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Abstract

We study a transmission problem, in population dynamics, between two juxtaposed
habitats. In each habitat, we consider a generalized diffusion equation composed by the
Laplace operator and a biharmonic term. We, indeed, allow that the coefficients in front
of each term could be negative or null. Using semigroups theory and functional calculus,
we give some relation between coefficients to obtain the existence and the uniqueness of
the classical solution in LP-spaces.
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1 Introduction

In this work, using analytic semigroups theory, we study a transmission problem for a coupled
system of generalized diffusion equations in LP-spaces, with p € (1,400). We denote by
generalized diffusion equation, an equation of the following form

kA% — [Au = g,

with k&, € R and g given. This equation is obtained using the Landau-Ginzburg free energy
functional, we refer to [8] or [29] for more details. This work is a natural continuation of
the works done in [19] and [35]. Here, we investigate the influence of the Laplace operator
and the biharmonic term in the diffusion. In population dynamics, the Laplace operator
model the short range diffusion whereas the biharmonic operator represents the long range
diffusion. Thus, generalized diffusion is a linear combination of these two operators.

Usually, in most models k,[ > 0, but in many works like for instance [8], [16], [27], [28]

r [29], the authors explain that the biharmonic term plays a stabilizing role if £ > 0 and a
destabilizing role when k < 0. This is why, in the present paper, we consider k € R\ {0}
and [ € R.

Many works have treated generalized diffusion equations and transmission problems as-
sociated to it. For instance, we refer to [3], [6], [8], [10], [20], [21], [22], [23], [28], [29] and
[30], for the study of such an equation in population dynamics and to [11], [13], [19] and [35]
for transmission problems associated to it. Note that [19] and [35], consider applications in
population dynamics wheras [11] and [13], consider applications in plate theory.

We define Q = Q_ U Q4 the n-dimensional area, n € N\ {0, 1}, constituted by the two
juxtaposed habitats Q_ := (a,7) X w and Q4 := (v,b) X w with their interface I' = {7} X w,
where a,7,b € R with a < v < b and w being a bounded domain of R*~ 1.

We investigate the study of the following transmission problem

k+A2U+ — l+AU+ = g+, in Q+
(EQpac) { k_A2u_ —I_Au_ = g_, in€Q_,



where kr € R\ {0}, I+ € R, ug € Q4 are population density and g+ € LP(Q4) are given.

Note that the case ki,l+ > 0 has been already treated in [19] and the case l; = 0 with
k1 > 0 has been already treated in [35]. Thus, in the the present article, the most important
new results concern the other cases. Indeed, as in the two previous cases, the key point of
this article is the inversion of determinant operator but unlike the two previous cases, the
writing of this determinant operator by the functional calculus must take into account the
sign of the constants ,%r and Ilg—*_ Therefore it is necessary to detail each case and for each
of these cases, we give conditions between the different constants k+ and [+ which make it
possible to invert this determinant operator.

Here, we denote by (z,y) the spatial variables with = € (a,b) and y € w. The above
equations are supplemented by the following boundary and transmission conditions

(1) U+($7C) = 0, z€ (’Y? b): ¢ € 0w
Au—($7<) = 07 T € (CL,’)/), C € Ow
AU+($,C) = 0, z€(v,b), (€0w
(BCpae) u—(a,y) = ¢ (y), Yew
aw(b, y) = ¢f), yew
u_ _
(2) E(av y) = ¥ (y)v yew
duy — 7t
W(@ ) = $2 (y)7 Yy ew,
where ¢ and @i are given in suitable spaces, and
U—- = Ugp on I’
- L on T
(Tcpde) v §
k_Au_ = k’+AU+ on I
0 0
% (k_AU_ — l_u_) = % (k+AU+ — Z+U+) on I

In (BCpge), the boundary conditions on the two first lines of (1) means that the individ-
uals could not lie on the boundaries (a,b) x dw, because, for instance, they die or the edge
is impassable. The boundary conditions on the two second lines of (1) mean that there is
no dispersal in the normal direction. It follows that the dispersal vanishes on (a,b) X Ow. In
(2), the population density and the flux are given, for instance on {a} x w and on {b} X w.
This signifies that the habitats are not isolated. Then, in (T'Cpq.), the two first transmission
conditions mean the continuity of the density and its flux at the interface, while the two
second express, in some sense, the continuity of the dispersal and its flux at the interface I'.

This article is organized as follows.

In section 2, we give our operational problem. Section 3 is devoted to some recall on
BIP operators and real interpolation spaces. In section 4, we give our assumptions and main
results. Then, in section 5, we state some preliminary results that will be useful to prove
our main result. Finally, section 6, which is composed of three parts, is devoted to the proof
of our main result.

2 Operational formulation

Since we have



we set

{ D(Ag) = {v € WP(w) : ¢
VZ/J c D(Ao), Aow = Ayw

Thus, using operator Ay, it follows that each equation of (EQpq4.) writes

0 on dw}

L3

k:i: Ao)us(z) = f(z),

where uy(x) == us(x,-), fr(x) = g+(z,-)/k+ and f_ € LP(a,v; LP(w)), f+ € LP(y,b; LP(w))
with p € (1, +00).

Moreover, since the boundary conditions (1) of (BCpq.) are included in the domain of
Ag, problem (EQpge) — (BCpge) — (T'Cpge) becomes

I+

uf @)+ (240 -

Il (x) + (AG —

ol (@) + (240 — 15 D) + (A — 5 Aghus(a) = fole), for e x € (.0
+ +

u () + (240 - ]i{ D () + (4G - lf AoJu—(z) = f-(x), forae x € (a,7)

u-(a) = o1, us() = ¢f

u (@) = ¢y, ui(b) = @3

u-(y) = up(v)

u_(y) = ui(v)

k_u” (y) 4+ k- Aou—_(v) = kL (v) + ky Aoui(7)

ke u® (v) + k_Aou’_(v) —l_u' () = k+uf) (7) + kg Aoy (v) — Lyl (),

Then, we will consider a more general case using (A, D(A)), instead of (Ag, D(Ay)), with
—A a BIP operator of angle 64 € (0,7) on a UMD space X, see below for the definitions of
BIP operator and UMD spaces, and f € LP(a,b; X).

More precisely, setting r1 = =, we study the following transmission problem (P):

k4>

EQ) { ul (2) + (24 —ry DUl (2) + (A2 =74 Aus(2) = fol@), @€ (3,b)
WD)+ @A —r_ D' (2) + (A2 —r_ Au_(z) = f_(2), € (a,7)
(BC){u—(a) = o1, up(b) = ¢f
) u(a) = ¢y, ui(b) = ¢
u—(y) = up(v)
c) u_(y) = ui(7)

kpul (7) + kg Aug ()

D () + by Auly (7) = Ly ().

~u® () + k_ A (y) — Ll (7)

The transmission conditions (7°C') will be divided into

](I+'LL+

u—(7)

TC1
ey { u’_ ()

and

k_u” () + k- Au_(v)
kou® () + k- Au’ () — 1_!_(y)

(TC2) {

3

Ferull (7) + ke Auy ()

k) (9) + kA () — Ll (7).



Note that (T'C2) is well defined, see Lemma 3.8 below.
We will search a classical solution of problem (P), that is a solution u such that
{ U+ = Uj(~,b) S W4’p(’77b;X) mLp(’Yab;D(AZ))? u/—{— S Lp(’%baD(A)% (2)

U= Uy € WHP(a,y; X) N LP(a,v; D(A?)), u” € LP(a,; D(A)),

and which satisfies (EQ) — (BC) — (T'C).
Note that such a solution is not W*P(a,b; X) but uniquely W*P(a,v; X) in Q_ and
W4P(~,b; X) in Q.

3 Definitions and prerequisites

3.1 The class of Bounded Imaginary Powers of operators

Definition 3.1. A Banach space X is a UMD space if and only if for all p € (1, +00), the
Hilbert transform is bounded from LP(R, X)) into itself (see [4] and [5]).

Definition 3.2. A closed linear operator 7} is called sectorial of angle a € [0, 7) if
i) o(Ty) C Sa,
ii) Vo e(am), sup{|AA —T1) e s A€C\Su} < +oo,
where

Seo =

z€C:2+#0 and |arg(z at if ae(0,m),
{{6 # |arg(z)| < o} € (0,m) 3)

(0, +00) if a=0,
see [17], p. 19.

Remark 3.3. From [18], p. 342, we know that any injective sectorial operator T} admits
imaginary powers 77°, s € R, but, in general, 77® is not bounded.

Definition 3.4. Let 6 € [0,7). We denote by BIP(X,0), the class of sectorial injective
operators 75 such that

ii) VseR, TieL(X),
iii) 3C>1,VseR, |[|T5|x) < Cell?,

see [31], p. 430.

3.2 Interpolation spaces

Here we recall some properties about real interpolation spaces in particular cases.

Definition 3.5. Let 73 : D(T3) C X — X be a linear operator such that
(0,+00) Cp(T3) and IC>0:Yt>0, [t(Ts—t)"zx) <C. (4)
Let k € N\ {0}, 6 € (0,1) and ¢ € [1,+oc]. We will use the real interpolation spaces
(D(T§), X)o.g = (X, D(T5))1-6.4,

defined, for instance, in [24], or in [25].



In particular, for k = 1, we have the following characterization
(D(T3), X)oq := {w € X : t — 0| T(Ts — t1) M x € LI(0, +00) },

where L{(0,+o0) is given by

o0 1/
L0, +00;C) := {f € L9(0,+00) : (/0+ |f(t)|qit> ’ < +oo}, for ¢ € [1,+00),

and for ¢ = +o00, by

LF(0,400;C) :=  sup |[f(t)],
te(0,400)

see [9] p. 325, or [15], p. 665, Teorema 3, or section 1.14 of [36], where this space is denoted
by (X, D(T3))1-9,4- Note that we can also characterize the space (D(73), X)g, taking into
account the Osservazione, p. 666, in [15].

We set also, for any k € N\ {0}

(D(T5), X)isng = {0 € D(TE) : T € (D(T3), X)oq}

and
(X, D(T))ks0q = {v € D(TF) : T € (X, D(T3))oq }

see [26], definition 3.2, p. 64.

Remark 3.6. The general situation of the real interpolation space (Xo, X1)g,, with Xo, X1
two Banach spaces such that Xy < X7, is described in [24].

Remark 3.7. Note that for T satisfying (4), T¥ is closed for any k € N\ {0} since p(T3) # 0;
consequently, if k6 < 1, we have

(D(T5), X)o.g = (X, D(T§))1-0,4 = (X, D(T3))k-k0, = (D(T3), X) (k14804 C D(T3 ).
For more details see [25], (2.1.13), p. 43 or [15], p. 676, Teorema 6.
We recall the following lemma.
Lemma 3.8 ([15]). Let T3 be a linear operator satisfying (4). Let u such that
w e W™P(a1,by; X) N LP(a1, by; D(TY)),

where a1,b; € R with a1 < by, n,k € N\ {0} and p € (1,+00). Then for any j € N satisfying
the Poulsen condition 0 < ]% +j <nands € {ay, b}, we have

u(s) € (D(T¥), X)

Jod -
n+np’p

This result is proved in [15], p. 678, Teorema 2’.

4 Assumptions and statement of results

4.1 Hypotheses

In all the sequel, ro,r_ € R, k1 k_ > 0 and A denotes a closed linear operator in X. We
assume the following hypotheses:



X is a UMD space,
[min(ry,r—,0),+00) C p(A),

—A € BIP(X,0,) for some 64 € [0,7),
—A € Sect(0).

(H1)
(Ha)
(H3)
(Ha)

Remark 4.1.
1. Due to (Ha), if at least one parameter r4 or r_ is negative or null, then 0 € p(A).

2. Operator Ay, defined by (1), satisfies all the previous hypotheses with X = L(w),
g € (1,+00) and r4 € p(Ap). From [33], Proposition 3, p. 207, X satisfies (H;) and
taking Ay + r4 I in [14], Theorem 9.15, p. 241 and Lemma 9.17, p. 242, we deduce
that Ao satisfies (Hz). Moreover, (H3) is satisfied for every 04 € [0,7), from [32],
Theorem C, p. 166-167. Finally, (H,) is satisfied thanks to [17], section 8.3, p. 232.

3. In the scalar case, to solve each equation of (EQ), we need to solve the characteristic

equations
X'+ (2A—ro)x? + (A% —rpA) =0,

thus, in our operational case, we consider the following operators
L. = —/-A+r_I, Ly :=—y/-A+ry ] and M = —v-A. (5)

Due to (Hs) and (Hs3), —A, —A+r_1I and —A + ry I are sectorial operators, so
the existence of L_, Ly and M is ensured, see for instance [17], e), p. 25 and [1],
Theorem 2.3, p. 69.

4. From [17], Proposition 3.1.9, p. 65, we have D(L_) = D(Ly) = D(M). Thus, for
n,meNand m<n

D(L) = D(M™) = D(LM"™™™) = D(M™L?™™).
5. From [31], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (H2) and (H3)
imply that —A +ry I € BIP(X,64) and due to [17], Proposition 3.2.1, e), p. 71, that
“L_,~L.,—M € BIP(X,04/2).
Moreover, from [31], Theorem 4, p. 441, we get
—(L_ + M), —(Ly + M) € BIP(X,04/2 +¢),

for any € € (0,7/2 — 04/2).

Since we have 0 < 04/2 < 7/2, then due to [31], Theorem 2, p. 437, we deduce that
L, Ly, M,L_+ M and L, + M generate bounded analytic semigroups (e**-)
(GIL+)I>0v (emM)x>Ov (6x(L7+M))x>0 and (€$(L++M))x>0~

x>0

6. Using the Dore-Venni sums theorem, see [12], we deduce from (H;p), (Hz) and (Hs)
that 0 € p(M)Np(L-)Np(Ly) N p(Ly + M) N p(L_ + M).

7. From (5), we deduce that
Vi eDM?), (L3 —-M)p=ry¢ and (L2 — M) =r_4. (6)
and also that

Vip € D(M), (Ly—M)p =1 (Ly+M)"Y and (L_—M)p =r_(L_+M) . (7)



4.2 Main results
To solve our operational problem (P), we introduce two problems:

ut (@) + 24 — ry D!l (2) + (A% —ry A)uy () = fo(x), forae z € (v,b)
(Pr)q us(y) = ¢1, ur(d) = ¢f
)

=
~
Il
S
no

and
u_4)(ac) +RA—7r_Du" (z)+ (A2 —r_ A)u_(x) = f_(x), forae. =€ (a,y)
(P-) u-(a) = o, u(7) =
u (a) = ¢y, u(y) = o,

Remark 4.2. Recall that u is a classical solution of (P) if and only if there exist ¢, € X
such that

(1)  wu— is a classical solution of (P_),
(i)  wy is a classical solution of (Py),
(191) wu— and ug satisfy (7'C2).

Therefore, our aim is to state that there exists a unique couple (¢1,12) which satisfies

(i), (i) and (i4i).

Theorem 4.3. Let f_ € LP(a,v; X) and fi € LP(v,b; X) with p € (1,400). Assume that
(Hl), (HQ), (Hg), (H4) hold and k4k_ > 0. Thus

1. when ry,r_ € R\ {0},

o ifry >0andr_ >0,
o ifry <0andr_ <0, such that

(L — 1) (ks — ko) >0,
e ifry > 0and r_ <0, such that

—6l_ky + 14k +1k_ >0,
o ifry <0andr_ >0, such that

—6lyk_ +l4ky + 1k >0,
Lk
2. when ry € R\ {0} and r_ = 0 with o < 2,
+

o if ry > 0 such that

2
( t+1+\/%) ki forte(() 1> fixed,

T+ 2 5 ) _
t2 4k2 | AT 2 x)

e if ry < 0 such that
27k2
64k2

T+ X



k
3. when ry =0 and r— € R\ {0} with ki < 2,

e if r_ > 0 such that

2
> ( i \/i) K2 fi 0 1 fixed
> , orte xed,
t2 4k% r[A7 |z ox)

T_—

e if r_ < 0 such that
27k2
<=
64k3

then, there exists a unique classical solution u, of the transmission problem (P) if and only
if
o, 07 € (D(A%X)l—i-%,p and @3, @5 € (D(A),X)H_%JF%JJ. (8)

Remark 4.4. Since the third case is the symmetric of the second one, replacing ky by k_
and [y by [_, the proof if exactly the same. Thus, we omit it.

Remark 4.5. If A = Ay, to satisfy the first condition set in the second or the third case of
Theorem 4.3, since A7 zx) = C’%ﬂ where C,, is the Poincaré constant, it suffices to take
w sufficiently small because the more w is small, the more C,, is large, see for instance [7],
Corollary 2.2, p. 95 and Corollary 2.3, p. 96, or [2], Remark 3, p. 15.

As a consequence of the previous Theorem, we state the following corollary.
Corollary 4.6. Let n > 2, fy € LP(Q24) and f_ € LP(Q_) with p € (1,400) and p > n.
Assume that w is a bounded open set of R*~! with C?-boundary. Let ky,k_,l, > 0 and
[ < 0 with k4 = k_. Then, there exists a unique solution u of (Ppge), such that we have

u_ € WHP(Q_) and uy € WHP(Q,), if and only if

goI—L, (pét € W2P(w) N Wol’p(w)
A, € W2 5P (w) N WP (w)
Ay € Wl_%’p(w) N WyP (w).

The proof is quite similar to the one stated in [19], Corollary 1, p. 2941, or in [20],
Corollary 2.7, p. 357. Thus we omit it.

5 Preliminary results
In all the sequel, we set
c=v—a>0 and d=b—~>0.

From Remark 4.2, to solve problem (P) we must first study problems (P;) and (P-). To
this end, we need the following invertibility result obtained in [20] and [34].



Lemma 5.1 ([20] and [34]). Assume that (Hy), (H2), (H3) and (Hy) hold. Then operators
Ui, Vi € £(X) defined by

1
U, = I — Wb+ tM) _ E(LJr + M)? (edM - edL+) , ifry e R\ {0}
I — M 4 oqnreM . ifr, =0
D e edL++M) —(L+ + M2 (e — et ) | if e R\ {0}
I — M 2dMedM ifry =0
c(L_+M) 1 2 ( ecM cL_ : (9)
U I—e —T—_(L_+M) (e —e ), if r— e R\ {0}
I —e2M 4 92eMeM, ifr_=0
1
S e M (L M) (e —et-), ifr_ e R\ {0}
I — &M _2cMeM, ifr_ =0,

are invertible with bounded inverses.
From Remark 4.1, statement 4, Uy and V. are well defined. For a detailed proof, see
[20], Proposition 5.4 with k = r1 and [34], Proposition 4.5, p. 645.
5.1 Transmission system
5.1.1 First case
Assume that r+ € R\ {0}. We set

P = kg (Ly + M) (U + e™)(I = ) 4 VT = e™M)(1 4 e5))

P = k(L + M) (UZNT = ™) (T = e4) 4 V(T + M) (1 + %)) (10)
P = ky(Ly+ M)Ly (U + e™)(1 4 ethr) 4 V(T = e®™M)(1 = ethr))

and similarly
Pro= k(L4 M) (U + eI = eho) + VENT = eM) (I + e))
Py = k(Lo + M) (UM = eI = eho) + VILT + €M) (I + e0)) (11)
Py = k_(L_+M)L_ (U: (4 M) (I + ) 4 VT = eM)(I = eh)).

Moreover, we note

St = ky(Ly+ M) (U — et )t 4 Vi (T +e0h) )

(12)
—k (L + M) (UZNI = e2) g™ + VLT + e )gs7)
and
Sy = —kp(Ly + M) (UTHT + ™)t + VT - e)g57)
(13)
—k (L + M) (UZM(I + M)~ + VI (T = eM)gg™) = 2M 'Ry,
with

Ry = —ky F)/(3) + ke M2FL(3) + 1L F (7) + k_F"(3) — k_M2F' () = _F.(3), (14)



where F is the unique classical solution of problem

{ ul (@) + 24 — vy D!l (2) + (A2 — vy A)uy () = fy(x), for ae. x € (v,D) 5)
ur(7) = uy (b) = ull(y) =/ (b) =0,
and F_ is the unique classical solution of problem
{ 0P (2) + (24 — r_ D" (z) + (A2 — r_ A)u_(z) = f_(z), for ae. z € (a,7) (16)
u_(a) =u_(3) = u’ (a) = (7) = 0.

For an explicit representation formula of the solution of both previous problems, we refer to
[20], Theorem 2.2, p. 355-356.

Remark 5.2. Since F is a classical solution of (15), respectively (16), from Lemma 3.8, it
follows that, for j =0,1,2,3 and s =a, y or b

F(s) € (D(M), X)y i1,

Now, with our notations, we recall a useful result of [19], Theorem 4.6, p. 2945. This

result is proved for r > 0 but clearly remains true for r4 < 0.

Theorem 5.3 ([19]). Let f_ € LP(a,v; X) and f € LP(~,b; X), with p € (1,+00). Assume
that (Hy), (H2), (Hs3) and (Hy4) hold. Then, the transmission problem (P) has a unique
classical solution if and only if the data ¢, ¢7,¥5, @, satisfy (8) and system

(Pr =P )Myr + (Pf+P )t = S

(17)
(PF+P)er + (PP—P ) = S
has a unique solution (1)1, 2) such that
(¥1,42) € (D(A), X)y, 1, % (D(A), X)y 12 (18)
5.1.2 Second case
Now, assume that r_ = 0; then I_ = 0 and the transmission conditions (7°C2) becomes
ku (y) +k-Au_(v) = kpull(y) + ki Aup(v)
(TC2') ) ) (19)
kou(y) + k-Au(y) = kyul’ (v) + ke Al () — Ll (7).
Our aim here is to establish a similar result to the previous one. To this end, we set
Qr = ko (Ut vt (1 €M)
2 2
Qy = k_ <U1 (I — GCM) + vt (I+ eCM) > (20)
2 2
Q; = k_ (U_—l ([+ecM> Lyt (I_ecM) > ,
Moreover, we note
Sy = 2k M (UZH (1= eM) g + VI (T+eM) gy
(21)

kg (L + M) (U (1= ) gt + Vit (T4 e ) gt

10



and

Sy = =2k M (U= (I+eM) gy + V! (T—eM)gy)
(22)
—ky (L + M) (U;1 (I 1 edM) &+ V! (I - edM) @T) 1 2M 'Ry,
with 3 3
Ry = —k_F"(9) + k_M2F () + by FI'(7) — by MPFL(7) = L F(y),  (23)
where F_ is the classical solution of problem
e (7) + 2Au” (2) + A%u_(x) = f_(x), ae. x€ (a,7) (24)
u—(a) =u_(y) =u"(a) =u" () =0.

Remark 5.4. Since F_ is a classical solution of (16), as in Remark 5.2, from Lemma 3.8,
it follows that, for j =0,1,2,3 and s =a, yor b

FY(s) e (D(M),X)y_ .1,

— (5) ( ( )7 )37.]{»%7])

Theorem 5.5. Let f_ € LP(a,v; X) and fi € LP(v,b; X), with p € (1,4+00). Assume that
(H1), (H2), (H3) and (Hy4) hold. Then, problem (P) has a unique classical solution if and
only if the data ¢}, @7, 3, @5 satisfy (8) and system

(P —2MQ7) My — (P +2MQ3 )4 = S5
(P +2MQ5) v+ (2MQT —Pf)ws = Si,

has a unique solution (11, 2) satisfying (18).

(25)

Proof. We follow the same steps than the proof of Theorem 4.6, p. 2945 in [19], we only
point out the key points. From [20], Theorem 2.5, statement 2, there exists a unique classical
solution uy of (Py) if and only if

@Tﬂpl € (D(A)7X)1+ﬁ,p and 903_71/}2 € (D(A)vX)1+%+2%,p- (26)
Recall that, from Remark 3.7, we have
(D(A)7X)1+i,p = (D(M)7X)3+%,p and (D(A)aX)lJr%Jri,p = (D(M)’X)2+%,p' (27)

This solution is explicitly given in [19], Proposition 2, p. 2943-2944, from which we deduce
that

ko (u’fr(*y) — M2u+('y)) =1y (I - edL+> af + 14 (I + edL+> af,

and
by (0P () = M2l (7)) = L () = =M (T4 ™) of — 1M (1= ™) off
ke FY' () = ke MPFL () — L FL (),
where
1
Cki‘r = ?<L+ =+ M)U;l |:L+(I + 6dL+)wl - (I - 6dL+)w2 + (ﬁii_:|
+
1
af = =g Ly + MU M+ ™)y — (1= ™) + 5]
+
(28)
1
aj = o Lt M)V [L+(I — M) — (I + e+ ) + 85;;]
+
1
of = —g—(Ly+ M)V [M(1 = ™)y — (1 + ™)y + 5],
_l’_
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with

ot = —Ly (T+e) gt + (T =) (FLb) + Fy(7) — ¢
Gt = =M (I+e™)f + (1—e™) (FL(b) + Fi(7) — 97 29)
ot = Ly (T— e ) gt — (14 et (FL®) - FL(O) - 0])
ot = M(I—e™)gf — (1+e™) (FLb)— FL(v) - 3 ).

and F, is the unique classical solution of problem (15).
In the same way, from [34], Theorem 2.8, statement 2, p. 637, there exists a unique
classical solution u_ of problem (P-) if and only if

p1,%1 € (D(A), X)1 1, and 05,9 € (D(A), X)yy1, 1, (30)
Note that from (27), we have

901_a¢1 € (D(M)aX)3+%7p and ¢2_7¢2 € (D(M)7X)2+%’p-

Moreover, this solution, given in [34], Proposition 4.1, p. 640, is explicitly written in [35],

Proposition 4.2, from which it follows that

k_ (u'i(’y) — Mgu_('y)) =—k_ (2M (I - eCM) ay, —2M (I + eCM> az) )

and
k_ (u_g)('y) — Mgu’_(fy)) = k_ (2M2 (I + eCM> oy — 2M? (I — eCM> 0@)
ko FO () — k_M2F' (v),
where
ay = —%U:l (T4 (T + eM) ™) gy — ce™Mpy + 37 |
a; = %U_‘l [(I i eCM) My + (1 - eCM) by + By
Z (31)
a; = %V_‘l (1= (T + eM)e™ ) g + ce™Mpy + 35|
o = gV [(T—e™) My + (T4 €M) 0 4+ 07
with
G- = — (I+eCM) 0] —ce (M(pl +py; — F' (a) —Fi(’y))
Go~ = —-M (I—i—eCM) p; + (I—eCM) (cp —F’,(a) —F' (v)
(32)
Gsm = (I—e™M)pr —ce™ (Moy + 95 — F'(a) + (7))
by = M (I— eCM) 0] — (I—I—eCM) (gog — F' (a) +F’_(7)) )

Note that due to (26), (27), (28) and (29), respectively to (27), (30), (31) and (32), we
deduce that
a;t € D(M), fori=1,2,3,4 and a;,0; € D(M?).
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Thus, system (T'C2), given by (19), writes
~2k M ((I=eM)ay — (I+eM)ag) =1y (I-er)af + (I +et+)af)

2k_M? ((I + eCM> oy — (I - eCM> a;) =4 M ((I+ edM) af + (I - edM) aé“) +Ra,
where Ry is given by (23). Thus, it follows that the previous system gives

2k UM ([— eCM) [(I—i—eCM) My + (I— GCM) (05 +¢2_:

iy (Ly + MU (1 = et

s (Lo + M)V (14 el

2k MUY (I 4 M

+2k MV (1= M) [(1— M) Myn + (1 +eM) s + 7|

Ly (I + et )gy — (I = et )ipn + G |

(1)
(1)
g (Ly + MU (14 M)
i (L + M)V (1= ) [Lo (1 = etbryypn — (I + et ) + GF| = 2M 'Ry,

Finally, using (10), (20), (21), (22
system (25).

Conversely, if we assume that (8) holds and system (25) has a unique solution (¢, 12)
satisfying (18), then considering u4 the unique classical solution of (Py), we obtain that u
is the unique classical solution of (P). O

and (23), we obtain that the previous system writes as

5.2 Functional calculus

In this section, by using functional calculus, we rewrite the operators defined in (9), (10),
(11) and (20), to inverse the determinant operator of system (17) and system (25).

To this end, we recall some classical notations. For § € (0,7), we denote by H(Sp)
the space of holomorphic functions on Sy (defined by (3)) with values in C. Moreover, we
consider the following subspace of H(Sp):

Exo(Sp) = {f € H(Sp): f =0(z]"°) (|]z2| = +00) for some s > 0}.

In other words, £,(Sp) is the space of polynomially decreasing holomorphic functions at
+oo. Let T be an invertible sectorial operator of angle 07 € (0,7). If f € £x(Sp), with
0 € (07, ), then we can define, by functional calculus, f(T') € £(X), see [17], p. 45.

Then, we recall a useful result from [20], Lemma 5.3, p. 370.

Lemma 5.6 ([20]). Let P be an invertible sectorial operator in X with angle 6, for all
6 € (0,7). Let G € H(Sp), for some 6 € (0,7), such that

(i) 1 -G € Ex(Sh),
(ii) G(x) # 0 for any x € R\ {0}.

Then, G(P) € L(X), is invertible with bounded inverse.
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Let r € R, r, = max(—7,0), 6 > 0 and z € C\ (—o0, ry,]. We set

e LVETT VR (eVF - V) | ifr e R\ {0)
usr(2) =
1_6—25\/2_25\/26— , ifr=0
. IR | (er Va? (e7VE— VAT it r e R\ {0}
Vsr\2) =
1— e 20V2 4 95 /ze V7, ifr=0

and when u;,(2) # 0, vs,(2) # 0, we note
< z+r ) Vz+ ru(s_i(z) (1 + 6—5\/2) (1 + e_5m)
(ver

+(Vztr+ )\/mv;;(z)@—e—éﬁ)(1_6—5m), if r € R\ {0}

6 r, 1
(ugé(z) + Ua_’&(z)> (1 - 6_25\/5) , if r =0,
- (\/m + \/§> ugrl(z) (1 + e“sﬁ) (1 - e‘éVm)
fora(z) =4~ (VR4 V2) 05 )() (1= e7V3) (14 e7V3F7) it r € R\ {0)

uz s (2) (1 - 6_6\/2)2 +vs0(2) (1 + 6_5\/5)2 , if r =0,
and

- (W + ﬁ) ugi(z) (1 — 6_5\/;> (1 — e—&/ﬁ)
frra(z) =4 ~ (Va7 +v2) vt (2) (14 e7VF) (147 it r e R\ {0}

2 2
udo( )<1+e ﬁ) —i—v(;&(z) (1—6_6\/2) , ifr=0
Remark 5.7. Note that, from (H) and (Hz), if 1 # 0, we have
Uer_ (—A)=U_, ug,, (—A) = Uy, Ve (—A) =V_,

(
Ud,r+(_‘4) = V+, k—fc,r,,l(_A) = Pl_u k+fd,r+,1(_A) = P1+7
k—fc,r_,2(_A) = P{) k+fd,r+,2(_A) = P2+a k—fc,r_,S(_A) = P?:a
ki far, 3(—A) =Py,

and if r_ = 0, we obtain
uco(—A) =U-, Veo(—A) =V, k_feoa(—A4) =Q7,
k—feo2(=A)=Qy, k_feo3(—A)=Q3.

Remark 5.8. Let § >0, 7 € R and z € (7, +00). Then, when r = 0, we have
1 — e 20V% 4 95 /ze™0V® = 27V (sinh(8v/x) + 6v/x) > 0,

and from [20], Lemma 5.2, p. 369, it clear that us,(z) > 0 and vs,(z) > 0. Thus, when
r # 0, we deduce that

f&,r,l(q:) >0 and fd,r,Q(fE)a f6,7‘,3(x) <0,

and when r = 0, we obtain

f501(2), f502(x), f503(z) > 0.
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Moreover, for z € C\ (—oo,ry] and r € R\ {0}, we define

irle) = VT (L= e BOFAY L S (a4 ya) (e - )
—Hf((l—e m+\f) (\/m—i-\[) ( NE e‘sm)z)Q,

and for r = 0, we set

4 2
g50(2) = (1 +>2) (1 - 6_25‘&) +4 (1 - 6_26\/2) e VE 16452, 10V

Lemma 5.9. Let § > 0 and « € (ry,,+00). Thus, if » € R\ {0}, then g5,(z) < 0 and if
r =0, then gso(z) > 0.

Proof. Let 6 > 0 and r € R\ {0}. For all z € (ry,, +00), from [19], Lemma 4.4, p. 2950, we
obtain the result.
Now, consider that » = 0. Then

4
o) = (14 V&) (1 - 2VE) a2 (1 V) gt 2o

4
= (1++a) (1 - 6_26ﬁ)
420V (1 — e WVE _ 9 Wz 6_5\/5) (1 — e WVE 4 9 Wz 6_6\/5) .
Hence, since §,x > 0, we have

L= eV 95V = TV (VR 95 )
= 2¢79V7 (sinh(8y/z) — 6y/x) > 0.

Finally, we deduce that gso > 0. O

6 Proof of the main results

In both cases, assume that problem (P) has a unique classical solution; thus, from Theo-
rem 5.3, respectively Theorem 5.5, (8) holds. Conversely, assume that (8) holds, then due
to Theorem 5.3, respectively Theorem 5.5, we have to prove that system (17), respectively
system (25), has a unique solution such that (18) holds.

The proof is divided in three parts for both cases. First, we will make explicit, in the
first case, the determinant of system (17) and in the second case, the determinant of system
(25). Then, in the two cases, we will show the uniqueness of the solution. To this end, we
will invert the determinant thanks to functional calculus. Finally, we will prove, in all cases,
that ¢ and ¢ have the expected regularity.

6.1 Calculus of the determinant
6.1.1 First case

Here, we consider 4, r_ € R\ {0}. We have to make explicit the determinant of system (17)
that we recall here

(Pr=P) My + (PF+P)un = 8

(PF+B)wn + (Pr—P)r = 5

15



We write the previous system as a matrix equation A1 W = S, where

- (Pl_—Pf“)M P+ Py N (s
Al_( (P3++P§) EPl—Pj ’ \IJ_(zbz and 5 = Sy |-

To solve system (17), we will study the determinant
2
det(Ar) := M (Py = PF) = (B + Py ) (B + Py ),

of the matrix A;. Thus, we set

det(A1) = DY + Dy + Da, (33)
where
2
Df = M(P') - PP
— — 2 — —

Dy = M(P) - PP

Dy = —-PfP; —P;yPf—2MP; P .
Then, we recall the result of [19] (Lemma 5.1, p. 2953), describing the determinant.
Lemma 6.1 ([19]). We have

1. Df = —4k2 (L4 + M)?U?V2D™, with
2 1 2
D+ — L+ <(I _ eQd(L++M)) _ 7([44, 4 M)4 (eQdM _ eQdL+)
=
2
_ de+mN? 1 2 (. dM _ _dL.\?
M<(I e ) +T2+(L++M) (™ —ett)7)
2. Dy = —4k2(L_ 4+ M)2U"2V 2D~ with
D- — I (I— e2c(L_+M))2 B i(L + M) (esz B €2cL_>2
_ 3 (L=
—M (I — eC(L—+M))2 + i(L + M)? (eCM — eCL—)2 :
77 (- |

6.1.2 Second case
Here, we consider 7y € R\ {0} and r_ = 0. As previously, we make explicit the determinant

of system (25) that we recall here
(P —2MQT) My — (P +2MQ3)vs = S
(P +2MQ5 ) en  + (2MQ7 — P ) = Si,

We write this system as a matrix equation AsW = S, where

AQZ((PT—2MQI)M —(P;+2MQ5))7 @:<¢1> o §:<

(P +2MQy)  (2MQr - PY) o
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To solve system (17), we will study the determinant
2
det(Ag) := —M (P = 2MQy ) + (P +2MQy ) (P +2MQ; ),

of the matrix As. We set
det(Ag) = D; + D3 + Dy,

where
D; = P2+P3Jr - M (Pfr)2 and Dy = 4M? (QQ_QE —M(Qf)z) ;
with
Dy =2M (PfQ; +PfQy + MPQy).
Lemma 6.2. We have
1. Df = k3 (Ly + M)?U?V2DY, with

2 1 2
Dar = Ly <(I . 62d(L++M)) . 772(L+ + M)4 (e2dM . e2dL+)
+
-M ([ _ ed(L++1‘4))2 + 1
B
2. Dy = 16k> M?U-*V_2D; , with
4 2
Dy = (1= M) (1= e*M) 41— M) M — 16c2M2elM.
Proof.

1. We have
Py P =k (Ly + M)’L UV 2D,

where

D, = (U2+VE) (I —eM)(1 - e2hs)

+ULV, ((I+ edM)2( 4 edlr)2 4 (] — edM)2(] — edL+)2>
= (UJQr + Vf) (I 4 ed(L++M))2 _ <€dM i edL+)2]

(I+ed(L++M))2 " (edM +€dL+)2}

+oUL V,

= Uy +Vy)? (I + ed(L++M)>2 —(Vy —UL)? <€dM i edL+>2'

Moreover, from (9), we obtain that

(L —|—M)2 (edM _ edL+)2>2'

(34)

2
Uy + Vi =2(1—e®&H0) and vy — U, = = (Ly + M)? (e — ett+) . (35)

.
Then
D\ = 4 (I — ed(L++M))2 (I n ed(L++M))2

_%(LJr + M) (6dM B edL+)2 (edM +edL+)2
¥
_ (I— 62d(L++M))2 _ é(LJr L) (esz _ e2dL+)2.
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Furthermore, we have
2
M (P)" = k2(Ly + M)2MUS2VI2DY,
where
2
DI = (VeI + eI = ehr) 4 UL(T = e™)(1 + ethr))
2

= [+ V) (1= B 0) 4 (v -0 (e o),

and due to (35), it follows that

DY = |2 (I — ed(L++M))2 + i(LJr + M)? (edM — edLJr)zr )

T4

Finally, we deduce that
2
Df = BfPf-M(P)
— R(Ls+ MPUTVIE (LD, — MD)),

and setting D = Ly D', — M D'/, we obtain the expected result.

. We have
Q5 Q5 =K UZ2V_2D |
where
D = (V (I - eCM)2 LU (I T eCM)2> <V (I T ecM)2 LU (I - eCM>2>
= (v2+v2)(1- chM)Q +20_V_ (I- eW)2 F16U_V_e2M,
and

M(Qr) = BRMUV U+ Vo) (1M
= KUV [M (02 +v2) (1 - V) +2mu_ve (1~ 620M>2} |

Thus 9
Q@5 — M (Qr) =K UZv2D!,

where

D’ = (I-M)(U2+V2) (I—e2cM)2 +2(1 - M)U_V_ (I~ chM)Q

+16U_V_e*M
= (I-M)(U-+V.)* (I~ chM)2 + 16U_V_eM.
Moreover, from (9), we obtain that
U+ Vo =2(1- M) and UV = (1-M) —4a2eM,
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Then
4 2
D" =4(I — M) (I - e2cM) 116 (I - chM) e2M _ G4c2 )M2e4eM.

Therefore, it follows that

— 2 — AN \2
= 16k M?*U2V 2Dy,

1
where D, = 1 D",

6.2 Inversion of the determinant
6.2.1 First case

Here, we consider r,r_ € R\ {0}. Let r = max(—r4,—r_,0) > 0. By using functional
calculus, we prove that the determinant of system (17), given by (33), is invertible with
bounded inverse. Due to Lemma 6.1 and the definition of D5, we obtain:

DY =g (=A), Dy =g;(-4) and Dy =go(—A4),
where, for z € C\ R_, we have set
2 = ARE(ETT VR ()02 (2)gar (2)
2) = AR (V2 +V2) ugl (2)v) (2)ger (2)

92(2) = kyfaroa(2)k_fer_3(2) + k- fer_1(2)ky far, 3(2)
—2V/Zky far, 2(2)k— fer_2(2),

with us ., v5,, g5, and fs,; the complex functions defined in section 5.2. Thus
det(A1) = D + Dy + Dy = fi(—A), (36)

with f1 = gi + g7 + go. Note that, for some 6 € (0,7), we have f; € H(Sp) and due to
Remark 5.8 and Lemma 5.9, for x > 0, we have

fi(z) = gf (x) + g7 (x) + g2(z) < 0. (37)

Let C1, 5 be two linear operators in X. We denote by C; ~ Cy the equality Cy = Cy + X,
where Y is a finite sum of terms of type kLﬂrU_”M”eaLJreﬁL—e‘SM, where k € R; [,m,n € N;
a, 3,0 € Ry with a4+ 8+ § # 0. Note that 3 is a regular term in the sense:

S e L(X) with X(X)C DM™®):= () DMF).
k>0

Since we have Uy ~ I, Vy ~ I, then by setting W =U_U,V_V, ~ I, we deduce that
WP ~ 2ki(Ly+ M), WP, ~ 2k_(L_+ M)
WPy ~ 2ki(Ly+ M), WPy ~ 2k_(L_+ M)
WP ~ 2k (Ly+M)Ly, WPy ~ 2k_(L_+ M)L_.
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Thus
W2det(Ay) = M (WP;L)Q ~ (WPfWPS) + M (WP;)2 — (wrywry)
— (WPy WP + WP WPy + 2MW P WP )
~ —4k3(Ly + M)*(Ly — M) — 4k (L— + M)*(L_ — M)
—4kik_(Ly + M)(L-+ M)(Ly + L_+2M).
From (7), we have
~W2det(Ay) ~ 4kiri(Ly+ M)+ 4k2r_(L_ + M)
+4ky k(L4 + M)(L-+ M)(Ly+ + L_+2M)
~ Ak ly(Ly + M) +4k_l_(L_+ M)
+dkyk_(Ly + M)(L- + M)(Ly+ + L_+2M)
Hence, we note
By =4kyly (Ly + M)+ 4k_l_(L- + M) +4kyk_(Ly + M)(L- + M)(Ly+ + L_ + 2M).
Thus, we obtain
det(Ar) = —W 2 (31 + Z kleiLTjMnjeajL+eﬂjLe5jM) ’ (38)
JjeJ
where J is a finite set and for any j € J:
kj € R; lj,mj,n; €N, «aj,0;,0; € Ry with a; + 5; +d; #0.

We set
l I_
By =1+ ki(L_ + M) YLy +L_4+2M)7 4 (Lt M) ™MLy +L_+2M)"*
- +
such that
By =4k k_(Ly + M)(L_ 4+ M)(Ly + L_ +2M)Bs.

Proposition 6.3. Assume that (Hi), (H2), (Hs), (H4) hold and kyk_ > 0. If one of the
following assumptions holds

= I

N d—>0
o > 0 an i >0,
Iy _
¢ — < 0and — <0, such that
k_ k4
(L — 1) (ks —k_) >0, (39)
I _
¢ — >0 and — < 0, such that
k_ ky
—6l_ky+1l ke +1_k_ >0, (40)
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l I
e — <0and . > 0, such that

- -+

—6lik_ + ik +1k_ >0, (41)

then, by(z) > 0, for x > r > 0 and operator Bj, defined above, is invertible with bounded
inverse.

Remark 6.4. Since kyk_ > 0, then we have the following equivalences

I I_
+ >0«r, >0 and > 0= >0
- +

Proof. From (Hz) and (Hs), since kyk_ # 0, it is clear that
0€p@kihk_(Ly+M)( Lo+ M)(Ly+ L_+2M)).

Thus, it remains to prove that 0 € p(Bz). To this end, we use Lemma 5.6.
Let z € C\ (—o0,r]. We set

L 1
bo(z) = 1+
2(2) k- (Vztr—+Vz)Vz+ri+VzFr-+2/z) (42)
I 1
+-— )
ke (Vztre+Vz2) (Ve +Vz+r-+2Vz)
hence by(—A) = By. Then, for all z > r > 0, it follows
L 1
bo(z) = 1+ -+
2() h- (VT T + Vo) (Y T iy +vE T+ 27T)
I 1
_{_7
ke (Vo 1y + Vo) (Vo +ry + o+ 712 4 2(/7)
Our aim is to prove that by(z) > 0, for all x > r. To this end, we set
y=x—r >0,
hence
I 1
boly+7) = 14+
2y +7) b (VU T F e Ty T (o T T s+ g Frh i+ 2y ¥ )
I 1
_’_7
ke Wy+r+re+Vy+r)(Vytr+re+Vy+tr+r+2Vy+r)
~ 1+ ! bs(y)
I V7= = = e/ ey ey I WD R
where
L 1
e k
bs(y) = + == :
W) = T e v ) | i s A i)
Then

ly 1 1 L 1 1
) = = (=t o) | i (ot Y 2e)

(W ETr V)2 (VT E ey r)?
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and
1 1 1
B (2\/y+r+r+ N \/m) bs(y)

. =
2y +7) Wy+r+ri+Vy+r+r—+2/y+r)
1
bs(y),

_l’_
(WVy+r+re+y+r+r—+2y+r)

Now, we have to study the following fourth cases

I
1. If Ii:i > 0 and — > 0, then it is clear that b3 > 0 and by > 0
- +
l I
2. If k:+ < 0and — < 0, then b5 > 0 and by > 0. Thus ba(y + ) > ba(r) where
- +
1 1
(0) > 1+ 5—=b3(0),

RO e NG

i

with
Iy
b3(0) = s + .
VIFr—+r  JrFri+r
Since /r +rL > 0 and /r +r_ > 0, it follows that
l+ Iy I i
>F and — B
N A NN R
hence 1 /1 ;
b3(0 =
30) > NG (k— " k+)
Thus, we obtain
1/l 1
b 14+ —(—+—
o(r) > 1+ (k_ + k+>

Moreover, we have

14+ —
+ 2r k_ ]€+
where l By
—r_ <++_), ifr=—r_
(k) S
b ke <k+ —I—l) if r r
[ - _
Nkl T +
Thus, we obtain that
<l+ I ) Iyky +1_k_ —21_k, >0, ifr=—r_
2r>z——+—
k- kg Liky 4+ 1 k- =2l k_ >0, ifr=—r.

I_ l
— 2 hence —l_ky > =14k

Furthermore, since kyk_ > 0, if r = —r_, then —— > o
- +

l I

* > = hence —l k_ > —I_ky. It follows that

and if r = —ry, then ——
ket _

l+k+ -+ I_k_ — l+k_ — l_k?+, ifr=—r_

l+k+—|—l7k7 —l+k7 —l,k?+, lf?": —T+.

VoWV

Lk +1k_ —2l_ky

Liky +1_k_ — 201k

Finally, if (39) holds, then we obtain by > 0.
22



l I
3.If - >0and — < 0, then since kyk_ > 0, we have

k_ ki

I Iy ki o I_ - k-,

— > 0= ——k 0 <— 0 d —<0<+— ——& 0<—=r_<0.
k_> k:+k:__> Ty > an k+< k_k:++< r- <

Thus r = —r_ >0, 74 > 0 and

Ly =
ky

k_
VItV in) (W rrrr v ir)

bs(y) =

[
Since k:i >0 and /y < /y + r it follows that

Ly =3
R

ko
> .
VY+HVy+r o 2yy+r

I
In the same way, since T <0and /y+7r+ry>yy+r, wededuce that
Jr

. I
N |

> )
Vy+r+re+Vy+r o 2y+r

hence ) ; ;
b (= —) .
W) > 5 (k_ N

LI L.
If = + = >0, then b3 > 0 and by > 0. If —— + — < 0, then we have

ko ks ko kg
boly+r) = 14 ! bs(y)
2V I OV o e o o NN N/ T R
1
> 14 ———b
3W3(y)
1l z)
> 1+ =
6(y+7“)</<?— k.

Moreover, we have

UL L Lo
1 — 4+ — ] >20<«<=6 — 4+ —=0.
RTOEED) (k+k+> +m++

It is obvious that

Iy 1 le 1
6 L) =6r
(y+r)+<k_+k+) r+k_+k+

thus, since k4 k_ > 0 and here r = —r_ = —k—_, we deduce that the previous inequality

becomes l l }
6 T > 0= —6l_ky + 1 ky +1_k_>0.
k— k- kg

Finally, since kyk_ > 0, if (40) holds, then by > 0.

l I
4. If k;i < 0 and T > 0, then here r = —r; and in the same way than previously, if
- +

(41) holds, then by > 0.
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Since r = max(—r4,—r_,0) > 0 and due to (Hs2) and (Hs), we deduce that operator
—A — I € BIP(X,0,) with 0 € p(—A — rI). Thus, considering by(z) = by(z + r), with
z+r € C\R_, it follows that by(—A — rI) = By. Moreover, for a given 6 € (0, ), it is clear
that 1 — by, 1 — by € Es. Finally, applying Lemma 5.6 with G = by and P = —A — rI, we
deduce the result. O

Due to (38) and Proposition 6.3, it follows that
det(Al) = —W_2BlF1, (43)
where
Fy =1+ > kB LY L™ M7 ol ofil= M, (44)
jeJ
For z € C\ (—o0, 7], we set

bi(z) = —Akik_(VEF 5 + V2 (VT + VAT + VEFT- + 2V2)ha(2), (45)

where by is given by (42) and

i) =14 3 dybi(2) 7 (—VEF ) (VEF 7)™ (—V/2)" e VT e VT O,

jed

Then, due to (Hy) and (H3), we have By = by(—A) and F} = fi(—A). Moreover, from (36)
and (43), we obtain )
fl(—A) = det(Al) == —W_2B1f1(—A).

Note that, we have
fi(2) = —ug 2, (2)og 2, (2ugr_(2)vg; (2)bi(2) fa(2). (46)

Proposition 6.5. Assume that (Hy), (H2), (Hs), (Hy) hold and kyk_ > 0. Thus

o ifry >0andr_ >0,

o if ry < 0and r_ <0, such that (39) holds,

o if ry >0 and r_ <0, such that (40) holds,

o if ry <0and r_ >0, such that (41) holds,
then, F1 € L£(X), given by (44), is invertible with bounded inverse.

Proof. For a given # € (0,7), we have fi, fi € H(Sg). Moreover, for z € C\ (—oo0, 7], since

kibi ' (2) (—vz ) (—vZF )™ (—vz)"™, forall j € J,

are polynomial functions, we deduce that 1 — f; € Exo(Sh).

From (37), Proposition 6.3 and Remark 6.4, we know that f; < 0 and b > 0 on (7, +00).
Then, since ug, , e, Vs Ver > 0 on (r,400) and due to (45) and (46), we deduce that
fi <0on (r,+00).

Therefore, noting f,.1(z) = fi(z 4 r) and applying Lemma 5.6 with G = f; and operator
P = —A —rI, thus we deduce that operator Fy = f,1(—A —rI) = fi(—A) is invertible with
bounded inverse. O

This result finally leads us to state the following main result of this section.
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Proposition 6.6. Assume that (Hy), (H2), (Hs), (Hy) hold and kyk_ > 0. Thus
e ifry >0and r_ >0,
e if rp < 0and r_ <0, such that (39) holds,
e if ry >0 and r_ < 0, such that (40) holds,
o if ry <0and r_ >0, such that (41) holds,
then det(A;) is invertible with bounded inverse.

Proof. From (43), Proposition 6.3 and Proposition 6.5, it follows that det(A;) = —W 2B Fy,
is invertible with bounded inverse. O

6.2.2 Second case

Let r4 € R\ {0} and r_ = 0. In the same way than previously, using functional calculus, we
prove that the determinant of system (25), given by (34), is invertible with bounded inverse.
Due to Lemma 6.2, and the definition of D4, we obtain:

Dgr:gf;r(_A)v D?T :g?:(_A) and D4:g4(_A)’

where, for z € C\ R_, we have set

91 (2) = AEL(VzHre+V2) ugl (2)vgl (2)gar, (2)
95 (2) = 16k% zu_3(2)v,5(2)ge0(2)
g1(2) = =2z (kyfar, 3(2)k—fe02(2) + ki far, 2(2)k—fe03(2))

+22ky far, 1(2)k— feo,1(2),
with us,, v5,, g5, and fs,,; the complex functions defined in section 5.2. Thus
det(Ag) = Dy + D3 + Dy = fo(—A), (47)

with fo = g5 + g5 + g4. Note that, for some 6 € (0,7), we have fo € H(Sp) and due to
Remark 5.8 and Lemma 5.9, for x > max(—r4,0), we have

fo(x) = ggr(x) + g5 () + ga(z), where g3+ <0 and g5,94>0. (48)
Lemma 6.7. Let kyk_ > 0. Then

o if r4 > 0 such that

N (\/er\/f)Q k2

ry > 2 4k+2,’ for t > 0 fixed. (49)
for all z > try, we have fa(x) > 0.
o if 7y < 0 such that )
ry < —21:3, (50)

for all z > —ry, we have fao(z) > 0.
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Proof. From (48), we deduce

fo(z) = g3 (%) + 94(x) = g5 (2) + 2k k_x far, 1(x) fe0,1(2).

Let r = max(—r4,0). For z € (r, +00), setting y = x — r > 0 and noting

h(y) =93 (y+7) +2kik (Y +7) far 1y +7)feor(y + 1),

it follows

y+r+ro+Jy+r 2
hl(y) - 4k-2i- (\/2 2 \/ ) 9d,ry (y +T)
ug ., (Y +r)vg,, (y+r)

+2k ik (y+7) faro1(y+7)feoi(y+r).

Since we have

2
0> gar, (y+7) > —vyFr oy (1— e 2Viim) T

then
y+r+ri +\y+r)y+r+r
h(y) VI AT VYTV T ha(y)
ud,r+ (y + T)vd7r+ (y + T)UC,O (y + T)UC,() (y + 7")
where
haly) = —Ki(Vy+r+ri+\y+r) (1 \/WJr\/W)) Ueo(y + ) veo(y +7)
2
ko (y+7) (1= e 2V g, (1) (14 e V) (14 e VIFTET)
2
ok (y+7) (1= e 2V ) g, (y + 1) (1— V) (1= e Vi)
2
> R (T V) (1 e M) (1 eV
2
i (y+r) (1— 2 gy,
with
h3(y) = var, (y+7) (1 + e*dm) (1 n e*dm)
+ud,7”+ (?J + ’I") (1 — e_d\/zm) (1 — e_d\/m)
and

ha(y) = 2var, (y+7) (14 e IWIFTFRAVIED) oy (y 4 1) (emWIFT 4 e VIFTT)

— 9 (1 _ e—d<m+m>) (1 n e—dwmwm))

2
WY FT T VY FT) (efd\/m_efdm) (e—d\/y?Jrede)
T+

-9 (1 _ e—%(Wh/W))

+2 Wy FrFre+y+r)? (e—zdm _ e—Qd\/W) .
T+

Moreover, for all y > 0, since we have

G—Qd\/y—i—r _ e—2d\ /y+r+ry

>0, forryeR\{0},
T+
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we deduce that

hs(y) > 2 (1 _ e—2d(m+\/y?)) :
and
2 2
holy) > —KA(Vy+r+ri+Vy+r) (1 - e‘2d(vy+r+T++Vy+r)) (1 - e_QCVyJ”')

+2ki k- (y +7) (1 - e*ZC\/W)Z (1 - eﬂd«/me))

2
> _ki(\/y +r+re+ \/y + 7") (1 — e_Qd(\/W-‘r\/]m)) (1 _ e_Qc\/y?)

+2kyk_ (y +7) (1 _ e—2d(m+¢m>) (1 B e_zcmf

- (1 _ 672d(m+\/y?)) (1 _ e*QC\/W)Z ha(y),

where
ha(y) =2k k_ (y+71) — KL (VyFr+ri+Vy+r).
Thus 12
y+r il
h >0« > . 51
1) Vy+r+ry+y+r " 2kik_ (51)
We set Y+
h = , 52
5() Vy+r+ri+Vy+r (52)
hence

, 1 1 y+r
hsly) = <\/y+r+r++\/y+r> <1_2\/y+r+r+>'

1. If r4 <0, then r = —r, and

y+r _y+r
y+r+re oy
moreover
1
hg(y)>0<:>1—§ y+r>0<:>4>y+r<:>y>g.
Y Y

Thus, we have
r

hs(y) = hs <3) \f+2\[ \[

This yields that for all y > 0, we have

Therefore, from (51) and (52), we deduce that

ki P ry ke
2k k_ 3V3 7 2k’

ha(y) = 0 <= hs(y) >

hence, since r = —ry > 0, we obtain
4 r_ ky \/? 3k r o 9k% 27k2
iz > = > L= - > = 1y >
3 \f 2% 8k_ 37 64k2 - G
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2. If r4 > 0, then r =0 and

y+r y

y+r+ry  y+rg

<1,

hence hf > 0 and hs is an increasing function. Thus, from (52), since r = 0, it follows

that
ho(y) =~
NTETEN
then 2
k
hs(y) > —t— e d >
W) 2 g St + 0 2k
Moreover, for t > 0 fixed, we have
k t k t k
hs(try) > - - - o

2k_

hence

= >
VI Dry +try — 2k

— N ;
Viti+viY T 7 2k

Vi+1 t k
NS +t+\/ t o

N (\/er\/f)Q K2

%W "+ Z 12 A2

Finally, if 4 > 0 such that (49) holds, then since y = z, for all > try, we have ha(z) > 0,
hi(x) > 0 and fo(z) > 0. Moreover, ;. < 0 such that (50) holds, then for all y > 0, we have
ha(y) > 0, hi(y) > 0 and since y = x + r4, for all x > —r, it follows that fa(x) > 0. O

Therefore, as in the first case, since we have Uy ~ I and Vi ~ I, then by setting

W =U_U,V_V, ~ I, we deduce that

WP ~ 2ki(Ly+ M), WQy ~ 2k_1
WPy ~ 2k (Ly+ M), WQ; ~ 2k_I
WP ~ 2ki(Ly+M)Ly, WQ; ~ 2k_1I.
Thus
2 2
W2det(Ay) = (WP;WP;—M(WPﬁ) )+4M2 (WQ;WQ;—M(WQ;))

+2M (WP WQ5 + WP WQs + MW P WQy )

~ 4k%(Ly + M)*(Ly — M) +16k> M*(I — M)
+8kyk_(Ly 4+ M)M(Ly + M +1).

From (7), we have

W2det(As) ~ dkir (Ly+ M)+ 16k2M*(1 — M)

+8kyk_(Ly + M)M(Ly + M + 1)

~ Akl (Ly + M)+ 16k2 M?*(I — M)
+8kyk_(Ly + M)M(Ly + M + 1)

Hence, we note

Bs = 4k ly (Ly + M) + 16k> M2(I — M) + 8kyk_(Ly + M)M(Ly + M + I).
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Thus, we obtain
det(Ag) = W2 | By + 3 kL% M™ietalsefiM | | (53)
JjEJ
where J is a finite set and for any j € J:

kj e R; lj,m; €N, «a;,8; € R with o; +3; #0.

k_
Proposition 6.8. Assume that (H;), (Hz2), (H3) hold and k1k_ > 0. If T < 2, then
+

0€p (81<;+k,(L+ + M)2M — 16k%M3) .

k_
Proof. Since kik_ > 0, we have T > (0 and
+

ke
L2 + 20 M + M? —2-—DM?| .

8kyk_(Ly + M)2M — 16k> M3 = 8k k_M -
+

From Remark 4.1, statement 5 and [31], Corollary 3, p. 444, we deduce that

L%, 2L M, M? € BIP(X,0,).

Thus, if k—_ < 1, then
ky

k-
L3 +2L M+ M*—2—
ey ot

M? =12 - k—_M2—|—2L+M+ (1 — :‘) M.
+

Moreover, for all 1y € D(M?) = D(A), due to (6), we have
k_ k_
(Li—MQ)wz [— (1— )A+r+l
ke, ke,

and from [31], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (Hz) and (H3)
imply that

¥,

- (1 - :‘) A+r I €BIP(X,04),
+

and . .
L2~ k—_M2+2L+M+ (1— 1?_

) M? € BIP(X,04 + ¢),
+ +

for any € € (0,m—804). Moreover, since 0 € p(L M), we deduce from [31], remark at the end
of p. 445, that 0 € p (L2+ — ’Z—;MQ + 2L, M + (1 — 2—;) M2>. Therefore, since 0 € p(M)
and kyk_ > 0, it follows that

0 € p(8kyk (Ly + M)2M — 16k2M*) .

k_
In the same way, if 1 < T < 2, then
+

ke
L1+2L+M+M2—2kM2=L1—M2+2L+M—2(—1>M2+M2—M2,
+
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hence, for all ¢ € D(M?) = D(A), from (6), we obtain

<L2+ + 2L M + M? — 2:;M2) Y =ryh+2M (L+ — (:; - 1) M) . (54)

Moreover, we have

o () (o (o)) (2 (0

and from [31], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (Hz) and (Hj)
imply that

<L2+ — (Z — 1>2M2> = (2 - :) A4 71yl € BIP(X,04). (55)

Finally, from (Ha), (Hs), (54), (55) and [31], Theorem 3, p. 437, we deduce that

rot +2M <L+ - (Z‘ - 1) M) € BIP(X,04),
+

OEp(r+w+2M(L+—<:+—1>M>>.

Therefore, since 0 € p(M) and krk_ > 0, it follows that

and

0 € p(Skk (Ly +M)2M — 16K2 M?).

0
We set
2 2 23 !
By = I+4kly(Ly+ M) (8kik (Ly + M)*M —16k2M?)
—1
+16k2 M2 (8/~c+k_(L+ + M)2M — 16k%M3) (56)
—1
+8ks k(L + M)M (8kyk_(Ly + M)2M —16k2M°)
thus, we have
By = (8kyk_(Ly + M)*M — 16k M*) By,
Moreover, from (53) and noting Bs = 8k, k_(Ly + M)?>M — 16k? M3, we have
det(Ag) = W7235F2, (57)
where
Fy=By+ Y kjBy 'L M™ ol M, (58)

jedJ
Now, for z € C\ [max(—ry,0),4+00), we set

Fo(2) = ba(2) + 3 kbs(2) Ve s E e VIR e V7,

jed
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where by(z) = by(2)bs(2), with
biz) = 1Ak L (VET T+ vE) (Skek (VETT5 + VE)2VE - 1642 Z°)
+16k2 2 (—8k+k_(m +v2) Wz + 16k%\/23)_1
Bk ko (VEF T +VEWE (Sheko (VT +VERVE - 16K2VE) T

and

bs(z) = —8kyk_(Vz ¥4 +vV2)2Vz + 16k2 V7.
Then fo(—A) = Fy, b3(—A) = Bs, by(—A) = By and bs(—A) = Bs. Thus, from (47) and
(57), we deduce that

F2(2) = ugy, (2)vgy, (2)ugg (2)ugg (2)bs(2) fa(2)- (59)

Proposition 6.9. Assume that (H;), (H2), (Hs), (Hy) hold and kik— > 0 with Z; < 2.
Jr
Thus
o if 74 > 0 such that

(V) i
2 4k2’

1
ry > for t € (0 ) fixed, (60)

el AT e
e if r; < 0 such that (50) holds,
then F, given by (58), is invertible with bounded inverse.
Proof. From Proposition 6.8 and (58), we deduce that F; is well defined.

o Assume that r4 > 0 such that (49) holds. Then, from Lemma 6.7 and (59), it follows

that fo does not vanish on (try,400), for ¢t > 0 fixed, which involves that u;fw v;i,

u;%, vc_ﬁ, bs and fg do not vanish on (try,+o0), for ¢ > 0 fixed. Moreover, due to

H>), there exists R = ——p—— > 0 such that B(0,R) C p(A). Therefore, setting
A= 2ex)
fire 2(2) = fa(z+try), with t € (0, m) fixed and applying Lemma 5.6 where

we have set G = fy, o and operator P = —A — tr, I € BIP (X,04) (due to (Hs) and

(Hs)), we deduce that operator Fy = fi., o(—A — tryI) = fo(—A) is invertible with
bounded inverse.

« Now, assume that r, < 0 such that (50) holds. Then f; does not vanish on (—r,, +00).
Moreover, from (Hz) and (Hj), we have —A + r I € BIP (X,04). It follows that
Fy = fr 2(=A+rI) = fo(—A) is invertible with bounded inverse.

O
This result finally leads us to state the following main result of this section.

k_
Proposition 6.10. Assume that (Hy), (H2), (Hs), (Hy) hold and kyk_ > 0 with o <2
+
Thus
o if r4 > 0 such that (60) holds,

o if ry < 0 such that (50) holds,
then det(Az) is invertible with bounded inverse.

Proof. From (57), Proposition 6.8 and Proposition 6.9, we obtain that det(Ay) = W~2B5Fy,
is invertible with bounded inverse. O
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6.3 Regularity
6.3.1 First case

Here, we consider r4,r_ € R\ {0}. From Theorem 5.3, we have to prove that system (17)
has a unique solution (1, 12) satisfying (18). The existence and uniqueness of this solution
is ensured by Proposition 6.6, so we have

P = (Pl_ — P1+) [det(Al)]il S| — <P2+ + P2_> [det(Al)]il Sa
(61)
vr = = (B B) let(A)] ! 1+ M (P = B [det(An)]! 52
Now, we have to study the regularity of [det(A;)]™". Since, in this case, the determinant

det(A;) is the same than the one in [19], we deduce, from [19], Lemma 5.3, p. 2958, that
there exists Ryee(a,) € £(X) such that

Ryet(ay)(X) € D(M),  [det(A1)] " = N7'+ N7 Raeqay),

where N = 4k k_(L_— + M)(Ly + M)(Ly + L_ 4+ 2M). Then, the rest of the proof is
similar to the one given in [19], section 5.3. Therefore, from (12) and (13), it follows that

51,52 € (D(M), X), 1, and thus
[det(A)]™" 1, [det(A)] 7 Sy € (D(M), X) 1, (62)
Moreover, from (61), we have
1= =2(ks(Ly + M) — k_(L— + M)) [det(A1)] " Sy
+2 (ki (Ly + M) — k_(L_ + M)) [det(Ay)] " S + S )

Yo = —2(ky(Ly +M)Ly +k_(L_ + M)L_)[det(A1)] 7" S
—2 (ky(Ly + M) — k(L + M)) [det(A1)] ™! Sy + S,

where Si, Sy € D(M®). Finally, from (27), (62) and (63), we obtain

Y1 € (D(M), X) (D(A), X)

1 pr—
3+57P

= (D(A), X)

14 55.p

1/)26(D(M),X)2+%7p 1+%+i’p'

6.3.2 Second case

Here, we consider 7 € R\ {0} and r_ = 0. From Theorem 5.5, we have to prove that (25)
has a unique solution (11, 12) satisfying (18). The existence and uniqueness of this solution
is ensured by Proposition 6.10, so we have

i = (2MQT — P [det(Ao)] 7" S5+ (P +2M Q5 ) [det(As)] ™ Ss
(64)

o = — (P +2MQ3) [det(As)] " S5 + M (P — 2M QT ) [det(A2)] ™" Si.

Now, we have to study the regularity of [det(A2)]™'. From (9), (56), (57), (58) and [20],
Lemma 5.1, p. 365, we deduce that there exists Rge(a,) € £(X) such that

Ryet(ar)(X) € D(M),  [det(A2)] ' = B5" + B! Rer(as)
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where we recall that Bs = 8k k_(Ly + M)?M — 16k% M3. Moreover, from (8), (27), (29)
and (32), we have

951’—7952_795;795;_7@27952— € (D(M)7X)2+%,p and 951_795:; € (D(M)vX)S-&-%,p'

Thus, from (21), (22), (23), Remark 5.2 and Remark 5.4, we deduce that

RQE(D(M),X);Z) and S3,S4€(D(M),X)1+;p,
p’ p’
which implies that
[det(A)] ™! S3, [det(Ag)] ™! Sy € (D(M), X)gi1y- (65)
Moreover, due to (10), (20), (64) and [20], Lemma 5.1, p. 365, we have
Y1 = —2(ky(Ly+ M) —2k_M)[det(Ay)] " Ss
+2 (kg (Ly + M) 4 2k_M) [det(A2)] ' Sy + S5
(66)

Yo = —2(kp(Ly~+ M)Ly+2k_M)[det(Ag)] ™" S5
+2M (ki (Ly + M) — 2k_M) [det(A2)] ™ Sy + S,

where S3, Sy € D(M®). Finally, from (27), (65) and (66), we obtain

U1 € (D(M)’X>3+%,p = (D(A)7X)l+%,p

1/]2 € (D(M)vX)Q_i_%m = (D(A)’X>1+%+%,p'
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