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Analysis of a cross-diffusion model for rival gangs interaction in a
city

Alethea B. T. Barbaro* Nancy Rodriguez Havva Yoldasg * Nicola Zamponi
October 5, 2020

Abstract

We study a two-species cross-diffusion model that is inspired by a system of convection-diffusion
equations derived from an agent-based model on a two-dimensional discrete lattice. The latter model
has been proposed to simulate gang territorial development through the use of graffiti markings. We
find two energy functionals for the system that allow us to prove a weak-stability result and identify
equilibrium solutions. We show that under the natural definition of weak solutions, obtained from
the weak-stability result, the system does not allow segregated solutions. Moreover, we present
a result on the long-term behavior of solutions in the case when the product of the mass of the
densities are less than one. This result is complemented with numerical experiments.
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1 Introduction

This article is devoted to the study of a two-population model with cross-diffusion:

Opa(t,w,y) = 1V - (Vpalt,z,y) +2Bcpa(t,x,y)Vpp(t,z,y)),  x,y€Q, t>0,
8th(t7x>y) = %V : (va(t,.T,y) =+ Zﬂch(t,w,y)VpA(t,:U,y)), T,y € Qv t> Oa

complemented with the initial data
pa(0,z,y) = p4(2,y) and pp(0,2,y) = pF(z,y), =y, (2)
and the homogeneous Neumann boundary conditions
Ovpa(t,z,y) = Oupp(t,z,y) =0 x,y € 0, t > 0. (3)

In system (1)-(3), B and ¢ are positive parameters and  C R? a bounded domain. Such a system can
arise, for example, by considering the following two-species segregation model involving two densities
of agents, p4 and pp, along with respective marking densities g4 and gp, introduced in [1]:

Oga(t,z,y) = cpa(t,z,y) — galt,z,y), x,y € Q, t>0,
ogp(t,z,y) = cpp(t,z,y) — gB(t,z,y), z,y €Q,t>0, (4)
Opalt,z,y) = 1V - (Vpalt,z,y) + 28palt, z,y)Vyp(t,z,y)), 2,y €Q, >0,
Oipp(t,z,y) = 1V - (Vpp(t, x,y) + 28p5(t, z,y)Vgalt, z,y)) z,y €Q,t>0,

with homogeneous Neumann boundary conditions. System (4) models the dynamics of two competing
groups that mark their territory, e.g. with graffiti, and whose movement strategies is a combination of
passive diffusion and directed movement towards the gradients of the marking densities of the competing
groups. To arrive at the reduced system (1)-(3) from system (4), we assume that the marking densities
equilibrate much more rapidly than the population densities. Hence we assume

8tgA(ta x, y) = ath(ta z, y) =0.

However, we remark that system (1)-(3) can also be seen as a more general model of cross diffusion
system where the inter-specific interactions can lead to segregation.

The notion of cross-diffusion was initially motivated by Morisita’s theory of environmental density
[19, 20], which brings to the forefront the influence that a population pressure has on the dispersal of
a population due to the interface between individuals. In [21], Shigesada, Kawasaki, and Teramoto
introduced a behavioral model for the movement of individuals based on Morisita’s observations. Ac-
cording to Morisita’s theory, the movement of individuals is influenced by the following three factors:
(i) random movement; (ii) population pressure due to mutual interference between individuals; and (iii)
movement toward favorable places. The population pressure due to the competing population leads to
the cross-diffusion. To see this from a mathematical point of view, we consider our two populations,
pa and pp. Under the assumption of Fickian diffusion, we obtain a system of two equations:

Orpa = divJa(pa,pB),
Opp = divdg(pa, pB),

where Jy4, Jp are the flows of the populations A and B, respectively. The flow proposed by Shigesada,
Kawasaki, and Teramoto has the form:

Ja=V-((ca+asapa+aappp)pa) and Jp=V-((cB+apapa+ aBBpB)pPB)



with a4, aaB, apa, agg, ca, cg > 0.

Soon after, Busenberg and Travis introduced some epidemic models with migration that also include
cross-diffusion in [5]. In their model, the authors assume that the population flow J;, i € {A, B}, are
proportional to the gradient of a potential function, ¥, that only depends on the total population
P = pa+ pp. The proportion is assumed to be the portion of the subpopulation 7, which leads to the
following form of the flow:

Ji = a%V\I/(P), for i € {A, B}.
In [16], Gurtin and Pipkin introduced the potential function ¥(s) = s2/2, which yields that:
Ji = ap;V(pa+ pB), foriec {A, B}. (5)

In [14], Galiano and Selgas considered a more general version of the Gurtin and Pipkin model, where
potential function depends on a general linear combination of the population densities, with the addition
of random movement and environmental effects. The most general version of the system they consider
is:

Ji(pa, pB) = piV(aiapa + aippp + biV) + ¢;Vp;,

where V' is the environmental potential. In [14], the existence of weak solutions for non-negative initial
data in L°° was proved in two parameter cases. The first was under the condition that

2
dappapp — (aaB +apa)” > ap,

for some ag > 0. This condition implies an ellipticity condition on the matrix (a;;); je (A, and can be
relaxed. The authors were also be able to prove the existence of solutions in the case when a = a;; for
all i,7 € {A, B}, with a > 0.

System (1)-(3), which we consider here, is a special case of this general model, where only passive
diffusion and cross-diffusion are considered. Thus, the populations does not take into account the
population pressure due to their own group. In particular, we assume that a44,app,ba,bp are all
equal to zero. Thus, this case falls outside of the two cases considered in [14]. It is worth noting that
systems with local self- and cross-diffusion have found many applications, for example in, illicit trade of
drugs [12]; epidemic models with diffusion of polymorphic populations |5]; models for overcrowding effect

with nonuniform ease of dispersal for different individuals [16]; opinion dynamics [22]; and biochemical
reactions [23].

Many analytical results for cross-diffusion systems are available in the literature. For example, in [6]
Chen et al. consider a reaction-cross-diffusion model for an arbitrary number of competing populations
which, in the case of linear transition rates, extends the two-species SKT model presented in [21]. Exis-
tence of global-in-time weak solutions to the model in a bounded domain with homogeneous Neumann
boundary conditions is shown via an entropy method and an approximation scheme. Crucial conditions
on the diffusion matrix are either weak cross-diffusion or detailed balance. Another cross-diffusion sys-
tem where the diffusion matrix depends linearly on the densities is the two-species ion transport model
through narrow membrane channels studied by Burger et al. in [4]. There the authors prove global
existence of weak solutions to the equations in a bounded domain with no-flux boundary conditions via
an entropy method, as well as global existence of strong solutions near the equilibrium. The result is
generalized in [15] to the case of an arbitrary number of species with different specific electrical charges
and mixed Dirichlet-Neumann boundary condition. The systems considered in [4] and [15] also present
a degeneracy in the entropy structure, that is, some gradient estimates are lost when the densities
approach some critical region. Other degenerate cross-diffusion models have been recently studied in
literature; for example, a large class of population models with degenerate cross-diffusion was analyzed
in [24], while the combination of degenerate cross-diffusion and nonlocal interaction is a feature of both
models considered in [3] and [11]. The problem of degenerate cross-diffusion in a moving domain was



considered in [2|, while the interplay between singularity and degeneracy was a major feature of the
model studied in [7]. Reaction-cross-diffusion systems with Laplacian structure have been considered
by Desvillettes et al. in [8, 9, 10].

Cross-diffusion equations can be seen as a large class of nonlinear, strongly coupled evolution PDEs
with the structure:

Oip = div (A(p)Vp) = > 02, (A(p)Or,p),  z €R™, > 0. (6)
=1

The unkown of the system, p = p(t,x) € R", usually represents a vector of densities or concentrations.
Therefore, it should be nonnegative to be consistent with the physics; sometimes it is also required
to be (uniformly) bounded for the same reason. Quite often, in cross-diffusion systems coming from
the applied sciences the matrix A(p) € R"*", the so-called diffusion matriz, is neither symmetric nor
positive semidefinite, which means that the standard coercivity-based approaches to the analysis of (6)
are ineffective. Moreover maximum/minimun principles are also usually unavailable due to the fact
that A is full and lacks a suitable structure. For these reasons, the analytical study of cross-diffusion
equations is in general quite challenging.

A useful method, the so-called boundedness-by-entropy method, in the analysis of (reaction-)cross-
diffusion systems has been developed by Jiingel and collaborators (see e.g. [17] for a comprehensive
review) after an idea found in Burger et al. [4]. This method is suitable for systems of evolution PDEs
presenting a formal gradient flow structure, or an entropy structure. Specifically, it works for systems
which can be written in the following form:

OH
Oip = div (Mv["]> , t>0, (7)
op
where M is a positive semidefinite (often also symmetric) matrix and 57;—[”] is the Frechét derivative

of the convex functional H, which is in called the mathematical entropy of the system. In many cases
H[p] has the form

where h a scalar convex function called entropy density, then the object 57;/? | can be identified, via

Riesz representation theorem, with the gradient of h:

which is referred to as entropy variable. A first consequence of this formulation is that the functional
H is a Lyapounov functional for (7), that is; it is nonincreasing in time along the solutions of (7):

Ltlp(ty) = - /Q VDh(p) - MV Dh(p)dz <0, >0,

since M is positive semidefinite by assumption!. Furthermore, if Dh : D — R™ is a globally invertible
mapping, than the physical variable p can be written in terms of the entropy variable w = Dh(p)
via p = (Dh)"Y(w). As a consequence p € D whenever w € R". So, if (7) can be written and
solved in terms of w, then the constraint p(x,t) € D will hold whenever w(z,t) is finite (that is, for

'Here we assumed homogeneous Neumann boundary conditions and no reaction terms, that is the right-hand side
of (6) is zero. If any of these conditions are not verified, the quantity %H[p(t)] might be positive. However, suitable
compatibility conditions usually ensure that the entropy H[p(f)] remains at every time upper bounded via a Gronwall
argument.



a.e. x,t, provided that w is integrable). In particular, if D C R™ is bounded, then p € L% with
bounds that only depend on D; similarly, if D C R”, then p has nonnegative components. These
ideas can be exploited to formulate a existence argument which proceeds roughly in three steps: (i)
writing an approximate scheme which yields a sequence of approximate solutions to (7); (ii) deriving an
entropy balance inequality which yields gradient estimates for the approximate solution; (iii) showing
via suitable compactness result that the approximate sequence has a converging subsequence and taking
the limit in the approximate system to recover a weak solution to (7).

Unfortunately, this program cannot be straightforwardly carried out when studying (1)-(3) because
of its extremely degenerate structure. Indeed, a standard entropy (formal gradient flow) structure
requires the existence of a convez entropy functional, which cannot be the case for (1)-(3). Precisely, a
necessary condition for a cross-diffusion system (6) to admit a convex entropy is the normal ellipticity of
the differential operator p — div (A(p)Vp), that is, the property that the real part of every eigenvalue
of A(p) is nonnegative [18, Lemma 3.2]. This property is not verified by (1)-(3); as a matter of
fact, the diffusion matrix A(p) in (1)-(3) has one positive and one negative eigenvalue in the region
{(pa,pB) € Ri | papp > 1}. Consistently with this fact, the only Lyapounov functional that is known
for (1)-(3) is nonconvex. Furthermore, the property that the mapping Dh : R2 — R? being invertible
also fails for (1)-(3), since such a mapping is not even one-to-one.

A search for a workaround to counter these difficulties and obtain nonetheless some global-in-time
existence result for (1)-(3) has been unsuccessful, and only a local-in-time existence result is available
for (1)-(3), which comes from Amann’s theory [18, Thr. 3.1] and holds under the assumption that the
initial datum is WP with p > d = 2 and takes values in the region {(pa,pg) € R% | papp < 1}.
However, we are also able to provide a weak-stability result, which is a key step in the proof of the
global well-poseness and provides evidence that the system is not likely to be ill-posed. Unfortunately,
finding an approximation to (1)-(3) for which we can prove existence and then apply the weak stability
result has been a challenge and remains an open problem.

The paper is organized as follows: In Section 2, we give two energy functionals that the system
(1)-(3) attains. These energy functionals are the key tools that help us obtain complementary estimates
on the solutions. We also present these complementary a-priori estimates in Section 2. A Maxwell-
Boltzmann entropy functional holds under some constraints on the solutions, mainly that papp < 1.
Moreover, in Section 4, we are interested in understanding the stationary states of (1)-(3), as they
outline the possible long-term behavior of the evolution problem. Section 3 is dedicated to the existence
analysis. An important question to consider is whether segregated steady states, which are physical
in many situations, arise. Based on the natural definition of weak solutions, obtained from the weak
stability result, we show that all steady states must be constant. This implies that perhaps the use of
the entropy structure is not suitable to study segregated solutions. An alternative is that the model
actually does not capture the physical property of segregation. Our final result is on the long-term
behavior of solutions to (1)-(3), in the case when the product of the population densities pa, pp are
small; see Section 5. We complement these results with some numerical simulations in Section 6.

2 Energy functionals and a-priori estimates

For the sake of simplicity we assume in this section that 28c = 1. Note that this does not influence
the existence analysis as it follows from a simple rescaling of the system. In the following we denote
p = (pa,pB), and Q C R? is an open, bounded set with Lipschitz boundary.



2.1 Two energy functionals

In this section we present two energy functionals that will be useful in obtaining bounds for p4 and
pB. Let us define the first energy functional #[p]:

Hip) = /Q h(pa(), pi(a))de, (8)

where
h(pa, pB) = palogpa — pa+ pplogpp — pB + paps-
System (1)-(3) is a formal gradient flow with respect to H:
: oH|p] - pa 0
Op = div | MV ——— th M = 9
0 1V< v&p ,  wi 0 pp) 9)
dHp]

where 55 is the Frechét derivative of H, which can be identified, via Riesz representation theorem,
with the gradient of h:

oH
6£p] ~ Dh(pa. pp) = (log pa + pp,log p5 + pa) -

The matrix M is positive semidefinite in R = [0,00)?. Testing (9) against Dh(pa, pg) yields the
energy balance equation:

dH|[p]

-5t /Q {palV (log pa + pB)* + pB|V (log ps + pa)|*} dz = 0. (10)

On the other hand, system (1)-(3) also admits another gradient-flow structure under some restrictions
on its solution. Let us define the open set:

D = {(pa,p) €RY | papp <1},

and the Maxwell-Boltzmann entropy functional:

Harslp) = /Q harp(pa(@), ps(x))da,

where
havg(pa, pB) = palogpa — pa + pelogps — pB.

Then (1)-(3) can be rewritten as

dip = div (M’HMB[”]> with M/ = < pa ”A”B> (11)
op )’ paps  pB )’

where

SHnlp]

5p ~ Dhyp(pa, pp) = (log pa,logpp) .



We remark that M’ is positive semi-definite on D. Testing (11) against Dhyp(pa, pp) vyields the
balance equation for Hrg[p]:

d

q tmsle] = / (log padipa + log ppdipp)da
Q

= — /Q(pEVpA (Vpa+paVps) + 05 Vo - (Vps + psVpa))da

o /Q(P,ZI\VPAP + 05 [Vpsl* +2Vpa - Vpp)de

N _4/g<\v\/ﬁl2 +|VvpBl® +2v/papV/pa - Vi/pp)dz

= —4/Q(\//WIV(\/?A+ VoB)[? + (1= /paps)(IVy/pal® + Vy/p5[*))dz.

Summarizing up gives the following:

(o) + 4 [ (VEmsIV (R + VAR + (1 = VeIVl + [V yaaf)de 0. (12)

We point out that (12) is only useful if papp < 1, otherwise we obtain terms we cannot control.
Moreover, (12) represents an improvement of the previous entropy inequality, as the factor 1 — \/papp

is larger than (1 — /papp)? when /paps < 1.
2.2 A-priori estimates

In this section, we give a-priori estimates on the agent densities p4 and pp. The estimates are obtained
from energy balance equations (10) and (12).

Throughout the section we assume that the initial datum p™ € L?(Q), where Q € R? is an open,
bounded domain with Lipschitz boundary. As a consequence Hyg[p™"] < H[p™"] < co. Also, we denote
Qr =Qx(0,7T) for every T > 0.

Lemma 2.1 (mass conservation). System (1)-(3) conserves mass. In particular we have the following
estimate:

10l Lo 0,01 ) = 10" I 1), 1 € {A, B} (13)
Proof. Integrating (1)-(3) in Q yields

/ pi(t)dz = / pindz, i€ {A B}, t>0. (14)
Q Q
Thus (13) holds. O

2.2.1 Estimates from “natural” energy balance equation (10).

Lemma 2.2. We obtain the following estimates for p:

11 = V/paps) Vv/pillr2p) < C, i €{A, B}, (15)
(L +/paps) V (Vpa+ pe)lL2r) < C, (16)
|(\/paps — 1)2”L4/3(07T;W1,4/3(Q)) <Cr, (17)



where C,C,Cr > 0 are some constants, Cp depending on T > 0. Moreover, the following estimates

hold true for \/pa + \/PB:

Ivea+pBllL2orm @) < Cr, (18)
Ivpa + o8Bl < Cr, (19)

where C,Cr > 0 some constant depending on T > 0.

Proof. Integrating (10) in the time interval [0,7] with 7' > 0 arbitrary leads to

Hp(T)] + 4/Q (IVvpa + paps V/pB|* + IV /oB + v/paps Vy/pal?) dedt < H[p™].  (20)
T
However, since 2(z? + y?) > (z £ y)? for every x,y € R, we deduce

2V \/pa + Vpaps VoBI + 2IV/p5 + vpaps V/pal® > (14 /paps) V (VoA + v/pB)I
> |V (vpa+ VoB) I,

and

2\V/pa +v/paps V/psl? + 21V + paps V/pal® = |(1 — /paps) V (vVpa — pB)I%,
and so (15)-(16) hold.
The definition of H and (20) lead to
[palog pallLe(o.r:L1 () + llpB 108 pBIl L~ 0,1:01 () < C- (21)
Then (18) follows. The following Gagliardo-Nirenberg inequality holds since Q C R?:

lull sy < Canllullfotg lull iy for all u e H'(S). (22)

Choosing u = \/pa + +/pp in the above inequality and integrating it in time leads to

T T
/0 Ivpa+vpBlLsdt < Céon (t s Vpalt) + \/pB<t)H%2(Q)> /0 IVPa(t) + v/ (1) 71 0yt
€10,

which, thanks to (13), (18), leads to (19).
From (15), (19) and the identity

1
3 VI(VPaps = 1)°) = (Vpars —1)V/paps
= Vpe(Vpars = )VVpa+/pa(Vpaps = )Vps
we deduce that
”V[(\/m - 1)2]|’L4/3(QT) S CT.

Since (y/paps —1)? < C(1+ p%4 + p%), from the above estimate and (19), as well as Poincaré’s Lemma,
we obtain (17).
O

Lemma 2.3 (estimate on papp). We have the following estimate for the product of the agent densities
pa and pp
l0apB 132y < O, (23)

where Cr > 0 is a constant depending on T > 0.



Proof. We give the proof by using the so-called H~! method, i.e. by testing (1)-(3) against @ ~
(—=A)"Y(pa + pB). For t € (0,T) define the function 1 (¢) as the only solution to

~AU(H) = pa(0) + p5(6) ~ {(pa(0) + pp(0), in Q2 o
() =0 on 01,
and
P(t)dz =0,
Q
where
()= [ s
a9
We remark that (p(t)) = (p™) is constant in time thanks to (14). Let us first compute the following:
d 1
— [ Z|VY|Pdz = / Vi - Voypdr = / Yo (—Ay)dx = / YO (pa + pp)d.
dt Jo 2 Q Q Q

Therefore, testing each equation in (1)-(3) against ¢ and summing the equations leads to

d

G | 5199Pde = = [ (Voa+ paVon -+ Von -+ p5Vpa) - Vo
Q

= _/QV<PA +pp + papp) - Vipdzr

= —/ (pa+ pB+papB) (pa+ pB — (pa + pB))dz.
Q

Thanks to the mass conservation (14), the energy balance (10) and the fact that papp < C+h(pa, pB),
we deduce

d

1
En §|V¢|2d$ + / (pa+ pB + paps) (pa+ pp)dr < C,
Q Q

and integrating the above inequality in [0, 7] yields

T
/ |V¢(T)|2dx + / / (pa+pB+papB) (pa+ pp)dedt < Cr + / |V¢(O)|2dm.
Q o Jao Q

Testing (24) against ¢(t) and exploiting Poincaré’s Lemma (remember that [, ¢(t)dz = 0) leads to

IV () 1220y < /Q(/JA(t) + ()Y (t)dz < [lpa(t) + pB ()|l L2(@) 1P ()] L2(0)
< Cpllpa(t) + pa®)ll L2 IVl L2(0)

which means

IV @) 2@) < Cpllpa(t) + pa®)llL2(), ¢ €[0,T].
In particular, since p™ € L?(£2) by assumption, it follows that ||V (0)]| r2(Q) < C, so we conclude that

T
/ [V (T)[Pdz + / / (pa+pB+ paps) (pa+ pp)dzdt < Cr.
Q 0 Q

It follows
/ (pa + pB)papp dzdt < Cr,
Qp
which, by Young’s inequality, pa + pp > 2\/paps, leads to (23). O

9



Lemma 2.4 (estimate on the fluxes). We have the following estimate for the fluzes

IVpa+ paVosl sy + IVes + 0BV pall L4300y < O (25)
where Cr is a constant depending on T > 0.
Proof. Since

Vpa+paVps =2v/pa(Vy/pa+/papsV/pB)
= 2/pa (V(y/pa + vB) + (VoapE — DV yB),
from (16), (15), (19) it follows
IVpa + paVosllpas@p < 2lvealLiar) (IV(Vea +veB)lle @ + |(Vears = 1)VypBl 2 @)
< Cr.

Since a similar argument can be done for Vpp + ppVpa, we obtain (25). O

Lemma 2.5 (estimate on d;pa and Opp). We have the following estimate on the time derivative of
pA and pp:

HatPA||L4/3(07T;W1,4(Q)/) + H@,ng||L4/3(O,T;W1,4(Q)/) S CT. (26)
where Cr is a constant depending on T > 0.

Proof. Given any test function v, bound (25) yields

T
@upact) == [ [ V0 (Voa-+pa¥pp) dadt < CIVWl1acap)

which means that d;p4 is bounded in L*/3(0, T; W14(Q)). In the same way one proves the same bound
for 9,pp and obtain (26). O
2.2.2 Additional estimates from Maxwell-Boltzmann energy balance equation (12).

In this subsection we assume that the solution p to (1)-(3) satisfies p € D a.e. in Q7. This means that
(12) holds. On the other hand, we wish to point out that p fulfills also (10), which implies that the
estimates derived in the previous subsection are additionaly satisfied.

Lemma 2.6. We have the following estimates on p:

(1 = /papB) >V /pill 2 0.r22(0)) < O i € {A, B}, (27)
(1 = v/PapB)* |l asso. rawrars gy < Cr, (28)

where Cp, Cr > 0 are some constants depending on T > 0.

Proof. Integrating (12) in the time interval [0, 7] leads to the following

Huslp(T)] + 4/Q (vVPapBIV(vpa + vpB)I* + (1= \/paps)(IV/pal® + |V /pBl*))dzdt = Harslp™,
(29)

10



and thus (27). From (19), (27) and the identity

2
—3VvIa - Vraps)*? = (1 — /paps)*V\/paps
= Vo1 — /pap)*V/pa + Vpa(l — Voaps)*V/pE
we deduce that
IV[(1 = v/paps)* |l a3y < Cr-

From the above estimate and the L*°(€Q7) bound coming from the assumption papp < 1 a.e. in Q we
obtain (28).
O

Remark 2.7. Estimate (27) is an improvement on (15) (since the gradient of ,/p; is less degenerate in
the region {papp = 1}). Similarly, estimate (28) is better than (17) as the bounds for V\/pa, V.\/pp
are less degenerate.

Remark 2.8. Note that (4) satisfies the following:

dH 1
T /Q [pa|V (log pa +2895)|* + ps|V (log pp + 28g4)|*] dz + QB/Q (pags + ppga) dx
= 4ﬂ0/QpAdew

< Zﬂc/ (P4 + pB) dz
Q

= 26¢ (Iv/pallts + IVoaliag)

3 Existence analysis

In this section we provide results on local-in time existence of strong solutions, define the notion of
weak solutions and perform a weak stability analysis.

We consider the scaled equations with homogeneous Neumann boundary conditions in a bounded,
open © C R? with Lipschitz boundary:

Opa = div(Vpa +paVpp), inQ x (0,00), (30)
pa(0) = pitt, in Q.
Opp = div(Vpp + pVpa), in Q x (0,00), (31)
pB(0) = P, in €,
with
Ovpa =0,pp =0 on 9 x (0,00). (32)

An analytical study of (30)—(32) is the content of the next part.

3.1 Local-in-time existence of strong solutions.

The diffusion matrix of (30) and (31) is given by

1 pa
A(p) = ( 101 ) ) PA, PB > 07
PB
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has eigenvalues A\ (p) = 1+ \/papp. Therefore, A (p) > A_(p) > 0 for p = (pa, pB) € D, where
D={peR} | papp <1}.
Applying [18, Thr. 3.1] to (30), (31) yields the following

Lemma 3.1 (Local-in-time existence). Let pf', pi € WIP(Q;R?) for some p > 2. Assume that there
erists €g > 0 such that

min {pf (), p% (2), 1 — pX (x)p} (¥)} > €0 a.e. z €

Then there exists a unique mazimal solution p to (30)—(32) satisfying p € C°([0,T*), WLP(;R?)) N
C>((0,T*); R?), with 0 < T* < oo, and there exists e; > 0 such that

min{pa(t,x), p(t,x),1 — pa(t,z)pp(t,x)} > e x€Q, te(0,TF).

This means that the solution exists as long as its value remins far away from the border of the
region D. Unfortunately, it is not clear how to guarantee such property for arbitrary large times.

3.2 Weak solutions
We first give a definition of a weak solution to (30)—(32).

Definition 3.2 (Weak solution). A Lebesgue-measurable function p : Q2 x (0,T) — R% is called a weak
solution to (30)—(32) if (and only if) the following properties are satisfied.

(i) It has the regularity:

pa,pp and papp € L=(0,T; Ll(Q)), Orpa, OspB € L4/3(0,T; W1’4(Q)')7 (33)
(1+ paps)VIy/pa + p8) € L*(Q x (0,T)), (34)
Joang — 1
PaPy € L2(0,T; H'(Q)), (35)
1+ pa++/rB

f(/pa,/pB) EL*(0,T; HY(Q)), for all f € C*(R2) such that
|f(ua,up)| < C(1+u? +u%), and |Df(ug,up)| < Clugup — 1|, for all us,up > 0.

(ii) The following weak formulation of (30)—(32) holds for all 7" > 0:
T T
/ <(9tpA,¢)dt—|—2/ /w)-,@ Cadadt =0 for all ¢ € L0, T; WH1(Q)), (37)
0 0 Q

T T
/ (OpB, @) dt + 2/ / Vé-/pp-Cpdadt =0 for all ¢ € L0, T; WHH(Q)), (38)
0 0 Q

%

pa(t) — o, pp(t) — pi strongly in WH4(Q) as t — 0, (39)

where the quantities C4,(p € L?(Q x (0,7)) are identified by the relations, holding in the sense
of distributions,

Ca+ ¢ = (1+/paps)V(ypa+/pB), (40)
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U(y/papB)(Ca — C8) = V [W(ypang) (1 — vpang) (A — VoB))

— (J7i — VBV [¥(7arm)(1 — \/arB). )
o 2B 5+ = ¥ (8Pl + V7)ot o + o)
- %(log pa+pB)g(\/pa + \/@)qmw(m 1) (42)
— (log o + pB)®(y/5APE)d (V7x + VPB)VIy/73 + V75,
22O 35+ )G = ¥ [M(Apm 73 + 75108 5+ )]
- %(log pB +pa)g(\/pa+ WE)WV[(M - 1)3 (43)

Vpaps — 1
— (log ps + pa)®(/paPB)9 (/P + v/P5)VIVPA + /75,

with g(s) = (1 + s*)~! for s > 0, for every ¥, ® € C' N WH*(R, ) such that there exists C > 0:

U(s)| < Cls—1], [®(s)] <Cs, [|®'(s)] <Csls—1], forall s> 0.

(iii) The mass of each species is conserved:

/ pa(t)de = / pide, / pp(t)dr = / pidx, t>0, (44)
Q Q Q Q
and the integrated energy balance is satisfied:

H[p(T)] + 4 / (ICa] + [Cu[2)dzdt < H[p™], for all T > 0. (45)

Qr

Remark 3.3. We point out that, if \/pa, /p5 € L*(0,T; H*(Q)), which is the nondegenerate case, then
Ca = V/pa+\/papB V\/pB, CB = V\/pB + \/papB V,/p4, as one would expect.

3.3 Weak stability analysis
In this section, we prove the following result.

Lemma 3.4 (Weak stability). Let p™ = (p', pi%) : @ = R2 such that p', pi% € L*(Q). Moreover,
let p" = (p", p'y) be a sequence of weak solutions to (30)—~(32) having p'™ as initial datum according
to Definition 3.2. Assume furthermore that \/p'y,\/pl € L2(0,T; HY(Q)) for every n € N. Then
p" converges (up to subsequences) strongly in L'(Q x (0,T)) for every T > 0 to a weak solution
p=(pa,pp): Qx (0,00) = R% to (30)~(32) in the sense of Definition 3.2.

Remark 3.5. The Lemma implies that the weak solutions described in Definition 3.2 are limit points
of standard, nondegenerate weak solutions to the system: notice that the assumption ,/p’%, /P €
L2(0,T; H'(Q)) for every n € N, which is not true in general for weak solutions as for Def. 3.2.

Remark 3.6. Another perspective into Lemma 3.4 is the notion that the entropy structure of the
system is robust, that is, the estimates provided by the entropy balance inequality are sufficient to
show compactness of a suitable sequence of approximated solutions and prove that a limit point of such
approximating sequence is a weak solution to the system in the sense of Def. 3.2. Unfortunately, no
approximating sequence with the required regularity is known, this is why the global-in-time existence
of weak solutions to the system is an open problem.
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Proof. By assumption, for every T' > 0, the approximate solution p™ satisfies

T

/0 6tpA,¢dt+2/ /V(;S Vo (VP e V/p)dadt = 0, for all ¢ € CL(Qr),  (46)
T

/ (O’ & dt+2/ /Vqﬁ VL (VP +V/Paps V/pl)dedt = 0, for all p € CL(Qr), (47)
0

Ph(t) = pR, ph(t) = P strongly in WH3(Q) as t — 0, (48)

as well as (20), and therefore also (16)—(26).

Notation. Given a sequence f, in some Banach space X, that is weakly (or weak-*) convergent in X,
we denote with f,, the weak (or weak-*) limit of f. Moreover, we define Ry = [0, c0).

The proof is divided into four steps.

Step 1: strong convergence of p’j + p.

Let f € W (R, R, ) function such that |f'(z)| < C|1 — x| for > 0. Let us define the vector fields
UX = (b4, —Vpi — pAVPB),
U = (p, =V — PEV L), (49)
V" = (f(V/P4rE),0,0,0).

From (19), (25) we deduce that for i € {A, B}, U is bounded in L*/3(Q7), while (1)-(3) means that
div(; ) U = 0 (a fortiori div,,) U is relatively compact in W=Lr(Q7) for every r > 1). On the

7
other hand V" is bounded in L*°(Qr) and the antisymmetric part curly , V"™ of its Jacobian can be

estimated as

lcurl(y ) V"' < CIVF(V/0hog)| < CL (Vo) IV eIV 0Bl + oIV 4D
< C(VouParE — UIV P+ Veslv Py — IV PR,

which means, thanks to (15), (19), that curl ,)V" is bounded in L*3(Qr), and a fortiori relatively
compact in W17 (Qr) for some r > 1. Therefore, the Div-Curl Lemma [Theorem 10.21 in [13]] implies
that

Un.Vn=0U".-Vn a.e. in Q.
Therefore, for i € {A, B} and for every f € WH™ (R, R,),

PrF(PaP%) = P F(\/PPR), ae. in Qp, such that |f'(z)| < CJ1 — 2| for x > 0. (50)

Let us consider (50) with f(z) = min{k, F(z)} where k > 1 is arbitrary and F € L], (Ry,Ry) such
that F' € L*(Ry), F(z) < C(1+a), |F'(z)| < C|1 — x| for 2 > 0. Let us now estimate the quantity

ot (min{k, F(\/phpp)t — F(\/ Paprp)liLi

< liminf || pf (min{k, F(\/p%pE)} — F(V/PhrE)l @)
< sup 107 (| L2 () [ min{k, F(\/plhpE)t = F(\/PaPE) 2 r)
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where we used Fatou’s Lemma in the first inequality. From (19) it follows

|F(/ph)|” dudt
‘F(\/pz,o%)‘gdxdt

I Goink, F/7A7BY — /708 sy < Csnp [
neNJQrn{F(\/phrE) >k}

which, thanks to (23), implies

o7 (min{k, F(\/p%rE)r — F(VeurE)en < —= 1€{A,B}, k=1

S0

In a similar way one shows that

167 (min{k, F(V/05)} — FG/amp)llnion) < ~= i€ {AB}, k>1.

S0

From the above inequalities and (50) we deduce

lPF E(/ParE) — pF F(/ParE) L or)
< P} (min{k, F(\/p%ip)} — F(V )l ) + llop (min{k, F(\/phpg)} = F(/PhPE) 11 @)

< \%, ie{A,B}, k>1,

implying that for i € {A, B},

PIF(\PhPE) = P F(\/plhpls), ae. in O, (51)
and for every such F € L} (Ry,Ry),

F' e L®Ry), F(z) < C(1 + ), |[F'(z)] < C|1 — z| for z > 0. (52)
Let us now choose F' = Fjs in (51)-(52), where 0 < 6 < 1 and
0, s <1,
Fs(s) =< (s — 1), 1<s<1+46,

s+02—1-6, s>1+6.
Let us estimate (similar idea as before)

o (Fs(/par) — (Vehoh = 1) o)llvap) < sup 19817200 |1 E5 (W 03PE) — (/P40 = D+ ll7200)
< s,

where the last step comes from the fact that |F5(s) — (s — 1)4| < C9 for every s > 0. We can deduce
that (51)-(52) holds with F'(s) = (s — 1), that is

PP\ PP — ) = pP (Ve — 1)+, i€ {A B} ae. inQp. (53)
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In a similar way, by writing (51)-(52) with F'= G5, 0 <6 < 1,

s—02—1+44, 0<s<1-34,

Gs =4 —(s—1)% 1-0<s<1,
0, s> 1.
One deduces that
Pt (VPP — 1) = pt (Vs —1)—, i€ {A B}, ae. inQr. (54)
Summing (53) and (54) allows us to conclude
PPN PP = PP Phps, i€ {A B}, ae. inQp. (55)

Let k£ € N arbitrary. Define the vector field

= (min{(/p’4 + /P%)? k*},0,0,0), n€N.

Clearly Z™ is bounded in L*°(Qr), while

lcurl, ) 2" < C|V[min{(\/p% ++/p 2 k2| < CRIV(VP + VPl

so thanks to (16) curl(, ,)Z" is bounded in LQ(QT) and therefore relatively compact in W_I’T(QT) for
some 7 > 1. The Div-Curl Lemma allows us once again to deduce

Ur-zZrn=0Ur-Z" i€ {A B}, ae inQp,

which is equivalent to

prmin{(yv/p5 + /)% K2} = min{(y/ph + Vop)% K2} i€ {A, B}, ae. inQr.  (36)

Let us define v™* = /p%% + \/p — min{,/ps + \/ph. k} = (\/ps + /Pl — k)+. For t € [0,T] and
k > 2 let us estimate

ol = [, (o0 + o0 k) @
< /m{ — (qu) + W%(t))gdx
2
- loék /ﬂﬂ{ Pl () +/ Pl (t) >k} <\/p2<t) " \/p%(t)> log <\/p%(t) + \/p%<t)> dx

< loz'k /Q(pz‘(t) + pB())(1 +log(pi(t) + pE(t)))d.

From (13), (21) it follows

an’kHLw(OTﬂ(Q))S ¢ ;
Y Vlog k

From Gagliardo-Nirenberg inequality (22) applied with u = v™F it follows

T T
/ ||v"v’“||‘z4(mdxdtzc(sup ||v"’“||L2<m> / ™ 2 gy,
0 te[0,T] 0

nkeN, k>2. (57)
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which, thanks to (57), leads to

K
0™ * |24 Q) _1 H\/PA+\/ Az (0,T;H ()

Bound (18) and the definition of v™* allow us to deduce

C

VPl + pp —min{\/pi + /P, kHl s < (log k)1/A” n,keN, k=2,
which, together with Cauchy-Schwartz inequality

\//a+ \//g mm{\/a"' \/g’ k} HL2 (Qr)
<IVP% + VPl —min{/p% + /0B, kL V% + VP + min{ /o + /0%, kI aar)

and (19), allows us to conclude

C
(VP +/Pg)” — (min{\/p + /P, k}) ”L2(QT AS W7 nkeN, k=2 (58)

Let M(Qr) = C(Q7)’ the space of Radon measures on Q7. Since (p4 + p%)(v/p% + /P%)? is bounded
in L!(Q7) (thanks to (19)), then (up to subsequences) it is weak-* convergent in M (Qr). Since (56)
holds, we can write

(0% + P) (Vs + VP)? = (0l + pl) va+v ) pmcer)
< (el + PRV P4+ V/PE)? — (min{/p% + /P, k})? HM(QT
+ 110 + pB) (VP + /rp)? = (min{/p% + /0, KD gy = J1 + Jo- (59)

Let us bound the terms .J;, Jy. Since the norm in M(m) is weak-* lower semicontinuous, it follows

J1<hm1nf|| P+ PP + P — (min{/p% + /0, k})? HM
<SUP” PA+PB \/PA+\/ mln{va—i—v k} HMQT

Since LY(Qr) < M(Qr), it follows
Ji < Csup (P + PB) (VP4 + /P mm{\/pA + /5 kD L r)
< Csup 9% + PB |20 | (Vo + V/PB)? = (min{y/p + /0B, k1) [|2200)-

Since (19), (58) hold, we obtain

C

Sw, n,k:EN, k22

In a similar way one can show

C
J2gw, ’I’L,]CGN, k?22

From the previous two bounds and (59) one concludes

C

PA+PB \/PA+\/ pA—i-,OB \/pA+\/ ”MQT) (logk)1/4’ k> 2,
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which means

(0% + PRV + /)2 = (04 + ) (Vs + /pp)? in M(Qr).

For every f € M(Qr), ¢ € C(Q7), let (f,¢) be the dual product between f, ¢ (i.e. (f,¢) is the result
of the application of the linear, bounded functional f to ¢). It follows

dm [ (o pB) (VP + Vo) dedt = (0% + ) (Voh + /)% 1
T
= /Q (P + P) (VA + V/Pp)? dzdt.
T

On the other hand, summing (55) in ¢ € {A, B}, multiplying it times 2 and integrating it in Qp leads
to

(60)

lim [ (o4 + p)2¢/phppdadt = / (0% + Pg) 24/ plippdadt. (61)
Qp Q

n—oo
T

Taking the difference between (60) and (61) yields

lim [ (p% + ph)2dadt = / (7 + 77 )% dadt,
Qr

n—oo Qr

which means (thanks to [13, Thr. 10.20] ) that p} + p% is strongly convergent in L?(Qr).

Step 2: strong convergence of p’jp’s. Let

€1+1/(3271) 0<s<1
0 s>1

For every r > 0, u € Ri, let us define the function

f(r,u)(p):¢<‘pU|>y P€R2.

r

We define also

Ter = {(p1,p2) €RY | prp2 =1},
7 = {f(n“) ‘ reQn (07 OO)? u € (Q N [07 OO))27 Br(u) Nle = Q)} '

We point out that .# is a countable family of C°(R?) functions whose gradient vanishes in a neigh-
bourhood of T',.. This fact, together with (15), easily implies that

”f(r,u) (Pn)”m(o,T;Hl(Q)) < C(r,u,T). (62)
Moreover,
ny _ 10w (") 10fea(0") , .,
atf r,u)(p ) = §Tatp14 2T8t'03
= f(r U)( ) m af(’“’u)(pn) n n n n n
=d ) VPR PR+ VehPEV VP +7B\/£(V\/p73—|— VORPEV A PS)
Ofru (P")

\/p%(V\/p}}; +/PAPEVA/PL)

af(r u) (
dpp
—: div (j(’;u)) +EL -
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Once again, the assumptions on fi, ,) as well as (15) imply that

176wl 2@0) + I1EGw 1@y < OO, T),

which leads to

10t iy (P )10, 75w -11(02)) < C(ryu, T). (63)

We are therefore allowed to apply Aubin-Lions Lemma (and the uniform L°°(Q2r) bound for f..)(p"))
to deduce the strong convergence of f, ,)(p") in L9(S27) for every ¢ < oo. In particular,

For all f(, ,) € #, there exists (p”k(r’“))keN C (p")nen such that fi, (p”’“(r’“)) is a.e. convergent in Q7.

However, since .# is countable, a Cantor diagonal argument allows us to find a subsequence (not
relabeled) of p™ such that

For all f(,ﬂ’u) € 9, f(r,u) (pn) — g(r,u) a.e. in Q.

Let (z,t) € Qr be a point where such convergence holds true. Since (from Step 1) p’4 + p'5 is (up to
subsequences) strongly convergent in L?(27), we can assume w.l.o.g. that p™(x,t) is bounded in R2.
There are two cases.

Case 1: There exists f(,, ;) € F such that §, ) (7,t) > 0.

Since f(,..)(p) = ¢(lu—pl/r), and ¢ || 1) is one-to-one and continuous, then |p"(z,t) —u1| — di € [0,7).
By continuity there exist f(., uy)s f(rs,us) € % such that w1, us, usz are not aligned and §(r27u2)(ac,t),
(ryuz)(T,1) > 0. Since f(,.,)(p) is a one-to-one function of |p — u| for |p —u| < 1, the limits d; =
lim,, o0 [p"(x,t) — u4|, © = 1,2, 3, exist finite. As a consequence, each accumulation point of p"(x,t)
will fall at the intersection of three circles (0By,(u;), ¢ = 1,2,3) with mutually not aligned centers,
which can only consist of at most one point. This means that all accumulation points concide with this
point, i.e. the sequence p™(z,t) is convergent to that point. A fortiori p' (z,t)p's(x,t) is also convergent.

Case 2: For all f(..) € F it holds §,..,)(z,t) = 0.

Consider a generic subsequence p"™(x,t) of p™(x,t). Since it is bounded, is has a sub-subsequence

p"m (x,t) that is convergent to some limit ¢ € R?. However, since feruy(€) = 0 for every f, ) € F,
Tbmk

Ccr- o ? - :
the only possibility is that £ € I'c,. In particular limy_,o py *pg " (x,t) = 1. Being the subsequence
p"™(x,t) abitrary, this means that p’ip%(x,t) = 1 as n — oo.

Summarizing up, we have proved that p'jp; is a.e. convergent in 7. Bound (23) implies that p’}p'y
is strongly convergent in L3/27(Qr) for every n € (0,1/2]. Furthermore, we have also showed that
P4 — pa, pp — pB a.e. in E, where

E={(z.t) € Qr | lim pi(z)pf(z.t) £ 1}

This also implies (together with (19)) that p” — pa, p'5 — pp strongly in L2~"(E), for every n € (0,1].
We also point out that [\/p"% £ \/p}| = \/p’j‘ +pls £2,/pps is a.e. convergent in 7, and so is
0% — ol = |V/Ph + VPBINPL — /PBI-

Step 3: strong convergence of p’i, p%. Now we must prove that py, p’5 are a.e. convergent also in
E¢ = {limnﬁoo PP = 1}. To this aim, let ¢ € C?(R) be a cutoff such that

0 s < %7
vls) =11 s> 3, (64)
nondecreasing 3 <s < 2
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Moreover define

1

g(S) = H’754’ S Z 17 (65)
fa(p™) =¥ (\/phpg)a(\/ i + /P log pis + pB), (66)
fe(") = O(\/PhrB)a(\/ P + /Pi) (log ok + plh). (67)
Since 1(s)s~® is bounded for every a > 0 and |log s| < C(s~/® 4 s), it holds
_|_
7atm) < 2N W(B; . )i’;‘; B) ()12 () 4 o ]+ (o) (1))
B
< o\ )1/4[(/)”)1/8 + ()4 + (o) () (68)
+ (P4)? + (p)?
<,

which means that f4(p") is bounded in L*°(2x (0,7")). Similarly one shows the same bound for fg(p").
Let us now consider
Via(p") =1L+ I + I,

where

I = (/) 9(V/ Pl + o)V (log ol + ph)
I = 0(/Pom) (o8 7k + )V a(/oh + \/0p).
I3 = g(\/py + /P)og p% + pB)VU(\/phr)-

First we give an estimate to ;. From (20) it follows

Y(\/PhPE)
111l 2200 = 2 \/%/)BB 9P NP PRV P N PAPE VN P

<o V(/PAPB)
B VPAPE

LQ(QT)

lg(V/s + VORIV Pl @) IV Pk + V/PaPEV VPl r2cr)
T

L (Qr)

<Cr.

Now, we consider I5. Since ¢'/g is bounded in R} while f4(p™) is bounded in L (Qy),

( PA+

f+r &

where the last inequality comes from (16).
Finally, let us consider I3. Since |¢'(s)| < Cs'/4|1 — s| for s > 0 one obtains

fA)

< CIIV(Vrh +Vrp)li2an < Or

L(Q)

2l 200y =

15| 2y = [|9(V/P + /o) (og 4 + pb) ’wpzp%)vaﬁp%)}lmﬂ

< ||9(V/P + Vi) og ol + o) (/o) 4L = /R
< Hg (VP + /PP + /) (og p% + ) (0407 1/8HLOO )

< || = Velhep) IV VPl + IV VoD 2, < O

Pil)
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where we used (15), (19). We conclude that V fa(p") is bounded in L?(Qr). Similarly, one can show
that Vfg(p") is bounded in L?(2 x (0,7)), too. This means that the vector fields

Y;n = (fl(pn)707070)1 (&S {A>B}7

are bounded in L>(f) and the antisymmetric part of their Jacobian is bounded in L?(27), thus
relatively compact in W =17 (Qr) for some r > 1. Once again, the Div-Curl Lemma (applied to Ui —Ug
defined in (49) and Y} — Y}) leads to

(P — PB)(falp™) = fB(P™) = (P4 — PB) (falp™) — fB(p™)),

which means

(P’h — PR)V(Phr) < op PA - PZ) i V(o) <

P >
— log =& 4+ p% — p'% |.
L+ (el + /o) N N e AT

B
(69)
Let
n : n T 1 n T 1 n T
p" =min{p, pp} = §(PA +0B) — §|PA - Bl
1 1
M" = max{pls, pl} = 5 (05 + o) + 510 — P,
and
L, ph>rE
0" =190, pi=rpp,
=1 pl <pp-

Since both p'} + p'% and |p’y — p}| are a.e. convergent in 2 x (0,7T’), then also u™, M™ are a.e. convergent
in Q x (0,7) (and strongly convergent in L*~7(Q x (0,T)) for every n > 0) towards some nonnegative
functions p, M (respectively). On the other hand |¢”| < 1 a.e. in Q x (0,7 and so ¢” —* o weakly*
in L>®(Q x (0,7)).

Let us point out that

n __n 1 ﬁ o) = (M — P 1 M no_ M
(P’h — pB) (log oo T PE =P ( 1") | log oy
B

V2

which implies that (p” — p) (log 2—% +p — pA> is a.e. convergent on {x > 0}. On the other hand,
B

since ¥ (p’ip) > 0 only on {p%pl > 1/3} = {1/pu™ < 3M™}, it follows (via Lagrange’s theorem) that

for a suitable point A\ € [u™, M™]

M™ (Mn _ un)Q

n __ ,,mn\2
(/B (" — ) log T = (/AT <yt I

3
= s

Since M™, u™ are bounded in L?(2 x (0,T)), it follows (by dominated convergence) that

(P4 — PE)V(PAPE) (1, PA o (M — p)p(Mp)
L+ (Ve +/Pg)* (1 Sy TP pA) - 14+ (VM + /i)t (

A similar argument allows us to obtain

M
log " +p— M> strongly in L' (Qp).

I (VT £ ) log e +ut =M _>1+(\/M+\/ﬁ)4 log,u +p— M | strongly in L (Qr).
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As a consequence,

P — pp = 0" (M" — ") = o(M — p) weakly in L'(Q x (0,T)),

() Pli n\ o Y(M" ") M n
+ (/o + p%>4(lgp3+"3 "A>_ + (VM + ) (1g e M)
Y(Mp)

% wea in L'
1+(f+f) <1g +p— M) kly in L' (Q x (0,7)).

—\

From the above relations and (69) as well as the fact that
M
Mp=1, log—+p—M=0 & M=p=1,
1

we deduce that |o|?> =1 in {M > u, Mu = 1}. However, since [0"| < 1 a.e. in Qp, n € N, this means
that
(eM2<1=|of>=(o™)? ae. in {M >pu, Mu=1}.

However, being = + 22 strictly convex, it follows from [13, Thr. 10.20] that ¢” — o a.e. in {M >
p, Mp = 1}. This allows us to deduce that p’i —p = o™(M"—pu™) is a.e. convergent in {Mpu = 1} = E*,
and so are p’y = £(p% + p) + 3(p"s — p) and p = F(p% + p) — (% — p) (because we already
know that p + p} is a.e. convergent in Qr). Since we already knew that p;, p'; are a.e. convergent
in E, we conclude that p'}, p; are a.e. convergent in {27 and therefore by dominated convergence (and
(19)) p%, p'% are also strongly convergent in L2~(Qr) for every § € (0, 1].

Step 4: limit in the equations. Now we show that (37), (38) hold for the limit functions pa, pp.
We first study the convergence of the expressions

Ch = VP +ParEV /. and (b = Y/l +/PhrEV /P
Since (%, ¢ are bounded in L?(Qr), it holds (up to subsequences)
Ch—Ca (B —Cp weakly in L*(Qr).
We want to show that (40)—(43) hold. Let us consider
Ci+ s = (Vrhrh + DV +V/rp)-

We know that V(,/p% + 1/p%) is bounded in L*(Q x (0,7)) and that \/p% + /% — /pa + /PB
strongly in L?(Q x (0,T)), therefore

V(P +\VPE) = V(vpa + /pp) weakly in L*(Qr).

Moreover, thanks to (16), J% +J% is bounded in L2(Qr), while +/p"ip — \/paps strongly in L3~°(Qr)
for every 0 € (0, 2] (thanks to (23)). Therefore

Ch+ Ch — (Vpaps + DV (/pa + /pp) weakly in L*(Qr).

Therefore, (40) holds. Let us now turn our attention to

G~ G = (1~ APV (/7 — /7).
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Let us consider a generic function ¥ € C' N W1°(R ) such that |¥(s)| < C|s — 1| for s > 0. It holds
U(\/phrB) (Ch — Ci) = VIR phrp) (1 = /phrB) (k= VPB)]
(VAR ~ VARVIO ~ R

However, due to (19), (23) we have

U (/o) (1= /oars) (Vo — /o) = W(\/paps)(1 — v/papB)(v/pa — /pB) weakly in L'*/7(Qr),
while, thanks to (15), (19) we have

V(L= VoRPB) Y (VPes)] = VI — Vpaps)¥(y/paps)] weakly in LY?(Qr),

so it follows that

Y(Vpapp)(Ca = (p) = weak lim We(y/p7p)(C4h — ()
= VV:(Vpapp)(l — /paps)(V/pa —pB)| — (Vpa — pB)VI(L — /paps)Ye(\/paps)l,

implying that (41) holds.

Let now consider ® € C* N W1>°(R, ) such that \<I>( )| < Csfor s>0ands € [0,00) — j/(s)) eR

is continuous and bounded. The function ®(\/p"p%)9(\/ P4 + /PE)/ /P (With g defined in (65)) is
bounded in L*°(Qr) since

0< q)(\/ IOAIOB \/a_'_ \/7 \/ p;l}p%) V p% < C.
\/> \/E 1+ (ol +

Therefore, it is strongly convergent (in L(Q2) for every ¢ < co) to w(,/pApB)g(./pA + \/PB)/\/PA, SO
that

2y J’ip B o+ ey — 2Pars) %f’”g(m + VPB)Ca weakly in L2(Q7).  (70)

On the other hand, (66) implies

@(@ (VA + VPRI = (/TR (/oTh + /7)Y (log s + o)

= VI[®(\/phrp)9(V ok + /rh) (log pli + p'h)]
— (log s + p5)9(\/ P4 + \/PE)V (/04 P%)
— (log s + pB) P (VPP V9P + /Ph) (71)
= VI[(\/phr)g(V ok + /p)(log pli + ph)]
— (log p% + PB)a(\/ P4 + \/1B) \//gpf})l)v( Py —1)°
— (log %4 + PE)(\V/ParB)d (VP4 + PE)V(VPh + \/Ph)-

The term ®(\/p" p'%)9(\/ P4 +/P) (log pli + p}) can be estimated as in (68) to show that it is bounded
in L>(€2), so thanks to the strong convergence of p" and the continuity of the involved functions we
deduce

V{O(FRPROFR + V71084 + ) — VIR(RPRI( + VPR o + )]
weakly in LI(0, T; W~ 59(Q)), for all ¢ € (1,00).
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Moreover
V(/rhph —1)? = V(/paps — 1)? weakly in L¥3(Qr).
Furthermore, repeating the estimates in (68) with ®'(\/p"p%)/2(\/P4pP% — 1) in place of ¥(\/p"4p')

allows us to deduce that the factor (log p'% + p%)g(\/P% +/PB)®' (\/PhrE)/2(\/ PPk — 1) is bounded
in L*>°(Qr), and therefore

(log pla + P)g \ﬁ+\ﬁ\/%%(logm+p3)g(@+@)m

strongly in LY(Qr), for all ¢ < oo.

Finally, repeating the estimates in (68) with g replaced by ¢’ allows us to deduce that (logp’} +

PB)R(\/PhPE)d (/P + \/Ph) is bounded in L (Qr), so
(log p’s + PB)2(\/ PP B) 9 (VP +/Ph) — (log pa + pB)®(V/papr)d (Vpa + /pB)

strongly in Lq(QT), for all ¢ < oo,
while we already know that

V(V/Ph +VPE) = V(vpa+/pp) weakly in L*(Qr).

Taking the limit n — oo in (71) yields (42). Relation (43) is obtained in a similar way.
From (26) it follows

Qipp = dupi weakly in L*/3(0,T;W=143(Q)), i€ {A, B},
and via the compact Sobolev embedding W'4/3(0, T; Wh4(Q)) < Cuear ([0, T], WH4(Q)")
P = pi in Cuear([0, T), WH(Q)), i€ {A, B}. (72)
Since ¢ — ¢; weakly in L2(Qr), i € {A, B}, while \/p"\ — /pa, /Py — /PB strongly in L*~9(Q7)
for every 0 € (0, 3], it follows that one can take the limit in (46), (47) and conclude that p = (pa, pB)
satisfies (37), (38).
Let us now make sure that (39) is satisfied by p. Given any constant in time ¢ € WiH4(Q)

and any t € (0,7), from (26) (and the fundamental theorem of calculus, which holds since p" €
WE43(0,T; WH4(Q)’) and therefore t — (p"(t), ¢) is in WH4/3(0,T)) it follows

‘ | oo - / oz <
Q
Since (72) holds, it follows that [, pl'(t)pdx — [, pi(t)¢dx as n — co, so

/Q pi(t)pdz — /Q pi" pdz

lpi(t) = A" lwragy < CEY™.

/ |(Orpy (¢ ,p)|dt’ < 1005 ||L4/3(0tW1 1) ||¢HL4 0,t;W14(Q))

< Ct1/4”¢”vv1,4(ﬂ)

< Ct1/4||¢”W1’4(Q)7 for all ¢ € WhH4(Q),

which means

Being t € (0,7T) arbitrary and C' > 0 independent of ¢, we deduce that (39) holds. Therefore, p is a
weak solution to (30)-(32) according to Definition 3.2. This finishes the proof. O

24



4 Stationary states

In this section, we study the steady states of (1)-(3), i.e. the constant-in-time solutions to (1)-(3). First,
we provide a definition.

Definition 4.1 (Steady state). A steady state of (1)-(3) is a weak solution to (1)-(3) in the sense of
Def. 3.2 that is constant in time.

In the following we prove that the only allowed steady states for the system are constant.

Proposition 4.2. Let Q € R? open, bounded and connected with Lipschitz boundary. Every steady
state of (1)-(3) is constant in .

Proof. According to the definition of a weak solution, the integrated entropy balance (45) must hold.
Being a steady state constant in time, this implies that (4 = (g = 0 a.e. in Q. From (40) it follows
immediately that \/pa + \/pp = k1 is constant in Q. In particular, p4,pp € L>®(2). From (41) we
deduce

V¥(vpaps)(1 = pape)(Vra —/pB) — (Vra —/pe)V [Y(Vpaps)(l — /paps)] =0

for every ¥ € C' N WH*°(R, ) such that |¥(s)| < C|s — 1|, for s > 0.
Since /pa + +/pp is constant it also holds trivially that

V¥ (Vpapp)(1 = Veaps)(Vpa+pp)l = (Vea+ VeB)V [¥(Vpaps)(1 = Vpaps)] = 0.

Putting the two previous equations together yields

Y [W(pan)(1 — Vars)Val — VoV [W(ypaps) (L - Vpaps)l =0, i€ {A,B}.  (T3)

Multiplying the equation above times W(,/pap5)(1 — \/paps)\/pj € H'(Q) (thanks to (36) and the
boundedness of p4, pp) and summing for i,j = A, B, i # j, lead to

V [(v/pap5)2(1 = papB)*Vpans) = 20(vpang)(1 — Vpans)VpansY [¥(vpars) (1 — vears))

which is equivalent to

V(y/papp)(l — /pape)V [Y(Vpaps)(l — /papB)\/PAPE]
= V(\/paps)(1 — papp)V/papsV [Y(Vpaps)(l — \/paps)]  ae. in ,

for every ¥ € C* N WL(R,) such that |¥(s)| < C|s — 1|, for s > 0. Let us now choose

—1)? <2
O S AN
2s — 3, s> 2.

The function n(s) = ¥(s)(1—s) is strictly decreasing in R4, so it is invertible. Defining v = n(y/paps),
£(u) = un~(u) for u € (—o0, 1], we deduce

vVEW) — E(W)Vu = VEMW) =0 ae. in Q,

where £(u) = [H(w (w) — &(w))dw, v < 1. It follows that £(v) is constant in Q. However, £ (u) =
ug'(u) — €(u) = u2 L (5(7") = u?Ln=t(u) < 0 for u < 1. Therefore, £ is one-to-one, implying that

v =n(\/papp) is constant. Being n also a one-to-one function, we deduce that /papp = ks is constant
in . We distinguish two cases, according to the value of k.
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Case 1: ko # 1. In this situation (73) immediately yields that p4, pp are constant, provided that one
chooses ¥ such that ¥(ks) # 0.

Case 2: ko = 1. In this case we must consider (42), (43), which immediately imply that log pa + pB,
log pp + pa are constant in ). Therefore, also their difference is constant, i.e.

PA— PB —i—logp—B =k3 a.e. in .
PA
Since papp = 1 by assumption, it follows

1
F(pa) =pa— — —2logpa = ks ae. in .
PA

However, F'(s) = 1+ s% — % = (52721)2 > 0 for s # 1, which means that F' is strictly monotone.
We conclude that pa is constant, implying that also pp is constant. This finishes the proof of the
Proposition. O

The result might mean that the class of solutions we considered is perhaps too small, as segregated
states are ruled out. On the other hand, the definition arises naturally from the weak stability argument
and only employs the entropy structure of the equations. It is entirely possible that different analytical
tools might yield segregated steady states.

4.1 Linear stability analysis

We now consider the stability of the steady states of the system (1)-(3), copied here for reference:

Ohpalt,z,y) =1V - (Vpa(t,z,y) +2Bcpa(t,x,y)Vpp(t, z,y)),
Ops(t,z,y) =1V - (Vpp(t,z,y) + 2Bcpp(t, z,y)Vpalt,z,y)).

In order to better understand the system, we perform a linear stability analysis around the uniformly
distributed steady state,

7 =N, 0<z<L
/_)B(f) =Ny, 0<z<L,
where Ny, N2 > 0 are the equilibrium densities and L € R;.
To this end, we consider perturbations of the form e = §;e*e** with §; < 1 where i € {4, B}.
pa(x) =pa+ SaetttikT <z <L, (75)
pp(x) = pp + dgethe 0 <z < L. (76)

Lemma 4.3. The uniform steady state solution (74) of system (1)-(3) is linearly stable if the following
condition holds true:

1
c < ———.
~ 2y/papB

Proof. We plug solutions (75) into system (1)-(3):

8 (77)

%(ﬁA + 5Aeat+z‘ka:) — %V- (V(ﬁA + 5A€at+z’ka:) + Qﬁc(ﬁA + (5A6at+ikx)V(/fB + 5Beat+ikx)) ,
%(ﬁB + 5Beat+ikx) %V . (V(ﬁB + 5Beozt+ikx) + 2BC<ﬁB + 5Beat+ikm)v(p—A + 5Aeat+ik:p)) ,
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and obtain

{aéAecxt—&-ikx _ iV i ((ik(sAeat-&-ikx) +2Bc(pa + 5Aeat+ikx)(ik5B€at+ikx)) ,
1
2V -
1

a(sBeatJrikx — ((ik(sBeatJrikm) + 260(,5B + 5Beat+ik:r) (ik(SAeatJrik:r)) .

This implies

ady =26, — EpBepa+ O(340p),
2 2
adg = %(53 — %(SAﬁCﬁB + O(646B).

Writing the linear part of this in matrix-vector form (M — al)d = 0, we have

ol =]

~(f +0a) —5Bena
—%,BcﬁB —(% +Oé)

Hence, it follows from the characteristic polynomial

2 S
<4 + 04) - Z(ﬁc)2ﬁAﬁB =0,

that
Therefore, the uniform steady state solution will be linearly stable when Sc < L O

2VpapB’

5 Long-time behavior

In this section we give our result on the long-time behaviour of solutions. We denote

oo,

Theorem 5.1 (Convergence to steady state). Let p: Q x (0,T) — R% be a weak solution to (30)—(32)
according to Definition 3.2. Define the constant steady state associated to p as

(o}

p¥ = 0 0E) o= f p(0de = f ptde i€ {AB), >0,

and assume that p?° > 0 for i € {A, B}. Define the relative entropy functional as

Hip| o) = /Q B (p | p) da,
where
W (p | p>) = hip) = h(p™) = W' (p™) - (p — p™),
h(p) = palogpa + pplog pp + paps-

Then H(p(t) | p>°) — 0 as t — oo.
Furthermore, if p% <1 and p% < 1, then p(t) — p*> strongly in L' (Q) as t — oco.

Remark 5.2. In the physical variables, the constraint on the steady state is p>° < (28¢)7, i € {4, B}.
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Proof. The proof is divided into two parts. First we prove that lim; o, H(p(t) | p°°) = 0, then we show
that, if both masses are not larger than 1, then p(t) — p> as t — oo strongly in L!(Q).

Step 1: Show that lim; .. H(p(t) | p>°) = 0.

Remark 5.3. In the following we will identify the quantities (4, (g with V/pa+./papsV+/pB, V\/pB+
VPapBV/pa, respectively. Albeit this identification is not known to hold exactly for nondegenerate
weak solutions (as the latter expressions are not clearly defined), the present theorem could be proved
also by using the properties (40)—(43) and proceeding in a similar way as in the proof of Prop. 4.2. We
chose to omit technical details for the sake of a simple exposition.

From (20) it follows that

oo
/ /ﬂ (1 + Vpapp)* IV (VoA + vpB)I + (1 = Voaps) IV (Vea — Vpp)|?) dedt < C.
0
As a consequence there exists an increasing sequence of time instants ¢,, — oo such that

(1 + vPapE)V(VPA + V/75) lietu— 0. (1= \/pap5)V (VPx — V/7B) i, — 0 strongly in Lm(), |
78

as n — oo.

Define pf' = p;(tn) for i € {A, B}, n € N. In particular, V(,/p7 + \/p%) is bounded in L?*(Q).
However by mass conservation /p% + /p is bounded in L*(Q), and so /p} + /p is bounded in
H'(Q). By Sobolev embedding (in 2 space dimensions) /p% + \/p is bounded in LP(Q) for every
p < 0.

From (78) we deduce that V(\/p% + \/p5) — 0 strongly in L?(2). Poincaré-Wirtinger Lemma
yields

VO P — ][ (VP + /Pg)dx — 0 strongly in LP(Q), for all p < occ. (79)
Q
From (78) we also deduce

(1 —\/pp) Vo — 0 strongly in L*(Q), i € {A, B}. (80)

The above relation and the uniform LP bound for p}' lead to (also, thanks to the definition of weak
solution (3.2), (y/phph — 1)3/p' € H'() is an admissible test function, i € {A, B})

év (/PP — 1)5) = (/i — 1) (VPR VPE — PRV A/ph) — 0 strongly in L ¢(Q), (81)

for every € > 0. Again, by Poincaré Lemma one deduce that

(V%o —1)° — ]{)(\/pﬁp% — 1)%dz — 0 strongly in LP(Q), for all p < co. (82)

Since p'y, pl are bounded in LP(§2) for every p < oo, then up to subsequences

F WL+ ViR s er, o (iR — oo o
) Q
From the above relation and (79), (82) we get

Vo + s =, (Ve —1)° = & strongly in LP(9), for all p < oco.
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However, being x € R+ (z — 1)% € R globally invertible, it follows

VLR =, PP — e i=1+ E§/5 strongly in LP(92), for all p < occ. (83)
As a consequence
P+ ol = (VP + VPE)? — 23/ PP — ¢ — 2co strongly in LP(2), for all p < co.
The above relation and mass conservation implies
P4+ P — pX + p% strongly in LP(Q), for all p < co. (84)
Moreover,
V% = PR = (Vo 4+ Ph): — 4/ phph — i — 4es strongly in LP(Q), for all p < oo,
and so
0% — o8l = (VP + VIRV — VPE|l = 3 1= c1y/ 3 — 4eg strongly in LP(Q), for all p < occ.
(85)

In particular, since 2max{x,y} =z +y + |z — y|, 2min{z,y} = x + y — |x — y| for every z,y > 0, it
follows

M"™ .= max{p’, pp} = M, u" :=min{p}, pp} — u, strongly in LP(Q), for all p < oo, (86)

and M, p are constants. Notice that /M pu = lim,, o \/p’ip a.e. in Q.
From (80), (81) it follows

V(e — 1)5p§‘] — 0 strongly in L?~¢(Q), i € {A, B},

that is

(VPP — 1)°pl" — 0; strongly in L*~¢(Q), i € {A, B},
for some constants 04, 0. We distinguish two cases:

Case 1: Mu # 1.
In this case p}' is a.e. convergent in ) to a constant which, due to mass conservation and uniform
LP() bounds, must be equal to p°. It follows

pi — p3° strongly in LI(Q), for all ¢ < 0o, i € {A, B}. (87)

Case 2: Mu=1.
In this case let us observe that relation (78) can be rewritten as

ViV (log p% + p) — 0,  /pV (log plh + p4) — 0, strongly in L*(1). (88)
Let 9 like in (64). Since

V(b (v/phr)(log pls + p)) = w’(\/pﬁp%)(log Ph + PBE)V N PP + 0 (\/ %PV (log s + plp)

V' (/PP
=/ m A\fP),TB VP (og plh + pB) A — \/phpH)V /PP

+ \ﬁ ”LAPB ViV (log pls + plb)
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from (78), (88) it follows that
V(¥ (\/phry)(log p% + plp)) — 0 strongly in L?~¢(2), for all € > 0.
Being [, ¥(\/p%ip%)(log p’i + pk)dx bounded, we deduce
V(\/pps)(log p'k + plh) — ca strongly in L*~(Q), for all € > 0.
In a similar way,

W(\/p%ps) (log plf + pls) — c5 strongly in L*~(Q), for all € > 0.

In particular, since /p"p%5 — 1 a.e. in €2, then

logf +pB —p'y — g :=cq4—c5 a.e in
PB

Let o™ = ;i p,’?' on {M" > u"}, o™ =0 on {p% = p'y}. We just proved
Mn

”(logn+u”—M”) —c¢g a.e. in Q.
i

However, we know from (86) that log % 4+ u"™ — M"™ — log % +pu— M ae. in Q, with M, p constants

such that /My =1, so

Mn n n 1 1
log— +p" — M" = 2logM + — — M a.e. in (.
pr M
Since the function x € (0,00) + 2logz + % —x € R is one-to-one (strictly decreasing), it vanishes only
at x =1. If M = p =1 then p’§ — pl5 — 0 a.e. in Q and so (87) holds. Let us therefore assume M > p.
In this case

1 -1
o = c7i=cg <210gM—|—M—M) a.e. in Q.
It follows that p’y — py = o™(M™ — p™) is a.e. convergent in () towards a constant, i.e. (87) holds.
The uniform LP(£2) bound, valid for every p < oo, implies lim,, oo H(p(tn) | p>°) = 0. However, since
t — H(p(t) | p°) is nonincreasing in time, we conclude that lim;_, H(p(t) | p>°) = 0.

Step 2: Show that lim; .., p(t) = p>™ strongly in L'(f).
Assume p¥, p% < 1.
We aim to prove that there exists R > 0,7 > 0 such that if p4 + pp > R then

h(p | p>) = v(pa+ pB), (89)
h*(p | p™) >0 forall p e RZ\{p™}. (90)

If (89), (90) hold, then from Step 1 one easily concludes that lim;_,. p(t) = p™ strongly in L'(9).
Let us start with (89). We have

* p o0
h*(p | p™ )—pAlog(p >+pA—pA+pBlog(p >+pB—pB+(ﬂA—pA)(pB—pB)

A B

PA PA PB PB
= (pa +pB)log(pa + pB) + AB+[10 < >+ lo < >
(v o) loglp PB) + pap pPA+ PB & PA+ PB PA T+ PB & PA+ PB

A B
L — S S

( B)PA+pB pA+ pB

} (oA + pB) + P + 055 + P05,
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from which (89) follows straightforwardly (as all the terms in the square brackets are bounded).

Let us now show (90). We begin by proving that h*(p | p>°) > 0 for min{pa, pp} = 0. Since
R*(0 | p*) > 0 trivially, let us consider the case pa = 0, pp > 0 (the complementary case pp = 0,
pa > 0 is treated in an analogous way). We need to study the function

* PB
fps) =R (p | p™)]pa=0 = X + pplog <poo) + 05 —pB —PA(PE—PE):, pB>0.
B

Clearly f is a convex function that is positive for pp = 0 and tends to infinity when pp — co. Its point
of absolute minimum is pp = p% exp(p%’), which means

flpB) = f(pF exp(pX)) = pX + pE (1 + pX —exp(p’)), pB > 0.

The function s € [0, 1] — exp(s) — 1 — 2s € R is strictly convex, vanishes at zero and equals e —3 < 0
at 1. It follows that it is negative in (0, 1], that is, exp(s) < 14 2s for 0 < s < 1. We deduce

f(pB) = f(pB exp(pX)) > pX (1 = pE) =0, pp = 0.

Therefore, h*(p | p>°) > 0 for min{pa, pp} = 0.

Let us assume by contradiction that a point p’' € R%\{p™} exists such that h*(p' | p>) < 0. From
(89) we deduce that h*(p | p>°) > 0 for pa+pp > R, so p/y+pz < R. Furthermore, since h*(p | p>°) > 0
for min{pa, pp} = 0, it follows that p/; > 0 as plz > 0. We deduce that the function p — h*(p | p>°)
achieves local minimum inside the open region {p4 > 0,pp > 0,p4 + pp < R} in a point p # p>; in
particular Dh*(p | p>°) = 0, i.e. Dh(p) = Dh(p*). Let us now show that the only solution p € (0, 00)?
to Dh(p) = Dh(p™) is p = p*°. The equation rewrites as

logpa+ pp =logpX +p5, logpp+ pa =logps + pX,
which leads to
pa = p%x exp(pg —pB), 9(p) =logpE +pX, g(s) =log(s) + p3 exp(pE — ).
Since p§° <1 and p% < 1 it holds

1 —sexp(l —s)

1
g'(s):g—pi‘oexp(poBo—s)Z . >0 fors>0, s#1,
since s — sexp(1l — s) achieves its strict maximum as s = 1. This means that g is strictly increasing
and therefore the equation g(pp) = log p% + p% has exactly one solution (i.e. pp = p%).

We conclude that (90) holds. This finishes the proof. O

6 Numerical results

In this section we present numerical simulations illustrating Theorem 5.1. In Figure 1 panel (c¢) we
observe the long-term solutions to system (1)-(3) with initial data p4 (0, z) = S+e @ D% and pp (0,2) =
1+ e~@+D)? which is seen in panel (a). As expected from Theorem 5.1, the solutions converge to the
constant equilibrium solutions. Note that p4 has an initial mass that is larger than the mass of pp and
thus the constant equilibriums solution observed at time ¢ = 500 is larger.

Figure 2 illustrates the time evolution of the two energy functionals. We observe that they both
seem to stabilize at a minimum by the time ¢ = 50.
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Figure 1: Numerical solutions to system (1)-(3) with initial densities given by pa(0,z) = .5 4 ¢~ (1)’
and pp(0,2) = .1 + e~ @t1* Panel (b) illustrates transient dynamics and panel (c) the long-time
behavior of the solution.
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Figure 2: Energy decay with time

Figure 3 illustrates similar results as discussed above. A difference is that the initial densities have
a similar mass such that p(0,2) = .5+ e~ @ D* and pg(0,z) = .5+ e~ @D as observed in panel (a)
of Figure 3. Thus, the final states of the densities are the same, as seen in panel (c).

Initial Population Densities Population Densities at t = 4.995 . Population Densities at t = 500
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(a) Initial Densities (b) Densities at t = 1.245 (c) Densities at ¢t = 500

Figure 3: Numerical solutions with initial densities p4(0,z) = .5+e~ @D and pp(0,2) = 54e @+’

Finally, we illustrate a result in two-dimensions in Figure 4. These results are consistent with
Theorem 5.1. On a final note, the numerical schemes seem to break when initial densities have large

32



mass.

Initial Population denstity, p,(x,0) Population denstity, p, (x,1) Population denstity p, (x,30)

(a) pa(0,z) (b) pa(l,z) (¢) pa(30,2)

Initial Population denstity, ;(x,0) Population denstity, pg(x,1) Population denstity ;(x,30)

(d) ps(0,2) (e) pa(1,2) (£) p5(30,2)

Figure 4: Numerical solutions in two-dimension with initial densities p4(0,2) = .1 + e 1*=2* and
pp(0, ) = .14 lo2F
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