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GENERAL TOEPLITZ MATRICES SUBJECT TO GAUSSIAN
PERTURBATIONS

JOHANNES SJOSTRAND AND MARTIN VOGEL

ABSTRACT. We study the spectra of general N x N Toeplitz matrices given by symbols
in the Wiener Algebra perturbed by small complex Gaussian random matrices, in the
regime N > 1. We prove an asymptotic formula for the number of eigenvalues of the
perturbed matrix in smooth domains. We show that these eigenvalues follow a Weyl
law with probability sub-exponentially close to 1, as N > 1, in particular that most
eigenvalues of the perturbed Toeplitz matrix are close to the curve in the complex plane
given by the symbol of the unperturbed Toeplitz matrix.
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1. INTRODUCTION AND MAIN RESULT

Let a, € C, for v € Z and assume that

(11) 0] < O(ym(v),

where m : Z —]0, +o0] satisfies

(1.2) (14 |v|)m(v) € ¢4,

and

(1.3) m(—v) =m(v), Vv € Z.
Let

(1.4) plr) =) ar”,

act on complex valued functions on Z. Here 7 denotes translation by 1 unit to the right:
Tu(j) =u(j —1), j € Z. By (1.2) we know that p(7) = O(1) : >(Z) — (*(Z). Indeed, for
the corresponding operator norm, we have

(1.5) ()l < D laslllrll = llalla < O@)mler.
1
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From the identity, 7(e?*¢) = e~%e™¢ we define the symbol of p(7) by

(1.6) ple™™) = Zal,e_i”g.

—00

It is an element of the Wiener algebra [BoSi99] and by (1.2) in C*(S?).

We are interested in the Toeplitz matrix

(L.7) Py = 1o ap(7) 101,
acting on CV ~ ¢2([0, N|), for 1 < N < co. Furthermore, we frequently identify ¢2([0, N|)
with the space €[20,N[(Z) of functions u € ¢*(Z) with support in [0, N|.

The spectra of such Toeplitz matrices have been studied thoroughly, see [B6Si99] for
an overview. Let P, denote p(7) as an operator (?(Z) — (*(Z). It is a normal operator
and by Fourier series expansions, we see that the spectrum of P, is given by

(1.8) o(Py) = p(Sh).

The restriction Py = Pso|2(n) 0f P to £2(N), is in general no longer normal, except for
specific choices of the coefficients a,. The essential spectrum of the Toeplitz operator Py
is given by p(S*') and we have pointspectrum in all loops of p(S!) with non-zero winding
number, i.e.

(1.9) o(Pn) = p(S") U{z € C;ind,s1)(2) # 0}

By a result of Krein [B6Si99, Theorem 1.15] the winding number of p(S?) around the
point z ¢ p(S') is related to the Fredholm index of Py — z: Ind(Py — 2) = —ind,s1)(2).

The spectrum of the Toeplitz matrix Py is contained in a small neighborhood of the
spectrum of Pn. More precisely, for every € > 0,

(1.10) o(Py) C o(PN) + D(0,¢)

for N > 0 sufficiently large, where D(z,r) denotes the open disc of radius r, centered at
z. Moreover, the limit of o(Py) as N — oo is contained in a union of analytic arcs inside
o(Pn), see [B6Si199, Theorem 5.28].

We show in Theorem 1.1 below that after adding a small random perturbation to Py,
most of its eigenvalues will be close to the curve p(S') with probability very close to 1.
See Figure 1 below for a numerical illustration.

1.1. Small Gaussian perturbation. Consider the random matrix

(1.11) Qo € QuN) E (qja(w))1<jnen

with complex Gaussian law
(Qu)<(dP) = 7~ Ve~ 1M L(dQ),

where L denotes the Lebesgue measure on CV*¥. The entries ¢; . of Q,, are independent
and identically distributed complex Gaussian random variables with expectation 0, and
variance 1, 1.e. ¢;r~Ng(0,1)-
We recall that the probability distribution of a complex Gaussian random variable
a ~ Ng(0,1), is given by
. (dP) = e 1P L(da),
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where L(da) denotes the Lebesgue measure on C. If | denotes the expectation with
respect to the probability measure P, then

Ela] =0, E[a’]=1
We are interested in studying the spectrum of the random perturbations of the matrix
P]% = PNI
5 def o
(1.12) Py = Py+00Q,, 061
1.2. Eigenvalue asympotics in smooth domains. Let 2 € C be an open simply

connected set with smooth boundary 02, which is independent of N, satisfying

(1) 09 intersects p(S!) in at most finitely many points;
(2) p(S') does not self-intersect at these points of intersection;
(3) these points of intersection are non-critical, i.e.

dp # 0 on p~ (92 N p(Sh));
(4) 0 and p(S*') are transversal at every point of the intersection.

Theorem 1.1. Let p be as in (1.6) and let Py be as in (1.12). Let Q be as above,
satisfying conditions (1) - (4), pick a & €]0,1] and let 6; > 3. If

(1.13) e N < h < NI
then there ezists ey = o(1), as N — 0o, such that
N
(1.14) #(o(Py)NQ) — — le(de)‘ <enN,

2w Stnp—1(Q)
with probability
(1.15) >1—e N,
In (1.14) we view p as a map from S' to C. Theorem 1.1 shows that most eigenvalues

of P§ can be found close to the curve p(S*) with probability subexponentially close to 1.
This is illustrated in Figure 1 for two different symbols. The left hand side of Figure 1

8 T . :
20 T
— (" s
+  Spec(Ps)
p «  Spec(F;)
6r 15
4 10 -
5 |-
2 |
0 |
0 |
5L
2+
-10
4r 5+
6 ) ) . 220 | | | | | .
-10 -5 0 5 10 -15 -10 -5 0 5 10 15 20

Figure 1. The left hand side shows the spectrum of the perturbed Toeplitz
matrix with symbol defined in (1.16), (1.17) and the right hand side shows the
spectrum of the perturbed Toeplitz matrix with symbol defined in (1.18), (1.17)
The red line shows the symbol curve p(S?!).
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shows the spectrum of a perturbed Toeplitz matrix with N = 2000 and § = 10~**, given
by the symbol p = py + p; where

(1.16) po(1/¢) = —C* = (3+2))C 2 +iC 2+ ¢ +10¢ + (3414)¢C* + 4¢3 +i¢*

and
(1.17)

p(1/¢) = Zal,(”, ap =0, a_, =0.7v|° +iv|™?, a, = —2iv° + 050 v € N.

VvEZ

The red line shows the curve p(S'). The right hand side of Figure 1 similarly shows the
spectrum of the perturbed Toeplitz matrix given by p = py + p1 where p; is as above and

(1.18) po(1/¢) = —4¢t —2i¢* +2i¢H — 24203,

In our previous work [SjVo19], we studied Toeplitz matrices with a finite number of bands,
given by symbols of the form

Ny

(1.19) p(r) = Z a;’, A-N_,G-N_41,---,an, € C, azn, #0.

j=—N_

In this case the symbols are analytic functions on S* and we are able to provide in [SjVo19,
Theorem 2.1] a version of Theorem 1.1 with a much sharper remainder estimate. See also
[Sj19, SjVo16], concerning the special cases of large Jordan block matrices p(7) = 7! and
large bi-diagonal matrices p(7) = at + b7~ !, a,b € C. However, Figure 1 suggests that
one could hope for a better remainder estimate in Theorem 1.1 as well.

Theorem 1.1 and Theorem 1.2 below can be extended to allow for coupling constants
with ; > 1/2. Furthermore, one can allow for much more general perturbations, for
example perturbations given by random matrices whose entries are iid copies of a centred
random variables with bounded fourth moment. However, both extensions require some
extra work which we will present in a follow-up paper.

1.3. Convergence of the empirical measure and related results. An alternative
way to study the limiting distribution of the eigenvalues of P%, up to errors of o(N), is
to study the empirical measure of eigenvalues, defined by

def 1
(1.20) Y
)\ESpec(PI‘i,)

where the eigenvalues are counted including multiplicity and 6, denotes the Dirac measure
at A € C. For any positive monotonically increasing function ¢ on the positive reals
and random variable X, Markov’s inequality states that P[|X| > €] < ¢(e) 'E[¢(|X])],
assuming that the last quantity is finite. Using ¢(z) = /¢, 2 > 0, with a sufficiently
large C' > 0, yields that for C; > 0 large enough

(1.21) P[||Qullus < CiN] > 1 —e V.

If 6§ < N7! then (1.5) and the the Borel-Cantelli Theorem shows that, almost surely, &y
has compact support for N > 0 sufficiently large.

We will show that, almost surely, {5 converges weakly to the push-forward of the
uniform measure on S by the symbol p.

Theorem 1.2. Let §y €]0, 1], let 61 > 3 and let p be as in (1.4). If (1.13) holds, i.e.

e~ N <§J< N %
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then, almost surely,

1
(1.22) En — ps (—le) , N — o0,
2T

weakly, where Ls1 denotes the Lebesque measure on S*.

This result generalizes [SjVo19, Corollary 2.2] from the case of Toeplitz matrices with
a finite number of bands to the general case (1.4).

Similar results to Theorem 1.2 have been proven in various settings. In [BaPaZel8a,
BaPaZel8b], the authors consider the special case of band Toeplitz matrices, i.e. Py
with p as in (1.19). In this case they show that the convergence (1.22) holds weakly in
probability for a coupling constant § = N~ with v > 1/2. Furthermore, they prove a
version of this theorem for Toeplitz matrices with non-constant coefficients in the bands,
see [BaPaZel8a, Theorem 1.3, Theorem 4.1]. They follow a different approach than we
do: They compute directly the log | det My — z| by relating it to log|det My(z)|, where
Mpy(z) is a truncation of My — z, where the smallest singular values of My — z have
been excluded. The level of truncation however depends on the strength of the coupling
constant and it necessitates a very detailed analysis of the small singular values of My — z.

In the earlier work [GuWoZel4], the authors prove that the convergence (1.22) holds
weakly in probability for the Jordan bloc matrix Py with p(7) = 77! (1.4) and a perturba-
tion given by a complex Gaussian random matrix whose entries are independent complex
Gaussian random variables whose variances vanishes (not necessarily at the same speed)
polynomially fast, with minimal decay of order N~/2*. See also [DaHa09] for a related
result.

In [Wo16], using a replacement principle developed in [TaVuKr10], it was shown that the
result of [GuWoZel4] holds for perturbations given by complex random matrices whose
entries are independent and identically distributed random complex random variables
with expectation 0 and variance 1 and a coupling constant 6 = N~7, with v > 2.

1.4. Notation. We will frequently use the following notation: when we write a < b, we
mean that Ca < b for some sufficiently large constant C' > 0. The notation f = O(N)
means that there exists a constant C' > 0 (independent of N) such that |f| < CN. When
we want to emphasize that the constant C' > 0 depends on some parameter k, then we
write C}, or with the above notation O(N).

Acknowledgments. The first author acknowledges support from the 2018 S. Bergman
award. The second author was supported by a CNRS Momentum fellowship. We are
grateful to Ofer Zeitouni for his interest and a remark which lead to a better presentation
of this paper. We are grateful to the referee for pointing out a mistake affecting the range
of the exponent d;.

2. THE UNPERTURBED OPERATOR
We are interested in the Toeplitz matrix
(2.1) Py = Lio,np(T) Lo, C*([0, N[) — €30, NT)

for 1 < N < oo, see also (1.7). Here we identify ¢*([0, N[) with the space E[QoyN[(Z) of

functions u € ¢*(Z) with support in [0, N[. Sometimes we write Py = Py y and identify
Py with P; = 1;p(7)1; where I = Iy is any interval in Z of “length” |I| = #I = N.
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Let PN = Plo,+o0f and let Py 5, denote P = p(7), acting on (2(Z/NZ) which we identify

with the space of N -periodic functions on Z. Here N > 1. Using the discrete Fourier
transform, we see that

(2.2) 0(Pyg57) = P(S5),
where S is the dual of Z/ NZ and given by
Sy = {eik?ﬂ/ﬁ; 0<k<N}.
Let

(23) () = 3 =3 a, = 1 mva,

lv|<N veZ

and notice that
(2.4) Py = 15PN (T) 10N

We now consider [0, N[ as an interval Iy in Z/NZ, N = N+ M, where M € {1,2,..} will
be fixed and independent of N. The matrix of Py, indexed over Iy X I is then given by

(2.5) Py(j,k) = a5, j.k € Iy CZ/NZ,

where 5,7% € Z are the preimages of j, k under the projection Z — Z/ N Z, that belong to
the interval [0, N[C Z.

Let Py be given by the formula (2.4), with the difference that we now view 7 as a
translation on (2(Z/NZ):

(2.6) Py = 15,px(7)11,,.

The matrix of Py is given by

(2.7) Py(jk)= Y a), jkely.

VEZ, _
v=j—kmod NZ
Alternatively, if we let 3, k be the preimages in [0, N| of j, k € Iy, then
(2.8) Pyn(j, k) = >, dn
?EZ; EEEmod NZ

Recall that the terms in (2.7), (2.8) with [v| > N or [j — k| > N do vanish. This implies
that with 7, k as in (2.8),

(2.9) Pn(j,k) — Pn(j. k) :@?_N_E+@;]\:_ﬁ_g

Here
j—Ne[0,N[-N =[-N,N — N[=[-N - M,—M]|,
j+N€[0,N+N =[N,N + N[= [N + M,2N + M].

Since k € [0, N[ we have for the first term in (2.9) that [j — N — k| = k+ M + (N — j)
with nonnegative terms in the last sum. Similarly for the second term in (2.9), we have
j+ N —k| =j+ M+ (N — k) where the terms in the last sum are all > 0.
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It follows that the trace class norm of Py — ]3N is bounded from above by

D (7 e N [ = N VP ) N (Y

j<—M, k>0 j>N+M, k<N k>0, j<—M k<0, j>M
<20 N m(M +k+j) =20 (k+1)m(M + k)
k=0 j=0 k=0

=20 f:(k +1— M)m(k).

By (1.2), it follows that
+oo
(2.10) IPy = Pylle <20 (k+1— M)m(k) =0, M — oo,
k=M
uniformly with respect to N. Here || A, = tr(A*A)Y/2? denotes the Schatten 1-norm for
a trace class operator A.

Remark 2.1. To illustrate the difference between Py and ﬁN let N >1, M > 0 and
consider the example of p(t) = ™™, so a, = 1, for some fited n € N, and a, = 0 for
v #n. Since Py(j,k) = a"]]*v_’/;’ we see that

1, }: n—l—%
0, else.

PN(]7k) :{

In other words Py = (J*)™ where J denotes the N x N Jordan block matriz. The matric

elements of Py on the other hand are given by ﬁN(j, k) = aév_ﬁ_g + aéV_E + a%_ﬁ_g, S0

1, ;:n—l—E
Pyiok) =1, J=n+T— (N + M)
0, else.

So ﬁN = Py + JWNTM=) “when n > M, otherwise ﬁN = Py.

3. A GRUSHIN PROBLEM FOR Py — z
Let K € C be an open relatively compact set and let z € K. Consider
(3.1) J=[-M,0], Iy =10, N]|
as subsets of Z/(N + M)Z so that
JUIy=2Z/(N + M)Z = Zypr
is a partition. Recall (2.3), (2.6) and consider
pn(T) = 2 C(Znsnr) = C(Znsur)
and write this operator as a 2 X 2 matrix
Py —z R_
(3.2) Py — 2 = ( v (z)) |
induced by the orthogonal decomposition
(3.3) C(Zniar) = C(Iy) @ C(J).
The operator py(7) is normal and we know by (2.2) that its spectrum is
(3.4) o(pn(T)) = PN (Sn+m)-
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Replacing Py in (3.2) by Py (2.4), we put

(3.5) Pu(z) = (P%:Z Rf_—(z)) .

Then, by (2.10),

oo
(3.6) IPy(2) = (pv — 2)[lw <2C Y (k+1— M)m(k) =: e(M).
k=M
If (M) < dist (z, pn(Sy+nr)) =: dn(2), then Py(z) is bijective and
1 1
(37) HPN(Z> H < dN<Z) _ €(M)
Write,
Pn(2) = pn(1) = 2+ Pn(2) = (pn(7) = 2)
= (pn(7) = 2) (1+ (p(7) = 2) 7 (Pn(2) = (pn(7) = 2))) -
Here,
| det (1+ (pv(7) = 2) 7 (Pn(2) — (pn(7) — 2)))|
< exp [|(pn(7) = 2) 7 (P (2) = (o (7) = 2)
< exp(e(M)/dn(2)),
(3.8) | det Py (2)| < |det(pn (1) — 2)| eCP/dn (=),

Similarly from
pn(T) — 2 =Pn(2) + pn(T) — 2 — Pn(2)
= Pn(2) (L+Pn(z) (o (1) — 2 = Pn(2)),

we get
(3.9) | det(py (7) — 2)| < | det Py (2)]eTwCreom
In analogy with (3.5), we write
—1 EN EN 2 2 2 2
310)  PaE) T =EnE) = (v g )¢ LU B EW) = P & L),

where J, Iy were defined in (3.1), still viewed as intervals in Zy ;. From (3.7) we get
for the respective operator norms:

(3.11) IEXINES] B EE ) < (dy(2) — e(M)) 7
4. SECOND GRUSHIN PROBLEM

We begin with a result, which is a generalization of [SjZw07, Proposition 3.4] to the
case where R, # 0.

Proposition 4.1. Let Hy, Ho, Hy, S+ be Banach spaces. If

P R_
4.1 P = H X Ho — Ho x H
( ) (R+ R+_> 1 2 +

18 bijective with bounded inverse

E E
5:(E_ E_++) cHo X Hy — Hi x H_,
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and if

(4.2) S = (ES* %—) M. xS S H XS,
+

18 bijective with bounded inverse

_(F F
]-"—(F_ F_+).’H_><S+—>’H,+><S_,

then

P R_S_ P T
(43) T = (S+R+ S+R+_S_> = <T+ T+_) : Hl X S_ — Hg X S+

18 bijective with bounded inverse

41 G- (GG GG++) _ (E ~ B, FE- f}FI) Hy X Sy = Hy X S

Proof. We can essentially follow the proof of [SjZw07, Proposition 3.4]. We need to solve

{Pu +R_S u_=v

(4.5)
S+R+U, + S+R+_S_U_ = V4.

Putting v, = R,u+ R, _S_u_, the first equation is equivalent to
Pu+R_ S u_=v . u v
_ ie. P =(~ |,
Riu+ R, S u_ =1, S_u_ Uy

u = E'U + E_;'_f'ﬁ_;'_
Sfuf = Ef'U + E,+,{}/+.

and hence to
(4.6)

Therefore, we can replace u by v, and (4.5) is equivalent to

E_+ S_ ,1\)/4,_ . —FE_v
“ (5 5) ()= ()
which can be solved by F. Hence, (4.7) is equivalent to

@:i“ = _FEf'U + F+'U+
—U_ = _FfE,'U + F,+'U+,

and (4.6) gives the unique solution of (4.5)

u = (E - E+FE,)'U + E+F+v+ |:|
U_ = F_E_'U - F_+U+.

4.1. Grushin problem for F_,(z). We want to apply Proposition 4.1 to P = P(z) =
Pn(z) in (3.5) with the inverse £ = Ey(2) in (3.10), where we sometimes drop the index
N. We begin by constructing an invertible Grushin problem for £_,:

Let 0 < t; < --- < tp denote the singular values of E_,(z). Let eq,..., ey denote
an orthonormal basis of eigenvectors of E* | E_ associated to the eigenvalues ¢} < -+ <
t3;. Since E_, is a square matrix, we have that dimN(E_,(z)) = dimN(E*_(2))"
Using the spectral decomposition ¢*(.J) = N(E*  E_,)®, R(E*  E_.) together with the
fact that N(E*  E_}) = N(E_;) and R(E*,) = N(E_;)*, it follows that R(E*,) =

'Here N(A) and R(A) denote the nullspace and the range of a linear operator A.
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R(E*, E_.). Similarly, we get that R(E_;) = R(E_E*_). One then easily checks
that £_, : R(E* ([ E_;) — R(E_+E* ) is a bijection. Similarly, EF*  : R(E_{E*_ ) —
R(E*,E_.) is a bijection. Let fi,..., far, denote an orthonormal basis of N'(E*, (2))
and set

fj:tj_lE__i_ej, j:M0+1,,M

Then, fi,..., fu is an orthonormal basis of £%(.J) comprised of eigenfunctions of E_; E* |
associated with the eigenvalues ¢§ < --- < ¢3,. In particular, o(E_ E*,) = o(E* E_)
and

(48) E_+€j = tjfj, Ei_,.fj = tj€j7 j = ]_, N M.

Let 0 < t; < ... <t be the singular values of E_,(z) in the interval [0, 7] for 7 > 0
small. Let S, S_ C ¢?(J) be the corresponding (sums of) spectral subspaces for E* | E_,
and E_, E*  respectively, corresponding to the eigenvalues t§ < t3 < ... < {7 in [0, 77].
Using (4.8), we see that the restrictions (denoted by the same symbols)

E,+:S+ —>87, Ei_’_ :Sf —>8+,
have norms < 7. Also,
(4.9) E S8 =8, B 8 - 8¢

are bijective with inverses of norm < 1/7.

Let S, be the orthogonal projection onto S, , viewed as an operator £*(J) — S, , whose
adjoint is the inclusion map S; — ¢*(J). Let S_ : S_ — ¢?(J) be the inclusion map. Let
S be the operator in (4.2) with H. = ¢*(.J), corresponding to the problem

_ 2
<410) E_+g+S_g_ —heﬁ (J),
Syg=hy €84,

for the unknowns g € ¢?(J), g_ € S_. Using the orthogonal decompositions,
() = Si ®S,, P))=StaS.,
we write g = Zlf gie; + g+ and h = Zlf hifi + h*. Then, (4.10) is equivalent to

g th

BRI

where we also used that g_ = 21 g f;and hy = Zlf h_e;. Tt follows that

g=(E_y)'h*t+ Z’f hiej
(411> k j k i
= 21 h fj - Zl tjh+fj'

Hence, the unique solution to (4.10) is given by

() )

where
F=E_llg, F,=25%,

4.1
( 3) F_:Si, F_+:_E_+|S+ . S+—>S_.
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Here I1g denotes the orthogonal projection onto the subspace B of A, viewed as a self-
adjoint operator A — A. Notice that F' = HsiF and that

k k
(4.14) Foy==) tifioe;, ie Foyu=—>Y t;(ule;)f;.
1 1

Using as well (4.9), we have
(4.15) IF < /7 [[FCL IF- < LIl < 7.

4.2. Composing the Grushin problems. From now on we assume that
(4.16) O<a<kl, ¢M)<a/2,

and the estimates below will be uniformly valid for z € K \ 7,, N > 1, where K is some
fixed relatively compact open set in C and

(4.17) Yo = {2z € C; dist (z,7) < a}, v =p(Sh).

We apply Proposition 4.1 to Py in (3.5) with the inverse &y in (3.10), and to S defined
in (4.10) with inverse in F in (4.12). Let z € K\7,, then

o PN —Z R_S_ . PN —z T_
(4.18) T = (S+R+ S+R+_S_) = < T, T,

defined as in (4.3), is bijective with the bounded inverse

) CLP(Iy) x S — L*(Iy) x Sy,

_(GN GY\ (EN-EYFEN EVF,
(4.19) O = (GN GN+) - ( FEY  —F,)
Since Sy have norms < 1, we get
(4.20) [T%[] < [[Rell = O(1),

uniformly in N, @ and z € K. Also, since the norms of EV, EY, EY are < 2/« (uniformly
as N — o0o) by (3.11), we get from (4.4), (4.15), that

2 4 2
N N N
(4.21) G <=+ —5 6N <7, G < -
Proposition 4.2. Let K € C be an open relatively compact set, let z € K\v,, and let
7 > 0 be as in the definition of the Grushin problem (4.10). Then, for T > 0 small enough,
depending only on K, we have that Gf is injective and G is surjective. Moreover, there
exists a constant C > 0, depending only on K, such that for all z € K\~, the singular
values sj of GY, and s; of (GN)* satisfy
1 2

(4.22) - < sf < = 1 <j < k(2) = rank(GY).
Proof. To ease the notation we will omit the sub-/superscript N. We begin with the
injectivity of G,. From

P—z T G G+ o
. (P T (E &)
we have TG, + T, _G_, =1 which we write T.G, =1—-T, _G_,. Here

HT+7G7+H < HR+7HT = 0(7')7

where we used that [|[Ri_| < |p(7) — z|| = O(1)||m/||¢, thus the error term above only
depends on K. Choosing 7 > 0 small enough, depending on K but not on IV, we get that
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T, - G._|| <1/2. Then 1 —T,_G_, is bijective with ||[(1 - T, G_,)™|| <2 and G,
has the left inverse

(4.24) 1-T, G _)'T,
of norm < 2||R.|| = O(1), depending only on K.

Now we turn to the surjectivity of G_. From
G G+ P—=z T -1
G- G_, T, T, )] 7

(P—2) T\ (G G2\ _,
T Tr_)\GhL Gr.) 7
and as above we then see that G* has the left inverse (1 —T7_G* ) 'T*. Hence G_ has
the right inverse
(4.25) T (1-G_ T.)"
of norm < 2||R_|| = O(1), depending only on K.

we get

The lower bound on the singular values follows from the estimates on the left inverses
of G4 and G*, and the upper bound follows from (4.21). d

5. DETERMINANTS

We continue working under the assumptions (4.16), (4.17). Additionally, we fix 7 > 0
sufficiently small (depending only on the fixed relatively compact set K € C) so that
TG |, |G_+T_] (both = O(7)) are < 1/2, which implies that G is injective and
G is surjective, see Proposition 4.2. Here, we sometimes drop the sub-/superscript N.

From now on we will work with z € K\,. The constructions and estimates in Section
3 are then uniform in z for N > 1 and the same holds for those in Section 4.

Remark 5.1. To get the o(IN) error term in Theorem 1.1, we will take o > 0 arbitrarily
small, and M > 1 large enough (but fized) so that (M) < «/2, see (2.10) as well as
N > 1 sufficiently large. In the following, the error terms will typically depend on «,
although we will not always denote this explicitly, however they will be uniform in N > 1
and in z € K\7,.

5.1. The unperturbed operator. For z € K \ 7,, we have dy(z) > a and (3.8), (3.9)
give

(5.1) |det Py (2)] < e/ det(py (1) — 2)|,

(5.2) | det(pn (1) — 2)| < 2D/ det Py (2)],

where we also used that

e(M) e(M) 2¢(M)
vz — (D) S a—e) = a

by the second inequality in (4.16). Recall here that py(7) acts on (2(Z/NZ), N = N+ M.
By the Schur complement formula, we have

det(Py — z) = det Py(z) det E__(2),

(53) det(PN _ Z) = det TN(Z) det G_+(2),
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SO
(5.4) det Ty _ det E,Jr.
det Py  detG_.

Recall from the Section 4.1 that the singular values of E_, are denoted by 0 < t; <ty <
-+ < tp and that those of G_, are ty,...,tx, where k = k(z, N) is determined by the
condition t;, <7 < txy1. Thus

det E_+ . ﬁ "
det G_+ N el I
and we get (since 7 < 1)
v |det E_ 2\ M
77 < < |- .
det G_ o

Since 7 > 0 is small, but fixed depending only on K, we have uniformly for z € K \ 7,,
N> 1:

(5.5) In|det E_;| —In|det G_,|| < O(1)
and by (5.4)

(5.6) IIn|det Ty| — In|det Py|| < O(1).
From (5.1), (5.2), we get

(5.7) Iln| det Py| — In| det(py(7) — 2)|| < O(1),
hence

(5.8) lIn|det Ty | — In|det(pn(T) — 2)|| < O(1).

5.2. The perturbed operator. We next extend the estimates to the case of a perturbed
operator

where Q : (?(Iy) — (*(Iy) satisfies
(5.10) iQ| < 1.

Proposition 5.2. Let K € C be an open relatively compact set and suppose that (4.16)
hold. Recall (4.17) and (3.5), if §||Q|la™! < 1, then for all z € K\,

5 P]{[ —Z R_ o 6@ 0

(5.11) Py = ( R. R..(2))~ P+ 0 o)
18 bijective with bounded inverse

E° ES
(5.12) £ = (E5 Eg) :
Recall (4.18), if 6]|Q||a™? < 1, then for all z € K\,

5 P](E[ —Z T . (SQ 0

18 bijective with bounded inverse

G G

with
(5.15) G (2) =G 4 —G_6Q(1 +GsQ)'Gy.
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Moreover, ||E|| < 4/a, |G| < O(a™2), uniformly in 2 € K\7, and N > 1.
Proof. We sometimes drop the subscript N. By (3.10),

PE =1+ <5QE 5QE+>
0 0o /-

By (3.11), it follows that ||E|| < 2/a, so if §||Q|la™ < 1, then by Neumann series
argument, the above is invertible and

(5.16) £ (1 + (5%E ‘SQOE+))1

is a right inverse of P?, of norm < 2||€|| < 4/a. Since P? is Fredholm of index 0, this is
also a left inverse. The proof for T3 is similar, using that ||G|| = O(a~2) by (4.21) , since
7 > 0 is fixed. Finally, the expression (5.15) follows easily from expanding (5.16). O

We drop the subscript N until further notice. By (5.13), we have
(5.17) 1T =Tl < 61Q-

Recall from the text after (2.10) the definition of the Schatten norm || - ||, Write,
T =TA-TNT-T"),
where

(5.18) 1T HT = T°)lw < OO Qler-

Here, we used that ||77'|| = ||G]| = O(1), by (4.21) and the fact that 7 > 0 is fixed. We
recall that the estimates here depend on «, yet are uniform in z € K\, and N > 1. It
follows that

[det(1 =TT = T°)| < exp|T~HT = T°)ler < exp(O)[| Q)

and
(5.19) | det T3] = | det T det(1 — T~ 1(T = 7))
< exp(0(9)[|Q[er)| det T
Similarly from the identity

T=T0-T, (T =T)),

(putting 0 as a subscript whenever convenient), we get

(5.20) [det T < exp(O(8)/|Q)| det T,

thus

(5.21) In| et T3] — In 7] < O(6) Q.

Assume that (uniformly in N > 1 and independently of «)

(5.22) 5100l < O(1)

and recall (5.8). Then

(5.23) IIn | det 75| — In|det(py(7) — 2)|| < O(1).

Notice that the error term depends on «. Using also the general identity (cf. (5.3)),
(5.24) det(Py — 2) = det T°(2) det G°_(2),

we get

(5.25) In|det(Py — 2)| = In|det(pn(7) — 2)| + In|det G° , | + O(1),

uniformly for z € K \ 7,, N > 1.
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6. LOWER BOUNDS WITH PROBABILITY CLOSE TO 1
We now adapt the discussion in [SjVo19, Section 5] to 7°. Let
(6.1) PY =Py +6Qu, Qu=(q;s(w))1<jren,

where 0 < 0 < 1 and ¢;,(w) ~ N(0,1) are independent normalized complex Gaussian
random variables. Recall from (1.21) that

(6.2) Pl|Qullus < CiN] > 1 — e N,

for some universal constant C; > 0. In the following we restrict the attention to the case
when

(6.3) |Qullms < C1N,
and (as before) z € K \ 74, N > 1. We assume that
(6.4) 6 < N73/2,

Then
3Qlle < INY?||Q|lus < 0CIN?? « 1,

and the estimates of the previous sections apply.
Let Qc, v be the set of matrices satisfying (6.3). As in [SjVo19, Section 5.3] we study
the map (5.15), i.e.

Qe 3 Qs G0 (2) = G_y — G_0Q(1+ G6Q) ' Gy

(6.5)

=Gy —0G_(Q+T(2,Q))Gy,
where
(6.6) T(z,Q) = ) _(-0)"Q(GQ)",

1

and notice first that by (4.21)
(6.7) 1T |lus < O(6a 2N?).
We strengthen the assumption (6.4) to
(6.8) § < N2,

At the end of Section 4 we have established the uniform injectivity and surjectivity
respectively for G, and G_. This means that the singular values s?E of GL for 1 < j <
k(z) = rank (G_) = rank (G ) satisfy

1 2
6.9 —<st<Z
(6.9) S<sfes
This corresponds to [SjVol9, (5.27)] and the subsequent discussion there carries over to
the present situation with the obvious modifications. Similarly to [SjVol9, (5.42)] we
strengthen the assumption on J to

(6.10) § < N73a?

Notice, that assumption (6.10) is stronger than the assumptions on § in Proposition
5.2. The same reasoning as in [SjVol9, Section 5.3] leads to the following adaptation of
Proposition 5.3 in [SjVol9]:
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Proposition 6.1. Let K C C be compact, 0 < o < 1 and choose M so that (M) < a/2.
Let § satisfy (6.10). Then the second Grushin problem with matriz T° is well posed with
a bounded inverse G° introduced in Proposition 5.2. The following holds uniformly for
2€ K\ Yo, N> 1:

There exist positive constants Cy, Cy such that

P (In|detG° , (2)]* > —t and ||Q|lus < C1N) > 1 — e N — M2,

when
t>Cy—2MIns, 0<6< N 3%

7. COUNTING EIGENVALUES IN SMOOTH DOMAINS

In this section we will prove Theorem 1.1. We will begin with a brief outline of the key
steps:

We wish to count the zeros of the holomorphic function u(z) = det(P3 — z), which
depends on the large parameter N > 0, in smooth domains €2 € C as in Theorem 1.1.

1. We work in some sufficiently large but fixed compact set K € C containing 2. In
Section 7.1, we begin by showing that u(z) satisfies with probability close to 1 an upper
bound of the form

(7.1) Inu(z)] < N(o(z) +¢),

for z € K. Here, 0 < ¢ < 1 and ¢(z) is some suitable continuous subharmonic function.
Next, we will show that u(z) satisfies for any fixed point zo in K\I', a lower bound of the
form

(7.2) Infu(z0)| = N(¢(20) —€)

with probability close to 1. Here, I', denotes the set 7, suitably enlarged to be a compact
set with smooth boundary, see Figure 2 for an illustration. The function ¢ will be con-
structed in the following way : Outside I', we set ¢(2) to be In|det(py(7) — 2)|, which
in view of (5.25) and Proposition 6.1 yields the estimates (7.1), (7.2) outside I',. Inside
I', we set ¢ to be the solution to the Dirichlet problem for the Laplace operator on T,
with boundary conditions ¢ [gr,= In|det(pn(7) — 2)]| [or,. Since In |u(z)]| is subharmonic
we have that the bound (7.1) holds in all of K.

2. In Section 7.2, we will use (7.1), (7.2) and [Sj10, Theorem 1.1] (see also [Sj19, Chapter
12]) to estimate the number of zeros of u in Q and thus the number of eigenvalues of P
in €, i.e.

(7.3) #o(PN) = O N D) ~ = / AGL(dz),

™

see (7.22) below.

3. In Section 7.3, we study the measure A¢ by analysing the Poisson and Green kernel
of I',. We will use this analysis to give precise error estimates on the asymptotics (7.3)
and we will show that %A(b integrated over € is, up to a small error, given by the number
of eigenvalues \; of py(7) (3.4) in €, i.e.

%/QAqu(dz) =#{\; € Q} + O(aN),

see (7.53) below. This, in combination with (7.3), see (7.22) below, will let us conclude
Theorem 1.1.
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7.1. Estimates on the log-determinant. We work under the assumptions of Proposi-
tion 6.1 and from now on we assume that ¢ satisfies (1.13), i.e.

(7.4) e N <5< NI

for some fixed &y €]0,1[ and 0; > 3. Notice that (6.10) holds for N > 1 sufficiently large
(depending on «). Then with probability > 1 — eV* we have G2 . (z) = O(1) for every
z € K \ 74, hence by (5.25)

(7.5) In|det(Pg — 2)| < In|det(pn(7) — 2)| + O(1).
On the other hand, by (5.25) and Proposition 6.1, we have for every z € K \ 7, that

(7.6) In | det(P — 2)| > In|det(pn (1) — 2)| — % —O(1)
with probability

(7.7) >1—e N = Gy M2,

when

(7.8) t>Cy—2MIno.

Next we enlarge v, to 'y, away from a neighbourhood of the region 92N ~, so that I, has
a smooth boundary. More precisely: Let g € C*°(C;R) be a boundary defining function
of Q, so that g(z) < 0 for z € Q and dg # 0 on 9. Then, for C' > 0 sufficiently large and
a > 0 sufficiently small, we define

def

(7.9) "< 4,U{z€C;g(z) < —1/CYU{z € C;g(z) > 1/C and |z| < C},

Notice that due to the assumption that the intersection of 0 with v is transversal, the
boundary of 'Y may be only Lipschitz near the intersection points

{z0,...,24} = 074 NOG, where G o {z € C;lg(2)] <1/C}.

By the assumptions on 2 we have that ¢ < oo. Away from these points, we have that
OT? is smooth. To remedy this lack of regularity we will slightly deform T'? in an a-
neighborhood of these points.

Pick zg € 07,NOG. Since 0y,ND(zp, ) and IGND(zy, ) are transversal to each other,
it follows that there exists new affine coordinates 2 = U(z — z), R? ~ C 3 z = (2}, 2?%)
being the old coordinates, where U is orthogonal, and smooth functions fi, fo independent
of a, such that v, N D(zp, o) takes the form

A={z€ D(x,a);2* < fo(2"), |7 <o, |I7] < a},
and that (C\G) N D(z, @) takes the form
B ={z € D(x,a);2* < i(Z"), |Z'| < a, [IZ]| < a}.

Here, f1, respectively f, is (after translation and rotation) a smooth local parametrization
of G, resp. 074, near zg. Moreover, f>(0) = f1(0) and the transversality assumption
yields that z! = 0 is the only point in the interval | — o, a where fo(2') = f1(Z1).
Then, T'% N D(zy, a) takes the form
AUB = {z € D(20,a); 2 <max{f1(Z"), LZH}, |7} < o, ||Z]| < a}.

Continuing, let x € C*(R;][0,1]) so that yx = 1 on [-1/4,1/4] and x = 0 outside
| —1/2,1/2], and let C' > 0 be sufficiently large. Set

)= (1-x(2) ) maxti. o} +x(£) & rel-aal
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which is a smooth function. Then, let T'} be equal to I'? outside D(zg,«), and equal to
{z € D(2,0);2* < f(Z'), |Z'] < o, [IZ]] <o},
inside D(zp,@). Summing up, we have that the boundary of T'} is smooth at z; and
I crt.
Next, we perform the same procedure for I'} at the point z; and obtain ' whose
boundary is smooth at 2o and z; and which contains T'}. Continuing in this way until z,,
and defining

(7.10) o 1,

we have that T, has a smooth boundary and it contains I'? (7.9), and thus ~,. Figure 2
below presents an illustration of this ”fattening” of ~,.

Remark 7.1. Notice that the deformation of the boundary of T° (7.9) has been done in
such a way that the rescaled domain éFa has a smooth boundary which can be locally

parametrised by a smooth function f with O°f = O(1), B € N, uniformly in o.

Figure 2. The left hand side shows the curve v surrounded by the tube v, and
the domain  (dashed line) where we are counting the eigenvalues of Pji,. The
right hand side shows the same picture with ~, enlarged to I, = ['¥*t U T U
I'1,o Ul'2 4, i.e. the whole grey area. The decomposition into an ”exterior” part,
an ”interior” part and into the thin tubes I';, connecting exterior and interior
will play a role in the proof of Lemma 7.3.

Continuing, we define ¢(z) = ¢n(2) by requiring that

(7.11) N¢(z) =1In|det(pn(7) — 2)| on K\ Ty,
and
(7.12) ¢(#) is continuous in K and harmonic in To

Here we assume that K is large enough to contain a neighborhood of I',. Choose

(7.13) t= N,
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for some fixed ¢y €]0, 1] with 0y < £, see (7.4), (1.13). Then
Cy6Me 2 = exp(InCy — M1Ins — N /2),
and we require from ¢ that
InCy — MIng — N°/2 < —N“/4

1.e.

In Cg Neo
> — .
B Ty,
This is fulfilled if N > 1 and o
Ind > —
no = —ei
1.e.
(7.14) 5> exp [~ N0

and (7.13), (7.14) imply (7.8) when N > 1. Notice that (7.4) implies (7.14) for N > 1.
Combining (7.6), (7.11), (7.13) and (7.14), we get for each z € K \ I',, that

(7.15) In|det(Py — 2)| > N(é(2) — €1),
with probability

(7.16) >1—e N g N/
where

(7.17) e = No 1,

Here and in the following, we assume that N > N(«, K) sufficiently large.
On the other hand, with probability > 1 — e *, we have by (7.5)

(7.18) In|det(P} — 2)| < N(p(2) + 1)

for all z € K\ I',. Then, since the left hand side in (7.18) is subharmonic and the right
hand side is harmonic in I',, we see that (7.18) remains valid also in I', and hence in all

of K.

7.2. Counting zeros of holomorphic functions with exponential growth. Let () €
C be as in Theorem 1.1, so that 0€2 intersects 7 at finitely many points 21, ..., zx, which are
not critical values of p and where the intersection is transversal. Choose z1, ..., z;, € 0Q\T,,
such that with rq = Cya, Cp > 1, we have

7o 7o
(7.19) 1 <z — 7| < 5
where the z; are distributed along the boundary in the positively oriented sense and with

the cyclic convention that z;1 = 2. Notice that L = O(1/«). Then

L
09 | JD(zj,70/2)
1

and we can arrange so that z; ¢ I', and even so that
(7.20) dist (z;,['s) > «a,

for a > 0 sufficiently small.

Choose K above so that € K. Combining (7.18) and (7.15) we have that det(Pg — z)
satisfies the upper bound (7.18) for all z € K and the lower bound (7.15) for z = z,..., 2L
with probability

(7.21) >1—0(a V) (e N e N0,
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Since ¢ is continuous and subharmonic, we can apply [Sj10, Theorem 1.1] (see also [Sj19,
Chapter 12]) to the holomorphic function det(P} — z) and get
L(dz))

Recall that L = O(1/«) (hence O(1) for every fixed o). A¢ is supported in I', and the
number of discs D(z;,7¢) that intersect I, is < O(1) uniformly with respect to a. Also
In(|z — zj| /o) = O(1) on the intersection of each such disc with T',. Since €; = N1 we
get from (7.22):

(7.92) ‘#(U(P;;)mz)—g /Q AGL(d2)| < O(N)x

0

Le + / AGL(dz) + /
( dQ+D(0,70) Z D(z;, 7“0)

with probability (7.21).

|Z—Zj|

To

(7.23)  |#(a(PS) N Q) ——/A¢L (dz)

< O(N) (Oa(Neo‘l) + A¢(Z)L(dz)) .

/(VOOQ)+D(0,2TO)

7.3. Analysis of the measure A¢. By (3.4) we have that

N+M
(7.24) In|det(pn(7) — 2)| = Z In|z — A,
where
i ,
)\j—p(eXpN—i—M)’ 1<j<N+M,
and this expression is equal to N¢(z) in K \ T',.
Define

N+M

(7.25) U(z) = ——Zln|z Al

so that 9 is continuous away from the \; € v,

(7.26) ¥(2) = 0in C\ Ty,
(727) ¢ fara: 0,
N+M

(7.28) Z 8y, in T .

It follows that in I',:

(7.29) Z Gr, (2, )

where G, is the Green kernel for I',.
¢ is harmonic away from 0I',,, so for ¢ as a distribution on C, we have supp A¢ C 9T,
Now ¢ — ¢ is harmonic near 0T, so AY = A¢ near 9I',. In the interior of I', we have
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(7.28) and in order to compute At globally, we let v € C5°(C) and apply Green’s formula
to get

(AY,v) = (¢, Av) = YAvL(dz)

T's
:/ vaL(dz)—F/ ¢3,,v|dz|—/ dyu|dz]|.
o ar., or.,

Here v is the exterior unit normal and in the last term it is understood that we apply 0,

to the restriction of 9 to IO“CY then take the boundary limit. (7.27), (7.28), (7.29) imply
that in the sense of distributions on C,

(730) Al/J - —— %J(A (1\%4 Gpa ) L@I‘a (dZ)

where Lyp, denotes the (Lebesgue) arc length measure supported on 0T,,.
By the preceding discussion we conclude that

(7.31) _r (i G (- Lapa(dz)> |

Each term in the sum is a non-negative measure of mass 1:
(7.32) / 9, G2 \) Lor, (d2) = 1.

Before continuing we will present two technical lemmas.

Lemma 7.2. Let X € C be an open relatively compact, simply connected domain with
smooth boundary. Let u € C®(X) with u [gx= 0. Let 20 € 0X and let W € W &€ C be

two open relatively compact small complex neighborhoods of zy, so that the closure ofW
18 contained in W. If u s harmonic in X N W, then for any s € N

(7.33) ||ul

Here H® are the standard Sobolev spaces.

Hs(XNW) < Os,w(l)”UHHO(XmW)-

Proof. The proof is standard, and we present it here for the reader’s convenience.

1. Let W7 € W & C be two open relatively compact small complex neighborhoods of
2o, so that the closure of W is contained in W. Let x € C°(C; |0, 1]) be so that y =1
on Wi and supp x C W. Integration by parts then yields that

/ IxVu|*dr = / xVu- (V(xu) —uVy)dr
Xnw XOW
= —/ xuV(xVu) + xuVu - Vy)dzx
Xnw

= —2/ xu Vu - Vydzx.
XnW

In the last equality we used as well that u is harmonic in X NW. By the Cauchy-Schwarz
inequality
HXVU\’%2(XmW) < O(l)HXVUHm(XmW)HUHH(XmW),
which implies that
IXVull 2 xawy < O(1)|Jul|L2xnw)-
Hence,

(7.34) [l g oy < O ||ull L2 (xawy-
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2. Since W is small, we may pass to new local coordinates y, and we can suppose that
2o = 0 and that locally 0X = {y2 = 0}. If ¢ is a local diffeomorphism realizing this
change of variables then the Laplacian can be formally written in the new coordinates as

(7.35) © (@) 'v,) - ((¢)7'V,),  with A, = (67" 0 Ao ¢,

Here, L is an elliptic 2nd order differential operator, and ¢’ is the Jacobian map associated
with the diffeomorphism ¢.

Working from now on in these new coordinates, we proceed by an induction argument:
suppose that

(7.36) [

meri(xnwy) < O)|Jul| s xaw)-

holds for some s € N. Here we write as well W, W, for the respective sets in the new
coordinates to ease notation. We want to show that we then also have

(7.37) || ul

HoH2(XNW,) < O(1)(ul HsT1XNWy)-

where Wy @ W is a slightly smaller neighborhood of zy = 0, whose closure is contained
inside W;.

Let x € C*(C;[0,1]) be so that x = 1 on Wy and suppx C Wi. Let 0;ju(y) :=
t(u(y + te;) —u(y), where z € C ~ R? and ey, ey is the standard orthonormal basis of
R?. Then, by the hypothesis (7.36) applied to 9; jxu, for |t| < 1, we get

e+ xawn) < O[O ixul| s (xew)
< O()|xOu1ul| s (xnwy + O)||[0,1, X]ul
< O |ull gsrr(xamwn) + O ||lull s (xawr),

101 xul

Hs(XNW)

uniformly in [t| < 1. In the last inequality we used as well that x0;;u and [0y 1, x]u =
(Or1X)u(- + tey) are supported in W for |t| < 1. Performing the limit ¢ — 0, we get

(7.38) 10y, xtl| zrs+1 (xemn) < O(1)ul
Thus, for j = 1,2, we have that
(7.39) 10y, Oy, x| 112 (xewy < O(1)]|0y, ul

By (7.35), it follows that there exists some smooth function a # 0, such that

Hs+1XNWy)-

Ho 1 (XnWy) < O(1)]ul Hs+1(XNWy)-

1 -
(7.40) 852xu = —Lyu — Lyu,
a

where L is a second order differential operator with smooth coefficients and which does
not contain the derivative 0;2. Since w is harmonic in X "W it follows that Lyu = [L, x]u.
Since [L, x| is a differential operator of order 1, it follows from (7.40) and (7.39) that

(7.41) 0y, xul

2
e xawn) < O) Y 110y, 0 xtll i xew) < Ol o+ (xow)-
1

In combination with (7.38) this yields
(7.42) ||ul

o2 (xnws) < |Ixul| s xnwyy < OQ)|[ull gsv xawy).-

Thus, by choosing a decreasing sequence of nested compact neighborhoods of zp, say
W =Wy € Wy--- @ Wy = W, we may iterate the estimate (7.36), which then in
combination with (7.34) yields (7.33). O
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Lemma 7.3. There exists a C' > 0 independent of « > 0, such that for any1 < 7 < N+M

1 ==l
(743) ‘al/GFa(Z7 )\])’ S Ee Ca )

for z € O, Nneigh (YN ON), A\; € Ty, |2 — Aj| > a/C. (7.43) also holds when z € I,
A€l |[z=X| > a/C and (z,))) € (2 x (C\Q))U(((C\Q) x Q).

Proof. 1. By scaling of the harmonic function Gr, (-, A;) by a factor 1/a, it suffices to
show that

[z2=X]

(7.44) |G, (2, A))] <e oo,
for (z,A;) as after (7.43) with the difference that z now varies in I', instead of 0T,

To see this, recall from the construction of I', after (7.8) that dist(0I's, A;) > « and fix
a point zg € Il let C7 > 0 be sufficiently large so that for any z € D(z,a/C;) N T, we
have that (z,\;) satisfies the conditions after (7.43) with z varying in D(zp,/Cy) N T,
instead of JI',.

Let u(z) := G, (az,)\)), z € 1T, be the scaled function, and recall Remark 7.1. Let
X € C°(C;0,1]) be so that x =1 on D(z/a, 1/(4C1)), supp x C D(z0/cr,1/2C) = W’
and 9% = O(1), uniformly in « for any 3 € N2. Moreover, put W = D(zy/a, 1/C).

Then yu € H*(T', NW’) for any s > 0. We can find an extension v € H*(R?) of yu so
that [[v]| s < O(1)||xu| s rorw). Using the Fourier transform, we see that for s > 2 and
for z € D(z9/c,1/(4C1))

(7.45)  [Vo(2)] < O)|[[¢[v]] 2 < OM)[IIEKE) "2l ]
By Lemma 7.2 and (7.44), we see that

e < O(D)Ixull s ranm)-

l2=x;/al
(7.46) 0,0(2)] < O ull ey < O e,
and

(7.47) (0,Gr. ) (az, ) < O(1) e ¢,

which implies (7.44) after rescaling and potentially slightly increasing the constant C' > 0.

2. We decompose T, as T UJT**UT; ,U...UT'1,, where I and I'“** are the enlarged
parts of T, with I'" C Q, I'*"* ¢ C\ Q and I'y 4, ..., 1, are the regular parts of width
2a, corresponding to the segments of v, that intersect 02 transversally, see Figure 2 for
an illustration. Here, T is the number of intersections of v with 0€2, notice that T is finite
and independent of N, «.

For simplicity, we assume that I and ['*** are connected and that each segment Ty,
links '™ to I'*** and crosses 02 once. We may think of I, as a graph with the vertices
't Tert and with Ty, as the edges.

Let first \; belong to ['". We apply the first estimate in Proposition 2.2 in [Sj10] or
equivalently Proposition 12.2.2 in [Sj19] and see that —Gr, (2, A;) < O(1) for z € T,
|z — Aj| > 1/O(1). Here and in the following the constants O(1) are independent of j
and a. Furthermore, the notation 1/O(1) means 1/C for some sufficiently large constant
¢ >0.

Possibly, after cutting away a piece of I'y , and adding it to I'™, we may assume that
—Gr,(z,j) < O(1) in I'y . Consider one of the Iy, as a finite band with the two ends
given by the closure of the set of z € dI'y o with dist (z,0I'y) < a. Let Gr, , denote the
Green kernel of I'y . Then the second estimate in the quoted proposition applies and we
find

—Gpm(x,y) < O(l)e“x_w/(o‘o(l)), when z,y € I'y o, |2 —y| > a/O(1).
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Let
u = XGFQ('7 )\J) fr,ma

where x € C®(I'k4;[0,1]) vanishes near the ends of I'y,, is equal to 1 away from an
a-neighborhood of these end points and with the property that Vxy = O(1/a), V?y =
O(1/a®). Then uj,, = 0and Au = O(a™?) is supported in an a-neighborhood of the

union of the two ends and hence of uniformly bounded L!-norm. Now we apply the second
estimate in the quoted proposition to u = [ Gr, (-, y)Au(y)L(dy) and we see that

(7.48) Gr, (-, A;) = O(e~ V@O,

in {x € Iiy; dist(z,00NTy,) < 1/O(1)}. Here, we also recall that \; € v & I,
Varying k, we get (7.48) in {z € ['y; dist (z,00QNT) < 1/0(1)}. Applying the maximum
principle to the harmonic function Gr, (-, A;) [(c\@)nr., We see that (7.48) holds uniformly
in (C\Q)NT,.
Similarly, we have (7.48) uniformly in
{z € Ty; dist (z,00N~v) <1/0(1)}Uu(QnTy,),

when \; € T%* and we have shown (7.44), (7.43) when \; € T U T, Similarly, we
have (7.43) when \; € v, is close to one of the ends.

It remains to treat the case when \; € 74, is at distance > 1/O(1) from the ends of
Yk, Defining u = xGr, (-, Aj) [+, . as before we now have

Au = [A7X]GFQ(~,/\]-) + (5>\j,

where the first term in the right hand side has its support in an a-neighborhood of the
union of the ends and is O(1) in L'. By the second part of the quoted proposition we
have

(7.49) u(z) = O(1) exp (—ﬁ min (dist (z, ends (V4.4)), |z — )\j|)) ,

away from an a-neighborhood of ends (y4,,) U{A;}. Here ends (74,) denotes the union of
the two ends of 7j . Since u is harmonic away from A; and from a-neighborhoods of the
ends, we get from (7.49) that

(750)  Vulx)=0 (é) exp (—ﬁ min (dist (2, ends (1a)), [ — Aj\)) ,

which gives (7.43) near 9Q2N~. By using the maximum principle as before, we can extend
the validity of (7.43) to all of ', \ D(\;, a/O(1)). O

Continuing, notice that by (3.4), (7.24)
(7.51) #Ho(Psg) Omh = #{Sx Npy' )}, N =N+ M,

for n C 7. Since two consecutive points of S 5 differ by an angle of 27/ N and by the
assumptions (1)-(4) prior to Theorem 1.1, we get that

#{\;; dist (A\;,002N~v) <4drg} = O(aN)
and also

#{); dist (A\;, 00 N7) € 210,25 o[} = O(a2FN), k=2,3, ...
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From (7.43) and (7.31) we get

N
— ApL(dz) = /
2 () ZJ: ((920y)+D

(0QNy)+D(0,2r0)

0,Gr, (2, ;) L(dz)
(0,2r0))NATq

= O(aN) + i Z e=2"/00)
k=2

Ao
5
dist (A 6907)6[21“7"0 2k+1r0[

(aN+ 26_2 /0( )a2kN>

O(aN) +O(1 / e t/0W gt
O(aN).

(7.52)

Combining (7.32) and (7.43), we get when dist (\;,0Q N ~y) > 2rg:

1+ O(1)e~d M2/ when ); € ©,
/ aVG’\/a (Z, Aj)LﬁFa (dZ) = O —dist (;,09M7)/O(c) !
0N (e i , when \; & Q.

We now get

ﬁﬁ /Q A¢L(dz) = 2. /6 o VGro (2, A7) Lor, (d2)

J; dist (A;,7yNOQ) <4rq

5 3 |06, ()L (02
P dTaNQ

/\]'EQ,
dist (A j,7N0Q)€[2Frg,2k+1rg[

+ Z Z / auGFa (Za )‘j)La"/a (dZ)
o', N

k=2 AjEC\D,

(7.53) dist (A;,7N0Q)€[2F rg, 20+ 1]
=O(aN) + ) > (14 O(1)e 2 /0M)y
k=2 AjEQ,

dist ()\j ,’yﬁBQ)E[rio ,2k+1r0[

Sy owene

k= AjEC\Q,
dist (>\j ,’YQOQ)E[QkT072k+1T0[

— #{)\; € Q} + O(aN).

+

Thus (7.23) gives

#(o(Py) NQ) = #({N} N Q) + O(aN) + Oa(N®)

(7.54) _x < /S . (d9)> + O(aN) + On(N%) + o(N),

25

with a probability as in (7.21) which is bounded from below by the probability (1.15) for
N > 1 sufficiently large. Here and in the next formula we view py and p as maps from
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St to C. In the second equality we used that by (7.51)
N
#({ANQ) =~ Lgi(df) + O(1)
T JSinpt(Q)
N
21 Slﬁpﬁl(ﬂ)

N

- 27 Slnp—1(Q)

(7.55) Lgi (d6) + O(M)

Ls (d@) + O(N),

where we used that py — p uniformly on S' and where the measure Lgi(df) in the
integral denotes the Lebesgue measure on S*.

Theorem 1.1 follows by taking o > 0 in (7.54) arbitrarily small and N > 1 sufficiently
large.

8. CONVERGENCE OF THE EMPIRICAL MEASURE

In this section we present a proof of Theorem 1.2 following the strategy of [SjVo19, Sec-
tion 7.3]. An alternative, and perhaps more direct way, to conclude the weak convergence
of the empirical measure from a counting theorem as Theorem 1.2, has been presented in
[SjVo19, Section 7.1].

Recall the definition of the empirical measure {y (1.20). By (1.21), (1.5) combined
with a Borel Cantelli argument, it follows that almost surely
(8.1) supp &n © D(0, [[pllpes + 1) = K € DO, ||p]loe(sn) +2) & K’

for N sufficiently large. For p as in (1.4), put

(5.2) = (iLSI)

21

which has compact support,
(8.3) supp ¢ = p(Sh) C K.

Here, %L g1 denotes the normalized Lebesgue measure on S*.

We recall [SjVol19, Theorem 7.1]:

Theorem 8.1. Let K, K’ € C be open relatively compact sets with K C K', and let
{tin}nen € P(C) be as sequence of random measures so that almost surely

supp pn C K for n sufficiently large.
Suppose that for a.e. z € K' almost surely
Uu,(2) = U,(2), n— oo,
where p € P(C) is some probability measure with supp u C K. Then, almost surely,
[y — [, N — 00, weakly.

This Theorem is a modification of a classical result which allows to deduce the weak
convergence of measures from the point-wise convergence of the associated Logarithmic
potentials, see for instance [Tal2, Theorem 2.8.3] or [BoCal3].

In view of Theorem 8.1 it remains to show that for almost every z € K’ we have that
Ue, (2) = Ug(2) almost surely, where

Ueyl2) = = [ tog 2 = alt(do). Ue) = [ 1ogz - ale(do)
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For z ¢ o(PY)
1
(8.4) Uey(2) = N log | det(P% — 2)|.

For any z € C the set 3, = {Q € CV*N;det(Py + 6Q — z) = 0} has Lebesgue measure
0, since CN*¥ 3 Q + det(P§ — 2) is analytic and not constantly 0. Thus uy(X.) = 0,
where py is the Gaussian measure given in after (1.11), and for every z € C (8.4) holds
almost surely.

Let § satisfy (1.13) for some fixed dp €]0,1] and 6; > 3. Pick a gy €]dp, 1[. Let
z € K'\p(S'). Recall (4.17). For o > 0 sufficiently small, we have that z € K"\~,.

Put t = N% as in (7.13), which together with (7.14) implies (7.8) when N > 1. Since
(1.13) implies (7.14), it follows by combining (7.14), (7.5), (7.6) and (7.7) that

1
(8.5) N log | det(P3 — 2)| — ¢(2)| < O(N=h).
with probability > 1—e N —e V" Here, #(2) := N~'In|det(pn(7) — 2)|, since z & 7,.

Using a Riemann sum argument and the fact that py — p uniformly on S*, we have
that

(8.6) |p(2) + Ue(2)] — 0, as N — oo.
Thus, by (8.5), (8.6), we have for any z € K'\p(S") that
(8.7) |Uey (2) — Ue(2)] = o(1)

with probability > 1 — e V" — e=¥°* By the Borel-Cantelli theorem if follows that for
every z € K"\p(S")

(8.8) Uey(2) — Ue(z), as N — oo, almost surely,
which by Theorem 8.1 concludes the proof of Theorem 1.2.
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