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Abstract

This paper is concerned with the leader-following consensus problem for a class of Lipschitz nonlinear multi-agent systems
with uncertain dynamics, where each agent only transmits its noisy output, at discrete instants and independently from its
neighbors. The proposed consensus protocol is based on a continuous-discrete time observer, which provides a continuous time
estimation of the state of the neighbors from their discrete-time output measurements, together with a continuous control
law. The stability of the multi-agent system is analyzed with a Lyapunov approach and the exponential practical convergence
is ensured provided that the tuning parameters and the maximum allowable sampling period satisfy some inequalities. The
proposed protocol is simulated on a multi-agent system whose dynamics are ruled by a Chua’s oscillator.
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1 Introduction

The study of Multi-Agent Systems (MAS) has been
considered by many researchers during the last decades,
due to its important practical applications, such as for-
mation of UAV, attitude synchronization of spacecraft
or distributed sensor networks [20]. MAS are usually
characterized by a topology network which reflects the
possible ways of communication among agents. A fun-
damental problem for MAS is to design protocols such
that all the agents in the network reach a common value.
This problem can be subdivided into two categories, the
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leaderless consensus and the leader-following consensus.
In the leaderless consensus problem, the final common
position of the agents cannot be selected. Then, it might
be useful to consider a real or virtual leader whose pre-
scribed trajectory has to be followed by all the agents.
Many results have been obtained for MAS whose dy-
namics are linear, see for instance [13]. However, in
many practical cases, MAS are governed by more com-
plex dynamics, namely nonlinear dynamics. These non-
linear dynamics usually cannot be neglected in order to
obtain more accurate control procedures and objectives.
Consensus protocols using the full state information
have been considered in [5] for a fixed topology or in
[29] for time-varying topology. When the state of the
agents is only partially available, that is when only the
measured output can be used, it is then necessary to
use observers in order to reconstruct the state. Such a
strategy has been used for example in [14] for a general
class of nonlinear MAS.

In the aforementioned nonlinear protocols, the consid-
ered signals are assumed to be available continuously in
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real time. But in most applications, it is more desirable
or sometimes only possible to transmit the measure-
ments in a discrete way. This may be due to technical
constraints or for energy saving [23]. It is then impor-
tant to adapt the consensus protocol in order to deal
with the sampled signals. A first idea has been to con-
sider time-triggered sampling. Several protocols have
been proposed when the state of the agents can be fully
measured. Impulsive control for some specific kinds of
systems has been considered in [11]. The delay input
approach has been used in [30,31] for deterministic
sampling period and in [24,28] for stochastic sampling.
When only the output is available at discrete instants,
then an observer must be designed. A distributed ob-
server protocol with a zero order hold input control has
been proposed in [27]. In this work, the sampling peri-
ods have to be synchronized between the agents.
Another approach, which allows aperiodic and asyn-
chronous sampling periods, is event-triggering based
consensus protocol. General linear systems have been
considered in [33]. Some specific nonlinear classes of sys-
tems have also been considered in the literature. MAS
with Lure’s nonlinear dynamics have been investigated
in [15] and first order nonlinear systems in [32,16]. Other
classes of nonlinear systems have been treated in [17].
Though providing interesting results, event-triggered
schemes involve a more complicated set-up and addi-
tional parameters to tune. Indeed, a threshold function
has to be considered which dictates the sampling in-
stants for the data transmission. Furthermore, one has
to be careful about the Zeno phenomenon which can
occur for some schemes [6].

Most works with discrete signal transmission hold the
control input constant between sampling instants. One
takes advantage here, of the fact that time-varying
control input can be considered. Indeed, only the trans-
mitted signals have to be sampled, not the input.
Continuous-discrete time observers, which reconstruct
the state in continuous time from discrete-time mea-
surements, have been greatly developed these last years,
as in [4,12] for different classes of nonlinear systems,
and are then used here to tackle the problem of leader-
following consensus where only discrete-time outputs
are transmitted through the network. It should be noted
that these works only consider the observer design, the
convergence is obtained by assuming that the input
belongs to a bounded set and then cannot be applied
directly to the problem considered here. This idea has
already been exploited in [21,22] for linear systems,
following a hybrid approach, where sufficient condi-
tions for convergence are obtained, based on LMIs. A
high-gain approach has been followed in [19,1] for the
leaderless and leader-following consensus of MAS with
double integrator dynamics. The control part of this
high-gain approach is mainly based on [2] where only
state feedback is considered. These works are then ex-
tended here to the leader-following consensus for a class
of systems with nonlinear and uncertain dynamics. The
main novelty of the paper is the design of a leader-

following consensus protocol for a multi agent system,
whose agent dynamics belong to a class of uniformly
observable multi-output nonlinear systems, where only
a part of the state is measured, and each agent’s output
is transmitted at some discrete instants to its neigh-
bors independently of the other agents. Several fea-
tures of the proposed approach have to be emphasized.
Firstly, only the sampled outputs have to be transmit-
ted through the network, it is not necessary to transmit
the inputs. Secondly, the data sent by the agents are
not needed to be synchronized, each agent can send its
measurements independently from its neighbors, pro-
vided that the maximum allowable sampling period is
bounded. This allows to reduce the overall bandwidth
of the network. Thirdly, the proposed protocol has only
three tuning parameters, namely ¢, A\, 6, where ¢ is the
coupling force, A > 0 represents the speed of conver-
gence of the control part and 6 > 0 represents the speed
of convergence of the observer part. Then, the tuning
of the proposed scheme is relatively simple and can be
adapted easily by the practitioner since the effect of the
modification of each parameter has a direct physical
meaning. Fourth, the class of nonlinear systems consid-
ered here is challenging since it is quite large and it has
not yet been considered in the literature for aperiodic
and asynchronous sampling periods. A new protocol is
thus proposed here to tackle this problem.

The paper is organized as follows. Some notations and
existing results are recalled in Section 2. The class of
considered MAS is depicted in Section 3. The proposed
protocol together with a convergence result is reported
in Section 4. Section 5 contains an example illustrating
the performances of the proposed protocol. Finally, Sec-
tion 6 concludes the paper.

A long version of the note, which contains complete
proofs can be found in [18].

2 Preliminaries

In this paper, the following notations will be used. The

symbol 2 means equal by definition. The set of n x n
real matrices is denoted by R"*". The transpose for real
matrices is represented by the superscript 7. I,, is the
identity matrix of dimension n, 0,,x is the zero matrix

of dimension m x n and 0, 2 0 xn. The Kronecker
product of matrices A and B is A® B. For a symmetric
matrix M, pmax(M) and pmin (M) respectively denotes
the maximum and minimum eigenvalue of M. The no-
tation diag(ws, ..., wy), with w; € R™*™ 4 =1,...,¢,
q,m € N, is used for the diagonal by block matrix with
wi, ..., w, on its diagonal. The positive definiteness of
a matrix M is denoted M > 0. The vector of dimension
N € N with all entries equal to 1 is denoted 1.



A directed graph G is a pair (V,€), where V is a
nonempty finite set of nodes and £ C V x V is a set of
edges, in which an edge is represented by an ordered
pair of distinct nodes. For an edge (i, j), node 7 is called
the parent node, node j the child node, and i is a neigh-
bor of j. A graph with the property that (i,j) € &
implies (j,7) € & is said to be undirected. A path on G
from node #; to node 7; is a sequence of ordered edges
of the form (ig,ix41), k =1,...,1— 1. A directed graph
has or contains a directed spanning tree if there exists
a node called the root, which has no parent node, such
that there exists a directed path from this node to every
other node in the graph. Suppose that there are N nodes
in a graph. The adjacency matrix A = (a;;) € RV*V is
defined by a;; = 0 and a;; = 1 if (j,i) € £ and a;; =0
otherwise. The Laplacian matrix £ € R¥*¥ is defined
as £ii = Zj;ﬁi Qgj, [fij = —Qjy for 4 75 j

Definition 1 /3, Def. 1.2 and Th. 2.8-G20 p.133-134]
A non singular real matriz @ € Z"™*" is called an M-
matriz if all its diagonal elements are positive, all of its
off-diagonal elements are non positive, and each of its
eigenvalues has positive real part.

Lemma 1 /3, Th. 2.3-H24 p.134] Suppose that Q €
Z"*" is an M -matriz. Then, there ezists a positive vec-

T
Wn:| , such that QQ + QTQ > 0, where
O = diag(wr, ..., wy).

tor w = {wl

Lemma 2 Letn €e Nandv, : R —- R, i =1,...,n be
some functions C* on (0,400) and such that v;(t) = 0
fort <0, verifying

% <im?(t)> < il (*@ivf(t) +b; /t;vg(s)ds) s

for allt > 0, wherev; > 0,a; >0,0;, >0,i=1,...,n,
k>0 and

o<min (57 i (50) - i () @

Then, the following inequality holds true

- k
Z i (t) < ce ' + 3 (3)
=1

with ¥ = %minizL___,n (%) and ¢ = Z:‘L:I 7:v2(0).
The proof of Lemma 2 can be found in [18].
Lemma 3 [1, Lemma 4]

(i) Let M € R™ ™ be a symmetric positive definite

matriz. Then, one has 7 My < VaT Mx+\/yT My
forall z,y € R™.

(i) Let M € R™ ™ be a symmetric matriz. Then, one
has poin(M)zTz < 2T Mz < ppax(M)xT 2 for all
r e R™

(i) One has > - /o < \/ny/> . a; foralla; > 0.

(iv) Let A € R™*"™ be a symmetric positive definite ma-
triz and B € R™*™ be a symmetric semi-definite
matriz, then the following inequality holds

pmin(A)L,, ® B< A® B < pmax(A)I, @ B. (4)

3 Problem statement
3.1 Dynamical model of the agents

One considers a group of N agents whose dynamics are
nonlinear. More precisely, the i-th agent dynamics, i =
1,..., N, are given by

i) =20+ o (L) +V0, )

A0 =200 + pg (20,2 (1)
+e V),

#00) = uilt) + o (LD (1), 20 (0) + (1),

Yi = fgl) + w;,

where xgk) e R™ k=1,...,q, is the state, u; € R™

is the input, y; € R™ the output, sz(-k) : R — R™,
k=1,...,q, the dynamics uncertainties, w; : R — R™
the noise, ), : R x RF™ — R™ the nonlinearities and
q,m € N,

System (5) is then made up of ¢ blocks, each one of size

: () o)) e w

the state of the i-th agent, with n = g¢m, and

g = ((551))T . (55‘1)>T)T. System (5) can be writ-

ten in the following compact form

Let us denote x; =

{:ti(t) = Az;(t) + @(t, 25(t)) + Bu;(t) + &;(t), ©)

yi = Cay + wy,

with A € R*"*" B € R™™ and C € R™*" the corre-

T
sponding matrices and ¢ = (gplT e gqu>

Remark 1 The class of systems considered here is
closely related to the class of uniformly observable sys-
tems, which has been introduced in [10] for Single Input
Single Output (SISO) systems. Indeed, the system is
composed of an integrator chain and the nonlinear part



has a triangular structure. While there exists canonical
form for SISO systems, no such canonical form exists
for Multi Input Multi Output systems. Nevertheless, sev-
eral classes of uniformly observable systems have been
considered in the literature such as in [8,9]. The class
of systems considered here is the same as in [8] (where
more details are given about possible required change
of coordinates) except that the input is supposed to act
linearly and without zero dynamics.

The nonlinear function ¢ is supposed to verify the fol-
lowing assumption.

Assumption 1 The function ¢ is globally Lipschitz in
x uniformly with respect to t, that is there exists L, > 0
such that

[o(t, z1) — @(t, 22)|| < Lollzr — 22, (7)
forallt € R and x1, x5 € R™.

The aim is to design a protocol such that all the agents
converge toward a leader, denoted agent 0, whose dy-
namics are given by

o(t) = Awo(t) + @(t, 20 (t)) + €0(t), (8)
yo = Cxg + wo.

Remark 2 It should be noted that the uncertainties on
the dynamics of the leader can also represent an unknown
input. Indeed, given the structure of the dynamics (see

equation (5)), the uncertainty on the dynamics of x((f)

can be decomposed as an unknown leader input ug on
one part and some perturbations on the dynamics on the
other part.

The dynamics uncertainties and noises of the agents and
the leader are supposed to be uniformly bounded.

Assumption 2 There exist constants 6., ..
and 6, > 0 such that

08> 0

e ()] < 6k, vt >0,i=0,...,N, k=1,....q, (9)

%

()l < 8 ¥ > 0,0 =0,...q. (10)

Due to the uncertainties, the agents cannot converge
exactly toward the leader but, instead, in a ball around
the leader. The problem to be solved here is defined more
precisely below.

Definition 2 The leader-following consensus problem is
said to be exponentially practically solved if there exist
a, B> 0and~y > 0 such that ||z;(t) —xo(t)| < ae P+,
foralli=1,..., N.

3.2  Communication constraints

The communication topology between followers i =
1,..., N is denoted G and its adjacency and Laplacian
matrices A = (a;;) and L respectively.

The output of the leader is supposed to be transmit-
ted only at some agents. More precisely, one defines
D = diag(dy,...,dn), where d; = 1 if agent i has access
to the output of the leader and d; = 0 otherwise.

One defines the general index v;; for i = 1,...,N,j =
0,...,N as v;; = 1 if agent ¢ receives the output of
agent j and 0 otherwise. This means that if v;; = 1,
then the output of agent j is transmitted to agent ¢ at

time instants (t;’j ) . These sampling instants are
kEN

supposed to verify

ty) <ty <<ty <..and T < ‘t;il —tf;j‘ < 7w,
(1)
for all K € N and 7,,,,7ar > 0. Note that the lower
bound 7, is just considered in order to explicitly avoid
the Zeno phenomena. It is not a restrictive bound since
it can be taken as small as desired.

Example 1 Consider a MAS composed of a leader
(denoted 0) and two agents (denoted 1 and 2) such as
depicted in Figure 1.

Agent 1 receives the transmitted output yg of the leader at
time instants t,le’o for k € N. This is used to reconstruct
the state of the leader in continuous time. Agent 1 also
uses its own output at time instants t,lc’l for k € N, to
reconstruct its own state in continuous time. Similarly,
Agent 2 receives the output of agent 1 at time instants
ti’l and uses its own output at time instants tz’Q.

Note that the time sequences (t,lc’o) , (t,lg’l) s
kEN keN

2,1 2,2 .
ty ) s (t ’ ) can be chosen freely, and in par-
( F Jren’ \'F ) pen freely P

ticular independently from each other, as long as they
verify (11).

Fig. 1. Data transmission along the directed graph G.

One denotes G the digraph corresponding to all the
agents ¢ = 1,..., N together with the leader. The



Laplacian matrix Lof G is given by

- 0 0 00
;= } 1xXN é ) 1xXN 7 (12)
—d L+D —-d H

where d = (d1 dN)T

One needs the following result.

Lemma 4 [26, Lemma 9] The matriz H is a non-
singular M-matriz if and only if the communication
topology G has a directed spanning tree.

Assumption 3 The communication topology G between
the agents and the leader contains a directed spanning
tree.

Remark 3 If Assumption 3 holds true, then according
to Lemma 4 and Lemma 1, there exists a positive vec-

tor w = <w1 .,_wN) such that QH + HTQ > 0 where

Q = diag(wy,. ..
one denotes

,wn). Then, in the rest of the paper,

0 = Pmin (QH + HTQ) ) (13)
Wmin = min(wy, ..., wx), (14)
Winax = max(wi,...,wnN). (15)

4 Main result

4.1  Consensus protocol

The proposed protocol is given, fori =1,..., N, by
ui(t) = di € KT\ (Z,0(t) — 24,4(1)) (16)

N
+ EKCF)\ Z Qi (iﬁi’j (t) - i’z’l(t)), Vi Z 0,

Jj=1

where £; ; is the estimate of z; by agent ¢ and is given,
for t € [t t;7,), k €N, by

Tij(t) = Ay j(t) + p(t, 20 (1) — 00, " K2 (1), (17)
with
%JU>=€_MQU_$”(C@J(ﬁﬁ)_ij?g)’(1&

where ¢, A, 6 > 0 are the tuning parameters, and

Ty = diag (AL, N7 oy o M) (19)
, 1 1

Agzm%<Lm9h“”qwlﬂﬁ>, (20)

K°=p7'cT,  K°=BTQ, (21)

where ¢ is the number of blocks of System (5), P,Q €
R™ ™ are the symmetric positive definite solutions of the
following matrix equalities

P+ PA+ATP=C"C, (22)
Q+QA+A"Q=QBB"Q, (23)
(see [2] for more details).
Remark 4 Given the structure by block of A, B,C, one

can show directly (see [9] section 2.2 and [2] section 3 for
more details) that K° and K¢ can be written as follows

T
K%{m%m@%), (24)
KT::<KTLHH.KELW>, (25)
where K7,..., K¢, KY,..., K; € R are equal to

Kf: q 7K’LC = q 7i:1""’q7 (26)
i g—i+1

and (Z) are the binomial coefficients.

Remark 5 The term z; j(t), defined in (18) corresponds
to a prediction of the output error (CZ; ;(t) —y;(t)) on
each interval [tz’j,tz’il) (see [7] section III.B for more
details).

Example 2 Consider the same topology as in Example
1 and assume that the dynamics of the agents are ruled

by a second order system, more precisely i (2)

i = Ty
9'05—2) = u; + po(z), i = mgl) € R. It means here that

there are two blocks (q = 2) and the dimension of each
agent is equal to n = 2. One further has dy =1, dy = 0,
a1 = a12 = a2 = 0 and a1 = 1.

01
Then, System (6) is characterized by A = (0 O), B =
0 .
andC = (1 O). Furthermore, the solution of Equa-
1

1 -1
tions (22) and (23) are equal to P = < ) and
-1 2

11 2
Q = and the gains are given by K° = s
12 1
A2 0 10
KC:(12>,F)\: , Ag = N
0 A 03

Given the topology of the considered MAS:



e Agent 1 has to reconstruct the state of the leader and
its own state. Then agent 1 has to run two observers:

R ) 0

Z10(t) = Ay o(t) + (902( o(t))>
—0A, 1po, —20(t—ty ( 1())( )—yo<t,1€0>),
fort e [ti’o,tifl),

T11(t) = Az 1 (t) + (
— A, Koe (1) (a:ﬁ t,ﬁ’l) — (t,?f)) ,
forte [t}j,t}cil),

where T10 and £11 are the estimates of xo and x;
respectively. The input of agent 1 is then given by:

u(t) = 2002 (a}(1) -

e Agent 2 has to reconstruct the state of agent 1 and its
own state. Similarly as for agent 1, agent 2 has to run
two observers: one whose state &2 1 is an estimate of
x1 and one whose state T3 5 is an estimate of xo. The
input of agent 2 is then given by:

)

us(t) = 267 (4 (8) — a3(1) ) +ex (26210 — #3(1)) -

It should be noted that the only parameters which must be
tuned are ¢, \ and 0 since it is clear from (24)-(26) that
K° and K¢ only depend on the structure of the system
(i.e. the number of blocks q and the size of each blockm ).

4.2 Convergence result

The convergence of the proposed consensus protocol is
now analyzed.

Theorem 1 Consider the MAS (5)-(8) subject to As-
sumptions 1, 2 and 3 and the consensus protocol (16)-
(17)-(18). If the tuning parameters \,0,¢ > 1 are chosen
such that

¢>c¢" = max (wmax,l) ,
4

P \/pf
A> \* = 24L,+/nmax (VPM
Quw +/ph
\/ pra
0 > \e3¢™,
with€* 2 36 K¢||2(N+1)3h2

max

5
Prv Puv P
max
( pP I pg,W7 p{’n ’

PZ = Puin(P), p}\i[ = pmax(P), pgw = WminPmin(Q),

#0m)+er (a3 - #20)

p%w = wmaxpmax(Q): hax = maxi; |Hij|’ 9, Wmin; Wmax

respectively defined by (13)-(14)-(15), and the upper
bound on the sampling periods Ty verifies

O_*

c0+Ly,)’ 27

™ <

min(y/@min,\/PL)

K NN+1) 2 s /PF;
sensus error ||x; — xol| verifies

then the con-

with o* = (‘/58_1)

“R 4 oA 107 (8, + Tar6))

q
+x3A 7! (Z 9“55) : (28)
k=1

@; — ol <x1607 e

fori=1,... N, where x1,Xx2,x3 > 0 are independent
of the tuning parameters \, 0, ¢ and given by
Qw N
Iwz —zo(0)||
> N N
+ YL NS a0s(0) = 2,(0)]

X2 = )
pra”
8 (2N PR+ (N +1) pﬁ)
X3 =
P

Remark 6 Fquation (28) states that even if the expo-
nential practical consensus s reached, not all the uncer-
tainties effect on the tracking error can be lowered through
the tuning of A and 0. Indeed, it is only possible for the

uncertainties appearing on the last block of system (5)

(that is only sgq) are non zero) and if ¢ > 2. This is

done by increasing \ and 0, since the corresponding term
X3A "9 goes to zero as A increases.

In particular, if the leader has an unknown but bounded
non zero input, then this input can be seen as a dynamic

uncertainty on the last block dynamics xgn. Therefore,
the tracking error can be set as low as desired by increas-
ing A and 0.

Remark 7 Theorem 1 only provides sufficient condi-
tions for the proposed consensus scheme (16)-(17). In-
deed, the consensus may be obtained even if the bounds
given by Theorem 1 are not respected. Conservativeness
is a general drawback when considering general classes of
nonlinear systems with a Lyapunov approach. Neverthe-
less, the convergence analysis gives some useful hints for
the tuning of the control parameters. In fact, the bounds
o*, c* N, & only depend on the structure of the system
(number of blocks q and size of each block m) and the



topology of the network G. Given the inequalities in The-
orem 1, the coupling force should be tuned first as for a
classical consensus protocol. Then, \ (representing the
speed of convergence of the control part) should be chosen
high enough to dominate the nonlinear Lipschitz term.
The parameter 0 of the observer part should be higher
than the parameter of the control part \. This is due to
the fact that the input is not transmitted through the net-
work, only the output is transmitted. Finally, the maxi-
mum bound on the sampling periods will have to be cho-
sen small if the Lipschitz constant or if 6 takes high val-
ues. This corresponds to a kind of Shannon condition: if
the system is fast, the sampling periods have to be small.
Furthermore, given the bounds on the consensus error
given by equation (28), it can be seen that increasing A
and 0 will decrease the effect of some uncertainties (those

on the dynamics of xl(-q)) but it will increase the effect of
the noise, then a trade-off has to be considered between
lowering the effect of some uncertainties and amplifying
the noise.

A full version of the proof with detailed computations
can be found in [18].

Proof. The proof of Theorem 1 is split into three steps.
First, new coordinates are considered in Step 1. Then, in
Step 2, some candidate Lyapunov functions are defined
and over-valuations of their derivatives are obtained. Fi-
nally, it is shown in Step 3, that, if the different inequal-
ities of Theorem 1 are verified, then Lemma 2 can be
applied and the leader-following consensus problem is
solved.

Step 1. Let us define e; = I'\(x;—x0) and éz’,j = Ng(Z5 ;—
xj). Then, using the equalities TAVATY! = M, T\B =
AB, NgAA; ' = 0A, NgB = ;2 B, CA;' = C and the

notation @(t, x,y) 2 o(t,x) — p(t,y), one gets

= Me; + T\ (@(t, x5, 20) + i — €0) + ABuy, (29)

em- = 0( — KOC)Q‘J + Ag(p(t,mi,j,xj) (30)
1
— WBu] — GKO(ZZ‘J — Cé@j) — A0€j,
fori=1,...,Nand j =0,...,N, where z; ; is defined

by (18) and the inputs are given by ug = O,x1 and u; =
cKe° (de,\Agléj,o — ngvzl ij(ek + F)\Agléj)k)), for

T
j=1,...,N. Further denoting n° = [e{ eﬂ , the

dynamics of the e; can be written in compact form as
follows

=ANIN @A) —eANH® (BK)n°+®\+ U, .+ O,

Ca@(t, 1, 0) Tx(e1 —eo)
with &, = : 7\11)\,5 = ,
Cap(t, zn, x0) Ca(en —€o)
ABKTAA;" (diero = Y4l Hake )
and © = :

E/\BKCF)\Ae_l (dNéNp — Zszl ’HNkéNJg)
Step 2. One now introduces the candidate Lyapunov
functions, one that depends on the control error 7° and
one that depends on the observer errors é; ;.

One thus defines first V.(7°) = (n°)T[Q ® Q]n°, where
Q is defined in Remark 3. ~

Then, for the observer error part, one considers V,(n°) =

ZZ 1 Z; 01/” o(&i5), with V,(g; ;) = el ;P€i j, where
the vector ° contains all the &; ; such that vi; = 1.

It can be shown that, if ¢ > ¢* 2 max{wmax/0, 1}, then
V. < =AVo + 2k V, + 28k M |[TAA, |V VT,

q
+2@w@l<§:XP”“ﬁ>,
k=1

Qu
Wlthk/’l Lp\f QwﬂkQ (N+1>||K6|hmaxm’

ks = 2Ny/p%, and

. _ _ _ t —
Vo < =0V, + 2kaV, + 25/ V, \/Vo(s)ds

t—Tpnr

pota/T [T+ 2TV
™
q k
L 20ks|ITAA, ”v+2kf< R )
k

Qa—1 0k—1

=1

+20k10V/ Vo (8w + Tar02)

with i = Lo/ /2B ks = 0(N + 1) K°|(L, +

O\ it g > 2 ks = 0 + 1)) 2
(evN +1h max)\+L),lfq=1, ke = 0,if ¢ = 2,
ke = PO b e = 1k = KOV +

1% a5, by = KN + 1) /220,
k:z); Pmax(P)(N+1) and k1o = v/pmax (P)[|K°||(N +
1

Step 3. Since ¢ > ¢* > 1, if the inequalities A > A\* and

Quw
¢ > ¢ hold true, with A* 2 24L,,/m max (% %

P P Qu
and € 2 36| K (N-+1) e (Y2, 20,



we obtain

G (VT oVT) < -2V -
t t

i VV,
VV,ds + ka0 VV.ds
t—Tnm t—Tnm

q q
4 ks <Z§§)\q—k+15§> + ko (Z 9q—k+15§>

k=1 k=1
+ 9q+1k‘10 (6w + TM5€1) . (31)

gat1

+ k501

since &* > max {(6k2)?, (5k7)?,24ks} and A* >
max {20k, 24k4}. If ) verifies inequality (27), then
one can apply Lemma 2 and inequality (28) is obtained
by using the following inequalities

N
M P82 = woll < \JVelne) < X/ 0% S e — ol
i=1
N N
Vo) <V oman () 35 7011

i=1 j=0

5 Example

In this section, we present a numerical example, consist-
ing of systems whose dynamics are the same as a Chua’s
oscillator, in order to illustrate the performances of the
proposed protocol. Indeed, as in [25], let us consider the
MAS where each agent’s dynamics are given by

i (1) = 2 (1),

(
#@20) = 1 (620,27 ®) + uit) + =P ),
o

(32)
T
where $(1) 2 (x(l,l) x1(172) x(1’3)) c R3,x(.2) A

7 7 1 [

T
(xl@’l) x§2’2) xl(.2’3)) € R3 are the position and veloc-

ity of agent 3, respectively, ui,yi,sgz),wi € R? are the
input, output, uncertainty and noise of each agent, and
the nonlinear function f is given by

a (1’52’2) B x52,1) _hn (x§2,1)))
xZ(Q,l) _ 222 + ex)

2 2 ’

—ﬂa:l(-z’z) — 7x§2’3) — Besin (wx(l’l))

i

f (t, :cgl), xiz)) =

where a = 10, f = 19.53, v = 0.1636, ¢ = 0.2,
w = 0.5 and h is a piece-wise linear function given by

h (1752’1)) = %4’ ( xl@’l) + 1’ — ‘xz(-Q’l) - ID with pa-
rameters a = —1.4325 and b = —0.7831.

The communication graph of the MAS System (32) is
described in Figure 2 and one assumes that only agents 3
and 5 receive the measured position of the leader which
is referenced as agent 0. The leader-following consensus

Fig. 2. Communication graph of the MAS.

protocol (16)-(17) has been implemented in Matlab for
minimum and maximum bound on the sampling peri-
ods equal to 7,,, = 0.02s and 7y = 0.04s respectively.
The sampling periods have been set following a uniform
distribution on [, 7as] independently for each edge.
The first sampling periods corresponding to the trans-
mission of the output of agent 2 to agent 1 are reported
in Figure 3.

The tuning parameters ¢, 6, A have been chosen by trial

0.04

<003 g

10 15 20 25 30
k

Fig. 3. Sampling periods for the transmission from agent 2
to agent 1.

and error and taken equal as ¢ =1, 0 = 20 and A = 2.
A first simulation has been conducted with no uncer-
tainty on the dynamics and no noise on the outputs,

that is 552) = 0 and w; = 0. The position of the differ-
ent agents are reported in Figure 5a)c)e). Furthermore,
the estimation error of agent 2 by agent 1 is depicted
in Figure 6a)c). The position tracking mean error
Lol CR(0
expected by the theory, both the tracking errors and
the observation errors go to zero exponentially.

It is worth to be noted that only the outputs, namely
the position of the agents, are transmitted through the
network and according to the topology described in
Figure 2. The velocities and inputs are not transmitted
and then unknown by neighbors agents. Furthermore,
each agent transmits its output at time instants inde-
pendently from its neighbors.

Another simulation has been conducted, in the same
conditions but with a non zero uncertainty only on
the leader’s dynamics, corresponding to an unknown
leader input (that is 582) # 0 and 552) = 0 for
i = 1,...,10) and noise on the transmitted outputs.
More precisely, the uncertainty on the leader is given

- xél)(t)H is reported in Figure 7a). As



position

5 10 15 20 25 a0 3 0 a5

time (s)

Fig. 4. Second component of yo with noise (red) and without
noise (blue)

T

(2) and the noise on

by ey (t) = (cos(t) cos(2t) cos(St))
the outputs of the agents and the leader w; are centered
white noise with variance equal to 0.1. The second com-
ponent of the noisy and non noisy outputs of the leader
are reported in Figure 4. The positions of the agents
are reported in Figure 5b)d)f). The estimation error of
agent 2 by agent 1 is reported in Figure 6b)d). The po-

sition tracking mean error + Zf\il sz(.l)(t) — :rél)(t)H
is reported in Figure 7b). While the position tracking
error does not converge exactly to zero, the effect of
the uncertainties has been lowered by taking 6 and A
sufficiently high. It should be noted that in the case of
noisy measurements, very high values of 6 will lead to
an amplification of the noise in the reconstructed state.
Thus, a trade-off on the value of § and A has to be done.
Indeed, sufficiently high values of these parameters have
to be considered to attenuate the effect of the uncertain-
ties but not too high such that the noise is not amplified
too much. Nevertheless, despite uncertainties and noise,
the proposed leader following consensus protocol still
performs well as illustrated in the simulation.

6 Conclusion

The problem of leader-following consensus for a class of
nonlinear systems which can only transmit their outputs
at discrete aperiodic and asynchronous instants has been
considered in this paper. A consensus protocol has been
proposed based on a continuous-discrete time observer
that reconstruct the states of the neighbors in continu-
ous time, from sampled measurements only, and a con-
tinuous control law. It has been shown theoretically that
if the tuning parameters fulfill some sufficient conditions
then the convergence of the MAS with the proposed pro-
tocol is ensured under directed topology. Furthermore,
in case of bounded uncertainties on the dynamics and
bounded noise on the output, an exponential practical
consensus is guaranteed. The performances of the ap-
proach have been illustrated with simulations on a MAS
whose agents dynamics are given by a Chua’s oscillator.
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