarized by the grammar character 112 under the hook.
Here, again, the apex indicates the valency value (val) of
the verb, while the pedix indicates the number of actants
(act) present in the sentence. The former is bigger than the
latter (val = 2 and act = 1), which means that the verb is
only partially saturated.

We now discussed most of the basic aspects of linguis-
tic adtrees. The meaning of arrows, such as the left arrow
(<) above the epsilon (¢) in Figure 1, will be explained
in Section 4. Given our current purpose of showing how
CxAdGrams can be applied to the pragmatic relation bet-
ween premise and conclusion in an argument, we first turn to
expounding the theoretical framework of the PTA, a formal
linguistic approach to argument classification.

3 The argument classification framework

The Periodic Table of Arguments (PTA) is a classifica-
tion of argument that integrates the traditional dialectical
accounts of argument schemes and fallacies as well as the
rhetorical accounts of logical, ethotic, and pathetic means
of persuasion into a systematic and comprehensive whole. 4
The theoretical framework of the table is based on three
partial characterizations of argument, namely (1) as first-
order or second-order arguments; (2) as predicate or subject
arguments; and (3) as a specific combination of types of
statements. The superposition of these three partial charac-
terizations yields a factorial typology of argument that can
be used in order to develop tools for analyzing, evaluating,
and producing argumentative discourse.

Every single type of argument described in the PTA
consist of exactly one premise and one conclusion, both
of which are expressed by means of a statement containing
a subject and a predicate. Closely following logical conven-
tions, subjects are indicated with letters a, b, etc., predicates
with letters X, Y, etc. (predicate T having the fixed meaning
‘true’), and complete propositions with letters p, ¢, etc. The
identification of the type of argument takes place by follo-
wing the so-called Argument Type Identification Procedure
(ATIP), which is a heuristic device that helps the analyst

is filled by the preposition 'with’, the overall semantics slightly changes.
Thus, in CxAdGrams, 'to play’ and ’to play with’ can be treated as different
verbs, if it is convenient. This apparently ad hoc treatment depends on
English where a preposition may be used to modify the meaning of the
verb, e.g., compare ‘to get’, ‘to get out’, ‘to get off’. Such decisions lie
beyond the scope of the present paper.

4. The present explanation of the PTA draws on [13, 14, 15, 17]. For
regularly updated online information on related research projects, analyses
of concrete examples, and downloads of relevant papers, see periodic-table-
of-arguments.org.
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to determine the ‘argument form’, a notion that comprises
the first two partial characteristics mentioned above, as well
as the ‘argument substance’, a notion that covers the third
partial characteristic - see [16].

The theoretical framework of the PTA distinguishes bet-
ween four basic argument forms : first-order predicate argu-
ments, first-order subject arguments, second-order subject
arguments, and second-order predicate arguments. In the
visual representation of the table, these forms correspond to
four different quadrants, which are indicated with Greek let-
ters @, (3, ¥, and ¢ respectively. In Table 2, for each quadrant
(Q) we list the corresponding argument form and provide a
concrete example.

QO | argument form
a | ais X, because
aisY

example

The suspect (a) was driving fast
(X), because he (a) left a long
trace of rubber on the road (Y)
Cycling on the grass (a) is
forbidden (X), because walking
on the grass (b) is forbidden (X)
He must have gone to the pub
(9), because the interview was
cancelled (r)

We only use 10% of our brain
(9), because that (g) was said
by Einstein (Z)

B | ais X, because
bis X

v | qis T, because
ris T

0 | gis T, because
qisZ

TaBLE 2 — Argument forms and examples in the PTA

The argument types situated within each of the quadrants
are further differentiated on the basis of a determination of
the argument substance, i.e., the specific combination of
types of statements. For this purpose, the PTA makes use
of a tripartite typology consisting of statements of fact (F),
statements of value (V), and statements of policy (P). Given
these possibilities, the conclusion and premise of the argu-
ment substantiate one of the following nine combinations
of types of statements : PP, PV, PF, VP, VV, VE, FP, FV,
FF. The argument The government should invest in jobs,
because this will lead to economic growth, for instance, can
be characterized as a PF argument since its combines a sta-
tement of policy (P) in its conclusion with a statement of
fact (F) in its premise.

When taken together, the three partial characterizations
constitute a theoretical framework that allows for 2 x 2 x
9 = 36 different argument types. The suspect was driving
fast, because he left a long trace of rubber on the road, for
instance, can be identified as a first-order predicate argument
that combines a statement of fact with another statement
of fact. The systematic type indicator of this argument is
therefore ‘1 pre FF’.

A final differentiation relates this systematic way of cha-
racterizing arguments to the traditional names that can be
found in the existing dialectical and rhetorical classifica-
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1 pre FF
1
' Cor

from
: correlation
1
| Ef
I from
| effect 1 pre VV 1 pre PV
1
" Cau AX Ev
I from axiologic from
I cause 1 pre VF argument 1 pre PF evaluation
I E
'Sig |Cr | St |Pr |De
I from from from pragmatic | deontic
I sign criterion standard argument argument

Ficure 2 — The Alpha Quadrant of the PTA

tions of argument. Each of the 36 argument types hosts
an indefinite number of ’isotopes’, which share the same
characteristics, but differ as to the linguistic formulation of
the connection between premise and conclusion. The key
term of this formulation provides the name of the isotope.
The suspect was driving fast, because he left a long trace
of rubber on the road, to use the same example, can be
identified as an "argument from effect’, since leaving a long
trace of rubber on the road is an ‘effect’ of driving fast.

The various types of argument are visually represented
in the table in such a way that it becomes immediately clear
what their characteristics are. The placement of an argu-
ment type within a particular quadrant provides information
about its argument form — see Table 2. Within each of the
quadrants, the horizontal placement of the argument types
reflects the argument substance as expressed by the specific
combination of types of statements — FF, VF, VV, etc. And
finally, within every column, the vertical placement depends
on the istope, thus reflecting the linguistic formulation of
the relation between the premise and the conclusion.

In Figure 2, we showcase the Alpha Quadrant of the
current version of the PTA (for the full picture, see its of-
ficial website periodic-table-of-arguments.org). The argu-
ment from effect just mentioned is represented with the
symbol "Ef’ and can be found in the leftmost column of this
quadrant. It is accompanied by its isotopes, the *argument
from sign’, the ’argument from cause’, and the ’argument
from correlation’, which are all first-order predicate argu-
ments based on different relationships between facts.

In the next section we demonstrate how the theoretical
framework of the PTA can be used for enriching the lin-
guistic adtrees generated by CxAdGrams with pragmatic
information regarding the type of argument.
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4 Building argumentative adpositional trees

While CxAdGrams is primarily built for expressing mor-
phology and syntax, the adtrees generated by its theoretical
framework are also suitable for expressing pragmatics. > In
this section, we explain how to combine this formalism with
that of the PTA and demonstrate how to insert pragmatic
information concerning the characteristics of an argument
into a linguistic adtree, thereby transforming it into a ‘argu-
mentative adtree’ (or ‘arg-adtree’).

In order to build an arg-adtree, the analyst starts with
constructing the two linguistic adtrees that represent the
statements that function as the conclusion and the premise
of the argument. ®

Then, step by step, pragmatic information concerning
the statements is added to the respective linguistic ad-
trees. This information includes their argumentative func-
tion as a conclusion or a premise. Conclusions are indi-
cated by a sigma (o), standing for the Greek equivalent
ouurepaoua (sumpérasma), and premises by a pi (), stan-
ding for mpobaoio (prétasis). It also includes the type of
statement (P, V, or F) they substantiate, which is added under
the function indicator.

Next, the two adtrees are conjoined, placing the conclu-
sion on the right and the premise on the left. Depending
on the order of presentation in the actual discourse, which
can be progressive (premise, therefore conclusion) or retro-
gressive (conclusion, because premise), the arrow under the
topmost hook points to the left or the right.

7 Under this arrow, the analyst places pragmatic infor-
mation about the type of argument, which includes the ar-
gument form (indicated by a Greek letter representing the
corresponding quadrant) and its substance, the combination
of types of statements (FF, VF, PF, etc.) Finally, the subjects
and predicates of the statements are indicated by the same
letters as the ones in use within the theoretical framework of
the PTA (a, b, etc. for subjects and X, Y, etc. for predicates).

We will illustrate this process by constructing the arg-
adtree of the example of the argument from effect mentioned

5. Gobbo and Benini [6, ch. 6] have already provided pragmatic adtrees,
representing the relation between illocutionary and locutionary acts as
described in [11].

6. For an explanation of how to construct such linguistic adtrees, see
[8]. The graphical aspect of an adtree is adapted for human readibility — or
machine readability, in the case of linearisation. Such aspect follows some
aesthetic and typographical — or coding — conventions, but what matters is
how the various pieces are linked together.

7. Regarding the order of presentation of a premise and a conclusion,
van Eemeren and Snoeck Henkemans [5, 33] distinguish between a pro-
gressive and a retrogressive mode. The former presents first the premise ()
and then the conclusion (o), connecting them by means of the conjunction
so, therefore, or another one with a similar function. Since there is a multi-
tude of equivalent expressions, in argumentative adtrees of reconstructed
arguments the progressive mode is represented only formally, by a left
arrow («). The retrogressive mode starts from the conclusion (o) and then
arrives at the premise (), connecting them with a conjunction such as
because, since, etc. This mode is represented in argumentative adtrees by a
right arrow (—).
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in the previous section. This argument, The suspect was
driving fast, because he left a long trace of rubber on the
road, has been identified as a first-order predicate argument
that supports a statement of fact with another statement of
fact (‘1 pre FF).

the suspect

on the road
E

left fast
g E

was driving

12

a long trace...

0,

FiGure 3 — The arg-adtree of the example

As pictured in Figure 3, the linguistic adtrees of the two
statements that function as the premise and the conclusion
of the argument have been conjoined and infused with prag-
matic information so as to create the argumentative adtree.
Under the topmost hook, information has been placed about
the order of presentiation in the discourse (retrogressive,
represented by —) as well as about the type of argument
(1 pre FF, abbreviated as o FF). On the subsequent levels,
apart from the linguistic information derived from the theo-
retical framework of CxAdGrams, pragmatic information
is given regarding the argumentative function of the state-
ments (conclusion, indicated by ¢, and premise, indicated
by 7) as well as the type of statement (both are statements
of fact, indicated by F).

Regarding the placement of the subject and predicate
of the statements, the building of an argumentative adtree
involves specific transformations of the linguistic adtrees. ®
While the position of the predicate does not change during
this transformation process, in the argumentative adtree the
subject is emphasized — see Figure 3. In this case, he, the
first actant (O,), functions as the subject of the premise (a)
and is therefore put in evidence as the topmost left branch
of the tree. The remaining linguistic material automatically
becomes part of the predicate of the premise (Y).

8. These transformations are formally justified by the so-called conju-
gate construction in the formal model of CxAdGrams — see [6, 211].
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about argumentative discourse

The reader is invited to note the corresponding tabularized
form of this arg-adtree in Figure 4, which is useful for
constructing a treebank of arg-adtrees suitable for natural
language processing.

app(
e (
he,,
€, ((on the road)g

€y ((a long trace.. .)o,

left;2))),
or (

FiGure 4 — Tabularization of the arg-adtree

The representation of the argument in an adtree reveals
that there is a significant difference between the linguistic
and the argumentative analysis : what is peripheral from a
linguistic point of view, can be central from an argumenta-
tive perspective. In particular, the circumstantial fast (E) of
the premise (i) is linguistically merely a decoration of the
ruling verbal form was driving (I%). In the analysis of the
persuasive force of the argument, however, it plays a central
role : if the suspect weren’t driving fast (E), he could have
never left a long trace (O;) on the road.

As illustrated by this example, argumentative adtrees are
powerful tools that enable the analyst to make explicit where
the pragmatic force is placed within the linguistic material.
In this way, the representation of the argument prepares
the ground for its evaluation, indicating where to find the
crucial ‘points of attack’.

5 Conclusion

In this paper we demonstrated how the linguistic represen-
tation framework of Constructive Adpositional Grammars
(CxAdGrams) and the argument classification framework
of the Periodic Table of Arguments (PTA) can be combi-
ned so as to represent arguments in natural language. The
method we developed for this purpose centers around the
notion of ‘argumentative adpositional tree’ (or ‘arg-adtree’).
By providing an explanation of how to build an arg-adtree
of an argument expressed in natural language, we made it
clear how to represent not only the linguistic features of
the statements involved, but also how to include pragmatic
information about the overall structure of the argument, its
type, and the argumentative function of its constituents. The
method permits the analyst to operate on the level of the
individual words and to freely choose the level of linguistic
detail to be shown in the representation.

It is our aim to extend this combined approach, which we
have named Adpositional Argumentation (AdArg), to the
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analysis of all the types of argument distinguished in the
PTA. We will then apply it to concatenations of arguments,
thereby providing a complete analysis of an argumentative
text. In fact, since CxAdGrams provide a way to represent
punctuation as conjunctions between sentences, they permit
to represent a whole text in the terms of a single, compre-
hensive adtree.

In general, AdArg is aimed at fulfilling the need for a me-
thod for representing argumentative discourse that enables
a formalization of the rich and detailed insights developed
in the fields of Argumentation Theory and Rhetoric. Such
a formalization, so we believe, is of use for researchers in
the fields of Artificial Intelligence and Computational Ar-
gumentation, since it enables the development of tools that
automatize to some extent the analysis and evaluation of
argumentative discourse.

Regarding the possible application of the method pre-
sented in this paper, we think that it could be implemented
in a computational model under a form of a tool. Such a
tool would assist the analyst in making decisions regarding
what linguistic and pragmatic information to include in spe-
cific reconstructions of argumentative discourse. Whereas
the state-of-the-art in Computational Argumentation has
automatized the extraction of complete propositions and
their relations, our approach can be used to develop tools
for a more fine-grained computer-assisted analysis of argu-
mentative texts. If the linguistic and pragmatic information
included in our framework is combined with example-based
data extracted from past analyses, it would become possible
to partially automatize the whole procedure using Artificial
Intelligence techniques.
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Résumé

Dans le domaine de la fouille de motifs, un motif sé-
quentiel négatif exprime un comportement par une séquence
d’événements devant survenir et par des événements qui
doivent étre absents. Par exemple, le motif (a —b c¢) décrit
I’absence d’un événement b entre les occurrences des évé-
nements a et c.

Dans cet article, nous mettons la lumiére sur I’ambi-
guité de cette notation et nous identifions huit sémantiques
possibles a la relation d’inclusion d’un motif dans une sé-
quence. Ces sémantiques sont illustrées et nous les étudions
formellement. Nous proposons ainsi des relations de domi-
nance et d’équivalence entre ces sémantiques, et nous met-
tons en évidence de nouvelles propriétés d’anti-monotonie.
Ces résultats pourraient €tre utilisés pour développer de
nouveaux algorithmes efficaces pour la fouille de motifs sé-
quentiels négatifs fréquents.

Abstract

In the field of pattern mining, a negative sequential pat-
tern specifies a behavior by a sequence of events that must
occur and negative events that must be absent. For instance,
the pattern (a —b c) specifies the absence of event b between
occurrences of a and c.

In this article, we shed light on the ambiguity of this no-
tation and we identify eight possible semantics for the con-
tainment relation between a pattern and a sequence. These
semantics are illustrated and formally studied. We propose
dominance and equivalence relations between them and we
establish new anti-monotonicity properties. These results
may be used to develop new algorithms to extract efficiently
frequent negative patterns.

1 Introduction

Pattern mining consists in exploring a set of potential
patterns to output all but only the most interesting ones.
The set of potential patterns can be seen as a search space
and the notion of pattern interestingness can be seen as a
set of constraints.
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The search space in which lies the potential patterns de-
fines a pattern domain. A large number of pattern domains
have been proposed in the pattern mining community. The
most studied patterns domains [8] are: itemsets, sequential
patterns [12] and graph patterns. But a lot of variants from
these patterns domains have been proposed. As we focus
our attention on temporal data, we can mention: temporal
patterns [10], episodes [11] or chronicles [2, 5].

The notion of interestingness studied in pattern mining
often refers to the number of its occurrences in a database.
A pattern is said to be interesting if it occurs frequently in
a dataset of examples (frequent sequential pattern mining
task). In practice, a pattern is frequent if its number of
occurrences is above a user-defined threshold.

Therefore, counting sequences in which the pattern oc-
curs is of paramount importance. It is strongly related to
the containment relation which decides whether a pattern
occurs in a sequence or not. The support measure denotes
the counting of sequences in a dataset D that contains the
pattern p, denoted suppy(p).

The success of pattern mining techniques comes from an
anti-monotonicity property of some support measures [1].
Intuitively, if p is not frequent, no “larger” pattern than p
is frequent. The pattern mining trick is to prune the search
space as soon as an unfrequent pattern as been found. The
“is larger than” relation is a topological structure on the
set of patterns. As soon as a support measure is anti-
monotonic on this topological structure, the frequent pat-
tern mining trick can be used to efficiently prune the search
space. Ideally, this structure is a lattice. In this case, the
above strategy is complete and correct.

It is worth noticing that the support measure strongly
contributes to the semantic of the interestingness of pat-
terns. In fact, output patterns depend on their supports
in the dataset(s) of examples. Different support measures
have different outputs. For instance, in sequential pattern
mining, counting occurrences considering gap constraints



does not result in the same set of patterns. !

In this work, we explore the domain of negative sequen-
tial patterns. Sequential patterns describe a sequence of
items. The pattern occurs in a sequence while its items ap-
pear in the same order in a sequence. For instance, a pattern
(a b c) is read as “a occurs and then b occurs and finally
c occurs”. Negative sequential patterns are sequential pat-
terns with the specification of absent events. Intuitively, the
syntax of a negative sequential pattern will be the follow-
ing {(a —b c). This pattern is read as “a occurs and then ¢
occurs, but b does not occurs in between”.

The apparently intuitive notion of absent event appears
to be complex. Few approaches explored what seems to be
the same pattern domain [3, 4, 6, 9, 13, 14]. They use the
similar notation of negation (—) but this unique syntax is
hiding different semantics.

In this article, we bring the light on eight different se-
mantics of negative sequential patterns and we study them
formally: we introduce dominance and equivalence re-
lations between these semantics, and we establish anti-
monotony results to thwart the idea that negative sequential
patterns are not anti-monotonic.

2 Negative sequential patterns

In the sequel, [n] = {1,...,n} denotes the set of the first
n strictly positive integers. Let I be the set of items (al-
phabet). An itemset A = {a; a5 ... a,,} € I is a set of
items. A sequence s is a set of sequentially ordered item-
sets § = (81 §2 ... Sy Vi,j € [n], i < j means that s;
is located before s; in sequence s which starts by s; and
finishes by s,,.

Definition 1 (Negative sequential patterns (NSP)). A neg-
ative pattern p = (p1 =q1 P2 =q2 ... Pn-1 7Gn-1 Pn) IS @
finite sequence where p; € I \ O foralli € [n]land q; €T
forallie[n—1].

The length of a NSP, denoted |p| is n, its number of item-
sets (negative or positive). p* = (p1 ... pn) is so-called
the positive part of the NSP.

We denote by N the set of negative sequential patterns.
It can be noticed that Definition 1 introduces a syntactic
limitation on negative sequential patterns:
— a pattern cannot start neither finish by a negative pat-
tern,
— a pattern cannot have two successive negative item-
sets.

Example 1 (Negative sequential pattern). This example il-
lustrates notations of Definition 1. Let I = {a,b,c,d} and
p = {(a —~(bc) (ad) d —(ab) d). We have p| = {a}, p> = {ad},

1. For instance, a max-gap constraint specifies a maximum delay be-
tween two successive items of an occurrences.

T. Guyet

p3 = {d}, ps = {d} and q, = {bc}, g2 = 0, g3 = {ab}. The
length of p is |p| = 6 and p* = {a (ad) d d).

3 Semantics of negative sequential patterns

The semantics of negative sequential patterns relies on
negative containment: a sequence s supports pattern p (or
p matches the sequence s) iff s contains a sub-sequence s’
such that every positive itemset of p is included in some
itemset of s’ in the same order and for any negative itemset
—q; of p, q; is not included in any itemset occurring in the
sub-sequence of s’ located between the occurrence of the
positive itemset preceding —g; in p and the occurrence of
the positive itemset following —¢; in p.

Definition 2 (Non inclusion). We introduce two operators
relating two itemsets PC I \Qand I C I:

— partial non inclusion: P ﬁ I decPe¢l

— total non inclusion: PZ I & VYee P e ¢ I

and, by convention, 0 & I and O £ I forall I C I.

In the sequel we will denote the general form of itemset
non inclusion by the symbol Z, meaning either £ or .

Intuitively, partial non inclusion considers the itemset as
a disjunction of negative constraints, i.e. at least one of the
item has to be absent, and total non-inclusion consider the
itemset as a conjunction of negative constraints: all items
have to be absent.

Choosing one non inclusion interpretation or the other
has consequences on extracted patterns as well as on pat-
tern search. Let’s illustrate this with following sequence
dataset:

51 ={(bo) f @)
82 ={(bo) (cf) a)
83 = ((bc) (df) a
84 ={(bo) (ef) a)
85 = ((bc) (cdef) ay

Table 1 compares the support of patterns under the two
semantics of itemset non-inclusion. Let’s consider pattern
P> on sequence §,. Considering that the positive part of p,
is in §,, p, occurs in the sequence iff (cd) g (cf). In case
of total non inclusion, it is false that (cd) Z (cf) because of
¢ that occurs in (cf), and thus p, does not occur in §,. But
in case of a partial non inclusion, it is true that (cd) ﬁ (ch),
because of d that does not occur in (cf), and thus p, occurs
m s»p.

Lemma 1. % Let P,1 C I be two itemsets:
Pzl — P 73 1 )

Now, we formulate the notions of sub-sequence, non in-
clusion and absence by means of the concept of embed-
ding.

2. All proofs are provided in Appendix A.
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Table 1 — Lists of supported sequences in O by negative
patterns (p;);=1.4 under the total and partial non inclusion
semantics. Each pattern has the shape (a —¢q; b) where ¢;
are itemsets such that ¢; C ;1.

partial total
non inclusion non inclusion

7 rA

p1=<b-ca) {s1,53,54} {s1,53,54}
P2 = (b —(cd) a) {s1,52,83,84} {51,854}
p3 = (b ~(cde) a) {s1,52,53, 84} {s1}
Py = (b —(cdeg)a)y {s1,$2,53,54, S5} {s1}

Definition 3 (Positive pattern embedding). Let s =
(81 ... Sy) be a sequence and p = {p| ... pm) be a (posi-
tive) sequential pattern. e = (€;)icym) € [n]™ is an embed-
ding of pattern p in sequence s iff Vi € [m], p; C s, and
e; <eirforallie[m—1].

Definition 4 (Strict and soft embeddings of negative pat-
terns). Let s = (s ...S,) be a sequence and p =
(P1 q1 ... —Gm-1 Pm) be a negative sequential pattern.

e = (¢))icym € [n]" is a soft-embedding of pattern p in
sequence s iff:

— Di € S, Vi€ [m]

— qi ¢ sj, Yjelei+ 1, ey — 1 forallie[m—1]

e = (e)ieim € [n]™ is a strict-embedding of pattern p in
sequence § iff:

— Di € S, Vi€ [m]

— 4 SZ Ujete;+1.e00-11 i for all i € [m = 1]

Intuitively, the constraint of a negative itemset g; is
checked on the sequence’s itemsets at positions in inter-
val [e; + 1,e;41 — 1], i.e. between occurrences of the posi-
tive itemset surrounding the negative itemset in the pattern.
The soft embedding considers individually each of the se-
quence’s itemsets of [¢;+ 1, e;,; — 1] while strict embedding
consider them as a whole.

Notation 1. Soft-embedding is denoted o-embedding, and
strict-embedding is denoted e-embedding.

Example 2 (Itemset absence semantics). Let p
{a —(bc) d) be a pattern and four sequences:

Sequence Z Z ﬁ ﬁ
[ ] o] [ ] o]

si={acbed) v

s, ={a (bc) ed)

s3=(abed) v /

s4=(aed) v v v /

One can notice that each sequence contains a unique oc-
currence of {(a d), the positive part of pattern p. Using
soft-embedding and partial non inclusion (¢:=24), p oc-
curs in sy, s3 and sq but not in s,. Using strict-embedding
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and partial non-inclusion, p occurs in sequence s3 and s4.
Indeed, items b and c occur between occurrences of a and
d in sequences 1 and 2. With total non inclusion (g::;t_)
and either type of embeddings, the absence of an itemset is
satisfied if any of its item is absent. As a consequence, p
occurs only in sequence s4.

Lemma 2. Ife is a e-embedding, then e is a o-embedding,
whatever is the itemset non-inclusion ( ,@ ).

Lemma 3. e is a c-embedding iff e is a e-embedding when
=K.

Lemmad. Letp = (p; =q1 ... =qu-1 pn) E N s.t. |gi| < 1
for all i € [n — 1], then e is a o-embedding iff e is a e
embedding.

Lemma 4 shows that in the simple case of patterns
with negative singleton only, strict and soft-embeddings are
equivalent.

Lemma 5. Let p = {p1 =q1 ... =qu_1 pn) € N, ife is an
embedding of pattern p in some sequence s, then e is an
embedding of the positive sequential pattern p* in s.

Example 2 illustrates the impact of itemset non-
inclusion operator and of embedding type.

Another point that determines the semantics of negative
containment concerns the multiple occurrences of some
pattern in a sequence: should all or at least one occur-
rence(s) of the pattern positive part in the sequence satisfy
the non inclusion constraints?

Definition 5 (Negative pattern occurrence). Let s be a se-
quence, p be a negative sequential pattern, and p* the pos-
itive part of p. Let ¢ € {, A} be a itemset non-inclusion
operator, and o € {o, e} correspond to the embedding strat-
egy (o: soft-embedding, and e: strict-embedding).

— Pattern p softly-occurs in sequence s, denoted p 5%
s, iff there exists at least one embedding of p in s.
— Pattern p strictly-occurs in sequence s, denoted

r E% s, iff for each embedding e of p* in s, e is
also an embedding of p in s, and there exists at least
one embedding e of p*.

Definition 5 allows for capturing two semantics for neg-
ative sequential patterns depending on the occurrences of
the positive part:

— Sstrict occurrence: a negative pattern p occurs in a
sequence s iff there exists at least one occurrence of
the positive part of pattern p in sequence s and every
such occurrence satisfies the negative constraints,

— Ssoft occurrence: a negative pattern p occurs in a se-
quence s iff there exists at least one occurrence of
the positive part of pattern p in sequence s and at
least one of these occurrences satisfies the negative
constraints.



Example 3 (Strict vs soft occurrence semantics). Let p =
{(a b =c d) be a pattern, s1 = {a b e dy and s, =
(abcadebd)betwo sequences. p* = {a b d) occurs once
in §1 so there is no difference for occurrences under the
two semantics. But, it occurs fourth in s with embeddings
(1,2,5), (1,2,8), (1,7,8) and (4,7, 8). The two first occur-
rences do not satisfy the negative constraint (—c) while the
two last occurrences do. Under the soft occurrence seman-
tics, pattern p occurs in sequence sy whereas it does not
under the strict occurrence semantics.

Lemma 6. Let p be a NSP and s a sequence,

¢

pEos=>p5§s 2

where © € {o, 8} and L€ {A,Z}.

Lemma 7. Let p be a NSP and s a sequence,

psis = pls 3)
where 3€ {<,C} and o € {o, e}

In this section, we shown that there are several semantics
associated to negative patterns. This leads to eight differ-
ent types of pattern occurrences. We denote ® the set of
considered pattern occurrence operators:

0= {5%, <z 5?,5?,;%,;%,;?,;?}

These operators allows to disambiguate the semantics
of negative pattern containment. But, is there no useless
distinctions between containment relations? Is there some
equivalent containment relations in ®? The next section
answers these questions by introducing the notion of dom-

inance between semantics. Then, we provide some results
about the anti-mononicity of these containment relations.

4 Dominance and equivalence between con-
tainment relations

Definition 6 (Dominance). For all 6,0 € ©, 6 dominates
0, denoted 6 > €', iff p9s — pO’s for all p € N and all
sequence §.

The idea behind the dominance relation between two
containment relations 6 and 6’ is related to the sequences
in which a pattern occurs. By definition, if 6 > ¢’ then for
any pattern p € N, if p occurs in a sequence s according
to the @ pattern containment relation, then it also occurs in
s according to the €' pattern containment relation. In the
context of pattern mining, such kinds of relation are useful
to propose algorithms which could benefit from properties
of a dominating containment relation to extract efficiently
the patterns according to dominated containment relations.

T. Guyet

Notation 2. We denote by 6 % €' iff 6 > €' is false.
Lemma 8. Dominance relation is a pre-order.

Definition 7 (Equivalent containment relations). For all
0,0 € O, 0is equivalent to 6, denoted 0 ~ ¢ iff 0 > 6" and
0> 0.

Lemma 9. ~ is an equivalence relation on ©.

Equivalent containment relations have the same seman-
tic. The sets of sequences in which a given pattern occurs
are the same and, reciprocally, the sets of negative patterns
which occur in a sequence are the same considering these
equivalent containment relations.

We now study the practical dominance relations we have
between the elements of @.

Proposition 1. The following dominances between con-
tainment relations hold:

= s 4) ©
D )
cfs<f ©)
<Es 4l ™
and the following non-dominance statements hold:
g » < ®)
cfx<f ©
B s (10)

where ¢ € {;I_, ﬁ}, 3c{X,Clandoc {00}

Proposition 1 gathers the results from the previous sec-
tion. Each line expresses several relationships between
pairs of containment relations. Equations 4-7 are domi-
nances deduced from Lemmas 2, 3, 6 and 7. Equations
8-10 states the absence of dominance for which we can ex-
hibit counterexamples. Figure 1 summarizes them. ?

In addition, many other dominance and non dominance
relationships can be deduced from Proposition 1 using the
transitivity of dominance (Lemma 8). Nonetheless, in this
work, some relationships between pairs of containment re-
lations can not be deduced from Proposition 1. For in-
stance, the relationship between Ef and 5? is not deter-
mined by Proposition 1.

One interesting result of Proposition 1 is that there are
two pairs of containment relations, (Eg, EE) and (Ef , E.ﬁ )
whose elements are equivalent.

3. Assuming that two containment relations are not equals iff they are
different, the dominance relation is a pre-order. The property is not cen-
tral in the following. Figure 1 illustrates clearly that it is not a partial
order. Indeed, two pairs of different containment relations are symmetri-
cally dominated.
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(%,0%)

Figure 1 — Summary of the dominance relation between re-
lations of ®. An arrow shows that the operator at the desti-
nation is dominated by the operator at the origin. Unidirec-
tional arrows indicates that the dominance relation holds in
one direction but not in the other direction.

It ensues that they are six equivalent classes of contain-

ment relations: Sg, 5%, 5?, 5?, {;%, l;f} and {Ef, Ef‘}
We can finally point out that Lemma 4 adds a dominance
relation when negative sequential patterns are restricted to

have singleton negative itemsets. In this case, the equiv-
alent classes become: {ﬁ%, ﬁ%}, {ﬁf, ﬁ.ﬁ} {E%, E%} and

(c2.ct).

5 Anti-monotonicity

Our question is now to know whether there are contain-
ment relations that have more interesting properties. In our
original context of mining frequent negative sequential pat-
terns, we investigate the anti-monotonicity properties.

According to Zheng et al. [14], “the APriori principle
doesn’t apply to negative sequential pattern”. The “APri-
ori principle” can be understood as the anti-monotonicity
property. We will see that assertion is actually only par-
tially true.

The anti-monotonicity makes sense only with a par-
tial order on the set of NSPs. We first introduce differ-
ent possible partial orders and then we introduce the anti-
monotonicity.

For sake of conciseness, the remaining of the section
assumes that Q::;t_. Thus, we can count on the anti-
monotonicity of the non inclusion of itemsets: ¢ C ¢ =
q ¢ qforall q¢ C I. The following results can be
extended to the case ¢:=A by reversing the inclusion rela-
tions for negatives in the partial orders.

5.1 Partial orders

Definition 8 introduces several relations between nega-
tive sequential patterns that are partial orders (see Proposi-
tion 2).
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Definition 8 (NSP relations). Let p = (P
g1 P2 g2 Pi-1 "1 pr) and p =
(P gy P5~qy -+ pl’<,_] —uq,’(,_l p;(,) be two NSPs.

By definition, p <4 p’ iffk < k' and I(u)iepg € [K'1F s.t.:

1. Vie[k], p; € p,

2. Vie [k - 1]7 qi € UjE[u,,u,ur]—l] q;

3. k=k = 3djelkl, pj# piorq;#q

4. u; < ujyy, forallie [k —1]
by definition, p < p’ iff k <k’ s.t.:

1. Vie k], pi € p.

2. Vielk-1], ¢ q

3. k=k = pe#pordjelk-1]st qj;tq}
and, by definition, p < p" iffk = k' s.t.:

1. Vielk], pi=Dp;

2. Vielk-1], ¢ C q

3. djelk—-1]st q; # q}

The < relation can be seen as the “classical” inclusion
relation between sequential patterns [12]. A NSP p is less
specific than p’ iff p* is a subsequence of p'* and negative
constraints are satisfied. The principal difference with < is
that </ permits to insert new positive itemsets in the middle
of the sequence while <1 permits only insertion of new pos-
itive itemsets at the end. * > Nonetheless, it is still possible
to insert items to the positive itemsets. The <1 does not even

permit such differences: each pair of positive itemsets must
be equals to have comparable NSP.

Lemma 10. Forall p,p’ € N,

pap = p<p = payp 11

Proposition 2 (Strict partial orders). <1, < and <d are par-
tial orders on N.

We can notice that the third conditions in Definition 8
enforce the relations to be irreflexive. Removing these con-
ditions enables to define non-strict partial orders.

5.2 Anti-monotonicity

Let us first define the anti-monotonicity property of a
containment relation 8 € ® considering a strict partial order
x € {1, <, <}

Definition 9 (Anti-monotonicity on (N, x)). Let 6 € ® be
a containment relation, 0 is anti-monotonic on (N, X) iff
forall p,p’ € N and all sequence s:

pxp = (p'0s = pbs)

4. In sequential pattern mining, it is called a backward-extension of
the patterns.

5. We remind that, by Definition 1, p; # 0 and that we never have two
successive negative itemsets in a NSP.



First of all, we provide an example showing that none
of the containment relation is monotonic on (N, <1). Let
p=<b-ca),p =({b-cda)ands = (b ed c a). Then,
we have p < p’.® Nonetheless, for each 8 € @, p’0s but it
is false that pfs. In fact, the presence of the item d in the
sequence changes the scope for checking the absence of c.

This example illustrates the case of Zheng et al. [14] to
argue for the absence of anti-monotonic property for neg-
ative patterns. But, using partial orders that prevent from
changing the scope for absent items enables to exhibit anti-
monotonicity properties.

Proposition 3. sf is anti-monotonic on (N, <), where o €

{o, }.

Proposition 3 shows that using the < order leads to
have anti-monotonicity only for containment with soft-
occurrence, but not with strict-occurrence. Let us give
a counterexample illustrating the problem with strict-
occurrence. Let p = {(a =-b ¢), pP = {(a =b ¢ d) and
s = {acdabc) Then, we have p <t p’.” Nonethe-

less, p’ E% s holds but it is false that p E% s. In fact,
without the presence of the item d in the pattern, there are

three possible embeddings of p in s. Considering E% each
embedding must satisfy the negation of b, which is not the
case, while it is sufficient to have only one embedding sat-

¢

isfying negations for <.

The previous example illustrates the problem while ex-
tending the pattern with additional itemsets. The same is-
sue is encountered with the following example consider-
ing same length patterns but with an extended itemset. Let
p=<{a-bc),p ={a-b(cd))ands = {a(cd)abc). Then,

we have p < p’. Nonetheless, p’ E% s holds but it is false
that p E% 5.

Proposition 4. —3% is anti-monotonic on (N, @), where 3¢
{<,C} and o € {o, e}.

We remind that this section presented the case of total
non-inclusion (52::;!_) but similar results can be obtained
with partial non-inclusion.

6 Come back to pattern mining

The definitions of pattern support, frequent pattern and
pattern mining derive naturally from the notion of occur-
rence of a negative sequential pattern, no matter the choices
for embedding (soft or strict), non inclusion (partial or to-
tal) and occurrences (soft or strict). However, these choices
concerning the semantics of NSPs impact directly the num-
ber of frequent patterns (under the same minimal threshold
constraint) and further the computation time. The stronger

6. In this case, we do not have p <\ p’ nor p <€ p’
7. In this case, we also have p < p’ butnot p < p’

T. Guyet

the negative constraints, the lesser the number of sequences
containing a pattern, and the lesser the number of frequent
patterns.

Definition 10 (Pattern supports). Let D = {s;}ic[s) be a set
of n sequences and p be a NSP. The support of p in D, de-
noted suppg)(p) is the number of sequences of D in which
p occurs according to the 8 € ® containment relation.

Notation 3. When there is no ambiguity on the dataset of
sequences, suppg) (p) is denoted suppy(p). And, for sake
of readability, the 0 operators are represented as triplets.

It is clear that if a containment relation 6 is dominated
by another containment relation ¢’, then the Proposition
1 implies that the support of the pattern evaluated with 6
is lower than the support of the pattern evaluated with ¢'.
Thus, we have the following proposition.

Proposition 5. For all pattern p € N:

suppg¢ o 5(P) < suppg¢ o 5(P) (12)
suppy.o=(p) < suppy.e+(p) 13)
suppg¢ oc(P) < suppg o(p) (14)
suppg.e<(P) < supp4o4(P) 15)

In addition, we can also deduce anti-monotonicity prop-
erties for support measures from the Propositions 3 and 4.

Proposition 6. For all pairs of NSPs p,p’ € N:

16)
A7)

p<p = suppge<(p’) < suppyo<(p)
p<a4p = suppges(p') < suppy.es(p)

Then, there is two ways to use these results to imple-
ment efficient frequent NSP mining algorithms. On the one
hand, the results from Proposition 6 can be directly used to
implement algorithms with efficient and correct strategies
to prune the search space.® For S% containment relation,
Equation 16 fully exploits the < partial order to early prune
a priori unfrequent patterns. For I;% containment relation,
the < partial order must be used to ensure the correctness
of the algorithm (Equation 17). Unfortunalety, this partial
order is less interesting than <1 because it gives a priori in-
formation on less patterns than < does. On the other hand,
the support evaluated with 5% is an upper bound for the
support of E% (Equation 14). Thus, it is possible also to
prune patterns accessible with <1 partial order without los-
ing the correctness of the pruning strategy.

7 Conclusion and perspectives

In this article, we explored the semantics of negation
in sequential patterns. We gave eight possible semantics

8. The completeness of the algorithms requires to study how to tra-
verse the search space. It is out of the scope of this article.
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where the state of the art in sequential pattern mining did
not notice these differences. We investigated the formal
properties of these semantics: their respective relations
(dominance and equivalence) and anti-monotonicity prop-
erties. These results may be used to develop new efficient
algorithms to extract negative sequential patterns.

It is worth noticing that no semantics is “more” correct
or relevant than another one. It depends on the information
to be captured. Our objective is to give the opportunity
to make an informed choice. Even if, in the context of
pattern mining, the choice is constrained by computational
considerations. With the three proposed partial orders, we
have seen that interesting anti-monotonicity holds only for
some semantics. Thus, dominance relations may be used
to propose alternative search heuristics.

Hence, the first perspective of this work is to develop
negative sequential pattern mining algorithms. This has
been done for containment relations <% [7].° In this algo-
rithm, we also introduced maxgap and maxspan constrains
negative sequential patterns. The anti-mononicity proper-
ties still hold with these constraints. A step further, the
framework presented in this article would make possible to
propose a complete and correct algorithm to mine closed
NSP.

Our second perspective is to provide a complete results
on the dominance between containment relations. There
are still few cases that are undetermined to achieve this ob-
jective. Further studies aim at having results on the quo-
tient set @/ ~.

Our third perspective is to propose new intuitive syn-
tax(es) of containment relations. The main problem was
the semantic overload of the negation symbol (—) in the lit-
erature of negative sequential patterns. We are currently
working on some proposals and plan to evaluate them. To
be intuitive, these proposals are based on the equivalent
classes we highlight in this work.
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A Proofs

Proof of Lemma 1. Let P,I C I st. PZ 1. If P =0, by
definition, P A 1. Otherwise, because P is not empty, then
there exists e € Ps.t. e ¢ I,i.e. P £ I. O



Proof of Lemma 2. Let e =
embedding of a NSP p = (p; =q1 ... =gm-1 pm) In
a sequence § = (s; ... §,). For all positive itemsets
pi, the definition of e-embedding matches the one for o-
embedding. For a negative itemset g;, let us start with
Z:=¢. By definition 4, ¢; 2 Ujeie;+1.6,,,-17 5j» and by
Definition 2, da € ¢i, @ € Ujeei+1,e4,-115j- And then,
da € qi, V] € [e,' + 1,€i+] - 1], a ¢ Sj. That is
Vj € [ei+ 1,ei1 — 1], da € q;, @ ¢ s;. This shows
Vj € [ei+ 1,eu — 11, g; A s; (c-embedding definition).
It remains Z:=¢. By definition 4, ¢; Z Ujete,+1,1,1-11 S5
and by Definition 2, Ya € p;, @ ¢ Ujeie,+1,6,,-17 5j- And
then, Ya € ¢;, Vj € [e; + 1,ei1 — 1], @ ¢ s;. Thatis
Vj € [e+ 1,e4 — 1], Yo € g;, @ ¢ s;. This shows
Vj€[€i+1,€l‘+1—l], qigSj. O

(€)iepmy € [n]™ be a o

Proof of Lemma 3. Let s = (s; ... s,) be a sequence
and p = (p1 7q1 ... °qgm-1 pm) be a negative sequen-
tial pattern. Lemma 2 shows that e-embedding implies o-
embedding. It remains the implication to the left. Let
e = (€)icgm) € [n]™ be a o-embedding of pattern p in
sequence s. Then, the definition matches the one for e-
embedding for positives, p;. For negatives, g;, then Vj €
le; +1,e;41 — 1], qi ;t_ Sjs ie. VJ €le;+1,e41 — 1], Ya €
gi, @ ¢ sjand then Vo € ¢;, Yj€[e; + 1,ei1 = 1], @ & ;.
It thus implies that Ya € pi, @ & Uje[e+1,0,,-17 Sj» i-€- DY
definition, ¢; © U jejei+1.610-1] 5+

Proof of Lemma 4. Lets = (s; ... s,) be a sequence and
P ={p1 ~q1 ... °qu-1 pmy be a NSP s.t. Vi, |g;i| << 1.
Let e = (e)ieym) € [n]™ be a o-embedding of p in s then,
by definition, 1) p; C s, for all i € [m] and 2) g; ¢ s;
for all j € [e; + 1,e;41 — 1]. In case |¢;| = O, there is no
constraint. In case |g;| = 1, and 2) becomes g; ¢ s; for
all j € [e; + 1,1 — 1] whatever € {A,Z}. Hence, g; ¢
Ujeterstemn—115j -6 @i & Ujefes+1,61,-11 5 (0 matter £ or
). As a consequence e is a e-embedding of p. O

Proof of Lemma 5. Lets = (s; ... s,) be a sequence and
P={P1q1 ... “Gm-1 Pm) € N be apattern. By definition
4, if e = (e;)icm) € [n]™ is an embedding of pattern p in
sequence § then Vi € [Il]: p; C s, because p; is positive.
According to definition 3, e is an embedding of the positive
pattern p*. O

Proof of Lemma 6. Lets = (s; ... s,) be a sequence and
¢

p =<p1 ~q1 ... °Gm-1 pmy € N be a pattern s.t. p =
s. Then, there exists e an embedding of p* in s and, by
definition, it is also an embedding of p in s. This means

that p 5% s. O

Proof of Lemma 7. Lets = (s; ... s,) be a sequence and
pP={p1q1 ... °qu-1 pmy € N be a pattern.

We start by considering relations between semantics at
the embedding level, and then we will conclude at the pat-
tern level.

T. Guyet

Let’s first assume that o := . Then, for all (e, Z)-
embedding e = (¢;)iem) Of pattern p in sequence s. Hence,
Vi€ [m], p; C s, andVi € [m—1],Vj € [e;+],e;.1—-1], g L
sj. According to eq. 1, we have ¢; A s;. It comes that e is
a (e, <)-embedding.

Let’s now assume that e := o. Then, let e = (€;)iepm
be a (o, Z)-embedding of pattern p in sequence s. Hence,
Vi€ [m], pi € se and ¥i € [m =11, ¢i € Ujere,+1.e0,-17 Sj-
In addition U jefe;+1,,,-17 55 € Z. then, Vi € [m — 1], g; £
U jeler+1,e,—17 5 according to eq. 1. It comes that e is an
(o, X)-embedding.

Let’s come back at the pattern level. if p —3% s, in the
two cases (-3€ {<,C}). In the first case the existing (o, Z)-
embedding is a (e, f)-embedding, and in the second case,
all (o, Z)-embeddings are (e, f)-embeddings. Therefore,

we have that p —Sf s. O

Proof of Lemma 8. A pre-order is a reflexive, transitive bi-
nary relation. The reflexivity of the relation comes with
Definition 6. Let 0,8’,8” € © be three dominance relations
s.t. 0> 60 and & > 6”. Then, for all p € N and sequence
s: pbs — pO's and pf’'s — pO”s. Hence, we have,
pos = pb’'s,ie 60> 0". O

Proof of Lemma 9. Let 0,6 € 0, by reflexivity of > we
have that ~ is reflexive. By definition (6§ > ¢ A 0" > 0), ~
is symmetric. And , ~ is also transitive. Let 6,6’,6” € ®
be three dominance relation s.t. 8 ~ & and & ~ " then,
06,0 60", 0 >0and 8” > €. Hence, by transitivity
of >,0>0"and 0’ >0,0~0". O

Proof of Proposition 1. Let p € N and s a sequence.

¢ ¢

According to Lemma 6, pCJ s = p <o . Thus we
obtain Equality 6 by Definition 6. is immediately deduced
from .

According to Lemma 7, p —3% s = p —Sf s. Thus we
obtain Equality 7 by Definition 6.

According to Lemma 2, a e-embedding is a o-embedding

whatever the itemset non-inclusion operator. Then, we can

conclude that p —3% s = p —Sg‘ s (Equality 4).

In addition, Lemma 3 shows that a c-embedding is e-
embedding in case of total itemset non-inclusion. Then,
we can conclude that p —3% s = p —3% s (Equality 5).

Let now gives some counterexamples for known non-
dominance relationships. A counterexample for Equation
8is p = (a —(bc) d) and s = (a b d). We have that p —Sf K
but p —3% s is false.

Similarly, a counterexample for Equation 9 is p = {a =b c)

and s = (a c¢ b ¢), and a counterexample for Equation 10 is
p =<{a-(bc)d)yand s ={ab cd). ]

Proof of Lemma 10. We start with the implication p <

P = p<p. Letp,p € Nst. p<ap'. By defini-
tion,k = k"and 1. Vi € [k], p; = pi,2. Vie [k-1], ¢; C q;
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and 3. dj € [k - 1] s.t. g; # gq,. A particular case of 1.
is that Vi € [k], p; € p/. In addition, third condition of <
is obtained easily from 3. adding a disjunctive condition.
Hence, p< p'.

We now prove the second implication: p<ip’ = p <
p.Letp,p’ € Ns.t p<p'. Let’s now define the sequence
u; such that u; = i for all i € [k]. By construction, we
have that u; < u;y, for all i € [k — 1] (4.). In addition, by
definition of <1, we have that Vi € [k], p; € p; = p;i, and
Vielk=1lgi € q; = Ujerirn-149; = Ujetwus-1 9
Assuming k = k', then p; # ppor dj €[k —1]s.t. g; # q}.
If px # p;, the third condition of < is satisfied (with j = k).
Otherwise, it is also satisfied with the j of the definition of
<. O

Proof of Proposition 2. We begin with the < relation. We
first remind that < is a strict partial order iff the three fol-
lowing conditions hold:

1. Vp € N, not p 4 p (irreflexive),

2.V¥p,p',p" eN,pap’'andp @ p” = p<ap”
(transitivity),

3. Vp,p € N, p €« p’ = not p’ < p (asymmetry)

Irreflexive. Let’s assume that 4 € N s.it. p <@ p. Then,
because k = k' the third condition implies that 3 € [k — 1]
s.t. gj # g, which is absurd. Then < is irreflexive.
Transitivity. Let p,p’,p” € N'st. p < p’ and p’ <@ p”.
Then, for all i € [k], p; = p; = p/ and for all i € [k — 1],
qi € q; € q/ (k =k = Kk”). Finally, it is not possible to
have g; = ¢} for all i € [k — 1]. In fact, if we have these
equalities, then we would have g; = ¢} and ¢, = g} for all
i € [k - 1] because ¢; € g, C ¢;. But, it is not possible
according to 3. Therefore, we have that p < p”.
Asymmetry. Let p, p’ € N s.t. p < p’. Then, according to
2. and 3., there exists j € [k — 1] s.t. g; & q’] And then, it
is not possible to have q} C g;. As a consequence, we can
not have p’ < p.

We now prove that < is a strict partial order.

Irreflexive. Let’s assume that 4 € N s.t. p < p. Then,
because k = k’ and that it is not possible that p; # py, then
the third condition implies that 3j € [k — 1] s.t. g; # g,
which is also absurd. Then < is irreflexive.

Transitivity. Let p,p’,p” € N s.t. p<<p’and p’ < p”.
Then, for all i € [k], p; € p; € p; and for all i € [k - 1],
qi € q; € q (k <k < Kk’). Finally, if k = k", then
k = k" = k. Assuming that p; = p; and p; = p;/ then p; =
Dy, Assuming that py # p; or p; # p;/, then dj € [k — 1]
s.t. g; # ¢ or ¢; # ¢/, and hence g; # 4. Then, we have
that p <1 p”.

Asymmetry. Let p,p’ € N sit. p < p’. Then, if k < k&
we can not have p’ <1 p. Assuming that k = k" and that
pr = p, for the same reason as the asymmetry of <, it
is not possible to have g; # q;.. If pr # p; the, pr & p;
(according to 1.) and then it is not possible to have p;. cpj.
As a consequence, we can not have p’ < p.
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We now prove that < is a strict partial order.

Irreflexive. Let’s assume that 3 € N s.t. p < p. Then, the
unique strictly incremental (auto-)mapping is u; = i, for all
i € [k]. Then, the third condition implies that 4j € [k — 1]
s.t. gj # g; or p; # pj, which is absurd. Then < is irreflex-
ive.

Transitivity. Let p,p’,p” € N's.t. p < p’ and p’ < p”.
We denotes by (u;); € [k']* and (v;); € [k”] the respective
mapping, and we define (w;); € [k”]'k] such that w; = Vu,
for all i € [k]. Then, for all i € [k], p; € p;. p;:,i = Pl
9i € Ujetwun-14; = Ujetwas-11 Utevyn-114’- The
union of the g’ in the intervals [v;,v;;; — 1] for j €
[u;, uiry — 1] can be sum up as an union on the interval
Vi Vs~ = 11 = [V Vi, — 11 = [wi, wiy — 1] because
intervals are contiguous. Then, ¢; € | jelwf,w,+1—114_/,-’- Fi-
nally, if k = k”, then k = k" = k’ and then it exists j € [k],
st. p; # p; € pjorg; #q; Cq/. Thus, p; # p/ or
q; # 4. As a consequence, we have p <1 p”.

Asymmetry. Let p, p’ € N's.t. p < p’. Then, if k < K’ we
can not have p’ < p. Assuming that k = &’ (and thus u; = i
for all i € [k]), we have that it exists j € [k] s.t. p; # p} or
q; # q;- If pj # p’; then, according to 1. p; & p’, it is not
possible to have p;. Cpj.lfg; # q;., then, according to 2.
i & Ujeluun-11 q;. = q;.. Thus, it is not possible to have
95 € qj = Ujetuu,-119j- As a consequence, we can not
have p’ < p. O

Proof of Proposition 3. We start this proof by a small re-
sult about the anti-monotonicity of Z. Let P, Q € I be two
itemsets s.t. P C Q, and I € [ another itemset. Then,
QZI = P Z I Infact, Q Z I implies that for all
e € O, e ¢ I, and because P C Q, we also have that
ecP e¢l

Let p = (p1 ~q1 --- ~Gm-1 pw) € N and p’ =
Py ~4qy ... ~q,y_, Ppy) € NbetwoNSPs.t. p<p'.

We first show that an (o,Z)-embedding of p’ in a

sequence s, denoted e = (¢;)im), induces an (o, )-
embedding of p. By Definition 4, we have p; C S, Vi €
[m'] and ¢} £ s;, for all j € [e; + 1,e;41 — 1] and for all
iem —1].
On the other side, p < p’ implies that p; C p; forall i € [m].
Then, because m < m’ (p < p’), we have that p; C s,, for
all i € [m]. In addition, p <1 p’ also implies that g; C ¢!
for all i € [m — 1] and thus, by anti-monotonicity of Z (and
q; % s;), wehave q; £ s; forall j € [e; + 1, e;1 — 1] and for
all i € [m — 1]. In conclusion, we have that e = (e;)e[y; 1S
an (o, Z)-embedding of p.

We now show that an (e,i)-embedding of p’ in a
sequence s, denoted e = (¢;)icmw), induces an (e, Z)-
embedding of p. By Definition 4, we have p; C s, Vi €
[m'] and q; & U jefe;+1,61,,-17 5j» TOr all i € [m’" = 1].

On the other side, p < p’ implies that p; C p; for alli € [m].
Then, because m < m’ (p < p’), we have that p; C s,, for
all i € [m]. In addition, p <1 p’ also implies that g; C ¢!
for all i € [m — 1], by anti-monotonicity of Z, we have



qi & Ujeleq+1,e0,-17 Sj» Tor all i € [m — 1]. In conclusion, we
have that e = (¢;)ie[m) 1S an (e, £)-embedding of p. O

Proof of Proposition 4. Let p = {(p1 ~q1 ... °qk-1 Px) €
N and p’ = {p| ~q| ... ~q;,_, p;,) € N be two NSP s.t.
p < p’. Thus, we have that k = k’.

Similarly to the proof of Proposition 3, we can show
that any (o, Z)-embedding of p’ in s induces an (o, Z)-
embedding of p in 5. This enables to conclude that ﬁ% is
anti-monotonic on (N, ).

The anti-monotonicity of ;5 requires that each embed-
ding of p* in s satisfies the negations. Let us assume that
)24 Eg s, then there exists an embedding (e;)icry of p’.
(e:)ieix 1s also an embedding of p’* (Lemma 5). According
to 1. and because k = k', p’* = p+, and then (e;);e[s) is an
embedding of p in s. Thus, we shown that there is at least
one embedding of p* in 5. If E% 18 not anti-monotonic, then
there exists an embedding (e;)ie;y of p* such that 3; € [k]
and [ € [e; + 1,e;, — 1], s.t. it is false that g; Z s
(Ja € gj, @ € s51). According to 2. g; C q}, and thus it
is false q; iZ s5;. Nonetheless, (e;)iex) is also an embedding
of p’*. And p’ E% s, it implies that ¢, Z s;. There is a
contradiction, thus E% is anti-monotonic.

The anti-monotonicity of Ef requires that each embed-
ding of p* in s satisfies the negations. Let us assume that
)24 Ef s, then there exists an embedding (e;)icx) of p’.
(e:)ierxy 1s also an embedding of p’* (Lemma 5). According
to 1. and because k = k', p’* = p+, and then (e;);es) is an
embedding of p in s. Thus, we shown that there is at least
one embedding of p* in 5. If E% is not anti-monotonic, then
there exists an embedding (e;)e(r) of p* such that 3 € [£],
s.t. it is false that ¢; & Ujeje;41.¢),,-17 - According to 2.
q; < 4/, and thus it is false ¢ & Ujepe;+1.;,,-17 $1- Nonethe-
less, (e;)ieqk) is also an embedding of p’*. And p’ E% s, it
implies that q; % Uiefe;+1.;,,-17 8- There is a contradiction,
thus Ef is anti-monotonic. O

Proof of Proposition 5. Let 0,theta’ € ©,then 0 > 0 =
suppg(p) < suppg (p) for all p € N (by Definition 6 of the
dominance relation). Thus, Proposition 5 comes immedi-
ately with Proposition 1. O

Proof of Proposition 6. Let p, p’ € N be two negative se-
quential patterns such that p < p’. According to Propo-
sition 3, p’ 5% s = p 5% s for all s. Thus,
suppg e<(p) < suppyo<(p).

If p <« p’. According to Proposition 4, p’ —3% s =
)/ —3% s for all 5. Thus, suppy es(p) < suppyzes(p). O
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Résumé

Dans cet article nous présentons une variation de la re-
cherche arborescente Monte Carlo (MCTS) consistant a réa-
liser une recherche dans plusieurs arbres dans le but d’ex-
ploiter des jeux décomposés. Cette recherche multi-arbres
MCTS (MT-MCTS) consiste a construire simultanément
plusieurs arbres de recherche MCTS correspondant aux dif-
férents sous-jeux et permet, comme tous les algorithmes de
la famille MCTS, d’évaluer les actions en cours de jeu. Nous
appliquons MT-MCTS sur des jeux décomposés dans le do-
maine du General Game Playing. Nous présentons des ré-
sultats encourageants montrant que cette approche est pro-
metteuse et ouvre de nouvelles pistes de recherche dans
le domaine de I’exploitation des décompositions. Des jeux
composés complexes sont résolus de 2 fois (Incredible) jus-
qu’a 25 fois plus vite (Nonogramme).

Abstract

In this paper, we propose a variation of the MCTS
framework to perform a search in several trees to exploit
game decompositions. Our Multiple Tree MCTS (MT-
MCTS) approach builds simultaneously multiple MCTS
trees corresponding to the different sub-games and allows,
like MCTS algorithms, to evaluate moves while playing.
We apply MT-MCTS on decomposed games in the Gen-
eral Game Playing framework. We present encouraging
results showing that this approach is promising and opens
new avenues for further research in the domain of decom-
position exploitation. Complex compound games are solved
from 2 times faster (Incredible) up to 25 times faster (Nono-
gramme).

1 Introduction

Le General Game Playing (GGP) est une branche de
I’Intelligence Artificielle visant a créer des programmes
polyvalents capables de jouer a n’importe quel jeu sans in-
tervention humaine. Comme les regles du jeu ne sont pas
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connues a 1’avance, aucun savoir expert ni algorithme spé-
cialisé ne peut étre utilisé. Un aspect important du GGP est
le développement de méthodes d’analyse automatique des
regles dans le but d’accélérer la recherche de la meilleure
stratégie.

Parmi les jeux considérés dans le domaine du GGP, cer-
tains sont composés de différents sous-jeux indépendants
assemblés séquentiellement, ou joués en parallele de ma-
niere synchrone ou asynchrone [3]. Un programme capable
d’identifier ces sous-jeux, de trouver la meilleure straté-
gie pour chacun et de combiner celles-ci, peut significa-
tivement réduire le colit de la résolution du jeu global [4].
Plusieurs méthodes ont été proposées pour décomposer des
jeux solitaires [5] ou multi-joueurs [18, 7, 8]. Deux ap-
proches distinctes ont été proposées pour exploiter ces dé-
compositions, la premiere inspirée de la planification hié-
rarchique et la seconde de la vérification de modele utili-
sant ASP.

La premiere approche, nommée Concept Decomposition
Search [5], est une recherche par approfondissement itéra-
tif permettant de résoudre des jeux solitaires. Chaque ité-
ration de la recherche est composée de deux étapes : une
recherche locale permettant de collecter 1’ensemble des
plans locaux a profondeur donnée et une recherche globale
visant a combiner les sous-plans des différents sous-jeux
pour trouver le meilleur plan global. Cette approche est
étendue aux jeux multi-joueurs [18] en utilisant des turn-
move sequences (TMSeqs) comme résultat de la recherche
locale. Les TMSeqs indiquent non seulement les actions,
mais également les joueurs qui les ont exécutées. La re-
cherche globale est fondée sur les techniques classiques de
recherche arborescente, mais utilise les TMSeqs a la place
des actions légales, ce qui réduit considérablement la taille
de I’arbre par rapport a une recherche standard.

La seconde approche [3] utilise I’Answer Set Program-
ming (ASP) pour résoudre les jeux décomposés. Les plans
locaux sont combinés a mesure de leur calcul pour trouver



un plan global. Cette recherche est utilisée uniquement sur
des jeux solitaires. La maniere dont cette approche pourrait
étre généralisée aux jeux multi-joueurs n’est pas évidente
et reste un probléme ouvert.

Dans toutes ces approches précédentes, la recherche re-
tourne un plan global ou rien. Dans le cadre du GGP,
un temps limité est alloué pour analyser les regles avant
le début du jeu (startclock). Un algorithme de recherche
doit permettre de déterminer rapidement la premiere ac-
tion a jouer puis de raffiner la stratégie pendant le temps
de réflexion accordé entre chaque coup (playclock). Les re-
cherches locales et globales doivent donc étre menées en
parallele et permettre d’améliorer le plan tout en jouant.

Dans cet article, nous proposons une nouvelle approche
pour résoudre les jeux décomposés fondée sur la recherche
arborescente Monte Carlo (MCTS). MCTS constitue 1’état
de I’art pour les joueurs programmés dans le domaine du
GGP, mais aussi pour des joueurs spécialisés comme Al-
pha Go [16], pour les jeux vidéos et d’autres domaines
en dehors des jeux [2]. Notre recherche multi-arbres (MT-
MCTS) construit simultanément plusieurs arbres corres-
pondant aux différents sous-jeux. Plutot que de produire un
plan global, MT-MCTS évalue les actions a chaque étape
du jeu. Un joueur programmé utilisant MT-MCTS peut
donc commencer a jouer tout en explorant la suite du jeu
a la recherche la meilleure action suivante. Nous compa-
rons la performance de notre algorithme MT-MCTS, sur
des jeux solitaires, avec celle d’une recherche MCTS utili-
sant la politique Upper Confidence Bound applied to Trees
(UCT) et les tables de transposition.

Le reste de cet article est organisé comme suit. Dans la
section suivante, nous présentons brieévement la recherche
MCTS, la politique UCT et ses optimisations courantes.
Dans la section 3, nous présentons 1’approche MT-MCTS
utilisant plusieurs arbres pour résoudre les jeux décompo-
sés. Nous présentons les résultats expérimentaux sur dif-
férents jeux solitaires dans la section 4. Dans la section 5,
nous discutons ces résultats, nous présentons les défis sou-
levés par la recherche simultanée dans plusieurs arbres, les
possibles extensions de notre algorithme et les problemes
ouverts. Nous concluons dans la section 6.

2 MCTS et UCT

Un jeu peut étre représenté sous forme d’un arbre.
Chaque nceud représente un état du jeu et chaque arc repré-
sente un mouvement joint des joueurs !. Les algorithmes de
la famille MCTS permettent de construire un arbre du jeu
de maniére incrémentale et asymétrique [2].

MCTS démarre a partir d’un unique nceud représen-
tant 1’état courant du jeu et répete les quatre étapes sui-

1. Dans le cadre du GGP, les joueurs jouent toujours simultanément.
Pour simuler un jeu a coups alternés, les joueurs qui n’ont pas la main
disposent d’un seul coup légal consistant a passer leur tour.

A. Hufschmitt, J.-N. Vittaut, N. Jouandeau

vantes pendant un nombre d’itérations ou un laps de temps
donné : la sélection d’un chemin dans I’arbre du jeu selon
la politique de I’arbre ; I’expansion de 1’arbre avec la créa-
tion d’un nouveau nceud ; une simulation (playout) d’apres
la politique par défaut; la rétro-propagation du résultat
du playout pour mettre a jour I’évaluation statistique des
nceuds (nombre de visites et cumul des récompenses). Le
nombre de playouts dans MCTS est un facteur clef pour la
qualité de I’évaluation des nceuds de 1’arbre [10].

La politique par défaut consiste généralement a jouer
des coups au hasard jusqu’a atteindre un état terminal du
jeu. Pour la sélection, UCT [1] est la politique de I’arbre
la plus courante. Elle permet un compromis entre 1’exploi-
tation des meilleurs coups et I’exploration de I’arbre com-
plet. Dans chaque état visité, le coup choisi est celui qui
maximise U :

U=y el )

ni n;

avec w; le cumul des récompenses > obtenues pendant les
playouts en choisissant le coup i, n; le nombre de visites
du nceud enfant correspondant, N le nombre de visites du
nceud courant et C une constante équilibrant les termes ex-
ploration et exploitation 3.

Une optimisation courante consiste a utiliser une table
de transposition : les états identiques du jeu sont représen-
tés par un nceud unique dans 1’arbre. Dans le cadre du GGP,
pour garantir que tous les jeux se terminent en un nombre
fini d’étapes, beaucoup de jeux qui comprennent des cycles
utilisent un compteur de coups nommé stepper. Les états
identiques du jeu, présents a différentes profondeurs dans
I’arbre, sont ainsi différenciés par ce stepper et les transpo-
sitions peuvent uniquement apparaitre & une méme profon-
deur. Quand un programme utilise les transpositions, 1’éva-
luation des différentes actions 1égales est généralement sto-
ckée dans les arcs sortants d’un nceud plutdt que dans ses
neeuds enfants [15]. Le nombre de visites reste stocké dans
le noeud parent.

Une autre optimisation commune, utilisée pour guider la
recherche, est I’élagage des branches totalement explorées
[12, 17]. Durant I’étape de sélection, plutdt que de retour-
ner dans les branches qui ont été completement évaluées,
le score moyen de la branche est calculé et utilisé pendant
I’étape de rétro-propagation.

3 Multiple Tree MCTS (MT-MCTS)

Dans le cadre du GGP, I’état du jeu est décrit par un en-
semble fini de fluents instanciés dont certains sont vrais.

2. Dans le framework GGP, les récompenses sont représentées par un
entier entre 0 et 100. Dans cet article, nous considérons que cette récom-
pense est normalisée entre 0.00 et 1.00

3. Dans le framework GGP, C est généralement fixé a une valeur de
0.4 apportant un bon équilibre entre exploration et exploitation dans une
majorité de jeux GGP.
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Un ensemble de F fluents permet de décrire 27 états dis-
tincts. Le résultat de la décomposition est 1’identification
de différents sous-ensembles de ces fluents représentant
I’état des sous-jeux [6] que nous nommons ici des sous-
états. Un jeu peut étre décomposé en sous-jeux disjoints
[8] dans ce cas ces sous-ensembles de fluents sont disjoints
et I’ensemble des sous-jeux correspond a un partitionne-
ment des fluents du jeu global. Une décomposition d’un
jeu en sous-jeux non-disjoints peut également étre envisa-
gée. Dans ce cas les sous-ensembles de fluents peuvent se
recouper e.g. quand les fluents représentent les cases d’un
plateau de jeu et chaque sous-jeu représente une ligne ou
une colonne du jeu global. La maniére d’obtenir ces dé-
compositions est hors du cadre du présent article.

Dans cette section, nous présentons les difficultés résul-
tant de la décomposition, le principe général de notre ap-
proche multi-arbres MCTS qui permet de résoudre ces dif-
ficultés et des aspects de MT-MCTS pour lesquels nous
avons empiriquement développé une politique spécifique :
la sélection locale des meilleures actions dans un sous-jeu,
la sélection d’une action au niveau global d’apres les re-
commandations des sous-jeux et le marquage des branches
totalement explorées.

3.1 Difficultés résultant de la décomposition

La décomposition d’un jeu en différents sous-jeux pro-
duit des sous-états dans lesquels les actions 1égales dé-
pendent de la combinaison de ces sous-états, ce qui amene
une premiere difficulté concernant le calcul des coups 1é-
gaux.

Une autre difficulté apparait quand un stepper est sé-
paré du reste d’un jeu : des cycles peuvent apparaitre dans
certains sous-jeux. Dans les transpositions d’un sous-état,
I’évaluation des actions peut différer en fonction de la pro-
fondeur du jeu. Ce probleme est évoqué sous les termes
de graph history interaction problem [13]. 1l existe une so-
Iution générale pour les jeux a score binaire [9]. Dans le
cadre du GGP, les scores sont plus progressifs et cette so-
Iution générale n’est donc pas applicable.

La décomposition souleve également un probleme pour
I’identification des sous-états terminaux. Par exemple, le
jeu Incredible est décomposé en un labyrinthe (Maze), un
jeu de cubes (Blocks World), un stepper et un ensemble
d’actions inutiles de contemplation. Le jeu est terminé si
le stepper atteint 20 ou si le jeu Maze est terminé. Dans
Blocks World, un sous-état n’est jamais terminal par lui-
méme. Il est possible également d’imaginer un jeu dans
lequel deux sous-états seraient tous deux non-terminaux
mais dont la combinaison serait terminale et devrait étre
évitée dans un plan global.

La décomposition amene aussi une difficulté pour I’éva-
luation des sous-états dont le score peut dépendre d’une
combinaison opportune avec d’autres sous-états. De plus,
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dans le cadre du GGP, le score décrit par le prédicat goal
est fiable uniquement si 1’état courant est terminal [11].
Ces deux faits rendent la fonction d’évaluation moins fiable
dans les sous-arbres.

Finalement, le probleme de la fiabilité de la décomposi-
tion se pose. Si la décomposition est inconsistante, 1’éva-
luation des coups légaux peut étre erronée, amenant le
joueur programmé a choisir des coups illégaux et a calculer
des états incohérents.

Pour éviter tous ces problemes, nous proposons 1’ap-
proche suivante : réaliser les simulations dans le jeu global
et construire un sous-arbre pour chaque sous-jeu. Les coups
légaux, 1’état suivant et la fin de jeu peuvent étre évalués
pour le jeu global dans lequel le score réel est connu. La sé-
lection des actions est réalisée en fonction de 1’évaluation
des sous-états dans les sous-arbres. Une décomposition in-
consistante peut étre détectée si durant deux simulations,
la méme action a partir du méme sous-état amene a dif-
férents sous-états suivants. Une décomposition partielle *
mais consistante permet de jouer dans le respect des regles
méme si son exploitation peut s’avérer moins efficace. Pour
prendre en charge les transpositions tout en évitant le graph
history interaction problem, la version courante de MT-
MCTS ne considere les transpositions qu’a la méme pro-
fondeur dans les sous-arbres. Chaque sous-jeu est donc re-
présenté par un graphe acyclique dirigé avec une racine
unique.

3.2 Simulations globales et construction des sous-
arbres

Notre MT-MCTS itere les quatre méme étapes que
MCTS, a la différence que 1’étape de sélection alterne
différentes phases de sélection locale et globale. La fi-
gure 1 représente ces quatre étapes. Prenons le jeu soli-
taire représenté par 1’arbre partiel en haut a gauche de la
figure. Considérons que la décomposition de ce jeu aboutit
a I’identification de deux sous-jeux paralleles asynchrones.
Remarquez que les actions a et ¢ a partir de la racine ont le
méme effet sur le premier sous-jeu et ameénent toutes deux
au méme sous-€tat '+’. De méme, les actions b et c ont
le méme effet sur le second sous-jeu et ameénent au méme
sous-état "o’.

Considérons que les actions a et b ont été testées
chacune une fois. Les sous-arbres des sous-jeux 1 et 2
contiennent les arcs représentant ces actions et les noeuds
représentant les sous-états atteints. Les transitions ont été
évaluées grace aux scores remontés par les deux playouts.
Durant la troisiéme descente (voir [1al), I’action ¢, non tes-
tée, est déja évaluée : cette action amene a la combinai-
son des sous-états "+’ et 0’ qui ont déja été ajoutés dans
les sous-arbres et évalués. Les transitions représentées par

4. Une décomposition est partielle si un sous-jeu peut étre décom-
posé.
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Ficurk 1 — Les quatre étapes de MT-MCTS. Les sous-états identiques sont représentés par un triangle de méme orientation,
symbole et couleur. La partie de chaque état appartenant au premier sous-jeu est représentée par un triangle pointe en haut,
tandis que celle appartenant au second sous-jeu est représentée par un triangle pointe en bas. Sélection : Sélection
locale dans les sous-jeux, sélection globale en fonction de la sélection locale, sélection locale avec actions non
testées, sélection globale aléatoire des actions non testées. Expansion et simulation : |3| expansion des sous-arbres et
simulation globale. Rétro-propagation : |4| rétro-propagation du score global dans chaque sous-jeu.

les arcs de I’arbre, sont étiquetées avec les différentes ac-
tions menant au méme sous-état : ces dernieres forment
une meta-action [7]. Jouer avec des jeux décomposés per-
met donc de réduire significativement le facteur de bran-
chement et la taille de ’espace de recherche. Remarquez
que les actions b dans le sous-jeu 1 et a dans le sous-jeu
2 ne modifient pas 1’état initial du jeu : les transitions qui
laissent I’état d’un sous-jeu inchangé permettent d’évaluer
I’intérét de jouer ailleurs que dans ce sous-jeu. Comme les
actions 1égales a, b et c ont été testées une fois, la sélection
est effectuée d’apres 1’évaluation des sous-jeux.

Supposons (voir [2a]) que le sous-jeu 1 recommande la
transition vers le sous-état *+’ (action a ou c) et que le sous-
jeu 2 recommande la transition vers le sous-état "o’ (action
b ou c). Maintenant, la sélection globale doit faire un choix
en fonction de ces recommandations. Ici, 1’action c est la
plus recommandée et est choisie. Les étapes |1a|et sont
itérées pour réaliser la descente dans 1’arbre global. L’état
suivant et les coups légaux sont calculés pour le jeu global
ce qui garantit que seules des actions légales sont jouées et
que la cohérence de I’état du jeu est préservée.

Quand le sous-état atteint comprend des actions incon-
nues (voir [1b]), la sélection locale retourne la liste des ac-
tions non-testées. Une action est sélectionnée au hasard
parmi elles (voir [2b), I’état suivant est évalué et les sous-
jeux sont interrogés pour savoir si cet état suivant corres-
pond a une transition déja connue. Si les sous-états atteints
sont connus de tous les sous-jeux, I’action est associée aux

transitions correspondantes et 1’étape est ré-itérée en
sélectionnant au hasard une autre action non-testée. S’il ne
reste plus d’action non-testée, la descente continue comme
décrit 4 1’étape [1a].

Si le sous-état atteint est nouveau pour au moins un des
sous-jeux, une expansion est effectuée (voir [3]) pour ajou-
ter la nouvelle transition et le nouveau nceud correspon-
dant dans chaque sous-arbre. Si une transposition existe,
le sous-état correspondant est associé a la transition. Un
playout est exécuté au niveau global a partir de ce nouvel
état du jeu.

Dans I’état terminal atteint, le score est évalué (voir [4])
puis transmis aux sous-jeux. Chaque sous-jeu remonte le
score dans son sous-arbre pour évaluer les transitions et
les nceuds visités. L’arbre du jeu global n’est pas construit.
Seul I’état courant est conservé en mémoire pour permettre,
a chaque étape, d’évaluer les coups 1égaux, 1’état suivant et
éventuellement de réaliser un playout.

3.3 Sélection locale

A chaque étape de la sélection par MT-MCTS, un sous-
jeu recoit un ensemble d’actions légales a évaluer. Le sous-
état courant est associé a un nombre de visites N. Chaque
transition i a partir de ce sous-état est évaluée par un
nombre de visites 7n; et un score cumulé w;. La sélection lo-
cale retourne un ensemble d’actions s’il existe différentes
transitions avec la méme évaluation U ou si la meilleure
transition est étiquetée avec différentes actions.
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Nous avons exploré différentes approches pour réaliser
la sélection locale. La premiere est une application standard
de la politique UCT. Cependant, cette approche n’est pas
satisfaisante car une transition dans un sous-jeu peut alors
recevoir une bonne évaluation sans avoir contribué au score
global : I’évaluation a été obtenue grace a une séquence
d’actions menant a une évaluation positive dans un autre
sous-jeu. Un autre probleme plus grave survient dans le cas
des jeux a score binaire : le score est toujours zéro jusqu’a
ce qu’une solution soit trouvée. Dans ce cas, la recherche se
ramene a une exploration en largeur d’abord et ne permet
pas la découverte des bonnes combinaisons de sous-états.

Dans le cadre du GGP, un état du jeu est décrit par un en-
semble fini de fluents instanciés dont certains sont vrais. La
décomposition partitionne ces fluents en différents groupes
qui représentent les états des sous-jeux. Dans un état termi-
nal global, il est possible de garder uniquement les fluents
correspondant a I’un des sous-jeux, de donner la valeur in-
défini aux autres fluents et d’évaluer les regles logiques du
jeu avec une logique tri-valuée. Les prédicats goal vrais
ou indéfinis représentent les scores possibles d’apres 1’état
de ce sous-jeu. Le goal de score maximum (/max) corres-
pond au score maximum potentiel qui peut étre obtenu si
le reste de 1’état du jeu correspond a la meilleure configu-
ration possible dans les autres sous-jeux.

Le score Imax est indicatif, le vrai score maximum peut
varier légerement car une logique tri-valuée ne garantit pas
I’information la plus précise [14]. L’évaluation Imax est
néanmoins une estimation précieuse de la valeur d’un sous-
état. Cette information peut étre rétro-propagée en plus du
score global et cumulée dans une variable w/***. Pour une
transition donnée, *i/»; est un estimateur du score global
et %'/, est un estimateur du score local. Ces deux infor-
mations peuvent étre utilisées dans une politique dérivée
d’UCT (voir eq.1). Les actions choisies par le sous-jeu
sont celles associées aux transitions dont 1’évaluation U est
maximum :

max

Uza&+(l—a) L— +C =
n; n; n;

log

2

avec a € [0, 1] pondérant les estimateurs de score global et
local.

Pour éviter de retourner dans les branches déja com-
pletement explorées, les transitions correspondant a ces
branches sont exclues de la sélection locale aussi long-
temps que des transitions non totalement explorées
existent.

3.4 Sélection globale

Dans un jeu comme Incredible, le sous-jeu Maze est ra-
pidement completement exploré. Ce sous-jeu recommande
alors systématiquement la séquence d’actions menant au
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gain maximum dans ce sous-jeu (45% du score total). Ce-
pendant, terminer ce sous-jeu met fin prématurément au
jeu global. Pour un algorithme fondé sur une balance entre
exploration et exploitation, il faut un tres grand nombre
de visites de I’action terminale de Maze pour orienter la
recherche vers I’exploration des autres actions possibles
(jouer dans le sous-jeu Blocks World). Pour éviter ce pro-
bleme, les coups 1égaux sont étiquetés en fonction de leur
statut terminal ou non. Si certaines actions sont terminales,
le score correspondant est évalué. Si une action terminale
retourne le score maximum possible pour le joueur courant,
elle est directement sélectionnée. Dans le cas contraire, la
sélection locale est appliquée sur les actions légales non-
terminales.

La sélection globale de la meilleure action est réalisée
d’apres les actions recommandées par les sous-jeux. Dans
les jeux en série ou les jeux paralleles synchrones, 1’in-
tersection des ensembles d’actions recommandées est tou-
jours non-vide. La sélection globale est alors évidente :
une action est choisie au hasard dans cette intersection.
En revanche, dans un jeu parallele asynchrone, différents
sous-jeux peuvent proposer des ensembles d’actions dis-
joints. Il est alors nécessaire de définir une politique pour
le choix de I’action au niveau global. Pour définir une po-
litique compatible avec tous les jeux, nous proposons une
politique de vote. Chaque sous-jeu recommandant une ac-
tion lui apporte une voix. Dans le cas des jeux en série ou
paralleles synchrones, la meilleure action obtient autant de
voix qu’il y a de sous-jeux. Dans le cas des jeux paralleles
asynchrones, il est possible que chaque action n’obtienne
qu’une seule voix.

Parmi les actions ayant recu le plus de voix, celles ap-
portant la plus grande espérance de gain sont sélection-
nées pour diriger la recherche sur les actions menant a la
meilleure combinaison de sous-états. Quand le but du jeu
correspond a la conjonction des buts des sous-jeux, ce gain
maximum espéré pour une action m parmi 7' sous-jeux est
le produit des probabilités de gain dans chaque sous-jeu s :

T

Win
[ o 3)

s=1

Quand le but du jeu correspond a la disjonction des buts
des sous-jeux, ce gain maximum espéré est la somme des
probabilités de gain dans chaque sous-jeu s :

T an
2 @)

wy, est le cumul des récompenses gagnées durant les
playouts et n, le nombre de visites associés a la transition
étiquetée par cette action m dans le sous-jeu s. Si plusieurs
actions offrent la méme espérance de gain maximum, une
d’elles est sélectionnée aléatoirement.



3.5 Marquage des branches totalement explorées

Différentes séquences d’actions peuvent mener a visiter
de nombreuses fois la méme branche d’un sous-arbre. Pour
éviter de re-visiter inutilement les branches totalement ex-
plorées, dans le cas d’UCT, il est courant de les étique-
ter pour stopper la descente ou encourager la visite des
branches voisines. Cependant, dans le cas des sous-jeux, un
sous-état n’est pas toujours terminal en fonction du reste
de I’état global. Il est donc nécessaire de développer une
approche spécifique pour étiqueter les branches totalement
explorées dans les sous-jeux. Nous proposons de résoudre
ce probléeme par une simple révision du marquage durant
les descentes successives.

Durant 1’étape de sélection, la liste des coups 1égaux
est calculée. Nous vérifions a cette occasion si les sous-
états suivants connus comme terminaux sont bien termi-
naux dans la situation courante. Dans le cas contraire, 1’ éti-
quetage est révisé et cette révision est rétro-propagée le
long du chemin visité pendant la descente. Lorsque toutes
les transitions a partir d’un sous-état sont signalées comme
totalement explorées, la transition menant a ce sous-état est
également étiquetée comme "totalement explorée”. Dans le
cas de MT-MCTS, ce marquage est utilis€ non pas pour
stopper définitivement la recherche mais pour encourager
la visite des branches voisines en priorité.

4 Expérimentations

Nous présentons ici des expérimentations menées avec
MT-MCTS . Premiérement nous évaluons différentes pon-
dérations de notre politique de sélection locale et deuxie-
mement nous comparons la performance de MT-MCTS
face a UCT. Nous montrons que notre approche peut ré-
duire significativement le nombre de simulations et le
temps de résolution des jeux. Nous menons nos expérimen-
tations sur différents jeux solitaires : Incredible, différentes
grilles de Nonogramme de taille 5 X 5 et 6 X 6 (fig.2) et
Queens08lg.

Incredible est un jeu intéressant car il est possible de
mettre prématurément fin au jeu avec un score sous-
optimal. Il est couramment utilisé pour évaluer les joueurs
programmés capables d’exploiter les décompositions. Le
Jjoueur met fin a la partie et obtient 45 points s’il rapporte un
trésor a I’entrée du labyrinthe (Maze), additionné a 25 + 30
points s’il réalise au préalable deux piles de cubes (Blocks
World).

Les Nonogrammes sont des puzzles logiques dans les-
quels les cases d’une grille doivent étre colorées ou laissées
blanches en fonction de nombres placés en bout des co-
lonnes et des lignes. Le score est binaire et UCT n’apporte

5. Les expérimentations ont été réalisées sur un cceur d’un Intel Core
i7 2,7GHz avec 8Go de DDR3 a 1.6GHz.
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pas d’amélioration par rapport a une recherche en profon-
deur ou en largeur d’abord sur ce jeu.

Queens08lg est au contraire rapidement résolu par UCT.
1l s’agit d’un puzzle des huit reines dans lequel il est illégal
de placer une reine dans une position ou elle pourrait cap-
turer une autre reine en un coup. Le jeu est terminé quand
aucune reine ne peut étre ajoutée sur 1’échiquier ou si le
joueur déclare forfait. Le joueur recoit une partie des points
pour chacune des huit reines & placer.

Nous avons décomposé ces jeux en utilisant une mé-
thode de décomposition statistique [8]. Pour chaque jeu et
chaque configuration, nous avons réalisé 10 tests et nous
mesurons le nombre moyen de playouts et le temps moyen
nécessaires pour résoudre le jeu. Un jeu est considéré ré-
solu quand une feuille de score maximum est trouvée.

4.1 Pondération de la politique de sélection locale

Le but de notre premiere expérimentation est de compa-
rer différentes valeurs de « dans la politique de sélection
locale (eq.2). Nous utilisons C = 0.4 qui permet un bon
équilibre entre exploration et exploitation dans une majo-
rité€ de jeux GGP. Nous présentons les résultats de nos tests
sur deux jeux : Incredible et Nonogramme "damier". Les
résultats sont présentés sur la figure 3.

En utilisant uniquement 1’estimateur de score global
(@ = 1) dans la politique de sélection locale, il n’est pas
possible de résoudre le Nonogramme a cause de son score
binaire. Le score estimé est toujours zéro et les actions
choisies au hasard ont tres peu de chance de mener a la
bonne combinaison de sous-états. Au contraire, 1’utilisa-
tion exclusive de I’estimateur de score local (@ = 0) permet
de guider la recherche dans les sous-arbres et de résoudre le
Nonogramme en moins de 5 secondes. Cependant, I’utilisa-
tion de @ = 1 donne de meilleurs résultats dans Incredible
tandis que @ = 0 nécessite presque deux fois plus de temps
pour résoudre le jeu. En faisant varier @, nous remarquons
qu’une faible participation de I’estimateur de score local
(@ = 0.75) permet d’obtenir un résultat encore meilleur
dans Incredible et une faible participation de 1’estimateur
de score global (@ = 0.25) permet d’obtenir la résolution
la plus rapide du Nonogramme. Cependant, 1’importance
des écarts types, du méme ordre de grandeur que le temps
de résolution ou un ordre en dessous, ne permettent pas
d’identifier un effet vraiment significatif de la variation de
la pondération. En considérant 1’écart type, les temps de
résolution sont similaires dans les trois tests mélant les es-
timateurs de score local et global. Plus d’expérimentation
seront nécessaires pour vérifier I’'influence d’une pondéra-
tion inégale de ces deux informations.

Toutefois, 1’association de ces deux estimateurs semble
souhaitable pour constituer une politique polyvalente. Dans
les expérimentations suivantes, nous utilisons la pondéra-
tion @ = 0.5 dans la politique de sélection locale car elle
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Ficure 2 — Différentes grilles de Nonogramme (résolues). Le numéro a I'intérieur de chaque case indique le sous-jeu
auquel elle appartient. Chaque case dont le statut peut étre déterminé indépendamment des autres constitue un sous-jeu.
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Ficure 3 — Temps moyen sur 10 tests pour résoudre Incredible et Nonogramme "damier" avec différentes valeurs de «

pour la politique de sélection locale de MT-MCTS (eq.2).

donne globalement le meilleur résultat.

4.2 MT-MCTS vs. UCT

Dans une seconde expérimentation (fig.4), nous compa-
rons 'efficacité de MT-MCTS face a UCT en termes de
nombre de playouts et de temps utilisés pour la résolution
des jeux.

MT-MCTS est significativement meilleur que UCT sur
le jeu Incredible en terme de playouts nécessaires pour
résoudre le jeu. MT-MCTS utilise vingt fois moins de
playouts mais la sélection des actions est significativement
plus longue. Au final, le jeu est résolu deux fois plus vite.

La comparaison de nos résultats avec ceux obtenus avec
la Concept Decomposition Search (Fluxplayer) [5] ou en
encodant le probleme en ASP [3] est difficile car ces ap-
proches sont totalement différentes de UCT. Fluxplayer
met 2 heures pour résoudre Incredible en calculant 41 mil-
lions d’états (a comparer aux 280 milles playouts pour
UCT?®). L’exploitation du jeu décomposé réduit ce temps
a 45 secondes et 3212 états. Ce temps de résolution est su-
périeur au notre bien que moins d’états soient calculés par
leur approche. L’encodage de Incredible en ASP permet la
résolution du jeu en 6.11 secondes. Ce temps est réduit a
1.94 secondes en exploitant la décomposition, soit un fac-
teur de 3. Il faut noter que cette approche est optimisée pour
les jeux solitaires. Comme notre approche requiert 21 fois
moins de playouts pour la résolution du jeu décomposé, en
optimisant 1’étape de sélection de MT-MCTS, nous espé-
rons obtenir une performance similaire voire meilleure.

6. Comme chaque playout donne lieu a une expansion de 1’arbre, nous
pouvons comparer le nombre de playouts avec le nombre d’états calculés.
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Pour un puzzle simple comme QueensO8lg, méme si
la résolution du jeu décomposé nécessite 3 fois moins de
playouts, le temps de décomposition est trop important
comparé au gain qui peut étre espéré dans le temps de ré-
solution.

Sur les grilles de Nonogramme (5x5 et 6x6), MT-MCTS
est significativement meilleur que UCT. La résolution est
25 fois plus rapide pour "fetris”. Ce gain n’est pas directe-
ment lié au nombre de sous-jeux identités : pour "damier”,
qui a un nombre plus important de sous-jeux, le temps de
résolution n’est que 6 fois plus rapide. Le gain observé dans
le temps de résolution est directement li€¢ au nombre de si-
mulations nécessaires : de 300 fois moins pour "iG" jus-
qu’a 2400 fois moins pour "damier clos” (sans mention-
ner les 4 tests ot UCT a été interrompu apres 107 playouts
sans trouver de solution). L’étape de sélection plus lourde
est largement compensée ici par le gain significatif dans le
nombre de simulations. Le temps nécessaire pour résoudre
"cube" avec MT-MCTS est de 2 heures en moyenne. UCT
trouve parfois une solution en moins de 2 heures, mais
la majorité des tests (8/10) échoue a trouver une solution
apres 3 heures en moyenne.

5 Discussion

Comme certaines combinaisons de sous-états peuvent ne
jamais étre testées, le partitionnement de la recherche sur
plusieurs arbres n’offre en théorie aucune garantie de trou-
ver la solution avec un nombre infini de playouts. En pra-
tique, une bonne politique de sélection permet de guider
la recherche vers la séquence d’actions adéquate pour at-
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Jeu UCT / MT-MCTS # playouts temps (décomp.) o # échec
Incredible UCT 280158 Im 14.3s -
MT-MCTS 13199 32.86s (2.50s) 4.4s -
UCT 67 0.01s <0.1s -
QueensOSlg MT-MCTS 7 1305 (1.295) <0.1s -
Nonogramme "damier” UCT 432019 31.31s 16.5s -
MT-MCTS 776 4.81s (0.69s) 0.5s -
Nonogramne "G" UCT 2988921 4m24s 4m8s -
MT-MCTS 9344 36.61s (0.77s) 16.45s -
Nonogramne "tetris” UCT 4969111 Tm20s 3m53s 1 (apres 107 play. = 15m17s)
MT-MCTS 3767 16.36s (1.015s) 6.5 -
Nonogramne "chien assis" UCT 2552082 3md3s 2m50s -
MT-MCTS 5476 26.27s (0.98s) 14.92s -
Nonogramne "iG" UCT 3086172 4m34s 3m9s -
MT-MCTS 10232 28.60s (0.85s) 12.40s -
Nonogramne "damier clos” UCT 4284872 13m7s 6m4ls 4 (apres 10" play. = 30m25s minimum)
MT-MCTS 1762 49.26s (2.40s) 3.72s -
Nonogramne "cube" UCT 21438731 1h17m23s 19m16s 8 (apres 5 x 107 play. = 3h57s minimum)
MT-MCTS 358608 1h53m8s (2.75s) 45m7s -

FiGUure 4 — Comparaison des temps de résolution des différents jeux avec UCT et MT-MCTS. Les colonnes présentent le
nombre moyen de playouts et le temps moyen pour résoudre les puzzles (échecs exclus) sur 10 tests. La partie du temps
utilisé pour la décomposition est présentée entre parentheses. La colonne o indique I’écart type. La colonne "échec"
indique le nombre de recherches stoppées avant d’avoir trouvé une solution avec, entre parenthéses, le nombre de playouts

exécutés et le temps minimum utilisé pour les réalisés.

teindre la bonne combinaison de sous-états.

Le probleme, dans le cadre du GGP, est que la politique
optimale dépend de la structure du jeu. Par exemple, ex-
clure les branches totalement explorées de la sélection lo-
cale peut rapidement guider la recherche vers une solution
dans Incredible car cela permet d’éviter de ré-explorer le
chemin menant a un score sous-optimal. Cependant, cela
peut ralentir la résolution d’un jeu comme Nonogramme
dans lequel jouer les actions déja identifiées comme bonnes
permet de colorer certaines cases et de guider la découverte
des bonnes actions suivantes.

Malgré ce ralentissement de la résolution pour les No-
nogrammes, MT-MCTS est plus efficace que UCT sur ces
puzzles. Cependant, comme une intéressante combinaison
de sous-états peut rester inexplorée pendant un long mo-
ment, nous supposons qu’une valeur fixe de o dans notre
politique de sélection locale peut ne pas étre aussi efficace
sur tous les jeux GGP. Des recherches complémentaires
sont donc nécessaires. On peut envisager de nombreuses
politiques distinctes qui permettraient de descendre rare-
ment dans les branches totalement explorées et d’amélio-
rer I’étape de sélection de MT-MCTS. Trouver une poli-
tique pour MT-MCTS dont 'efficacité serait prouvée sur
tous les jeux est un probléme ouvert intéressant.

Les contraintes chiffrées indiquées en bout des lignes
et colonnes font que Nonogramme présente naturellement
une composition en lignes et en colonnes. La structure de
MT-MCTS permet d’exploiter un jeu décomposé de cette
maniere. Une autre piste de recherche a considérer est donc
I’exploitation de différents sous-jeux qui se chevauchent et,
plus généralement, de sous-jeux non disjoints.

Notre version de MT-MCTS ne considere pas toutes les

transpositions pour éviter les jeux contenant des cycles.
Cinquante cinq pour cent des jeux GGP utilisent un step-
per. Le développement d’une politique de sélection spéci-
fique pour tirer avantage des transpositions dans les jeux
contenant des cycles est donc une piste intéressante qui
pourrait significativement améliorer le niveau des joueurs
programmeés.

6 Conclusion

Dans cet article nous avons proposé une extension de
MCTS pour effectuer une recherche dans plusieurs arbres
représentant les différentes parties d’un probleme décom-
posé. Nous avons testé cette idée sur différents jeux soli-
taires dans le cadre du General Game Playing. Jouer avec
des jeux décomposés permet d’espérer un réel changement
d’échelle dans leur vitesse de résolution. Nos tests avec
une politique de sélection pondérée donnent des résultats
prometteurs : les jeux sont résolus de 2 fois plus vite (In-
credible) jusqu’a 25 fois plus vite (Nonogramme). La re-
cherche multi-arbres (MT-MCTS) peut étre étendue aux
jeux multijoueurs comme les approches MCTS conven-
tionnelles et permet également 1’exploitation de sous-jeux
non-indépendants.

La nouvelle approche MT-MCTS ouvre différentes
pistes de recherche : le développement d’une politique de
sélection efficace sur les différents types de jeux composés,
la prise en charge du cas particulier des jeux contenant des
cycles et utilisant un stepper, I’exploitation des sous-jeux
se chevauchant et I’exploitation de décompositions incom-
pletes voire imparfaites.
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Résumé

Le solveur SAT est devenu un oracle NP efficace pour
résoudre des problemes NP-complet (voir au-deld). En gé-
néral, ces problemes sont résolus soit par une traduction di-
recte vers SAT soit en résolvant itérativement des problemes
SAT dans une procédure comme CEGAR. Récemment, une
nouvelle boucle CEGAR récursive travaillant sur deux ni-
veaux d’abstractions, appelée RECAR, a été proposée et ins-
tanciée pour la logique modale K. Nous visons a compléter
ce travail pour les logiques modales utilisant les axiomes
(B), (D), (T), (4) et (5). De plus, pour le rendre performant
en pratique, nous généralisons le framework RECAR pour uti-
liser des compositions de fonctions d’abstraction. Les résul-
tats expérimentaux montrent ’efficacité de cette approche
et qu’elle surpasse les solveurs de 1’état de I’art pour les lo-
giques modales K, KT et S4 sur les benchmarks considérés.

Abstract

SAT technology has become an efficient running NP-
oracle for solving NP-complete problems (and beyond).
Usually those problems are solved by direct translation to
SAT or by solving iteratively SAT problems in a procedure
like CEGAR. Recently, a new recursive CEGAR loop work-
ing with two abstraction levels, called RECAR, was proposed
and instantiated for modal logic K. We aim to complete this
work for modal logics based on axioms (B), (D), (T), (4)
and (5). Moreover, to make it efficient in practice, we gen-
eralize the RECAR framework to deal with compositions of
abstraction functions. Experimental results show that the
approach is efficient and outperforms state-of-the-art modal
logic solvers for modal logics K, KT and S4 on considered
benchmarks.

1 Introduction
La technologie SAT s’est avérée étre une approche

pratique treés efficace pour résoudre des problemes NP-
complet [4]. L’un des principaux problemes est de trouver
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le “bon” encodage pour le probleme, c’est-a-dire, de trou-
ver une réduction polynomiale du probléme original vers
une formule de la logique propositionnelle en forme nor-
mal conjonctive (CNF) qui peut étre efficacement résolue
par un solveur SAT [24]. En raison de leur efficacité, les
solveurs SAT sont utilisés pour résoudre des problémes au-
dela de NP tels que la planification [25], la logique mo-
dale K [31] et QBF [14, 28] qui sont tous des problemes
PSPACE-complets ou encore le comptage de modeles en
logique propositionnelle qui est un probléme #P-complet
et ou les meilleures approches utilisent un solveur SAT
[20, 23, 29, 33].

Malheureusement, en raison de la taille de la traduction,
il n’est généralement pas possible de les encoder directe-
ment dans CNF. Pour pallier a ce probleme, des procé-
dures plus complexes utilisant des solveurs SAT comme
oracles ont été congues. Un exemple d’une telle procédure
est la procédure CEGAR (Counter-Example-Guided Abs-
traction Refinement) [7]. Cette procédure peut étre instan-
ciée de deux manieres différentes, a savoir CEGAR-over et
CEGAR-under. CEGAR-over (resp. CEGAR-under) utilise des
sur-abstractions (resp. des sous-abstractions). L’ oracle est
alimenté par une abstraction du probleme original permet-
tant moins (resp. plus) de modeles. S’il trouve un modele
(resp. s’il prouve qu’il n’y a pas de modele), le probleme
d’origine est résolu. Sinon une nouvelle abstraction doit
étre définie, tenant compte de la réponse de I’oracle.

Récemment, Lagniez et al. [18] ont proposé une ver-
sion récursive de CEGAR dans une procédure appelée RECAR
(Recursive Explore and Check Abstraction Refinement). Ils
ont instancié leur framework pour la logique modale K et
ont démontré expérimentalement les avantages de bascu-
ler entre les deux types d’abstractions de maniere récur-
sive, en particulier pour repérer de petites sous-formules
insatisfiables. Cependant, certaines applications pratiques
nécessitent des logiques modales différentes de K, comme
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KT en économie [21] ou S4 dans le domaine des logiques
de descriptions [34]. Méme si ces logiques modales sont
PSPACE-completes, en pratique, les réductions ne sont pas
simples et des informations structurelles peuvent étre per-
dues pendant la traduction. Afin d’étendre la portée de leur
framework a d’autres logiques modales, nous proposons
d’exploiter la correspondance entre les axiomes de la lo-
gique modale et les contraintes structurelles, mises en €vi-
dence dans la litterature [27], en codant les axiomes de la
logique modale (D), (B), (4) et (5) en CNF. Pour ce faire,
nous complétons la fonction de sur-abstraction initiale en
ajoutant, pour chaque axiome, une contrainte structurelle
qui force la structure de Kripke en construction a satisfaire
cet axiome.

La taille de la CNF produite par [18] dépend forte-
ment du nombre de mondes considérés pour la structure
de Kripke en construction. M&me si ce nombre est théo-
riquement exponentiel dans la taille de la formule d’en-
trée, ils ont démontré expérimentalement que le nombre de
mondes nécessaires sur les instances considérées était sou-
vent suffisamment petit pour faire qu’une approche basée
sur SAT soit efficace en pratique pour la logique modale
K. Quand ce n’est pas le cas, considérer judicieusement les
sous-parties de la formule peut aider a décider de I’insatis-
fiabilité.

Cependant, comme démontré dans nos expériences, ceci
n’est pas nécessairement vrai lorsque 1’on considere des
instances spécifiques dans d’autres logiques modales. Pour
surmonter cette difficulté, nous proposons donc une gé-
néralisation des principes de RECAR. L’idée est de réduire
agressivement la formule originale tout en préservant la sa-
tisfiabilité. Une telle idée a déja été développée dans [18]
lors de la suppression de certaines conjonctions de la for-
mule d’entrée. Ici, nous allons encore plus loin en suppri-
mant les disjonctions et/ou les modalités, en fonction de la
logique modale considérée, en considérant des sous-parties
de la formule originale a la fois pour la sur-abstraction et la
sous-abstraction (seul la sous-abstraction a été considérée
dans les travaux antérieurs).

Nous présentons également des simplifications supplé-
mentaires, spécifiques aux logiques, pour les chaines de
modalités préservant la satisfiabilité. Et enfin, nous éva-
luons expérimentalement 1’approche proposée pour les lo-
giques modales K, KT et S4.

2 Préliminaires

Avant de passer a la logique modale et a son axioma-
tisation, rappelons quelques concepts fondamentaux de la
logique propositionnelle.

Définition 1 (Langage de la logique propositionnelle). Soir

P = {po,...,pu-1} un ensemble fini et non-vide de n va-
riables propositionnelles. Le langage de la logique propo-
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sitionnelle (noté CPL) est I’ensemble des formules conte-
nant P et fermé sous I’ensemble des connecteurs proposi-

tionnels {—, A}. Nous utilisons également les abréviations

dej
standard pour T, L, V, — dt <. Par exemple, (¢1 — ¢2) Y

(g1 A =¢2).

Définition 2 (CNF - Forme Normale Conjonctive). Un lit-
téral est une variable propositionnelle dans P ou sa néga-
tion. Une clause est une disjonction de littéraux. Une for-
mule en forme normale conjonctive (CNF) est une conjonc-
tion de clauses.

On sait que toute formule de CPL peut étre traduite en
une formule logiquement équivalente en CNF. Cependant,
en pratique, des traductions efficaces telles que celle de
Tseitin [36] exige des variables supplémentaires. Ainsi, il
ne conserve que la satisfiabilité et parfois le nombre de mo-
deles. Ici, lorsque nous utilisons le terme CNF, ou simple-
ment formule, nous entendons une formule en CNF.

De récents solveurs SAT (logiciels capables de décider
de la satisfiabilité d’'une CNF) sont capables de vérifier la
satisfiabilité d’une formule “sous hypotheses™ [8] et de sor-
tir un noyau inconsistant (une “raison” pour son insatisfia-
bilité). Le noyau insatisfiable est défini comme suit :

Définition 3 (Noyau inconsistant sous hypothéses). Soir
¢ une formule satisfiable en Forme Normal Conjonctive
(CNF) construite en utilisant les variables booléennes de
P. Soit A un ensemble cohérent de littéraux construits en
utilisant des variables booléennes a partir de P, de telle
sorte que (¢ A N\ zeq @) Soit inconsistant. C C A est un noyau
inconsistant (UNSAT core) de ¢ sous hypotheses A si et
seulement si (¢ A \.ec €) est inconsistant.

Maintenant, nous pouvons introduire les notions re-
quises pour comprendre la logique modale. De plus amples
détails suer la logique modale ayant déja été décrits dans la
littérature [5, 6], passons maintenant aux notions utilisant
la sémantique de Kripke [17].

Définition 4 (Langage de la logique modale). Soit P =
{po, ..., pu-1} un ensemble fini et non-vide de n variables
propositionnelles et M = {0y, ...,0,} un ensemble fini et
non-vide de m opérateur modaux unaires. Le langage de la
logique modale (noté L) est ’ensemble des formules conte-
nant P et fermé sous I’ensemble des connecteurs proposi-
tionnels {—, A} et sous I’ensemble des opérateurs modaux
dans M. Nous utilisons également 1’abréviation standard

def
Sa = —0,~¢.

La profondeur modale d’une formule ¢ dans L, noté
depth(¢), est le nombre le plus élevé de modalités imbri-
quées. Le nombre d’atomes dans une formule ¢ dans £ est
noté Arom(¢).

Définition 5 (Structure de Kripke). Soit P un ensemble fini
et non-vide de n variables propositionnelles et M un en-
semble fini et non-vide de m opérateurs modaux unaires.
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TaBLE 1 — Axiomes et leurs propriétés structurelles

Axiome Contrainte du premier ordre Schéma
Réflexivité (T) | R,(w,w) 0.0 — ¢
Symétrie (B) Ra(wi,wz) = Ry(wa, wy) ¢ — 0,040
Sérialité (D) Ry(wi,w2) 0.0 — Oup
Transitivité (4) | (Ra(wi, w2) ARa(W2, w3)) = Ra(wi, w3) | Bap — Oa0a¢
Euclidianité (5) | (R,(w1, w2) AR (W1, w3)) = Ry(wo,w3) | Oy — Ou0u¢h

Une structure de Kripke est un triplet K = (W,{R, | O, €
M}, V), oi : W est en ensemble non-vide de mondes pos-
sibles, chaque R, € W X W est une relation d’accessibilité
binaire sur W et V : P — 2V est une fonction d’évaluation
qui associe, a chaque p € P, ’ensemble des mondes pos-
sibles de W ot p est vraie. Une structure de Kripke pointée
est une paire (K, w), ot K est une structure de Kripke et
w est un monde possible dans W. Par la suite, chaque fois
que nous utilisons le terme “structure de Kripke”, nous en-
tendons “structure de Kripke pointée”.

La taille d’une structure de Kripke (K, w), qui est le
nombre d’éléments dans W, est notée dans la suite |K].
Sans perte de généralité, nous considérons uniquement les
formules logiques modales sous forme normale négative,
notées NNF (les négations apparaissent seulement avant les
variables propositionnelles) [26, p. 204].

Définition 6 (Relation de satisfiabilité). La relation de sa-
tisfiabilité £ entre les formules de logique modale et les
structures est récursivement définie comme suit :

(M,w)e T
(M,w)E p ssi weI(p)
(M,w) E =¢ ssi (M,w) g ¢

(M,wYyE ANy ssi
(M,wye ¢V ssi
(K,w)y EOu¢  ssi
(K,w)y E Oup ssi

(M,w) E ¢ et (M,w) £

(M,w) E ¢ ou{(M,w) =

(w,w") € R, implique (K, w') E ¢
w,w) eR et (K, W)E ¢

Définition 7 (Validité). Une formule ¢ € L est valide (no-
tée = ¢) si et seulement si elle est satisfaite par toutes les
structures de Kripke (K, w). Une formule ¢ € L est satis-
fiable si et seulement si £ —¢. Une structure de Kripke qui
satisfait ¢ sera appelé un “modele de ¢”.

Par exemple, O,(¢p — ¥) — (Qu¢p — Oyy) est valable
pour tous 1 < a < m et toutes formules ¢,y € L. Cet
ensemble particulier de formules est important dans la lo-
gique modale, il s’appelle “Schéma K ”. Toutes les struc-
tures de Kripke satisfont K, et c’est pourquoi nous les ap-
pellerons ici “structures K”. Une structure K peut satisfaire
d’autres schémas comme ceux listés dans la Table 1. Toutes
les combinaisons de ces schémas donnent lieu a 15 types
de structures différentes [31, Table 25.2]. Ceci est dii au
fait que certains schémas en impliquent d’autres (comme
satisfaire (T) implique satisfaire (D), ou satisfaire (T) et
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Ficure 1 — Le framework RECAR

Y « refine(y) |

sat

(5) implique de satisfaire tous les schémas). Formellement
nous avons :

Définition 8 (Kx-Validité). Soit x qui varie sur les 15 dif-
férents types de structures. Une formule ¢ € L est Kx-
valide (notée =k« @) si et seulement si elle est satisfaite
par toutes les structures Kx (K,w). Une formule ¢ € L
est Kx-satisfiable si et seulement si [Fg, —¢. Une structure
K* qui Kx-satisfait une formule ¢ sera appelé un “modele
Kx de ¢’.

Dans cet article, nous considérons seulement 3 logiques
modales : K dont les modeles correspondent a toutes les
structures K, KT dont les modeles correspondent a toutes
les structures KT (c’est-a-dire, les structures K qui satisfont
également le schéma (T)), et S4 dont les modeles corres-
pondent a toutes les structures KT4 (c’est-a-dire, les struc-
tures K qui satisfont également les deux schémas (T) et
(4)). En théorie, nous pouvons traiter toutes les logiques
modales basées sur K. En pratique, nous avons testé expé-
rimentalement seulement K, KT et S4 pour lesquels nous
avons pu trouver des benchmarks.

3 Une approche RECAR pour K, KT et S4

Le framework RECAR, représenté sur la Fig.1, travaille
avec deux niveaux d’abstraction. Il commence par considé-
rer une sur-abstraction ¢ de la formule d’entrée ¢ et vérifier
sa satisfiabilité. Si ¢ est satisfiable alors ¢ est satisfiable, la
procédure s’arréte et renvoie SAT. Dans le cas contraire, il
vérifie si Y est trivialement equisatisfiable a ¢. Si tel est le
cas, alors ¢ est insatisfiable, la procédure s’arréte et renvoie
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UNSAT. Sinon, il vérifie s’il est possible de construire une
sous-abstraction ¢ de ¢. Si une telle sous-abstraction ne
peut étre trouvée, la sur-abstraction est raffinée et le pro-
cessus boucle. Sinon, é est considérée comme a résoudre
par un appel récursif 2 RECAR. Parce que ¢ est une sous-
abstraction, si 1’appel récursif prouve que ¢ est insatisfiable
alors ¢ est également insatisfiable et la procédure s’arréte.
Sinon, il ne peut pas conclure et donc il raffine ¥ et répete
tout le processus.

Pour étre correctement instancié, certaines conditions
doivent étre vérifiées par les différents blocs utilisés dans
RECAR [18] :

Hypotheses sur RECAR
1. L’oracle ‘check’ est correct, complet et se termine.
2. ¢ est satisfiable implique refine(¢) est satisfiable.
3. Il existe n € N tel que refine”(¢) =7, ¢
4.  est insatisfiable implique ¢ est insatisfiable.
5

. Let under(¢) = ¢. Il existe n € N tel que
RC(under"(¢), under™*! (¢)) renvoie faux, ot RC re-
présente une fonction booléenne déterminant si un
appel récursif doit avoir lieu.

Puisque ‘qAS’ est une CNEF, il suffit d’utiliser un solveur
SAT pour respecter Hypo. 1. Pour respecter Hypo. 2 et
3, [18] propose une fonction ¢ = over(¢,n) ce qui tra-
duit la formule modale ¢ en une modélisation CNF deman-
dant “est-ce que ¢ est satisfiable par un modele de taille
n?”. Lorsque la procédure répond positivement, ¢ est sa-
tisfiable. Sinon, il peut &tre raffiné avec m > n jusqu’a ce
que m atteint une borne supérieure théorique, qui est notée
UB(¢). La borne supérieure théorique garantit également
que le CNF généré est équisatisfiable a ¢ (RECAR Hypo. 3).
La traduction ajoute de nouvelles variables p; et r?,,- ala for-
mule : p; dénote que la variable p est vraie dans le monde
w; alors que rf] correspond a w; étant accessible depuis w;
par la relation a.

Parce que ce sera important plus tard, nous rappelons ici
que ’Hypo. 3 correspond aux lemmes suivants.

Such upper-bound is specific for each modal logic, as we
can see below.

Lemme 1 ([30]). UB(¢) = Atom(¢)**P® en logique mo-
dale K.

Lemme 2 ([9]). UB(¢) = 2! en logique modales KT et S4.

Dans ce qui suit, ces borne supérieures sont utilisées
pour les logiques modales K, KT et S4. On sait que, s’iln’y
a pas de modele de taille n < UB(¢) qui satisfait ¢ alors
il n’y a pas de modele pour ¢. Pour simplifier la lecture,
bien que RECAR soit générique, dans la suite, nous utilisons
RECAR pour se référer a une instanciation du framework
pour la logique modale.
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3.1 Comment encoder les axiomes

Il est connu que certains axiomes correspondent a des
contraintes sur les structures de Kripke [27]. Par exemple,
toute structure K réflexive satisfait (T). Méme s’il existe
aussi des structures K non-réflexives qui satisfont (T), il
est toujours possible de trouver une structure K réflexive
“€quivalente”. Deux structures K sont équivalentes si et
seulement si elles sont bi-similaires [5]. Par conséquent,
si I’on veut trouver un modele KT fini, il est suffisant de ne
rechercher que parmi les structures K réflexives. Un raison-
nement analogue peut également étre utilisé pour les autres
propriétés. Par conséquent, en suivant la Table 1, nous ap-
pelons structure KT une structure K réflexive et nous ap-
pelons structure S4 (ou structure KT4) une structure K ré-
flexive et transitive.

Par conséquent, pour traiter différentes logiques mo-
dales, nous ajoutons a la traduction en CNF les contraintes
suivantes correspondant aux différents axiomes (avec m le
nombre d’opérateurs modaux et n le nombre de mondes
courants) :

Définition 9 (Traduction des axiomes).

over(T),n) = /\ /\(rﬁf,») over((D),n) = /\ i)
a=0 i=0 a=0 i=0 j=0
over((B), n) = /\ /\ /\(fo_,- - r)
a=0 i=0 j=0

over((4),n) = /\ /\ /\ /\((ij AT = 1)

a=0 i=0 j=0 k=0
m n n n

over((5),n) = /\ /\ /\ /\((ij ATig) = 1)

a=0 i=0 j=0 k=0

La traduction de chaque axiome vient des relations
avec la logique du premier ordre, présenté par [27].
Ainsi, lorsque I’axiome (T) est considéré (logique mo-
dal KT), la fonction de sur-abstraction est (over(¢,n) A
over((T'), n)). Quand les deux axiomes (T) et (4) (logique
modale S4) sont considérés, la fonction de sur-abstraction
est (over(¢, n) A over((T), n) A over((4), n)).

4 Abstractions agressives au niveau modal

Lorsque 1’on considere des axiomes de logique mo-
dale autres que K, les formules ont généralement besoin
de plus de mondes a satisfaire. Par conséquent, la tra-
duction SAT devient parfois trop grande pour étre ma-
nipulée (certains CNF ont des centaines de millions de
clauses). Ainsi, nous proposons une nouvelle fonction de
sur-abstraction sensible a I’espace et une nouvelle fonction
de sous-abstraction consciente des axiomes, a utiliser dans

le framework RECAR.
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4.1 Sous-abstraction sensible aux axiomes

Jusqu’a présent, lorsque la formule était insatisfiable, la
seule facon de prouver son insatisfiabilité était de couper
une branche enracinée dans des nceuds ET afin de pro-
duire une sous-formule insatisfiable qui peut étre traduite
en CNF. En traitant avec 1’axiome (T), nous avons O,¢ — ¢
et donc, comme démontré dans la propriété suivante, il est
possible de construire une sous-abstraction de la formule
qui supprime également certaines modalités.

Propriété 1. Considérons une formule ¢ € L en NNF dans
une logique modale satisfaisant (T). Si nous remplacons
une sous-formule O par , alors la formule résultante ¢’
est une sous-abstraction de ¢.

Démonstration. Pour prouver que cette propriété est va-
lide, il suffit de vérifier que si ¢’ est unsatisfiable alors ¢
I’est aussi. Ou, avec la contraposée, il suffit de vérifier que
si ¢ est satisfiable alors ¢’ I’est aussi. Sans perte de géné-
ralité, dans ce qui suit nous supposons que tous les nceuds
OU et ET sont binaires et nous rappelons que les opérateurs
booléens sont commutatifs.

Considérons une formule logique modale ¢ en NNF, et
¢’ une copie de ¢ qui differe d’une seule sous-formule enra-
cinée sur un noeud de box O, € ¢ ol O, a été remplacée
par ¥dans ¢’.

Nous montrons que, s’il existe un modele de Kripke K =
(W,{R, | O, € M}, V) et un monde possible w € W, t.q.
(K, w) E ¢ alors (K, w) | ¢ par induction sur la structure
de ¢. Base d’induction : ¢ = Oy et ¢’ = . Car ¢ et ¢’
sont en NNF, si K, w) | Oy, alors nous savons que
nous avons (w, w) € R, en raison de 1’axiome de réflexivité
(T), nous avons donc (K, w) E . Montrons maintenant
les différents cas sur 1’étape d’induction :

(1) ¢ = (x1Ax2) ety contient (Og) et ¢" = (x| Ax2) ol
X1 est x1 ol (Ou4) a été remplacée par . Le cas ol
X2 contient (O,1) est analogue a cause de la commu-
tativité. Nous avons (K, w) E (x] A x2) si et seule-
ment si (K, w) & x| et (K, w) k x2. Par ’hypothese
d’induction, (K, w) E x| et (K, w) E x», si et seule-
ment si (K, w) E (x1 A x2). Ainsi (K, w) E ¢.

(2) ¢ = (x1Vx2) ety contient (O) et ¢’ = (x] V x2) ol
X7 est x1 ol (Og¢) a été remplacée par . Analogue
a(l).

(3) ¢ = Oux et y contient (Oy) et ¢ = Oy ou x’
est y ou (O,¥) a été remplacée par y. Nous avons
(K,w) E Oux si et seulement si Yw’ t.q. si (w,w’) €
R, alors nous avons (K,w’) E x’. Par I’hypothese
d’induction, (K, w’) [ x, alors Yw’ t.q. si (w,w’) €
R, alors nous avons (K, w’) E Ouy. Ainsi (K, w) E
®.

(4) ¢ = Oux et y contient (Qu) et ¢ = Oox’ ol y” est y
ou (O,¢) a été remplacée par . Analogue a (3).
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Par conséquent pour toute formule ¢ € L en NNF dans une
logique modale satisfaisant (T). Si nous remplagons une
sous-formule O,y par ¢, alors la formule résultante ¢ est
une sous-abstraction de ¢. O

Notez que cette propriété ne s’applique pas a la logique
modale K : O, L est valide en logique modale K mais inco-
hérent en logique modale KT. Afin de sélectionner les cases
qui seront remplacées, nous proposons d’améliorer la sous-
abstraction présentée dans [18], qui combine sélecteurs et
noyaux inconsistant pour rechercher des sous-formules in-
satisfiables.

La, les auteurs ont proposé d’ajouter un sélecteur a
chaque branche enracinée dans un nceud ET afin de pouvoir
activer/désactiver certaines parties de la formule. Lorsque
le solveur est appelé pour vérifier la satisfiabilité de la for-
mule, il est appelé avec ’ensemble des sélecteurs comme
hypotheses. Si le solveur renvoie UNSAT, le noyau incon-
sistant renvoyé est utilisé pour supprimer les parties de la
formule qui ne font pas parti de la raison de son inco-
hérence. Ce que nous proposons ici consiste également a
remplacer chaque O, par ((=s; V O.%) A ). D’ une cer-
taine manieére “quand nous activons le sélecteur s, alors
nous traduisons la modalité entiere, sinon nous traduisons
simplement ¢ dans le monde courant”. Maintenant, nous
pouvons a nouveau utiliser le noyau retourné par le sol-
veur pour extraire une sous-formule insatisfiable. La sous-
abstraction supprimera certaines cases qui ne sont pas sa-
tisfiables en raison de I’incohérence de la formule. A noter,
quand nous traduisons une modalité O en SAT, il n’est pas
utile de traduire deux fois la formule ¢ dans le monde cou-
rant.

4.2 Sur-abstraction sensible a4 la mémoire

Comme indiqué dans I’introduction, le goulot d’étran-
glement des approches CEGAR utilisant un oracle SAT est
la taille des formules CNF générées. Pour le cas qui nous
intéresse, ce goulot d’étranglement est atteint lorsque la
fonction de sur-abstraction est appelée avec un trop grand
nombre de mondes. Cependant, il est possible d’estimer la
taille de la formule CNF avant de la calculer et ainsi pré-
dire que la traduction épuisera la mémoire autorisée pour
résoudre 1’instance.

Dans ce qui suit, nous proposons une fonction de sur-
abstraction spatiale qui est utilisée a la place de la fonc-
tion originale lorsque 1’espace occupé par le CNF atteint un
seuil donné. Cette nouvelle sur-abstraction est effectuée en
désactivant certaines disjonctions de la formule d’origine.
Pour que cette fonction existe et respecte les hypotheses
de RECAR, nous devons vérifier que les branches enraci-
nées dans un nceud OU qui ont été coupées produisent une
formule plus faible, c’est-a-dire que chaque modele de la
formule résultante est également un modele de la formule
initiale.
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Propriété 2. Considérons une formule logique modale ¢ €
L en NNF. Si nous coupons une branche enracinée dans
un neeud OU, alors la formule résultante ¢’ est une sur-
abstraction de ¢.

Démonstration. Pour prouver que cette propriété est va-
lide, il suffit de vérifier que chaque modele de ¢’ est aussi
un modele de ¢. Sans perte de généralité, dans ce qui suit
nous supposons que tous les nceuds OU et ET sont bi-
naires. En effet, (¢ @@, ®- - - ® ¢,,) peut étre réécrit comme
(@1 ® (¢ ® (- ® (4,1 ® $,)))), OU ® € (A, V}. Rappe-
lons aussi que les opérateurs booléens sont commutatifs,
donc nous n’avons pas besoin de prouver le cas ol nous
ajoutons une nouvelle sous-formule a gauche. Soit ¢ une
formule en NNF £ contenant (¢ V ¢,) et ¢’ est égale a ¢
mais avec (] V ¥,) remplacée par ;. Nous montrons que,
s’il existe un modele de Kripke K = (W, {R, | O, € M}, V)
et un monde possible w € W, t.q. (K,w) E ¢ alors
(K, w) E ¢ par induction sur la structure de ¢. Base d’in-
duction : ¢’ = ¥ et ¢ = (Y1 V ¥p). Puisque ¢ et a fortiori
¢’ sont en NNF, la propriété est clairement valide. Laissez-
nous maintenant prouver les différentes étapes :

(1) ¢ = (x1Ax2) et x1 contient (Y1 Vi) et ¢" = (x' Ax2)
ou y’ est y ol () V ¥p) a été remplacée ;. Le cas
ou y» contient (1 V ¥») est analogue a cause de la
commutativité. Nous avons (¥, w) & (x| A x2) si et
seulement si (K, w) = x| et (K, w) k x». Par I'hy-
pothese d’induction, (K, w) E yi et (K, w) E x2, si
et seulement si (K, w) = (y1 Ax2). Ainsi (K, w) E ¢.

(2) ¢ = (x1Vx2) ety contient () Vi) etd” = (x' Vxz)
ou )’ est y ou (¥ Virp) a été remplacée ;. Analogue

a(l).

(3) ¢ = Oux et y contient (Y1 V ) et ¢ = Oyx" ol y’
est y ol (Y1 V i) a été remplacée ;. Nous avons
(K, wy E Ou iff Y st if (w,w’) € R, alors
nous avons (K,w’) E x’. Par I’hypothese d’induc-
tion, (K, w’) [ x, alors Yw' t.q. si (w,w’) € R, alors
nous avons (K, w’) | O,y. Ainsi (K, w) E ¢.

(4) ¢ = Oux et y contient (Y V ¥p) et ¢’ = Oux’ ol y/
est y ou (Y1 V ) a été remplacée ;. Analogue a

(3).
Ainsi, Y¢ en NNF, si (K, w) E ¢ alors (K, w) E ¢. O

Remarquons que la Propriété 2 peut étre étendue au cas
ou un ensemble de branches enracinées dans des nceuds OU
sont coupés. Par conséquent, il est possible d’envisager un
nouveau type de sur-abstraction qui coupe les bords enra-
cinés dans les nceuds OU. Plus précisément, nous créons
une telle sous-formule de sur-abstraction en coupant via
une heuristique un ensemble de branches enracinées dans
des nceuds OU qui ont le plus grand impact sur la limite
supérieure et que nous traduisons en une formule CNF.
Nous appelons cette fonction cut-or(¢, b), o le parametre
b est le nombre de nceuds OU coupés. Evidemment, la
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fonction de raffinement est liée a cette sur-abstraction (il
n’est pas possible de couper une branche et d’augmenter
le nombre de mondes ensuite sans violer les hypothese de
RECAR). Ainsi, nous considérons une nouvelle fonction de
raffinement refine,, (¢, b) qui est défini de maniere récur-
sive comme suit :

b sib=0
refine,, (¢,b) = { ¢’ Vb > 0 et refine,, (¢,b— 1) # ¢
¢ sinon

ou ¢’ est défini de telle sorte que refine,, (q@, b-1)c¢ C
¢. Intuitivement, refine,, (qs, b) rétablit b nceuds OU a g?) si
possible.

Fondamentalement, la fonction de raffinement consiste
a restaurer au moins une branche coupée a chaque étape
d’induction. Maintenant, montrons que le couple pro-
posé sur-abstraction cut-or(¢, b) et fonction de raffinement
refine]) () satisfait les conditions requises pour RECAR rap-
pelées dans les préliminaires.

Théoréme 1. = cut-or(¢,n) est satisfiable implique
refine,, (¥, 1) est satisfiable (Hypo. 2) et refine,, (¥, n) =gy
& (Hypo. 3).

Démonstration. Par la Propriété 2 nous savons qu’ajouter
une branche a un nceud enraciné en un OU préserve la
satisfiabilité. Puisque refine,, (i, b) peut seulement rajou-
ter des branches, alors nous avons directement que ¥ =
cut-or(¢, n) est satisfiable implique refine,, (¢, 1) est satis-
fiable. Pour I’hypothese 3, le résultat vient directement de
la définition de refine,, (i, n) et le fait que nous ne pouvons
ajouter qu’un nombre fini de branches. O

4.3 Simplifications des chaines de modalités

Une fois que toutes les simplifications ci-dessus sont ef-
fectuées, la formule “abstraite” qui en résulte peut contenir
des chaines de modalités. C’est une information critique
qui peut étre exploitée si nous voulons améliorer encore
les performances du solveur.

Simplifications pour la logique modale S4 Les simpli-
fications des chaine des modalités dans la logique modale
S4 sont connues et elles préservent 1’équivalence logique
[37, Sec. 5.5].

0,06 ¢ 0.9 (D
CuCup & Cutd )
0,0a04Ca¢ © 0,009 3)

Ainsi, cela signifie que toute chalne d’opérateurs mo-
daux (impliquant la méme modalité a) peut étre réduite a
une chaine d’au maximum 3 opérateurs modaux dans la lo-
gique modale S4, ce qui est tolérable pour la traduction en
CNEF faite par la fonction de sur-abstraction.
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Puisque la logique modale K et la logique modale KT
ont une infinité de modalités non équivalentes (infinitely
many non-equivalent modalities) [37], il n’y a pas de tel
résultat au meilleur de nos connaissances pour K et KT.
Pour traiter des chaines de modalités dans ces logiques,
nous proposons les simplifications suivantes qui préservent
la satisfiabilité.

Simplifications pour la logique modale K Considérons
un cas simple ou le préfixe modal ne contient que des dia-
mants. Dans ce cas, il est suffisant de tester uniquement la
fin de la chaine sans tenir compte des modalités. La sous-
formule résultante est équisatisfiable a la formule originale.

Théoréeme 2. ;O ... Outf =go Y.

Démonstration. (=) Si (K,w) E Oy... 0. alors il y a
wit.q(K,w') E ¢. (&) Si (K,w) | ¢ alors nous pouvons
ajouter un monde w’ a K t.q. w € R,(w’). Dans ce cas,
(K, w'") E ©u¢. En continuant ainsi, nous pouvons montrer
que Oy ... Oy est satisfiable. |

Théoréme 3. &, .
{04, Oul-

.. Qg0 0 -+ - 0y est satisfiable, pour o €

Démonstration. O, est satisfiable pour tous ¢ € L. Par
conséquent, par Theo 2, ¢, ... <,0,x est satisfiable pour
tous y € L. O

Simplifications pour la logique modale KT La logique
modale KT est différente. La réflexivité (Axiome (T))
implique que O,Ll est unsatisfiable, ce qui signifie que
nous ne pouvons pas appliquer la méme technique qu’en
logique modale K. De plus, en raison de I’absence de
transitivité (Axiome (4)), nous ne pouvons pas simplifier
(0,0,0,0.0) en (O,0,¢), comme c’est le cas en S4. Nous
proposons donc de nouvelles simplifications qui préservent
la satisfiabilité (mais pas I’équivalence) dans KT. Cepen-
dant, il est toujours possible de récupérer un modele pour
la formule d’origine en trouvant un modele pour la formule
simplifiée.

Théoréme 4. O, o Y =g oY, for o € {O,, O4).

Démonstration. Cas 1 : o = O, (=) If 0,044 est sa-
tisfiable alors, par 1’axiome (T), O est satisfiable. (&)
Supposons (K,w) E <. Nous pouvons créer un nou-
veau modele (K’,w) qui est le déroulement de (%, w).
Ceci est un arbre infini avec w comme racine, qui est bi-
similaire a (%, w). Par hypothese, il y a au moins un monde
w e R,(w) t.q. (K',w') E ¢. Notez également que la
propriété de réflexivité de la structure d’origine K im-
plique (K’,w"y E Ou. Il peut aussi y avoir des mondes
w’ e R,(w) t.q. (K,w”) £ . Nous pouvons supprimer
toutes ces branches de la racine. Dans le modele obtenu,
tous les mondes accessibles depuis w satisfont ¢. Pour faire
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de ce modele un modele KT, nous ajoutons une fleche ré-
flexive uniquement sur la racine w. Ce modele final satisfait
0,04y Cas 2 est similaire. La seule différence est qu’iln’y
a pas de branches w”’ a supprimer. ]

Théoréme 5. O, =g ¥

Démonstration. (=) S’ily a (K,w) E Oy, alors il y a
w e R,(w) t.q. (K, w') E ¢. (&) f(K,w) E ¢, par la
contraposée de 1’axiome (T), (K, w) E O . |

5 Résultats expérimentaux

Nous avons implémenté les abstractions et les simplifi-
cations proposées en plus de MoSaiC 1.0 [18, 19], dans
un solveur appelé MoSaiC 2.0. Nous avons choisi de com-
parer les solveurs sur les benchmarks LWB classiques pour
les logiques modales K, KT et S4 [3]. Ces benchmarks sont
générés en utilisant le script de [22] en utilisant 56 formules
avec 18 parameétres, pour un total de 1008 formules, 504
satisfiables, 504 insatisfiables.

La Table 2 synthétise les résultats. Elle montre le nombre
de benchmarks résolus, ou une cellule grise si le solveur ne
gere pas la logique considérée. En gras, les meilleurs ré-
sultats d’une ligne donnée et, entre parentheses, le nombre
de cas-tests qui ne peuvent étre résolus par manque de mé-
moire.

La ligne du VBS représente le Virtual Best Solver (une
limite supérieure pratique sur la performance réalisable en
choisissant le meilleur solveur pour chaque benchmark).
Les expériences ont été exécutées sur un cluster de Xeon,
4 ceeurs, 3.3 GHz avec CentOS 6.4 avec une limite de mé-
moire de 32Go et une limite de temps de 900 secondes par
solveur par instance, quel que soit la logique considérée.
Toutes les réponses aux solveurs ont été vérifiées car la
satisfiabilité des instances est connu par construction. Au-
cune différence n’a été trouvée.

Nous avons comparé MoSaiC 2.0, avec les solveurs de
I’état de I’art pour les logiques modales K, KT et S4, a
savoir :

Moloss 0.9 [1],

KsP 0.1.2[22],

BDDTab 1.0 [11],

FaCT++ 1.6.4 [35],

InKreSAT 1.0 [15],

*SAT 1.3 [10],

Km2SAT 1.0 [32] combiné avec le méme solveur
SAT Glucose (4.1) utilisé dans MoSaiC (1.0 et 2.0)
(2],

Spartacus 1.0 [12],

MoSaiC 1.0 [19],

Vampire 4.0 [16] avec une combinaison de la traduc-
tion fonctionnelle optimisée [13].
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Solver LWBg SAT | LWBy UNSAT Totalg LWBg7 SAT | LWBg, UNSAT | Totalkr LWBg, SAT | LWBg, UNSAT Totalg,
#Instances 504 504 1008 504 504 1008 504 504 1008
Moloss 71 (0) | 83 (0) 154 (0) 68 (0) 170 (0) 238 (0) 269 (0) 203 (0) 472 (0)
InKreSAT 192 (24) 247 (0) 439 (24) 155 (9) 193 (0) 348 (9) 248 (0) 304 (0) 552 (0)
BDDTab 248 (5) | 277 (4) 525 (9) - - - 211 (0) 270 (0) 481 (0)
FaCT++ 264 (10) 284 (19) 548 (29) 184 (30) 226 (59) 410 (89) 298 (42) 338 (25) 636 (67)
MoSaiC 1.0 263 (241) | 306 (198) 569 (439) 230 (251) 222 (253) 452 (504) 277 (229) 247 (255) 524 (484)
KsP 249 (4) 328 (3) 577.(7) 130 2) 93 (0) 223 (2) 223 (0) 205 (0) 428 (0)
Spartacus 331 (33) | 320 (10) 651 (43) 207 (74) 251 (59) 458 (133) 273 (17) 350 (13) 623 (30)
MoSaiC 2.0 362 (142) 321 (73) 684 (215) 304 (167) 249 (219) 553 (386) 360 (8) 390 (31) 750 (39)
VBS | 362 | 342 | 704 || 304 249 | 553 || 364 | 390 | 750
TasLE 2 — Number of LWB instances solved in K, KT and S4
900 e - 900 900
800 [ 800 800
700 700 700
3 600 @ 600 . @ 600
o @ i o
.% 500 | i % 500 5 % 500 |
S a0 © KR 2 a0 2 w0l ,
% 300 . KeSAT § oo : i KsP £ w0l Pol o
: BDDTab ® : 1 P Mologs - ° ! foio s BEJAEO)I'F;;
200 : IMosacnd 20 - 17 T 200 i M resAT
100 ; / o SE 100 - MoSaiC 1.0 100 1 . fif; d FaCT++
o / MoSalG 20 ol MotaCS s o ; /L}/‘/( Aoeaeys
0 200 400 600 800 1000 0 600 800 1000 0 200 400 600 800 1000

#instances solved

(a) en LWB K

#instances solved

(b) en LWB KT

#instances solved

(c) en LWB S4

FiGure 2 — Distribution des temps d’exécution

Pour le basculement entre les deux fonctions de sur-
abstraction dans MoSaiC 2.0, nous avons déterminé expé-
rimentalement que le seuil (|¢| X borneCourante > 5000)
a bien fonctionné pour ces instances sur notre ordinateur
avec une limite de mémoire de 32 Go.

Les résultats obtenus Il est important de remarquer que
K P (aimablement fourni par ses auteurs) est encore en dé-
veloppement pour les logiques modales KT et S4. Ses ré-
sultats doivent étre considérés comme préliminaires. Nous
pouvons voir que le nombre de Memory-Out entre MoSaiC
1.0 et MoSaiC 2.0 réduit drastiquement dans les trois lo-
giques grace a la nouvelle sur-abstraction, qui réduit la
taille de la formule qui doit étre traduite.

En logique modale S4, on peut voir que 1’écart entre
MoSaiC 1.0 et MoSaiC 2.0 est plus important. L’approche
basée sur SAT pour S4 est extrémement efficace en rai-
son des simplifications des chaines de modalité, qui ré-
duisent considérablement le temps de traduction. De plus,
le temps de traduction étant réduit en raison de la nouvelle
sur-abstraction et de la nouvelle sous-abstraction, MoSaiC
2.0 est beaucoup plus rapide que MoSaiC 1.0 (2s vs 28s
en temps médian). Une autre maniere d’observer I’'impact
de ces nouvelles abstractions est de regarder la distribution
des temps d’exécution entre MoSaiC 1.0 et 2.0, visible sur
la Figure 2(a) pour la logique modale K, sur la Figure 2(b)
pour la logique modale KT et sur la Figure 2(c) pour la lo-
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gique modale S4. Le cofit de la traduction était trés visible
pour MoSaiC 1.0 si on compare sa distribution de temps
d’exécution par rapport aux autres solveurs de 1’état de I’art
(il résout trés peu d’instance en moins de 20 secondes par
exemple), alors que MoSaiC 2.0 a pallié a ce coit, d’ou le
temps de résolution médian beaucoup plus bas.

Afin de comprendre la différence d’efficacité de la ré-
solution de ces logiques, nous avons collecté des informa-
tions sur la taille des modeles Kripke calculés.

TasLE 3 — Tailles des structures de Kripke pour des bench-
marks satisfiable pour chaque logique modale

min | Q; | med | mean | Q; | max

K 1 2 22 174 | 279 | 903

KT 1 52 | 207 364 | 613 | 1505
S4 1 33 | 113 256 | 399 | 1217

Comme représenté dans la Table 3, ’ajout d’axiomes
tend a augmenter la taille des modeles trouvés. Ceci peut
s’expliquer en partie par le fait que ces modeles doivent sa-
tisfaire plus de contraintes. Cela arrive moins souvent en
S4 car nous pouvons réduire considérablement le nombre
de modalités.
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6 Conclusion

Dans cet article, nous présentons un nouveau solveur
de logique modale MoSaiC 2.0 qui étend MoSaiC 1.0 en
considérant de nouvelles fonctions d’abstraction et en ci-
blant de nouvelles logiques modales (a savoir KT et S4).
Les nouvelles fonctions d’abstraction visent a extraire une
sous-formule insatisfiable, lorsque le probleme est insatis-
fiable, ou de trouver un modele pour une sous-formule sa-
tisfiable qui peut étre étendue a toute la formule.

Les nouvelles fonctions d’abstraction ont été congues
pour traiter les cas ot MoSaiC 1.0 sature la mémoire. Nous
avons montré que ces fonctions pouvaient étre combinées
avec celles d’origine afin d’améliorer 1’efficacité de I’ap-
proche. A cet égard, nous avons étendu le principe de sim-
plification de la formule au niveau du domaine afin d’ob-
tenir de meilleurs résultats au niveau SAT. Des simplifi-
cations logiques supplémentaires ont été proposées pour
traiter les chaines de modalités générées par les nouvelles
fonctions d’abstraction.

MoSaiC 2.0 surpasse les autres solveurs sur les bench-
marks considérés. Alors que le systeme de sélection actuel
pour les abstractions a appliquer est simple et empirique,
I’étape suivante serait d’adapter les abstractions a utiliser
en fonction de la mémoire disponible, a chaque étape de la
procédure.
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Résumé
Les clés de liage ont été récemment introduites pour la
formalisation de données interconnectées entre des sources
de données. Elles sont considérées comme un nouveau type
de correspondances d’alignement d’ontologie. Nous propo-
sons une procédure de raisonnement décentralisé sur un ré-
seau d’ontologies avec alignements comprenant des clés de
liage. Dans cet article, les ontologies incluses dans un tel
réseau sont exprimées en logique de description ALC alors
que les alignements peuvent contenir des correspondences
d’individu, de clé de liage et de concept. Ces dernieres sont
munies d’une sémantique affaiblie. L’aspect décentralisé de
notre procédure est fondé sur un processus de propagation
de connaissances a travers le réseau via les correspondances.
Ce processus permet de réduire polynomialement le raison-

nement global au raisonnement local.

Abstract

Link keys are recently introduced to formalize data in-
terlinking between data sources. They are considered as a
new kind of correspondences included in ontology align-
ments. We propose a procedure for reasoning in a decen-
tralized manner on a network of ontologies with alignments
containing link keys. In this paper, the ontologies involved
in such a network are expressed in the logic ALC while
the alignments can contain concept, individual and link key
correspondences equipped with a loose semantics. The de-
centralized aspect of our procedure is based on a process of
knowledge propagation through the network via correspon-
dences. This process allows to reduce polynomially global
reasoning to local reasoning.

1 Introduction

Reasoning on a network of aligned ontologies has been
investigated in different contexts where the semantics gi-
ven to correspondences differs from one to another. To be
able to develop a procedure for reasoning on a network
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of aligned ontologies, it is needed to equip the correspon-
dences of the alignment with a semantics compatible with
those defined in the ontologies. A simple approach to this
issue consists in considering the correspondences as logical
axioms expressed in the ontology language and merging all
involved ontologies and the alignments into a unique onto-
logy. In this case, the reasoning problem on such a network
of aligned ontologies can be expressed as the following
usual entailment :

UOiU U AjEa 1)

I<i<n I<i<j<n

where O; is an ALC ontology, A;; is an alignment bet-
ween O; and Oj, and alis a link key or a concept asser-
tion/axiom.

This approach is characterized by the following two
main aspects : (i) the correspondences of the alignments
are semantically handled as ontology assertion/axioms, and
(ii) reasoning is performed on the unique ontology in a cen-
tralized manner, i.e. all reasoning tasks are carried out on a
single location with a reasoner. Such an approach is quite
unexploitable in the context of the Web where numerous
ontologies and alignments are located in different sites.
There have been researches [4, 6, 3, 13, 14, 1], which aimed
at distributing reasoning over several locations. However,
these approaches usually lead to an exponential blow-up of
message passing between local reasoners associated with
different locations. The main reason for this exponential
blow-up is due to the strong semantics of the correspon-
dences involved in the alignments.

In this paper, we introduce a new semantic of correspon-
dences which are weaker than the usual ones and propose a

1. Consistency of the network can be reduced to the entailment (1)
with @ = L(x)
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procedure for reasoning on a network of aligned ontologies
in a decentralized manner—that means—reasoning can be in-
dependently performed on different sites following a pro-
cess of knowledge propagation through the network of the
ontologies via the alignments with link keys. Usefulness of
link keys in Semantic Web applications and the problem of
reasoning with them in the centralized context have been
investigated by Atencia and Gmati [2, 5].

To illustrate our settings, we consider the following
example in which knowledge is modelled in description lo-
gics. This formalism is used to encode the semantics of web
languages such as OWL2.

Example 1. Consider two ontologies, denoted Oy and O,,
where O describes a terminology used by conference or-
ganizers, and O, stores information about researchers and
conferences they have attended. In O, there are classes
Participant, Presenter, DemoPaperPresenter; and a pro-
perty present. In O,, we can find classes Researcher,
PhDStudent, Developer; and a property registerTo (i.e.
someone registers to present a paper).

An alignment A1, tells us that DemoPaperPresenter is
simultaneously aligned with Researcher and Developer.

DemoPaperPresenter — Researcher 2)
DemoPaperPresenter — Developer 3)

In addition, A1, contains a link key which says that if a
participant presents in the conference the same paper as
that to which a researcher registers the conference then the
participant and the researcher would be the same person.

{(present, registerTo)} linkkey (Participant, Researcher)
“)

If we now add to Oy and O, the following axioms/assertion

O, : DemoPaperPresenter(Anna) (&)

O : DemoPaperPresenter C Participant (6)
0, : PhDStudent C Researcher @)

O, : Researcher C —Developer 8)

then a reasoner can find the entailment :

01 U O, U Ay, E {{present, registerTo)}
linkkey (DemoPaperPresenter, PhDStudent) (9)

This entailment holds because of the axioms (6), (7) and
the link key (4). If we now interpret the correspondences
(2) and (3) as subsumption in the standard semantics then
the network O; U O, U Ay, is inconsistent because of
the assertionfaxiom (5) and (8). However, if we interpret
these correspondences as a means for propagating concept
unsatisfiability, i.e. unsatisfiability of the “subsumer" im-
plies unsatisfiability of the “subsumee”, then the network
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is consistent. In the following sections, we show that the
weakened semantics corresponding to the latter interpre-
tation of concept correspondences leads to a substantial
change of the computational complexity of algorithms for
reasoning.

In addition, the weakened semantics would not be really
interesting for the correspondences (2) and (3). Howe-
ver, it would be more relevant for correspondences bet-
ween ontologies of different nature. Given two ontolo-
gies about equipment and staff and a correspondence
Computer — Developer between them. With this corres-
pondence, the weakened semantics tells us that if there is
no developer then there is no computer. The standard se-
mantics is irrelevant in this case. (]

Based on the weakened semantics of alignments, we in-
troduce in this paper the notion of consistency for a net-
work of ontologies with alignments containing link keys
(or an ontology network for short). Then, we propose an al-
gorithm for checking consistency of an ontology network
by reducing this task to checking consistency of each on-
tology which is polynomially extended. This consists in
(i) propagating individual equalities of the form a ~ b
through all ontologies of the network via individual cor-
respondences of the same form a = b, (ii) applying link
keys in the alignments, which may lead to add new indivi-
dual correspondences, (iii) propagating concept unsatisfia-
bilities through all ontologies of the network via concept
correspondences of the form C — D. We show that the
complexity of the process of knowledge propagation is po-
lynomial in the size of the network. In addition, we also
prove that consistency of the ontologies and alignments ex-
tended by this process of knowledge propagation is equiva-
lent to consistency of the network.

The remainder of the paper is organised as follows. Sec-
tion 2 positions our work with respect to works on distri-
buted reasoning in description logics. Section 3 describes
the logic ALC with individuals, alignments, a new seman-
tics of alignments and inference services. Section 4 pro-
vides the algorithms for propagating individual equalities,
applying link keys and propagating concept satisfiabilities.
We also prove that reasoning on the ontology network is re-
ducible to reasoning on each ontology extended by the al-
gorithms, and this reduction is polynomial in the size of the
ontology network. Section 5 presents examples of the use
of the algorithms. Section 6 describes the architecture of
Draon in which the algorithms are implemented in a decen-
tralized manner. We also report some experimental results.
Section 7 concludes the paper and presents future work.

2 Related Work

In the literature, there have been several reasoning ap-
proaches which either (i) merge all ontologies and ali-
gnments into a unique ontology and perform reasoning
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over that unique ontology, or (ii) use a distributed seman-
tics such as DDL (Distributed Description Logics) [4], E-
connection [6], IDDL (Integrated Distributed Description
Logics) [13] , Package-based Description Logics [3] and
design a distributed algorithm for reasoning. The second
option consists in defining new formalisms which allow
reasoning with multiple domains in a distributed way. The
new semantics of these formalisms reconcile conflicts bet-
ween ontologies, but they do not adequately formalize the
quite common case of ontologies related with ontology ali-
gnments produced by third party ontology matchers. In-
deed, these formalisms assert cross-ontology correspon-
dences (bridge rules, links or imports) from one ontology’s
point of view, while often, such correspondences are ex-
pressed from a point of view that encompasses both aligned
ontologies. Another issue of these non-standard semantics
is that reasoners such as Drago [12], Pellet [10], an early
version of Draon [8] using the distributed algorithms re-
sulting from the corresponding semantics require an expo-
nential number of message exchanges over network. This
exponential blow-up results from exchanging model por-
tions (the so-called distributed tableau) between modules
of the reasoner located on different sites.

Recenty, Atencia and Gmati [2, 5] have proposed a ta-
bleau algorithm for reasoning in the centralized context on
an ALC ontology with link keys. They have showed that
adding link keys to ALC does not augment the complexity
of the tableau algorithm.

3 Preliminaries

The syntax and semantics of the logic ALC are defined
below.

Definition 1 (Syntax of ALC). Let C, R and 1 be non-
empty sets of concept names, role names and individuals,
respectively. The set of ALC-concepts (or simply concepts)
is the smallest set such that every concept name in C, T
and L are concepts, and if C, D are concepts and R is a
role name in R then C1D, CU D, =C, YR.C and AR.C are
concepts. A general concept inclusion (GCI) is an expres-
sion of the form C & D where C, D are concepts. A termi-
nology or TBox is a finite set of GCIs. An ABox assertion
is an expression of the form C(a), R(a,b), a ~ bora # b
where C is a concept, R is a role name in R and a,b are
individuals in 1. An ABoX is a finite set of ABox assertions.
A pair O = (A,T"), where T is a TBox and A is an ABox,
is called an ALC ontology. We use Voc;(0), Vocc(0) and
Vocg(O) to denote the sets of individuals, concept names
and role names occurring in O.

Definition 2 (Semantics of ALC). An interpretation I =
(AT, D) is composed of a non-empty set AL, called the do-
main of 7, and a valuation -¥ which maps every concept
name to a subset of AT, every role name to a subset of
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AT x AT and each individual to an element of AX. The va-
luation is extended to constructed concepts such that, for
all concepts C,D and role name R, the following is satis-
fied :

TI=A', 17 =0, (-C)f = AT\t

cnbY =c'np’,(cuby =cfubD’

(VRO ={xe AT |Vy.(x,y) e R = yeCl)

@AR.CY ={xe AT | Iyix,y) e RF Aye T}

An interpretation I satisfies a GCI C T D, denoted by
I ECCD, ifCI c DL I is a model of a TBox 7 if
I satisfies every GCI in 7. An interpretation I satisfies
the ABox assertions : C(a) if a’ € CT; R(a,b) if (a’,bT) €
R ;a~bifa’ =b";a#bifa’ #b’. Given an ABox as-
sertion a, I | a denotes that I satisfies a. I is a model of
an ABox A if it satisfies every ABox assertion in A. An in-
terpretation I is a model of an ALC ontology O = (A,T")
if T is a model of T~ and A. An ontology O is consistent if
there exists a model of O. O entails alpha, written O E «,
where « is a GCI or an assertion, if every model of O sa-
tisfies a.

We need notations and definitions that will be used in
the paper. We use |S| to denote the cardinality of a set
S. Given an ALC ontology O = (A, T ), we denote by
sub(0) = sub(A,7) the set of all sub-concepts occur-
ring in A, 7. The size of an ontology O is denoted by
|O| =[A|+|T"| where |A| is the size (number) of all asser-
tions, |77 the size of all GCIs. It holds that |[sub(O)| is po-
lynomially bounded by |O| since if a concept is represented
by a string then a sub-concept is a substring.

To be able to define a network of aligned ontologies, we
need alignments which represent semantic links between
ontology entities such as individuals, concepts or roles.

Definition 3 (network of aligned ontologies). An
ALC network of aligned ontologies is a tuple
(oL, {Aij}ijl,i#:j) where O; is an ALC ontology
with 1 <i < n, and Ajj with 1 <i < j < nis an alignment
containing correspondences of the following forms :

— C - D or C « D where C € sub(O;) and D €
sub(0;). Such a correspondence is called concept
correspondence.

— a=b(a# b)wherea e NVoc/(0;) and b € Voc;(0)).
Such a correspondence is called individual corres-
pondence.

— a link key {{(Pr, Q};_,linkkey(C, D) where P, €
Vocg(0;), O € Vocg(0;) for 1 < k <n, C € sub(O;)
and D € sub(0;). Such a correspondence is called
link key correspondence.

The following definition formalizes the semantics of cor-
respondences in an alignment so that it is compatible with
that of ontologies. We retain the standard semantics for in-
dividual and link key correspondences while the semantics
of concept correspondences is weakened.
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Definition 4 (semantics of alignments). An ALC network
of aligned onitologies is a tuple ({O;}_, {A,-j};”j:]#j) where
O; is an ALC ontologies with 1 < i < n, and A;j is an
alignment with 1 <i < j < n. Let I and J be models of O;
and O respectively.
— IfC > Disin A;j then DY = 0 implies C* = 0.
— Ifa~bisinA;jthena’ =a’.
— Ifa#bisinA;jthena’ + a7.
— If (P, Qili_,linkkey(C, D) is in A;; then (af{)f =
(a',i)j, (a?, (a}'()l) e PL (b, (a'li)j) € Q;?for all
l<k<na eC? bd e DI implyal =b7.

The notion of consistency for a network of aligned onto-
logies can be naturally introduced thanks to the semantics
of ontologies and alignments involved in the network.

Definition 5 (network consistency). Let
{0, {Aij}Zj:I,i¢/> be a network of aligned ontolo-
gies in ALC. The network is consistent if there is a model
I ={L}}]_, of O; for all 1 <i < n such that
1. For each correspondence a ~ bin A;; with 1 <1i <
j < n, a' = bli. For each correspondence a # b in
Ajjwithl <i< j<n, ali # bl
2. There are no pair of correspondences a ~ b,a % b in
Ayj. In this case, we say that A;; is clash-free.

3. For each correspondence C — D in A;; with 1 <i <
j<n if DYi =0 then CTi = 0.
4. For each correspondence {{Py, Qk)};‘:1 linkkey(C, D)
in Al‘j with 1 < i < j S n, if ((,I;})I' = (ai)‘[f’
(ai, @)’y e pli (bl @)ty € Q' forall 1 <
k<n, a'i e CTi, bl € DY then a’' = b,
A network N = <{0i}7:1’{Aij}?j:1 #j) entails a link key a,
written N [ «, if every model of N satisfies a.

We finish this section by proving the following lemma
which allows to reduce link key entailment to consistency
of the network of aligned ontologies.

Lemma 1 (Reduction of link key entailment to consis-
tency). Let ({01, 0,2}, A1) be a network of aligned onto-
logies in ALC. It holds that

{01, 02}, A1) E (((Pi, O}, linkkey (C, D)) iff
({01, 05}, A,) is inconsistent

with O} = 01 U{C(x)} U {Pi(x,z)}L,, O5 = O, U{D(y)} U
{Qi(yv Z;)},"l:p A/IZ = A12 ) {Zi ~ Z;}?:l ) {)C % y}: X, 215" 5 Zn
are new individuals in Oy and y, 7|, ,z,, are new indivi-

duals in O;.

Proof. Let 1 = {(P;, Op}., linkkey (C, D). Assume that
({01,02},A12) E A. Let us show that ({0}, 05}, A),) is
inconsistent. By contradiction, assume that ({0}, 05}, A’,)
has a model 7 = (I, I,), i.e. O] and O} have models 7,
and 7, satisfying Definition 5. This implies that 7| and
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T, are models of O; and O,. That means that x’* € C’1,
yIz c DIZ, <XII,ZIL> c P-i[]’ <yIZ’Z/l{'2> c Q;TZ’ Z-i[] — Z/fz
and xI' # yIZ. This implies that 7 [ A. Thus, we have
a model I of ({0, 0,},A},) such that I ¢ A. Therefore,
(101,05}, A’,) ¥ A, which contradicts the assumption.

Assume now that ({0, O}},A},) £ A. Let us show that
({01, 05}, Al,) is consistent. Since ({0}, 03}, Al,) ¥ 4,
then there exists an interpretation 7 = (J, J;) such that
I E0],0,},A))and I [£ A

Since 7 [ A, by the semantics of link keys, there
exist 6,01,...,0, € A'lr‘ and ¢’,6],...,0, € Agz such that
seCh, 8 e D, (8,61) e Pl',(6,8) € 0,....(6,5) €
P(8,6,) € Q02,61 = &),...,0, = S, and § # &.
Let us extend 7 by defining x”' = 6, y"> = &, 7' =
Slseeaszn' = 0p 212 = &,..., 7 = &) Then, I is
a model of ({0}, 0}},A},). Therefore, ({0, 0,},A},) is
consistent. O

This lemma can be extended to a general network of ali-
gned ontologies containing more than two ontologies.

4 An algorithm for a network of aligned on-
tologies

The algorithm for deciding consistency of a network of
aligned ontologies deals with pair by pair of ontologies in
the network. For each pair of ontologies and an alignment
between them, the algorithm repeats the following three
tasks : propagating individual equalities from one ontology
to the other via individual correspondences; applying link
key correspondences which may lead to the addition of new
individual correspondences; and propagating concept un-
satisfiabilities from an ontology to the other via concept
correspondences. The execution of a task may trigger the
execution of another task. The execution of these tasks may
lead to a change of ontologies and alignments in the net-
work. The algorithm terminates on the pair of ontologies
when the ontologies and the alignment reach stationarity.
The first and second tasks are described in Algorithm 1
while the third one is outlined in Algorithm 2.

The following lemma establishes that the propagation
performed by Algorithms 1 and 2 and the consistency of
the pair of the extended ontologies suffice to decide consis-
tency of the network composed of the initial ontologies and
the alignment.

Lemma 2 (reduction for a pair). Let O,,0; be wo
consi;v\tent ontologies and Ay, be an alignment. We use O,
and O, to denote the resulting consistent ontologies ob-
t’a\ing_c{by calling propagatg_Eair(Ol, 0,,A1n). It holds that
01, O, are consistent and Ay, is clash-free iff the network
{04, 02}, {A12}) is consistent.

Before providing a complete proof of the lemma, we
summarize the main arguments. The soundness of the if-
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Algorithm 1 Propagating individual equalities

1: function pPROPAGATEEQUAL(O;, O}, A;)

2: while A;; or O; or O; is unstationary do

3 if O; or O; is inconsistent or A;; is not clash-free then

4 return false

5 end if

6: forail za;eAij,a?zaieAijdo

7 for Oklzak’"zaz,ke{i,j},m,he{l,Z},mihdo

8 AinAijU{af’za;f’,af"zaif}

9: Op < O U {a,i ~ ai}

10 end for

11: end for

12: for each {(Py, Op)}_,linkkey(C, D) € A;; do

13: for a} ~ qi € Aij, a € Voc(0y), b € Voc(0)), Py(d',a'}) € Oy,
14: Qk(b’,a’i)EOj, O Ea=~d,O; l:aﬁC za’};, OjEb=D
15: O;kal ~d}foralll <k<ndo

16: if O, N {C(a),~C(a)} = 0 then

17: 0; « O; U{(Cu~C)a)}

18: end if

19: if O; N {D(b), ~D(b)} = 0 then
20: O; < 0; U {(D U ~D)b)}
21: end if
22: end for
23: for af{ = ai € A,‘j, 0; E C(a), Oj E D(b), Pk(a’,a’};) € 0,
24: Qk(b’,a’i)EOj, O Ea=xd,O; l:aﬁC za’f(, OjEb=D
25: O;kal ~d}foralll <k<ndo
26: Ajj — AjjU{a = b}
27: end for
28: end for
29: end while

30: return true

31: end function

direction of Lemma 2 is straightforward since Algorithms
1 and 2 add only logical consequences of the network
to the ontologies and alignments. The soundness of the
only-if-direction of the lemma is based on the following
elements : (i) consistency of the extended ontologies and
clash-freeness of the extended alignments imply consis-
tency of the initial ontologies and clash-freeness of the
initial alignements; (ii) Algorithms 1 and 2 make impli-
cit all individual equalities, and thus potential clashes of
the kind a ~ b, a # b must be discovered. This ensures that
two models of the extended ontologies satisfy individual
correspondences ; (iii) Algorithms 1 and 2 apply link keys
until they are not applicable over the initial individuals in
the ontologies. Since models of an ALC ontology are tree-
shaped and ALC does not allow for inverse roles, satisfac-
tion of the link keys over the initial individuals is sufficient ;
and (iv) Algorithms 1 and 2 propagate concept unsatisfia-
bilities. If the “subsumer” of a concept correspondence is
satisfiable then a model of the ontology can be extended
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such that the interpretation of the subsumer in this model
is not empty. This implies that the concept correspondence
is satisfied.

Proof. “If-direction”. Assume that the network
{01, 01},{A2}) is consistent. By definition, O; has a model
Z; with 1 <7 < 2 such that they satisfy all correspondences
a € Ajp. We use A;; to denote the resulting alignment
obtained by calling propagateEqualities(O;, O,,A;;) and
propagateUnsat(0i, 02, A12). We show that 7 is a model
of 0. For this, we have to prove that :

. aOI ' =alifag ~ a, is added to O, by Line 9 in Algorithm

1 (this implies that there is no clash of the kind a’* = b’!,
a’t % b!"). We have ay ~ a, is added to O, if there is
a sequence of equalities ap = a;, - ,a,-1 = a, such that
a; ~ dijy) € au@u@ for 0 < i < n—1. This sequence of
equalities implies a‘g L= gl By using the same argument,
we can show aof2 = afz if ag = a,, is added to O, by Line 9
in Algorithm 1.
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Algorithm 2 Propagating concept unsatisfiability

1: function pRoPAGATEUNSAT(O;, O}, A;)

2: while A;; or O; or O; is unstationary do

3 if O; or O; is inconsistent or A;; is not clash-free then
4 return false

5 end if

6: for C! —>le, eA,»j,c}<—c§eA,»j do

7 for 0;F C;CC}do

8 Aij < Aij U{C] = C3,C} < Cl)
9: end for

10: end for

11: for C! <—le, eAij,Ciz—>C?eAij do
12: for O; E Ci1 C Cl.2 do

13: A;jj « A U{C! —>C§,C3 <—c;}
14: end for

15: end for

16: for each D — C € A;; do

17: if O;F CC L then

18: O, < 0;u{DC 1}

19: end if
20: end for
21: for each D < C € A;; do
22: if O, DC L then
23: O;«<O0;u{CC 1}

24: end if

25: end for

26: end while

27: return true

28: end function

. Cé‘ =0if Cyp E Lisaddedto O; by Line 18 in Algorithm
2 (this implies that there is no clash of the kind alv e COI '
COI1 = (). We have Cy C L is added to O, if there is a
sequencE\Co = Ci,--,Ch1 = C, such tllzlt 6\1 EC >
C;yq or OQE C,=CiyyorCi = Ciy1 € App for0 <i <
n—1,and O; E Cf‘ E L (i € {1,2}) where “=" represents
“S"or'C"andC«— D=D=C,C2D=D= C.This
implies C;T" = 0 for 1 <i < n. By using the same argument,
we can show ng =0 if Cy E L is added to O, by Line 23
in Algorithm 2.

e The concepts (CLI~C)(a) and (DU~D)(b) added by Lines
17 and 20 in Algorithm 2 do not change consistency since
they are tautologies.

“Only-If-direction". Since O; is consistent, according to
[71, 5, has a tree-shaped model 7; where each interpre-
tation domain A; of 7; is composed of a set of initial indi-
viduals I;l , and a set of new individuals L, for1 <i<2.
Since O; C O}, I; is a model of O; with 1 < i < 2. We will
extend 7 and 7, so that they satisfy the correspondences
inA 12-

e For each a ~ b € A5, we define a’' = a”. Thus, a’' =
al> foreacha ~ b € Ay, since Ajp C Aps. By construction,
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T and 7, satisfy all of the individual correspondences in
A, according to Definition 4.

elfatbe Afl\z thena~ b ¢ A/IE since 51\2 is clash-free.
oLletCy, —» Dy € Ap.If O E D, C Lthen G C L
is added to O; by Algorithm 2. Hence, Diz = 0 implies
Cl' = 0. Note that if O,  D;, C L then O} £ D, C L for
all 0, C 05,

Assume that (’)Z ¥ D, T 1. Thus, 5\2 U {Dy(xp)}
is consis/tgnt where x; is a new individual. According
to [7], O2 U {Dy(x;)} has a tree-shaped model 17, of
0, U {Dy,(x)). We show that if O, U {D;(x;)} and O, U
{D>(x»)} are consistent with new individuals x;, x, then
5; U {Di(x1), D>(x»)} is consistent. Ingged, running the
standard tabaleau algorithm in [7] on O, U {D;(x;)} can
build a set T of completion trees rooted at the initial in-
dividuals in O, and a completion tree T, rooted at x;.
Analogously, if the standard tableau algorithm runs on
0, U{Dy(x3)}, it can build a seL’!‘ > of completion trees roo-
ted at the initial individuals in O, and a completion tree T,
rooted at x,. All trees are clash-free and complete. Hence,
the set of trees T U{T,,, T,,} would be built by the standard
tableau algorithm when it runs on 6; U {D1(x1), D2(x2)}.
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Thergf\ore, we can run the standard tableau algorithm in
[7] on O2 U {D;(x)}Z, to obtain a tree-shaped model >
of 5\2 U {Di(x)}, where x;, is a new individual and 6\2 =
D,C 1forl <h<m.

By using the same argument, we can obtain a tree-
shaped model J; of Oy U {D{(x})),---,D,,(x,)}. By
construction, J; and > satisfy all of the concept corres-
pondences in A}, according to Definition 4. In addition,
they remain to satisfy all of the individual correspondences
in Ajy. For the sake of the simplicity, we rename J; and
Jrto L and 71,.

o Assume that {(Py, Op)l;_,linkkey(C, D) is a link key in
Ap and (@)1 = (@), (a”', (a)T'y € P, (b2, (@) €
Q> forall 1 <k <n,a’* e CP1, b2 € D™

1. If ()" = (a))’ then there is a sequence ag ~
aip,- - ,ay,_1 = ay suchthata; = a;;1 € O1UO,UA
for 0 <i<m-1witha, = ag,a; = a,. This implies
thata,l zai eApforl <k<n.

2. Since | and I, are tree-shaped whose roots are the
old individuals, the condition of the link key holds
only if all individuals a},a; for 1 < k < n, and a,b
are contained I',,UI?, . Hence, (a', (a)"") € Pi' iff

Pk(a’,a’}() €O, withO;Eax=d,O; E a]i o~ a’}{ for

1 <k < nwhere a,a’ and a,i, a ,1( are old individuals.

3. Since a’' € C71 and (C U ~C)(a) € Oy (Line 17, Al-
gorithm 1), we have O; | C(a). Analogously, from
b*> € D> and (DU~D)(b) € O, (Line 20, Algorithm
1), we obtain O, E D(b).

Therefore, the 3 items above trigger Line 26 in Algorithm
1 which adds to Ay, the assertion a ~ b. Thus, we obtain
alt =~ b2,

We have proven that 7| and 7, are models of O; and O,
which satisfy all of the correspondences in Aj;. O

We can observe that Algorithms 1 and 2 can be imple-
mented in a decentralized manner since each call for che-
cking ontology entailment or consistency can be sent to a
local reasoner associated with the ontology located on a
different site.

To check consistency of a network of aligned ontologies,
it is needed to run Algorithms 1 and 2 on each pair of onto-
logies with the alignment between them until all ontologies
and alignments are stationary. Note that saturating a pair of
ontologies with the alignment can make a saturated pair of
ontologies unsaturated. This is due to the fact that an onto-
logy can be shared by several pairs of ontologies.

The following theorem is a consequence of Lemma 2.

Theorem 1 (reduction for network).  Let
({Oi};.’:],{Aij};"j:]#j) be a network of aligned on-

< n) to denote the
obtained by calling

tologies. We use O; (1 < i
resulting consistent ontologies
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propagateOverNetwork({({O;}_,, {A; j};',jzl’l. ¢j>)' It holds
that O; is consistent forall 1 <i<nand ;{—; is clash-free
forall1 <i< j<niffthe network ({O;}l_,, {Ai./}:'l,jzl,i;f:j> is
consistent.

We now investigate the complexity of the algorithms.
Under the hypothesis in which a call to reasoners asso-
ciated with ontologies is considered as an oracle, i.e. an
elementary operation, our algorithms are tractable.

Theorem 2. Let {({O;),, {Aij},"',jzl,#ﬁ be a net-
work  of aligned ontologies.  The  algorithm
propagateOverNetwork(({O;}_, {A;;}] =1 qtj)) runs

in polynomial time in the size of the network if each check
of entailment or consistency occurring in the algorithms is
considered as an oracle.

Proof. The complexity of propagateOverNetwork
depends on the complexity of propagateEqual,
propagateUnsat. When running these algorithms,

each ontology can be monotonically extended. It is
straightforward to obtain that the number of axioms of the
form C C 1 added to ontologies O; and O; is bounded by a
polynomial function in the size of initial alignments since
C must occur in an initial correspondence. Analogously,
the number of individuals correspondences a ~ b added to
alignments A;; is bounded by a polynomial function in the
size of initial alignments since a, b must occur in an initial
correspondence. This implies that the number of iterations
of the while loops in Algorithms 1, 2 and 3 is bound by a
polynomial function in the size of initial alignments.

In addition, the number of iterations of the for loops in
Algorithms 1, 2 and 3 is bounded by a polynomial function
in the size of initial alignments, the size of ontologies and
the number of ontologies and alignments included in the
network. This observation completes the proof. OJ

5 Examples

This section provides some examples for showing how
to use the algorithms presented in Section 4.

Example 2. The ontologies and alignment in Example 1
can be rewritten as follows :

0,={DP C P,DP(a)}, O,={PS CTR,RC =D},

A;={DP — R,DP — D, {pr, re)linkkey(P, R)}

If the correspondences are considered as standard sub-
sumptions then the ontology O1 U O, U Ay, is inconsistent.
Indeed, assume that there is a model I = (A, 1y of the
ontology. This implies that a* € DPY, DPY C R and
DPY c D! Thus, a*@ € R' n D'. However, we have
RT ¢ AT\ DY, which is a contradiction.

If we now interpret the correspondences under the se-
mantics given in Definition 4 then there is no propagation
needed according to Algorithms 1 and 2. It is obvious that
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Algorithm 3 Complete propagation over the whole network

1: function PROPAGATEOVERNETWORK ({0}, {A; j}?jzl ; ¢j>)
2: while O;, 0}, A;; are unstationary forall 1 <i < j<ndo

3 forl <i<j<ndo
4 while O;, 0}, A;; are unstationary do
5 if propagateEqual(0;, O}, A;)) returns false then
6: return false
7 end if
8 if propagateUnsat(0;, O}, A;;) returns false then
9: return false
10: end if
11: end while
12: end for
13: end while
14: return true

15: end function

04 and O, are consistent, and the network {{O, 02}, A12)
is consistent under the semantics given in Definition 4.

Example 3. In this example, we reduce two correspon-
dences in Example 2 to one as follows.

0,={DP C P,DP(a)}, O,={PS T R,RC =D},

App={DP — RN D,{pr, re)linkkey(P, R)}

We now interpret the correspondence under the seman-
tics given in Definition 4. Since O, = RMD € L, Algorithm
2 propagates unsatisfiability of R 11 D to Oy via the corres-
pondence DP — R D. Hence, it adds DP E L to O,.
This leads to inconsistency of Oy. Therefore, the network
{04, 0,2}, A1) is not consistent.

Example 4. The ontologies and alignment in Example 1
can be rewritten as follows :

O,={DP C P,DP(a)}, O,={PS C R,RC D},

App={DP — R,DP — D, {pr, re)linkkey(P, R)}
We consider whether ({Oy,02},A1n) E A where A =
(pr, re)linkkey(P, R). Due to Lemma 1, we extend O, O,
and Ay by adding to O, assertions DP(x), pr(x, xy), to
0, assertions Ifg (X)\’ re(y, y/ll and to Ay, assertions x| ~
yi,x # y. Let 01,0, and A\, be the extended onl‘o/lggiqg
and alignment. If there are models I, and I, of Oy, 0,
then, we have x € DPT andy € PS™2, and DPT' c ph
and PS*> C R™>.Thus, the link key {pr, re)li/n\kkey(P,R) is
applicable, and Algorithm I adds x ~ y to Ay. This leads
to a clash in Ay and thus the network {{O1, 6\2},&\2) is not
consistent. Therefore, ({01, 02}, A12) E A holds.

6 Implementation and Experimental Results

An implementation of the proposed algorithms has been
integrated within a reasoner written in Java, called Draon
[8], which already allowed to reason in a decentralized
manner on a network of aligned ontologies under the IDDL
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semantics [14]. Algorithms 1, 2 and 3 can be naturally im-
plemented such that reasoning tasks on ontologies can be
independently performed by different reasoners located on
different sites.

The architecture of Draon is despicted in Figure 1. A
global reasoner implements Algorithm 3. This global rea-
soner loads alignments and executes Algorithm 3. It sends
assertions/axioms different to local reasoners located on
different sites. Then it asks local reasoners to check en-
tailment and consistency of the ontology associated with
each local reasoner. The global reasoner and each local
reasoner use HermiT [11] as OWL reasoner. The commu-
nication between the global reasoner and all local reaso-
ner is based on OWLLink [9]. When connecting to a local
reasoner, the global reasoner creates a Java thread which
deals with the communication between them. Data shared
by the threads are synchronized and protected by using se-
maphores. Note that we can replace HermiT with any OWL
reasoner since OWLLink supports a generic OWL reaso-
ner.

Table 1 provides information on the ontologies and ali-
gnments used for the experiments. These datasets are ta-
ken from OAEI20122 and OAEI20183 Campaigns. We
have chosen small ontologies and alignments such as
iasted.owl, sigkdd.owl, iasted-sigkdd.rdf to test
our algorithm on alignments with link keys since they are
well understood and manually checkable. This allows us to
create manually relevant link keys (to our best knowledge,
there is no system which can generate link keys expres-
sed in the alignment syntax). In addition, we have selected
large ontologies and alignment such as SNOMED, FMA,
FMA-SNOMED in order that the difference between the
reasoning complexities of the two semantics IDDL (imple-
mented in Draon) and APPROX (the new semantics pre-

2. cs.ox.ac.uk/isg/projects/SEALS/oaei/2012/
3. oaei.ontologymatching.org/2018/conference
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owLlink API . (Local Reasoner 1
DRAON (HermiT)
E E OWLlink API__ (Local Reasoner 2
= § (HermiT)
:
R =~
N Global Reasoner
OWL APIL OwLlink API _ |Local Reasoner n
(HermiT)

FiGure 1 — Architecture of Draon

Concepts | Roles | Individuals | Axioms/Correspondences
Tasted 141 38 6 551
Sigkdd 50 18 5 210
iast-sigkdd (without link keys) 15
Conference 60 46 2 414
Ekaw 74 33 4 351
conference-ekaw (without link keys) 27
Cmt 30 49 3 327
Edas 104 30 117 1025
cmt-edas (without link keys) 14
FMA 10157 0 0 47467
SNOMED 13412 18 0 47104
FMA-SNOMED (without link keys) 9139
NCI 25591 87 0 135556
FMA-NCI (without link keys) 3038

TasLE 1 — Ontologies and aligments without link keys and their characteristics

Ontology 1 | Ontology 2 Alignment IDDL APPROX
Tasted Sigkdd iasted-sigkdd (without link keys) 3.5s 9 ms
Conference Ekaw conference-ekaw (without link keys) 7.5s 11 ms
Cmt Edas cmt-edas (without link keys) 7.5s 16 ms
FMA SNOMED | FMA-SNOMED (without link keys) | > 15 minutes 81s
FMA NCI FMA-NCI (without link keys) > 15 minutes 10s

TaBLE 2 — Execution time for checking consistency of ontology networks according to different semantics

Ontology 1 | Ontology 2 Alignment Consistency in APPROX
lasted Sigkdd iast-sigkdd (with link keys) 9 ms
Conference Ekaw conference-ekaw (with link keys) 11 ms
Cmt Edas cmt-edas (with link keys) 17 ms

TaBLE 3 — Execution time (in milliseconds) for checking consistency of ontology networks with link keys

sented in the paper) is more noticeable.

We use two remote DELL servers with Intel 3.4GHz
Processor 8 cores and 32Gb RAM on which two HermiT-
based local reasoners are running. The global reasoner is
also launched on a third computer with the same configu-
ration.

We run Draon to check consistency of several networks
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of ontologies each of which is composed of ontologies and
alignment described in Table 1. The results are put in Table
2 which shows execution times of Draon under the two dif-
ferent semantics IDDL and APPROX. The difference of the
performances in time results from the fact that reasoning
under IDDL may require in the worst case an exponential
number of message exchanges between the global reasoner
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and the local reasoners while reasoning under APPROX
needs at most a polynomial number of message exchanges.
Table 3 provides first experimental results when running
Draon to check consistency of networks containing small
ontologies and alignment with link keys. The alignments
in this table are obtained by adding to the corresponding
alignments in Table 2 some link keys manually created.

7 Conclusion and Future Work

We have presented a new semantic of alignments which
is weaker than the standard semantics. This weakened se-
mantics of alignments allows us to express correspon-
dences between ontologies of different nature on the one
hand and to propose an efficient algorithm for reasoning
on a network of ontologies with alignments containing link
keys on the other hand. This new kind of correspondences
is useful for establishing data links between heterogeneous
datasets. The complexity of the proposed algorithm is po-
lynomial in the size of the network if each call for che-
cking ontology entailment or consistency is considered as
an oracle. We have integrated an implementation of our al-
gorithm within a distributed reasoner, called Draon, and re-
ported some experimental results.

Our algorithm can be extended to deal with ontologies
expressed in a more expressive Description Logic than
ALC in condition that the new logic does not allow for in-
verse roles. This restriction on expressiveness prevents the
current algorithm from merging individuals which are ini-
tially not in the ontology. Another extension of the current
work aims at adding role correspondences to alignments.
This may require the algorithm to support ontologies allo-
wing for hierarchy of roles and the negation of roles. We
plan to carry out experiments of Draon on ontologies and
alignments located on a large number of nodes equipped
with a local reasoner. New evaluations of Draon on align-
ments with a large number of link keys are also expected.
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Résumé

Une proportion analogique est une relation quaternaire
qui se lit «a est a b ce que c est a d » et qui vérifie certaines
propriétés de symétrie et de permutation. Cette relation, qui
met en ceuvre deux couples, est le fondement de 1’approche
de raisonnement a partir de cas appelée extrapolation analo-
gique, qui consiste a remémorer trois cas formant une pro-
portion analogique avec le probléme a résoudre dans 1’es-
pace des probleémes, puis a trouver une solution a ce pro-
bleme en résolvant une équation analogique dans 1’espace
des solutions. Ce travail étudie comment la notion de com-
pétence des couples de cas sources peut étre évaluée et uti-
lisée pour améliorer I’extrapolation. Un prétraitement de la
base de cas associe a chaque couple de cas une compétence
sous la forme de deux scores : le support et la confiance du
couple de cas, calculé a partir d’autres couples avec qui il
forme une proportion analogique. Une évaluation dans un
cadre booléen montre que I’utilisation des compétences des
couples de cas améliore significativement les résultats d’un
systeme de raisonnement a partir de cas par analogie.

Mots clefs : compétence, extrapolation, inférence analo-
gique, proportion analogique, raisonnement a partir
de cas

Abstract

An analogical proportion is a quaternary relation that
is to be read “a is to b as c is to d”, verifying some sym-
metry and permutation properties. As can be seen, it in-
volves a pair of pairs. Such a relation is at the basis of
an approach to case-based reasoning called analogical ex-
trapolation, which consists in retrieving three cases form-
ing a proportional analogy with the target problem in the
problem space and then in finding a solution to this prob-
lem by solving an analogical equation in the solution space.
This paper studies how the notion of competence of pairs of
source cases can be estimated and used in order to improve
extrapolation. A preprocessing of the case base associates
to each case pair a competence given by two scores: the
support and the confidence of the case pair, computed on
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the basis of other case pairs forming a proportional analogy
with it. An evaluation in a Boolean setting shows that using
case pair competences improves significantly the result of
the analogical extrapolation process.

Keywords: analogical inference, analogical proportion,
case-based reasoning, competence, extrapolation

1 Introduction

Dans un travail récent [13], les auteurs ont montré que le
raisonnement a partir de cas (RaPC [16]) peut ne pas étre
fondé uniquement sur un raisonnement utilisant la simila-
rité (2 la recherche des cas résolus les plus proches) mais
peut également utiliser des proportions analogiques a des
fins d’extrapolation. L’extrapolation repose sur I’inférence
analogique qui utilise des triplets de cas pour construire
la solution d’un quatrieme (nouveau) cas par le biais d’un
mécanisme d’adaptation.

Habituellement, plusieurs triplets de la base de cas
peuvent &tre utilisés pour prédire la solution du quatrieme
cas et les prédictions peuvent diverger. En réalité, il a
été démontré que dans un contexte booléen une inférence
de ce type ne produit pas d’erreurs (i.e. tous les triplets
conduisent vers la méme prédiction) si et seulement si la
fonction qui associe une solution a la description du cas est
une fonction booléenne affine [4]. C’est pourquoi, lorsque
la fonction n’est pas supposée affine, une procédure de vote
est mise en ceuvre sur les prédictions des triplets.

Une telle procédure est assez basique et n’exploite pas
pleinement la base de cas. En effet, il se peut que cer-
tains triplets dans la base échouent dans la prédiction de
la bonne réponse d’un autre cas déja présent dans la base,
trait€é comme un nouveau cas a résoudre. Dans ce travail,
nous proposons de prendre en compte ce type d’informa-
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tion pour restreindre le nombre de triplets utilisés pour ef-
fectuer une prédiction.

Ce document est organisé de la facon suivante. La sec-
tion 2 fournit les prérequis nécessaires aux proportions ana-
logiques et aux notations sur le RaPC utilisées dans ce do-
cument. La section 3 explique comment restreindre les tri-
plets autorisés a participer a une prédiction donnée. La sec-
tion 4 présente une expérimentation qui montre le gain en
précision de la nouvelle procédure d’inférence. Enfin, la
section 5 situe ce travail au regard de I’existant.

2 Préliminaires

Cette section présente dans un premier temps le cadre
formel de ce travail : celui des représentations nominales
et, plus particulierement, les représentations par n-uplets
de booléens. Puis, elle rappelle quelques notions et nota-
tions, d’abord sur les proportions analogiques puis sur le
raisonnement a partir de cas.

2.1 Représentation nominale et contexte booléen

Les représentations de type attribut-valeur sont souvent
utilisées en RaPC (voir, e.g., [11]). Une représentation no-
minale est une représentation de type attribut-valeur ou le
co-domaine de D’attribut est fini (et, typiquement, petit).
Plus formellement, soit Uy, U, ..., U, p ensembles fi-
niset U = U x Uy x ... x U,. Un attribut sur U est
une des p projections (xi,x2,...,x,) € U = x; € U,

ief{l,2,....,p).
Une représentation booléenne est une représentation no-
minale ot Uy = U, =... = U, =B, avec B = {0, 1} I'en-

semble des valeurs booléennes : la valeur « faux » est assi-
milée a I’entier 0, et la valeur « vrai » est assimilée a 1. Les
opérateurs booléens —, A et V sont définis, pour a,b € B,
1 ifa=b=1

0 sinon ’
avVb==(-aA-b),a=b=(-aVvb)A(=bVa)Un
élément de B” est noté sans virgules ni parentheses, par
exemple 01101 correspond a (0,1, 1,0, 1).

par—-a=1-a,aAb=

2.2 Proportions analogiques

Etant donné un ensemble 2/, une proportion analogique
sur U est une relation quaternaire sur U, notée a:b::c:d
pour (a,b,c,d) € U*, et satisfiant les postulats suivants
(pour a,b,c,d e U) :

(Réflexivité) a:b::a:b.
(Symétrie) Sia:b::c:dalorsc:d::a:b.
(Echange des moyens) Sia:b::c:d alors a:zc::b:d.

Etant donné un ensemble fini U;, la relation définie ci-
dessous est une proportion analogique [15] :

a:b::c:dd:éf((a =bh)AN(c=d)V({a=c)Ab=d)
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Par conséquent, dans le cas nominal, les quadru-
plets (a,b,c,d) en analogie sont d’une des trois
formes suivantes : (s,s,s,s), (s,t,s,1) et (s,s,t,¢) pour
s,t € U;. En particulier, si U; = B, I'ensemble
des (a,b,c,d) € B* tels que a:b::c:d est donc
{0000,1111,0011,1100,0101, 1010}.

Pour un U = U x U, x ... X U, fini, la proportion
analogique suivante peut étre définie :

a:b:icid=ay:b;::ic1:d;
ANar:byiicridy
VAN

ANayib,iicyid,

Etant donné a, b, ¢ € U, résoudre I’équation analogique
a:b::c:yconsiste atrouver les y € U tels que cette relation
soit vérifiée. Dans une représentation nominale, une telle
équation a 0 ou 1 solution. Plus précisément :

— Sia = b, lasolutionesty=c.
— Sia =c,lasolutionesty = b.
— Sinon, a:b::c:yn’apas de solution.

2.3 Notations et hypothéses du RaPC

Soient P et S deux ensembles. Un probléme x est par
définition un élément de P et une solution y, un élément de
S.Sia e PxS, alors x* et y* sont respectivement sa partie
probleme et sa partie solution : a = (x% y?). Soit ~» une
relation sur P X S. Pour (x,y) € P X S, X ~> y exprime « X
a pour solution y » ou «y résout x». Un cas est un couple
(x,y) tel que x ~~ y. Le but d’un systeme de RaPC est de
résoudre des problemes, i.e., il doit approcher la relation
~» : étant donné x°P*® ¢ P (le probléme cible), il doit
proposer y<iPe ¢ S tel qu’il est plausible que x°Pe ~
y<iPle Pour cela, un ensemble fini de cas, appelé la base
de cas, notée BC, est utilisée. Un élément de BC est appelé
un cas source. Hormis la base de cas, d’autres conteneurs
de connaissances sont souvent utilisés [16], mais ne sont
pas considérés dans ce travail.

La facon habituelle de définir le processus de RaPC
consiste a sélectionner un ensemble de k cas sources en
relation avec x°1P1¢ (étape de remémoration) et puis & ré-
soudre xiP1¢ 3 1’aide des cas remémorés (étape d’adap-
tation). D’autres étapes sont considérées dans le modele
classique de RaPC [1], mais pas dans ce travail. Dans [13],
trois approches sont présentées pour k € {1,2,3}, corres-
pondant a trois relations entre k-uplets de cas sources et le
probleme a résoudre. Dans ce travail, I’approche avec k = 3
est rappelée dans la section suivante.
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3 Améliorer I’extrapolation grace a la com-
pétence des couples de cas

Cette section présente 1I’approche proposée. Dans un pre-
mier temps, on montrera comment une notion de compé-
tence associée aux couples de cas peut étre utilisée pour
améliorer I’extrapolation. Puis, la notion de compétence est
définie formellement. Enfin, des stratégies utilisant cette
notion en vue d’améliorer I’extrapolation sont décrites.

3.1 Principes

Le principe de [l'inférence par proportion analo-
gique [18] peut étre énoncé comme suit (avec I’utilisa-
tion des notations de RaPC introduites précédemment;
a= x4y, b=(x"y", c=(x,y)etd = (x¢,y?) sont
quatre cas) :

b

x%:xP %% x9 est vérifiée

ya:ybiiyeyd est vérifiée

Résoudre un nouveau probléme xiPle, consiste & consi-
dérer tous les triplets de cas sources (a,b,c) tels que
x@:xbrixC:xiPle est vérifiée et tels que 1’équation
y*:yP11y©:y est résoluble. Soit 7~ I’ensemble de tous ces
triplets. L’implantation de cette inférence utilise un vote
parmi tous les triplets de 7~ et choisit la solution y trouvée
sur le plus grand ensemble de triplets. Ceci est le principe
de I’extrapolation analogique (ou, simplement, extrapola-
tion [13]).

Dans la suite, nous supposons pour simplifier que tous
les attributs sont nominaux (p. ex., booléens). Lorsqu’il y a
un seul attribut pour les solutions, la tiche de résolution de
probléme est une tache de classification (consistant a trou-
ver la classe y°iPle € S devant étre associée a x<1P1¢), Lors-
qu’il y a plusieurs attributs, il est possible de les traiter un
par un si et seulement si ils sont logiquement indépendants.
Sinon, le vote doit étre organisé entre les vecteurs complets
décrivant les différentes solutions. Dans la suite, nous sup-
posons I'indépendance et nous considérons une des com-
posantes y; d’une solution y (ainsi, I’index i est inutile : y;
est noté par y).

Cependant, on peut se demander si tous les triplets de 7~
impliqués dans un vote pour faire une prédiction particu-
liere ont la méme 1égitimité. En effet, des lecons peuvent
étre tirées de 7~ en observant lors d’une prédiction de solu-
tion pour un probleme déja présent dans 7~ s’il existe des
triplets produisant une prédiction erronée, comme suggéré
dans [14]. La situation peut étre mieux analysée en termes
de couples, comme on le montre a présent.

La table 1 donne un exemple avec trois couples de boo-
léens tels que a:b::c:d et a’:b’::c:d sont vérifiées dans
toutes les colonnes, exceptée la derniere colonne, ‘S’, co-
lonne solution. Les deux premieres colonnes ‘D’ (comme
désaccord) montrent les motifs possibles exprimant que a
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et b different de la méme facon que cetdet que a’ et b’(!).
Les colonnes ‘A’ (comme accord) montrent toutes les pos-
sibilités ou a et b sont en accord, avec c et d également en
accord, ainsi que a’ et b’, mais éventuellement d’une fagon
différente 2. Si on regarde la valeur de d dans la colonne ‘S’
et que I’on cherche a la prédire a partir des autres valeurs de
cette colonne, I’équation a:b::c:y donne le bon résultat,
tandis que I’équation a’:b’:: c:y donne le mauvais.

Ainsi, pour chaque couple comme (a, b) ou (a’,b’) dans
la table, il est possible de compter le nombre de fois ou les
couples conduisent a une bonne ou a une mauvaise pré-
diction pour un exemple pris dans BC (via des c appro-
priés également présents dans BC). Cela fournit un moyen
de favoriser des triplets contenant des couples menant a de
bonnes prédictions, dans la procédure de vote.

L’idée ci-dessus, de regarder les couples de cas, peut étre
mise en relation avec I’interprétation d’un couple de cas
(a,b) comme une regle potentielle exprimant soit que le
changement de x“ a x” explique le changement de y* 4 y”,
indépendamment du contexte (encodé par les attributs pour
lesquelles les exemples sont en accord), soit que le change-
ment de x° 2 x” ne modifie pas la solution (si y* = y»).
Cette vision des couples de cas comme des regles a déja
été proposée en RaPC pour trouver des regles d’adapta-
tion [9, 5, 6] et par la suite dans une perspective d’inférence
fondée sur les proportions analogiques [3, 2].

Par conséquent, nous sommes intéressés par un prétrai-
tement, afin de découvrir des ruptures d’analogie dans 7.
Par rupture d’analogie, nous entendons 1’existence d’un
quadruplet de cas (a, b, c,d) tel que (i) x*:x”::x°:x? est
vérifié, tandis que (i) y*:y?::y°:y? n’est pas vérifié. Si
des ruptures d’analogie peuvent étre trouvées dans 7, cela
signifie que la fonction booléenne partiellement inconnue
qui associe a un probleme sa solution (ou sa classe) ne
peut pas étre affine [4]. Dans cette situation, une inférence
analogique ne peut pas étre appliquée aveuglément avec
n’importe quel triplet, et nous devrions tenir compte de ces
ruptures d’analogie, en introduisant des restrictions supplé-
mentaires pour le choix de triplets appropriés.

Plus précisément, 1’idée est de faire un prétraitement des
couples (a,b) € BCZ, en associant & chacun d’eux une com-
pétence. L'intuition derriere cette notion est que plus un
couple de cas est compétent pour résoudre des problemes,
plus il peut jouer un rdle dans le processus de vote. Pour
évaluer la compétence d’un couple (a,b) € BC?, il doit
étre mis en proportion analogique avec d’autres couples
(c,d) € BC? tels que le triplet (a, b, ¢) peut étre utilisé pour
résoudre le probleme x¢ par extrapolation. Si le résultat de
I’extrapolation y est égal a y?, la compétence du couple de
cas (a, b) augmente, sinon elle diminue. La définition de la

1. D(0/1) indique le désaccord entre a et b (resp., entre c et d et entre
a’ et b’) ot le premier vaut O et le second vaut 1. D(1/0) est le désaccord
inverse.

2. Dans la table 1, A(u,v,w) signifieque a = b =u,c =d =vet
a'=b =w.
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Exploiter la compétence de couples de cas pour améliorer le raisonnement a partir de cas par analogie

D(0/1) | D(1/0) | A(0,0,0) | A(0,0,1) | A(0,1,0) | A(0,1,1) | A(1,0,0) | A(1,0,1)| A(1,1,0) | A(1,1,1) || S
al o0 1 0 0 0 0 1 1 1 1 0
b| 1 0 0 0 0 0 1 1 1 1 1
c| 0 1 0 0 1 1 0 0 1 1 0
d| 1 0 0 0 1 1 0 0 1 1 1
a| o 1 0 1 0 1 0 1 0 1 0
| o1 0 0 1 0 1 0 1 0 1 0

TaBLE 1 — Double appariement de couples (a, b), (c,d) et (2’,b") : rupture d’analogie en S .

compétence est détaillée dans la section suivante.

La compétence d’un couple de cas peut étre utilisée au
moment de la résolution d’un nouveau probleme, avec dif-
férentes stratégies. La section 3.3 présente certaines de
ces stratégies qui sont évaluées expérimentalement dans un
cadre booléen en section 4.

3.2 Acquisition des compétences des couples de cas

Soit (a, b) un couple de cas sources : a = (x*,y*) € BC
et b = (x%,y?) € BC. La compétence du couple (a, b) est
définie par deux scores : le support et la confiance de (a, b),
définis ci-dessous a partir du principe présenté précédem-
ment.

Tout d’abord, soit RésolublesPar(a, b) I’ensemble des
couples de cas sources (c,d) # (a,b) tels que le triplet
(a,b,c) peut étre utilisé pour résoudre x? par extrapola-
tion : x?: xb::x°: x? avec I’équation y*: y? 11 y¢ 1y résoluble
(et ainsi, sa solution y est unique dans une représentation
nominale). Formellement :

(c,d) # (a, D),
x*:xlxtix?
et I’équation
yirynyty
a une solution

RésolublesPar(a, b) = {(c,d) € BC?

En d’autres termes, RésolublesPar(a, b) est ’ensemble
des couples de cas sources (c, d) tels que ¢ peut étre adapté
en une solution de x¢ en utilisant (a, b) comme une régle
d’adaptation (sans considérer le cas trivial (a, b) = (c, d)).
Le support de (a, b), supp(a, b), est simplement le nombre
de tels couples :

supp(a, b) = [RésolublesPar(a, b)|

Parmi les (¢,d) € RésolublesPar(a,b) certains
conduisent 4 la bonne solution (y = y¢) et d’autres non.
Les premiers constituent I’ensemble suivant :

RésolublesCorrectementPar(a, b)
= {(c, d) € RésolublesPar(a,b) | y*:y"::y° :yd}

Par exemple, si  supp(a,b) = 6 et
|RésolublesCorrectementPar(a,b)] = 4, cela si-
gnifie que (a, b), considéré comme une regle, a été testé
sur la base de cas 6 fois et a donné 4 bonnes réponses.

JIAFQPFTA 2019

La proportion de bonnes réponses est donc 4/6 = 2/3.
Cette proportion est appelée confiance de (a,b). Un cas
particulier doit &tre considéré quand supp(a,b) = 0. Cela
signifie que «la regle d’adaptation» (a,b) ne peut pas
étre testée sur la base de cas. Dans ce cas, la valeur de
la confiance est fixé a 0,5 (meilleure qu’une confiance
de, par exemple, 3/7 pour laquelle la regle échoue plus
souvent qu’elle ne réussit et moins bien qu’une confiance
de 4/7 pour laquelle la régle donne de bonnes réponses
plus souvent que de mauvaises). En résumé, la confiance
d’un couple (a, b) est :

conf(a, b)
|[RésolublesCorrectementPar(a,b)| .

= supp(a.b) si supp(a, b) # 0
0,5 sinon

3.3 [Utilisation des compétences de couples de cas dans
des stratégies de sélection et de vote

Etant donné un probléme cible x<iPle I’extrapolation
consiste a remémorer des triplets (a,b,c) € BC? tels que
x:xP1:x¢:xPle et A adapter ces triplets en résolvant
I’équation y* tyPiytiy pour chacun de ces triplets (évi-
demment, les triplets (a, b, ¢) pour lesquelles I’équation n’a
pas de solution ne sont pas considérés). Ainsi, le résultat de
I’extrapolation est I’ensemble R des ((a, b, ¢),y) € BC* X S,
y étant le résultat de I’extrapolation de (a, b, ¢) afin de ré-
soudre x1P1¢ Maintenant, la question est comment consi-
dérer toutes ces solutions y pour proposer une unique So-
lution y<*¢ pour xiP'¢, Pour cela, quatre stratégies sont
considérées.

La premiere, appelée sansComp, effectue simplement
un vote avec toutes les valeurs de y, indépendamment des
compétences. La solution proposée est ainsi

yeible _ argmax |{((Cl’ b,c),y) eR|y =ﬂ|
5

C’est la stratégie utilisée dans [13] et elle constitue une ré-
férence pour 1’évaluation.

La deuxiéme stratégie, appelée toutesConf, considere
tous les ((a, b, c),y) € R et effectue un vote pondéré par la
confiance :

ycible = argmax Z
Y (@hoyeRy=y

conf(a, b)
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La troisieme stratégie, appelée maxConf, considere uni-
quement les ((a, b, ¢),y) € R ayant la plus haute confiance,
et effectue un vote a partir de ces dernicres. Formellement :

avec conf,, = max {conf(a,b) | ((a,b,c),y) € R}
et R ={((a,b,c),y) € R| conf(a,b) = confi,}

yeible _ argmax |{((a, b,c),y) € R |y :ﬂ| (1)
y

La quatrieme stratégie, appelée maxConfSupp, est si-
milaire a la troisieme, excepté qu’elle utilise a la fois
la confiance et le support pour établir une préférence.
Plus précisément, cette stratégie s’appuie sur un ordre
de préférence des couples de cas défini ci-dessous (pour
(a,b),(d’,b’) € BC?:

conf(a,b) > conf(a’,b’) ou
(conf(a, b) = conf(a’,b’)
et supp(a, b) > supp(d’, b))

(a,b) = (d',b') si

En d’autres termes, la confiance est le critere principal
mais, en cas d’égalité, plus le support est élevé, plus le
couple de cas (a,b) est considéré comme étant compé-
tent. Par exemple, si conf(a,b) = conf(a’,b’) = 0,75,
supp(a,b) = 8 et supp(a’,b’) = 4, alors (a, b) donne la
bonne réponse dans 6 situations sur 8, tandis que (a’, b")
le fait dans 3 situations sur 4. Soit alors R* 1’ensemble des
((a,b,c),y) € R tels que (a, b) est maximal pour >=. Alors,
y©ible résulte d’un vote, comme décrit précédemment dans
I’équation (1).

L’intérét de considérer un triplet (a, b, ¢) dans la procé-
dure de vote a la fin du processus d’inférence est évalué en
terme de compétence du couple (a, b). Comme les propor-
tions analogiques sont stables pour la permutation centrale,
on peut également penser a considérer les couples (a, ¢).
Des investigations préliminaires, utilisant différentes com-
binaisons (minimum, maximum, somme et produit) des
confiances de (a, b) et (a,c) n’ont pas montré d’apport si-
gnificatif par rapport a I’utilisation seule de la confiance de
(a, b) ; c’est pourquoi nous nous sommes restreints, dans ce
travail, a ce dernier type de prise en compte de la compé-
tence. Cependant, la combinaison n’a porté que sur 1’uti-
lisation de la confiance brute de tous les triplets (comme
dans la méthode toutesConf) sans considérer de stratégie
de restriction des triplets participant au vote (comme dans
les stratégies maxConf et maxConfSupp). L’étude plus ap-
profondie d’une stratégie de combinaison reposant sur la
confiance mais également sur le support constitue une pers-
pective de ce travail.

4 Evaluation
L’ objectif de I’évaluation est d’étudier I’impact des stra-

tégies pour la sélection des couples de cas participant au
vote sur différents types de fonctions booléennes.
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4.1 Contexte expérimental

Dans nos expériences, P = B® et S = B. Ici ~ est sup-
posé étre fonctionnelle : ~~» = f£.

La fonction f est générée de maniére aléatoire a I’aide
des générateurs suivants qui sont fondées sur deux des
formes normales les plus classiques dans le but d’avoir une
diversité de fonctions générées :

DNF f est générée en forme normale disjonctive, c.-a-d.,
que £f(x) est une disjonction de ng;s; clauses (conjonc-
tions de littéraux), par exemple :

f(x) = (x; A =X7) V (=X3 A X7 A Xg) V X4.

La valeur de ng;; est choisie au hasard uniformément
dans {3,4,5}. Chaque disjonction est générée sur la
base de deux parametres, p* > 0 et p~ > 0, avec
pt+p~ < 1:dans chaque clause, pour chaque variable
X;, elle apparait sous forme de littéral positif (resp.,
négatif) avec une probabilité p* (resp., p~). Dans nos
expériences, nous avons choisi p* = p~ = 0,1(3).

Pol f est générée sous forme polynomiale : f a la méme
forme que si elle était générée par DNF, sauf que
les disjonctions (V) sont remplacées par des ou ex-
clusifs (®). Comme seuls les littéraux positifs appa-
raissent dans la forme normale polynomiale, le para-
metre p~ = 0.

La base de cas BC est générée aléatoirement, avec des
valeurs de taille |BC| € {32, 64,96, 128}, i.e. |BC| est compris
entre é et % de |P| = 28 = 256. Chaque cas source (x,y)
est généré comme suit : x est choisi au hasard dans # avec
une distribution uniforme ety = £(x).

Soient #pb_cibles le nombre de probleémes cibles sou-
mis au systeme, #rep le nombre de réponses (correctes ou
incorrectes) (#pb_cibles — #rep est le nombre de pro-
blemes cibles pour lesquels le systeme échoue a proposer
une solution), et #rep_ok le nombre de réponses correctes.
Pour chaque stratégie de sélection et vote, les scores sui-
vants sont calculés :

Le taux d’erreur %err est la
#rep_ok
(1 - L) x 100 € [0, 100].
#rep
Le taux de réponse %rep est la moyenne des rapports

#
ﬁ x 100 € [0,100]. Si le systme re-

tourne toujours une réponse (correcte ou non) alors
%rep = 100.

moyenne  des

3. Un générateur CNF, générant des formules en CNF (forme normale
conjonctive : conjonction de disjonctions de littéraux) peut également étre
considéré. Cependant, ceci n’apporterait rien car ce serait dual avec le gé-
nérateur DNF pour deux raisons. Premierement, les inférences effectuées
sont indépendantes du codage, signifiant que remplacer des attributs par
leur négations ne changent pas le résultat de ’inférence, en particulier,
pour a,b,c,d € B, a:b::c:dsiet seulement si —a:=b::-c:—d. Deuxie-
mement, si £ est obtenu a partir d’un générateur DNF alors —f peut faci-
lement étre transformé en une fonction g écrite en CNF en utilisant les
lois de De Morgan, et la distribution de g obtenue de cette fagon serait la
méme que la distribution d’un générateur CNF avec les mémes parameétres.
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La moyenne est calculée sur 1 million de résolutions de
probleme pour chaque générateur, nécessitant la généra-
tion de 1420 £ pour chacun d’eux. La moyenne du temps
de calcul d’une session de RaPC (remémoration et adapta-
tion pour résoudre un probleme) est d’environ 2 ms sur un
ordinateur portable courant.

Par souci de reproductibilité, le code
des expérimentations est disponible sur
https://tinyurl.com/analogyCBRTests, avec

les résultats détaillés (fonctions générées et détails des
évaluations).

4.2 Résultats

La table 2 présente les taux d’erreur et de réponse pour
les différentes stratégies de sélection et de vote pour les
deux générateurs, avec une application a différentes tailles
de la base de cas. Les courbes du taux d’erreur sont don-
nées en Figure 1.

Etant donnée un générateur de fonction et une taille de
base de cas, le taux de réponse est le méme pour chacune
des quatre stratégies car chacune des stratégies de sélec-
tion fournit des résultats pour un probleme qui peut €tre
résolu par I’approche sans sélection sansComp (i.e. si un
triplet a été trouvé pour résoudre un cas par sansComp, ce
triplet sera considéré par les trois stratégies de sélection
et soit il participera a la résolution de x°**1e, soit il existe
un autre triplet qui est « meilleur » vis-a-vis de la procé-
dure de sélection). Le taux de réponse est élevé pour toutes
les méthodes : plus de 96% pour [BC| = 32 et 100% pour
[BC| > 64.

Excepté pour [BC| = 32, qui semble €tre un ensemble
d’apprentissage trop petit pour calculer les compétences,
le taux d’erreur montre que I’hypothese de sélection des
couples de cas améliore la précision. Pour les deux généra-
teurs, toutes les stratégies de sélection donnent de meilleurs
résultats que la stratégie de référence (sansComp). Cepen-
dant, I’amélioration est assez différente en fonction de la
stratégie de sélection : plus la sélection des couples de cas
est contrainte, plus le taux d’erreur décroit. toutesConf
diminue 1égérement le taux d’erreur, maxConf diminue un
peu plus le taux d’erreur, et les meilleurs résultats sont don-
nés par maxConfSupp.

Le bénéfice de chaque stratégie est lié a la taille de la
base de cas : plus la base de cas contient de cas pour
I’acquisition des compétences, meilleurs sont les résultats.
Comparé a la stratégie de référence, le bénéfice pour la
meilleure stratégie pour la sélection maxConfSupp est re-
marquable. Méme si le taux de réponse est déja tres bon,
avec la stratégie de référence et d’autant plus avec un taux
de réponse de 100%, maxConfSupp I’améliore encore en
se rapprochant significativement de 100% de réponses cor-
rectes. Pour DNF, selon la taille de la base de cas (64, 96 et
128), le taux d’erreur %err passe de 10,1 a 6,9 (diminution
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de 32%), de 8,4 a 3,3 (diminution de 61%) et de 7,7 a 1,7
(diminution de 78%). Pour Pol, les résultats sont encore
plus impressionnant, selon la taille de la base de cas (64,
96 et 128), le taux d’erreur %err passe de 13,7 a 6,3 (dimi-
nution de 54%), de 10,5 a 1,6 (diminution de 859%) et de
8,8 2 0,5 (diminution de 94%).

Ainsi, les premiers résultats expérimentaux montrent
que, a partir d’une certaine taille de la base de cas, la stra-
tégie maxConfSupp surpasse toutes les autres méthodes
et diminue nettement le taux d’erreur, tout en utilisant un
nombre de triplets plus restreint.

5 Discussion et travaux proches

Dans cette section, I’approche présentée dans ce papier
est comparée a la littérature sur le RaPC selon deux angles :
la notion de compétence et 1’apprentissage de connais-
sances d’adaptation.

Les compétences en RaPC. Dans [13], trois types de
processus de RaPC sont distingués, en particulier I’extra-
polation, qui remémore et réutilise les cas par triplets, et
I’approximation, qui remémore et réutilise les cas par sin-
gletons. Par rapport aux recherches précédentes sur la com-
pétence qui sont liées a I’approximation, les travaux pré-
sentés dans cet article considere une notion de compétence
liée a I’extrapolation.

La notion de compétence en RaPC est utilisée en général
pour la maintenance de la base de cas, soit pour supprimer
les cas les moins compétents [17] (dans 1’optique de mi-
nimiser la perte de compétence globale), soit ajouter des
cas compétents [19] (dans I’optique de maximiser le gain
de compétence globale). Dans ces précédentes études, la
compétence est liée au cas sources, individuellement, par
rapport aux autres cas de la base de cas. En particulier, dans
I’article fondateur [17], la compétence des cas est évaluée
en mettant les cas sources dans des catégories (des cas cen-
traux — pivotal cases —, qui sont les plus compétents, aux
cas auxiliaires), ces catégories étant définies avec 1’aide
d’une notion binaire de I’adaptabilité entre cas et probleme.
Ainsi, la notion de compétence est liée au processus d’ap-
proximation, considérant les cas sources individuellement.

En revanche, cet article aborde la compétence liée au
processus d’extrapolation : les cas sont remémorés par tri-
plets. La compétence d’un triplet (a, b, c) € BC3 est réduite
4 la compétence du couple (a, b) € BC?, qui est liée 4 I’en-
semble des autres couples (c,d) € BC2. Un point commun
a ces deux notions de compétence est que la compétence
d’un objet (I’objet étant un cas pour 1’approximation et un
couple de cas pour I’extrapolation) n’est pas une propriété
intrinseque a I’objet, mais est liée aux autres objets (de BC
ou BC?).

Une différence mineure entre les études précédentes sur
la compétence et celle-ci est liée a 1’utilisation de la com-
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Ficure 1 — Taux d’erreur en fonction de la taille de BC, pour chaque générateur (a gauche : DNF, a droite : Pol).

IBC| = 32 [BC| = 64 IBC| = 96 [BC| = 128

%err %rep %err %rep %err %rep %err %rep
DNF sansComp 15,1 10,1 8,4 7,7
toutesConf 15,1 8.8 7,0 6,3

maxConf 15,5 975 8,0 100,0 49 100,0 3,1 100,0
maxConfSupp 16,4 6,9 33 1,7
POL sansComp 20,6 13,7 10,5 8,8
toutesConf 20,1 10,8 6,9 4,9

maxConf 20,1 958 8,2 100,0 3,1 100,0 1,2 100,0
maxConfSupp 21,5 6,3 1,6 0,5

TaBLE 2 — %err et %rep pour les différentes stratégies de sélection et vote pour les différents générateurs.

pétence : la maintenance de la base de case pour les précé-
dentes et la résolution de probleme pour celle-ci.

Liens avec ’apprentissage de connaissances d’adap-
tation. Le travail présenté dans cet article a des liens
forts avec la majorité des travaux sur I’apprentissage de
connaissances d’adaptation (ACA). L’adaptation dont il est
question ici est celle qui suit la remémoration d’un seul
cas (c’est une partie d’un processus d’approximation inté-
grant une adaptation). Elle s’appuie en particulier sur les
connaissances d’adaptation AK qui peuvent se définir infor-
mellement par :

AK = « Comment varie la solution

quand varie le probleme. »

La démarche tres généralement suivie en ACA, initiée
par le travail de Kathleen Hanney et Mark T. Keane [9],
s’appuie sur la base de cas pour extraire des connaissances
d’adaptation selon le principe suivant. Elle considere un
ensemble EA de couples de cas sources (a, b), avec a # b,
soit en prenant tous les couples distincts de BC, soit en
se restreignant sur la base d’une similarité minimale entre
a et b. Puis, EA est utilis€ comme ensemble d’apprentis-
sage d’un processus d’apprentissage supervisé : pour tout
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couple (a, b), I’entrée est le couple (x4, xb) et 1a sortie est
le couple (y%,y”). Le processus d’apprentissage supervisé
donne alors un modele de cette connaissance AK, utilisée
par I’adaptation.

Plusieurs travaux s’inscrivent dans ce schéma général.
Dans [10], AK consiste en une représentation de «cas
d’adaptation ». Dans [5], différentes techniques sont utili-
sées, en particulier I’induction par arbre de décisions et des
techniques d’apprentissage ensembliste/ Dans [6], I’extrac-
tion de motifs fermés fréquents est utilisée. L’ interprétation
par des experts du domaine d’application permet de pro-
duire des regles d’adaptation a ajouter a AK. Dans [8], des
techniques similaires a celles de [6] sont utilisées (I’ana-
lyse formelle de concepts et 1’extraction de motifs fermés
fréquents étant des techniques de fouille de données tres
proches), mais, dans ce travail, des cas négatifs (i.e., des
couples (x,y) € P x S pour lesquels y n’est pas une solu-
tion correcte de x) sont utilisés, ce qui améliore nettement
les résultats de I’apprentissage.

On peut considérer que le travail présenté dans cet article
releve également de I’ ACA. En fait, nous avons déja utilisé
la notion de regle d’adaptation pour considérer un couple
(a, b) de cas ; précisons cette idée. Soit la relation ~ définie,
pour (a, b) et (a’, b"), deux couples de cas, par :

(a,b) ~ (d',b") si

x:xP i xP etytiyP iy iyt
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Exploiter la compétence de couples de cas pour améliorer le raisonnement a partir de cas par analogie

Pour les proportions analogiques sur les représentations
nominales définies en section 2.2, ~ est une relation d’équi-
valence . Donc, résoudre un probleéme xP'¢ par extrapo-
lation a partir d’un triplet (a,b,c) € BC® ou d’un triplet
(@', b, c) € BC? (avec le méme c) tels que (a,b) ~ (@', b"),
donnera le méme résultat : le choix du représentant de la
classe d’équivalence de (a,b) pour ~ est indifférent pour
I’extrapolation. On peut utiliser une telle classe d’équiva-
lence C comme une régle d’adaptation (ou ¢ est le cas re-
mémoré et x°P1¢ est le probleme 2 résoudre) :

avec (a, b) choisi arbitrairement dans C

si x?:x7:1:x¢ 1 x°PLe ot y1yPiiy© iy a une solution

alors cette solution est une solution plausible de x°Pe

L’ensemble des classes d’équivalences de la restriction de
~ 2 BC? donne donc un ensemble de régles d’adaptation
candidates, mais toutes les régles ne se valent pas : cer-
taines sont plus plausibles que d’autres. Un critere doit
donc étre défini pour effectuer une préférence entre ces
regles ou, si on décide de les appliquer toutes, de le faire
en pondérant dans un vote certaines regles.

Une facon simple de faire cela (utilisée, par exemple,
dans [6]) consiste a utiliser le cardinal de C. On rejoint 1a
I’'idée de compétence d’un couple de cas : si (a,b) € C,
alors, |C| = supp(a, b) X conf(a, b). La limite de cette ap-
proche est qu’elle ne compte que les exemples (a 1’appui de
la regle), pas les contre-exemples (qui pénalisent la regle).
En revanche, I’approche considérée dans ce papier tient
compte des contre-exemples : si on sait, par exemple, que
conf(a,b) = 1/3, alors on sait que pour chaque exemple,
il y a deux contre-exemples, donc méme si supp(a, b) est
important, la régle associée a (a, b) sera douteuse.

Une autre différence avec le travail de [6] est que
dans [6], on considérait des motifs de variations qui
peuvent étre approximatifs. Par exemple, si (a, b) et (a’, b")
sont deux couples de cas sources tels que, pour la plu-
part des attributs i, x{ :xib ::x;" :xf', on considérera la regle
construite sur ces attributs communs, en négligeant le reste.
Dans un cadre ol les analogies sont rares (par exemple,
quand on a des attributs a valeurs réelles), remplacer la
proportion analogique exacte par une proportion analo-
gique graduelle [7] dans 1’approche décrite dans cet article
pourrait se justifier, ce qui constitue une perspective de re-
cherche potentielle de ce travail. En effet, la démarche pré-
sentée dans cet article pourrait s’appliquer avec une analo-
gie graduelle, en particulier avec des attributs numériques.

Cette discussion montre que certaines idées d’ACA a
partir de la base de cas se trouvent naturellement reformu-
1ées dans le cadre des proportions analogiques : ce lien éta-
bli entre les deux champs est donc potentiellement fécond.

4. La réflexivité et la symétrie découlent des postulats éponymes, en
revanche, la transitivité n’est pas réalisée par toutes les proportions analo-
giques [12].
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6 Conclusion

Le RaPC classique s’appuie sur les similarités indi-
viduelles du probléme a résoudre avec chacun des pro-
blemes résolus déja connus. Nous avons montré qu’il pou-
vait également étre intéressant d’envisager des triplets de
cas (a, b, ¢) pour rendre égaux le changement de a a b avec
le changement de ¢ au probléme a résoudre associée a sa
solution potentielle. C’est le fondement de I’extrapolation
analogique fondée sur les proportions analogiques. Cepen-
dant, il a été observé que certains triplets peuvent conduire
a de mauvaises inférences.

Dans cet article, nous avons proposé de discriminer les
triplets par une évaluation de la « compétence » de couples
participant aux triplets. En effet, une proportion analogique
«aestabceque cestad »peut étre vue comme I’établisse-
ment d’un paralléle entre ces deux couples. Les différences
entre les attributs d’un couple de problemes sont naturelle-
ment liées aux différences entre leurs solutions, mais cette
relation dépend du contexte exprimé par les valeurs des at-
tributs qui ne changent pas. Nous avons montré qu’il était
possible, au moins dans une certaine mesure, d’évaluer la
compétence de couples pour sélectionner les «bons » tri-
plets et améliorer les résultats de I’inférence analogique.
Ceci contribue a confirmer 1’intérét de I’extrapolation ana-
logique pour le RaPC.

Une premiere perspective de ce travail a été évoquée a la
fin de la section 3. Elle consiste, lors du choix d’un triplet
(a, b, ¢), a considérer non seulement la compétence de (a, b)
mais également celle de (a, ¢).

Une autre perspective de ce travail consiste a s’intéres-
ser a I'utilisation d’idées dans le champ du RaPC consa-
cré a I’acquisition de connaissances d’adaptation (cf. sec-
tion 5). En particulier, on pourrait envisager d’améliorer
I’approche décrite dans ce papier en s’appuyant sur 1’uti-
lisation d’une base de cas négatifs, comme c’est le cas
dans [8].

Enfin, on peut également s’intéresser a la compétence
pour associer a la solution proposée par le systeme de
R&PC une indication sur sa plausibilité, qui sera d’autant
meilleure que la compétence sera grande. L’intérét de cela
serait de voir comment combiner 1’extrapolation utilisant
la compétence avec d’autres approches du RaPC qui donne
également une indication de plausibilité.
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Résumé
Cet article définit une distance dans un ensemble
ordonné fini en s’appuyant sur l’analyse formelle des
concepts (FCA). En particulier, son application aux treillis
de concepts permet de munir ce treillis d’une distance co-
hérente avec sa structure. On étudie aussi les rapports entre
cette distance et la notion de proportion analogique dans un
treillis de concepts.
Abstract
We show in this paper how to associate a distance to
a finite POS (partially ordered set), using the tools of For-
mal Concept Analysis (FCA). In particular, its application to
concept lattices allows us to equip this lattice with a distance
depending only on its structure. We also study the links be-
tween this distance and the notion of analogical proportion
in a concept lattice.

1 Motivation et introduction

Le but de ce travail était au départ d’étendre aux treillis
de concepts la notion de dissimilarité analogique, un ou-
til qui s’est révélé utile dans 1’utilisation de la proportion
analogique a des fins de classification [13, 12] et de décou-
verte d’analogies [14]. Pour cela, on a défini une distance
entre concepts formels (Ia notion de proportion analogique
entre concepts avait été étudiée auparavant, [15]). Cette dis-
tance, grace a la complétion de Dedekind-Mac Neille et au
théoreme de Birkoff, s’est révélée pouvoir s’étendre aux
ensembles finis partiellement ordonnés (POS) (sections 3
et4).

La bibliographie sur la « métrisation » des POS est a
notre connaissance assez mince, comme nous le verrons
dans la derniere section, et n’avait jamais été abordée sous
cet angle. L’intérét est théorique : relier les notions fon-
damentales d’ordre et de distance est en soi un probleme
intéressant. Il est aussi pratique : il intéresse les questions
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de classification, supervisée ou surtout non-supervisée, les
problemes de préférences, etc. Nous n’avons pas exploré
ces aspects appliqués pour le moment.

Pour poursuivre, nous avons analysé plus particuliere-
ment les propriétés de cette distance sous 1’angle des pro-
portions analogiques (section 5) et de la dissimilarité ana-
logique entre quadruplets de concepts (section 6).

Ce travail vise donc d’un co6té a consolider les outils
d’exploration analogique des treillis de concepts. D’un
autre cOté, il ouvre une perspective originale en proposant
une distance calculée sur la structure méme d’un POS.

2 Généralités
2.1 Ensembles finis ordonnés

Une relation binaire < sur un ensemble 7 est un ordre
(partiel) sur T si elle vérifie les trois propriétés suivantes :

1. Réflexivité : pourtout x € T, x < x,

2. Antisymétrie : pour tous x,y € T, (x < yety < x)
impliquent x =y,

3. Transitivité : pour tous x,y,z € T, (x < yety < 2)
impliquent x < z.

Nous ne traiterons ici que le cas ou I’ensemble ordonné T
est fini. Un élément y tel que y < x est appelé minorant de x.
L’ensemble des minorants de x est noté 7x. L’ensemble des
minorants stricts 7x\{x} de x se note (x[. L’ensemble des
majorants de x (€léments y tels que x < y) est noté xT et
I’ensemble de ses majorants stricts x7'\{x} se note ]x).

Une partie Y de T est minorée (resp. majorée) par x si x
minore (resp. majore) tous les éléments de Y. Par conven-
tion, si la partie Y est vide, elle admet 7 comme ensemble
de minorants et de majorants.



Un pere de x est un élément y tel que' x < y et qu’il
n’existe pas d’élément z tel que x < z < y; on dit aussi que
y couvre x. On définit un fils de fagon duale.

Une chaine est un sous-ensemble totalement ordonné
de T, i.e. tout couple (x, y) d’éléments de cette chaine véri-
fie x < youy < x. Une chaine de cardinal n a une longueur
égale a n— 1. Une antichaine est un sous-ensemble dont les
éléments sont incomparables deux a deux.

Une extension de la relation d’ordre (7, <) est une re-
lation d’ordre (7’,<), avec T C T’ et x < y dans (7, <)
implique x < y dans (7", ).

Soit Y une partie d’un ensemble ordonné 7', on dit que
r € T est Uinfimum de Y, noté inf(Y), si I’ensemble de
ses minorants est non vide et admet r pour maximum 2.
De méme, Y a un supremum t si Y si ’ensemble de ses
majorants est non vide et admet ¢ pour minimum.

L’élément x € T est sup-irréductible s’il n’est pas supre-
mum de la partie (x[, et x € T est inf-irréductible s’il n’est
infimum de la partie ]x).

On note S, I’ensemble des éléments sup-irréductibles
qui minorent x et I, I’ensemble des éléments inf-
irréductibles qui majorent x.

Comme on le verra plus loin, la définition des éléments
irréductibles est beaucoup plus simple dans le cas particu-
lier ou la relation d’ordre est un treillis.

Exemple
Soit la relation d’ordre (7, <) donnée par le diagramme
de Hasse suivant :

M\Z
t y
X

Par exemple : pour z, on a (z[= {y, x} et (z[ est majorée par
zety. Le suprémum de z est y et z n’est pas suprémum de
(z[, donc sup-irréductible.

De méme, (x[= @ admet tous les éléments de T comme
majorants, en particulier # et x. Or T n’admet pas de mi-
norant, donc il n’y a pas de suprémum a (x[. Et donc x ne
peut pas étre suprémum de ]x). On en déduit que x est sup-
irreductible.

Plus généralement, on a Sy = {x,y,z,t} et It =
{x,z,t,u}, et a titre d’exemple, on a Tu = {u,t, x,y}, yT =
v.z,u}, Sy = {uy et I, = {x,y}.

2.2 Graphes associés

On associe le graphe orienté acyclique (DAG) G =
(T, E) appelé fermeture transitive de (T, <) en construisant

1. Par définition, (x <y) © (x <yetx #y).
2. Un élément maximal dans une partie X C T est un élément de X tel
qu’il n’existe aucun autre élément de X qui lui soit supérieur
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pour tout (x,y) € T2 tel que x < y un arc orienté de x vers y.
La réduction transitive de G est un graphe G’ = (V, E’)
avec un arc orienté de x vers y si et seulement si x est fils
de y. Le diagramme de Hasse d’une relation d’ordre est
le graphe de sa réduction transitive, dans lequel un fils est
toujours a une hauteur inférieure a celle de son pere.

2.3 Treillis

Un treillis est un ensemble 7 muni de deux lois internes
notées V (join) et A (meet) telles que :

— les deux lois sont commutatives et associatives;

— pourtous xetyde T : x A(xVy)=x=xV(xAY)
xA(xVY)=x=xV(xAy) (lois d’absorption).

La loi d’absorption entraine 1’idempotence de tout élé-
ment x de T pour les deux lois:aVa=aetaAa=a.

A partir d’une telle structure on peut définir sur 7' une
relation d’ordre notée < par 1’équivalence (a < b) & (a VvV
b =0b).

Un treillis est donc aussi un ensemble partiellement
ordonné dans lequel chaque paire d’éléments admet une
borne supérieure et une borne inférieure. Un treillis est dit
complet si toute partie admet un supremum et un infimum.

Quand un treillis (7, A, V, <) est fini, il est complet, et il
possede en particulier un plus grand élément T et un plus
petit élément L

Un élément d’un treillis fini est sup-irréductible si et
seulement s’il posséde un unique fils®. L’ensemble des
sup-irréductibles est noté S 7. Dualement, un x € T est inf-
irréductible si et seulement s’il admet un unique pere. Les
éléments inf-irreductibles sont définis dualement et leur en-
semble est noté Ir.

2.4 Treillis de concepts

L’analyse formelle de concepts (FCA) étudie les rela-
tions binaires R définies entre un ensemble O d’objets et
un ensemble A d’attributs. Le triplet (O, A, R) est appelé
contexte (formel). On note (0,a) € R ou oRa pour si-
gnifier que ’objet o posséde I’attribut a. On note o' =
{a € A|(o,a) € R} I'ensemble des attributs de 1’objet o
etal = {0 € O|(0,a) € R} I’ensemble des objets qui pos-
sedent I’ attribut a.

De méme, pour un sous-ensemble o d’objets, ol est dé-
fini comme {a € A|a' 2 o). Un concept (formel) est un
couple (0,a) tel que a! = o0 and o' = a. On nomme o
I’ extension du concept et a son intension.

Oy

On note un concept x = (0, a,) ou x = a
X

3. Un élément a d’un treillis 7 non nécessairement fini est dit sup-
irréductible s’il n’est pas 1’élément minimal (s’il existe) de T et si x <
aety < aimplique xVy < a. Les inf-irreductibles sont définis dualement.
Cette définition est équivalente a celle donnée pour une relation d’ordre et
a celle que I’on vient de donner pour un treillis fini.
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L’ensemble des concepts associés a un contexte possede
une relation d’ordre définie comme : (07,a;) < (02, ;) ssi
0; C 0 (ou, de maniere équivalente, a, C a;). Cet en-
semble est un treillis fini, dit le treillis de concepts (concept
lattice) of R. On le note B(O, A, R).

La notion de Weak Analogical Proportion on WAP a été
introduite dans [15] pour décrire des relations d’analogie
(plus exactement, de proportion analogique) entre quatre
concepts formels.

" - WAP
Definition 1. Dans un treillis, la WAP (x:y 1 z:1)est
caractérisée par les égalités : x N\t =yAzetxVt=yVz

Dans un treillis de concepts, on a la propriété suivante.
Proposition 1. Quatre concepts x = (0y,a,), y = (0,,a,),

. WAP .
z=1(0,a,) ett = (0,,a,) vérifient (x 1y 1 z:t)ssi
o,No;,=0,N0, et a.Na =a,Na,.

Cette propriété se déduit du « Main Theorem of Formal
Concepts » [11].

2.5 Tout treillis est un treillis de concepts

Un résultat fondamental di a G. Birkhoff [5, 2] établit
que tout treillis fini T est isomorphe au treillis de concepts
du contexte (Jr, M7, <), ou Jr est I’ensemble des sup-
irréductibles de T' et My celui de ses inf-irréductibles. De
plus, ce contexte est le contexte réduit (voir ci-dessous).

On peut calculer les concepts associés aux éléments d’un
treillis en utilisant la construction de Birkhoft associée au
résultat indiqué ci-dessus, mais aussi avec la technique dé-
crite a la section suivante qui évite la construction complete
du treillis de concepts.

Le contexte minimal en termes d’objets et d’attributs
produisant le méme treillis de concepts qu’un contexte
donné est appelé contexte réduit ou standard. 11 est unique
a un isomorphisme pres. Quand on a un contexte quel-
conque, on peut le réduire en éliminant d’abord les lignes
et les colonnes en double, puis celles qui sont 1’intersec-
tion de deux autres, voir [11], ¢’est-a-dire en enlevant les
éléments non irréductibles de la relation d’ordre ; la struc-
ture du treillis est évidemment inchangée. Cette opération
permet d’assurer la bijection pour tout élément (concept)
x du treillis entre o, et S,, comme entre a, et I, (voir le
Théoreme 5.1 (6) de [7]).

Pour résumer :

— A tout treillis on peut associer un treillis de concepts
comportant des ensembles d’objets et d’attributs mi-
nimaux, correspondant a un contexte réduit.

— Tout contexte peut étre réduit sans changer la structure
du treillis de concepts associé et en minimisant les en-
sembles d’objets et d’attributs associés a ce treillis.

— Dans un treillis pour lequel les ensembles d’objets et
d’attributs sont minimaux, il y a bijection entre o, et
S ¢, comme entre a, et /.
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2.6 Construction directe des concepts minimaux d’un
treillis

Entrée : un treillis fini.

Sortie : le méme treillis ot chaque élément est détaillé
comme un concept.

Algorithme

Partir du plus petit élément L et lui affecter ’en-
semble vide. Pour chaque pere de L, créer un
nouvel objet et lui affecter. Remonter de la sorte
dans le treillis en respectant la régle suivante :

1. Si T’élement traité
irréductible, lui
objets de ses fils.

n’est pas sup-
affecter 1’union des

2. S’il est sup-irréductible, lui affecter les ob-
jets de son fils, plus un nouvel objet.

La construction des ensembles d’attributs se fait de fagon
duale. En notant S, I’ensemble des sup-irréductibles infé-
rieurs ou égaux a un élément x et I, '’ensemble des inf-
irréductibles supérieurs ou égaux a x, cet algorithme assure
que pour tout x on a o, et S, en bijection, comme a, et /.

2.7 Exemple

Soit le treillis (T, A, V, <) décrit par le diagramme de
Hasse a gauche dans la figure ci-dessous. Comme on le
verra a la section 4.1, ce treillis est la complétion en treillis
de la relation d’ordre donnée en exemple a la section 2.1.

Les irréductibles de ce treillis sont les mémes que ceux
de la relation d’ordre dont il est la complétion : S; =
{x,y,z,t} et It = {x,z, ¢, u}.

Le treillis de concepts construit par la méthode présentée
ci-dessus est décrit a droite dans la figure ci-dessous. Afin
d’y distinguer objets et attributs, on pose O = {X, Y, Z, T, U}
et A = {x,y,z,t,u} et on note Tp 4 le treillis de concepts.
Pour tout élément s de T (treillis décrit a gauche), les ob-
jets du concept associé dans Tp # forment maintenant I’en-
semble S ; des sup-irréductibles minorants de s dans T ; ses
attributs forment 1’ensemble /; des inf-irréductibles majo-

rants de s dans 7.
8 /T\
/\ {X,Y, T} {X,Y,Z}

i i {u) {2)
! ! ] X,7)

{z, u}

}
I
(X}
/x {x,z, u}
n J_/




Par abus de langage, grice a ce parallele entre le treillis T’
et le treillis de concepts Tp 4, la lettre x peut désigner un
élément de T', un concept de T 4, voire, dans cet exemple,
un attribut. Ici, on a donc x = (0, a,) = ({X}, {x, z, u}).

3 Distance dans un treillis

3.1 Définition

Une distance sur un ensemble 7 est une application d :
T? — R positive, telle que, pour tout (x,y,z) € T3 :

1. d(x,y) = O si et seulement si x =y,

2. d(x,y) = d(y, x),
3. d(x,y) <d(x,z) +d(z,y).

Comme on I’a vu, chaque élément x d’un treillis peut
étre décrit comme un concept, c’est-a-dire a I’aide d’un
sous-ensemble d’objets o, et d’un sous-ensemble minimal
d’attributs a,. Nous nous appuyons sur ces ensembles pour
définir une distance de la fagon suivante :

Proposition 2. Soit 6y la distance de Hamming entre sous-
ensembles d’un ensemble fini, c’est-a-dire le cardinal de
leur différence symétrique A, les formules suivantes défi-
nissent une distance dans un treillis :

o(x,y) = on(oy, Oy) + on(ay, ay) = |0xA0y| + |aany|

Démonstration. ¢ est bien une distance puisque, comme
somme de deux distances. O

3.2 Contexte réduit ou non?

Il est a noter que si le treillis a été construit a partir d’un
contexte, deux cas peuvent se présenter. Le premier est ce-
lui d’un contexte réduit. La distance ¢ peut alors s’écrire

0, y) =l ALI+1S, A S,

o, et S, étant en bijection, tout comme a, et /,.

Dans le cas inverse, et si le contexte a été obtenu par
complétion (voir plus loin la section 4.1) d’une relation
d’ordre T, o, et xT sont en bijection, comme a, et Tx et
I’on a alors

8(x,y) = IxXT AyT|+|Tx A Tyl

Dans la suite, nous adopterons I’hypothese que les en-
sembles d’objets et d’attributs sont toujours minimaux, ce
qui signifie en particulier que si le treillis a été construit a
partir d’un contexte, ce dernier a été réduit.

Notons cependant que toutes les propriétés suivantes
sont également valables si on adopte I’hypothese inverse.

Si on est dans le cadre de la FCA, la réduction du
contexte enléve de I'information : on peut alors préférer
calculer la distance a partir du contexte original.

L. Miclet, N. Barbot, H. Prade

3.3 Propriété fondamentale

Proposition 3. Pour tous x, y et z tels que x <y < z:

0(x,z) = 6(x,y) +6(y,2) (D

Démonstration. Les cas d’égalité entre x, y ou z sont tri-
viaux. Supposons x < y < z : 0, est donc strictement inclus
dans o, et I’on écrit 0, = 0,UO; ot O1 N0, = (). De méme,
0, = 0, U O; ou O, est un ensemble d’objets en intersec-
tion vide avec oy et donc avec 0,. On a : y(0y, 0y) = O],
0(0y,0;) = |0, et 6y(0x,0;) = |01 +|0>|. En raisonnant
de mé&me avec les attributs, la formule est établie. O

Cette propriété assure que toute chalne (x = x; < ... <
X, = y) entre deux éléments x et y cumule la méme dis-
tance; ceci permet de munir le treillis de 1’application v
de T dans R* définie par v(x) = 6(x, L). La distance entre
deux éléments ordonnés s’exprime alors comme :

X<y @ 6(x,y) = v(y) - v(x) 2

avec v monotone isotone, puisque x <y & v(x) < v(y).

3.4 Remarques

— On a aussi :
5()6,)’) = |0x| + |Oy| + Iaxl + |ay| -2 |0x/\y| -2 |ax\/y|

— Quand on dispose d’un contexte, on peut le réduire.
Cette opération permet d’assurer la bijection pour tout
élément x du treillis entre o, et S,, comme entre a,
etl,.

— Caspard, Leclerc et Monjardet citent une distance
dans les inf-demi-treillis  distributifs, dite de la diffeé-
rence symétrique qu’ils utilisent pour montrer qu’un
tel treillis est rangé.

Soit 7' un inf-demi treillis distributif et S,
I’ensemble des sup-irréductibles inférieurs
ou égaux a un élément ¢ de T. La distance
de la différence symétrique sur 7' est défi-
nie par : Vrett € T : A(t,t') = |S,AS]].
([7]. page 231)

La distance que nous proposons généralise donc la
leur, puisque o, et S, sont en bijection sous I"hypo-
thése (que nous faisons) que les ensembles d’objets et
d’attributs sont minimaux.

— Une autre distance envisageable serait la longueur du
plus court chemin entre x et y dans le diagramme de
Hasse. Mais ce chemin ne passe pas nécessairement
par x V y ni par x A y; sa longueur ne se calcule pas
non plus directement a partir des ensembles d’objets

4. Un inf-demi-treillis est un ensemble ordonné dans lequel deux €lé-
ments quelconques admettent toujours une borne inférieure.
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et d’attributs associés a x et y; enfin, il a la méme lon-
gueur pour des positions relatives pourtant bien diffé-
rentes (voir la section 4.2 pour un exemple).

— Dans un treillis distributif, la distance ¢ et celle du plus
court chemin sont identiques ; c’est une conséquence
du théoréme 5.1 (6) de [7].

4 Distance dans un ensemble ordonné fini
quelconque

4.1 Construction d’un contexte et calcul de la distance

La complétion de Dedekind-MacNeille d’un ensemble
ordonné (T, <) est le plus petit treillis complet qui contient
cette relation d’ordre. Une facon de le construire, donnée
par exemple dans [11], consiste a construire le contexte
(0,A,<) avec O = A = T puis a calculer le treillis de
concepts B(0, A, <) associé.

Le contexte (O, A, <) n’est pas obligatoirement réduit.
Notre choix est, rappelons-le, de le réduire systématique-
ment (voir la section 3.2).

Tout élément x € T joue le role d’un objet dans le
contexte (0, A,<) (o O = A = T) et on peut lui asso-
cier le concept (xT, (xT)l). En particulier, x" correspond a
xT et (x") a Tx. La distance entre deux éléments x et y de
T s’écrit donc :

80ey) = Dt A D + ¢ AyT|
& correspond bien 2 une distance sur T2 : pour tout
(x,y) € T?, 6(x,y) = O signifie que T = y!, doi x < y
ety < x, et donc x = y. La symétrie de ¢ et I'inégalité
triangulaire découlent de la proposition 2 car

80ry) =8 ((+1, DY), (. DY) -

Le calcul de la distance entre deux éléments de T peut
donc se faire directement dans le contexte, sans construire
le treillis, ni calculer les irréductibles de la relation.

La figure 1 récapitule le calcul de la distance a partir
d’un ensemble ordonné, d’un contexte et d’un treillis.

4.2 Exemple

Considérons de nouveau 1’exemple d’ensemble ordonné
(T, <) présenté a la section 2.1. Le contexte obtenu par
complétion de Dedekind-Mac Neille est donné par

X y z t u
X | X X X X
Y X X X
Z X
T X X
U X
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[HEA DY+ [T A Y|

Contexte

Irreductibles

Sp 17,8 I

6(x.y)

IS (AS | + [FAP)
Y)

Treillis de
concepts
Concept

x=
(05,ay,)

l0,Aoy| + | Aay|

Ficurk 1 — Trois facons équivalentes de définir une distance
dans un POS fini et une fagon de le faire dans un treillis (en
grisé). Les étiquettes s’interpretent ainsi. (1) Complétion
de Dedekind- Mc Neille. (2) Isomorphisme. (3) Construc-
tion du treillis de concepts & partir du contexte et vice-
versa. (4) Tout treillis est un treillis de concepts. (5) Ré-
duction du contexte. (6) Construction d’un contexte réduit

a partir d’un treillis.

Les objets de ce contexte sont notés en majuscule et les
attributs en minuscule, mais il s’agit des mémes éléments
de T. La complétion a créé dans cet exemple les concepts
T et L pour augmenter T en treillis.

N

(X,Y,T,U} {X,Y,Z}
u z
{u} {z}
o~ |
M x|
{t, u} {y, z, u} Y

I

{x}
oz "

S

La réduction de ce contexte enleéve 1’objet U et 1’attri-
but y, qui ne sont pas irréductibles et produit le treillis
déja construit a la section 2.7. Le tableau de distances &
dans (7, <) est détaillé ci-dessous. Pour comparaison, on
a ajouté le tableau des distances en utilisant le double de
la longueur du plus court chemin, qui est moins « précise »
que ¢ : elle donne par exemple la méme distance entre y et ¢
que entre z et u, ou entre entre x et ¢ et entre z et ¢, alors que
¢ marque une différence justifiée par la structure du treillis.
Cette remarque est justifiée expérimentalement a la fin de
la section 6.4.



6|l x vy z t u 2pcc | x 'y z t u
x|0 2 4 5 4 X 0 2 4 4 4
y 0o 2 5 2 y 0 2 4 2
z 0o 7 4 z 0 6 4
t 0 3 t 0o 2
u 0 u 0

5 Quelques propriétés de la distance ¢

Dans cette seconde moitié de 1’article, nous appliquons
la distance introduite dans un treillis de concepts a 1’étude
des proportions analogiques entre concepts [15]. Une pro-
portion analogique dans un treillis est une relation quater-
naire, dénotée x : y :: z : ¢, qui se lit « x est a y comme
zestaty, et qui est définie dans sa forme faible par les
conditions x At =y AzetxVt=yVz Voir [15] pour la
forme forte et des explications. Ceci garantit le role symé-
trique des paires (x,y) et (z,t) et la permutabilité de y et z
d’une part et de x et t d’autre part. Quelques propriétés de la
distance de Hamming entre les éléments d’une proportion
avaient été établies dans le cadre de treillis booléens [8].

5.1 Proportions canoniques

On s’intéresse d’abord au cas de ce qui est appelé pro-
portion canonique dans [15], c’est-a-dire aux WAP de la

A
forme (x : xVy war XAY:IY).

Proposition 4. Soit x et y deux éléments distincts d’un
treillis de concepts, il existe 4 nombres positifs a, b, c et
d tels que les distances deux a deux entre x, y, xVyet x Ay
se décomposent de la fagcon suivante :

Démonstration. 11 suffit de poser
a= |0x\0y| + |ay\ax| b= |0y\0x| + |ax\ay|
c= |ax/\y\(ax U ay)| d= |0x\/y\(0x U 0_v)| |

Ceci permet de représenter la répartition des distances
entre les éléments d’une proportion canonique comme sur
la figure 2, ou sont ajoutés deux éléments (en gris) notés
x Ly et x My qui ne sont pas en général des concepts. On
peut remarquer que, dans cette figure, ¢ et d peuvent étre
nuls, mais pas a ni b (car x # y).

Proposition 5. Si v(x) > v(y) alors
8(x,¥) = v(0) = v(y) + 2 - (10,\0ny] + lar\aryl )

Démonstration. Cela découle de la proposition 4. O

L. Miclet, N. Barbot, H. Prade

0,Uo, U0 XVy

a.’(

d
X 0, b 0, U o, XUy

a, a,Na,
a a

o, No, 0,

xnM
Y a,Ua, b a, Y
¢
XAy 0,Noy
a,Ua,UA

FiGure 2 — Distances dans une proportion canonique, avec
les notations A = a,,,\(a; Uay) et O = 0,y,\(0, U 0,).

Proposition 6. Pour tous concepts x et y
VX)) —v)l < 6(x,y) < 6(xAy,xVy) = v(xVy)-v(xAY)

Démonstration. Cela se déduit des propositions 4 et 5 et
de I’égalité (2). O

Proposition 7. Pour tous concepts x, y et 7
0(x,y) < 6(xVz,yAD)+06(xAz,yV2) 3)

Démonstration. C’est une conséquence de I'inégalité tri-
angulaire, la proposition 6 et I’égalité (2). O

5.2 Inégalités dans une WAP

Quand le treillis est muni de la distance &, un certain
nombre de propriétés métriques permettent de mieux cer-
ner la notion de WAP.

Proposition 8. Dans la WAP (x:y wap z:t,ona:
o(x, 1) +8(y,2) < 0(x,y) +0(x,2) + 6(y, 1) + 6(z, 1)
< 2(6(x,0) + 6(y,2))

Démonstration. La premiere inégalité est vraie pour tout
quadruplet (la preuve est triviale), mais pas la seconde. Par
définition de la WAP,onaxVt=yVzetxAt=yAz,d’ ou
en particulier 0, N 0; = 0, N o,. Les quatre ensembles d’ob-
jets, sous cette contrainte, se divisent en 9 sous-ensembles
disjoints comme I’illustre la figure 3.

Afin de simplifier les notations, on notera par exemple :
o, = AFHI. Notons 6,(x,y) = 0,A0, et 6,(x,y) = a,Aa,.
On a donc

So(x,1) = ADEFGH|
00(x,2) = |ACEH]|
8,(y, 1) = |BDEH)|

5,(x.y) = |ABFG|
5,(v,2) = IBCEFGH|
61)(2’ t) = |CDFG|
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FiGure 3 — Diagramme de Venn de oy, 0y, 0, et o, lorsque
les concepts associés vérifient xAt = yAz. On a par exemple
0o,=AUFUHUIL

Ainsi, 8,(x, 1)+ 0,(y,z) = |ABCD|+2-|[EFGH| et 6,(x,y) +
6o(x,2)+0,(,2)+6,(2, 1) = 2-|ABCD|+2-|[EFGH|. D’ou les
inégalités de la proposition 8 pour d,, les 9 sous-ensembles
étant disjoints.

Par symétrie, on établit les mémes inégalités pour ¢, et
donc pour leur somme 4. O

Remarques

— Les inégalités de la proposition 8 sont vraies en géo-
métrie du plan pour un quadrilatere (x,y, z,f) de som-
mets opposés x et z, a condition qu’il soit convexe.
On peut remarquer aussi que si (x, y, z, f) est un paral-

B N - o> > =
lélogramme, le quadrilatere (Ox + Oy, Ox + Oz, Oy +
- = =
Ot, Oz+0t) est aussi un parallélogramme, dont I’ inter-

. . . —_ > > =
section des diagonales est située en Ox+0Ot = Oy+0z.

— Si (x,y,z,1) n’est pas une WAP dans cet ordre, la se-
conde inégalité est fausse en général.

5.3 Caractérisation d’une WAP

*xyzt

Soient x, y, z et t quatre concepts, on note 0,  (ou SX si
aucune confusion n’est possible) I’ensemble (o, Uo, Uo, U
0,) \ (0, U0, Uo,) des objets que x posséde et que ni y, ni z,
ni 7 ne possedent.

epe WAP . .
Proposition 9. (x:y 1 z:1) implique :
* * * *
1. 6(x,y) = [0x] = loy] — |ay| —|ay |
* * * *
=06(z,0) — 07| — o] — |a ;| — |a,| et
* * * *
2. 6(x,2) — oy — 07| — |a,| — |a; |
* * * *
=0(y, 1) — oy — o, — lay| — |a,| et
3. 0,\(0x U0, U0,) = 0,\(0,U0,U0) =0 e
* *
4. a\(ayUa,Ua;)=a\(a,Ua,Ua,) =0
Démonstration. Par définition de la WAP. O
* * * *
En notant a = 6(x, y)—|o|—|o,|—|a,[-|a,[ et 8 = o(y, 1) -

* * * * WAP
loy| — |o;| — |ay| — |a;], on a, dans la WAP (x: y i z:%)
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* * * *
0(x, 1) = 04| — o] — |ay| — |a;| =
* * * *
0(y,2) — |0y| —lo,| - |ay| —lal=a+p

ﬁ ’
3

i (02
I B

FiGure 4 — La distance ¢ dans une WAP. Le rayon de cercle

* * .
du centre x vaut R, = |o,| + |a,|. La distance entre le cercle
de centre x et celui de centre y est égale a @, comme celle
entre le cercle de centre z et celui de centre ¢.

6 Dissimilarité Analogique

6.1 Principe

La Dissimilarité Analogique DA(x,y,z,t) relative a la
WAP entre quatre éléments d’un treillis pris dans cet
ordre cherche a mesurer de combien ces quatre éléments
« manquent » la WAP. Cette notion a été utilisée en parti-
culier dans [13] pour des problemes de classification super-
visée basée sur les proportions analogiques, avec des don-
nées binaires. Elle est également utile pour découvrir des
proportions analogiques dans des données, par des tech-
niques de type « descente de gradient » (voir [14]).

Entre concepts formels, on peut donc la définir par :

DA(x,y,2,t) =0(xVt,yVz) +d(x At,y A 2)
= 05 (0xvt, 0yvz) + 0H(0xnt; 0y/\z)

+ 6H(aXVt9 ayvz) + 5H(axl\t7 ayAz)

Une version simplifiée est :

DA(x, ¥ 1= 6H(0x/\t7 Oy/\z) + 6H(axvt, ay\/z)
= 0p(0x N0y, 0y N 0,) + 0p(ax Nag,ay Nay)
= |(0ox N 0A(0y N 0,)| + [(ax N agA(ay N a,)|

Comme on va le démontrer plus loin, DA(x,y,z,1) et
DA(x,y,z,t) sont nulles si et seulement si on a une WAP

WAP L
de la forme (x : y i z: t) et sont invariantes pour les 8



permutations de la proportion analogique (x : y :: z : ¢
a 8 formes équivalentes a cause des propriétés requises de
symétrie et de permutation centrale).

Par exemple, dans le contexte suivant et le treillis
correspondant, on obtient les valeurs suivantes :

|1 2 3 4 5 | DA DA,
a| x X xy,zt) | 3 1
b X (x,y,2z,u) 7 2
c X *y,zv) | 3 1
d X X
e X X X
T {a,h,a,d,e}
la,d, e}
“l i
{a} {b {c.e} {d, e}
(s |* 3|’ B3y |° s
{e} ’
3,4,5| "
0
L 111,2,3,4,5)

6.2 Définition et propriétés

N

Dans la suite, de préférence & DA, on utilisera
DAy(x,y,z,1) = |(0x N 0)A(0y N0)] + [(ay N a)A(ay Nay),
en particulier pour la proposition 11.

WAP

Proposition 10. /. DAy(x,y,z,t) =0 (x:y = z:

1).

2. DA(x,y,z,1) est invariante pour les 8 permutations
de la proportion analogique.

3. En général, DAy(x,y,z,t) # DAs(y, x, 2, 1).

Démonstration. Conséquence de la proposition 1. O

Proposition 11. Soit cing éléments x, y, z, t et t' d’un
treillis de concepts. On a :

[DA(x,y,z,)=DA(x,y,2z,1)| < loxN(0,A0,)|+|aN(a,Aa,)|

Démonstration. Par la partition en 15 sous-ensembles de
I’union de 0y,;, 0., 0, et 0y O

On peut remarquer que cette propriété n’a pas d’ana-
logue pour DA. On note aussi que ces valeurs peuvent étre
nulles pour ¢ # ¢'.
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6.3 Inégalités triangulaires

Proposition 12. Pour six éléments quelconques d’un
treillis de concepts on a :
|DA(x,y,z,t) — DAJ(x,y,2,1)|
< |DA(x,y,z,t) — DAs(x,y,z,t")|
+|DA(x,y,2, ") — DAs(x,y,2,1)|

Démonstration. Sur N, la valeur absolue de la différence
est une distance. O

Proposition 13. Pour six éléments quelconques d’un
treillis de concepts on a :
DAS(X’ y7 Z’ t) S DAS(-X’ I/l, V, t) + DAS(y7 u? V, Z)

On le démontre facilement, a partir de 1’inégalité trian-
gulaire sur 6. On peut noter que cette propriété est vraie
aussi pour DA. En revanche, les inégalités suivantes sont
en général fausses pour DA; et DA :

DA(x,y,2,t) < DAg(x,y,u,v) + DAs(u,v,z,1) et

DA(x,y,72,t) < DAy(x,u,z,v) + DAs(u,y,v,1t)

6.4 Exemple

On donne ici un sous-contexte du contexte Zoo [10],
composé de mammiferes et d’oiseaux. Il n’est pas réduit,
ce qui fait que la distance utilisée est la seconde donnée en
section 3.2. La figure 5 détaille le treillis et les concepts
irréductibles, ainsi que la valeur v de chaque concept.

4 g o & =
5} = = =1 5}
5 % b £ £ 5 3 %
SmallZoo | & & & E & § & &
[ZN) ay a as ay as dg ay
0o aardvark | X X X X
01 chicken X X
0, Crow X X X
03 dolphin X X X X
04 duck X X X X
05 fruitbat | X X X X
06 kiwi X X X
07 mink | X X X X X
0g  penguin X X X X
09  platypus | X X X X X

Le tableau ci-dessous donne les distances ¢ entre les
concepts ol les objets (les animaux, rangés comme « Oi-
seaux » ou « mammiferes ») apparaissent pour la premiere
fois en montant dans le diagramme de Hasse du treillis de
concepts. Par exemple, « aadvark » correspond au concept
C(25) de la figure 5 et « duck » a C(21). L’utilisation d’un
algorithme de classification hiérarchique standard > produit
pour deux classes une séparation parfaite des mammiferes
et des oiseaux. Le méme algorithme sur le tableau des dis-
tances « plus court chemin » commet des confusions.

5. AgglomerativeClustering du paquetage scikit-learn Py-
thon, avec I’indice du saut maximum comme avec celui de la moyenne.
Merci a Cédric Fayet.
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Ceci tend a confirmer que ¢ est par construction cohé-
rente avec la sémantique des données

= o - 4 = £

0l 8§ 5 2 E 2|5 5 2 £ ¢

aard. 0 4 5 2 6 12 9 11 10 9
dolph. 4 0 7 2 6 12 9 9 10 7
frui. 5 7 0 5 7 9 8 8 11 10
mink 2 2 5 0 4 12 9 9 10 7
plat. 6 6 7 4 0 10 7 7 8 5
chic. | 12 12 9 12 10 0 3 3 6 7
Crow 9 9 8 9 7 3 0 4 3 4
duck 11 9 8 9 7 3 4 0 7 4
kiwi | 10 10 11 10 8 6 3 7 0 3
peng. | 9 7 10 7 5|7 4 4 3 0

7 Situation bibliographique et conclusion

Cette section bibliographique ne traite pas de la défini-
tion et des propriétés de la proportion analogique dans les
treillis de concepts. Un article des mémes auteurs est en
soumission, qui développera le sujet et ses sources.

Beaucoup de travaux ont été réalisés sur I’agrégation de
préférences, ol 1’on définit une distance entre deux ordres
sur le méme ensemble. En revanche, il est intéressant de
constater que le mariage d’une seule relation d’ordre avec
une distance a été jusqu’ici peu fécond. Dans [3], Barthe-
lemy propose une distance calculée a partir d’une applica-
tion strictement croissante de 1’ensemble ordonné dans R.
Montjardet [16] a écrit un article de revue sur le sujet en
1981, qui présente surtout des distances dans des semi-
treillis distributifs, basées sur le rang qu’on peut y défi-
nir. Dans [17], le méme auteur analyse certains travaux de
M. Barbut qui utilisent la méme idée (attribuée a [6]) tour-
nés vers la notion de médiane. Dans le livre de référence
[7] publié en 2008 sur les relations d’ordre, aucune allu-
sion n’y est faite, exceptée celle citée a la section 3.4.

Il est possible que les auteurs de cet article, non experts
dans I’étude avancée des relations d’ordre, soient passés a
cOté de travaux récents dans le domaine; cependant, une
recherche par mots-clé dans la revue de référence Order
s’est (entre autres) avérée infructueuse.

La prolongation de ces travaux visera d’abord a 1égiti-
mer cette distance comme un outil d’analyse des données
ordonnées et des treillis de concepts. Des questions théo-
riques se posent aussi, par exemple : peut-on construire un
ordre partiel a partir d’une distance sur un ensemble fini ?

Par ailleurs, les treillis de concepts sont induits a partir
de contextes formels qui peuvent correspondre a n’importe
quel type de relations. Différents exemples de concepts for-
mels abstraits peuvent se rencontrer en granular compu-
ting [9] et en argumentation abstraite [1]. La distance intro-
duite dans cet article pourrait aussi trouver des applications
dans ces domaines.
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C(1) ({0, 02,03, 06,07, 05,09}, {ac}) C(16) ({02, 06,08}, {a1, a2, as})
C2) ({03, 04,07,08,09},{as}) C(7)  ({os,08},{a1, az,as})
C(3) ({03,07,08,09},{a5,(l6}) C(IS) ({()8}7 {al>a27a5’a6})
CA4)  ({o1,02,04,06,08,00},{az}) C(19)  ({o1,02,04}, a1, az, as})
C(5) ({00, 03, 05,07, 09}, {a3}) CR0) (o2}, {a1, a2, a4, as))
C(6) ({00, 03, 05,07}, (a3, a7}) CQ2l)  ({osh{ai,az,a4,as})
c() ({00, 03, 07,00}, {a3, as}) C(22) ({0, 05, 07,090}, 1a0,az})
C®  ({oo, 03,07}, {as, as, azr}) C23) (oo, 05,07}, {ag, as, as})
CO) ({03, 07,09}, {as, as, as}) C24) ({00, 07; 09}, {ao, a3, as})
C(IO) ({03307}3 {ag,as,a(),m}) C(ZS) ({00’ 07}s {a09a3’a67a7})
C(11)  ({o1,02, 04,05}, {as}) C26) ({07, 09}, {ao, a3, as, ag))
C(12)  ({02,06,08,09}, a2, ac}) CQ27)  ({o7},{ao, a3, as, as, az})
C(13) ({04,058, 00}, {a2, as}) C(28) ({09}, {ap,az,a3,as,as})
C(14) 808,09},{02705,616}) C29)  (losh{ao, as, as, ar})

C(IS) 01,02, 04’06’08}7{a17a2})

Ficure 5 — Treillis des 31 concepts du contexte SmallZoo.Les éléments en forme de rectangle (resp. losange) ont tous
leurs objets dans la classe « oiseau » (resp. « mammifere »). Les éléments en forme de cercle possedent a la fois des objets
de classe 1 et de classe 2. Les éléments sup-irréductibles sont en gris foncé, les inf-irréductibles en gris clair.

A titre d’exemple, on remarque que, puisque C(19)AC(26) = C(29)AC(17) = Letque C(19)vC(26) = C29)vC(17) =T,
on a la proportion analogique C(19) : C(29) W:/?P C(17) : C(26). Avec les notations de la figure 4, on a R, = R¢(19) = 2,
Ry = Rc(zg) =2,R, = RC(17) =2¢etR, = Rc(zs) =3,aveca=5etf=2.
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Résumé

Dans le vote par buts les agents s’expriment sur
des questions binaires grace a des formules de logique
propositionnelle. Les buts individuels sont agrégés par
une fonction qui calcule la décision collective comme
un ensemble d’évaluations. Avoir des agents motivés
par des buts individuels améne naturellement a des
situations de vote stratégique, ou un agent peut obte-
nir un meilleur résultat en déclarant un but insincere.
La majorité étant une des regles les plus connues uti-
lisées pour prendre des décisions collectives, nous étu-
dions trois de ses variantes dans le cadre du vote par
buts. Nous étudions la manipulation pour ces regles en
général, ainsi que pour un ensemble limité d’actions
stratégiques ou des restrictions sur le langage des buts.
Nous établissons aussi la complexité computationnelle
pour qu’un agent puisse trouver une manipulation.

1 Introduction

A key aspect of agent-based architectures is endo-
wing agents with goals [25], and propositional goals in
particular are common in models of strategic reaso-
ning. When taking collective decisions in a multi-issue
domain, agents share the control over the variables at
stake while still holding individual goals, as in the fol-
lowing example :

Example 1.1. Three automated personal assistants
need to arrange a business meal for their ouners. They
have to decide whether the restaurant should be fancy
(F), if it should be in the center (C), and if they should
meet for lunch (L) instead of dinner. Each owner gives
to their assistant a propositional goal with respect to
these issues. The goal of the first agent is that if they
go to a restaurant in the suburbs, then they should have
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a casual lunch : vy = -C — (=F A L). The second
agent wants that the meeting is either in the suburbs
or casual, but not both : v = ~CH—F. The third agent
wants a fancy dinner in the center : v3 = FA-LAC.
The assistants want to ensure that the final decision
satisfies their owners.

In Example 1.1 we need a procedure to make the au-
tonomous agents reach a collective decision on every
issue as precisely as possible : if the assistants retur-
ned a large set of possible options, the owners would
ultimately have to make the choice they wanted to
avoid. Secondly, strategic behavior needs to be taken
into account, as agents are goal-oriented and nothing
bounds them to be truthful. Two frameworks have
been proposed in the literature on artificial intelligence
to solve analogous problems : belief merging (see, e.g.,
Konieczny and Pino Pérez [17]) and goal-based voting
[22]. Given our primary concern of resoluteness of the
voting outcome we choose the latter.

A variety of functions could be studied to handle
individual goals : our focus is on majoritarian rules.
The appeal of majority lies not only in its intuitive
definition and extensive application in real-world sce-
narios, but also on having been widely studied in the
related fields of voting theory and judgment aggre-
gation [20, 3]. However, when moving to goal-based
voting many definitions of majority are possible. The
three adaptations studied here strike a balance bet-
ween different needs : that of providing a resolute re-
sult, and that of treating each issue independently
while still considering the complex structure of pro-
positional goals.

Each of these majoritarian goal-based voting rules
will be analyzed with respect to their resistance to



several manipulation strategies. Negative results, i.e.,
finding that a rule can be manipulated, lead us to
study the computational complexity of manipulation,
as well as restricting the language of individual goals
in the hope of discovering niches of strategy-proofness.

Related work. Our starting point is the work on
voting in multi-issue domains with compactly repre-
sented preferences by Lang [18]. Propositional goals
are such an example, linked to the literature on social
choice with dichotomous preferences [7, 8]. A related
preference language is that of CP-nets, in which pre-
ferences that are not necessarily dichotomous can be
expressed [1]. The literature on combinatorial voting
(see, e.g., the chapter by Lang and Xia [19]) provides
solutions to tackle the combinatorial explosion entai-
led by the structure of the alternatives, such as voting
sequentially over issues using tractable voting rules.

Closely related work is the study of strategy-
proofness in judgment aggregation [4, 10], where the
input is a complete binary choice over all issues rather
than a propositional goal, as well as in belief merging
[11], which focuses on a specific set of rules defined
by axioms inspired from belief revision. The latter is
the closest setting from a technical point of view, and
in Section 2.5 we clarify the differences between the
two models. Manipulation of voting rules has been am-
ply studied in voting theory, starting from the seminal
result of Gibbard and Satterthwaite [13, 24] to more
recent studies aimed at finding barriers to manipula-
tion (see, e.g., the survey by Conitzer and Walsh [2]).

Propositional goals in a strategic setting have been
extensively studied in the literature on boolean games
[15, 26]. Here, however, issues are not exclusively
controlled by agents, since they express their goals
using a common set of variables, a closer model being
that of aggregation games [14].

Paper structure. In Section 2 we present the fra-
mework of majoritarian goal-based voting for different
notions of resoluteness. Section 3 introduces mani-
pulation, providing both theoretical and computatio-
nal complexity results. Section 4 studies syntactic res-
trictions on the goal language and analyses strategy-
proofness. Section 5 concludes.

2 Formal Framework

We start by presenting goal-based voting, as first in-
troduced by Novaro et al. [22], focussing on three va-
riants of issue-wise majority rule with varying degrees
of resoluteness. We also include a detailed comparison
with the related framework of belief merging [12].

A. Novaro, U. Grandi, D. Longin, E. Lorini

2.1 Goal-Based Voting

A group of agents, represented by the finite set
N = {1,...,n}, has to take a collective decision
over a number of issues, represented by the finite set
Z ={1,...,m} of propositional variables. We call lite-
ral L any atom j € 7 or its negation —j. We let L1 be
the propositional language over the atoms in Z, with
the usual boolean connectives. Each agent i expresses
her individual goal by a consistent formula v; of Lz, as
in Example 1.1. A goal-profile T = (71, ...,7n) collects
the n agents’ goals.

In Section 4 we will study restrictions on the lan-
guage of goals, i.e., languages L* for x € {A,V,®},
defined by the following BNF grammars :

pi=plploxe

An interpretation (or alternative) is a function v :
Z — {0,1} associating a binary value to each va-
riable in Z, where 0 means the issue is rejected and
1 that it is accepted. We assume that there is no
integrity constraint, allowing all possible interpreta-
tions over the issues. We write v = ¢ if interpreta-
tion v makes ¢ true (i.e., v is a model of ¢). The
set Mod(¢) = {v | v E ¢} contains all the mo-
dels of ¢. We denote agent i’s choices for issue j in
the models of her goal as v;(j) = (mj;,my;), with
my; = {v € Mod(y;) | v(j) = z}| for z € {0,1}.
Abusing notation, we write v;(j) = z if |[Mod(v;)| =1
and mj; = 1.

Numerous procedures can be used to turn individual
goals into a group decision. For instance, in Example
1.1 a goal-based voting rule should provide a decision
over type and location of the restaurant and the timing
of the meal. A goal-based voting rule is formally defined
as a function F : (L7)™ — P({0,1}™) \ 0 for any n
and m. The input is a profile of n formulas, and the
output is a non-empty set of alternatives. The number
of acceptances and rejections of issue j in the outcome
F(T) is defined as F(T'); = (F(T)Y, F(T);), where
FI); = {v e FT) | v; = a}| for z € {0,1}. If
F(T)5 =0, we just write F(T'); =1 —x.

In this paper we study three generalizations of ma-
jority. Its definition in judgment aggregation [4, 9],
where each agent 7 express a complete binary ballot B;
over all issues, is Maj(B); = 1 iff > ,c 0 biy > ["54]
where B = (By,...,B,).

2.2 Resolute Rules

We begin by presenting two definitions of resolute
rules, always returning a unique model as their output.
The first resolute variant of majority is EMaj, a quota
rule accepting an issue if and only if more than half of
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the total votes are in its favor :

EMaj(T); =1 iff > (Y. ”(j)_ ) > ntl
S Mo () [Mod ()] [ 2 }

As the goal formulas of the agents may have a varying

number of models satisfying them, to guarantee their
equal treatment EMaj gives a weight to each model
of an agent’s goal inversely proportional to the total
number of models of her goal.

The second resolute variant of majority 2sMaj pro-
ceeds in two steps by first applying Maj to the mo-
dels of the agents’ goals, and then to the result of
the first aggregation step. We write Maj(Mod(+;)) for
Magj(vy, . .., v) where Mod(y;) = {v1,..., 0} :

2sMaj(T") = Maj(Maj(Mod(y1)), . .., Maj(Mod(y»)))

Both EMaj and 2sMaj are generalizations of Maj :
they coincide with it when agents have goals in the
form of complete conjunctions of literals.

While resolute rules help agents come to a unique
decision, other desiderata of unbiasedness cannot be
guaranteed at the same time. Consider the following
two axioms, as defined by Novaro et al. [22].

Let ¢[j — k] for j,k € Z be the replacement of
each occurrence of k£ by j in ¢. A goal-based voting
rule is dual if for all profiles T, F(74,...,7,) = {(1 —
v(l),...,1 —v(m)) | v € F(T)} where ¥ = v[-1 —

1,...,~m — m]. A rule F is anonymous if for any
profile T' and permutation o : A/ — N, we have that
F(717 v 77%) = F(70(1)7 <o 770(n))'

Unfortunately, these three desirable properties can-
not be simultaneously satisfied, as shown by the follo-
wing theorem : !

Theorem 2.1. There is no resolute rule F' satisfying
both anonymity and duality.

Démonstration. Consider a rule F' and suppose to-
wards a contradiction that F' is resolute, anonymous
and dual. Take profile I for N = {1,2} and 7 = {1, 2}
where 71 = 1 A =2 and 72 = =1 A 2. By anonymity of
F, for profile I' = (y2,71) we have F(T') = F(I').
Since F is resolute, F(T') = {(z,y)}, for z,y € {0,1},
and thus F(T') = {(z,y)}. However, note that v, = 7
and 2 = 7. Hence, I = T and by duality we must
have F(T') = {(1 — x,1 — )}. Contradiction. O

In the next section we will thus define a weaker but
more attainable notion of resoluteness, which can be
satisfied by anonymous and dual majoritarian rules.

1. A related result in social choice theory states that there
exists no resolute, anonymous, and neutral voting procedure for
2 alternatives and an even number of voters (see, e.g., Mou-
lin [21]).
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2.3 Weakly Resolute Rules

We call a rule weakly resolute if the alternatives
in its outcome either accept, reject or abstain on
any of the issues. Formally, a rule F' is weakly reso-
lute if on every profile I, F(I') = Mod(p) for some
conjunction ¢ € L. We begin by showing that each
goal-based voting rule that satisfies an axiom called
independence by Novaro et. al. [22] is weakly reso-
lute. A rule F is independent if there are functions
fi + Dy, = C for j € I such that for all I' we have
F(T) = HjGI.f(ml(j)’ o ymp(f)), for Dm={(a,b) |
a,be Nand a+b < 2™} and C={{0},{1},{0,1}}.

Theorem 2.2. Fach independent goal-based voting
rule is weakly resolute.

Démonstration. Consider an arbitrary I' and the out-
come of an independent rule F(I'). As F is inde-
pendent, we have F(I') = Iljezf(mi(4),...,mn(4)),
where each mg(j) € {{0},{1},{0,1}}. We want
to show that F is weakly resolute. We construct
a conjunction ¢ as follows : for all j € Z, if
fmi(4),...,mn(4)) = {0} add conjunct —j to o ; if
Ffmi(4),...,mn(3)) = {1} add conjunct j to ¢; if
f(mi(j),....,mn(y)) = {0, 1} skip. For all v € Mod(¢))
and for all j € 7 appearing as conjuncts in 1, we have
v(j) = 1 for a positive literal j, and v(j) = 0 for a
negative literal =j. Moreover, for all k¥ € Z which did
not appear in ¢ we have any possible combination of
truth values. Therefore, Mod(¢) = F(T"). O

The other direction of Theorem 2.2 does not hold :
consider a rule F' that returns {(1,1,...,1)} if in at
least one v € Mod(y1) issue 1 is true, and else it re-
turns {(0,0,...,0)}.

Novaro et. al. [22] showed that the only rule satis-
fying independence, as well as a number of other desi-
rable properties, is the following :

TrueMaj(I") = ILjez M(T);

where for all j € 7 :

M(T), = { to}
(0.1}

TrueMaj compares issue-by-issue the total accep-
tances with the total rejections, setting the result to 1
(respectively, 0) if higher (respectively, lower), and to
both 0 and 1 if tied.

1—x
m m; ;"

: i) ij
i 2 ien Mod (7)1~ 2ien Mod(77)
otherwise

2.4 Implementation of Majoritarian Rules

To compare the three definitions of majoritarian
goal-based voting, we wrote a program to compute
their outcome over all 16581375 profiles for 3 agents



and 3 issues : i.e., for any combination of consistent
goals and by considering v; and 7 equivalent if
Mod(vy1) = Mod(72). Results are shown in Table 1.
TrueMajR is a resolute version of TrueMaj picking a
single random alternative in the outcome if multiple
are present (we show an average over 10 executions).
First, we evaluated the maximization of social welfare :
i.e., the percentage of profiles on which the outcome
satisfies all agents’ goals. For TrueMaj is on almost
50% of the profiles (40% for the random tie-breaking
version), going down to 30% for 2sMaj and 21% for
EMaj. Then, we checked the percentage of profiles for
which the rules return an outcome that does not satisfy
any goal. This happens for less than 5% of profiles for
all rules, and for less than 0,5% for TrueMaj. Finally,
we analyzed the percentage of profiles on which agent
1 is satisfied with the result — if they are not satisfied
they may have a strategy to manipulate. Agent 1 is sa-
tisfied on more than 61% of profiles for EMaj, almost
70% for 2sMaj and almost 80% for TrueMaj (75 % for
its resolute version). While preliminary, these results
provide an overall picture on the performance of majo-
ritarian rules, with TrueMaj standing out even when
coupled with random tie-breaking.

2.5 Goal-based Voting and Belief Merging

Belief merging was proposed and widely studied as
a framework to combine the beliefs of multiple agents
[17]. While belief merging rules and axioms differ from
those proposed in goal-based voting, both settings are
concerned with the problem of combining formulas
into sets of interpretations. In what follows we refer to
the formulation of postulates by Everaere et al. [12].

We begin by observing that the (IC2) postulate,
which states that the outcome of a rule should coin-
cide with the conjunction of the goals if they are
consistent, is incompatible with both resoluteness, in
case [Mod(A\,;cn vi)| > 1, and weak resoluteness, e.g.,
when A, 7 = 1V 2. Our primary concern in resolu-
teness lead us to choose goal-based voting instead.

As for the other postulates, since in goal-based vo-
ting the integrity constraint is absent and F(T') # ()
on all ', (IC0) and (IC1) are satisfied by default.
The principle of irrelevance of syntax (IC3) is im-
plicitly satisfied by goal-based voting rules, as pro-
positional logic is simply used for the compact re-
presentation of goals. Postulate (IC4), defined for
two agents, is not satisfied by neither EMayj, True-
Maj nor 2sMaj : consider a profile T' for two agents
and three issues such that 73 = =1 A =2 A =3 and
Yo = (IA=2A=3)V(=1A2A-3)V(=1A-2A3). We have
that EMaj(T') = TrueMaj(T') = 2sMaj(T') = {(000)} :
the outcome is thus only consistent with the goal
of agent 1 and not with that of agent 2. Postulates

A. Novaro, U. Grandi, D. Longin, E. Lorini

(IC5) and (IC6) are known in the literature on so-
cial choice theory as reinforcement [27], which is sa-
tisfied by all three majoritarian rules proposed (where
TUr = (vi,-- Y, Y, - - -,7.,) indicates the union of
profiles T' and I") :

Theorem 2.3. For any T' and IV, EMaj, 2sMaj and
TrueMaj satisfy F(T) N F(T') = S # 0 if and only if
FCUT') = S.

Démonstration. Consider two arbitrary profiles I' and
I'. Let EMaj(T') = EMaj(T’) = {w}. For all j € T :
if w(j) = 1, then there were more than [“] votes
for j in both T' and T (and consequently in ' UT');
if w(j) = 0, then in T' and I either there was a
tie for j or there were less than [2FL] votes for j.
Any combination of ties or < [241] votes for j in T'
and I still leads to EMaj(I' UT'); = 0. For 2sMaj
is as for EMayj, focusing on the second step only. Let
TrueMaj(T') N TrueMaj(T') = S. For all j € T : if there
are w,w’ € S such that w(j) =1 and w'(j) = 0, then
I' and I had a tie in the votes for j and thus a tie will
be in T UT’ (hence in the outcome). If w(j) = 1 for
all w € S (analogously for 0), there may have been a
tie in either I'V or T for 4, but not both, and so T' LT’
will have no tie for j. O

Both (IC7) and (IC8) are not applicable to goal-
based voting as there is no integrity constraint. Finally,
the belief merging postulate (Mayj), is not satisfied by
TrueMaj. Consider goals 71 = 1 A2 and 72 =162 :
no matter how many times 5 is repeated in a profile,
in the presence of v the result will always be {(11)}.

3 Manipulation Theory and Com-

plexity

Propositional goals lead to a dichotomous preference
relation on alternatives : agents equally prefer any mo-
del of their goal to any counter-model. For resolute
rules, the unique result satisfies an agent if and only
if it is a model of their goal. Otherwise, different no-
tions of satisfaction arise depending on how an agent
compares two sets of interpretations.

Let sat : L7 x (P({0,1}™)\ 0) — [0,1] be a func-
tion expressing the satisfaction of agent i towards the
outcome of a rule F on profile T'. We simply write
sat(i, F(T)) instead of sat(y;, F(T')). The optimistic,
pessimistic and expected utility mazimizer are three
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‘ EMaj  TrueMaj  TrueMajR  2sMaj

% all agents sat ‘ 21,47 48,32 39,77 30,38
% no agent sat ‘ 4,91 0,47 0,76 2,18
% agent 1 sat ‘ 61,13 79,30 75,19 69,03

Table 1 : For each rule we show the percentage of profiles where all agents/no agent/agent 1 are satisfied with
the result. Satisfaction is optimistic.

notions of satisfaction an agent may hold :

1 if F(I') N Mod(y;) # 0
0 otherwise

opt(i, F(T)) = {

1 if F(T') € Mod(v:)
0 otherwise

pess(i, F(T)) = {

_ [Mod(y) N F(T)|
()]

Optimists are satisfied if in the outcome there is at
least one model of their goal. Pessimists want all the
interpretations in the outcome to be models of their
goal (this notion was introduced by Jimeno et al. [16]).
Expected utility maximizers assume that a unique in-
terpretation will be chosen at random among those
tied in the outcome, and the higher the proportion of
models of their goal in F(T') over the total number of
interpretations in F(T'), the better. 2

Agent i’s preference on outcomes is a complete and
transitive relation 3=;, whose strict part is »; :

F(T) = F(T') iff sat(i, F(T)) > sat(i, F(I")).

eum(i, F(T))

For I' = (v;)ien let (T—iyv)) = (V1,3 Yis -3 Vn)
be the profile where only agent ¢ changed her goal
from ~; to 7,. Agent ¢ has an incentive to manipu-
late by submitting goal ~/ instead of ~; if and only if
F(T_;,~}) =; F(T'). A rule F is strategy-proof if and
only if for all profiles T" there is no agent ¢ who has an
incentive to manipulate.

We focus on three kind of manipulation strategies,
following previous work by Everaere et al. [11] :

— Unrestricted : i can send any ] instead of ;
Erosion : i can send ~, s.t. Mod(v]) € Mod(;)

Dilatation : ¢ can send ~} s.t. Mod(~;) € Mod(v})

3.1 Manipulability of Majority Rules

In judgment aggregation, the issue-by-issue majo-
rity rule has been proven to be single-agent strategy-
proof by Dietrich and List [4]. Surprisingly, when mo-
ving to propositional goals strategy-proofness is not

2. Expected utility maximizers, optimists and pessimists,
correspond to the probabilistic, weak drastic and strong dras-
tic satisfaction indexes in the work of Evaraere et al. [11].
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guaranteed anymore for the three adaptations of the
majority rule, as shown by the following result :

Theorem 3.1. EMaj, TrueMaj and 2sMaj can be ma-
nipulated by both erosion and dilatation.

Démonstration. We provide goal-profiles where an
agent can get a better result by submitting an untruth-
ful goal. For ease of presentation we display the models
of the agents’ goals, but the input of a rule F' consists
of propositional formulas. Consider the profiles T', I
and I” for three agents and three issues, together with
the results of EMaj, TrueMaj and 2sMay :

1—1 1-\/ I\// ]_'\* 1-\**
Mod(y;) (111) (111) (111) (111) (111)
(111) (111)
Mod(72)  (001) (001) (001) (011) (011)
(100)  (100)
(101) (101) (101) (011) (011)
Mod(vs) (010) (010) (010) (010)
(000) (000) (101) (101)
(100) (001)

(110)
EMaj  (001) (101) (001) (111) (011)
TrueMaj (001) (101) (101) - -
2sMaj ~ (001) (101) (101) - -

Let T' be the profile where agents submit their tru-
thful goal : 1 IAN2A3, 7 -1 A =2 A 3,
~v3 = (-1A=3)V (1 A—2A3). For erosion manipulation,
agent 3 prefers the result of EMaj, 2sMaj and TrueMaj
(which they happen to coincide) when applied to I
rather than when applied to I'. For dilatation mani-
pulation, agent 3 prefers the result of TrueMaj and
2sMaj when applied to I' rather than to I'. For EMaj
and dilatation manipulation, agent 3 can get a better
result by manipulating I'* and moving to I'**. O

Theorem 3.1 is thus in sharp contrast with the result
of judgment aggregation. Since the profiles used in the
proof give singleton outcomes, the theorem holds for
expected utility maximizers, optimists and pessimists.



3.2 Computational Complexity

Majoritarian goal-based voting rules are manipu-
lable, as shown by Theorem 3.1, but how difficult it
is for an agent to find another goal allowing her to
get a better outcome 7 If we restrict to resolute rules,
the problem definition is analogous to existing work in
judgment aggregation [10] :

MaNIpP(F)
Input : Profile T' = (y1,...,7,), agent ¢
Question : If Mod(y;) N F(T') = 0, is there 7, such
that Mod(v:) N F (Y1, .- Yy ooy Yn) #07

Let Probabilistic Polynomial Time (PP) be the class
of problems that can be solved in nondeterministic
polynomial time with acceptance condition that more
than half of the computations accept [23]. In what fol-
lows we refer to the PP-complete problem MAJ-SAT-
p, asking whether [Mod(¢ A p)| > |[Mod(p A —p)| for
propositional formula ¢ and one of its variables p [22].

Theorem 3.2. MANIP(2sMaj) is PP-hard.

Démonstration. We reduce from MAJ-SAT-p. Take an
instance of MAJ-SAT-p with a formula ¢[p1, ..., pk
and p; one of its variables. Construct an instance of
MANTP(2sMaj) 3 where T = {p1,...,pk,q,7}, and a
profile T with v; = (pa A+ App) Ap1 AgAT, and o =
©A=gA—r, and y3 = (P2 A+ Apr) A(pr®q) A(r — q).

We show that |Mod(p A p1)| > [Mod(p A —py)| if
and only if agent 3 can manipulate 2sMaj on I'. The
following table represents some features of I', where
question marks represent the possibly many models of

@ over pi,...,pPk :
pb2...Pr P11 q T

Mod(y1) 1...1 1 1 1

? ? 0 0

Mod(v2) E 0 0

? ?7 0 0

1...1 0 1 1

Mod(ys) 1...1 0 1 0

1.1 1 0 0

The result on po, ..., px is decided by agents 1 and
3 : all issues will be accepted regardless of the vote of
agent 2.

Let us now focus on p1, ¢ and r. Applying (strict)
majority to the models of 3 leads to the first-step
result (010). Agent 3 is pivotal on issues ¢ and r (since
agents 1 and 2 will give one vote for and one vote
against them after the first step). There are now two
cases to consider :

3. For ease of presentation and to avoid confusion we write
the issues as Z = {p,q,r,...} instead of Z = {1,2,3,...}.
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a) If [Mod(¢ A p1)| > |[Mod(e A —p1)|, the result of
2sMaj(T") is (1...1,110), that is not a model of
3. However, by submitting v5 = (p2 A px) Ap1 A
=q A —r, we have 2sMaj(T') = (1...1,100) which
is a model of 3. Hence, agent 3 has an incentive
to manipulate.

b) If [Mod(e A p1)| < |[Mod(e A —p1)|, we have that
2sMaj(T") = (1...1,010), which is a model of 3.
Agent 3 has thus no incentive to manipulate.

This completes the reduction from MAJ-SAT-p, sho-
wing that MANIP(2sMayj) is PP-hard. O

A similar reduction allows us to show the following :
Theorem 3.3. MaNIp(EMaj) is PP-hard.

Démonstration. We construct an instance of MA-
NIP(EMaj) from a given instance (p,p1) of MAJ-
SaT-p. Let T = {p1,...,pk,q,7}, and profile I' =
(v1,72,73) with 41 = (p2 A==~ Ape) Apr Ag AT,
Yo = @@1) A=gArand y3 = (p2 A+ Apr) A(p1 @ q),
where ¢(p1) is a formula where each occurrence of p;
in ¢ has been replaced by —p; and vice-versa. The fi-
nal part of the proof, showing that |Mod(p A p1)| >
[Mod(e A —p1)] if and only if agent 3 can manipulate
EMaj on T, is analogous to that of Theorem 3.2 and
thus omitted. O

We leave the extension of the above results to True-
Maj for each attitude of the agent (optimist, utility
maximizer, or pessimist) for future work, conjecturing
it to be PP-hard as well.

4 Language Restrictions

We study three restrictions on the goal-language :
conjunctions, disjunctions and exclusive disjunctions,
as defined by the corresponding languages £* defined
in Section 2.1. Results are presented in Table 2.

4.1 Conjunctions

The formulas of the language of conjunctions L™ are
conjunctions of literals over issues in Z. L captures
the framework of judgment aggregation with absten-
tions [5, 6], as agents have definite opinions over the
issues appearing as literals in their goal and they do
not care about the other issues. We find positive re-
sults of strategy-proofness :

Theorem 4.1. An agent i with v; € L has no in-
centive to manipulate unrestrictedly 2sMaj and EMaj.

Démonstration. Take T' with ~; € L*. Since 2sMay
and EMaj are resolute, we have a unique outcome {w}
on I'. Suppose that w &€ Mod(v;). Asy; = LiA---ALyg
for k < 'm, we have for all j € T :
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) = (\MOC;(%')I7 IMO%(%‘)\
— If L; = j appears in ~;, then v;(j) =
(IMod(v;)[,0), and if L; = —j, then v (j) =
(0, [Mod(v:)))-
Therefore, if w ¢ Mod(y;) there must be £ literals with
¢ < k such that w = =Ly A+ - - A= Ly. Take an arbitrary
such L.

2sMaj. Let Maj(v;) = {w;} be the result of the first
step of majority applied to -y;. We have that w;(z) =
1 — w(x), and therefore agent ¢ cannot influence the
outcome towards w;(x), and more generally towards
her goal.

EMaj. If w(z) =
L, = -z. Since v(z) =
have ZvGMOd(’}/i) |Mo( ()"Yz)‘ = 0
2ken{i} Zvel\/Iod(’yk) m > ["5]. Agent
i is already giving no support to z and yet x is
accepted in the outcome. Therefore, FMaj cannot be
manipulated. O

) if v; has no Lj.

1 (similarly for 0), then
(0, [Mod(v:)]), we

and thus

The result for TrueMaj has a similar proof, which
is omitted for space constraints, also considering opti-
mists, pessimists and expected utility maximizers.

Theorem 4.2. If agent i has vy; € L she has no in-
centive to manipulate unrestrictedly the rule TrueMaj.

A consequence of Theorem 4.1 and 4.2 is that goals
in £ make the three majorities strategy-proof :

Corollary 4.1. For any Z and N, if v; € L for all
1 € N then EMayj, TrueMaj and 2sMaj are strategy-
proof for unrestricted manipulation.

4.2 Disjunctions

In the language of clauses LV, formulas are disjunc-
tions of literals. Unfortunately, this restriction does
not guarantee strategy-proofness for two of our rules :

Theorem 4.3. There ezistsT andi € N with~y; € LY
such that agent i has an incentive to manipulate EMaj
and TrueMaj by erosion.

Démonstration. Profiles are for three agents and two
issues. For EMayj, consider T with v; = 1, 7o = =1
and v3 = 1V 2. By submitting v, = 1 A 2 agent 3
can change EMaj(I') = {(00)} into {(11)} : hence,
they have an incentive to lie. For TrueMaj, consider T'
with 7 = =1 A =2 and 75 = 73 = 1 V 2. The result is
TrueMaj(T') = {(00)}, but if agent 3 submits v = 1A2
we get TrueMaj(T") = {(11)} and thus agent 3 has an
incentive to manipulate. ]

We can obtain positive results if we restrict the set
of available manipulation strategies to dilatation :
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Theorem 4.4. For any ' with v; € LY fori € N,
agent i has no incentive to manipulate EMaj and
TrueMaj by dilatation.

Proof sketch. Take T' with v; € LY for some i € N,
ie, vy = L1 V.-V L. Consider EMaj(T') = {w},
such that w € Mod(y;). As the agent is restricted to
dilatation strategies, the goals 7, such that Mod(~;) C
Mod(~}) agent i can use are those whose models would
lower i’s support for each literal Ly in ;. Thus she
cannot manipulate.

Let now TrueMaj(T') = {ws,...,wy}. Reasoning as
above, an optimist agent ¢ does not have any dilata-
tion strategy to include one of the models of =; into
the outcome. An expected utility maximizer i howe-
ver, may want to remove some wy, € TrueMaj(T") such
that wy |= —L; for all L; in 7,;. But this is only pos-
sible when {wq, ..., we}NMod(~;) = (), since the agent
is restricted to dilatation strategies, and other repor-
ted goal would have more models increasing the votes
against the literals present in her sincere goal ~;. The-
refore, this would not constitute a profitable deviation.
A similar reasoning applies to pessimists. O

Theorem 4.5. For any profile where v; € LV for
i € N, agent i has no incentive to manipulate un-
restrictedly 2sMayj.

Démonstration. Since ~; € LY, the result w; of
Maj(Mod(v;)) is such that w;(x) = 1if L, = = appears
in v;, and w;(x) = 0 if L, = —x. Hence, it coincides
with the result of Maj(Mod(v})) for v, € L" where
every occurrence of V in 7; has been replaced by A in
~vi. The proof of Theorem 4.1 can thus be applied, since
agent i is already maximizing her chances of getting
~; satisfied by submitting ~;. O

By combining the results of Theorem 4.4 and Theo-
rem 4.5 we get the following corollary :

Corollary 4.2. If v, € LY for alli € N then EMay
and TrueMaj are strategy-proof for dilatation mani-
pulation and 2sMaj is strategqy-proof for unrestricted
manipulation.

4.3 Exclusive Disjunctions

In the language of exclusive disjunctions L®, each
formula is an exclusive disjunction of literals (cf. agent
2’s goal in Example 1.1). We prove the following :

Theorem 4.6. There exists profile T°, TV, T2, T'®, and
i € N with v, € L® such that agent i has an incen-
tive to manipulate rules 2sMaj, EMaj and TrueMaj,
by erosion and dilatation.



Lh LY L®
E D|E DJ|E D
EMaj SP SP| M SP | M M
TrueMaj | SP SP | M SP | M M
2sMaj SP SP|SP SP | M M

Table 2 : E stands for erosion, D for dilatation, SP
for strategy-proof and M for manipulable.

Démonstration. All profiles are for three agents and
two issues.

2sMaj. For erosion, consider profile ' where v, =
1A2, 79 =-1A-2and v3 = 1@ 2. We have that
2sMaj(T") = {(00)}. Consider now v5 = =1A2. The re-
sult is {(01)}, and thus agent 3 has an incentive to ma-
nipulate. For dilatation, consider the profile I'" where
1 ="1A2, v =-1A-2and y3 = 1P 2. We have
that 2sMaj(T') = {(00)}. If we consider 7§ = 1V 2,
the result is 2sMaj(T''*) = {(01)}, and thus agent 3
has again an incentive to manipulate.

EMayj. For erosion, the results of 2sMaj and EMaj
coincide on I'® and I'. For dilatation, take I'? with
1 ="1A2 v =-1V-2and v3 =16 2. We have
EMaj(T?) = {(00)}. Agent 3 can submit 7§ = 1V 2 to
obtain {(01)}.

TrueMaj. Take T with 71 = 1 A2, 75 = 1 A =2
and v3 = 1@ 2. We have TrueMaj(T?) = {(10), (11)}.
Agent 3 can manipulate by erosion with 75 = 1 A =2,
and by dilatation with v3* = =1 v =2. In both cases
the result is {(10)}. O

5 Conclusions

In this paper we studied the strategic component
of the framework of goal-based voting [22], related
(vet different) to both judgment aggregation and be-
lief merging. Our focus was on three rules that have
been proposed as adaptations of the issue-wise majo-
rity rule in this setting, with varying degrees of resolu-
teness. We find that all the majoritarian rules are not
immune from manipulation, even when the manipula-
tor can only apply limited strategies on their truthful
goal (i.e., erosion and dilatation). We also find that, al-
though not strategy-proof in general, EMaj and 2sMaj
are PP-hard for an agent to manipulate, as hard as
their winner determination problem. Moreover, res-
tricting the language of an agent’s goal to conjunc-
tions makes manipulation impossible, as well as dila-
tation manipulation for the language of disjunctions,
suggesting promising directions for further research on
minimal restrictions to the goal language to guarantee
strategy-proofness of majoritarian rules.
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Abstract

In the problem of fair resource allocation, envy freeness
is one of the most interesting fairness criterion as it ensures
that no agent prefers the bundle of another agent. However,
when considering indivisible goods, an envy-free allocation
may not exist. In this paper, we investigate a new relax-
ation of envy freeness consisting in minimizing the Ordered
Weighted Average (OWA) of the envy vector. The idea is
to choose the allocation that is fair in the sense of the distri-
bution of the envy among agents. The OWA aggregator is a
well-known tool to express fairness in multiagent optimiza-
tion. In this paper, we focus on fair OWA operators where
the weights of the OWA are decreasing. When an envy-
free allocation exists, minimizing OWA will return this al-
location. However, when no envy-free allocation exists, one
may wonder how fair min OWA allocations are.

After some definitions and description of the model, we
show how to formulate the computation of such a min OWA
allocation as a Mixed Integer Program. Then, we investigate
the link between the min OWA allocation and other well-
known fairness measures such as max min share and envy
freeness up to one good or to any good.

1 Introduction

In this paper, we investigate fair division of indivisible
goods. In this context, several approaches have been pro-
posed to model fairness. Amongst these models, one pro-
minent solution concept is to look for envy-free allocations
[9]. These allocations are such that no agent would like to
swap her own bundle with the bundle of any other agent.

Envy-freeness is a very attractive criterion : the fact that
each agent is better off with her own share than with any
other share is a guarantee of social stability. Besides, since
this criterion is only based on personal comparisons, it
does not require any interpersonal comparability. Unfortu-
nately, envy-freeness is a very demanding notion, and it is a
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well-known fact that in many situations, no such allocation
exists (consider for instance the simple situation where the
number of items to allocate is strictly less than the number
of agents at stake). Hence several relaxations of the envy-
freeness notion have been studied in recent years. Two or-
thogonal approaches have been considered. A first possibi-
lity is to “forget” some items when comparing the agents’
shares. This leads to the definition of envy-freeness up to
one good [10] and envy-freeness up to any good [6]. Re-
cently, Amanatidis et al. [1] explored how different relaxa-
tions of envy-freeness relate to each other. Another pos-
sible approach is to relax the Boolean notion of envy and
to introduce a quantity of envy that we seek to minimize.
This is the path followed by Lipton et al. [10] or Endriss
et al. [7] for instance. Several approximation algorithms
dedicated to minimize these measures were subsequently
designed, see e.g. [11].

In this paper, we elaborate on the idea of minimizing the
degree of envy. More precisely, we explore the idea of fin-
ding allocations where envy is “fairly balanced” amongst
agents. For that purpose, we start from the notion of indivi-
dual degree of envy and use a fair Ordered Weighted Ave-
rage operator | to aggregate these individual envies into a
collective one, that we try to minimize. After giving some
preliminary definitions in Section 2, we formally introduce
our fairness MinOWA envy criterion (Section 3) and we
show of OWA minimization problem can be formulated as
a linear program. We then relate this criterion to other fair-
ness notions and study properties of the allocations obtai-
ned by minimizing the OWA of the envy vector (Section 4).
Finally, we present some experimental results investigating
the fairness of min OWA solutions (Section 5).

1. By “fair”, we mean an OWA where weights are non-increasing.
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2 Model and Definitions

We will consider a classic multiagent resource allocation

setting, where a finite set of objects O = {oy,...,0,} has
to be allocated to a finite set of agents N = {1,...,n}. In
this setting, an allocation is a vector 7 = (m1y..., ) Of

bundles of objects, such that Vi,Vjwithi # j:mNnx; =
0 (exclusion : a given object cannot be allocated to more
than one agent) and | J;ep 7 = O (no free-disposal : all the
objects are allocated). 7r; C O is called agent i’s share.

Any satisfactory allocation must take into account the
agents’ preferences on the objects. Here, we will make the
assumption that these preferences are numerically additive.
Each agent i has a utility function u; : 2° — R* measuring
her satisfaction u;(7r) when she obtains share &, which is
defined as follows :

wim) £ " wii o),

OkET

where w(i, o) is the weight given by agent i to object oy.
This assumption, as restrictive as it may seem, is made by a
lot of authors [10, 2, for instance] and is considered a good
compromise between expressivity and conciseness.

Definition 1 An instance of the additive multiagent re-
source allocation problem (add-MARA instance for short)
I = (N,O0,w) is a tuple with N and O as defined above
andw : N X O — R is a mapping with w(i, o) being the
weight given by agent i to object o. We will denote by P(I)
the set of allocations for I.

2.1 Envy-free allocations

A prominent fairness notion in multiagent resource allo-
cation is envy-freeness. Envy-freeness (EF) can be defined
as follows :

Definition 2 Ler I = (N, O, w) be an add-MARA instance
and 7 be an allocation of 1. 7 is envy-free if and only if
Vi, j €N, ui(m;) = ui(r;).

In other words, every agent i weakly prefers her own
share to the share of any other agent j.

In the context of fair division of indivisible goods, this
notion is very demanding and there exists a lot of add-
MARA instances for which no envy-free allocation exists.
To relax envy-freeness, a possibility is to introduce a notion
of degree of envy based on pairwise envy [10].

Definition 3 Ler I = (N, O, w) be an add-MARA instance
and 7 be an allocation of I. The pairwise envy between

agents i and j is defined as follows :

pe(i, j,70) £ max{0, u;(n)) — u;(m;)}.
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In other words, the pairwise envy between i and j is O
if i does not envy j, and is equal to the difference between
the utility for agent i if she had agent j’s bundle and her
actual utility in the allocation 7. It can be interpreted as
how much agent i envies agent j’s bundle.

From that notion of pairwise envy, we can derive a no-
tion of total envy of an agent, that we define as the maximal
pairwise envy that this agent experiences for another agent :

Definition 4 Let I = (N, O, w) be an add-MARA instance
and 7 be an allocation of I. The envy of agent i is :

e(i,Tr)) “ max pe(i, j,Tr)).
JEN

The vector—e>(7r)) = (6(1,7{)), e e(n,7r>)) will be called vec-
tor of envy of allocation 7 .

Note that an allocation 7@ is envy-free if and only if

2#@) =0,...,0).

2.2 Relaxations of envy-freeness

Different relaxations of the envy-freness notions have
been proposed to measure the fairness of an allocation
when there is no envy-free solution. They correspond to
weaker solution concepts that are easier to satisfy. Envy-
freness up to one good (EF1) [10, 4] is one of the most
studied relaxations. An allocation is said to be envy-free
up to one good if, for each envious agent i, the envy of i
towards an agent j can be eliminated by removing an item
from the bundle of j.

Definition 5 Let I = (N,O,w) be an add-MARA instance
7 be an allocation of I. T is envy-free up to one good if
and only if Vi, j € N, either ui(m;) > ui(n;) or dox € n;
such that u;(m;) > u;(w;)\{ox}.

It has been proved that an EF1 allocation always exists
and, in the additive case, an EF1 allocation can be obtained
using a round-robin protocol.

Caragiannis et al. [6] proposed another relaxation of
envy-freeness that is closer to the original notion. An al-
location is said to be envy-free up to any good (EFX) if for
all envious agents i, the envy of i towards j can be elimina-
ted by removing any item from the bundle of j.

Definition 6 Let I = (N, O, w) be an add-MARA instance
and 7 be an allocation of I. 7 is envy-free up to one good
if and only if Vi, j € N, either uj(;) > u;(r;) or Yoy € n;
ui(m;) 2 ui(mw\{ox}).

Clearly, we have EF — EFX =— EF1. While
an EF1 allocation can be computed in polynomial time, the
guarantee of existence of an EFX allocation (where the full
set of objects is allocated) remains an open issue [5].
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2.3 Other fairness notions

Other notions of fairness have been introduced in the li-
terature. Bouveret et al. [3] showed that some connections
can be drawn between some widely used notions among
which the min-max fair share, the proportional fair share
and the max-min fair share.

Definition 7 For a MARA instance I we define the min-
max share (mMS) of agent i as follows :

WM

; min max u;(7;)

RePd) JEN

Besides, we say that an allocation T is min-max fair share
if every agent gets at least her min-max share ; formally :
wi(m;) = u™S

Definition 8 For a MARA instance I we define the propor-
tional share (PS) of agent i as follows :

o 1
ufS 2 (N
n

Besides, we say that an allocation 7t is proportional fair
share if every agent gets at least her proportional share ;
formally : u;(7;) > uf)S.

Definition 9 For a MARA instance I we define the max-
min share (MMS) of agent i as follows :

lef .
uMMS 2 max min u(r;)

RePT) JEN

Besides, we say that an allocation 7t is max-min fair share
if every agent gets at least her max-min share ; formally :
ui(m;) = u; .

Bouveret et al. [3] showed that these notions form a li-
near scale of increasing requirements where :

EF = mMS = PS — MMS

This scale can be used to characterize the level of fair-
ness of a given allocation. In this hierarchy, EF is the most
demanding criterion while the max-min fair share impose
few restrictions.

3 MinOWA Envy

Our approach elaborates on minimizing the degree of
envy of the agents while balancing the envy among the
agents as suggested by [10]. The general idea would be
to look for allocations that minimize this vector of envy in
some sense : the lower this vector is, the less envious the
agents are. This corresponds to a multiobjective optimiza-
tion problem where each component of the envy vector is
a different objective to minimize.
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3.1 Fair OWA

There are different ways to tackle this minimization pro-
blem, each approach conveying a different definition of mi-
nimization. Our approach, guided by the egalitarian notion
of fairness [13], is to ensure that the envy is as equally dis-
tributed as possible amongst agents. To this end, we will
use a prominent aggregation operator that can convey fair-
ness requirements : order weighted averages.

Ordered Weighted Averages (OWA) have been introdu-
ced by Yager [14] with the idea to build a family of ag-
gregators that can weight the importance of objectives (or
agents) according to their relative utilities, instead of their
identities. In this way, we can explicitly choose to favour
the poorest (or richest) agents, or to concentrate the impor-
tance of the criterion on the middle-class agents. Formally,
the OWA operator is defined as follows :

Definition 10 Let @ = {ai,...,ay,) be avector of weights.
In the context of minimization, the ordered weighted ave-
rage parameterized by « is the function :

n
T .=
owa® X HZaiXxl.l,
i1

— . —
where X' denotes a permutation of X where xf > x% >
ez x,i,.

If we want to convey some notion of fairness, we have
to give more weights to the unhappiest agents. Intuitively,
it means that the weights in @ should be decreasing. This
notion can be formalized by the following property. Let X
be a vector such that x; > x; (i is better off than j) and
let & be such that 0 < & < 2(x; — x;). Then, for any non-
increasing vector @ :

7 (3) < owa® | -
owa®(xX) <owa®({x1,...,Xi+&...,X;j—&...,X%,))

In other words, such an OWA favours any transfer of
wealth from an happier agent to an unhappier agent. Such
a transfer is called a Pigou-Dalton transfer, and the OWA
with non-increasing weight vectors @ are called fair OWAs.

Since our motivation is to minimize the envy while
equally distributing it between the agents, we propose to
minimise the fair OWAs of the envy vector. Our solution
concept can then be defined as follows :

Definition 11 Let I = (N, O, w) be an add-MARA instance

and @ be a non-increasing vector. An allocation 7t is an
a-minOWA Envy allocation if :

—_ -
t € argming o 1)(0Wa“(? @))).

It is important to note that a major advantage of this so-
lution is that it always exists as it is the result of an opti-
mization process. Moreover, as we will see, this optimiza-
tion problem can be modeled as an Integer Linear Program,
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which will enable efficient computation of optimal alloca-
tions.

3.2 Linearization of OWA minimization

By using a linearization introduced by Ogryczak in [12]
we can model our problem (minimization of the OWA of
the envy vector) as a linear program. This linearization
smartly uses the definition of OWA with its Lorenz com-
ponents. Let e, denote the k™ bigger envy of an agent and
L the k" Lorenz component of the Lorenz vector L. Mo-
reover we consider decreasing OWA weights (because we
consider here a fair OWA) so a; > a».... > @, and we de-
note ; = (@) —ay, @y — @3, ..., @,). Finally, we recall the de-
finition of the Lorenz vector L= (e(1y, ey +e), .., iy €a))-
The OWA of a vector can be written with its Lorenz com-
ponents :

min OWA(?(?)) = min Z ke
k=1

n
= min Z a;Lk(_e))
=1

Besides, there is a known LP to compute Lk(_e) ):

n

Lk(_e)) = max Zafei

i=1

k %1,

je)
s
S
T
Il

ar € [0,1]

However, we cannot inject this LP in the previous one as
their optimization directions are not similar. This is why
we use the dual (with the dual variables shown in red in the
previous LP) of the LP :

Vie[l,n] «b*

Ly(@) = min  kry — Z bt
i=1

i + bt
s.t.{ k bﬁ‘
i

The linearization of OWA is over but we still have to write
three types of constraints directly related to our problem.
First, we want to express the fact that any item j can be
held by at most one agent Y., z/ = 1. We also should write
the constraint expressing completeness (every item has to
be allocated) Y1, X7, z] = m but we note that adding this
constraint is redundant as it is the sum over the items of
the previous constraint. Finally, we have to make the link
between the envy of agent a; denoted by e; and the utilities
of the agents. ¢; is the maximum of the envies between the
agents, hence we linearize that maximum easily as we are
in a minimization problem. For e¢; we write n constraints

e; Vie[[l,n]]
0 Vie[1,n]

vV v
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expressing that e; is greater than or equal to how much a;
envies another agent. We can finally write the final Mixed
Integer Linear Program :

n n
min OWA(Z (7)) = min Z o (kry + Z b
k=1 i=1

re+ bk > e Vi k e [1,n]
e < re+bf Vi,k € [1,n]
m
e > w(i,0))(z) —z)) Vi he[1,n]
Jj=1
n .
did =1 Vjell,ml
i=1
z € {01} Yje[l,m] Vie[ln]
b > 0 Vi,k € [1,n]
e = 0 VZeﬂl’n]]

4 Link with other fairness measures

We focus here on the possible links between the min
OWA allocation and other fairness measures such as max-
min fair share, envy-freeness up to one good and envy-
freeness up to any good. We recall that if an envy-free al-
location exists, it will be returned by the min OWA optimi-
zation.

4.1 Commensurability issues

We first show that if the utilities of the agents are not
commensurable, we can find an example for which the min
OWA allocation violates EF1 and MMS. Let’s consider the
following MARA instance involving 3 agents and 4 ob-
jects :

H] ‘ 01 02 03 04

ap 6 2
a | 0.07 0.06 0.03
a3 0 0 0

IT,

ai

a

as

H3‘ 01 02 03 04
a6

ay | 0.07 0.06
as 0

2 1

0 0
The allocation II; is obviously EF1. However, the alloca-
tion II; is the one returned by the OWA minimization and
it is not EF1. Indeed, a, gets no item in this allocation
and a; gets three items that a, values strictly positively.
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Hence, removing one item from a,’s bundle is not enough
for a, not to envy a; anymore. Besides, we can notice that
uIIVIMS =3, uIZVIMS = 0.06 and ug\/[MS = 0 so the allocation
I15 is MMS. So, we have found that the min OWA alloca-
tion violates EF1 and MMS.

Finally, by going up in the hierarchy introduced by Bouve-
ret et al., we would like to check whether the absence of
commensurability prevents the min OWA allocation from
being PS or mMS. This time, we cannot conclude with the
same instance as the previous example has no PS alloca-
tion.

We thus consider the following instance :

I | o 02 03 04
a 6 6 1
a | 0.1 0.01
a | 1 6 6
I | o 02 03 04

a 6 6 1
ar | 0.1 0.06 0.01
al 16 o]

mMS = ,mMS = 100 «

= 10. It is then also PS. However, the allocation Il,
is the one returned by the minimization of the envy vector
and it is obviously not PS nor mMS. This is why from now
on we will only consider MARA instances with commen-
surable agents (with K constant) :

The allocation II; is mMS as u
umMS
2

m

w0 =K Viell,n]

J=1

4.2 Two-agent settings

In the special case where the allocation problem involves
only two agents, we highlight strong connections between
the min OWA allocation and other fairness measures.

Proposition 1 When the MARA instance involves only 2
agents then, the min OWA allocation is a max-min fair
share allocation (thus also EFX).

Proof 1 For MARA instances where an envy-free alloca-
tion exists, our proof is straightforward as min OWA re-
turns the EF allocation. It is thus also MMS, EF' I and EFX.

We now focus on MARA instances for which there is no
EF allocation. In the presence of only 2 agents any min
OWA allocation T is such that only one of the two agents
is envious. Indeed, if no agent is envious then it means
the MARA instance has an envy-free allocation (which is a
contradiction). Similarly, if both agent are envious it means
there is an envy-free allocation (which is again a contra-
diction) as the agents would just have to exchange their
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bundles to obtain that allocation. Consequently, the sorted
envy vector will be of this form (e,0). So, let us consider
that such an allocation is not MMS. The agent that is envy-
free obviously has her max-min share. So, under the as-
sumption that the allocation is not MMS, the envious agent
does not have her max-min share. But, in this case, the en-
vious agent could obtain a better share and hence would
have a lower envy. This leads to a contradiction because
we consider the min OWA allocation. Indeed, in this case
Jjust, the min OWA allocation minimizes the envy of the en-
vious agent as the other was not envious. It is known [6] in
the pairwise setting that MMS implies EFX. M

4.3 EF1 for the general case : n > 3

We now turn to more general settings involving at least
3 agents. Since an EF1 allocation is guaranteed to exist, we
more specifically focus on the possible links between min
OWA and EF1. Unfortunately, we mainly obtain negative
results.

Proposition 2 In the general case, the min OWA alloca-
tion is not necessarily EF 1.

Proof 2 We will prove this proposition through two
examples with different OWA weights :

Example 1 We consider a MARA instance involving 3
agents and 7 objects, with the OWA weights a = (%, %, %).
Minimizing OWA of the envy vector using this set of weight
consists in minimizing the sum of the envies of the agents.

IIi | o1 02 03 o4 05 o0 07
ay 1 1 1 1 1 1
a |5 11 11
w5 1 0 [ [ [
II, | 01 02 03 04 05 o0 07
a 11 1 1 11
a | 5 111
aa |5 1 1 1

The allocation T1; is the one returned by the minimization
of the OWA of the envy vector. a; is envy free whereas a,
and az both envy a; by respectively 3 and 1. Hence, the
sorted envy vector is (3,1,0) and the value of OWA is %.
Moreover; this allocation is not EF1 as ay would still envy
as by 1 even if one item is removed from the latter.

The allocation 11, has the same OWA value ( % ) but it
is EF1. In fact, in this allocation, a, does not envy az. We
could then argue that one of the min OWA allocations was
EF1. This is why we show a stronger example for which the
unique min OWA allocation is not EF1.

Example 2 We consider a MARA instance involving 3
agents and 4 objects, with the OWA weights a = (1,0, 0).
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Minimizing OWA of the envy vector using this set of weight
consists in minimizing the maximum envy of the agents.

Iy | oo 0o 03 04
ay | 14 1
al| 17 6 4
as 0 0 0
H2 01 02 03 04
a | 14 2 1
al| 7 6
a3 0 0 0

The allocation 11} corresponds to the min OWA one (this
is the only one min OWA allocation). The OWA value of
the envy vector is 9 (the envy of a, towards as). However,
the allocation is not EF 1. In fact, regardless of the item we
remove from ay, a; will still envy her.

The allocation I, is EF1 but its OWA value is 11 (it still
stands for the envy of a| towards as) which is quite far from
the min OWA solution. Moreover, contrary to the previous
example, a small change in the OWA weight vector does not
change the situation. For instance, even for a = (0.9,0.1,0)
the ordering stays the same.

From the previous examples, we can conclude that the mi-
nimization of the OWA of the envy vector does not necessa-
rily return an EF1 allocation in the general case. O

However, we can wonder if we could always find a set of
weights that returns an EF1 by minimizing the OWA. We
leave this question open for the moment.

4.4 Continuity of EF1

We showed that the weights of the OWA influences the
EF1 property of the min OWA solution. We can thus won-
der whether there exists, among all the allocations, a kind
of continuity of the EF1 solutions. It would be the case if
by sorting all the allocations by their OWA value, all the
EF1 allocations would be contained in a single interval of
OWA value. We show that it is not the case through the
following example.

Example 3 We consider a MARA instance involving 3
agents and 3 objects, with the OWA weights o =
(0.44,0.36,0.2) :

JIAFQPFTA 2019

II, | o1 02 o3 I, | o1 o0, 03
a 1 3 ap | 2 1 3
a | 2 I a 1
a1 0 a1 0
II3 | o1 02 03 Iy | 01 02 03
a |2 1 a2 1
a | 2 1 a 1
as 0 5 a; | 1 0 5

For the purpose of the proof, we extract 5 allocations
among all possible allocations. Allocations T1; to Tls are
sorted by increasing values of the OWA of their envy vector.
I1, is the best solution and s is the worst among the five
selected allocations. The following table summarizes the
OWA values of these allocations and specifies whether the
allocations are EF1 or not :

IT; I, I3 Il 115
044 | 1.32 | 1.76 | 2.20 | 2.20
True | False | True | True | False

OWA
EF1

We can easily see that there is no continuity of EF1 re-
garding the OWA values as II, (which is between II; and
I13) is not EF1 whereas I1; and I15 are both EF1. Interestin-
gly, it can be noticed that Iy and Ils have the same OWA
values even if the allocations totally differ (not a single ob-
ject has been given to the same agent). Moreover, 1, is EF1
whereas I15 is not.

5 Experimental results

We drew some experiments to compare the perfor-
mances of the allocations obtained by min OWA envy with
other allocation methods. The first method is a succession
of sincere choices where the picking sequence is a conca-
tenation of round robins. From all the possible allocations
(for every possible round robin) generated by this method
we keep the minRR (maxRR) that (respectly) is the allo-
cation with the minimum OWA envy (maximum) while
meanRR is the average of all these allocations. The max
OWA util is the allocation that maximizes the OWA of the
valuations of the agents. For the OWA allocation method,
we used the following fair weight (%, ey % .

We generated 100 random add-MARA instances for
each method and for each couple (|N|,|O]) from (3,4) to
(10, 12). We considered such couples of values in order to
produce settings where few EF allocations exist as recom-

mended in [8]. We did not go beyond 10 agents because of
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the computation time of the RR methods as we had to ge-
nerate every possible allocation from every possible round
robin. Indeed, even for 10 agents both the OWA methods
were computed in less than two seconds (via Gurobi sol-
ver).

We evaluated the performances of the different methods
by measuring the percentage allocations that are EF, EFX,
EF1 and Pareto optimal. The results are aggregated in Fi-
gure 1. It can first be observed that our method obtains the
highest rate of EF and EFX allocations : it is not that sur-
prising for EF as our method is a relaxation of EF but the
result about EFX is very promising. Every method has re-
turned an EF1. Regarding the number of Pareto optimal al-
locations, our methods places second as maximizing OWA
of the utilities necessarily produces a PO allocation.

Figure 2 shows how far the other methods are in terms of
OWA envy values. We notice that even the closest method
(max OWA util) is relatively far from our method, none
of them has similar performances. Figure 3 shows that our
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FiGure 3 — Value of the sum of the vector of utilities for
each allocation protocol

method has also good performances in terms of utilitarian
criteria.

We performed same experiments for the OWA weights
(1,0,0,0) and obtained similar results. For these weights
the max OWA util does not always return a PO allocation
and our method returns a lower rate of EFX (but still more
than the other methods). This reinforces the idea that consi-
dering the envy of all agents and not only the maximum
leads to fairer allocations.

6 Conclusion

In this paper, we introduced a new fairness concept fol-
lowing the idea of minimizing envy. More particularly, we
used an OWA to express fairness in the distribution of envy
between agents. After implementing a MIP to compute min
OWA allocations, we showed the connections between the
min OWA allocation and other famous fairness measures.
We ran some experiments to test the performances of our
method and compared it with other allocation protocols.

We also left the question of the performance of our me-
thod by considering the weights of the OWA as variables
and not as a fix entry of the problem. We could focus on
this matter for future works and try for example to learn
them.

Finally, it could also be interesting to change the defini-
tion of the envy of an agent. Indeed, instead of defining it
as the maximum of the pairwise envies we could define it
as other aggregations of the pairwise envies such as their
sum or even their OWA.
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Résumé

Les réseaux neuronaux profonds ont démontré
une grande précision dans les tiches de vision par
ordinateur. Cependant, ils se sont avérés non robustes
face aux exemples adversariaux. Une petite perturbation
dans I'image peut totalement modifier le résultat d’une
classification. Ces dernieres années, plusieurs moyens
de défense ont été proposés pour tenter de résoudre
ce probleme dans le cadre de tiches de classification
supervisées, sans arriver a des résultats satisfaisants.
Dans cet article nous proposons une méthode permettant
d’obtenir des features robustes contre les attaques
adversariales dans le cadre de tiches d’apprentissage non
supervisées. Notre méthode se distingue des solutions
existantes par 1’apprentissage direct des features robustes
sans qu’il soit nécessaire de projeter les exemples
adversariaux dans l’espace de distribution des images
d’origine. Un premier auto-encodeur, I’attaquant, est chargé
de perturber ’image d’entrée afin de tromper un second
auto-encodeur, le defenseur, qui lui est chargé de régénérer
I’image d’origine. L’attaquant essaie de trouver l’image
la moins perturbée sous la contrainte que 1’erreur dans la
sortie du defenseur soit au moins €gale a un seuil. Grace
a cette formation, 1’encodeur du defenseur sera robuste
contre les attaques adversariales et pourra étre utilisé dans
différentes tiches comme la classification. En utilisant une
architecture de réseau de 1’état de 1’art, nous démontrons
la robustesse des fonctionnalités obtenues grice a cette
méthode dans les tiches de classification.

Abstract

Deep neural networks have shown high accuracy in
computer vision tasks. However, they are known to be
weak against adversarial examples. A small perturbation
in the image can change the classification dramatically. In
recent years, several defences methods have been proposed
to solve the issue in the context of supervised classification
tasks. We propose a method to find robust features
against adversarial attacks in the context of unsupervised
learning. Our method differs from existing solutions by
directly learning the robust features without projecting the
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adversarial examples in the original distribution space.A
first auto-encoder, called attacker, perturbs the input image
in order to fool a second auto-encoder, called defender,
which tries to regenerate the original image.The goal of
the attacker is to perturb images as little as possible while
guaranteeing that the reconstructed images will be at a given
distance from the original images.After such training, we
extract from the defender an encoder that should be robust
against adversarial attacks. Using state-of-art network
architectures, we demonstrate the robustness of the features
obtained by this method in classification tasks.

1 Introduction

Neural networks and especially convolutional neural
networks have shown impressive results in many different
tasks in computer vision such as object detection, image
recognition and segmentation. A downside of these
techniques is their lack of robustness [3, 6, 9, 22]
imperceptible perturbations of the input (image, sound,
...) can disturb the networks and drastically change the
output. Such perturbed inputs are called “adversarial
examples” [6] , and it is possible to design algorithms that
can generate such examples. Those algorithms are known
as “adversarial attacks” [6]. We commonly distinguish
two types of attacks:

— white box attacks, when the network architecture

and the weights are known;

— black box attacks, when they are not.

This work focus on non-targeted white-box attacks
computed using different attack methods.

The field of adversarial generation is an active research
field. Various methods have been developed in order
to produce adversarial example [25]. In this work,
we consider five of the most common attack methods
from the literature: the Fast Gradient Sign Method
(FGSM) [6], Iterative FGSM [10], Single Pixel attack
and LocalSearch [15] and Deepfool [14]. Those methods
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are gradient-based or score-based approaches that try to
find minimal perturbations that will change the model
prediction.

Different methods have been proposed in order to
deal with these adversarial attacks. Some approaches
try to project the adversarial examples into the original
distribution [12, 18, 19] while others propose to add
adversarial examples into the training dataset [0, 14, 22],
similarly to data augmentation. Finally, recent methods
propose to transform the input data to make it less sensitive
to perturbations [8]. All these methods are attack-specific,
and thus not efficient against new or different attacks.
Recently, new methods have been proposed to learn the
attacking and defending concept concurrently in order
to be independent of the attacking method.  Some
of those methods use Generative Adversarial Networks
(GANS) to generate adversarial examples as in [11, 18] or
Auto-Encoders asin [1,4,20].

In this paper, we attempt to learn an encoder with robust
features in an unsupervised manner. For this, we train
concurrently an attacker and a defender. The attacker
generates perturbed images from the original image in
order to fool the defender. The defender try to reconstruct
the original image from the perturbed one in order to
produce robust features.

2 Related Work

2.1 Attack strategies

Several attack strategies have been proposed, which
can be split in two categories: black-box and white-box
attacks. White-box attacks have access to the weights
and gradients of the classifier while, black-box strategies
only have access to the predictions of the network.In this
work, we concentrate on two kind of white-box attacks:
gradient-based and score-based. This section describes the
method we consider.

Fast Gradient Sign Method (FGSM) [6] Given an
image X and its corresponding label Y, the FGSM attack
sets the perturbation ¢ to:

6(X,Y) =€-sign(VxL(X,Y)) (1

where € is a small number and V is the gradient of the loss
function L with respect to the input X. For each pixel,
FGSM slightly increases or decreases its value depending
on the sign of the gradient with respect to the pixel.

DeepFool [14] The DeepFool method performs an
iterative attack using a linear approximation in order to
find the shortest distance between the original input and
the decision boundary of adversarial examples. If f is a
binary differentiable classifier, an iterative method is used
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to approximate the perturbation. The minimal perturbation
is computed as:

argmin ||n;|l2
i 2
st f)+ V) n =0

n; is the noise level and x; is the perturbed image at
iteration #, f is the binary classifier.

The method can be extended to multi-class classifiers by
finding the closest hyperplanes. DeepFool provides less
perturbation and reduces intensity compared to FGSM.

Single Pixel [21] Single Pixel is an iterative methods that
tries to create an adversarial example by setting the value
of a single pixel in the image to the minimum or maximum
value of any pixel in the image. The method randomly
selects a set of candidate pixel to modify and then iterate
over them until an adversarial example is generated. The
method can fail if none of the candidate pixel can be
modified to generate an adversarial example.

Local Search [15] This local search procedure tries to
find a pixel (or a group of pixels) that is critical for the
classifier robustness and then modify its value to generate
adversarial images. The Local Search algorithm finds pixel
locations to modify and then applies a fixed transformation
function to the selected pixels in order to generate an
adversarial image.

2.2 Defence strategies

Several studies have assumed that the lack of robustness
comes from the fact that adversarial examples are outside
of the dataset’s distribution, near the border of decision
as shown in [5, 24]. Multiple defence methods
have been proposed to increase the robustness of deep
neural networks against adversarial attacks. This section
describes the most common strategies.

Adversarial training Adversarial training is an intuitive
method that consists in augmenting the training dataset
with adversarial examples [23]. While this method
is efficient to increase robustness against adversarial
examples similar to the ones added to the training dataset, it
is attack-specific and thus poorly generalize to adversarial
examples generated differently from the ones in the
training dataset.

Defensive distillation Defensive distillation [16] is a
method that train the classifier in two steps using a variation
of the distillation [7] method. This creates a smoother
network, thus reducing the amplitude of gradients around
input points, and consequently increasing the robustness
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against adversarial examples. However, this method
has proven to be inefficient against recent black-box
attacks [2].

Adversarial detectors Another method of defence is
to detect adversarial examples [13] and exclude them.
For each attack method considered, a classifier (detector)
is trained to tell whether an input is normal or
adversarial. The detector is directly trained on both
normal and adversarial examples. This method shows
good performance when the training and testing attack
examples are generated from the same process and the
perturbations are large enough, but does not generalize well
across different attack parameters and attack generation
processes.

MagNet MagNet [12] is a method based on adversarial
detector strategy. It trains a reformer network (which is
an auto-encoder or a collection of auto-encoders) to move
adversarial examples closer to the manifold of legitimate,
or natural, examples. It is an effective strategy against
grey-box attacks where the attacker is aware of the network
architecture and defences, but does not know its weights.

3 Proposed Method

3.1 Motivation

The previously described defence methods provide some
intuition on what can make a network robust to adversarial
examples. Our strategy differs from these by performing
adversarial training with data generated by a separated
network during training. Unlike adversarial detectors
strategies, our generating network is only used during
training, and not when doing inference. This paper
focus only on unsupervised learning strategies, which is
why we use auto-encoders. An auto-encoder is a deep
neural network composed by an encoder, responsible for
extracting deep features from input images, and a decoder,
responsible for reconstructing images from the extracted
features. During training, the network is optimized in order
to generate images similar to input images by minimizing
the distance between the original and generated images.

We propose a defence strategy to increase robustness
against white box attacks using Euclidean norm (L) as
training objective. We then demonstrate its efficiency
against attacks that use Lo or infinity norm (L.). The
approach is to train two auto-encoders, an attacker and
a defender. The attacker generates adversarial examples
by perturbing the original image while the defender
tries to reconstruct the original image from adversarial
examples given by the attacker. The two models are
trained concurrently and adapt themselves during training
until convergence much like how Generative Adversarial
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Networks (GAN) are trained. At the end of the training,
we expect that the encoder of the defender will be able
to extract deep features which are robust against the
perturbations generated by the attacker. We expect this
training method to generate deep features representing
a larger distribution of input images than the original
one, and thus increase the robustness of the defending
auto-encoder.

The attacker model is similar to a style transfer model,
it must reconstruct the input image while adding noise in
order to induce errors in the defender output. Thus the
attacker has two adversarial training objectives:

— generate an image close to the input image;

— add perturbation to the generated image in order to

disrupt the defender with a minimum noise level £.

The objective of the defender is to produce an image
as close as possible to the original image (input of the
attacker) using the image generated by the attacker.

The distance between the original and reconstructed
image, L, is the loss function of the problem, and can be
any distance. In our experiences, we choose the Euclidean
distance. The corresponding optimization problem is
described by equation (3-5). This optimization problem
represents a non zero-sum game.

%nin Ex~/\/ (La/ (Att (x’ gatt) s X)) (3)
lértirfl Exy(Lo(x, De f(Att(x, Ozt ), Oaer))) “

Ex~x(L(t(x’ Def(Att(x, eatt)’ gdef))) 2 IB (5)

where:

— x is the ensemble of distribution examples,

— 0444 is the weight of the attacker auto-encoder,

— B4y is the weight of the defender auto-encoder,

— Lo : X, ¥ — Ris the loss function,

— Att(x,04:) © x — x is a function with parameters

eatt il
— Def(x,04c5) : x — x is a function with parameters
Ode f-

Objective (3) is to minimize the distance between
the original image and the perturbed one (attacker).
Objective (4) is to minimize the distance between the
original image and the reconstructed image (defender).
Constraint (5) enforces a given minimum distance between
the original image and the reconstructed one.

To solve this under constraint optimization problem,
we choose to relax Constraint (5) by penalizing it in the
objective function:

Iynin Ex~)((La(A”(x’ Oart ), X))+

att

Y * maX(Ex~/\((La(x’ Def(Att(x, Oart), edef))) - 5,0.0)
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where y is an hyper-parameter that controls noise
generation and must be large enough to satisfy
Constraint (5).

3.2 Model and training procedure

The attacker is implemented as an auto-encoder where
an uniform random vector is concatenated to the encoder’s
features and then passed through the generator. Adding
an uniform random vector allows the attacker to generate
noise without modifying the real features. The defender is
implemented as a standard auto-encoder.

We use a two-stage approach, with an initialization stage
that trains the encoder of attacker and the decoder of the
defender, and an optimization stage that deals with the real
optimization problem.

During the initialization stage, both auto-encoders are
trained to generate realistic images, without constraints
(Equation (3, 4)). This first phase facilitates the training
procedure and guarantees that the optimization stage goes
in the correct direction.

During the optimization stage, the weights of the
attacker’s encoder and the defender’s generator are not
updated anymore. This choice is justified since:

— The purpose of the attacker is to produce adversarial
examples from given non-perturbed examples. After
the initialization stage, the encoder of the attacker
is already able to compress input images into their
features and does not need to be trained anymore.
During the optimization stage the attacker can be
seen as an adversarial example generator taking as
input previously learned features concatenated with
random noise.

— The goal of the defender is to be robust against
adversarial attacks. After the initialization stage, the
generator of the defender is able to reproduce correct
images from good features. We want the features of
adversarial examples to be identical to the features
of non-perturbed examples. By fixing the generator
weights, we want the defender to extract features
from perturbed images that are very close to the
features of non-perturbed images.

3.3 Testing procedure

Since auto-encoders are architectures built for
unsupervised learning, no classifiers are used during
training.  After training, in order to be able to use
adversarial attacks and estimate the robustness of the
network, we train a classifier using the features produced
by the encoder of the defender on images coming from
the original dataset. The robustness of this classifier
is evaluated against the following attacks: DeepFool
(Lg-norm and L.-norm), Single Pixel, LocalSearch and
FGSM.
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Figure 1 — Network architectures.

We evaluate robustness using two criterion:

— the attack success rate, i.e., the percentage of times
the attack was able to fool the classifier;

— the noise level of adversarial examples defined as
the Lo-norm between the original image and the
generated adversarial example.

4 MNIST Experiments

4.1 Configuration

We evaluate our method on the MNIST dataset with the
networks shown in Figure 1.

The neural networks use convolutionnal layers with
kernel size 3x3, strides 2x2 and ReL.U activation functions
except for the last layer. The last layers have (1+tanh)/2 as
activation function. We use a batch size of 128 and Adam
optimizers with learning rates described in Table 1.

Initialisation ~ Optimisation
Defender 5.1074 1075
Attacker 1073 107°

Table 1 — Learning rates for the Adam optimizer.

We use vy = 5.0, 8 =0.01 and the Ly Euclidean norm
as the loss function. We run the initialization stage for 9
epochs and the optimization stage for 31 epochs.

The classifier is trained during 20 epochs using an
Adam optimizer with a learning rate of 107, and
a softmax-cross-entropy loss. The classifier uses the
defender’s encoder (whose weights are fixed) and a hidden
dense layer of 64 units with ReLU activation functions.

The network architectures and hyper parameters (y and
B) have not been optimized for this task. However,
several learning rates have been tested to achieve the

186



presented results: a bad choice of learning rate can create a
non-robust network.

4.2 Results

Adpversarial attacks tools Tools have been implemented
to facilitate adversarial attacks implementation such
as Cleverhans [?] or Foolbox [17]. Those tools
are open-source frameworks that propose state-of-art
algorithms used to generate adversarial examples on any
model.

In order to compare our method against a traditional
network, we trained a classic auto-encoder with an
architecture similar to the defender architecture. We then
train a classifier as previously described on the defender’s
encoder network. After 20 epochs, this classifier achieves
an accuracy close to 97% on the MNIST test set. We then
attack this classifier with several methods on the whole test
set using Foolbox [17].

The evaluation is only done on the first 1000 images of
the dataset due to computation time. Results are reported
in Table 2

Classic AE - L;,¢ norm

10?
S
e —e— FUNN - Ly norm
S 10t | —a— FUNN - L;,; norm
@ Classic AE - Ly norm
3
=
17}

100

; 100 120 140 160 180 200
Iterations

60 80

Figure 2 — DeepFool attacks

4.3 Analysis

DeepFool with Lo-norm In Table 2, we see that only
0.5% of attack succeed when DeepFool is used with a
maximum of 50 iterations, generating a mean noise level
around 0.0075. This is expected as, during learning, the
attacker tries to find noise level greater than 8 = 0.01 (in
fact, very close to S as explained above) which can fool
the defender. If the defender manages to defend against
this level of noise, we expect it to be robust against levels
of noise lower than this threshold. The classifier seems
to be robust against Ly DeepFool attacks with at most
50 iterations. When we increase the DeepFool maximum
number of iterations, the success rate of attacks slowly
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increases. With 200 iterations, 1.35% of attack succeeds,
and with 1000 iterations, the percentage of successful
attacks starts to becomes significant (15.25%), but the
noise level increases significantly at the same time to reach
0.73 which is far from the threshold value of 0.01 used
in training. One may think that increasing the threshold
B during training would increase the robustness of our
method, but using the MNIST dataset, it is impossible
because doing so, the attacker would generate images that
are almost entirely black. Indeed, the average Lo distance
between an MNIST image and a black image is around
0.07, it is thus not possible to increase the threshold that
much.

DeepFool with L. -norm With the default maximum
number of steps for DeepFool (50), the classifier seems
to be robust (4.13% of success rate) for the L, norm.
However, the classifier quickly fails as the number of steps
increase, with a 89.20% success rate of attack for 200
steps.Usually, such number of iteration steps are not tested
in the literature, but this shows that even if some networks
seem to be robust against few iterations of DeepFool, larger
number of iterations often manage to fool most of these
networks. However, even with 50 steps, the noise level
is already quite high (1.13), which is why it does not
necessarily mean that the network is not robust against this
attack.

Single Pixel and LocalSearch Even if the attack success
rate is relatively low (4.72%), this level of success rate is
higher than what we may expect since the Ly distances
between input images and adversarial examples generated
by single pixel are quite small. For our methods, this attack
looks more powerful than DeepFool which is designed
precisely to minimize the Ly-norm.

Gradient Methods FGSM and Gradient have a high
attack success rate, near 100% for Gradient Sign and
Gradient. This is expected since the defender is not trained
against the high levels of noise generated by all these
methods.

MagNet Comparaison MagNet [12] and our method
show similar performances. However, MagNet uses an
additional network in order to detect adversarial examples
upstream to the main network. This detector network is
also used during inference, inducing more computation and
thus slowing down the inference process. Our method
use two auto encoders during the training process, but
only the encoder of the defender is used during inference,
coupled with, e.g., a small classifier for computer vision
tasks such as classification. The global architecture of the
final network is thus much smaller than the one used during
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Classic Auto Encoder

Noise Level

Attack Name Success Rate
DeepFool (max-iter=50 — L2) 94.,41%
DeepFool (max-iter=50 — L) 100%
FGSM (e=0.005) 0.41%
Iterative (€=0.005) 1.04%
Single Pixel 9.17%
LocalSearch 44.41%

1,25
1,81
0.07
0.08

1.0
5.22

MagNet Our Method

Success Rate  Success Rate  Noise Level
— 0.54% 0.0075

0.6 % 4.13% 1.13

3.2% 1.61% 0.04

4.8% 1.25% 0.04

— 4.72% 1.0

— 27.51% 9.71

Table 2 — Attack success rates and noise levels for various attacks.

training, and the computation time required for inference is
reduced without loss of robustness.

5 Conclusion

Without adding extra computational complexity, such
as image filtering or adversarial image detection, we
demonstrated that a classical network can be robust against
Ly attacks by using an appropriate unsupervised learning
procedure. This procedure shows promising results for
learning robust unsupervised networks. However, even if
it was expected due to the defence strategy, the trained
network is not robust against all types of attacks, in
particular it is weak against gradient attacks. Our future
work will focus on creating a more general defence
learning procedure, by using different distance methods.
We also plan to test this method on more complex datasets,
such as CIFAR-10 and ImageNet, with different network
architectures.
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