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Abstract

We study a transmission problem, in population dynamics, between two juxtaposed
habitats. In each habitat, we consider a generalized diffusion equation composed by the
Laplace operator and a biharmonic term. We consider that the coefficients in front of
each term could be negative or null. Using semigroups theory and functional calculus,
we give some relation between coefficients to obtain the existence and the uniqueness of
the classical solution in LP-spaces.
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1 Introduction

In this work, we study, using semigroups theory, a transmission problem for a coupled system
of generalized diffusion equations in LP-spaces, with p € (1, +00). We denote by generalized
diffusion equation, an equation of the following form

kA% — [Au = g,

with k&, € R and g given. This equation is obtained using the Landau-Ginzburg free energy
functional, we refer to [5] or [23] for more details. This work is a natural continuation of
the works done in [17] and [29]. Here, we investigate the influence of the Laplace operator
and the biharmonic term in the diffusion. In population dynamics, the Laplace operator
model the short range diffusion whereas the biharmonic operator represents the long range
diffusion. Thus, generalized diffusion is a linear combination of these two operators.

Usually, in most models k,[ > 0, but in many works like for instance [5], [13], [21], [22]

r [23], the authors explain that the biharmonic term plays a stabilizing role if £ > 0 and a
destabilizing role when k < 0. This is why, in the present paper, we consider k € R\ {0}
and [ € R.

Many works have treated generalized diffusion equations and transmission problems as-
sociated to it. For instance, we refer to [5], [18], [22], [23] and [24], for the study of such an
equation in population dynamics and to [7], [10], [L7] and [29] for transmission problems as-
sociated to it. Note that [17] and [29], consider applications in population dynamics wheras
[7] and [10], consider applications in plate theory.

We define Q = Q_ U Q4 the n-dimensional area, n € N\ {0, 1}, constituted by the two
juxtaposed habitats Q_ := (a,7) X w and Q4 := (v,b) X w with their interface I' = {7} X w,
where a,7,b € R with a < v < b and w being a bounded domain of R*~ .

We investigate the study of the following transmission problem

k+A2U+ — l+AU+ = g+, in Q+
(EQpac) { k_A2u_ —I_Au_ = g_, in€Q_,



where ky € R\ {0}, I+ € R, ur € Q4 are population density and g+ € LP(21) are given.
Note that the case ki,l+ > 0 has been already treated in [17] and the case [1 = 0 has been
already treated in [29]. Thus, in the the present article, the most important new results
concern the other cases.

Here, we denote by (z,y) the spatial variables with = € (a,b) and y € w. The above
equations are supplemented by the following boundary and transmission conditions

(1) u+(:1c,C) = 0, z€ (’77 b): ¢ €0w
Au_(m,C) = 07 T € (a”}/)’ C € Ow
AU+($,C) = 0, z¢€ (77())7 ¢ € 0w
(BCpae) u—(a,y) = ¢1(y), YEeEw
aw(b, y) = ¢of(y), yew
U _
(2) E(av y) = ¥9 (y)v yew
duy — 7t
W(@ ) = ¢3(y), yEw,
where (p%E and goét are given in suitable spaces, and
U— = Uy on I’
0@& = 8au7+ on I
(TChac) ! !
k_Au_ = ]{7+AU+ on I'
0 0
2 (k_Au_ —l_u_) = 2 (ky+Auy —lyuy) on T

In (BCpge), the boundary conditions on the two first lines of (1) means that the individ-
uals could not lie on the boundaries (a,b) x dw, because, for instance, they die or the edge
is impassable. The boundary conditions on the two second lines of (1) mean that there is
no dispersal in the normal direction. It follows that the dispersal vanishes on (a,b) x dw. In
(2), the population density and the flux are given, for instance on {a} x w and on {b} x w.
This signifies that the habitats are not isolated. Then, in (T'Cpqc), the two first transmission
conditions mean the continuity of the density and its flux at the interface, while the two
second express, in some sense, the continuity of the dispersal and its flux at the interface I'.

This article is organized as follows.

In section 2, we give our operational problem. Section 3 is devoted to some recall on
BIP operators and real interpolation spaces. In section 4, we give our assumptions and main
results. Then, in section 5, we state some preliminary results that will be useful to prove
our main result. Finally, section 6, which is composed of three parts, is devoted to the proof
of our main result.

2 Operational formulation

We set
{ D(Ap) := {1 € W*P(w) : ¢ = 0 on dw}
Vi € D(Ag), Ao = Ay.

2



Thus, using operator Ao, problem (EQpde) — (BCpge) — (I'Chqe) becomes

u (@) + (240 — 2 Il (@) + (A3 - 2 AgJus(a) = fo(a), forae. @€ (1,0)
k?+ k-i-

W (2) + (240 — ]i; Nu” (z) + (A2 - ]i—‘ AoJu—(z) = f-(x), forae x€ (a,7)

u-(a) = ¢, us(d) = ¢f

u (a) = o5, u (b)) = ¢5

u-(7) = ug(y)

u' () = i (v)

k_u” () + k-Aou—(7) = kpul(y) + krAout(7)

k_u® (v) + k_Agu’_(y) —l_u' () = k+u(f) (V) + ki Aoy (7) — Ll (),

where uy (x) := ug(x,), fr(x) =g+ (z,)/ks and f_ € LP(a,v; LP(w)), f+ € LP(vy,b; LP(w))
with p € (1, +00).
Then, we will consider a more general case using (A, D(A)), instead of (Ao, D(Ayp)), with

—A a BIP operator of angle 64 € (0,7) on a UMD space X, see below for the definitions of
BIP operator and UMD spaces, and f € LP(a,b; X).

More precisely, setting r4 = %, we study the following transmission problem (P):

EQ) { W) (@) + (24 = vy Dull(2) + (A2 =7y Auy(a) = fol@), @€ (3,h)
W (@) + QA —r_ D (2) + (A2 —r_ Au_(z) = f-(2), =€ (a,7)
(BC){U—(G) = o1, up(b) = ¢f
) u_(a) = ¢y, ui(b) = ¢3
u-(v) = ui(v)
z0) u_(y) = u}(v)
k_u”(v) + k-Au_(7v) = kpulf(y) + kyAug ()
ku® () + kAl (7) = Lu(y) = kyu) () + ke Aul(7) = Lol ().

The transmission conditions (7'C') will be divided into

(TCD{ u—(y) = up(v)
u_(v) = W (v),
and
k—u” () + k-Au_(v) = kyull(y) + by Aug ()
(TC2) (3) (3)
kou(y) + k-Aul(y) —l-u_(v) = kyul’ (v) + ki A () — Ly (7).

Note that (7'C2) is well defined see Lemma 3.8 below.
We will search a classical solution of problem (P), that is a solution u such that

Uy = Uy ) € WHP(y,b; X) N LP(v,b; D(A?)), w/{ € LP(v,b; D(A)),
U = Uj() € WHP(a,v; X) 0 LP(a,v; D(A?)), € LP(a,v; D(A)),

and which satisfies (EQ) — (BC) — (T'C).
Note that such a solution is not W*P(a,b; X) but uniquely W*P(a,v; X) in Q_ and
W4P(~,b; X) in Q.

(2)



3 Definitions and prerequisites

3.1 The class of Bounded Imaginary Powers of operators

Definition 3.1. A Banach space X is a UMD space if and only if for all p € (1, +00), the
Hilbert transform is bounded from LP(R, X)) into itself (see [2] and [3]).

Definition 3.2. A closed linear operator T is called sectorial of angle a € [0, 7) if
i) o(Ty) C Sa,
ii) Vo e(am), sup{AA —T1) e s A€C\Su} < +oo,
where
5 {z€C:2+#0 and |arg(z)| <a} if ae€(0,7), )
c (0, +00) if a=0,
see [14], p. 19.

Remark 3.3. From [16], p. 342, we know that any injective sectorial operator T} admits
imaginary powers Ti*, s € R, but, in general, T} is not bounded.

Definition 3.4. Let 6 € [0,7). We denote by BIP(X,0), the class of sectorial injective
operators 75 such that

i) D(Ty) = R(D) = X,

ii) VseR, TieL(X),
iii) 3C>1,VseR, ||T5|x) < Cell?,

see [25], p. 430.

3.2 Interpolation spaces
Here we recall some properties about real interpolation spaces in particular cases.
Definition 3.5. Let T3 : D(T3) C X — X be a linear operator such that
(0,+00) Cp(T3) and IC>0:Vt>0, [t(Ts—t)"zx) <C. (4)
Let k € N\ {0}, 0 € (0,1) and g € [1,+o0]. We will use the real interpolation spaces
(D(T5), X)o,q = (X, D(TF))1-0,4:

defined, for instance, in [19], or in [20].
In particular, for k = 1, we have the following characterization

(D(T3), X)oq = {w € X : t — 0| T(Ty — t1) M9 x € LI(0, +00) },
where Li(0,+00) is given by

gt

1/q
" ) <+oo}, for ¢ € [1,400),

L0, 4-00;C) := {f € LY(0, +00) : (/;OO £ ()]

and for ¢ = 400, by
L0, +00;C) := sup [f(¢)],
te(0,400)



see [6] p. 325, or [12], p. 665, Teorema 3, or section 1.14 of [30], where this space is denoted
by (X, D(T3))1-¢,- Note that we can also characterize the space (D(73), X)g, taking into
account the Osservazione, p. 666, in [12].

We set also, for any k € N\ {0}

(D(Ts), X)ksaq = {t € D(T§) : Ty € (D(T), X)oq}
and

(X, D(T))kyoq = {v € D(TF) : T € (X, D(T3))oq } -

Remark 3.6. The general situation of the real interpolation space (Xo, X1)g,, with Xo, X1
two Banach spaces such that Xy < X7, is described in [19].

Remark 3.7. Note that for T} satisfying (4), T¥ is closed for any k € N\ {0} since p(73) # 0;
consequently, if k6 < 1, we have

(D(T5), X)o.g = (X, D(T5))1-0,4 = (X, D(T3))k-k0,g = (D(T3), X) (61180, C D(T3 ).
For more details see [20], (2.1.13), p. 43 or [12], p. 676, Teorema 6.
We recall the following lemma.
Lemma 3.8 ([12]). Let T3 be a linear operator satisfying (4). Let u such that
w e W™P(a1,by; X) N LP(ay, by; D(TY)),
where a1,b1 € R with a1 < b1, n,k € N\ {0} and p € (1,+00). Then for any j € N satisfying

the Poulsen condition 0 < % +j<mnand s € {ay, b1}, we have

ul)(s) € (D(T}), X)

Il
n+np’p

This result is proved in [12], p. 678, Teorema 2’.

4 Assumptions and statement of results

4.1 Hypotheses

In all the sequel, ro,r— € R, k1 k_ > 0 and A denotes a closed linear operator in X. We
assume the following hypotheses:

(Hy) X is a UMD space,
(Hy)  [min(ry,r_,0),+00) C p(4),
(Hs) —A € BIP(X,04) for some 64 € (0,7),
(Hy) —A € Sect(0).
Remark 4.1.

1. Due to (Hj), if at least one parameter r4 or r_ is negative or null, then 0 € p(A).

2. Operator Ag, defined by (1), satisfies all the previous hypotheses with X = L%(w),
q € (1,400) and 4+ € (—ﬁ,—i—oo). From [27], Proposition 3, p. 207, X satisfies
(H1) and taking Ao + 7+ in [11], Theorem 9.15, p. 241 and Lemma 9.17, p. 242,
we deduce that Ag satisfies (Hz). Moreover, (Hs) is satisfied for every 04 € (0, ),
from [26], Theorem C, p. 166-167. Finally, (Hy) is satisfied thanks to [14], section 8.3,
p. 232.



3. In the scalar case, to solve each equation of (E'Q), we need to solve the characteristic

4.2

equations
X+ (A =o)X + (A% —red) =0,

thus, in our operational case, we consider the following operators
L. = —\/-A+r_I, Ly := —/—-A+ryl and M = —v—-A. (5)

Due to (H2) and (H3), —A, —A+r_1I and —A + ry I are sectorial operators, so
the existence of L_, Ly and M is ensured, see for instance [14], e), p.25 and [1],
Theorem 2.3, p. 69.

From [14], Proposition 3.1.9, p. 65, in , we have D(L_) = D(Ly) = D(M). Thus, for
n,m€Nand m<n

D(LY) = D(M™) = D(L"M™ ™) = D(M™L™™).

. From [25], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (Hz) and (H3)

imply that —A + ry I € BIP(X,04) and due to [14], Proposition 3.2.1, e), p. 71, that
—L_,~Ly,—M € BIP(X,04/2).
Moreover, from [25], Theorem 4, p. 441, we get
—(L_-+ M),—(L+ + M) € BIP(X,04/2+¢),

for any € € (0,7/2 — 64/2).

Since we have 0 < 04/2 < /2, then due to [25], Theorem 2, p. 437, we deduce that
L, Ly, M,L_+ M and L, + M generate bounded analytic semigroups (e**~),>0,
(€520, (€M )50, (e2E=FM)) o5 and (e”E++M)), 5.

. Using the Dore-Venni sums theorem, see [9], we deduce from (H;), (Hz2) and (H3) that

0 € p(M)Np(L-)Np(Ly) N p(Ly +M)Np(L- + M).
From (5), we deduce that

Ve DM?), (L2 —-M*¢=ry¢ and (L2 — M?)p=r_q. (6)
and also that

Vap e DIM), (Ly—M) =y (Ly+M)™" and (Lo —M)p = r_(L_+M)"". (7)

Main results

To solve our operational problem (P), we introduce two problems:

oY () + (A —ry DU (z) + (A% —rp A)uy(z) = fr(x), for ae. z € (7,b)

¥
(Pr)q us(y) = o1, up(d) = of
ui(v) = e, ui(b) = @f.
and
u(_4)(ac) +A—r_Du" (z)+ (A2 —r_ A)u_(x) = f_(x), forae. z € (a,y)
(P-) u—(a) = ¢, u-(v) =

= 5057 ul—(’Y) = 1o,



Remark 4.2. Recall that u is a classical solution of (P) if and only if there exist 11,19 € X
such that

(1)  wu— is a classical solution of (P_),
(#i)  wuy is a classical solution of (Py),
(i7i)  u— and uy satisfy (T'C2).

Therefore, our aim is to state that there exists a unique couple (¢1,12) which satisfies
(2), (it) and (4i7).

Theorem 4.3. Let f_ € LP(a,v; X) and fi € LP(v,b; X) with p € (1,400). Assume that
(Hy), (H2), (Hs), (H4) hold and k4 k_ > 0. Thus

1. for r,7— € R\ {0},

e ifry >0andr_ >0,
e if ry <0andr_ <0, such that

(L — 1) (ks — k) 2 0,
e if ry >0 and r_ <0, such that
—6l_ky + 14k +1_k_ >0,
o if 1y < 0andr_ >0, such that
—6l kb + 1k +1_k_ >0,

2. for ry € R\ {0} andr_:Owith:;<2,
+

e if ry > 0 such that

(\/er \/5)2 K2

1
> , forte (0, fixed,
" Z A < T+HA—1]> xe
e if 7 < 0 such that
27k%
—Try > e,
"7 64k?
ok
3. for rp =0and r_ € R\ {0} with — <2,
e if _ > 0 such that
2
( i \/%) k2 f 0 = fixed
— 2 - 9 t Y ATl )
r PR T A ( r|rA1|) e
e if r_ < 0 such that
L 272
T

then, there exists a unique classical solution u, of the transmission problem (P) if and only
if
@T? P € (D(A)7 X)1+ﬁ7p and 90;_7 Py € (D(A)v X)1+%+ﬁ,p' (8)
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Remark 4.4. Since the third case is the symmetric of the second one, replacing k4 by k_
and [y by [_, the proof if exactly the same. Thus, we omit it.

Remark 4.5. If A = Ag, to satisfy the conditions set in the second or the third case of

Theorem 4.3, since |[A7Y]| = ﬁ, respectively [[A7Y| = ﬁ in the third case, we have

to take b — «, respectively v — a, enough large.
As a consequence of the previous Theorem, we state the following corollary.

Corollary 4.6. Let n > 2, fy € LP(Q+) and f_ € LP(Q—) with p € (1,+00) and p > n.
Assume that w is a bounded open set of R*™! with C?-boundary. Let ki, k_,l; > 0 and
[ < 0 with k4 = k_. Then, there exists a unique solution u of (Ppge), such that we have
u_ € WH(Q—) and uy € W*P(Q+), if and only if

0T, pF € W2P(w) N WP (w)

Ayt e W27%’p(w) N Wy (w)

Ay € Wl_%’p(w) NWyP (w).

The proof is quite similar to the one state in [17], Corollary 1, p. 2941, or in [18],
Corollary 2.7, p. 357. Thus we omit it.
5 Preliminary results
In all the sequel, we set
c=v—a>0 and d=b—~>0.

From Remark 4.2, to solve problem (P) we must first study problems (P) and (P-). To
this end, we need the following invertibility result obtained in [18] and [28].

Lemma 5.1 ([18] and [28]). Assume that (H1), (H2), (H3) and (Hy) hold. Then operators
U, Vi € £(X) defined by

1
v L 1- L+ tM) _ L M)? (M = edh) | ifry € R\ {0}
I —e2™M L 2qpget™ . ifr, =0
1
v LI- L tM) et M)? (e — eth) | ifr_ e R\ {0}
I — M _oqnfeM ifry =0
c(L_+M) 1 2 ( ecM cL . (9)
U I— et —T—(L,%—M) (e —e *), if r_ e R\ {0}
I — &M 4 2cMeM, ifr_ =0
1
y I—eC(L*+M)+T—(L,+M)2 (e =€), ifr_ € R\ {0}
I —e*M _2cMeM, ifr_ =0,

are invertible with bounded inverse.

From Remark 4.1, statement 4, Uy and Vi are well defined. For a detailed proof, see
[18], Proposition 5.4 with k = r4 and [28], Proposition 4.5, p. 645.



5.1 Transmission system
5.1.1 First case
Assume that r3 € R\ {0}. We set

Pl = ky(Ly + M) (U + e™)(I = ) 4 VT = e™M)(1 4 e5+))
Pl = k(Ly + M) (U = e™)(I = ) 4 VNI + e™)(1 4 ') (10)
P = ky(Ly+ M)Ly (U + e™)(1 4 eth) 4 VLT = e®™M)(1 = )

and similarly

Pro= k(L4 M) (UZHI 4 eI = eBo) + VI = e (1 + e))
Py = k_(L_+ M) (U - I—eCL*)+V:1(I+eCM)(I+eCL*)> (11)
Py = k(L +M)L_ (U (I+eCM)(I+eCL—)+V__1(I—e°’M)(I—eCL—)>.

Moreover, we note

Si = k(Ly + M) (UDHI = ™)yt 4+ V(T + e )™)

(12)
k(L M) (UM — ) gn™ + VNI + e ) )
and
Sp = —kp(Ly+ M) (U + ™)@yt + V(T = ez
(13)
—k (L M) (UZMI + M) + VLT = eM)g™) —2M 'Ry,
with

Ry = =k FY(y) + ks MPFL(Y) + 1o FL () + k- FY(7) = k- MPFL(y) = I_FL(v), (14)

where F is the unique classical solution of problem

{ qu) (z) + (24 —ry DU (z) + (A% —rp A)uy(z) = fr(x), for ae. z € (v,b) (15)
i () = s (b) = Wl (7) = uL(b) = O,
and F_ is the unique classical solution of problem
{ WD)+ (24 —r_ Du" () + (A2 —r_ Au_(z) = f_(2), for ae. z € (a,7) -
u—(a) =u_(y) = u’(a) = ul(y) =0.

For an explicit representation formula of the solution of both previous problems, we refer to
[18], Theorem 2.2, p. 355-356.

Remark 5.2. Since F is a classical solution of (15), respectively (16), from Lemma 3.8, it
follows that, for j =0,1,2,3 and s =a, y or b

F(s) € (D(M), X);_ .1,

The next theorem extends the result of [17], Theorem 4.6, p. 2945, to the case r1 < 0.



Theorem 5.3. Let f_ € LP(a,v; X) and fi € LP(y,b; X), with p € (1,4+00). Assume that
(H1), (H2), (H3) and (Hy) hold. Then, the transmission problem (P) has a unique classical
solution if and only if the data o7, @7, ¢35, ¢, satisfy (8) and system

(Pr =P )My + (B 4P ) = 8

(17)
(P;—l—Pg)lﬁl + (Pf—Pfr)lﬁQ = 5y,
has a unique solution (1)1, 2) such that
(77&171/}2) € (D(A)7X)l+i7p X (D(A)aX)H-%-;-%’p' (18)

Proof. Since the first line of (17) corresponds to the second line of system (23), p. 2944 in
[17] and the second line of (17) corresponds to the first line of system (23), p. 2944 in [17],
where P in [17] becomes P; here, Py in [17] becomes P here and P in [17] becomes
PQi here. Thus, the proof is the same than the proof of Theorem 4.6, p. 2945 in [17], which
clearly remains true for r1 € R\ {0}. O

5.1.2 Second case

Now, assume that r_ = 0, then I_ = 0 and the transmission conditions (7°C2) becomes
b () + ko Au_(y) = keul(9) + ki Auy ()
(TC2') ) ) (19)
kou(v) + k- Al () = kyul’ (v) + ki Au (y) — Leulp (7).
Our aim here is to establish a similar result to the previous one. To this end, we set
Qr = ko (UZt vl (1 €M)
2 2
Q = k- (U:1 (1= eM) 4 VI (14 eM) ) (20)
2 2
Q7 = k_ (U_l (I+ eCM) Lyt (I - eCM) ) ,

Moreover, we note

S = ok M (U:l (I— ecM) Go~ + V! (I+60M) 854_)

(21)
—ky (Ly + M) (U (= e ) ot + Vit (T4 et ) git)
and
Sy = —2k M (UZ'(I+eM) g5 + VIt (1—eM)3y)
(22)
—ky (Ly + M) (U (T +e®) g + VI (1—e™) of ) +2M 1R,
with
_ (3 .
Ry = —k_F®(y) + k_M?F' () + by FI'(7) — by M2Fi(y) — 1L F.(y)  (23)
where F_ is the classical solution of problem
u? (z) + 240" (z) + A%u_(z) = f_(z), ae. x € (a,7) (24)
u_(a) = u_(7) = u" (a) =" () = 0.

10



Remark 5.4. Since F_ is a classical solution of (16), as in Remark 5.2, from Lemma 3.8,
it follows that, for j =0,1,2,3 and s =a, yor b

FO(s) € (D(M), X)3 41,

Theorem 5.5. Let f_ € LP(a,v; X) and f € LP(v,b; X), with p € (1,4+00). Assume that
(H1), (H2), (H3) and (Hy4) hold. Then, problem (P) has a unique classical solution if and
only if the data ¢, @7, 3, @5 satisfy (8) and system

(Pr—2MQ7) My — (P +2MQ3) s = Sy

(P3++2MQ§) P+ (QMQI —Pfr) (05 S, %)

has a unique solution (1)1, 9) satisfying (18).

Proof. We follow the same steps than the proof of Theorem 4.6, p. 2945 in [17], we only
point out the key points. From [18], Theorem 2.5, statement 2, there exists a unique classical
solution u4 of (Py) if and only if

‘PTWM S (D(A%X)H-%,p and ‘P;_an € (D(A)aX)H_%_Fﬁ,p- (26)
Recall that, from Remark 3.7, we have

(D<A)7X)1+%7p = (D(M)7X)3+%,p and (D(A)’X)l—f—%-i—%J) = (D(M)7X)2+%7p' (27)

This solution is explicitly given in [17], Proposition 2, p. 2943-2944, from which we deduce
that

k4 (u/fr('y) - M2u+(’y)> =1y (I - edL+) ag + 14 (I + edL+) oy,

and
k+ (“@(’Y) - MQU/JF(’Y)) Lyl (y) = —l4M (I+ €dM) af =14 M (I - €dM) ay
+he FY () = ke MPFL () = 1 FL (),
where
1 _ ~
041+ = Z(L++M)U+1 {L+(I+€d[l+)wl7(IiedL+)w2+spir]
1
of = =g (L + MU MO+ ey — (1 - e™)ys + 5]
+
(28)
1 _ ~
af = g L+ MVS L (T = et )y — (I + e ) + |
1 o ~
of = _Z(LJr + MVt {M(I — ™)y — (I + ™)y + sﬁﬂ )
with
(Yot (o) (0 )
gt = M (I ™) of + (1 ™) (FLB)+ Fi(y) - o)
(29)
S
ot = M(1—e™)gf — (I+e™) (FL0) - Fi(7) — ).
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and F is the unique classical solution of problem (15).
In the same way, from [28], Theorem 2.8, statement 2, p. 637, there exists a unique
classical solution u_ of problem (P-) if and only if

pr ot € (D(A), Xy, 1, and 5,92 € (D(A), X)) 1, 1 (30)
Note that from (27), we have
1,91 € (D(M)7X)3+%7p and ¢y, € (D(M)aX)QJr%,p'

Moreover, this solution, given in [28], Proposition 4.1, p. 640, is explicitly written in [29],
Proposition 4.2, from which it follows that

k_ (u'i('y) - Mzu_('y)) =—k_ (2M (I - eCM> ay, —2M (I + eCM) a;) ,

and
b (W () = ML) = ko (202 (T+eM) ag — 202 (1= M) o)
+h_FO) () — k_M2F' (v),
where
ay = —%U:l [(I + +cM) eCM) Y1 — ceMapy + @1_
a; = %U_’l [(I i eCM) My + (1 - eCM) by + By
Z (31)
o = %V_‘l (1= (T + eM)e™ ) + ce™M iy + 35 |
o = gV [(T—e™) My + (T4 eM) 0+ 07]
with
a7 = = (T+e™M)or —ce™ (Moy + ¢y — FL(a) - FL(7))
Go~ = —M (I+ eCM) o7 + (I - eCM) ((,02 — F'(a) — F ()
(32)
Py~ = (I—eCM)np —ce (M«pf—i—cpZ —F’,(a)—FFi(V))
oy = M (I— eCM) w] — (I-I-GCM) (gog — F' (a) +F’_(7)) )

Note that due to (26), (27), (28) and (29), respectively to (27), (30), (31) and (32), we
deduce that

of € D(M), fori=1,2,3,4 and ay,a; € D(M?).

Thus, system (T'C?2'), given by (19), writes
—2k_M ((I — eCM> oy — (I + eCM> o@) =1 ((I — edL+> ag + (I + edL+) ozjf)
2k M ((T+eM)az — (T—eM)a7) =1 M (I +e™) of + (T—e™) af ) + By,
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where R is given by (23). Thus, it follows that the previous system gives
~2k UMM (1= eM) [(T4 M) Mypy + (1= M) vy + 5 |
~2k VM (14 eM) [(T = M) Mupy + (14 M) v + 5 |
iy (Ly + MUY (1= et ) [M(T+ e ) — (I = ™)y + 37 |
)

ki (L + M)V (T4 et ) (M= ey — (T + ™M)y + 57| = 0

(e ) Mo + (1= ) s+ 5

{L+(I + et )y — (I — et )y + @ﬂ

(7+e)

+2k MV (1= M) [(1— ™) My + (I +eM) va + 57 |
(1+e)
(7= e)

Lo (I — ey — (T4 e )gy + 35| = 2M7'Ry,

Finally, using (10), (20), (21), (22) and (23), we obtain that the previous system writes as
system (25).

Conversely, if we assume that (8) holds and system (25) has a unique solution (¢, 12)
satisfying (18), then considering w4 the unique classical solution of (Py), we obtain that u
is the unique classical solution of (P). O

5.2 Functional calculus

In this section, by using functional calculus, we rewrite operators defined in (9), (10), (11)
and (20), to inverse the determinant operator of system (17) and system (25).

To this end, we recall some classical notations. For § € (0,7), we denote by H(Sp)
the space of holomorphic functions on Sy (defined by (3)) with values in C. Moreover, we
consider the following subspace of H(Sp):

Exo(Sp) == {f € H(Sp): f=0(2"%) (|]z] = +o0) for some s > 0}.
In other words, £ (Sp) is the space of polynomial decreasing holomorphic functions at +oc.
Let T be an invertible sectorial operator of angle 07 € (0, 7). If f € £5(Sp), with 6 € (07, ),
then we can define, by functional calculus, f(7T') € £(X), see [14], p. 45. In this work, we

use functional calculus, as classicaly done, see for instance [4], [8] or [15].
Then, we recall a useful result from [18], Lemma 5.3, p. 370.

Lemma 5.6 ([18]). Let P be an invertible sectorial operator in X with angle 6, for all
6 € (0,7). Let G € H(Sp), for some 6 € (0,), such that

(1) 1 =G € Ex(Sh),
(ii) G(x) # 0 for any x € R \ {0}.
Then, G(P) € L£(X), is invertible with bounded inverse.
Let r € R, 7, = max(—7,0), d >0 and z € C\ (—o0, 7). We set

) 1— e 0(VEtrvz) 1(\/z—i-r+\/§)2 (e*‘sﬁ—e*‘gvz”) , ifre R\ {0}
Usr\z) = r
1—e 2V% _ 25, /ze 0V, ifr=0
Yo 1 =
B 1— e dWVaFrHva) 4 ;(\/z +r4+vz)? (e_‘sﬁ —e° Z'H") , ifre R\ {0}
Vsr\2) =
1— e 2V% 4 25\ /ze 0V, ifr=0

13



and when u;,(2) # 0, vs,(2) # 0, we note
(V74 v2) Ve trugh(z) (14 e70VF) (14 0V
fsra(z) =3 (\/er \/E) Vetrug,(2) (1 - 6_5‘/2) (1 - 6_5\/m) , ifr e R\ {0}

(ugé(z) + vgol(z)) (1 - 6726ﬁ) , ifr=0,
— (Ve 4+ Vz) u(2) (14 e7VF) (1= en0VET)
Fira(x) = 4~ (VEFTHVE) 0 l(2) (1 =) (14 e7V3) it r e R\ {0)

U&o( )(1—6_5\[> —I—U({S(z) (1—1—6_5\&)2, if r =0,
and

— (Ve 4+ VE) u(2) (1= e7VF) (1= entVET)
fors() = 4 = (VEFT+VE) 05 () (1 eV5) (14 eV57) i r e R {0)

2 2
ugé(z) (1 + 6_5ﬁ> + vg’&(z) (1 - e‘gﬁ) , ifr=0
Remark 5.7. Note that, from (H) and (Hz), if 71 # 0, we have
Uer_ (_A) = U—7 Ud,r ) U—l—; Ve, (_A) = V_,

(-
vd,T‘+(_A) = V+7 k fC 7'_,1( ) Pf’ k;+fd,7"+,1(_A) = P1+7
k—fc,7'772(_14) = P2_7 k+fd,7"+, ( P2+7 k—fC,T7,3(_A) - P3_7
k+fd,r+,3(_A) = P?fv

and if r_ = 0, we obtain
UC,O(_A) =U_, 'UC,O(_A) =V, k—fc,o,l(_A) =Q7,
kE_feo2(—A) =Qy, k_feo3(—A)=Q3.

Remark 5.8. Let § >0, 7 € R and x € (7, +00). Then, when r = 0, we have
1 — e 20V% 4 25 /ze™0V® = 270V (sinh(8v/x) + 6v/x) > 0,

and from [18], Lemma 5.2, p. 369, it clear that us,(x) > 0 and vs,(x) > 0. Thus, when
r # 0, we deduce that

fosr1(x) >0 and fs,o(x), fsr3(x) <O,

and when r = 0, we obtain

fs01(2), f502(x), f503(z) > 0.
Moreover, for z € C\ (—o0, 7] and 7 € R\ {0} we define

gs.r(2) = _m((l —26(\/m+\f) (\/m-l- \f) (—25\/2_6_25@)2)
+\f(( \/m+\[> (m+ V7)? ( 6_5m>2)2,

and for » = 0, we set

4 2
g50(2) = (1++/2) (1 — 6_26\/2> +4 (1 — 6_26\/5) e”0VE 16622710V
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Lemma 5.9. Let § > 0 and « € (ry,,+00). Thus, if » € R\ {0}, then g5,(z) < 0 and if
r =0, then gso(z) > 0.

Proof. Let r,0,x > 0. From [17], Lemma 4.4, p. 2950, we obtain the result. Moreover,
if 6 >0, r <0and z € (ry,,+00), then from Remark 5.8, we deduce that equation (36),
p. 2951, in [17], holds. Thus, following the same step than the proof of Lemma 4.4, p. 2950
in [17], we obtain the expected result.

Now, consider that » = 0. Then

(1+ V) (1 — e_25\/5)4 + 4o 20V ((1 — 6_26\/5)2 — 4% 6_25‘/5>

96,0(36)

_ (1 + \/5) (1 o e-zéﬁ)z;
+4e 20V (1 —eWVT _9 VT 675\/5) (1 — e VE 49 Wz 676\/5) i
Hence, since §,x > 0, we have
1—e 2Ve _ 05 /re Ve = 0V (e‘s‘/‘% —eWT _9 5\/5)
= 2e7V7 (sinh(8y/z) — 5v/x) > 0.
Finally, we deduce that gso > 0. O

6 Proof of the main results

In both cases, assume that problem (P) has a unique classical solution thus, from Theo-
rem 5.3, respectively Theorem 5.5, (8) holds. Conversely, assume that (8) holds, then due
to Theorem 5.3, respectively Theorem 5.5, we have to prove that system (17), respectively
system (25), has a unique solution such that (18) holds.

The proof is divided in three parts for both cases. First, we will make explicit, in the
first case, the determinant of system (17) and in the second case, the determinant of system
(25). Then, in the two cases, we will show the uniqueness of the solution. To this end, we
will inverse the determinant thanks to functional calculus. Finally, we will prove, in all cases,
that ¢ and 9 have the expected regularity.

6.1 Calculus of the determinant
6.1.1 First case

Here, we consider r4,r_ € R\ {0}. We have to make explicit the determinant of system (17)
that we recall here

(Pr =P )My + (B 4P ) = S
(P +P)vn + (Pr—P)wa = S
We write the previous system as a matrix equation AW = S, where
P —Pr)M (P +P;y
A= (1+ ) e \p:<¢1> and S:(?).
(P +p7)  (Pr-p o >
To solve system (17), we will study the determinant
2
det(Ar) := M (Py = PF) = (B + Py ) (P + 7)),
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of the matrix A;. Since the first line of (17) corresponds to the second line of system (23),
p. 2944 in [17] and the second line of (17) corresponds to the first line of system (23),
p. 2944 in [17], where Pt in [17] becomes Pi here, Py in [17] becomes P here and P5 in
[17] becomes P;" here. It follows that our determinant det(A;) is exactly the opposite of the
one described in [17], section 5.1, p. 2953. Thus, we set

det(A1) = DY + Dy + Dg, (33)

where )
Df = M(P') - PP

Df = M (P;)2 — Py Py
Dy = —-PfpP; —P;yPf—2MP; P .
Then, we recall the result of [17] (Lemma 5.1, p. 2953), describing the determinant.
Lemma 6.1 ([17]). We have
1. Df = —4k2 (L4 + M)?U?V*D™, with

Dt = L, ((1 )
M ((I - ed<L++M))2 +

2. Dy = —4k2(L_ + M)*U-2V_2D~, with

D- = I_ ((I— e2(:(L,+M))2 _ L(L, +]\4)4 <620M _ ech)2>

-M ((I — eC(L‘+M))2 + LQ(L_ + M)? (eCM — eCL—>2>2.

6.1.2 Second case

Here, we consider ;. € R\ {0} and r_ = 0. As previously, we make explicit the determinant
of system (25) that we recall here

(P —2MQr) My — (P +2MQ5 ) = S5

(P +2MQ5 ) v+ (2MQ7 - P) 4y

547

We write this system as a matrix equation Ao®¥ = S, where

AF((PT—zMQI)M —(PQL+2MQ2_)>’ @:<Zl> - 5,:<53>'

(P +2MQy)  (2MQr - PY)
To solve system (17), we will study the determinant
2
det(As) := —M (Pl+ — 2MQ1_> + (P3+ + 2MQ5) (P; + 2MQ2—) ,

of the matrix Ay. We set
det(Ay) = D + D3 + Dy, (34)
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where

Df =iy =M (PF)’ and Dy = (QyQ5 - M (@7)).,

with
Dy =2M (P Q5 + P Qs + MPQy ).

Lemma 6.2. We have

1. D = k3(Ly + M)?U 2V 2Dy, with

2 1 2
D(—)i' = L. <(I _ ezd(L++M)) _ TT(L—’— +M)4 (esz _ €2dL+)
_l’_

M ((1—_ ed(L++M))2 n TLQ(LJr + M)? (edM _ edL+)2>2.
+

2. Dy = 16k2 M2U-*V_2D;, with
4 2
Dy = (I— M) (I — g2eM ) 14 (I — g2eM ) e2M _ 162 M f2e4eM.
Proof.

1. We have
PP =k (Ly + M2 L UV 2D,

where
D, = (U3 +VE)(I - M)~ e2hs)

+UL V. <(I+ edM)2(T 4 eL4)2 4 (I — edM)2(] — edL+)2>
— 2 2
- )

T4 LM\ | (dM  dLy)?
( ) +( )

<I+ ed(L++M)>2 B <€dM + edL+>2]

+2ULV,

= Uy +Vy)? (I + ed(L++M))2 (Ve — UL (edM 4 edL+>2_

Moreover, from (9), we obtain that

2
Up+Vy=2(1 =) and vy — U, = = (Ly + M)? (e — edhr). (35)
J’_

Then
D{i- = 4 (I — ed(L++M))2 (I—|— ed(L++M))2

_é(LJr + M) (edM _ edL+)2 (edM +edL+)2

_ _oa(m+M)\2 4 4( 2dM _ 2dLy\?
4(1-e ) Ti(L++M) (e b)),
Furthermore, we have

2
M (Pf) — k2 (Ly + M)2MU2V 2D,
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where

2
DY = (VeI +e™)(I = ™) + Un(I = ™)1 + ™))

2
= [(U+ + Vi) ([ — ed(L++M)) +(Vp —Uy) (edM _ edh_)} 7
and due to (35), it follows that

2 2 212
DY = {2 (I — ed(L++M)) + T(LJr + M)? <€dM — edL+> }
+
Finally, we deduce that

2
Dy = PfPf-M(P})
= ki (Ly + M)’U?V? (Ly D, — MDY),
and setting Dj = Ly D/, — M D'/, we obtain the expected result.

. We have
Q5 Q5 =k U2V 2D,

where
D = (V (1 - ecM)Q LU (1 T eCM)2> <V (I T eCM>2 LU (I - eCM>2>
- (UE + V_2) (I _ chM)Q LUV (I ~ chM)Q L 16U_V_e2M
and
M(Qr) = BRMUZPVU- 4V (1M
= KRy-2y-? [M (UE + VE) (I _ e2cM)2 L OMU_V_ (I - chMﬂ .
Thus 9
Q;Q; — M (Q;) = KU2V D",
where

D" = (I-M) (UE + VE) (I _ chM)2 +2(I-MYU_V_ (I ~ esz)Z
+16U_V_e2M

= (I=M)(U_+ V) (I- eQCM)Q + 16U_V_e2M,

Moreover, from (9), we obtain that

U +Vo=2(I—e*M) and UV =(I-e*M )2 — 4 MM,
Then

D = a (1 M) (1= M) 116 (1 - M) 2V — 642,
Therefore, it follows that

Dy = o (Qroy - M (@)
= 16k M*U2V 2Dy,

— _ 1 pn
where Dy = 7D”.
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6.2 Inversion of the determinant
6.2.1 First case

Here, we consider ro,r_ € R\ {0}. Let r = max(—r4,—r_,0) > 0. By using functional
calculus, we prove that the determinant of system (17), given by (33), is invertible with
bounded inverse. Due to Lemma 6.1 and the definition of D5, we obtain:

Df_ = gf_(_A)v Dl_ = gl_(_A) and D2 = 92(_"4)’

where, for z € C\ R_, we have set

g () = 4ki(Vz+ri+ \/E)Zuii(z)vczi(z)gd,m (2)
g1 (2) = 4> (VzH+r_+ \/§)2u§3_ (z)fugf_ (2)9er_(2)

92(z) = k+fd7r+,1(z)kr,fc,r_73(z) + kffc,r_,l(z)k‘+fd,r+,3(z)
—2Vzky far, 2(2)k- fer_2(2),

with us;, v5,, gs,r and fs,; the complex functions defined in section 5.2. Thus
det(A1) = D + Dy + D2 = fi(—A), (36)

with fi = gi + g + g2. Note that, for some 6 € (0,7), we have f € H(Sg) and due to
Remark 5.8 and Lemma 5.9, for z > 0, we have

fi(z) =g (x) + g7 (z) + ga() < 0. (37)

Let C1, C be two linear operators in X. We denote by Cy ~ Cs the equality C1 = Cs + 3,
where 3 is a finite sum of terms of type kLiLTM“eaL+eBL*e‘§M, where k € R; [,m,n € N;
a, 3,6 € Ry with a4+ 84 0 # 0. Note that X is a regular term in the sense:

S eL(X) with X(X)C DM™®):= () DMF).
k=0

Since we have Uy ~ I, Vy ~ I, then by setting W = U_U,V_V, ~ I, we deduce that
WP ~ 2k (Ly+ M), WP, ~ 2k_(L_+ M)
WP ~ 2ki(Ly+ M), WPy ~ 2k_(L_+ M)
WPy ~ 2ky(L.+M)Ly, WPy ~ 2k (L_+ M)L_.
Thus
W2det(A1) = M (WP;L)2 ~ (WP WP ) + M (WP;)2 - (wrywry)
— (WP WP + WP WPy + 2MW P WP )

~ —4kA(Ly + M)*(Ly — M) — 4k (L + M)*(L_ — M)
—dkyk_(Ly+ M)(L-+ M)(Ly + L_ +2M).
From (7), we have
~W2det(Ay) ~ 4kiri(Ly+ M)+ 4k%r_(L_ + M)
+dkyk_(Ly + M)(L— + M)(Ly + L— +2M)

~ Akyl (Ly + M)+ 4k_1_(L_ + M)
4k k (Ly + M)(L_ + M)(Ly + L_ +2M)
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Hence, we note
By =4kl (Ly + M)+ 4k_l_(L_ + M)+ 4kyk_(Ly + M)(L_ + M)(Ly + L_ + 2M).
Thus, we obtain
det(Ar) = =W 2 [ By + S kLY L™ MM el efil= M | | (38)
jeJ
where J is a finite set and for any j € J:
k; e R; lj,mj,n; €N, o,8;,6; € Ry with a; + 55 +9; #0.
We set

l I
By=1I+ ki(L_ + M) YLy + L 4+2M)7 4 (Lt M) ™MLy +L_+2M)"*
- +

such that
By =4kyk_(Ly + M)(L_ + M)(Ly + L_ +2M)Bs.

Proposition 6.3. Assume that (H;), (H2), (Hs), (H4) hold and kyk_ > 0. Thus

l l
oifk—t>0anda>0,

l l
o if = <0and — < 0, such that
k_ ko

(L = 1) (ks — k) 2 0, (39)

l
o if = >0and — < 0, such that
k_ ko

— 6l ky + ks 4+ 1_k_ >0, (40)

l I_
o if = <0and — > 0, such that
k_ ko

— 6lpk_ + ks 4+ 1_k_ >0, (41)

then, by(z) > 0, for x > r > 0 and operator By, defined above, is invertible with bounded
inverse.

Remark 6.4. Since kyk_ > 0, then we have the following equivalences

I I_
+ >0<r, >0 and > 0= >0
- +

Proof. From (Hs) and (Hs), since kyk_ # 0, it is clear that

Thus, it remains to prove that 0 € p(B3).
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Let z € C\ (—o0,r]. We set

bg(z)

L 1
14+
T (WzF+r—+V2)(VzF+ri+Vz+r-+2¢/2) (42)
I 1
T (A A VAT R A 2R
hence by(—A) = Bsy. Then, for all z > r > 0, it follows

I 1
1+ =
k- (Ve+r-+Vz) T +r++ VT +r- +2x)
- 1
_{_7
ky (Vo +ry + Vo) (Vo tre+ Vo +r-+2Vx)
Our aim is to prove that b(z) > 0, for all z > r. To this end, we set

y=z—r>0 <= x=y+r>0,
hence

l 1
ba(y +r) = 14'/16i

Wy Fr+r—+Vy+r)(Vy+r+re+yFrFr-+2yy+7)
I

1
_'_7
ke Wytr+re+Vy+r)(Vy+r+re+VyFr+r-+2Vy+r)

1
1+ bs(y),
(WVy+r+ri+y+r+r—+2y+r) 3()

where

ba(y) = 2 + &
S T Vi tr) (it y )

Then

e 1 1 e 1 1
) = = (vt + ) | & s + )
WyFr+r—+vy+r?  (y+r+ri+Vy+r)?

and

1 1 1
b <y + 7“) _ B (2\/y+r+r+ t 2\/y+r+r_ + \/y+r> bg(y)
2 (WyFrFrs+VyFr+r+2y+r)?
1
+ bs(y),
Wy +r+ry+Vy+r+r-+2/y+r) 3()
Now, we have to study the following fourth cases.

l I_
1. If ki > 0 and T > 0, then it is clear that b3 > 0 and by > 0.
- +

2. Ifli<0and

k: k—<0, then b5 > 0 and b5 > 0. Thus ba(y + 7) > bo(r) where
- +
ba(r) = 1 + ! b3(0) > 1+ ——by(0)
)= )
i (Ve +2vi) NG
with l l
) PR = >1<l++l‘)
¥ VI +r i+ k)
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Thus, we obtain

Moreover, we have

2r \ k_ ]{5+ k_ k+
where ; .
—r_ <++>, if r=—r_
(k) A
k— kg <k+ l_)
—ryl—+—), ifr=-ry
k- 14

Thus, we obtain that

I+ l_ liky +1_k_ —2l_ky >0, ifr=—r_
2r > - ( + ) =
ko kg Liky+1_k_ —2l.k_>0, ifr=—r,.

Furthermore, since kyk_ > 0, if r = —r_, then —]i; > —]ii, hence —l_ky > —I k_
- +
Ly

and if r = —ry, then 1 > _llc;’ hence —l k_ > —I_k4. It follows that
Jr —

Liky +1 ko =20 ky >4k + 1k — 1k — kg, ifr=—r_
liky +1 ko =204k > 14 ky + 1k — 14k — 1 ky, ifr=—ry.
Finally, if (39) holds, then we obtain by > 0.

l I
CIf-E >0and — < 0, then since kyk_ > 0, we have

_ ki
I+ Iy kv o I_ - k_ 5
— >0<— ——k 0 <~ 0 d — <0<« ——k 0<—r_<0.
k_> k+k_‘> Ty > an k+< k_k++< r_ <

Thus r = —r_ and

I, I_

_ _ ky 1 Lo
bs(y) = W ESED + (VyFr+ry+y+r) ” 2Vy+r (k:_ +k‘+>'

L L L
If = 4+ -= >0, then bs > 0 and by > 0. If —— + —— < 0, then we have

ek ke ke
ba(y + 1) 1+ ! bs(y)
T =
2 (VuFrdrm tygt2/yrr o
1
> 14+ —=b
ENE 3(y)
1 I, I
> 1+ <+>
6(y+r) \k— ki

Moreover, we have

1 [ L L
1 —+ — 206 —+ —=0.
+6(y+r) (k_+k+> (y+r)+k:_+k+
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It is obvious that

L LI
T N Ty =
6(y+r)+ (k_ +k:+) /6r+k_ +k:+’

thus, since krk_— > 0and herer = —r_ = —k—_, we deduce that the previous inequality

becomes ; l ;
—b— 4 4 = >0 —6l_ky+ 1 ks +1_k_>0.
k- k- kg

Finally, since kyk_ > 0, if (40) holds, then by > 0.

l I
4. If k:i < 0 and T > (, then here r = —r, and in the same way than previously, if
- +

(41) holds, then by > 0.

Since r = max(—ry,—r_,0) > 0 and due to (Hsz) and (Hs), we deduce that operator
—A —rI € BIP(X,0,4) with 0 € p(—A — 7I). Thus, considering by(z) = ba(z + r), with
z+r e C\R_, it follows that by(—A — rI) = By. Moreover, for a given 6 € (0, ), it is clear
that 1 — by, 1 — by € . Finally, applying Lemma 5.6 with G = by and P = —A — rI, we
deduce the result. O

Due to (38) and Proposition 6.3, it follows that

det(A) = —W 2B, F}, (43)
where
P =1+ Z k,'jBflLZ{LTjMnjeajL+€ﬁjL*eéjM. (44)
jeJ

For z € C\ (—o0,r], we set

bi(z) = =4k k- (Vz+ry +V2) (Ve +r— +V2)(Vz+ry +Vz+ - +2V2)ba(z),  (45)

where by is given by (42) and

A) =14 kibi(z)"" (—vzF7m0)5 (—vzF71)™ (—/2)" e VFTH e PiVEtT—g=0iVz,

jedJ

Then, due to (Hs) and (H3), we have By = by(—A) and F; = fi(—A). Moreover, from (36)
and (43), we obtain )
fl(*A) = det(Al) = *W_QBlfl(*A).

Note that, we have

2 -2

() = —ug2, (g2, (2 (ol (ha() (). (46)
Proposition 6.5. Assume that (H;), (H2), (Hs), (H4) hold and kyk_ > 0. Thus
o if ry >0andr_ >0,
e if rp <0 andr_ <0, such that (39) holds,
e if ry >0 and r_ < 0, such that (40) holds,
e if . <0 and r_ > 0, such that (41) holds,

then, F} € L(X), given by (44), is invertible with bounded inverse.

23



Proof. For a given # € (0,7), we have f1, fi € H(Sg). Moreover, for z € C\ (—oo0, 7], since

kb (2) (—vVz+ )Y (—vVEF )™ (—v2)", forall j € J,
are polynomial functions, we deduce that 1 — f; € Eo(Sh).

From (37), Proposition 6.3 and Remark 6.4, we know that f; < 0 and b > 0 on (r, +00).
Then, since ug, , e, Vary s Ver_ > 0on (r,400) and due to (45) and (46), we deduce that
fi <0 on (r,+00). Therefore, noting f.1(z) = fi(z + r) and applying Lemma 5.6 with
G = fi and P = —A — rl, thus we deduce that operator F; = f.1(—A —rl) = fi(—A) is
invertible with bounded inverse. O

This result finally leads us to state the following main result of this section.
Proposition 6.6. Assume that (Hy), (H2), (Hs), (Hy) hold and kyk_ > 0. Thus

o ifry >0andr_ >0,

o if ry <0 and r_ <0, such that (39) holds,

e if ry >0 and r_ < 0, such that (40) holds,

e if ry <0 and r_ > 0, such that (41) holds,

then det(A;) is invertible with bounded inverse.

Proof. From (43), Proposition 6.3 and Proposition 6.5, it follows that det(A;) = —W 2B F},
is invertible with bounded inverse. O

6.2.2 Second case

Let r4 € R\ {0} and r_ = 0. In the same way than previously, using functional calculus, we
prove that the determinant of system (25), given by (34), is invertible with bounded inverse.
Due to Lemma 6.2, and the definition of D4, we obtain:

Di—’)i_ = g;_(_A)v D3_ = 93_(—14) and Dy = 94(_‘4)7
where, for z € C\ R_, we have set
(2) = 43 (Vz+ri+ \/5)2U;72~+(Z)U;f+(z)gd,r+(2)
(z) = 16k* zu;g(z)vgg(z)gcyo(z)

91(2) = =2V (bt far, 3(2)k—fe02(2) + ks fary 2(2)k— fe0,3(2))
22k far, 1(2)k—fe01(2),

with us ., v5,, g5, and fs,; the complex functions defined in section 5.2. Thus
det(A2) = DJ + D3 + Dy = fo(—A), (47)

with fo = g3 + g3 + g4. Note that, for some 6 € (0,7), we have fo € H(Sy) and due to
Remark 5.8 and Lemma 5.9, for z > max(—r4,0), we have

fo(z) = ggf(x) + g5 () + ga(z), where g; <0 and g5,94>0. (48)

Lemma 6.7. Let k. k_ > 0. Then

24



e if 7 > 0 such that

(x/m+ \/5)2 k2

Ty > 2 4];;7, for ¢ > 0 fixed. (49)
for all x > try, we have fa(x) > 0.
o if r4 < 0 such that

for all > —r4, we have fa(x) > 0.

Proof. From (48), we deduce

fa(x) > g5 (x) + ga(2) = g5 (2) + 2k k@ far 2 (%) feoa ().
Let 7 = max(—r4,0). For x € (r,4+00), setting y = 2 — r > 0 and noting

h(y) = g5 (y+71) + 2k k- (y+7) far 1(y+7)feo1(y + 1),

it follows

(VyFrTre+y+r)?
ug, (y+rg, (y+r)

2k k_ (y+7) far, a(y+7)feo1(y+1).

h(y) = 4k3 Gar, (Y +7)

Since we have

2
0> gag, (y+7) > =y 7oy (1 e 2RI )

then
b () Wy F+r+ry+Vy+r)Vy+r+ry ha(y)
u?l,m (y+ T‘)Ug’u (y +1)uco(y + r)veo(y +7) 7
where
hay) = R+ VaET) (1= T oy 4 e (y + 1)
2
+hkik_(y+7) ( e 2eVyET y”) Vi, (Y +r (1 + e‘dvy+7") (1 + e_dvy””*)
2
ko (y+7) ( o= 2eVIFT y+r> U, (y+7 ( e—d\ﬁyw) (1 _ e—dm)
2
> K (Vy+r+rs+Vy+r) (1 Vy”*”*w”)) ( e*Qva”)
2
thik_ (y+7) ( —2eVyiT W) hs(y
with

hs(y) = var (y+r) (1 + e—d\/W) (1 i e—dm)

+ug, (y+r) (1 — e‘d\/?m) (1 _ e—d\/W>
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and

hs(y) = 204, (y+r) (1 + e—d(\/y+r+r++\/y+r)) + 2ug,, (y+7) <€—d\/y+r + 6—d\/y+r+r+)

= 2 (1 — e AWV (1 4 o AT V)

2
WY FTE T VY FT) (7 VI — VIR ) (VT i)
T+

- 9 (1 _ e—zd(m+¢m))

o WUT T VTP (a2
T+

Moreover, for all y > 0, since we have

672d\/y+r _ 672d\ /y+r+ry

>0, forryeR\{0},
T+

we deduce that
hs(y) > 2 (1 — e—Qd(\/W-F\/W)) ’

and

2 2
holy) > —k2(VyFr i vy Er) (1— e 2T )T (1 - o2V

+2ky k- (y+r) (1 — e—2c¢m)2 (1 _ e—2d(\/W+\/y?))

2
> kLY Fr VYT (1 — e*MWﬁ/yﬁ)) (1 _ e*2cx/y?)

42k k_ (y+7) (1 _ e—zd(\/mwm)) (1 _ e—QC\/y-T«)2

N (1 B 672d(m+¢y?)> (1 - e*QCWY ha(y),

where
haly) = 2kik— (y+7) = E2(Vy + 7 T 715 +y + 7).
Thus n k2
”
haly) 20— \/y+rfr++\/y+7“ o Qk:k—'
We set
s(y) = L
VYT Ty
hence

h'(y)=< ! ) R i
b Vy+rtre+y+r 2V y+r+ry

1. If ry <0, then r = —r; and

y+r _y+r
y+r+ry y
moreover
1
h’5(y)>0<:>1—5 y+r>0<:>4>y+r<:>y>g
Yy )



Thus, we have

hs(y) = hs (;) \[+2\[ \/>

Therefore, we deduce that

k3 r k 4 [F_ k
ha(y) > 0 <= hs(y) > 2k+k—<:>h5<>>2k+_<:>3\/g>2k+_’

4\/?>k+(:)r>9kﬁ(:> 27k2
3 2% 37 64k2 42 64k2

2. If ry > 0, then r =0 and

hence,

y+r 0y
y+r+re  y+ry

<1,

hence hf > 0 and hs is an increasing function. Thus

K — Y S e+
2k k_ VyFre+yy T 2k

Moreover, for t > 0 fixed, we have

hs(y) >

k ¢ k ¢
hs(try) > o5 s -

VT Dy + i~ 2k = e

hence

FTT+VEk VEF T+t
VI z +t+ 2k:+_<:w+/( 2 )4k2'

Finally, if 1 > 0 such that (49) holds, then since y = z, for all > try, we have ha(z) > 0,
hi(x) > 0 and fao(z) > 0. Moreover, r; < 0 such that (50) holds, then for all y > 0, we have
ha(y) > 0, hi(y) > 0 and since y = = + ry, for all x > —r,, it follows that fa(z) > 0. O

Therefore, as in the first case, since we have Uy ~ [ and Vi ~ I, then by setting
W =U_UV_V, ~ I, we deduce that

WP ~ 2k (Ly+ M), WQy ~ 2k_I
WP ~ 2ki(Ly+ M), WQ;, ~ 2k_I
WP ~ 2ki(Ly+M)Ly, WQ; ~ 2k_I.

Thus
2 2
W2det(As) = <WP;WP3+ — M (W) > + 4M? <WQ2WQ3 - M (WQy) >
+2M (WP WQ5 + WP WQ5 + MW P WQY)

~ 4kE(Ly + M)*(Ly — M) + 16k> M?*(I — M)
+8kk_(Ly 4+ M)M(Ly + M +I).
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From (7), we have

W2det(Az) ~ dkir (Ly+ M)+ 16k2M*(1 — M)
+8kik_(Ly + M)M(Ly + M +1)

~ Akl (Ly + M)+ 16k M?*(I — M)
+8kyk_(Ly + M)M(Ly + M +1)

Hence, we note
Bs =4kl (Ly + M) + 16k%M2(I — M)+ 8kik_(Ly + M)M(Ly+ M +1).

Thus, we obtain

det(AQ) _ W—2 (33 + Z kleJJr'MmjeoéjL+e/BjM) , (51)
jeJ

where J is a finite set and for any j € J:
kj € R; 1j,m; €N, Otj,ﬁj e Ry with o4 —i—ﬁj #0.
Proposition 6.8. Assume that (H;), (Hz2), (H3) hold and kik_ > 0. If I]z—; < 2, then

0 € p(Skyk(Ly +M)*M — 16K2 M*).

Proof. Since ki k_ > 0, we have % > 0 and

k_
8k k_(Ly + M)?M — 16k M> = 8k k_M L% + 2L M + M? — 2?M2 .
+
From Remark 4.1, 5. and Corollary 3, p. 444 in [25], we deduce that
L%, 2L M, M? € BIP(X,04).
Lk
Thus, if — < 1, then
k4
2 2 k_ 2 2 k_ 2 k_ 2
L2420 M+ M?—2-—M? =12 - ““M? + 2L M + (1 - — | M~
ko ko k.

Moreover, for all 1 € D(M?) = D(A), due to (6), we have

(Li—k‘MQ)wz [— (1— k‘)A+r+I
ke, ke,

and from [25], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (Hy) and (Hz)
imply that

¥,

ke
- (1 - ) A+r,I €BIP(X,04),
ket
and i &
L3 == M*+ 2L M + (1 - k‘) M? € BIP(X, 04 +¢),
+ +
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for any € € (0,m—04). Moreover, since 0 € p(L M), we deduce from [25], remark at the end
of p. 445, that 0 € p (L2+ — %M2 + 2L M + (1 — 2—;) M2>. Therefore, since 0 € p(M)
and kyk_ > 0, it follows that

0€p (81<:+1c,(L+ + M)2M — 16/~£M3) .

k_
In the same way, if 1 < T < 2, then

.
Li+2L+M+M2—2:+M2 =L% - M*+2L M —2 (;; —1> M? + M? — M?,
hence, for all 1 € D(M?) = D(A), from (6), we obtain
(Li + 2L, M + M? — QZ;MQ) Y =rph+2M (L+ — (:; — 1) M) . (52)

Moreover, we have

k_ k_ (o, ke 2,
Li— (=1 M)yp=(Lo+(=—1)M) (22-(=—1) M2,
ki ki ky
and from [25], Theorem 3, p. 437 and [1], Theorem 2.3, p. 69, assumptions (H2) and (H3)
imply that

<L2+ — (Z — 1>2M2> = (2 - :) A4 71y € BIP(X,04). (53)

Finally, from (Hz), (Hs), (52), (53) and [25], Theorem 3, p. 437, we deduce that

rotb 4+ 2M <L+ - (Z - 1) M> € BIP(X, 0,),
+

Oep(r+¢+2M(L+—<:;—1>M>>.

Therefore, since 0 € p(M) and kik_ > 0, it follows that

and

0 € p(Skk (Ly +M)*M — 16k2 M?).

O
We set
Bi = I+ 4kilo(Ls+ M) (8keko (Lo + MM — 162 M%)
+16K2 M? (8kyk—(Ly + M)*M — 16k3M3)71 (54)
8k ko (Ly + MM (Skok_(Ly + MM — 168> M%)
thus, we have
By = (8kyk_(Ly + M)2M — 16k2 M?) By.
Moreover, from (51) and noting Bs = 8k, k_ (L, + M)?>M — 16k% M3, we have
det(Ag) = W 2BsFy, (55)
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where
Fy=By+ > k;By 'L MM eoil+ Pl (56)
JjeJ
Now, for z € C\ [max(—ry,0),4+00), we set

Folz) = ba(2) + 3 ybs(2) " E T T 2 eV BV,

jeJ
where b3(z) = bg(z)bs(2), with
bi(x) = 1kl (VETTE 4 v2) (Bkeko(VET 75 + V2V — 1682 2°)
116K2 2 (—8k+k,(m+ NORVE: 161&\/23)_1
Bk (VT VAVE (Bhako (Va4 VERVE - 162 VET)

and

bs(z) = —8kyk_(Vz F 1y +v2)2Vz + 16k2 V7.
Then fo(—A) = Fy, by(—A) = Bz, by(—A) = By and bs(—A) = Bs. Thus, from (47) and
(55), we deduce that

Fa(2) = ug} (2)vgr, (2Jugh(2)vgg (2)bs(2) fa(2)- (57)

Proposition 6.9. Assume that (H;), (H2), (Hs), (Hy) hold and kik— > 0 with Z; < 2.
Jr
Thus

e if r4 > 0 such that

1

2
(VEFT+E) 2 .
Tl AT

2 4k2”’

ry > fort € ( ) fixed, (58)

e if 7, < 0 such that (50) holds,
then Fj, given by (56), is invertible with bounded inverse.
Proof. From Proposition 6.8 and (56), we deduce that F» is well defined.

e Assume that 74 > 0 such that (49) holds. Then, from Lemma 6.7 and (57), it follows
that fo does not vanish on (try,+00), for ¢ > 0 fixed, which involves that uga, vJ?Jr,
uc_ﬁ, U, g, bs and fo do not vanish on (try,+00), for t > 0 fixed. Moreover, due

to (Haz), there exists R = ﬁ > 0 such that B(0,R) C p(A). Therefore, setting
ft”,g(z) = fg(z + try), with ¢t € (O, W_l“) fixed and applying Lemma 5.6 where
we have set G = fi, o and operator P = —A — tr I € BIP (X,04) (due to (Hs) and

(Hs)), we deduce that operator Fy = fi., o(—A — tryI) = fo(—A) is invertible with
bounded inverse.

e Now, assume that r, < 0 such that (50) holds. Then f» does not vanish on (=7, +00).
Moreover, from (Hz) and (Hj), we have —A + riI € BIP (X,04). It follows that
Fy=f_, 2(=A+ryI) = fo(—A) is invertible with bounded inverse.

O]
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This result finally leads us to state the following main result of this section.
Proposition 6.10. Assume that (H1), (H2), (Hs), (Hy) hold and k4k_ > 0 with :; <2
Thus

e if 7, > 0 such that (58) holds,

e if r4 < 0 such that (50) holds,
then det(Ag) is invertible with bounded inverse.

Proof. From (55), Proposition 6.8 and Proposition 6.9, we obtain that det(As) = W—2B5F,
is invertible with bounded inverse. O

6.3 Regularity

6.3.1 First case

Here, we consider r,r_ € R\ {0}. From Theorem 5.3, we have to prove that system (17)
has a unique solution (1, 12) satisfying (18). The existence and uniqueness of this solution
is ensured by Proposition 6.6, so we have

Y1

(P = Py") [det(A)] " S1 = (B + Py ) [det(Ar)] ™" S5
(59)
Yy = — (P3+ - Pg) [det(Ay)] " S1 + M (P; - Pf) [det(Aq)] " Sa.

Now, we have to study the regularity of [det(A;)]"". Since, in this case, the determinant
det(A;) is the same than the one in [17], we deduce, from [17], Lemma 5.3, p. 2958, that
there exists Rgey(a,) € £(X) such that

Riet(ay)(X) C D(M),  [det(A1)] ™" = N7+ N7 Ryeyay)s

where N = 4k k_(L_ + M)(Ly + M)(Ly + L_ + 2M). Then, the rest of the proof is
similar to the one given in [17], section 5.3. Therefore, from (12) and (13), it follows that

S1,55 € (D(M)7X)1+;p and thus
p7

[det(A)] 1 S, [det(A)] ! Sy € (D(M), X)ai1, (60)
Moreover, from (59), we have
1 = =2(ky(Ly + M) — k(L + M))[det(A1)] " 51
+2 (kg (Ly 4+ M) — k_(L_ + M)) [det(A;)] ™" Sy + 54
(61)

o = —=2(kp(Ly+M)Ly +k (L + M)L_)[det(A)] " Sy
—2 (ky (Ly + M) — k_(L_ + M)) [det(A1)] " Sy + S5,

where S1, Sy € D(M®°). Finally, from (27), (60) and (61), we obtain

Y1 € (D(M), X) D(4), X)

3+Lp (

(D(A), X)

14 55.p

Y2 € (D(M)vX)H%,p = I+3+4p°
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6.3.2 Second case

Here, we consider r4 € R\ {0} and r_ = 0. From Theorem 5.5, we have to prove that (25)
has a unique solution (11, 12) satisfying (18). The existence and uniqueness of this solution
is ensured by Proposition 6.10, so we have

i = (2MQy - B ) [det(Ao)] " S5+ (B +2MQ; ) [det(A2)] ™" S5
(62)
¥a = — (P +2MQy) [det(A)] " S5+ M (P — 2MQy ) [det(As)] " S

Now, we have to study the regularity of [det(A2)] ™!, From (9), (54), (55), (56) and [18],
Lemma 5.1, p. 365, we deduce that there exists Ryet(a,) € £(X) such that

Riet(ns)(X) C D(M), [det(A2)] ™" = B5' + By ' Ryer(s)

where we recall that By = 8kyk_(Ly + M)*M — 16k% M3. Moreover, from (8), (27), (29)
and (32), we have

PloPys P3P, Py, @1 € (D(M), X)ppa ), and Gy, @5 € (D(M), X)gy1 .

Thus, from (21), (22), (23), Remark 5.2 and Remark 5.4, we deduce that

RQE(D(M),X);F and S3,S4€(D(M),X)1+lp,
p’ p’
which implies that
[det(A)] ™! S5, [det(A)]™! Sy € (D(M), X)aity- (63)
Moreover, due to (10), (20), (62) and [18], Lemma 5.1, p. 365, we have
Y1 = —2(ky(Ly+ M) —2k_M)[det(Ay)] " Ss
+2 (ky(Ly + M) 4 2k_M) [det(Ag)] ' Sy + S5
(64)

Yo = —2(kp(Ly +M)Ly +2k_M)[det(As)] ™' S3
+2M (ky(Ly + M) — 2k_M) [det(Ag)] ™ Sy + Sy,

where S3, Sy € D(M®). Finally, from (27), (63) and (64), we obtain

Y1 € (D(M), X) (D(A), X)

1 - 1
3+;7P 1"!‘@7?

P2 € (D(M), X) (D(A), X)

1 — 1 1 .
2+;,p 1+§+%7P
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