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EXISTENCE OF ALMOST AUTOMORPHIC SOLUTION IN DISTRIBUTION
FOR A CLASS OF STOCHASTIC INTEGRO-DIFFERENTIAL EQUATION
DRIVEN BY LEVY NOISE

MAMADOU MOUSTAPHA MBAYE AND SOLYM MAWAKI MANOU-ABI

AssTrRACT. We investigate a class of stochastic integro-differential equations driven by
Lévy noise. Under some appropriate assumptions, we establish the existence of an square-
mean almost automorphic solutions in distribution. Particularly, based on Schauder’s fixed
point theorem, the existence of square-mean almost automorphic mild solution distribution
is obtained by using the condition which is weaker than Lipschitz conditions. We provide
an example to illustrate ours results.

1. INTRODUCTION

The aim of this work is to study the existence and uniqueness of the square-mean al-
most automorphic mild solutions in distibution to the following class of nonlinear stochas-
tic integro-differential equations driven by Lévy noise in a separable Hilbert space H

!

L.y X = Ax(t)+g(t,x(t))+f Bi(t — 5)f(s, x(s))ds
+ f t Bo(t — $)h(s, x(5))dW(s)
+ ft By(1 - ) y 1F(s,X((s—),y)IV(ds,dy)
. <
+ f t By(t — 5) g 1G(s,x(s—,y)N(ds,dy) forall reR,
. s

where A : D(A) C H is the infinitesimal generator of a Cy-semigroup (7'(¢));»0, B1 and B,
are convolution-type kernels in L' (0, co) and L*(0, o) respectively. g, f : R x L*(P, H) —
I*(PH)h : RxI*P,H) —» LV,[*(P,H) F,G : Rx [*(P,H)xV — [*P,H);, W
and N are the Lévy-Itd decomposition components of the two-sided Lévy process L (with
assumptions stated in Section E.).

Throughout this work, we assume (H, || - ||) and (V, | - |) are real separable Hilbert spaces.
We denote by L(V, H) the family of bounded linear operators from V to H and L*(P, H) is
the space of all H-valued random variables x such that

Ellx|? = f Ix|[>dP < +o0.
Q
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The concept of almost automorphic is a natural generalization of the almost periodicity
that was introduced by Bochner [ﬂ]. The basic aspects of the theory of almost automorphic
functions can be found for instance in to the book [1]].

In recent years, the study of almost periodic or almost automorphic solutions to some
stochastic differential equations have been considerably investigated in lots of publications
[E, E, , E, ﬂ, E, E , , E, @] because of its significance and applications in physics,
mechanics and mathematical biology. The concept of square-mean almost automorphic
stochastic processes was introduced by Fu and Liu []. As indicated in [, I@], it ap-
pears that almost periodicity or automorphy in distribution sense is a more appropriate
concept relatively to solutions of stochastic differential equations. Recently, the concept of
Poisson square-mean almost automorphy was introduced by Liu and Sun [@ to deal with
some stochastic evolution equations driven by Lévy noise. For the almost automorphy in
distribution, its various extensions in distribution sense and the applications in stochastic
differential equations, one can see [, E, @] for more details.

One should point out that other slightly different versions of equation () have been
considered in the literature. In particular, Bezandry [E], Xia [@] and Mbaye [] inves-
tigated the existence and uniqueness of the solution of equation ) in the case when
F = G = 0 based on anotherl fixed point theorem.

The rest of this work is organized as follows. In Section 2, we make a recalling on
Lévy process. In Section 3, we review some concepts and basic properties on almost
automorphic and Poisson almost automorphic processes. In Section 4, by Schauder’s fixed
point theorem, we prove the existence of an square-mean almost automorphic mild solution
in distribution of equation (m). In Section 5, we provide an example to illustrate our
results.

2. LEVY PROCESS

Definition 2.1. A V-valued stochastic process L = (L(¢),t > 0) is called Lévy process if:

(1) L(0) = 0 almost surely;
(2) L has independent and stationary increments;
(3) Lis stochastically continuous, i.e. for all € > 0 and for all s > 0

ltim P(IL(t) = L(s)| > €) = 0.

Every Lévy process is cadlag.
Let L be a Lévy process.

Definition 2.2. [[[7]

(1) A borel Bin V — {0} is bounded below if 0 ¢ B, where B is the closure of B.
(2) v(-) = E(N(1,)) is called the intensity measure associated with L, where AL(f) =
L(t) — L(t-) foreach t > 0 and

N(t, B)(w) := ﬂ{O <s<t:AL(s)(w) € B} = Z xB(AL(s)(w))
0<s<t
with L(r—) = lim; »; L(s) and y being the indicator function for any Borel set B
in V —{0}.
(3) N(t, B) is called Poisson random measure if B is bounded below, for each ¢ > 0.
(4) For each ¢ > 0 and B bounded below, we define the compensated Poisson random
measure by

N(t, B) = N(1, B) — tv(B).
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Proposition 2.1. [EI, @] Let L be the V-valued Lévy process. Then there exista € V, V-
valued Wiener process W with covariance operator Q, and an independent Poisson random
measure on R* X (V —{0}) such that for each t > 0

L(t) = at+ W() + f

[x[<1

xN(t, dx) + f xN(1, dx),
|x[>1

where the Poisson random measure N has the intensity measure v satisfying

2.1 f (x> A Dv(dx) < o0
14

and N is the compensated Poisson random measure of N.

Let L;(¢) and Ly(¢), t > 0 be two independent and identically distributed Lévy processes.
Let

| L@ for t>0,
L ‘{ “Ly(-f)  for £<0

Remark 2.1. By ), it follows that f\xl> . v(dx) < oo. For convenience, we denote

b= f v(dx).
[x|=1

Then L is a two-sided Lévy process defined on the filtered probability space (Q, 7, P, (F;)ser)-
We assume that Q is a positive, self-adjoint and trace class operator on V, see [@I for more
details. The stochastic process L= (Z(t), t € R) given by Z(t) := L(t + s) — L(s) for some
s € R is also a two-sided Lévy process which shares the same law as L. For more details
about the Lévy process, we refer to [III, E, @]

3. SQUARE-MEAN ALMOST AUTOMORPHIC PROCESS

In this section, we recall the concepts of square-mean almost automorphic process and
there basic properties.

Definition 3.1. Let x : R — L2(P, H) be a stochastic process.
(1) xis said to be stochastically bounded if there exists M > O such that
Ellx@®)|* <M forall teR.
(2) xis said to be stochastically continuous if
ltiﬁn}EHx(t) —x(s)*=0 forall seR.
Denote by S BC(R, L*(P, H)) the space of all the stochastically bounded and continu-

ous processes. Clearly, the space S BC(R, L*(P, H)) is a Banach space equipped with the
following norm

Ixlleo = sup(Ellx(n)[[*)?.
teR

Definition 3.2. [E] Let J : R x V — L*(P, H) be a stochastic process.
(1) J is said to be Poisson stochastically bounded if there exists M > 0 such that

f EllJ(, ©)|*v(dx) < M forall teR.
14
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(2) J is said to be Poisson stochastically continuous if
lim | E|J(@, x) = J(s, 0)|*v(dx) =0 forall seR.
—s Vv

Denote by PSBC(R XV, L*(P, H)) the space of all the stochastically bounded and
continuous processes.

Definition 3.3. [[[4]] Let x : R — L2(P, H) be a continuous stochastic process. x is said be
square-mean almost automorphic process if for every sequence of real numbers (7,), we
can extract a subsequence (#,), such that, for some stochastic process y : R — L*(P,H),
we have

lim Ellx(t +2,) - y®OI* =0 forall reR
n—+oo
and
lim Elly(t—1,) —x@|* =0 forall reR.
n—+oo

We denote the space off all such stochastic processes by SAA(R, L*(P, H)).
Theorem 3.1. [] SAA(R, L*(P, H)) equipped with the norm || - || is a Banach space.

Definition 3.4. ] Let D : Rx V — L?*(P, H) be stochastic process. D is said be Poisson
square-mean almost automorphic process in ¢ € R if D is Poisson continuous and for every
sequence of real numbers (t;l)n we can extract a subsequence (,), such that, for some
stochastic process D : R x V — L*(P, H) with fVEIIE(t, X)|2v(dx) < oo such that

lim EID(t + t,,, x) — D(t, x)||2v(dx) =0 forall reR
n—+oo Vv
and

n—+oo

lim | E|D(t - t,, x) = D(t,x)|*v(dx) =0 forall teR.
v
We denote the space off all such stochastic processes by PSAA(R x V, L*(P, H)).

Definition 3.5. [] Let F : R x L>(P,H) x V — L*(P, H) be stochastic process. F is
said be Poisson square-mean almost automorphic process in ¢ € R for each Y € L*(P, H)
if F is Poisson continuous and for every sequence of real numbers (£,), we can extract a
subsequence (1,), such that, for some stochastic process F : R x L>(P,H) x V — L*(P,H)
with [ BIF(z, Y, x)|?¥(dx) < co such that

lim | E|F(t+1,Yx)— F@Y,%)|*(dx)=0 forall reR
n—+oo v

and
lim | EI|F(t—1t,Y,%x)— F@Y,0I’v(dx)=0 forall teR.
14

n—+oo

We denote the space off all such stochastic processes by PS AA(R X LX(P, H)xV,L*(P, H)).

Let P(H) be the space of all Borel probability measures on H with the 8 metric.

By, v) = sup{lffdy - fdeI Al < 1) v € PH),

where f are Lipschitz continuous real-valued functions on H with

Wl = Al + flles 1 = sup L2 =S

vy =yl

s Iflleo = sup|f(x)l.
xeH
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Definition 3.6. ] An H-valued stochastic process Y(¢) is said to be almost automorphic
in distribution if its law u(¢) is a P(H)-valued almost automorphic mapping, i.e. for every
sequence of real numbers (s),),, there exist a subsequence (s,), and a P(H)-valued mapping
Ji(%) such that

lim B(u(t + s,), (1)) =0 and lim B(a(t — s,), u(?)) =0
hold for each ¢ € R.

To study the existence of mild solutions to the stochastic evolution equations ([l 1)). we
will need the following assumptions,

(H.1) The semigroup T'(¢) is compact for ¢+ > 0 and is exponentially stable, i.e., there
exists constants K, w > 0 such that

3.1) IT()] < Ke™ forall 3> 0.

(H.2) The functions f, g and & are uniformly continuous on any bounded subset K of
L*(Q,H) foreacht € R. F,G are uniformly continuous on any bounded subset K
of L*(Q, H) for each € R and x € V. For each bounded subset K c L*(Q, H),
gR,K), f(R,K), h(R, K) are bounded and F(R, K, V) and G(R, K, V) are Poisson
stochastically bounded. Moreover we suppose that there exists » > 0 such that
2

wr
where
A, = max{ sup || f(t,u) ,» Sup g(t, u)” ,» sup h(t,u) "
1eRull, <r L teRrull, o <r L teRul o <r L
sup f ’F(t, u, x)” 2v(dx), sup f ‘G(t, u, x)” 2v(cix)}
eIl 2 <r Jyly<1 L t€Rlull 2 <r Jyly>1 L

and
0 = 1, B1IE, g oy HBIE gy 201821 o |

(H.3) we suppose that there exist measurable functions m,, my my,, mp, mg : R —
[0, 00) such that

(3.3) Ell g(t.Y) - gt.Z) P< my(t) B Y - Z |

(3.4) E|l f(t,Y) = f(t,.2) IP< mp(t) B Y = Z |

(3.5) E || (h(t, Y) - h(1, 2))Q* Iz .22y S ) BN Y = Z |

(3.6) f ElF(t,Y, x) — F(t, Z, )|*V(dx) < mp(2) - B||Y — Z|?
|xly<1

3.7 f E|G, Y, x) — G(t,Z, x)||2v(dx) < mg(t) - B||Y — Z||2
[xly=1

for all € R and for any Y, Z € L*(P, H).

(H.4) If (u,), N € SBCR, L*(P, H)) is uniformly bounded and uniformly convergent
upon every compact subset of R, then g(-, u,,(+)), f(-, un(+)), h(:, u,(+)), and F(-, u,(-), -),
G(-, up(+), ) are relatively compact in S BC(R, L*(P,H)), PSBC(R x V, L*(P, H)),
respectively.
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Definition 3.7. An 7,-progressively measurable process {x(#)};cr is called a mild solution
on R of equation () if it satisfies the corresponding stochastic integral equation

(38)  x() = T@-ax)+ f t T(t - 5)g(s, x(s))ds
+ ft I(t-o) fﬁ Bi(o = )f (s, x(s))dsdo
+ f t T(t-0) f i Bo(o — )h(s, x(s))dW(s)do
+ fr T(@-o) f(r By(o —s) et F(s, x(s-),y)N(ds,dy)do
a a Mv<
+ f t T(t—o) f i By(o - 5) . G(s, x(s—-), y)N(ds, dy)do
forall 1 > a. N

Remark 3.1. If we let « — —co in the stochastic integral equation @), by the exponential
dissipation condition of (T(¢));»0, then we obtain the stochastic process x : R — L?(Q, H)
is a mild solution of the equation (@) if and only if x satisfies the stochastic integral
equation

cox = [ " T - gl x(Nds + | " T(- o) | " Bi( - 9)f(s, x()dsder
+ f " 1i—o) [ Baor— s)h(s. x(s)dW(s)dor
+ f "Tu-o) [ Buo—s) f| - FGrts, WWN(ds, dy)do
N . "
.l Ta-o) [ Baor-s) G NS
N N -

4. SQUARE-MEAN ALMOST AUTOMORPHIC SOLUTIONS

This section is devoted to the existence and the uniqueness of the square-mean almost
automorphic mild solution in distribution on R of Eq. (@).
Define the following integral operator,

(Ax)(1) = f [ T(t - 5)g(s, x(s))ds + f [ I(t-o) Bi(o — 9)f (s, x(s))dsdo
+ f t I(t-o) By (0 = s)h(s, x(5))dW(s)do
+ ft T@-o) By(o - s) | lF(S, x(s=),y)N(ds, dy)do
. oo i<
+ f t T(t-0) | Byo-s) ] Gs. x(52). N(ds, dy)do
—co —oo by

We have
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Lemma 4.1. If the semigroup T(t) verifies @) in assumption (H.1) and if the functions
f. g and h are uniformly continuous on any bounded subset K of L*(Q, H) for each t € R.
F,G are uniformly continuous on any bounded subset K of L*(Q, H) for each t € R and
x € V. For each bounded subset K ¢ L*(Q, H), gR,K), f(R,K), h(R, K) are bounded
and F(R, K, V) and G(R, K, V) are Poisson stochastically bounded., then the mapping A :
SBC(R, L*(P,H)) —» SBC(R, L*(P,H)) is well-defined and continuous.

Proof. Itis easy to see that S is well-defined. To complete the proof it remains to show that
A is continuous. Consider an arbitrary sequence of functions u, € S BC(R, L*(P, H)) that
converges uniformly to some u € S BC(R, L*(P, H)), that is, ”un - u”oO — 0 as n— oo,
There exists a bounded subset K of L?(Q, H) such that u,(t), u(f) € K for eacht € R
and n = 1,2,.... By assumptions, given € > 0, there exist 6 > 0 and N > 0 such that
Ellu,(£) — u(?)|[> < § imply that

2
E || g(t, un(0)) — g(t, u(t)) |P< ———s

25K?
E || £(t, un(8) = £, u(0)) P< we
’" ’ 25K2(IB1l} oy + D
E || h(t, un(0)) — ht, u(t)Q? |P< we
,un - ,u
25K2(1Bal, ) + 1)

a)2€

25K2(B I, g ) + D

f E|F(t, u, (1), x) — F(t, u(t), x)IIZV(dx) <
[xly<1

a)2€

SOK2(I1B2l172( o) + DIIB2IG, ooy + D)

f ElIG(t, uy(t), x) — G(t, u(?), x)|*v(dx) <
[xly<1
Hence

En(Aun)(t)—(Au)(t)nz=EH f 70— 5)(05 1)) = 5, u(s9) s

+ f Tt-0) | Bio- s)( £(5, tn(s)) = fCs, u(s)))dst'

00 —00

+ f T(t-o0) By(o - s)(h(s, uy(s)) — h(s, M(S)))dW(S)dO’

00 —0o

+ f Tt-0) | Byo-s) (F(s, 1n(s=),y) = F(s, u(s=), y)))ﬂr(ds, dy)dor

oo —0oo Iyly<1
2

+ j: T(t-o0) By(o— %) (G(s, u,(s—),y) — G(s, u(s—),y)))N(ds, dy)do

00 —oo ylv=1
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2

< SEH j:; T(t- s)(g(s, uy(s)) — g(s, u(s)))ds

2

+ 5E f T(t-0) Bi(o - s)(f(s, un(s)) — (s, u(s)))dsda'

00 —00

‘ 2
+ 5E f T(t-o0) By(o - s)(h(s, uy(s)) — h(s, M(S)))dW(S)dO‘

00 —00

2

+5E f Tt-o0) | Byo—s) (F(s, 1y(s=), y) = F(s, u(s—), y)))N(ds, dy)do

w0 o0 bilv<1
t 2
+5E f Ti-0) [ Bio-s9) (G(s, n(5-).y) — G(s. u(s-), y)))N(ds, dy)dor
—0co —0oo [yly=1

S5(11+12+I3+I4+15).

Using Cauchy-Schwartz’s inequality, we get

For I3, using Cauchy-Schwartz’s inequality and Ito’s isometry property, we obtain

2

€
dsd —
s0'<25

2 t o
he [ o [Tg
w —00 —00

Ba(or = ) (s, a(5)) = hs, u(3)) )0

As to 14 and Is, by Cauchy-Schwartz’s inequality and the properties of the integral for the
Poisson random measure, we have

2
-4

f T - o) f Bar-s) | l(F(s,un(s—),y)—F(s,u(s—),y)))N(ds,dy)d(r
—o0 -0 yly<

2
do

K2 t o 5
<2 f e’”(’"’)E” f Bo(or — 5) (F(s, Un(s=),y) = F(s, u(s—),y)))N(ds, dy)
W J-o —o0 ylv<1
KZ t Tou 2
SR e f 1Bx(or — I f EHF(s, n(5=),y) — F(s, u(5=),7)
- Iylv<1

w —00 00

€
< —.
25

v(dy)do
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And

Is =E” f T - o) f Biw - | l(F(s, 1n(s=), y) = F(s, u(s=), y)))N(ds, dy)dor
—oo —oo M=

2

1 2
< 2EH f TG-0) [ B | (Fts, 50,00 = Fis,uts=), ) |¥(ds, dyydr
—0 —00 yly=>1
t o ' 2
+ ZEH f T - o) f Bo(o — 5) (F(s, 1n(5=), y) = F(s, u(s=), y)))v(dy)do-
—0oo —0o0 [ylv=1
2 2
< 288 o T )
W N\S0K2(1BIE, o, + BB, o, + 1)
KZ t o 2
2 f e*““*“)EH f Bur=5) [ (Fts.un(s-1,) = FGs,uts=), ) vy dor
—00 —00 [yly>1
ZKZ 2 KZ T o
< —2||Bz||§2(0m)( T )+2_ f e,w(,,o_)( f Ba(o — 5)||ds f w(dy)
w N\S0RABIE, , + BB, + D) @ Joe . 1

2

By(o —9) F(s,un(s=),y) = F(s,u(s=),y)

v(dy)ds)da'

. \fo—oo f ‘
[yly>1
2

<2 e ( we )
=2 RO\ S0R2 (1B, +BlIBIP, 1)

12(0,00) L1(0,00)
K? w?e
+2b—|1B,I;
o ZHLI(O"X’)(50K2(||leliz(0,m) +BlIBaIE, ) + 1))
€
< —.
25

Thus, by combining I; — Is, it follows that foreachr e R and n > N
Ell(Aua)(t) = (Aw) @) < €.
This implies that A is continuous. The proof is complete. O

Theorem 4.1. Assume that assumptions (H.1) — (H.4) hold and

1- g, f € SAAR x LA(P, H), L*(P, H)),

2- he SAAR x L*(P,H), L(V, LX(P, H))),

3- F e PSAAR X L*(P,H) x V, L*(P, H))

4- G € PSAAR X L*(P,H) X V, L*(P, H)).
then Eq. (@) has at least one almost automorphic in distribution mild solution on R
provided that

! !
L, = supf e’“(t’s)mg(s)ds <oo, Ly= supf [I1B1(t = $)llmg(s)ds < oo,

teR J -0 teR J -0

! !
Ly = sup f 1Bt - Pmy(s)ds < o, Ly = sup f 1Bt — $)|Pmy(s)ds < co.

teR J -0 teR J-c0

i3
Lg = sup f 1B2(1 = $)|Pmg(s)ds < oo

tER J—-o0
and
K2
@1) 9= 105[% + LBl o) + Ln + Lr + 2(1 + b||Bz||L1(0,m))LG] <1
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Proof. Let B = {u € SBC(R, LX(P,H)) : |lull2, < r}. By Lemma [i.] and (B.3), it follows

that B is a convex and closed set satisfying AB c B. To complete the proof, we have to
prove the following statements:

a) That V = {Au(t) : u € B} is a relatively compact subset of L?>(P, H) for each t € R;
b) That U = {Au: u € B} c SBC(R, L*(P,H) is equi-continuous.
¢) The mild solution is almost automorphic in distribution.

To prove a), fix ¢ € R and consider an arbitrary € > 0. Then

(Aex)(1)

f_E T(t— s5)g(s, x(s))ds + f - T(t—-o0) Bi(o — s5)f(s, x(s))dsdo

00 —00 —00

fﬁe T(t-o0) fﬁ By(0 = s)h(s, x(5)dW(s)do

N
+ f - o) f " Byor—9) )R s, ddo
. . e
+ f 1o f " By~ ) G0, YN e
. . -
= T(e) j:t_e T(t—€—s5)g(s,x(s))ds + j:t_e T(t—e—0) } Bi(o— s)f(s, x(s))dsdo
+ ftf T(t—e—0) } By(o — s)h(s, x(5)dW(s)do
+ f e [ B - Fx(s) N s dvidor
. . e
+ f “ti—e-o) [ Bao-s) | Gxs) NG, v
. . e

T(e)(Ax)(t —€)

and hence V, := {(A)x(f) : x € B} is relatively compact in L?>(P, H) as the semigroup
family T () is compact by assumption.
Now

Ell(Au)(®) = (Aa) (DI = E’

f T(t— s5)g(s,u(s))ds + f T(t-o0) Bi(o — 5)f(s,u(s))dsdo

—€

+ f T(t-o0) fU By(o - s)(h(s, u,(s)) — h(s, u(s)dW(s)do

00

+ f T(t-o0) fﬁ By(o—9) F(s,u(s-),y)N(ds, dy)do
t—€ -0 lv<l

2

+ f T({t—-o0) f‘T By(o - 5) G(s,u(s—),y)N(ds,dy)do.
t—€ —00 lv=1
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2 2

<5E

f T(t-o0) Bi(o— $)f(s,u(s))dsdo

2

f T(t— s5)g(s,u(s))ds

+ SE’

+ 5SE f T(t-o0) f(r By(o = s)h(s, u(s)dW(s)do

2

+ 5SE f T(t-o0) fﬁ By(o - %) F(s,u(s-),y)N(ds, dy)do
t—€ -0 lv<1

2

+5E f T(t-o0) f(r By(o - 5) G(s,u(s—),y)N(ds,dy)do
t—€ —00 [ylv=1

2 1 2
SS[A,KZ( f e*“'“*”)da) + AK|ByII7, (Om)( f e—w(f—mdg)
1—e ’ f—€

f 2 f
+ArK2||Bz|Iiz(0,m)( f e*““*”)da) +A,K2||Bz||iz(oyoo)( f
1—€ t

2
g Wi do-)

4 2
(28 KB + 260 B ) [ o] |
1—€

< SAK 1+ IB1IE . + B2l gy + 201B2IE . |€

from which it follows that V = {Au(f) : u € B} is a relatively compact subset of L*>(P, H)
for each r € R.

We now show that b) holds. Let u € B and t;,t, € R such that #; < t,. Similar
computation as that in Lemma , we have

Ell(Au)(t) = (Au) ()]

]E” fz T(t, — 5)g(s, x(s))ds + fz T(t, — o) Bi(o — $)f(s, x(s))dsdo

00 —00

fz T(t, —0) fU Bo(o = $)h(s, x(s))dW(s)do

N
+ f " T o) f " Bao— ) - F xR, o
- . »
+ f " T - o) f " Bao - ) G x5 N, e
- - e
- ( I " Ty - $)g(s. x(s))ds + I " Tt - o) | Bi(e - 9f(s.x(s)dsdor
+ j: "I — o) I " Ba(or — $)h(s. x(s))dW(s)dor
+ f "1 - o) f " Bao- ) ), DN, o
. N e
" f " Tt - o) f " Baor—9) : Gl x(5-).y)Nds. dyydo) 2
- - e
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t

= EH(T(t2 —-1)— I)[f T(t — 5)g(s, x(s))ds + f T(t; — O')f Bi(o — s5)f(s, x(s))dsdo

+ f] T(t, — o) fg By(0 = s)h(s, x(5)dW(s)do

00

00

+ fl T(t, — o) f(r By(o - 5) F(s, x(s—),y)N(ds, dy)do
- -0 [ylv<1

+ f] T(t, — o) fﬁ By(o— %) G(s, x(s—),y)N(ds, dy)do
- —00 [ylv=1

00

+ fz T(t, — 5)g(s, x(s))ds + fz T(t, — o) Bi(o - $)f(s, x(s))dsdo

1 n —00

+ fz T(t, —o0) By(0 = s)h(s, x(5)dW(s)do

5]
+ f T(t, —o0) By(o— %) F(s, x(s=), y)N(ds, dy)do
n -0 [lv<1
5] 2
+ f TQ2-o0) By(o — ) G(s, x(s—),y)N(ds,dy)do
t -0 lv=1
2 153 2
< 6supE (T(lz —-1)— I)y + 6E f T(t, — 5)g(s, x(s))ds
yeV 1

2

+ O6E fz T(t, —0) f[r Bi(o — s)f(s, x(s))dsdo

2

+ O6E fz T(t, — o) f(r By(0 — s)h(s, x(s5))dW(s)do

1

2

5 o
+ 6E f T(t, — o) f By(o - 5) F(s, x(s—),y)]V(ds, dy)do
S —00 [ylv<1

2

+ O6E fz TQ2-0) By(o—5) G(s, x(s-),y)N(ds, dy)do

yly=1

2 153 2
+6[A,K2(f e_‘“(rz_”)d(r)
t

1

IA

6supE
yev

t 2
b AKABIE o [ o)
1—€

t > ; )
*‘&ﬂwﬁmJj}”mwﬂ+&ﬂwﬁm4j¥WW%ﬂ
t —e

—€

’(T(fz - -1

4 2
b (ARBIE . + 260 KB o ) [ ]|
1—€

2

IA

6supE
yev

(r == 1)y

153 2
-Fmxﬁﬂmﬁwﬁwmﬁw+m@mwﬁf(mwwy
41

The right-hand side tends to 0 independently to u € B as t, — #; which implies that U is
right equi-continuous at #. Similarly, we can show that U is left equi-continuous at ¢.
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Denote the closed convex hull of AB by co AB. Since co AB C B and B is a closed
convex, it follows that

A(¢o AB) € AB c Go AB.

Further, it is not hard to see that ¢o AB is relatively compact in L*(P, H). Using Arzela-
Ascoli theorem, we deduce that the restriction of co AB to any compact subset / of R is
relatively compactin C(/, L*(P, H)). Thus condition (H.4) implies that A : co AB — co AB
is a compact operator. In summary, S : co AB +— co AB is continuous and compact. Using
the Schauder fixed point it follows that A has a fixed-point.

To end the proof, we have to check this the fixed-point is almost automorphic in distri-
bution. Since g, f, h are almost automorphic and F, G are Poisson almost automorphic,
then for every sequence of real numbers (t;l),, we can extract a subsequence (%,), such that,

for some stochastic processes g, f, hF,G

(4.2) lim Ellg(s + tx, X) = g(s)II* = 0, lim E|[g(s — £y, X) — g(s, X)|I* = 0;
n—+co n—+0co

@3)  lim Ellf(s+ 6,0~ f(.OIF =0, lim Ellf(s — 1. X) = f(s. OIF = 0;

“4.4)
. —~ 1 . — 1
Tim Bl 5+, 0T, 0 )0 By = 0 Tim Bl(RCs—ta, X)=h(5. X0)OHE 1 = 0

4.5) lim E||F(s + t,, X, ) — F(s, X, y)|Pv(dy) = 0,
e Jply<t
lim ElIF(s — 1, X, y) — F(s, X, y)|Pv(dy) = 0
n—+oo b’\v<l
and
(4.6) lim f EIIG(s + ta, X, 3) = G(s, X, »IP¥(dy) = 0,
12+ >
lim E|IG(s — ty, X, ) — G(s, X, )P¥(dy) = 0
ot Jypy >

hold for each s € R and X € L*(P, H).
For t € R, we define

X(1)

f T(t — $)2(s, X(5))ds + f T(t-0) | Bi(o - 5)f(s,X(s)dsdo

00 —00 —00

+

f T(t— o) f " Bo(o — $)h(s, X(5))dW(s)do

00

+

f T(t— o) f " B>(o — 5) F(s, X(s=), y)N(ds, dy)do
—co —co0 Dly<1

+

f T(t— o) f ’ By(o — 5) G(s, X(s—), y)N(ds, dy)do-
—0 - [ylv=1

Let Wy (s) = W(s +1,) = W(t), Na(s,y) = N(s+ 1, ¥) = N(ty, x) and Ny (s, y) = N(s+1,,) =
N(t,, x) for each s € R. Then W, is also a Q-Wiener process having the same distribution
as W and N,, have the same distribution as N with compensated Poisson random measure
N,.
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Consider the process define as follows

X,(H = f T(t—s5)g(s +ty, Xn(s))ds + f T(t—-o0) Bi(o— 8)f(s + t,, X (s))dsdo
+ f T(t-o0) f(r Bo(0 = )h(s + t,, X,,(5))dW(s)do
+

f Tt-o0) f(r By(o - ) F(s + ty, Xu(s—), y)N(ds, dy)do

—o0 —o0 Iylv<1

+ f T(t-o0) fﬁ By(o— %) G(s + ty, Xu(s—), Y)N(ds, dy)do.
—o0 —e0 blv21

Note that X(¢ + t,) and X, have the same law and since the convergence in L?> implies
convergence in distribution, then we have

E|IX,,()-X(0)|I*
2

<5E ‘j: T(t— s)(g(s + 1y, Xu(5)) — (s, f(s)))ds

2

+5E f T - o) f " By - s)( F(s + 1, Xo(s)) — F(s, i(s)))dsda

00

2

+5E f T(t— o) f " Bs(o — s)(h(s + 1y, Xn(5)) — (s, X(s)))dW(s)do—

00

+5E f Tt - o) f " B —5) (F(s + 1, Xo(5-), y) — F(s, X(s-), y)))N(ds, dy)dor
—o0 —00 Iylv<1

+5E f T(t— o) f " B>(o — 5) (G(s + 1y, Xu(s—), y) — G(s, X(s-), y)))N(ds, dy)do
—o0 —o0 bv=1

2

2

<51+ +J3+J4 + Js).

For J;, we have

J = EH f m 70— 5805 + s X259 ~ Fls, Ks) s

2

< 215” I " - s)(g(s 1, X)) — g5 + tn,jf(s)))ds

2

+ 215” I t T(t— s)(g(s + 1, X(5)) — 3(s, )?(s)))ds

2K2 t . 2

<— eIy (s + 1,)E|| X, (s) — X(s)|| ds
2K2 ! . . 2

*— e*“’“*”EHg(Hrn,X(s))—’g(s,X(s» ds
2K2 ! . 2

<— f_ eI my(s + 1,)E|| X, (s) — X(5)|| ds + T,

—_— —_— 2 —_—
where ] = 2w—K22 SUp g EHg(sH,,, X(s5))—2(s, X(s5))|| ds. Since X(-) is bounded in L*(P, H),

it follows by ([.2), that {” — 0 as n — oo.
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For J,, we have

2

I = ]E”f T - o) fﬁ Bi(o - s)(f(s T 1, Xo(5)) = FCs, i(s)))dsda

2

< ZEHf T(t—o0) Bi(o - s)(f(s + 1, Xu(8)) — f(s + 1, i(s)))dsda‘

2

+ ZEHf T({t-o0) f‘r By(o - S)(f(s + 1, X(5)) — ]T(s, )?(S)))dsd(r

2

2K t o . 2
< — Bl o) f e | IBi(o = $)lims(s + 1)E||X,(s) = X(5)|| dsdo

2K2 t oo o _ .
+ 2 B0 f e f 1Bi(c = HEILF(s + s X(5)) — s, X()|Pdsdor

2K? o e
< —IBilloe) f e B0 = $)lms(s + 1)E||X,(s) = X(s)|| dsdo + 43,
where £} := Zw—IfIIBllli] (0.00) SUP e EILf (s + i, X(s)) — (s, X(5))|[*. For the same reason as

for ¢y, {5 = 0asn — oo.
For J3, using Cauchy-Schwartz’s inequality and the Ito’s isometry, we have

2

Iy = EH f T - o) f " By(o— s)(h(s + 1, X,(s)) = T(s, i(s)))dW(s)dg

! 2
< ZEH f T(t—o0) By(o - s)(h(s + 1, X0(8)) — h(s + 1, i(s)))dW(s)dO'

2

" ZEH f It=o) f B~ S)(h(s + tp, X(5)) = h(s. )?(s)))dW(s)dg

2K2 t o . 2
< — e~ f 1B2(0 — $)|Pma(s + t,)E||[X,(s) — X(5)|| dsdo
w —00 —00
2K% (" o 2 = = = P
+ — e I [|B2(o — s)|I’E ‘(h(s + t,, X(5)) — h(s, X(s)))Q2 dsdo
w oo NS L(V,L*(P,H))
2K2 t o _ 2
< f W= f 1Ba(o — $)IPmu(s + 1,)E|| X, (s) — X(s)|| dsdo + £2,
w —00 —00
n ._ 2K* 2 v, T Y, 1 g :
where % := 7||B2||L2(0,00) sup,g E (h(s + 1, X(5)) — h(s, X(s)))Qz P By(@, it

follows that {5 — 0 as n — oo, like Z7.
For J4, using Cauchy-Schwartz’s inequality and the properties of the integral for the
Poisson random measure, we have

2

Jy = EH f T(t-0) By(o — ) - (F(s + 1y, Xu(s—), y) — F(s, X(s—), y)))N(ds, dy)do
—00 —00 ylv<

2

< ZE” f T(t—0) By(o - 5) (F(s + 1y, Xu(5—),y) — F(s + tn,f(s—),y)))ﬁ(ds, dy)do

ylv<l
2

+ ZEH f T(t—0c) | Bao-s) (F(s + 1y, X(s-),y) = F(s, X(s—), y)))zv(ds, dy)do

lv<l
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2K% (! T

< — f e~w=) 1B2(0 = $)|Pmp(s + 1,)E||Xa(s) — X(s)|| dsdo
w —0o —0o

2K2 t o . . . 2

22 [ oo f 1Ba(o - 9)IP f (s + 1. X609 = Fos Xsm)| wanidsdor
—00 —00 Iyly<1

2K2 t . 2

<— e~V _ 1Ba(o = $)Pmp(s + ,)E||X,(s) — X(s)|| dsdo + £,
2K2 2 v, T, v, :

where 1 = 22 ByJR, ) supseR( [ ]E”F(s b X(s),y) = F(s, X(5-), y) v(dy)).

Using @), it follows that g - 0asn — oo, like gt
For Js, using Cauchy-Schwartz’s inequality and the properties of the integral for the
Poisson random measure, we have

2
(G(s + 1y, Xn(s—), y) — G(s, X(5-), y))N(ds, dy)do

!
Js = E”f T(t-0) | By -s)
—co —oo bly=1
2

<2E ’ f Tt-o) [ Byo-s) ’ (G(s Tty Xo(5), ) — G(s + tn,i(s—),y))N(ds, dy)dor
—0co —co yly=>1

2

+ ZE‘ f T(t- o) By(o— 5) (G(s + 1y, X(s-), ) — G(s, X(s—), y))N(ds, dy)do

& —00 [yly=>1
_ B 2
(G(s Tty Xu(5=), ) = G(s + tn, X(5-), y))N(ds, dy)dor

i3
S4E’f T(t-o0) By(o - 5)
—oo oo blyv=1
2

8
+4E f T(t—-o0) By(o— %) (G(s + 1y, Xu(5—),y) — G(s + t,, X(5-), y))v(dy)dst'
—00 —00 [yly>1
t ' . . . 5 2
+4E f T(-o) | Bao-s) (G(s + 1y, X(5-), ) — G(s, X(5-), y))N(ds, dy)do
—00 —00 [ylv=1
! ' . . . 2
+4E f T(t—-0) By(o— %) (G(s + t,, X(5-),y) — G(s, X(s=), y)v(dy)dsdo
—00 —00 [yly>1
4K2 ' —w(t-0) 2 v, 2
< — e [|1B2(o = s)||“mg(s + t,)E|X,.(s) — X(s)|| dsdo
w —00 —00
4K% [
s [ e ([ B -l [ viavds
w —o0 -0 lv=1
Yo . 2
x f 1By~ 9 EHG(s 10 X520, 0) = Gs + 13, X520, )| s
—00 [yly=>1
2K2 ' —w(t—0) 7 2 Y, ~ . v 2
0 1Ba(o— 9| EHG(s + 10, X(s2),y) - Gs. X(s=), || (dv)dsdor
© Jow o vzl
4K% [
s [ e [ B -l [ viavds
w —o0 -0 lv=1
o . . . 2
x f 1By~ 9 EHG(s 10, X(5),) = Gs, Xm0, )| s r
00 yly=1
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4K2 t . 2
< — f e~w=) 1B2(0 = $)|Pmg(s + t)E||X,(s) — X(s)|| dsdo

w

00 —00

4bK? d ST
+ Bl f = [ 1By = 9)ime(s + 1E||X,(s) - X(s)|| dsdor
2K2 t et o 5 . . . 2
A B - [ El|Gs + 1. X(s).y) = Gls, Ko w)|| vdy)dsder
W Jowo —o0 ylv>1
4bK? 4 — — 2
+ Bl f e [ By - sl EHG(s + 10, X(5=),y) = Gs, X(s=), || v(dy)dsdor
—00 —00 [yly=>1
4K2 ' —w(t-0) 2 % 2
< — e [|B2(o — s)|["mg(s + t,)E|| X, (s) — X(s)|| dsdo
w —00 —00
4bK? d — 2
+ Bl f = [ By(o = 9lime(s + 10E||xu(5) = Xio)|| dsder + 220
where
. 2K 1 = = :
& = 2B sup( [ B|GG 1. X500) - Gl Ko )
w ) ek Ny
WK _ _ 2
+ —2||B2”L1(0 o) Sup( E G(S + tn’X(s_)’y) - G(S’ X(S_), )’) V(dy))
w T seR N yly>1

Using @), it follows that {{ — 0 as n — oo, like {]. By combining the estimations
Jy —Js,we getforallz e R

Y BTV
E[|X.(1) — X(@®)|| <"+ IsupE||X,(s) — X(s)
seR
where " = ZL{;’. It follows that
. 2 éfn
E|[X.(D) — X(@)|| < .
0 -X0| <1

Since ¢ < 1 and " — 0 as n — oo for all ¢ € R then one has

2

E|[X,() - X(|| -0 as n—0 foreach reR.

Hence we deduce that X(¢ + 1,) converge to Y(t) in distribution. Similarly, one can get
that Y(t — t,) converge to X(7) in distribution too. Therefore this fixed-point solution of
the equation ( is square-mean almost automorphic in distribution. which completes the
proof.

O

5. EXAMPLE

Consider the following stochastic integro-differential equations
(5.1
WD = Zou(t,x) + g(tu(t, x) + [ e f(s,uls, x)ds + [ e (s, u(s, x))dW(s)
+ fw e~ U=909(s, u(s, x))Z(ds), (t,x) € R x (0, 1),
u(t,0)=u(t,1)=0, t€eR
u(0,x) =up(x) =0, x€(0,1)
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where W is a Q-Wiener process on L2(0, 1) with Tr Q < oo and Z is a Lévy pure jump
process on L*(0, 1) which is independent of W and w > 0. The forcing terms are follows:

g(t,u) = dsinu(sint + sin \/it), f(t,u) =  sinu(sint + sin \/gt),

h(t,u) = dsinu(sint + sin \/gt), 6(t,u) = o sinu(sint + sin xtt)

with 6 > 0. Denote H = V = L*(0, 1). In order to write the system () on the abstract
form (, we consider the linear operator A : D(A) ¢ L*(0, 1) — L*(0, 1), given by
D(A) = H*(0, 1) N Hy (0, 1),
Ax(é) = x’(¢) for £€(0,1) and xe€ D(A).

It is well-known that A generates a Cy-semigroup (7'(¢));>o on L*(0, 1) defined by

TOX)() = Y e x, enaen(r),
n=1
where e,(r) = V2sin(nar) forn = 1,2, ..., and |T(#)|| < e ™" forall £ > 0.
Then the system (ﬂ) takes the following abstract form

t

u'(t) = Au()+ gt u®@))+ f Bi(t — $)f(s,u(s))ds

+ f By (t — s)h(s, u(s))dW(s)

+ f By(t—s) F(s,u((s—),y)N(ds, dy)
oo blv<1

+ f By(t—9) G(s,u(s—,y)N(ds,dy) forall teR,
- [ylv=1

where u() = u(t,-), B1(t) = By(t) = ¢*' fort > 0 and

0(t, w)Z(dt) = f F(t,u(t-),y)N(dt, dy) + f G(t, u(t=),y)N(dt, dy)

Iylv<1 [yly=>1
with
20 = f YN(1,dy) + f YN(1.dy),
lv<l Mv>1
Ft,u,y) = h(t,u)y - Lipy<yy and - Gt u, ) = h(t, u)y - Liyj,21).-

Here, we assume that the Lévy pure jump process Z on L*(0, 1) is decomposed as above
by the Lévy-It decomposition theorem.
Clearly, f,6 are almost automorphic, and F, G Poisson almost automorphic and satisfying
H,—H;. Moreover, it is easy to see that the conditions (@)—(@ are satisfied with

2 2

mg(t) = 62( sin ¢ + sin \/Et) , myg(t) = 62( sin ¢ + sin \/gt)
2 2
mi(f) = 62||Q||L(W)( sinf + sin \/§t) . ome(t) = 62v(Bl(0))(sint+ sin «/§t)

2
me(t) = 52b( sin £ + sin m) ,

where B;(0) is the ball in V centered at the origin with radius 1.
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Obviously,

¢ ‘ 2
L, = supf eI my(s)ds = §° supf e‘“’(’_s)mg(s)ds( sin s + sin 2s) < 00,

teR teR

t f 2
L= supf IBy(t = $)llmy(s)ds = 67 supf 1B (7 - s)II(sins + sin «/§s) ds < oo,
t -

teR J -0 €R 0o

—~

t f 2
L = sup f IBa(t—5)Ima(s)ds = S21Qllvy) sup f ||Bz(t—s)( sin s-+sin \/ES) ds < oo,
teER J -0 teER J -0
1 2
||Bz(t—s)||2( sin s+sin ns) ds < o,

Lr = sup f B2 (t—9)Pmr(s)ds = §*v(B1(0)) sup f
teR

teR J -0 —o0

t t 2
L = sup f 1B (t = 5)|Pm(s)ds = 6%b sup f IBa(t — s)llz(sins + sinﬂs) ds < oo

teR J-o0 teR o
Therefore, by Theorem , the equation ) has a square-mean almost automorphic
in distribution mild solution on R whenever ¢ is small enough.
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