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Abstract

The support of a vector in R? is the set of indices with nonzero entries. Functions of
the support have the property to be 0-homogeneous and, because of that, the Fenchel
conjugacy fails to provide relevant analysis. In this paper, we define the coupling Capra
between R and itself by dividing the classic Fenchel scalar product coupling by a given
(source) norm on R?. Our main result is that, when both the source norm and its dual
norm are orthant-strictly monotonic, any nondecreasing finite-valued function of the
support mapping is Capra-convex, that is, is equal to its Capra-biconjugate (generalized
convexity). We also establish that any such function is the composition of a proper
convex lower semi continuous function on R% with the normalization mapping on the
unit sphere (hidden convexity), and that, when normalized, it admits a variational
formulation, which involves a family of generalized local-K-support dual norms.

Key words: support of a vector, hidden convexity, Fenchel-Moreau conjugacy, Capra
conjugacy, generalized convexity, orthant-strictly monotonic norms, coordinate-K norms,
top-K norms, K-support norms.

1 Introduction

The support of a vector in R? where d > 1 is a fixed integer, is the set of indices in
V ={1,...,d} with nonzero entries. We consider the support mapping that maps vectors
in R? to subsets of indices in 2", and set functions that go from 2V to R. By composing
any set function with the support mapping, we obtain functions of the support mapping
(in short, FSM). An example of FSM is the so-called ¢, pseudonorm (also called counting
function, or cardinality function) which counts the number of nonzero components of a
vector. The ¢y pseudonorm measures the sparsity of a vector, and it is mentioned in an
abundant literature in sparse optimization. However, because of its combinatorial nature,



the problems of minimizing the ¢, pseudonorm under constraints or of minimizing a criterion
under k-sparsity constraint (¢, pseudonorm less than a given integer k) are usually not tackled
as such. Most of the literature in sparse optimization studies surrogate problems where the
¢y pseudonorm either enters a penalization term or is replaced by a regularizing term. We
refer the reader to [12] that provides a brief tour of the literature dealing with least squares
minimization constrained by k-sparsity, and to [7] for a survey of the rank function of a
matrix, that shares many properties with the ¢, pseudonorm.

Conjugacies, and more generally dualities, are a powerful tool to tackle suitable classes of
optimization problems. For instance, the Fenchel conjugacy plays a central role in analyzing
solutions of convex problems (and beyond) [14]. Unfortunately, FSM have the property
to be 0-homogeneous and, because of that, the Fenchel conjugacy fails to provide relevant
analysis. As an illustration, the Fenchel biconjugate of the characteristic function of the
level sets of the ¢y pseudonorm and the Fenchel biconjugate of the ¢y pseudonorm both are
zero. However, the field of generalized convexity goes beyond the Fenchel conjugacy and
convex functions, and provides conjugacies that are adapted to analyze classes of functions
such as increasing positive homogeneous, difference of convex, quasi-convex, increasing and
convex-along-rays. For more details on the theory, and more examples, we refer the reader
to the books [16, 15] and to the nice introduction paper [10]. To our knowledge, none of the
conjugacies in the literature is adapted to FSM. In this paper, we study FSM as such (and
not surrogate functions) and we display a class of conjugacies that are suitable for FSM;
thus equipped, we obtain results for nondecreasing finite-valued FSM.

The paper is organized as follows. In Sect. 2, we define functions of the support mapping
(FSM), we provide background on couplings and conjugacies, and we introduce a source
norm |[-| on R? and the induced constant along primal rays coupling ¢ (Capra). Then, we
state our main result: if both the source norm [|-|| and the dual norm ||-||, are orthant-
strictly monotonic, any nondecreasing finite-valued FSM is equal to its Capra-biconjugate,
that is, is a Capra-convex function in the sense of generalized convexity. In Sect. 3, we
introduce families of local norms — (dual) local-coordinate- K" norms, generalized top-K and
local- K-support dual norms — based on the source norm |||-||. Then, we provide formulas
for Capra-conjugates, Capra-subdifferentials and Capra-biconjugates of FSM. In Sect. 4, we
still suppose that both the source norm ||-|| and the dual norm |||, are orthant-strictly
monotonic, and we arrive at unexpected results. Indeed, we show that any nondecreas-
ing finite-valued FSM coincides, on the unit sphere S = {z € R?|||z|| = 1}, with a proper
convex lower semi continuous function on R?, and we deduce a variational formula for non-
decreasing finite-valued FSM taking the value 0 on the null vector. Sect. 5 concludes. In the
Appendix, Sect. A provides background on the constant along primal rays coupling (Capra),
and Sect. B gathers material on local-coordinate- K and generalized local-top- K norms, and
their dual norms.



2 Capra-convexity of nondecreasing functions of the
support mapping (FSM)

In §2.1, we define the support mapping, set functions and functions of the support mapping
(FSM). In §2.2, we gather background on Fenchel-Moreau conjugacies with respect to a
coupling, and we introduce the constant along primal rays coupling ¢ (Capra) induced by
a source norm ||-||. In §2.3, we state our main result on Capra-convexity of nondecreasing
functions of FSM.

We work on the Euclidian space R? (with d € N*), equipped with the scalar product
(-,-) (but not necessarily with the Euclidian norm). We use the notation R = [—o0, +-oc].

2.1 The support mapping
Let d > 1 be a fixed integer. We denote by V' the following set of indices:

V=A_1,...,d}. (1)
We consider the so-called R%-support mapping, denoted by supp and defined by

supp : R — 2V
i {j eV ]|z #£0}. (2)
We consider set functions
F:2V - R. (3)
A set function F is said to be normalized if F(()) = 0.
Definition 1 A function of the support mapping (in short, FSM) is a function of the form

F osupp, where F is a set function as in (3). A FSM is said to be normalized if it takes the
value 0 on the null vector.

An example of function of the support mapping is given by ¢, : R — V C R, defined

by fo(z) = |supp(z)| = number of nonzero components of z, Vo € R?, where |K| denotes
the cardinal of a subset K C V. The function ¢, falls in our scope with F' = ||, as
lo = [ osupp.

It is relevant to observe that FSM are 0-homogeneous, since the mapping supp itself is
0-homogeneous in the sense that:

supp(pz) = supp(z) , Vp € R\{0} , Vo e R?. (4)
We introduce the level sets of the mapping supp

supp“X = {z € R?|supp(z) C K}, VK C V| (5a)



and the level curves of the mapping supp
supp~ X = {x € R?|supp(z) = K}, VK C V. (5b)

For any subset K C V, we denote the subspace of R? made of vectors whose components
vanish outside of K by!

R =REx {0} ¥ ={zeR|z; =0, VigK} CR?, (6)

where Ry = {0}. We denote by mx : R? — Ry the orthogonal projection mapping and,
for any vector x € R by xx = 7x(z) € Ri the vector which coincides with x, except for
the components outside of K that are zero. It is easily seen that the orthogonal projection
mapping 7wy is self-dual, giving

(v yx) = (xk ,y) = (tx (), y) = (v, 7 (y)) = (x,yx) . Ve €eR?, VyeR?". (7)

The level sets of the supp mapping in (5a) are easily related to the subspaces Ry of R?, as
defined in (6), by

supp~~ = {z € R | supp(z) C K}=Rk , VK CV . (8)

As we manipulate functions with values in R = [—00, 4-00], we adopt the Moreau lower (+)
and upper (+) additions [11], which extend the usual addition (4) with (+o00) + (—o0) =
(—00) + (+00) = —o0 and (+00) + (—00) = (—00) + (+00) = +00. Let W be a set. For any
function h : W — R, its epigraph is epih = {(w, ) e W xR ‘ h(w) < t}, its effective domain
is domh = {w eWwW | h(w) < +oo}. A function h : W — R is said to be proper if it never
takes the value —oo and if domh # (). When W is equipped with a topology, the function
h: W — R is said to be lower semi continuous (Isc) if its epigraph is closed. For any subset
W CW, 6 : W — R denotes the characteristic function of the set W:

dw(w)=01if weW | dy(w)=4oc0 if wgW . (9)

2.2 Constant along primal rays coupling (Capra)

In §2.2.1, we gather background on Fenchel-Moreau conjugacies with respect to a coupling ¢
and we give definition and characterization of c-convex functions. Then, in §2.2.2, we show
how to define a constant along primal rays coupling ¢ (Capra) by means of a norm.

2.2.1 Background on Fenchel-Moreau conjugacies

We review concepts and notations related to the Fenchel conjugacy (we refer the reader to
[14]), and then we present how they are extended to general conjugacies [16, 15, 10].

'Here, following notation from Game Theory, we have denoted by —K the complementary subset of K
inV: KU(-K)=V and KN (—K) =0.



The Fenchel conjugacy on Ri. The classic Fenchel conjugacy * is defined, for any
functions f: X - R and ¢g: Y — R, by?

Fw) = sup (2.0 + (<1@) vy € B, (10a)
¢ (@) =swp ((.9) + (~o(v)) ) , Yo R, (10b)
@) = s ((@9) + (<1 ) Veer”. (10c)

Recall that a function is said to be convez if its epigraph is a convex subset of R x R, and
is said to be closed if it is either lsc and nowhere having the value —oo, or is the constant
function —oo [14, p. 15]. It is proved that the Fenchel conjugacy induces a one-to-one
correspondence between the closed convex functions on R? and themselves [14, Theorem 5.
Closed convex functions are the two constant functions —oo and +oo united with all proper
convex lsc functions.?

The general case [16, 15, 10]. We consider two sets X (“primal”), Y (“dual”), not
necessarily vector spaces, together with a coupling function

c:XxY—=R. (11)
. . ) : . =X =Y =Y | =X
With any coupling, one associates conjugacies from R to R and from R to R as follows.

Definition 2 The c-Fenchel-Moreau conjugate of a function f: X — R, with respect to the
coupling c, 1s the function f¢:Y — R defined by
fly) = sug (c(x,y) + (—f(a:))) , YyeY. (12a)
BAS

With the coupling ¢, we associate the reverse coupling ¢ defined by
d:YxX—=R, dy,x)=clr,y), V(yz)cYxX. (12b)

The ¢-Fenchel-Moreau L conjugate of a function g : Y — R, with respect to the coupling ¢, is
the function ¢¢ : X — R defined by

/

g° (x) = sup (c(x, y) + (—g(y))) , Ve e X. (12c¢)

yeY

The c-Fenchel-Moreau biconjugate of a function f: X — R, with respect to the coupling c,
is the function f° : X — R defined by

1 @) = (1) @) = swp (el 9) + (-1°W)) Vo e X, (12d)

2In convex analysis, one does not use the notation *' in (10b) and (10¢), but simply *. We use * and **
to be consistent with the notation (12c¢) and (12d) for general conjugacies.

3In particular, any closed convex function that takes at least one finite value is necessarily proper con-
vex lsc.




The biconjugate of a function f: X — R satisfies
[ @) < f2), VeeX. (13)

With the notion of c-biconjugate, the classic notion of convex function is generalized as
follows.

Definition 3 A function f : X — R is said to be c-convex it is equal to its c-biconjugate:

fis c-conver <= < = f. (14)

In generalized convexity, it is established that c-convex functions are all functions of the
form ¢¢, for all g : Y — R, or, equivalently, all functions of the form f°', for all f: X — R.
As an illustration, the x-convex functions are the closed convex functions since, as recalled
above, the Fenchel conjugacy induces a one-to-one correspondence between the closed convex
functions on R? and themselves.

2.2.2 Constant along primal rays coupling (Capra)

Let ||-|| be a norm on R%, called the source norm. We denote the unit sphere S and the unit
ball B of the norm ||| by

S={ve Rl =1}, B={zeR||jell <1}. (15)
Following [4, 3], we introduce the constant along primal rays coupling ¢ (Capra).

Definition 4 (/3, Definition 8]) We define the coupling ¢, or Capra, between R and R? by

T :<$,y> T d
wert 8OV =T Ve RO (16)

¢(0,y) =0.

We stress the point that, in (16), the Euclidian scalar product (x,y) and the norm term
||| need not be related, that is, the norm |||-|| is not necessarily Euclidian.

The coupling Capra has the property of being constant along primal rays, hence the
acronym Capra (Constant Along Primal RAys). We introduce the primal normalization
mapping n, from RY towards the unit sphere S united with {0}, as follows:

L B mi—m if x#0,
n:R* = SU{0}, n(z)= (17)
0 if z=0.



2.3 Capra-convexity of nondecreasing FSM

We recall definitions of orthant-monotonic and orthant-strictly monotonic norms. For any

r € RY we denote by |z| the vector of R? with components |z;], i = 1,...,d:
v = (@1 ma) = fol = (@b, lwal) (18)
Definition 5 A norm ||-|| on the space R is called

e orthant-monotonic [6] if, for all z, 2’ in R?, we have ( |z| < |2'| and z o 2/ >0 =
lzll < 12l ), where |x| < |2'| means |x;| < |2}| for all i = 1,...,d, and where
x o o = (x12),...,xq2)) is the Hadamard (entrywise) product,

e orthant-strictly monotonic [5, Definition 3] if, for all z, @’ in R, we have ( lz| <
2| and z o 2/ >0 = ||z|| < ||2'|] ), where |z < |2'| means that |a;| < |2f| for all
i=1,...,d, and there exists j € {1,...,d} such that |z;| < [2]].

We now establish that, when both the source norm and its dual norm are orthant-strictly
monotonic, any nondecreasing finite-valued FSM is equal to its Capra-biconjugate, that is,
is a Capra-convex function.

Theorem 6 Let ||| be the source norm with associated coupling ¢, as in Definition /.
Suppose that both the norm ||| and the dual norm ||-||. are orthant-strictly monotonic.
Then, for any nondecreasing finite-valued set function F : 2V — R, we have

(F osupp)< = Fosupp, (19)
that is, the function F o supp is a Capra-convez function (see Definition 3).

The proof of Theorem 6 is relegated in §3.5, after we analyze functions of the support
mapping by means of the Capra-conjugacy in Sect. 3.

3 The Capra-conjugacy and functions of the support
mapping (FSM)

In §3.1, we introduce families of local norms — local-coordinate- K norms and their dual

norms, as well as generalized local-top-K and local-K-support dual norms. Then, we pro-

vide formulas for Capra-conjugates of functions of the support mapping in §3.2, for Capra-

subdifferentials in §3.3, and for Capra-biconjugates in §3.4. Finally, we prove Theorem 6
in §3.5.

3.1 Local-K norms

To analyze the support mapping by means of the Capra conjugacy, we introduce families of
local norms — on the subspaces Rx C R? in (6), for any subset K C V — as follows.

7



Restriction norms. We introduce the so-called restriction norms.
Definition 7 For any norm ||-|| on R? and any subset K C [1,d], we define
e the K-restriction norm [|-||x on the subspace Ry of RY, as defined in (6), by

e = =l Vo € R - (20)

o the (K, *)-norm ||| k., on the subspace R of R%, which is the norm (||| x),, given by
the dual norm (on the subspace Ry ) of the restriction norm ||-||x to the subspace Ry
(first restriction, then dual),

o the (x, K)-norm ||-||..x is the norm (||lll.) .. given by the restriction to the subspace R
of the dual norm |||« (first dual, then restriction).

We have that [5, Equation (14b)]
Iyllzc.x = orire(Y) = oriers(y) » VY € Ric - (21)

Local-coordinate- X' norms and their dual norms.

Definition 8 For any subset K C V', we call local-coordinate-K norm (associated with the
source norm ||-||) the norm HHHZ}) (on the subspace Ry in (6)) given by

R R
Iy = (MM ey ), - (22)

that is, whose dual norm (on the subspace Ry ) is the dual local-coordinate-K norm, denoted
by HH“E{)*, with expression

R
l9ller« = sup sl vy € Rac (23)

where the (K, *)-norm |||k« is given in Definition 7.

We adopt the convention |||H]Z%)* = 0. We denote the unit sphere and the unit ball of the

local-coordinate- X' norm HHHZ() in (22) by

ST = {z € R | lellfy = 1} C Ry, VK C V., (24a)

Bfi) = {z € Rc|llllfy < 1} CRic, VE C V. (24b)

We denote the unit sphere and the unit ball of the dual local-coordinate- K norm ||||||Z2K)*
in (23) by

ST = {v € Rc |l {5y, =1} CRic, VK CV (250)

By, = {v € Ric | Iyl <1} C Ry, VK C V. (25D)

8



Generalized local-top-K and local-K-support dual norms.

Definition 9 For any subset K C V', we call generalized local-top-K dual norm (associated
with the source norm ||-||) the local norm (on the subspace Ry in (6)) defined by

iy = supllysllls = supllyslles s Yy € R, (26)
JCK JCK

where we adopt the convention H||Hin(0) = 0. We call generalized local- K-support dual norm
the local dual norm (on the subspace Ry ) of the generalized local-top-K dual norm, denoted

byt e -

o = (M), - (27)

3.2 Capra-conjugates of FSM

With the Fenchel conjugacy, we calculate that 5:uppc x = 00y — where K # () and Ogyppex
is the characteristic function of the level sets (5a) as defined in (9) — and, more generally,
that (F osupp)* = sup {—F(0), 00} + (—infrpp F(K))}, for any set function F as in (3).
Hence, the Fenchel conjugacy is not suitable to handle FSM. By contrast, we will now show
that we obtain more interesting formulas with the Capra-conjugacy.

Proposition 10 Let ||| be the source norm with associated coupling &, as in Definition 4.
Let F : 2V — R be a set function.
We have ¢
(Fosupp) (v) = sup (lyxcllf,. — F(K)) , ¥y e R?, (28)
KCV
where the family {|H|||E<) *} of dual local-coordinate-K norms is as in Definition 8, and
*) kcv
with the convention |||y@|||$)7* = 0.
If, in addition, the norm ||-|| is orthant-monotonic, then we have that
(F osupp)® = sup |||, = F(K)] (29)
KCV

where the family {|||-H|:l(K)}KCV of generalized local-top-K dual norms is as in Definition 9,

and with the convention that |||-|||in(@) = 0.

4We use the symbol * in the superscript to indicate that the generalized local-K-support dual norm
|||H|:b(nK) is a dual norm.



Proof. To prove (28), we apply the postponed Lemma 11, as well as results about the dual
local-coordinate- K norms |HH|5() . gathered in Sect. B. For any y € R?, we have

(Fo supp)¢(y) = sup (aSm(supp:K)(y) + (—F(K))) (Lemma 11 with I' = R9)
KcV

R
= su K F(K)).
p <|Hl/ “|(K),* ( ))

(as Usupp:KﬂS(y) = Usupp:KﬂS(yK) = |||yK|H6(),* by (608‘))

If the norm ||| is orthant-monotonic, we have that H||||Z()7* = “||”ir,l(1<) by Proposition 25.
This ends the proof. O
Lemma 11 Let [|-[| be the source norm with associated coupling ¢, as in Definition 4.

For any set function F : 2V — R and any T' C R? such that 0 € T and n(I Nsupp~X) =
I Nn(supp=®) for all K C V, where the normalization mapping n has been defined in (17),
we have

(F osupp + 5r)¢(y) = sup (asmmsupp:fq(y) + (-F(K ))) , Vy e R, (30)

KcVv

Proof. Using the level curves of the supp mapping in (5b), we obtain a representation of the
function F o supp as

F osupp = Iyéfv (Osupp=r + F(K)) . (31)
For all y € R?, we have
. ¢ . . : ¢ . :
o supp r) (y)=11in supp=K r) (y using Equation
(£ osupp +6r) (4) = (it (Suupp=rc) + F(E)) +3r) ) (using Bquation (31))
. . . ¢
= (jnt (or +bapp-r) + F(E)) ) ()

as infg o(K) +r =infg (¢(K) +r), for any set function ¢ : 2" — R and any r € R [11]

. . ¢ ,
= ([?éf“/ (5Fﬂ(supp:K) + F(K))) (y) (aS 5F + 5(supp:K) = 5Fﬂ(supp:K))

N Iilé% <5Fﬂ(supp:K) + (—F(K))>¢(y)

10



as conjugacies, being dualities, turn infima into suprema

= }S(Iéll)/ <5§m(8upp=K)(y) + (—F(K))) (by property of conjugacies)
= ;Iél‘)/ <Jn(Fﬂsupp:K)(y) + (_F(K)))

(as 5g = 0p(g) for any subset S C R<, by (53))
= ;lé% <JFﬂn(supp:K)(y) + (_F(K)))
(because n(I' Nsupp=X) = T' N n(supp~X) by assumption)

= IS;éI‘)/ (Urm({o}u(gﬂsuppzk)) (v) + (—F(K)))
(as n(supp™) = {0} U (SN supp™*) by (17))

= [S(léf‘)/ <Sup (07 UFﬂSﬁsupp:K)(y) + (_F(K)))

as T'N ({0} U (SN supp™F)) = {0} U (' NS N supp=) since 0 € ' by assumption
= sup <USﬁFﬂsupp:K (y) + (_F(K))) : (as ISnsupp=K 2 O)
KCV

This ends the proof. O

3.3 Capra-subdifferentials of FSM

We now show that FSM display Capra-subdifferentials, as in (55b), that are related to the
family of dual local-coordinate-K norms, in Definition 8, as follows. For this purpose, we
recall that the normal cone N¢(z) to the (nonempty) closed convex subset C C R? at x € C
is the closed convex cone defined by [8, p.136]

Ne(z) ={y eR?| (&' —z,y) <0, Va' € C}. (32)
Proposition 12 Let ||-|| be the source norm with associated coupling ¢, as in Definition 4,

and with associated families {||||||§() of local-coordinate-K norms and {||||||§() *}
Kcvy *J kcv

of dual local-coordinate-K norms, as in Definition 8.
We consider a set function F : 2V — R and a vector x € R%.

e The Capra-subdifferential, as in (55d), of the function F o supp at x = 0 is given by

3¢(F o supp)(0) = Kﬂv [F(K)+ (_F(Q))}B&L* : (33a)

where, by convention, )\IB%&),* =0, for any \ € [—00,0[, and —i—ooIB%@()’* = R4

11



o The Capra-subdifferential, as in (55e), of the function F o supp at x # 0 is given by
the following cases
— if L =supp(z) # 0 and either F(L) = —oc or F = +o00, then 8¢(F osupp)(x) =
Rd
— if L = supp(z) # 0 and F(L) = 400 and there exists K C V such that F(K) #
+o00, then 8¢(F o supp)(x) = 0,
— if L =supp(z) # 0 and —oco < F(L) < 400, then

y € 8¢(F osupp)(z) <= ) Tl@) » (33b)
L € argmaxycy [yl ). — F(K)] -

Proof. We have
y € Ou(F osupp)(x) <= (F osupp)®(y) = ¢(z,y) + (—(F osupp)(x))

(by definition (55b) of the Capra-subdifferential)

= sw [yl — FU)| = e(z.y) + (~(F o supp)())

KcV
(as (F o supp)(y) = supgecy |Iyllfc).. — F(K)] by (28))
= (z=0and sw Il - F(K)| = —F(©))
KcV

(by definition (16) of ¢(x,y) when x = 0)

(z,y)
v (40 and s [yl - F(K)] = o — F(supp(x)) )

(by definition (16) of ¢(x,y) when x # 0)

Therefore, on the one hand, we obtain that

y € 9e(F osupp)(0) <= |yl — F(K) < —F(0), VK CV (as ||yl = 0 by convention)

= |yl < F(K) + (=F@®), VK CV
(becauseu+( v) <w <= u<v+wforal u, v, win R [11])

= ye [ [FE)+(-F0)]Bf,). .

Kcv
where, by convention )\IB% = (), for any X € [—o0,0][, and —|—OOB5() L= R4,
On the other hand, When x # 0, we get
R _ <.%' 7y>

We now establish necessary and sufficient conditions for y to belong to 8¢(F o supp)(z) when x # 0.

12



For this purpose, we consider z € R%\ {0}, and we denote L = supp(x). We have
y € Ou(F o supp)(x)

= ii%IWyWE%L*"PYffH _'<m;m>"FTL) (by (34) with supp(z) = L)
= ). — F@) < swp [llyll). - FK)] = <Tﬁ ’m> — F(L)
KcVv T

z,y
= el - FE) < WlIR,, — F(D) < sup [l — FO)] = S22 ez
s el

as |lyrllo« < |||y]||ﬁ)* by the expression (23) of the dual local-coordinate-L norm |||y|||Z€L)*

_ (=)
[l

F(L) < lycl

= lyzlles — FIL) <yl — F(L) < sup [yl — F(E)] Lx— F(L)

as we have ﬁﬁéﬁ) = ) < llyzllz,« since z = z1, and by property (56) of the dual

norm

(zr yr) — (zr L
ezl iz

= su p - - <$ 7y> a
= sup [l — FUOJ = S5 = F(L)

(as all terms in the inequalities are necessarily equal)

= llyellee = F(L) =yl — F(L)

either F(L) = —o0
or (F(L) = +oc0 and F(K) =400, YK CV)

or <—oo<F(L) < 400 and
L = ). = S8 and Il — F(E) = supkcey (Il — F(K)]) -

Let us make a brief insert and notice that

llye|

z=ar, swpp(e) =L A0, (x,y) =l x Iyl

= supp(z) = L#0, (wr,yr) = llzelle x Iyl . (by (7))
= supp(@) = L# 0, [lecllz x Wiy« < llzzlle x llycllizs (by (56))
= Wyl < Nyzliza (since [|zL{lz = [lzL]l # 0 because supp(z) = L # 0)
= Wyl = lyzliza.

as [|yrllo. < ”M”ﬁ)* by the expression (23) of the dual local-coordinate-L norm |||yH|ZQL)*
Now, let us go back to the equivalences regarding y € 8¢ (F osupp)(z). Focusing on the case
where supp(z) = L # () and —oco < F(L) < 400, we have

(z,y)
(el

R R R
< lyellzs =yl and (@, y) = llell > lyll ), and L € arg max Nyl — FE)]

y € 04(F o supp) () & llycllz = vl = and 1 € axgmax [l fc,. — F(K)]

& (z,y) = llzll x Iyl and L€ arg max [yl ey . — F (K]

13



as just established in the insert right above

& (a.9) = lellfy > Ilfy,. and L € argmax [yl . ~ F(5)]

(as supp(z) = L = z € Ry, = =] = |l|(;) by (61e))
&y € Ngr (—— =) and L € argmax Nyl . — FOK)]
@l 7 Kcv

. R R
by the equivalence (z ) = [|elIF; x Iyl <= y € Nar (2x).
: o =l
This ends the proof. O

We now show that, when both the source norm and its dual norm are orthant-strictly
monotonic, the Capra-subdifferential of a nondecreasing finite-valued FSM is nonempty.

Proposition 13 Let ||-|| be the source norm with associated coupling ¢, as in Definition /,

and with associated families {HHHZ() of local-coordinate-K norms and {HHH&)*
KcVv TJKCV
of dual local-coordinate-K norms, as in Definition 8.

Suppose that both the norm ||-|| and the dual norm |||-||« are orthant-strictly monotonic.
Let F : 2V — R be a nondecreasing finite-valued set function. Then, we have

Op,(F osupp)(z) # 0, Vz € R .

More precisely, 0(F o 5upp)(0) = (ey [F(K) + (~F(0))] B, # 0 and, when o # 0,
for any y € R such that supp(y) = supp(x), and that {x ,y) = ||z|| x |y||+, we have that
Ay € 8¢(F osupp)(x) for A > 0 large enough.

Proof. When x = 0, we have, by (33a), that 9, (¥ o supp)(0) = gy [F(K)+ (—F(@))]Bg{) )
because F(K) + (—F(0)) = F(K) — F(0) since the function F takes finite values. The set
Nicy [FK) + (—F(@))]EZ})7* is nonempty (it contains 0), because F(K) — F(0) > 0 for K C V

since F : 2V — R is nondecreasing.
From now on, we consider = € R\ {0} such that supp(x) = L C V, where L # () since = # 0.
We will use the characterization (33b) of the subdifferential 8¢(F o supp)(x).

Since the norm ||-||| is orthant-strictly monotonic, by Proposition 21 (equivalence between Item 1
and Ttem 3), there exists a vector y € R? such that

L =supp(x) = supp(y) # 0, (35a)
and (z,y) = [[=[| x Iyl - (35b)
Since both the norm ||-|| and the dual norm ||-||s+ are orthant-strictly monotonic, using Proposi-
tion 26 we have that®
R R R
KCL = llylllxy. < Wyl = Myllvy. =Nyl - (36)

K C L stands for K C L and K # L.

14



e First, we are going to establish that we have y € Npr (—%), that is, the first of the two

(L) ”|IH|(L)
conditions in the characterization (33b) of the subdifferential 8¢(F o supp)(z).

On the one hand, by (36), we have that ||y, = ]Hy[“ﬁ)* On the other hand, we have ||z|| =
IS,y by (61e) since supp(x) = L. Hence, from (35b), we get that (x,y) = |||x|||RL) x Yl
from which we obtain y € Nyr <|H I ) by the equivalence (x,y) = \HxH](L X ]Hy”\

L)

(L)

(HI i3 )asx # 0. To close this part notice that, for all A\ > 0, we have that Ay € NBR)(M”
(L)

& y €

);

*
(L)
because thls last set is a (normal) cone.

e Second, we turn to proving the second of the two conditions in the characterization (33b) of the
subdifferential 8¢(F osupp)(z). More precisely, we are going to show that, for A large enough,

H|)\y|||z3L)* — F(L) = supgcy [|H)\y|||5<)* — F(K)]. For this purpose, we consider the mapping
1 :]0, +00[— R defined by

v = INlfy. — F(E) = sup [Iwilfi — FU)] L ¥A> 0,

and we show that ¥(\) = 0 for A large enough. We have
YO = it 6xc() with (V) = (AT, — IllFe.) + F() = F(L))

Using Proposition 26, we get the following.

o If KN L =L (which is equivalent to L C K), we get that (||yl|(5, . — llyll{%).) = 0, which
implies that ¢x(\) = F(K) — F(L) > 0 since F is assumed nondecreasing.

o If KN LG L (which is equivalent to L ¢ K), we get that (||yl|(5,. — llyll{%)..) > 0, which
implies that ¢ (\) goes to infinity with A.

Wrapping up the above results, we have shown that, for any vector y € R% such that supp(y) =
supp(z), and that (x ,y) = ||z X [|y|l«, then, for A > 0 large enough, Ay satisfies the two conditions
in the characterization (33b) of the subdifferential Oe, (F osupp)(x).

This ends the proof. O

3.4 Capra-biconjugates of FSM

With the Fenchel conjugacy, we calculate that 55*3;pc x =0 — where K # (), and dg,ppcr is
the characteristic function of the level sets (5a) as defined in (9) — and, more generally, that
(F o supp)*™ = inf {00y + F(0),infx 9 F(K)}, with any set function F as in (3). Hence,
the Fenchel conjugacy is not suitable to handle FSM.

By contrast, we will now show that FSM are related to the families of local-coordinate-
K norms and dual local-coordinate-K norms, in Definition 8, by the following Capra-
biconjugacy formulas.
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In the sequel we will use the notation Ry to refer to the subset [, Rk of (]Rd)QV7 and
the notation Ay to refer to the simplex of Ry (which can be identified with the simplex of
RY, where v = |2"]). Hence, an element z € Ry is a family {Z(K)}Kcv where z(x) € Ry
for K C V (with the convention zg) = 0), and an element A € Ay is a family {Ag}

of nonnegative real numbers such that ), -, Ax = 1. We will also use R}/@ to denote the

projection of Ry when we get rid of the element )y, and we define A},@ in the same way, that
‘)\KEOand 3 AKgl}. (37)

is,
AY = {{ e rY}
KCV,K#0

We denote by Bz_a) (resp. SZQ)) the family {B?K)}Kcv of unit local balls in (24b) (resp.
{S&)}Kcv of unit local spheres in (24a)) with the convention ]BZ%) = SZ%) = {0}. Then,

;{E#]];ZQ) will denote a family {zx)}xcv,xz0, such that zx) € ]B%Z%() for all K C V, with

KCV,K#0

Proposition 14 Let ||-|| be the source norm with associated coupling ¢, as in Definition 4,
and with associated families {HHHZ()} of local-coordinate-K norms and {HHHZ() *}
KCV )

Kcv
of dual local-coordinate-K norms, as in Definition 8.

Let {Tk} ey be a family of subsets of R such that the closed convex hull ©o(T'k) = IB%Z%Q
for all K C V' (with the convention that I'y = {0} ).

e For any set function F : 2V — R, we have
/ S T
(o supp) () = ((F o supp) )" () ¥ € BA{0) (38a)

where the function ((F o supp)¢)*l is closed convexr and has the following expression
as a Fenchel conjugate

!/

(o su)) = (sup (IS~ F)) (381)
KcV
and also has the following two equivalent expressions as a Fenchel biconjugate
= (inf (3, + ()" (38¢)
— (e it {F(K) [z € Txc}) " (38d)
e For any finite-valued set function F : 2V — R, the function ((F o supp)¢)*/ s proper
conver Isc and has the following variational expression
((Fo supp)¢)*'(x) =  min ) AMF(K), VzeR?, (38¢)

AEAY K
xEZKCV ATl cVv
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o For any finite-valued set function F : 2V — R such that F(0) = 0, the function

((F o supp)¢)*l 1s proper convex lsc and has the following variational expression

((Fo supp)¢)* (z) = min > H|Z(K)\HE()F(K)  VreRY,  (380)
Z€Ry PCKCV
2ocrcv Iz \||Z2K)§1
Z@chv Z(K)=Z

and the ¢-biconjugate function (F o supp) ¢¢ has the following variational expression

(F osupp) ™ (2) = = min S el P, Vo € R0} . (385)

Tlel ey
Socxcv Iz 1, <l
ZG)QKCV FK)=%

Proof.
e We consider the set function F : 2V — R. By (52) and the definition (17), of the normalization
mapping n, we immediately get (38a).
e We consider the set function F: 2" — R. We have

/

((Fosupp))” = (sup (llrx (). — F(K))) (by (28))
KcCcVv

so that we have proved (38b)

= (u (oo, ~ 1))
(by (58) as IB%Z%() is the unit ball of the norm |HH|5() by (24b), and with the convention IB%Z%) = {0})

_ (Is(lé% (35, — F(K)))*

/

because 0f . = 01y = Oeo(ry) = OBE, > where the last equality comes from the assumption co(I'x) =

R
Bk

/

= ( sup ((or, + F(K))*))* (by property of conjugacies)
KcCVv

/

(s 70) )

as conjugacies, being dualities, turn infima into suprema

’

= (Iénfv (6r + F(K)))** . (by definition (10c) of the Fenchel biconjugate)
C
Thus, we have obtained (38c) and (38d).
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e We consider the set function F : 2V — R. For the remaining expressions for ((F o supp)¢)*/, we
use a general formula [18, Corollary 2.8.11] for the Fenchel conjugate of the supremum of proper
convex functions fx : R - R, K C V:

ﬂ domfg #0 = (sup fK) = min (Z )\KfK) . (39)
KcV Ar)xcvedv A=y,
Thus, we obtain
((Fosupp)®)" = (sup (. — )’ (by (28))

/

= (;g (08r, = F(K ))

(by (58) as IB%Z%() is the unit ball of the norm |||H|5{) by (24b), and with the convention IB% ={0})
*/
= (sup (o1 — F(K))) (asco(l'k) = IB%E() by assumption)
Kcv

= min <Z Mg (o0, — F(K )))*l (by (39))

(AK)KcvEAY

as the functions fx = or, — F(K) are proper convex (they even take finite values) for K C V

*/
= min_(og, L agre = 0 ARF(K))
(AK)KcvEAY Kov

as, for all K C V, Agor,, = oxxr) since Ag > 0, and then using the well-known property that
the support function of a Minkowski sum of subsets is the sum of the support functions of the
individual subsets [8, p. 226]

— . « —l_ )\ F K
(AK)II(HCISEAV <(UZKCV>‘KFK) [;:V K F( ))

(by property of conjugacies)
= min (6 + 3 AKF(K)) -
) ey EAY ( > kcv ATk KEC:V ( )
(because Y- Ak is a closed convex set)

Therefore, for all z € R?, we have

/

((F o supp)¢)* (x) = Z A F(K

(Ak) KcVGAv
Z‘EZKC‘/ ATk Kcv

which is (38e).

e We consider the set function F': 2" — R, such that F(0)
this purpose, we start from the already proven Equation (

) = 0. We are going to prove (38f). For
38e) where we choose ' = SZ() for all
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K CV (except K = {) for which I'xr = {0}), which is licit since @(SE{)) = IB%Z%). We obtain

(Fosupp)?) (@)= min >~ AcF(K) (by (38¢))
weZKCV ATk Kcv
— min, > AkF(K) (since F(P) = 0 and Ty = {0})
AeAy OCKCV
Z‘GZ@QKCV AKFK
= miI\l@ Z A F(K) (using 'y = Sﬁ())
ACAy 0CKCV
= min Z A F(K) (getting rid of Ay since F () = 0)

\0
z’eSZ?),AeAV ICKCV

Y0cKcv AKZ (=T

i R
_ min S e IR F ),
zGR‘\/ ICKCV
. &
2ocrcv Iz g <1
Z@chv Z(K)=Z

by putting z(x) = /\KzEK)’ for all ) C K C V. Thus, we have obtained (38f).
Finally, from (F o supp)¢¢ = ((F o supp)¢)*’ on, by (52), we get that

1 .
_ L min Sz IR F(K) Ve € R0} .
El i) 0

Socxey Izl <lel

20cKCy H(K)=T

(F o supp) o’ (x)

Therefore, we have proved (38g).
This ends the proof. O

3.5 Proof of Theorem 6

R R t
Proof. By (28), we have that (F o supp)® = supecy ([, — F(K)). where [, , = 10
by Equation (69) in Proposition 25 since the norm |||-||| is orthant-monotonic. Hence, we obtain (29).
As, by assumption, both the norm |||-|| and the dual norm ||-||, are orthant-strictly monotonic,

Proposition 13 applies. Therefore, for any vector € R? and any y € 8¢(F osupp)(z) # 0, we
obtain

(Fo supp)¢¢/ (z) > ¢(z,y) + (—(Fo supp)¢(y)) (by definition (12d) of the biconjugate)
y)— (Fo supp)¢(y) (because —oo < ¢(z,y) < 400 by (16))

(z,y) — (¢(z,y) — (F osupp)(x))
(by definition (55b) of the Capra-subdifferential 8¢(F o supp)(z))

= (F osupp)(z) .

19



On the other hand, we have that (F o supp)¢¢/(x) < (F osupp)(x) by (13). We conclude that
(F o supp)®" (z) = (F o supp)(z), which is (19).

This ends the proof. O

4 Hidden convexity and variational formulations for
nondecreasing FSM

In this Sect. 4, we suppose that both the source norm ||-||| and the dual norm |||-||| are orthant-
strictly monotonic. From our main result obtained in Sect. 2 — namely, Theorem 6 which
provides conditions under which a function of the support mapping (FSM) is a Capra-convex
function — we will derive the following results. In §4.1, we show that any nondecreasing
finite-valued FSM coincides, on the unit sphere S = {93 € R? ‘ || = 1}, with a proper
convex lsc function on R?. In §4.2, we deduce that a nondecreasing finite-valued FSM taking
the value 0 on the null vector admits a variational formula which involves the whole family
of generalized local-K-support dual norms in Definition 9. Then, in §4.3, we show that
the variational formulation obtained yields a family of lower and upper bounds for suitable
nondecreasing FSM, as a ratio between two norms.

4.1 Hidden convexity in nondecreasing FSM

We now present a (rather unexpected) consequence of the just established Theorem 6.

Proposition 15 Let ||-|| be the source norm with associated coupling ¢, as in Definition 4,

*Sn

and with associated families {||||||in(K)} of generalized local-top-K dual norms and {||||||* (K
’ Kcv

of generalized local-K -support dual norms, as in Definition 9.

Suppose that both the norm ||-|| and the dual norm |||« are orthant-strictly monotonic.
For any nondecreasing finite-valued set function F : 2V — R, the following statements hold
true.

1 e following function : — R, defined by
The foll fi LY R — R, defined b
Ly = ((Fosupp)(;)*/ : (40a)

1S proper convex lsc.

(it) The function F o supp coincides, on the unit sphere S = {z € R ‘ =] =1}, with the
function L& in (40a):

(F osupp)(z) = L (x), Yz €S. (40Db)

20
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(1i1) The function F o supp can be expressed as the composition of the proper convex lsc
function L& in (40a) with the normalization mapping n in (17):

(F osupp)(x) = LL( ), Vo e RN{0}. (40c)

T
[l
(iv) The proper convez lsc function LL in (40a) is given by

25 = (sw [~ F()]) " (40d)

sup
KCV
(v) The function LL in (40a) is the largest proper convex lsc function below the function

inf o+ F(K)] | (40¢)

KcV

that is, below the function r € R? — inf {F(K) ’ KcV,ze IB%:?{‘K)}, with the con-
vention that B = {0} and that inf () = +-oc.

(vi) The function LL in (40a) is the largest proper convex lsc function below the function

e 70 o

that is, below the function x € R — inf {F(K) ‘ KcV,ze S:fE‘K)}, with the conven-
tion that ST = {0} and that inf ) = +oo.

(vii) The function LY in (40a) also has the following variational expressions

L (z) = min > AF(K), Yz eR’ (40g)
€Y kv AR B ) Kcv
— : d
— mmin Y MF(K), VzeR (40h)

T€Y kv ARSIk Kcv

and, if F(0)) =0,
F o . *sn d .
cfw= min ST ol P(K) , Vo e R, (400
v *S1n @QKCV
Z@g]{cv H|Z(K)|H*y(K)S1
D0CKCY AH(K)=T

Proof. Since the norm |[|-|| is orthant-strictly monotonic, it is orthant-monotonic, so that we
have HHHZ() = |13k and HHH@Q* = HHHin(K), for any K C V by Equation (69) in Proposition 25

(with the proper conventions that they are all zero in the case K = 0)).
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e (i) The function £} in (40a) is a Fenchel conjugate, hence is a closed convex function since the
Fenchel conjugacy induces a one-to-one correspondence between the closed convex functions on R¢
and themselves [14, Theorem 5]. By (40b), proven below, the function £E takes finite values on
the unit sphere. Thanks to Footnote 3, we conclude that the function E(}f is proper convex lsc.

e (ii) The assumptions make it possible to conclude that (F' osupp)¢¢/ = F o supp, thanks to
Theorem 6. We deduce from (38a) that

(F o supp)(z) = (F osupp) ™ () = ((F o supp) )" (-0) , v € RA{0} .

x
llIl
Thus, the function F' o supp coincides, on the unit sphere S, with the closed convex function
£f : RY — R given by (52), namely £§ = ((F o supp)¢)*/. Thus, we have proved (40b).

e (i7i) The equality (40c) is an easy consequence of the property (4), implying that the function F'o
supp is invariant along any open ray of R%.

o (iv) As £ = ((F o supp)®)* by definition (40a), and as ((F o supp)¢)* = (supKCv [m.|||§‘j(,<) - F(K)} )*
by (29), we get (40d).

e (v) We use (38c) with 'y = B} k) to obtain (40e). Indeed, since B} = IB%E() (because

H||||Z§<) = |H|||:S(HK)), we have that co(I'x) = B k) = IB%@() and thus B} can be used as I'g.

e (vi) In the same way, we use (38c) with I'x = Sf(“K) to obtain (40f).

o (vii) We use (38e) with I'y = B} to obtain (40g). In the same way, we also use (38e) with

J(K)
I'x = S k) to obtain (40h). We use (38f) with ||H||5() = |13k to obtain (40i).
This ends the proof. O

4.2 Variational formulation for nondecreasing FSM

As a straightforward application of Proposition 15, we obtain our second main result, namely
a variational formulation for suitable nondecreasing FSM.

Theorem 16 Let ||-|| be the source norm with associated family {H|H|:S(HK)} of general-
W kev

1zed local-K -support dual norms, as in Definition 9.

Suppose that both the norm ||-|| and the dual norm ||-||s are orthant-strictly monotonic.
Then, for any nondecreasing finite-valued set function F : 2V — R such that F(0)) = 0, we
have the equality

(Foswpp)@) = p min > MeaollZ FUF) Vo e R0} (41)

\0
z€Ry 0CKCV

*sn -

2ocrcv Iz 17 k) <zl
20cKCV Z(K)=T

When supp(x) = L # 0, the minimum in (41) is achieved at z € R}/@ such that z(xy = 0 for
K # L and ) = x.
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Proof. Equation (41) derives from (40c) and (40i).

R R S
When supp(z) = L # 0, we have [|z[| = [lzllz, by (61e). Moreover, ||l = II-I3(k)
by Equation (69) in Proposition 25, since the norm ||-|| is orthant-strictly monotonic, hence is
orthant-monotonic. As a consequence, we have that ||z = |||3U|||iséf1 1)- Therefore, 2 € R}/@ such that

z(ry == and z(k) = 0 for K # L is admissible for the minimization problem (41). We deduce that
F(L) = (F osupp)(z) < g P (D) 2|li) = F(L).

This ends the proof. O

As an illustration, Theorem 16 applies when the norm ||-|| is any of the £,-norms |||,
on the space R4, for p €]1, ool giving:

1

(F osupp)(z) = —— min Z ||z(K)||;7sf7(K)F(K) , Vo € ]Rd\{O} .
[E1™ zeR)! ICKCY
Socxev ol g <l
220cKCV A(K) =T
(42)
Indeed, when p €]1, 00|, the ¢,-norm ||-|| = ||-||, is orthant-strictly monotonic, and so is its
dual norm |-l = ||-||; where 1/p + 1/q = 1 as easily seen. When p = oo, the {.-norm
Il = |||l is not orthant-strictly monotonic. When p = 1, the ¢;-norm ||-|| = ||| is
orthant-strictly monotonic, but the dual norm |[||-|| = |||/ is not.

Applications to sparse optimization. Supposing that the assumptions of Theorem 16
are satisfied, we get the two following reformulations for exact sparse optimization problems.
Let F: 2V — R, be a nondecreasing finite-valued set function such that () = 0.

Let C C R? be such that 0 ¢ C (to avoid a division by zero, and also because the
minimum would be achieved at zero). Then, we have that

. 1 :
g}nelélF(Supp(aj)):m S min o Mzl FUS) - (43)

el \0
z€ T z€R
. PCKCV
Socrey Bl <llel =

2 0CKCV AK)=T
NS

Vv
convex optimization problem

For any a € R, we have that

min T) = min x), 44a,
L f() i /(@) (442)

2ocrcv lza) I G <l
ngKcv E(K)=Z

*Sn

2ocrcy FENza0) I ey <all=ll

= min f( Z Z(K)>. (44b)

ffnR\vm ICKCV
2ocrev 1200 Ik S 0c kv 20l
*S1

2ocrcy FENza0) 7 ey SalXoc kv 200l
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4.3 Upper and lower bounds for nondecreasing FSM as norm ra-
tios

We now show that the variational formulation obtained in §4.2 yields a family of lower and
upper bounds for suitable nondecreasing FSM as a ratio between two norms — the denomi-
nator norm being any orthant-strictly monotonic norm with orthant-strictly monotonic dual
norm.

Proposition 17 Let ||-|| be the source norm with associated families {”HHZH(K)} of gen-
W Kev

eralized local-top-K dual norms and {HHH:S(H K)} of generalized local-K -support dual norms,
: KV

as in Definition 9.

Suppose that both the norm ||-|| and the dual norm |||« are orthant-strictly monotonic.
Let F : 2V — Ry be a nondecreasing nonnegative set function, such that F(K) > F() = 0
for all® C K C V. Then, we have the inequalities

< F(supp(z)) < min % , Vo e R\{0}, (45)

IR ]

[
[l

where the norm ||| is characterized

e cither by its dual norm |H|HZH[F] = (HHH:S[}])* which has unit ball gy FK)BY ),
that s,

:sﬁp] = (|H|”in[p])* = OB with Et*r,l[F] = m F<K)Bi?(K) ’ (46a)

KcVv

or, equivalently, by the formula

”|?/mm
*sn O\ * tn *,(K) d
= =sup ———, Vy € R*, 46b

(Il

e or by the inf-convolution

I = O (PO, - (46¢)
KcV

that is, Nlally = it Y PN, e R (46d)

Ry gckcv
Z;l(zl JE) =g T

Proof. The equivalence between the four equivalent formulations in Equation (46) is straight-
forward (See [3, Proposition 15] for a similar proof) as it is immediate to verify that H||||is[l};] is a
norm since F(K) > F(}) =0forall 0 C K C V.

Now, the two inequalities in Equation (45) follow from Equation (41), as the assumptions of

Theorem 16 are satisfied.
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To get the right hand side (upper bound) inequality in Equation (45), it suffices to consider the
Equality (41) and to deduce an upper bound by reducing the set over which the minimization is
done to all the vectors z € ]R}/@ such that z(g) =0 for K # L and z) =z, forall L C V.

To get the left hand side (lower bound) inequality in Equation (45), it suffices to consider the
Equality (41) and to deduce a lower bound by extending the set over which the minimization is
done to all the vectors z € R}P such that Z@g kv #(k) = . Then, we recognize the inf-convolution
formulation in Equation (46d).

This ends the proof. O

Equation (45) can also we written as
*sn < < . *Sn d .
21125y < F (supp(@) lall < min (FOK)2ll5)) » Vo € R (47)

When the norm |||-|| is the £,-norm (1 < p < +00), the left hand side inequality in (47)
coincides with the inequality obtained in [13, Proposition 2]; moreover, Equation (46b)
corresponds to [13, Equation (2)], and Equation (46d) to [13, Equation (3)]. So, we extend
the results in [13, Proposition 2] beyond the ¢,-norms, and we also provide an upper bound
(right hand side inequality in (47)).

5 Conclusion

The combinatorial expression of the support mapping makes it difficult to handle it as
such in continuous optimization problems, and we have seen that the Fenchel conjugacy
is not adapted. In this paper, we have introduced a class of conjugacies that are suitable
for functions of the support (FSM). Each conjugacy is induced by a Capra-coupling that
depends on a given source norm on R?. Our main result is that any nondecreasing finite-
valued FSM is a Capra-convex function (that is, is equal to its Capra-biconjugate) when
both the source norm and its dual norm are orthant-strictly monotonic. We have also
shown the surprising consequence that any nondecreasing finite-valued FSM coincides, on
the unit sphere of the source norm, with a proper convex lsc function. From there, we have
obtained exact variational formulations for normalized nondecreasing finite-valued FSM. For
this purpose, we have introduced sequences of generalized local-top-K and local- K-support
dual norms, generated from the source norm on R¢.

The reformulations that we propose for exact sparse optimization problems make use of
2% new (latent) vectors, making a direct numerical implementation out of reach. However,
the variational formulation may suggest approximations of the FSM or algorithms making
use of the partial convexity that our analysis has put to light. Moreover, we have provided
expressions for the Capra-subdifferential of nondecreasing finite-valued FSM, which can in-
spire “gradient-like” algorithms. In all cases, the variational formulation obtained yields a
new family of lower and upper bounds for null at zero nondecreasing finite-valued FSM as a
ratio between two norms; this may lead to new smooth sparsity inducing terms, proxies for
the FSM.
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A Properties of the constant along primal rays cou-
pling (Capra)

We recall properties of the Capra-conjugacy, induced by the coupling Capra in Definition 4
(see §2.2.1 and [3]).

Here are expressions for Capra-conjugates and biconjugates. We recall that, in convex
analysis, for any subset S C R?, o5 : R? — R denotes the support function’ of the subset S:

os(y) =sup (z,y) , Yy R (48)

z€eS

Proposition 18 (/3, Proposmon 9]) For any function g : R? — R, the ¢'-Fenchel-Moreau
conjugate is the function g¢ R? — R given by

g¢, =g" omn. (49)

For any function f : R* — R, the ¢-Fenchel-Moreau conjugate is the function f¢ :RY - R
gien by
£ = (inf [f | n])", (50)

where the conditional infimum inf [ f n} has the expression’

infyso f(Az) if 2 € SU{0},
inf [f|n] 1nf{f }n( —x} { if ¢ SU{0} . (51)
and the ¢-Fenchel-Moreau biconjugate is the function f¢¢/ ‘R4 = R given by
£ = () om = (inf [£ | n])™ om. (52)

For any subset W C W, the ¢-Fenchel-Moreau conjugate of the characteristic function (9)
of the set W is given by

(5¢ = On (W) - (53)

Here are characterizations of the Capra-convex functions (see Definition 3).

6The support function (of a subset) in (48) should be distinguished from the support mapping in (2).
"The name “conditional infimum” comes from [17]. We chose the notation to stress the analogy with a
conditional expectation. We adopt the convention that inf ) = +oo.
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Proposition 19 (/3, Proposition 10]) A function is ¢-convez if and only if it is the composi-
tion of a closed convex function on R? with the normalization mapping (17). More precisely,
for any function h : R — R, we have the equivalences

h is ¢-conver < h = h¢¢/
& h= (h¢)*, on (where (h¢)*/ is a closed convex function)

& there exists a closed convex function f: RY — R such that h= fon .

Following the definition of the subdifferential of a function with respect to a duality in [1],
the Capra-subdifferential of the function f : R? — R at x € R? has the following expressions

8¢f {y e R? ! ¢, y) ( (:c')) < ¢(z,y) + ( f(:c)) , V' ¢ Rd} (55a)
= {y e R /() = ¢(x.y) + (~f(x))} (55b)
= {y e R?| (inf [f |2])"(y) = (n(x) ,y) + (—f(2))} (55¢)
so that, thanks to the definition (17) of the normalization mapping n, we deduce that
0ef(0) = {y € R| (inf [ [ n])"(y) = —£(0)} (55d)
00 fa) = {y € B nf [1 | n])"() = ST+ (~f@)} . Vo e RO} (550

B Material on local-coordinate- K and generalized local-
top-K norms

We start, in §B.1, by providing background on orthant-monotonic and orthant-strictly

monotonic norms. Then, in §B.2, we introduce local-coordinate-K norms and dual local-

coordinate- K norms, and in §B.3, we introduce generalized local-top-K and local- K-support

dual norms; they are norms on the subspaces R of R? in (6) constructed from a source
norm.

B.1 Orthant-monotonic and orthant-strictly monotonic norms

Dual norms. We recall that the expression [|y||. = supyy<; (z,y), Vy € R? defines
a norm on RY called the dual norm ||-||,. By definition of the dual norm, we have the
inequality

(@, y) <l <yl . ¥(zy) € R x R (56)

We denote the unit sphere S, and the unit ball B, of the dual norm ||-||+ by
Se={yeR||lyll. =1}, B, ={yeR|[lyll. <1} . (57)
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Denoting by og the support function of the set S C R? (0s(y) = sup,cg (z ,y)), we have
Il = o=, = os, and |- = o = o5 , (58)

where B, = B® = {y € R ‘ (z,y) <1, Vz € B} is the polar set B® of the unit ball B.
We recall properties of orthant-monotonic and orthant-strictly monotonic norms.

Proposition 20 (/5, Proposition 6], [6, Theorem 2.26], [9, Theorem 3.2]) Let ||-|| be a
norm on R%. The following assertions are equivalent.

1. The norm ||-|| is orthant-monotonic.
2. The dual norm |||-||« is orthant-monotonic.

3. The norm ||-|| s increasing with the coordinate subspaces, in the sense that, for any
z € R and any J C K C V, we have ||z ;|| < ||zl

Proposition 21 (/5, Proposition 8) Let ||| be a norm on Re. The following assertions
are equivalent.

1. The norm ||-|| is orthant-strictly monotonic.

2. The norm ||-|| s strictly increasing with the coordinate subspaces in the sense that,
for any x € R and any J C K C V, we have x5 # xx = ||zJ|| < |lzx]||-

3. For any vector u € RIN{0}, there exists a vector v € RN{0} such that supp(v) =
supp(u), that uw o v >0, and that v is ||-||-dual to u, that is, {u ,v) = ||ul| X [|v|«-

B.2 Local-coordinate-K and dual local-coordinate-K norms

After their definitions in §B.2.1, we study properties of dual local-coordinate- K norms and
of local-coordinate- K norms in §B.2.2.

B.2.1 Definition of local-coordinate-X and dual local-coordinate-K norms

For the sake of completeness, we duplicate the Definition 8 here. For any subset K C V', we
call local-coordinate-K norm (associated with the source norm |||-||) the norm H||||Z() (on the
subspace R in (6)) given by
R R
|||'|”(K) = (||||||(K)*)* )

that is, whose dual norm (on the subspace Ry ) is the dual local-coordinate-K norm, denoted
by ”HHE{)*a with expression

R
Il = supllusllse ¥y € R
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where the (K, x)-norm ||-|| x « is given in Definition 7. We will also use the following extension
(defined for all y € R? and not only for y € Ri)

R R
Iyl ey = Nyscllzey e » Yy € RY, (59a)

which defines a seminorm® on R? and not a norm. The local-coordinate-K norm ||||||Z()
on Ry can also be extended to a seminorm on R¢ by

ez = Nlexllfy) . vz e RY. (59b)

Now, to establish results in Sect. 3, we provide properties of local-coordinate-K and dual
local-coordinate- K norms.

B.2.2 Properties of dual local-coordinate-K norms and of local-coordinate- K
norms

Properties of dual local-coordinate- /KX norms.
Proposition 22

o For any K C 'V, the dual local-coordinate-K norm satisfies

|||y|||5(),* = ilclfg O(RsNS) (y) = U(suppCKﬂS) (y) = 0-(supp:KﬁS) (y) ) Vy S RK . (60&)

o We have the equality
R
iy, = llylls s Yy € RY. (60b)

e The family {‘”.”‘Z{)’*}Kcv of dual local-coordinate-K norms in Definition 8 is nonde-
creasing, that is,

R R R
JCKCV =yl . <yl < Myl =Nyl vy e Ry (60¢)

o The family {IB%Z%) *} of units balls of the dual local-coordinate-K norms in Defini-
*) Kcv

tion 8 is nonincreasing, that is,

JCKCV = Bj), DB, >B}).=B.. (60d)
Proof.

e For any y € R%, we have

i) = sup . lll7 (by definition (23))
c

= sup o(g,ns)(Y) (by (21))

JCK

=01, (Rsr8)(Y)

= 0(suppc k) (Y) - (as we have supp~* NS = {J,;(RsNS) by (8))

8 A seminorm satisfies all the axioms of a norm, except that other vectors than the null vector give zero.
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To finish, we will now prove that og,,,ckns = Ogupp=kng- For this purpose, we show in two
steps that suppc® N'S = supp=K N'S.

First, we establish that supp=& = supp~X. The inclusion supp=% C supp< is easy. Indeed,
that the level set supp=¥ is closed is straightforward: if a sequence (x,,)nen € supp=¥ is converging
towards z, we get that (z)y\x = 0 since (z,)y\gx = 0 for all n € N; thus, we obtain that = €

suppSX. There remains to prove the reverse inclusion supp~® C supp=%. For this purpose,
we consider x € supp~X. If x € supp=X, obviously z € supp=FK. Therefore, we suppose that
supp(z) = L C K and we consider the sequence (z;,)nen+ defined by x, = z + (1/n)1 5 1, where 1
is the vector of R? made of ones. We have that supp(x,) = K for all n € N and z,, — = when n
goes to infinity, thus = € supp=«. This proves that supp~® C supp=~&.

Second, we prove that supp©% N'S = supp=K N'S. The inclusion supp=K NS C supp<X NS
is easy. Indeed, we have supp=% NS C supp=% N'S = supp=X N'S since we have just proved
that supp=K = supp<%. To prove the reverse inclusion supp<® N'S C supp=K NS, we consider
z € supp X N'S. As we have just seen that supp<® = supp=XK, we deduce that z € supp=FK.
Therefore, there exists a sequence {2}, o in supp=X such that z, — = when n — +oo. Since
x € S, we can always suppose that z, # 0, for all n € N. Therefore z,/||zy|| is well defined
and, when n — 400, we have z,/||zn|| = z/||z|| = z since z € S = {z € X’ llzll = 1}. Now,
on the one hand, z,/||z.]| € supp=, for all n € N, and, on the other hand, z,/[|z.]| € S. As a
consequence z, /|| z.|| € supp~® NS, and we conclude that = € supp=K N'S. Thus, we have proved
that supp~® NS C supp=K NS.

From supp~® N'S = supp=FK N'S, we get that oy, ,crxqg = O siop=KE = Tsupp=Kns-
Thus, we have proved all equalities in (60a).

e By the equality [lyll), = O(euppcirs)(y) in (60a), we get that, for all y € RY, |lyl|f},, =

T suppcvrs)(y) = os(y) = |lyll«, since suppc” = R? and by (58). Thus, we have proved the
equality (60Db).

e The inequalities in (60c) easily derive from the very definition (23) of the dual local-coordinate- K
R
norms |H'”|(K),*'

e The inclusions and equality in (60d) directly follow from the equality and the inequalities between
norms in (60b) and (60c).

This ends the proof. O

Properties of local-coordinate-K norms.
Proposition 23

e For any subset K C 'V, the local-coordinate-K norm ||||||Z§<) has unit ball (in the sub-
space Ry in (6))
Bfi)=co(Rkx NS) C R , (61a)

where co(S) denotes the closed convex hull of a subset S C R,

o We have the equality
R
Izl = Nzl Vo e R?. (61b)
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e The family {HHHE{)} L of local-coordinate-K norms in Definition 8 is nonincreasing,

KC
that is,

R R R
JCKCV = Izl = =l = Nzl = =l ve e R, (61c)

o The family {]B%ﬁ{)} of unit balls of the local-coordinate-K norms in (24b) is non-
Kcv

decreasing, that is,

JCKCV = B CB CBy)=B. (61d)

o We have the implication

z€Rx = ||zl = |z, - (61e)
Proof.
e For any y € Ry, we have
I = 59P 00 () (by (21))
= O(RKNS) (v)

since Ry C Rk for J C K and by definition (48) of the support functions oz ng)

= Ogo(RicnS)(Y) (by [2, Prop. 7.13])

Asco (U, (RsNS)) is a closed convex subset of Rk, we conclude that B&) =co(U;cx(RsNS))
by (58). Thus, we have proven (61a).

e From the equality (60b), we deduce the equality (61b) between the dual norms by definition of
the dual norm.

e The equality and inequalities between norms in (61c) easily derive from the inclusions and equality
between unit balls in (61d).

e The inclusions and equality between unit balls in (61d) directly follow from the inclusions and
equality between unit balls in (60d) and as the unit ball of the dual norm is IB%Z() = (BZ}) *)G, the
polar set of IEBZ%) o

e We prove (61e) using the fact that z € Rg < z € supp<X. For any x € R? and for any K C 'V,
we have?

x
T e suppCK Sr=0o0r — € suppCK

Il
[43 v [43 2

9In what follows, by “or”, we mean the so-called ezclusive or (exclusive disjunction). Thus, every “or
should be understood as “or y # 0 and”.
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by 0-homogeneity (4) of the supp mapping, and by definition (5a) of supp~#

@x—Oor—EsuppCKﬁS (asmi—meS)
llIl

sr=00r — € U (R;NS) (as supp™" = U Ry by (8))
I €

— x=0o0r — R (as IB%Z%( =co(U,cx(RsNS)) by (61a))

— o =0or gy il

||| §1

since IB%Z%) is the unit ball of the norm |||H|§() by (24b)

R
= Izl < =l

= |zl <zl ==, (where the last equality comes from (61c))
— |lzll{%) = =l - (as [lzlIfy < llllf) by (61c))

Therefore, we have obtained (61e).
This ends the proof. O

B.3 Generalized local-top-K and local- K-support dual norms
After the definitions of generalized local-top- K and local- K-support dual norms in §B.3.1, we
study their properties in §B.3.2. The key Proposition 26 is used in the proof of Proposition 13
B.3.1 Definition of generalized local-top-K and local- K-support dual norms

Definition 24 For K C V, we call generalized local-top- K norm (associated with the source
norm ||-||) the norm (on the subspace Ry in (6)) defined by

Izl iy = sup sl = suplleslls , Vo € Ric . (62)
JCK JCK

We call generalized local-K-support norm (associated with the source norm |||-||) the dual
norm (on the subspace Ry in (6)) of the generalized local-top-K norm, denoted by |- |||*Sn '

17 = (I-I))., - (63)
Now, we do the same but with the dual norm ||-||, in lieu of the source norm ||-||. For

the sake of completeness, we duplicate the Definition 9 here.

10We use the symbol * in the superscript to indicate that the generalized local- K-support norm |- |H*sn i

a dual norm.
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For any subset K C V', we call generalized local-top-K dual norm (on the subspace R g
in (6)) the local norm defined by

tn
Iyl 7y = supllyslle = supllyslles ., Yy € Ric . (64)
JCK JCK

We call generalized local-K -support dual norm the dual norm (on the subspace Ry) of the
generalized local-top-K~ dual norm, denoted by'! |||/

105y = (Il

We adopt the convention HHH‘;H(@) = 0 (although this is not a norm, but a seminorm). We

)y - (65)

*Sn

denote the unit sphere and the unit ball of the generalized local- K-support dual norm ||| (k)
by
2o =1 € R |l =1}, VK CV, (662)
St = {r e R | lell iy <1}, VEC V. (66b)

We will also use the following extension of the generalized local-top-K dual norm ||||||in( K)
on Rk into a seminorm on R? by

|Hy|||ir,l(K) = ”’IUKH‘T,I(K) , Yy eRY, (67a)

*sSn

and the extension of the generalized local-K-support dual norm [[|-[;"x) on Ry into a semi-

norm on R? by
Ik = Newlls, » Vo e R (67b)

B.3.2 Properties of local-coordinate-K and dual local-coordinate-X norms

Proposition 25 Let ||-|| be the source norm with associated families {|||”|5()} of local-
KcV
coordinate-K norms and {||||||5<)*} of dual local-coordinate-K mnorms, as in Defini-
*JKcv

tion 8, and with associated families {||||||in(K)} of generalized local-top-K dual norms
’ KcV

and { |-
We have that local-coordinate-K norms are always lower than local-K -support dual norms,
that is,

= } of generalized local-K -support dual norms, as in Definition 9.
“) [ gy

lzllGey < Mzl » Vo€ R, YEC V., (68a)

'We use the symbol  in the superscript to indicate that the generalized local-K-support dual norm
|||H|:S(HK) is a dual norm.
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whereas dual local-coordinate-K norms are always greater than generalized local-top-K dual norms,
that is,

R n
gl ere = Myl sy Yy € Ric . VE C V. (68b)
If the source norm norm ||-|| is orthant-monotonic, then equalities in (68) hold true, that
18,
R sn
|”|H(K) = I :,(K) )
Il is orthant-monotonic = VK C V (69)
R n
WGy = M) -

The two equalities in (69) are equalities between local norms (on the subspace Ry in (6)),
but they remain valid as equalities between seminorms (on RY).

Proof. It is easily established that, for any subset K C V, we have the inequality [|-[|x« <
I-/l«,7x [5, Lemma 2]. From the definition (26) of the generalized local-top-K dual norm, and the
definition (23) of the dual local-coordinate-K norm, we obtain (68b). By taking the dual norms,
we get (68a).

The norms for which the equality ||-[|x+ = [|-|l«,x holds true for all subsets K C V are
the orthant-monotonic norms ([6, Theorem 2.26],[9, Theorem 3.2]) Therefore, if the norm ||-|| is
orthant-monotonic, we get that, for any y € R,

R s R
IlRe. = sup Iyl (by definition (23) of [JylI%e,..)
JCK
= 5ug|||yJH|*,J (because the norm |[|-|| is orthant-monotonic)
C
= llyll% ) (by definition (26) of |||\ x))

Thus, we have obtained the lower equality in the right hand side of (69).
The upper equality in the right hand side of (69) follows by taking the dual norms.

The two equalities in (69) remain valid as equalities between seminorms (on R?) because of the
definitions (59a), (59b), (67a) and (67b) of the four corresponding seminorms.

This ends the proof. O
We end this part with Proposition 26, which is key to prove Proposition 13.

Proposition 26 We consider a norm |||-|| whose dual norm ||-||« is strictly orthant-monotonic.
Then, we have the implications (that involve seminorms)

n R R n

(Vy eRY) supp(y) =L C K CV = [lylllx = lullio . = Nollz) . = Wyl 5 (70a)
n R R n

(Vy eR?Y) supp(y) =L & K CV = [yl = ulliiy. < Nwllzy. = Nyl - (70b)

Proof. The proof is in four points.

e Since we have supposed that the dual norm ||-||« is strictly orthant-monotonic, it is orthant-
monotonic and, by Proposition 20, we get that the source norm ||-|| is also orthant-monotonic.
Thus, using Equation (69) in Proposition 25, we obtain the equality ||HH5()* = |H]||in(K) between
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the two local norms, for any K C V. As this equality between local norms is valid as an equality
between seminorms, we get that

IyllGey e = M9lsey » Vo € RE (71)

e We prove Implication (70a). Let K C V and y € R? be such that supp(y) = L C K. Since
L = supp(y), we have that y € Rr. Now, by Equation (60c) of Proposition 22, we have that

Iyl < Ml < Ml - (72)

which, by Equation (71), i
equivalent to prove that |Hy|Hin( = |Hy|||*(v On the one hand, we show that ||y, < |||y|||*(L)

Thus, to prove (70a) it is enough to prove that HMH?L)* = |||y]||z%/)*
Indeed, since y = yr,, we have H|yH|* = [lyclls = llycllse < H’ymin(L), by the very definition (26) of
the generalized local-top-L dual norm |- th (1)- On the other hand, we show that H|y”|tn ) < Iyl

tn

Indeed, replacing [yl . in(. in Equation (72) we have that ||y ) <

o) = lllls
where the last equality comes from replacing ||y||~ (V) DY W?JW «(v) in Equation (60b). Hence, we

deduce that [ly[l\\z) = llylliv

e We prove Implication (70b). Let K C V and y € R? be such that supp(y) = L ¢ K.
— First, we prove an intermediate result: for any K’ such that K’ C L = supp(y), we have that
H|y|H (&) < |||y|||*(L Indeed, we have successively

[l (K = Sup 7l (by definition (26) of the generalized local-top-K’ dual norm)
< WyLH\*

since K’ C L, and L = supp(y) for any J C K’ we have y; # yr, and thus [|ys|l« < |lyrl|« by strict
orthant-monotonicity of the dual norm and Item 2 in Proposition 21, and thus sup ;g [y« <

llyz i«
< sup|||y.slll« (obviously since L € {J|J C L})
JCL
= H|y|Hin( L - (by definition (26) of the generalized local-top-L dual norm)

— Second, we apply the previous inequality with the subset K/ = K N L and we obtain that

Il ey < Myl (73)

because K/ = K N L C L since L gZ K by assumption.
— Third, we prove that ]Hy[”iﬂ (k). We have

jug{ Iy« (by definition (26) of the generalized local-top-K dual norm)
C

= Iyl
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where J# C K exists by definition (26) of the generalized local-top-K dual norm

= llysnzll (we have that y = yy, since L = supp(y))

< Jsup 'yl « (J' = J* N L is such that J' € K N L since J* C K)

= [yl (KNL) (by definition (26) of the generalized local-top-(K N L) dual norm)

< [l ) (by (74), as proved below)
= llylls (e

— Fourth, combining the above equahty |||yH| (K

Kn ry with Equation (73), we obtain the
inequality [|y|I\ k) < Iyl ). Then, using agaln Equatlon (69) — that is, [I-II\ ) = Il

for all K C V — we finally obtain the inequality |Hy|HZzK)* < |Hy|HZzL)* Thus, we have proved
Implication (70Db).

e We are going to show the implication (that involves seminorms)

<yl » Yy € R (74)

Let J and K be two subsets such that J ¢ K C V. For any y € R%, we have

(by definition (26) of WyWin(J))

t
|Hy|||*r,1(1) = sup [ly,
J'c

= sup [[(ys).7 [l (since J' C J)
J'cJ

= ”‘?JJWS?(J) (again by definition (26) of H]yﬂ”f(]))

< |||yJH|in(K) (since y; € R; and using the implication (60c))

= sup () sl (again by definition (26) of [|y.[|\" x))

< lyslll«.x

since ||(y) k' ll«.x = lYsnx (Item 3 in Propo-
sition 20), using the fact that J N K’ C K for all the considered K’, and the expression of the
restriction norm ||-||+,x in Definition 7

< sup [lyr|l«x (since K € {K'|K' C K})
K'CcK
= Iyl ) - (again by definition (26) of [|y[I}x))
Thus, we have proven the Implication (74).
This ends the proof. O
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