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Applications to the propagation of Bessel beams in non-homogeneous media
A.ANIKIN!, S DOBROKHOTOV!, V.NAZAIKINSKII' & M.ROULEUX?

! Ishlinski Institute for Problems of Mechanics and Moscow Institute of Physics and Technology,

Moscow, Russia ; anikin83@inbox.ru ; s.dobrokhotov@gmail.com ; nazaikinskii@googlemail.com

2 Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France ; rouleux@univ-tln.fr

Abstract: We study semi-classical asymptotics for problems with localized right-hand sides by consid-
ering a Hamiltonian H(x,p) positively homogeneous of degree m > 1 on T*R?\ 0. The energy shell
is £ = 1, and the right-hand side f;, is microlocalized: (1) on the vertical plane A = {z = z¢}; (2)
on the “cylinder” A = {(X,P) = (pw(¥),w(®)); ¢ € R,w(¥)) = (cost),sinv)}. Most precise results

are obtained inn the isotropic case H(x,p) = %, with p a smooth positive function. In case (2), A
is the frequency set of Bessel function JO(%), and the solution uy, of (H(xz,hD,) — E)u, = f, when

m = 1, already provides an insight in the structure of “Bessel beams”, which arise in the theory of

optical fibers.
1. Introduction

Let M = R™, H(x,hD,;h) a h-PDO whose symbol H belongs to the usual class SO, (M x R"),
SE(M x R"™) = {a(z,p;h) € C* : |050%a| < WFCop(p)™ 171}

with asymptotic expansion H (x,p; h) ~ Ho(x,p) +hHy(xz,p)+---, and E # 0 be a non critical energy
level for Hamiltonian Hy. We will denote by z = (z,p) or by z = (x,&) a point in T*M. On the other

hand, let f;, be a Lagrangian semi-classical distribution locally of the form

(1.1) fa(x) = (2mh)~N/? / e P @0/ (2.0, h) do

RN
where ¢ is a non-degenerate phase function in the sense of Hormander defining the Lagrangian man-
ifold A (see Sect.3), and a € S§(M x RY) for some k. For brevity we will often denote such a
(normalized) integral simply by [*(---). We shall assume Hamiltonian vector field vy, be transverse
to A. The general problem of “semi-classical Green functions” consists in solving (H — E)up, = fp,

with up, = E f, outgoing at infinity. Here are some examples of f; (expressed in a single chart):

Examples 1.1:
(1) A={z =20} =T; M, zo € M (that we call the “vertical plane”) is the conormal bundle to
{z0}, so that

(1.2) fh(x) — /* ei(I_IO)p/ha({B,p; h) dp

We say simply that f;, is a “localized function” at xo. This is the basic example since, according to
[MelUhl], A can alway be taken locally to such a form, and H(x,hD,;h) to hD,, .
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(2) More generally, a conormal distribution f,(z) = f* e”/p//ha(x,p’;h) dp’, x = («/,2"),p =
(p',p"), with respect to N = {2/ = 0}, i.e. A =THR" = {(2”,p')}. Actually f, can be expressed

with a new amplitude a(z”,p’; h) not depending on z’, see [H6,Lemma 18.2.1].

(3) WKB functions in Fourier representation

flz;h) = / e eSO/ (g, p; h) dp

here A = {(=9,5(p),p) : p € R"}.
(4) Functions related to Bessel functions, which apply to several physical problems, microlocalized

on

(1.3) A =A{z=X(p,9) = pw(),p = P(p,¢) = w(¥), ¢ € R}

which is called the “cylinder” ; here w € S™~! is the unit vector parametrized by v, see Sect. 5.
“Regular” distributions (playing the role of conormal distributions after 2’ variable has been removed
from the amplitude in Example (2), which was automatically verified, and most amenable to our

constructions), are of the form
2m
o) = (2mh) 2 [ O () ) do
0

When n = 2, a = 1, fi(x) = 2T”Jg('%‘) is Bessel function of order 0, a radially symmet-

ric solution of Helmholtz equation —h?Av —v = 0 in R?. When n = 3, a = 1 we get instead

fn(z) = —, /%Jl/g(ﬁh‘), see [DoMaNaTu].
(5) fn identifies with a “Bessel beam” when
_ em3. o (W@ (AP)w(¥) _ (cos¥
A—{(.’I,'7p)€TR . .’B—< (b >’p_<tp)\’(¢)+k>’w(w)_<sm¢>’(b’SOER}

k € R and X is a smooth positive function. Such Lagrangian distributions, with the notation = =

(', x3), take the form

27
fulx) = (2mh) 1/ 2etkes/n / M@ W) Mg\ (z3) (!, w(t)) + ks, 33, 10) dib
0

When a = a(7, o, ¢) = a(e, ¢) and is even in «, we have

fute) = 2l et gy ALy oy

which justifies the name “Bessel beams”, see [DoMaNa2].
(6) Airy-Bessel beams, which are known also as Berry-Balasz solution ([BeBa], [DoMaNal]) of

the paraxial approximation of wave equation in 3-D, with initial manifold

A= {per® s o= (S00) - (M) ) = (D) e
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(7) Lagrangian distributions with a complex phase in the sense of Melin-Sjostrand, see [MeSj]
equivalently a complex germ in the sense of Maslov, which are superposition of coherent states
J@o,60) (T3 h) = ,%n exp(—w? - (z — x0)%/2h) exp(izéy/h), and A is a strictly positive Lagrangian mani-
fold.

Examples (1) and (4) will be extensively studied when n = 2 and Hj is positively homogeneous
of degree m > 1 (m = 1 in Example (4)). Since fj in Example (5) looks like a plane wave in direction
x3, this could be considered as a more or less straighforward generalization of Example (4) when
n = 2, once the eikonal coordinate has been found. Examples (6) and (7) however requires some

special treatment and will not be considered either.

Thus our main problem is to represent the asymptotic solution of

(1.4) (H(z,hDy;h) — E)up(x) = fn(z), up(x) = By frn(z;h) = /OOO e MH=E)/h g, (1) dt

—it(H—E)/h

in the most explicit form. Here e is the propagator, so we need consider Cauchy problem

(1.5) hDwyp + (H(z,hD,) — E)vp, = 0, vgli=0 = fn

Global existence of an outgoing solution at infinity provided suitable hypotheses on Hamilton
vector flow, such as Lagrangian intersection, the non-trapping (in a-space) and the non-return condi-
tions, is quite involved. The main strategy in case of conormal distributions, has already been set up
in [MelUhl] and received a more systematic treatment in relatively recent works [Ca], [Bo], [KICa],
when H(z,hD,) is semi-classical Helmholtz (Schrédinger) operator —h2A + V(z), V < 0 and f;, a
localized function at xg. In this case, the non-return condition is a condition on the set (relation on
T, M)

(1.6) R ={(p,n) : 0>+ V(xo) =1+ V(xo) =0; 3t >0: X(t,p) =0,P(t,p) =n}

where (X(t,p), P(t,p)) = exptvg(xo,p) is the trajectory issued from (zg,p) € T*M. The dimension
of R as a submanifold of T, ,M is taken into account. Outgoing solutions uy, are characterized by

Sommerfeld radiation condition of the form

X

]

where w = limy,_0wn, wp(z) = h™?uy(hx), is the unique solution of (—A + V(z¢))w = f, and

(1.7) Vow(z) + i/ =V (xg)w(z) = 0, |x] = 00, n>2

fu(z) = h*"/Qf(%). It relates in a non trivial way the behavior of u;, at infinity with the value of the
potential V' at zp. Sommerfeld radiation condition requires careful estimates on Up(t) = eitH/h op
Uy (t) fr, along with a discussion according to the relative magnitude of ¢ and h. The proof consists in
testing Uy, () f1, against some fixed ¢ € S(R"), and show that (up, ¢) — (w, ¢) as h — 0. In particular
one needs to know asymptotics of uy, in a h-dependent neighbhd of A.

In this paper instead, given Hamiltonian H and initial Lagrangian manifold A, we content our-

selves to present, in the sense of formal asymptotics, a “close form” for the solution of (1.4) in term
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of Maslov canonical operator for bi-Lagrangian distributions. By formal asymptotics [Ler] we mean
that, in principle, our approximate solution has no reason to be equal to Ey f(z;h) mod O(h). In
practice however numerical simulations show that Maslov canonical operator provides an excellent

agreement with the “exact solution”.

1.1 Lagrangian intersection and microlocal Green functions.

As in [MelUhl] our constructions make use of symbolic calculus adapted to Lagrangian intersec-
tion. So we need first to translate some notions relative to asymptotics with respect to smoothness
(or “standard pseudo-differential calculus”), to the framework of asymptotics with respect to small
parameter h (or “h-pseudo-differential calculus”), in particular to allow for general phase functions,
without homogeneity in the momentum variable.

Let tg : Ag = T*M be a smooth embedded Lagrangian manifold, and ¢; : Ay — T*M be a
smooth embedded Lagrangian manifold with smooth boundary dA; (isotropic manifold). Following
[MelUhl] we say that (Ag, A1) is an intersecting pair of Lagrangian manifolds iff Ag N A; = 0A; and
the intersection is clean, i.e.

Vze oAy T, AgNT,A =T,0\

(in particular Ag and A; cannot be transverse). On the set of intersecting pairs of Lagrangian
manifolds we define an equivalence relation by saying that (Ag, A1) ~ (A, A}) iff near any z € A4,
z/ € OA], there is a symplectic map & such that k(z) = 2/, and a neighbhd V' C T*M of z such that
k(Ao NV) C Ay, k(A1 NV) C A}. We will call the equivalence class a Lagrangian pair. The following
result readily extends [MelUhl, Prop.1.3] :

Lemma 1.1: All intersecting pairs of manifolds in T*M are locally equivalent. More precisely near
each z € T*M, there exists a canonical map k : T*M — T*R"™ such that k(z) = (0,&), & = (£',0) €
R"™, k(AgNV) C TgR", and s(AyNV) C Ay, AY being the flow-out of TG R™ by the Hamilton vector
field ve, = ((0,---,0,1),0) of &,, passing through x = 0,&, = (£',0) i.e.

(1.7) A ={(z,§) e T*R" : 2 = (0,2,),£ = (¢,0), 3, > 0}

As a warm-up, let us construct u;, = E. f;, mod O(h*>) for hD,, , and fj as in (1.2) with a
compactly supported. By a gauge transformation and a shift of the support of £, — a(z,§) in (1.1)
we may assume F = 0. So we just need to compute a primitive of fy(x). Let T > 0 and 7 € C*°(R)
vanishing near +oo and f7(t) = 1 for ¢t <T. We consider

— 1 " i@ (@ —t)en)/h (! .
. 5 — T » N 1S
(1.8) u(z, h) h/ Or(t) dt/ e a(x’,x, —t,& h) dE
0

Provided x,, < T'/2 (say) integration by parts and a non-stationary phase argument in variables (¢, &, )
show that

(1.9) hD,, un(z) = frn(z) + O(h™)

Note that by [Ho,Lemma 18.2.1] we could already assume a = a(&;h). This will be crucial for the

compatibility condition (see below).



1.2 Hypothesis and main results.

Our main goal is to represent u, = F, f5 as in (1.4) as a superposition

(1.10) up(z) = % /0 Tt (K b)(x)

where [K} b](x) is Maslov canonical operator associated with Ay = exp tvy(A), and b an amplitude
depending linearly from the amplitude a defining f}. Occasionally we want also to replace fooo dt [K kt b]
by some “bi-canonical operator” [K} A, (0,07)] acting on pairs of symbols (o, 0™) depending linearly
on b, resp. the boundary-part and the wave-part symbol of uy, which we call a bi-Lagrangian (semi-
classical) distribution.

We shall generally consider intersecting pairs (A, A;), Ay N A = OA,, where
(1.11) AL ={(z,§) e T"M,3t > 0,32 = (y,n) € AN Xg, (z,€) = exptog,(2)}

is the flow-out of A by vy, in ¥ g, provided vy, is transverse to A along OA; = ANXg. For Example
(4) however, we cannot avoid points where transverse intersection fails (we call glancing points by
analogy with the problem of diffraction by obstacles but we are not considering here in detail, see
however Sect.5), so we simply miss information on uj, nearby. We always assume that there is no

finite motion on X g, which allows to argue as in (1.8)
(1.12) | X (t,0)] — co as t — oo

For simplicity we restrict to the case where 0A is a compact, isotropic submanifold without boundary,
which is certainly the case when Hy(z,p) is elliptic. This restriction however is not essential [MelUhl]
and we hope to extend our results when H(xz, hD,;h) is the wave operator.

The non-return set R in (1.6) is irrelevant if we content ourselves with the asymptotics of up, (z)
microlocally in a compact set outside A ;. For instance if A = T,; M we shall compute uy,(x), locally
uniformly in any compact set K C M\ {zo}, as h — 0. A first improvement would consist in removing
only a h%-neighbhd of g for some 0 < § < 1, this we have sketched in [AnDoNaRo1,Thm.2].

For simplicity, we shall ignore throughout Maslov indices, see e.g. [Ar], [So], [Iv], [BaWe, Sect.4],
[DoNaSh], [DoRo], [EstHagHedLitt].

Remark 1: By Maupertuis-Jacobi correspondence, all our arguments can be translated to other types
of operators, including Helmholtz operator, or the water-waves operator, see e.g. [DoRo], [DoMiRo],
[ReMiKaDo]. In particular we recover the situation of [Ca] with energy surface p* + V(x) = 0 from
(1.15), if we choose V (z) = —(Ep(x))?/™ < 0, and A = T,,, M.

e General case.

In Sect.3, we translate the setting of classical Pseudo-differential Calculus elaborated in [MelUh]]
to the semi-classical one, and make some statements more precise. We assume Lagrangian intersection,
i.e. vy is nowhere tangent to A. So by Lemma 1.1, near any z € A, we are reduced microlocally
to the case where A = TfR", Ay = A?r and Hj is the “model Hamiltonian” &,,. Constructing the
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higher order terms, H(x;hD;;h) — E can be taken microlocally near A to its normal form hD,
by conjugation with a h-FIO. We have

Theorem 1.2: Under the hypotheses above, we can write up(x) in the from (1.10), and (H(z,hD,)—
E)up(x) = frn(x) + O(h?). Moreover there are symbols (o,0F), where in local coordinates o(&;h) =
éb(ﬁ; h), ot (& h) = 2imb(€',0; h) verifying the compatibility condition

(1.13) limg, 0 &n0(€,6nih) = 07 (£, 0)

and such that, microlocally outside OAy, up can be represented by the “bi-canonical operator”, as

up(z) = [K;\L’A+(O', o™)|(x). Moreover we have the commutation relation (see (3.30))
(1.14)  H(z,hDg;h) (KR o, (0,0)](z;h) = [K} 5 ((H — E)0,0)](z;h) + O(h*) = f + O(h?)

The accuracy O(h?) could certainly be improved to O(h®).

e Hamiltonian H; is homogeneous of degree m with respect to p and A the “vertical plane
T, M.

The previous result is not very useful from the point of vue of applications, since it does not
provide a “closed form” for uy. Much more information is available when Hamiltonian Hy is homo-
geneous with respect to p, due to the relations (P(t,1), X (t,%)) = mE and (P(t,%), Xy (t,%)) = 0
between components of the solutions of Hamilton-Jacobi equations (Huygens principle). We have
chosen coordinates (A,%) on A, 1 being a n — 1-vector of coordinates along JA, and A\ a “radial
coordinate” related with the energy parameter 7 in H = F — 7. Lagrangian intersection always on A,
for if 0,H (xo,p) = 0, Euler identity gives 0 = (0, H (x¢, p), p) = mE which contradicts £ # 0.

Note that such a symbol is not suitable for Pseudo-differential Calculus when m is not an even
integer, because of the singularity at p = 0, but this is harmless if (z¢,0) ¢ WF(fz).

A particular case of these Hamiltonians is the “conformal metric” given by

(1.15) H(a.p) = lpl"

where p be a smooth positive function on M, m > 1.

Recall that a focal point for a Lagrangian embedding ¢ : A — T*M (where A is either A,
Ay = exptug(A), or AL) is a point z € A such that dm, : A — M has rank < n. The set of focal
points is denoted by F (K) Recall also that there exists a covering of A by canonical charts U where
rank dm,(z) > k for all z € U. These U for which k = n are called regular charts, and those for which
k < n singular charts.

At least for 0 < |z — x| small enough i.e. 0 < ¢ is enough, using at most 2 canonical charts
(depending if X,;(t,7) = 0 or not) we can construct vy, solution of Cauchy problem (1.5), and hence
up, by integration with respect to t. To this end, we introduce eikonal coordinates (see Sect.2), and
present the solution of Hamilton-Jacobi equation parametrizing Ay as a linear function in x (see
(4.5)):

O(x,t,9,\) = mEt+ XNP(t, ), x — X(t,))
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The “f-variables” are thus (t,, \). Note that by Hamilton-Jacobi construction we recall in Sect.2,
is defined unambiguously only on A, . Another choice of ® is given in (4.4). This yields (see (3.8) and
(4.14)) an (inverse) density on A, given by F’ [<I>, d,u+] = mFE det(P, Py), and non vanishing precisely
when ®(t, 2,1, A) is a non-degenerate phase function, see Propositions 4.1 and 4.4. This holds at least
for small ¢. For larger ¢, the non-vanishing of mE det(P, Py) will only be assumed.

Once the phase function and the density have been found, we solve as usual the transport
equations in divergence form, at least at first order in A, and present up, = F. f, as an oscillatory

integral of the form

(1.16) up () = %/ dt/eiq’(x’t’w’”/hb(x,t,w,x) dip d)
0

To compute (H(z,hD,) — E)up(z) we distinguish between the regular chart where X, # 0 and the

singular chart (X, = 0), where uj, is expressed in Fourier representation. Altogether we have :

Theorem 1.3: Assume n = 2 for simplicity. Let rq > 0 such that
V>0, Vo € [0,21] + [|X(t, )] <ro => det(P(t, 1), Py(t,v)) > 0]

(this holds for t > 0 small). Then under the hypotheses above we can write up(x) in the form (1.10)

locally uniformly in 0 < |z| < 1o, for h small enough. We can decompose

(117) | ki) = [T alwh cani) + [ alKd, Gale)

0 0

where x1 + x2 = 1 is a partition of unity subordinated to a chart Uy where Xy, # 0 and a (singular)
chart Uy where Xy = 0, x2 = 1 near Xy = 0. For such z’s we have (H(z,hD,) — E)up(x) =
fh((B) + O(h3/2).

We do not attempt here to formulate the result in terms of bi-canonical Maslov operator as in
Theorem 1.2. In Sect.2.3 we discuss (somewhat informally) the case where = has several pre-images

under 7, : Ay — M.

Remark 2: An alternative but similar way for solving (1.5) is to conjugate hD; + H(z,hD,) — E by
Weyl operator

Tn(t,¥) (2, hDy) = exp[i((P(t,¢),x) — (X(t,4), hDy)) /1]
See also [Iv,Sect.2.3], [GraZal, [Rob].

By constructing (1.5) we mean also determine the Lagrangian singularities of u,. They are
revealed when reducing the number of “f-variables” in the oscillating integral fooo dt[K kt bl(z). We
get virtually any kind of Lagrangian singularity, but because of homogeneity of H with respect to p,

it is convenient to introduce another type of points, which clarifies the construction of wy,.

Definition 1.4: Let H be positively homogeneous of degree m with respect to p. We call a point
z = (x,p) such that —0, H(z) # 0 an ordinary point if (—0, H(z),p) # 0, and a special point otherwise.
If —0,H(z) =0 we call z a residual point.



Ezample 1.2: For Tricomi Hamiltonian, H(z,p) = x2p? + p3, the residual points are those for p; = 0,

the special points those for p; # 0 but ps = 0, and the ordinary points those for p;ps # 0.
We denote by S(A4) the set of special points on A;. Note that for Hamiltonian (1.15) z =

(z,p) € S(A+) means that vy is tangent to the level curves of p at z.

We shall partition points z € A according to the following values: (1) z is a focal (or non-focal)
point; (2) z is a special (or ordinary, or residual) point. Thus each canonical chart splits again into
ordinary, special or residual points. Assume n = 2 for simplicity.

Let x = X(¢t,%), and (—0,H (z,p),0pH(x,p) # 0 at (z,p) = 2(t) = (X (t,4), P(t,7)). Then

(1.21) 0 ®(t,z, ), A\ =1)=0 = 02®(t,z, ), \=1)#0

so that we can perform asymptotic stationary phase in ¢ to simplify (1.10) at x = X (¢,4). This holds
when H is of the form (1.15) and z(¢) is an ordinary point. Of course, several values of parameters
(t,7) can contribute. Then ®(x,t,1, A = 1) reduces to a phase function ¥(z,1) and we can further
reduce the number of variables in a standard way, according to the fact that z(¢) is a focal point or
not. When (—0,H(z,p),0,H(x,p) = 0 but —0,H (x,p) # 0, the situation looks like (1.8) and we

have
(1.22) 0@ (t,z, 0, \) = hP(t,x,9,\) =0 = det <I>'(’1€7>\)7(t7)\)(t,x,1/1, A)#0

where A is constrained to be equal to 1 on the critical set Cg, so that we can perform asymptotic
stationary phase with respect to (¢,A). Then 7, : A — T*R"™ has rank 1 if z(¢) is a special point or
rank 2 otherwise, see Proposition 4.3(ii). Note that A never turns vertical, since 0,H (x,p) # 0 on
H=F.

In this generality, we only succeed (see Proposition 4.3) to describe the contribution to (1.10)
(by asymptotic stationary phase) of short times ¢ (“near field”), i.e. so long as F[®,du.] =
mE det(P, Py) # 0, But this is actually sufficient to compute u;, microlocally near A, when = # z.

e Special case of the “conformal metric” Hy(z,p) = [Pl and A the “vertical plane”.

p()

Using that P(t,1) is parallel to d0,H (x,p) we get more complete results in this case. If p is
bounded, a sufficient condition for (1.12) is that energy E is non trapping, see [GeSj]. In that case,
for all R > 0, there is g € C*>(T*M) (so called escape function) such that vgg(x,p) > 0 and
vpg(z,p) =1 for x € B(0, R). The following stronger condition excludes natural potentials having a
limit as |z| — oo, as shows the example p(x) = pg + (z)~ °. However it turns out to be convenient

from the point of vue of classification of Lagrangian singularities.
Definition 1.5 We say that p has the defocussing condition iff

Vo(z)?

mp(z)

In particular the only critical point of p is a non degenerate minimum. Under defocussing

(1.25) G(p)(x,p) = (V?p(x) - p,p) + Ip? >0

condition (1.25), if z(s) is a special point along some bicharacteristic 7 issued from A, then for all
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t > s, z(t) € v is an ordinary point. We expect (1.25) provides an information on the “return set”
in (1.6), e.g. R = 0. It also implies that special and residual points are “exceptional” compared to
ordinary points, in the same way singular points are “exceptional” with respect to regular points.
This allows a natural subdivision of canonical charts into ordinary and special (residual) points, so
we can speak of a regular-ordinary chart, or regular-special chart and so on. The main results are

summarized in Proposition 4.8.

Remark 1.1: In case (1.15) with m = 1 and f, = 0 (scattering problem), the asymptotic solution of
H(xz,hD,)up, = Euj has been constructed in [DoMaNaTul], Example 6, in term of Bessel functions.

e A is the “cylinder” (1.3), m = 1.

To the former “f-variables” (t,1, \), one has now to add ¢ as a parameter. Note that A has a
Lagrangian singularity at ¢ = 0. This is the most technical part of the paper, and the results are
only partial, because we are ignoring glancing points.

The initial condition constraints somehow p to be radial on A, namely Vp(¢w(v)),w™(¥)) = 0.
Thus z = (x,p) € OA; is a special point iff Vp(pw(1))) = 0 but ¢ # 0. Because of this constraint,
implying a relation between ¢ and energy parameter 7, we are led to assume m = 1.

Due to (unavoidable) glancing points, we cannot formulate a global result in term of Maslov
canonical operator as in Theorem 1.3. In full generality, for an Hamiltonian positively homogeneous
of degree 1 in the p variables, we cannot go much further than computing the phase and density on
A, so results are most complete in case of the conformal metric. This simplifies further in case of a

radially symmetric conformal metric. We refer to Sect.5 for detailed statements

1.8 QOutline of the paper.

In Sect.2 we first construct eikonal coordinates on Ay when Hy(z,p) is positively homogeneous
of degree m, and A is either the vertical plane, or the cylinder. Then we discuss some well-known
facts about the extension of the solution of Cauchy problem (1.5) for large t. In particular we examine
the case where there are several branches of A lying over z, i.e. 7, (X (¢,4¢), P(t,v)) = x, leading
to Van-Vleck formula. Following [CdV], [GuSt] we then focus to the case when Hj defines a metric,
according to m = 1 (Finsler metric, or Randers symbol), or m > 1. Finally we make some general
remarks concerning Maupertuis-Jacobi correspondence (H,E) ~ (H, E), leaving open the problem of
constructing simultaneously Maslov canonical operator (1.10) relative to both Hamiltonians.

In Sect.3 we prove Theorem 1.2. We start to recall some basic facts on Maslov theory. Then
we sketch its generalisation to bi-Lagrangian distributions, following mainly [MelUhl|, where H is
taken microlocally to its normal form hD, _ on a non critical energy surface. Thus we can construct
up () microlocally outside JA,, and locally uniformly with respect to h. We end up by computing
explicitely u;, when n = 2, H = —h?A and f} is compactly supported, and verify that u;, can be
written as the sum of 2 terms, microlocally supported on A and A respectively.

We start in Sect.4 to recall from [DoMaNa2], [DoNaSh| the matrix 7 x 7 matrix M (¢, ?)) defined
on a local chart of a Lagrangian manifold A, whose determinant turns out to be the (inverse) density

on A. It will be most useful in Sect.5. Then we define the phase function from which compute directly
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the (inverse) density F[®,du]|c, on A;. Lateron we restrict to the 2-D case. In Sect.4.3, assuming
this density is non zero, or equivalently, that ® is a non-degenerate phase function in the sense of
Hormander, we investigate some configurations of Ay in T*M (according to X, = 0 or X, # 0) and
describe more closely the corresponding Lagrangian singularities (focal points) in the chart where
Xy # 0. We relate focal points with ordinary, special or residual points. In Sect.4.4 we complete the
1:st order asymptotics by considering the transport equations, and prove Theorem 1.3. In Sect.4.5 we
specialize further to the case of the “conformal metric”, using also the defocussing condition (1.25),
which allows a more complete description of focal points.

Sect.5 is the most technical and sketchy part, since we do not take glancing point into account.
We hope to consider this in a future work. In Sect.5.1 we give necessary and sufficient for a point
of the “cylinder” (1.3) be glancing with respect to vgy,. In particular we show that a glancing point
at t = 0 is also a special point. Then we describe the parametrization of dA(7) provided this is
a close manifold without boundary. We compute the matrix M(t, ¢, 1, 7) we introduced already in
Sect.4, and show that we should take m = 1 for its determinant identifies with the density on A, .
All computations should be carried in the extended phase-space T*(M x Ry).

In Appendix we prove the density is non vanishing near focal points in the case of the “conformal

metric”.

1.4 Some open problems.

e Semi-classical structure of the Green function outside a h’-ngnbhd of A.

e Other types of initial Lagrangian manifolds, e.g. Bessel or Airy-Bessel beams.

e Structure of the Green function near residual points, in particular glancing points, where Lagrangian
intersection fails to be transverse.

e Hyperbolic equations (0A; non compact)

e Case of multiple characteristics, involving Lagrangian manifolds with boundary dA, and corner
cAy [MelUhl].

e Complex phases as in Remark 4.2.

Acknowledgements: This work was supported by the grant PRC No 1556 CNRS-RFBR 2017-2019.
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2. Hamiltonians and phase functions

In this Sect. we consider integral manifolds for positively homogeneous Hamiltonians on 7% M \ 0,
which is the first step in constructing semi-classical Green kernels. The material is quite standard,

but more specific points will be discussed in Sect. 4 and 5.
2.1 Fikonal coordinates

We shall deal with positively homogeneous Hamiltonians of degree m > 1 with respect to p on the
cotangent bundle T*M \ 0 (M = R" for simplicity), and eventually restrict to “conformal metrics”
to get most explicit results. One of the main differences is that A is no longer compact. In this
Sect. we write H for Hy.

Ezxamples 2.1:
(1) m = 2if H(z,p) is a geodesic flow associated with a Riemannian metric ds® = g;;(z) dz’@da’.
In the Riemannian case, when E = 1, geodesics are parametrized by arc-length.
(2) m=1if H(z,p) is a “Randers symbol”, associated with a Finsler metric [Tay], [DoRo2] and
reference therein.
(3) H is of the form (1.15) with m > 1. Hamilton equations (&,p) = vy (z,p) then read
1 Vp(z)

. _ D .
(2.2) &= 0,H =m|p|™ L L p=-0 H=|p|"————
P p(z) [p| ¢ p(x)?

Our most complete results hold for such Hamiltonians with n = 2.

First we recall some general facts on canonical coordinates near Lagrangian manifolds, see [Do-
MaNaTul], [DoNaSh]. Let ¢ : Ay — T*M be a smooth embedded Lagrangian manifold. The 1-form
pdzx is closed on K, so locally exact, and pdx = dS on any simply connected domain U (so called
canonical chart). Such a S is called an eikonal (or action) and is defined up to a constant. If

pdx =dS # 0 on U, S can thus be chosen as a coordinate on U.

e Case of the “vertical plane”. Here Ay is the flow-out of H with initial data on A = T; M, see
Example 1.1. Let also ¢ € R"~! be smooth coordinates on A, which we complete by 7, the dual
coordinate of ¢, so that OA is given in A by 7 =0, and in Ay by ¢ = 0.

In the special case H(z,p) = %, we have P(i, 1) = |P|,w(v), with

(2.3) P, = (Hp(0))Y/™ = ((E - 7)p(0))"™

Sections are defined as follows: for small 7, let Ay (7) be the Lagrangian manifold in the energy shell
T+ H(xz,p) = E issued from A at ¢ = 0. We consider the isotropic manifold dA4 (7) = AN A4 (7),
viewing A, (7) as a manifold with boundary. When 7 = 0, we simply write A (0) = A;.

We assume that ¢ : Ay — T*M is an embedding. For ¢t > 0, let Ay = exptvy(A), we have the
group property Ay = exptug (Ay) for all ¢, > 0. We define in a similar way the family of isotropic
manifolds OA;(7) = exptOA4 (1) = Ay N AL (7).

We compute the eikonal S on A, (7) by integrating along a path in A (where dz = 0), connecting
the base point (say (z,0)) to (xo, P(¥))) € OAL(7), v € R" !, followed by the integral curve
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v = X(t,v),p = P(t,) of vy starting at (wo, P(v)), where dS = pdx|s, -y = (P(t,9),dX(t,7)).
Because A (7) is Lagrangian, S doesn’t depend on that choice. Since S(xg,) = Const. = Sy on A,

we get

(t,9) (t,9)
S(t, ) :S(xo,w)—i-/ palao‘]/\+ :S(xo,z/J)—i—/ P(s,¢,7)dX (s,1,T)
(2.4) (0,%) (0,3)

t
= Sot [ (P(s,0.7), X(5,007)) ds
0
By Hamilton equations and Euler identity (P(s,,7),X(s,1,7)) = (P, OpH) = mH = m(E — 7).
Now S(t,v) = So +m(E — 1)t = Sy + mHt is the action on A, and the eikonal coordinate is just

S(t,v) = mHt up to a constant Sy. From the identity dS = d(m(E — 7)t) = m (E — 7)dt (which

does not involve dr since we stay on Ay (7)) we get

(2.5) m(E —7)dt = (P(t,,7),dX (t,,7)) = (P(t, 0, 7), X (t,9, 7)) dt + (P(t, 4, 1), Xy(t,p, 7)) dyp

it follows (Huygens’ principle) that

(2.6) (P(t,0,7), X(t,9,7)) =mH, (P(t,,7),8,X(t,,7)) =0

We will denote for short (X, P) = (X(t,4,7),P(t,¢,7)) or X(t,¢),P(t,4) when 7 = 0. This is
called the leading front.

e Case of the cylinder. Here Ay () is the flow-out of H at energy E — 7 with initial data on (1.3).
Computing the action we find pdz|y = dp. As in (2.4) along A (7) we have

(t,0,) (t,0:%)
S(t, 0,1, 7) = S(0,0,9,7) +/ pdx|r, = S(0,0,9,7) +/ P(s,p,9,7)dX (s,0,9,T) =
(0,0,7) (0,,%)
t
=Syt ot [ (Plognn), X(s,00,7) ds
0
As before, (P, X) =mH, so on A (1)
(2.10) S(t, o, 7) =@+ m(E —T1)t+ Sy
Identifying the differential of S we get (omitting again variables)
(2.11) (P,X)=mH, (P,0,X) =0, (P,0,X)=1

At this point it is important to notice that ¢ is a variable on A, but only a parameter on A, (7)
because A4 (7) is n — 1-dimensional. In case (1.15), as well as in the case of other special geometries,
¥ turns out to be a variable both on A and A, (7). However, ¢, are independent variables on Ay =
exptvg(A). In Sect.5 we develop a slightly different point of vue, extending the phase-space to T (M x
R), which amount to introduce variable 7 as the dual variable of ¢, and change (P (¢, 4, 7),dX (t,%, 7))
to (P(t,1,1),dX(t,9, 7)) + 7 dt accordingly. This enables to treat initially ¢ as a variable, which is

12



eventually constrained by a relation between 7,1, ¢ (in case of (1.15) this relation connects only 7
with ¢).

2.2 Hamilton-Jacobi equation for small t and phase functions

Because of focal points in general we cannot readily find a phase-function W(x) such that
H(x,0,¥(x)) = E, so we obtain it as a critical value (with respect to an auxiliary time-variable
t) of a phase ®(z,t). To do this we solve Hamilton-Jacobi equation (HJ) in the extended phase space
T*(M x R), which is the suitable framework to vary (t,7) as well (7 being set eventually to 0). So

we look for a phase function ®(z,t) satisfying
(2.12) 8% + H(x,8,®) = E, ®|puo = ¢

with given ¢ (to be chosen lateron), and prescribed 9;®(xg,0) = 79, 0, P(x0,0) = no satifying 7o +
H(zp,n9) = E. By Hamilton Eq., 7 = 79 is a constant of the motion. It is well-known (Hamilton-
Jacobi theory) [H6,Thm6.4.5] that (2.12) as a unique solution for small ¢. This is the generating

function of the Lagrangian manifold the extended phase-space
(2.13) Ay ={p=0,9(x,t), 7= 8®(x,t), z,t € M x Ry} C T*(M x R)

constructed along the integral curves of vy starting at ¢ = 0 from the Lagrangian manifold A4 in

T*M given by p = 0,¢. Its section at fixed ¢, 7 is the Lagrangian manifold
Aot ={p=0,P(zx,t), re M xR} CT*M

which is simply the flow out A(7) of {p = ¢'(x)} in H(x,p) = E — 7 at time ¢t. We choose the initial
condition to be the standard pseudo-differential phase function of the form ¢(z) = zn. Here n is a
parameter, we choose so that ¢/|y = P(QZ) where 1; are coordinates on A, that could be taken of the
form 1Z = (¢, 7), ¥ being coordinates on JA ;. Actually our construction of ® in Sect.4.2 or 5.2 will
not directly rely on Hamilton-Jacobi theory, but rather on the eikonal coordinate (2.4) or (2.10).

The phase ®(z,t) has the property (for a general Hamiltonian) that along each of these curves

OH

(2.17) O(z(t),1) = ¢(%‘)+/ ( 8p( 2(5),p(s)), p(s)) + 7(s))] ds

which is qS( ) + (mH + 1)t for H positively homogeneous of degree m. This is also the action
f ((g fo)) L(q(s),q(s))ds = f ((g fo)) (p,dq) — H dt, where the integral is computed along an integral curve

of vy from xo to x, see e.g. [Ar2,Sect.46].

2.8 The phase functions “in the large” and the semi-classical Cauchy problem

We discuss the case of the vertical plane A = T M, which reduces to standard variational
problems in the space variable. See also [LiYau| for advanced results on the parabolic Schrodinger
equation.

Let 6 parametrize the initial condition ¢ in (2.12). In our case we can take § = (¥, \) as

local coordinates on A near OA; (eventually ¢ will be added to the “f”-variables since we require
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7 = 0;® = 0). Assume that for 7 = 0 the initial surface, A, C X g is compact and of the form
(z,p) = (X(¥) =0, P(¥)) = 1)), ¢ € S*~L. We consider the map (t,) — x = 7, exp tvy (xq, P(1))),
or which is the same, (t,7) — = = exptvy (z0,n)) = Expl, 1

So far we have described the phase function when “moving along” A, for small ¢. Thus the
critical point of (¢,60) — ®(z,t,0), is such that x = X (¢,6), A “dual” point of vue is to fix  and find
the set of (t,0) with = X (¢,0) with (z,t,0) € Cg. In the Riemannian case (m = 2) this is related
to the problem of geodesic completeness, which holds locally. Namely if |z| is small enough, there is
a unique (t,7) such that x = ExpfCO n. This holds globally if the Riemaniann manifold (m = 2) is
geodesically convex. Otherwise, the “inverse map” = + (¢,17) may be multivalued.

It is well known [CdV, pdf p.132] that the global geodesic convexity can be relaxed (locally) to
a non-degeneracy condition. Namely, let H be associated with a Lagrangian L(z, ) strictly convex
with respect to &, in particular if H is positively homogeneous of degree m > 1 with respect to p.

Let k C R be a compact set, which will be identified with the support of a(p;h) in (1.2). For

fixed (z,t) we make the generic assumption :

t t o . .
(2.18) For allm € k such that x = Exp,_ n, the map R" — R", { — Exp, ¢ is a local diffeomorphism
near 1 : in other terms, xg and x are not conjugated along any trajectory that links them together

within time t, with initial momentum &.

The set of such (z,t) is an open set ,, C R""!, and its complement has Lebesgue measure 0.

Fixing (z,t), (2.18) implies by Morse theory that n — z = Expio 1 has a discrete set of pre-images
nek.

Fixing x, consider now the pre-images of (t,n) — x = Expio 7. It can happen that the integral
manifold of vy has several sheets over x, so several values of ¢ contribute to the same x = X (t,).
However, under the non-trapping condition | X (¢t,v)| — oo as t — oo, there is again, generically, a
finite number of such ¢;. Namely, it suffices that (2.18) holds with a time 7" such that for ¢t > T,
X (t,v) will never coincide again with . Moreover these ¢; are non-degenerate critical points of
t +— ®(x,t,n). This holds in particular when zy and z are connected by (possibly several) minimal

geodesics for the Riemannian metric associated to H, each indexed by some 7.

At least for small ¢ we seek for a solution of (1.5) of the form

(2.20) vp(t,x) = /* ei‘b(t’r’p)/hb(t,x,p; h) dp

where the phase function ® is as above with initial condition ®|;—o = xp, and the symbol b(t, z,p; h)
verifies b(0,z,p;h) = a(z,p;h), and solves some transport equations along the integral curves of

. One may address the problem of a semi-classical “close form” of (2.20), i.e. of performing the
integration with respect to p, so that the final expression is of WKB type. Under Assumption (2.18)
the answer to this problem is given by Van Vleck formula [CdV, pdf p.132] which gives uy, as a finite

sum

(2.21) et ®(twna) /b —imind(va)/2

S e
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(at leading order in h) indexed by all 7, € supp A such that Expio n = x. Here A is the principal
part of a (where we have eliminated the dependence in z), Jacy,(n,) is the Jacobian of Exp!  at
7o and ind(7,) Morse index of the integral curve s — exp svg(zo,nq), s € [0,t]. In other words,
under Assumption (2.18) it suffices to use only non singular charts on A4 over x, and the solution is
expressed in term of finitely many oscillating functions.

When Assumption (2.18) is not met, i.e. = = z, is conjugated to z(, then there is at least one
focal point (x,p.) over z, in Ay. The construction of the canonical operator (see Sect.3) necessarily
uses a singular chart in a neighborhood of (z., p.), and the solution in a neighborhood of z, involves
not only simple oscillating functions corresponding to nonsingular charts as in (2.21) (if any) but also
an integral of an oscillating function over some of the momenta (or “6”-variables). The total number
of singular and nonsingular charts over x, however remains finite, and so (generically) only a finite
sum of integrals and simple oscillating functions contribute (one summand per each chart). See Sect.3

for more details.
2.4 Distances and generating functions

When A is the vertical plane, the phase function ® is related to the “distance” to zg for the
“metric” implied by Hg, which is of special interest. We make here some general remarks, mainly
following [CdV], [GuSt].

In Sect.4-5 we shall discuss how to parametrize, by a non degenerate phase function, the flow of
vy out of some Lagrangian plane, when H is positively homegeneous of degree m. It includes the
case m = 1 which plays an important role because of Finsler metrics. So we begin with a general
discussion on corresponding symplectic maps.

Let H be a positively homogeneous Hamiltonian of degree m with respect to p, defined on T M\ 0,
and ' C T*M \ 0 x T*M \ 0 be the graph of expvy (time-1 flow). Recall from [GuSt, formula (5.6)
pdf p.138 and Thm 5.4.1] that

(2.29) (expvg)*(pdx) —pdx = (m — 1)dH

Integrating over a path vg C {H = E}, we recover the fact that f'ya (expvg)*(pdx) = f'ya pdx.
So when m = 1, not only the 2-form, but also the 1-form p dx are preserved by vy. In this case,
vy is actually the lift of a vector field on M. When m > 1, formula (2.29) gives a generating function

for I under the following assumption :

(2.30) Let marsnr : T*(M xM) — M xM be the natural projection, and assume wprxps : I — M XM is
a diffeomorphism, i.e. for all (z,y) € M x M, there is a unique § € TXM such that y = expvg(z,§).

Then we say that I' is horizontal. In case of a geodesic flow (m = 2) (2.30) holds true when
M is geodesically convex. Provided (2.30), I has a generating function y, i.e. dx = pry(pdz) —
pri(pdzx), where pr; : T*(M x M) =T*M x T*M — T*M is the projection onto the i:th factor, and

pry o(marxar|r) ! is a diffeomorphism M x M — T*M. Moreover we can then represent y as

(231) X = (pI‘l O(7TM><M|F)_1)*(TTL* 1)H

15



In case of the geodesic flow (m = 2) x(z,y) = 3dist(z,y)?. Formula (2.29) is related to ezact
symplectic twist maps as follows. An exact symplectic twist map [Ar]|, [Ka], [GuSt], [CAVT] F :
T*M — T*M is a symplectic map with a generating function S; : M x M — R, (2, X) — Si(z, X)

which satisfies
(2.32) F*(pdz) —pder = PdX — pdr = dS;(z, X)

(p,x) and (P, X) are related by p = —0,51, P = 0xS1. In notation S; the subscript 1 refers to
time-1 flow. In case H(x,p) = p? (flat metric on R™), comparing (2.32) with (2.29), i.e. dS; = dH,
1

we get S1(z,X) = $(z — X)?, and more generally, if H(z,p) = |p|™, with m > 1, Si(z,X) =

(mTq)m/(mfl)m — X [m/(m=1),
Again, S; is not well defined when m = 1. More generally F'(x,y) coincides with x(z,y) above
for the geodesic flow.
For Hamilton-Jacobi (HJ) equation we have the following Proposition, extending (2.15) for large ¢.
Assume H is associated with a Lagrangian convex with respect to . Let xg,yo € M be non conjugate
points along an extremal curve vy(t) such that o = 79(0) and yo = Y(to), and (zo,&0), (yo,n0) the

corresponding points in 7% M.

Proposition 2.2 [CdV,Thm 14, pdf p.45]: Let (to,zo,y0) be as above. Then for any (x,y) close to
(z0,Y0), and t close to tg, there is a unique extremal curve v such that x = v(0) and y = y(t). Let

S(t,z,y) be the action along these curves (minimizing the Lagrangian action) This is a generating

function for the Hamiltonian flow near (xg,&o), verifying HJ equation
(2.33) 8,S + H(y,8,5) =0

This is verified in the Riemannian case S(t,z,y) = F(z,y)/2t = dist?(x,y)/2t where F is the
exact symplectic twist map considered above, and can be identified with the phase in the Heat kernel.
We can check (2.33) trivially when H = 2p®. This holds also under assumption (2.30). Clearly under
Hypothesis (2.18), (2.33) extends (2.15) for large times.

So far we have assumed some convexity of H with respect to p. The case m = 1 (Finsler metric
and Randers symbols) is investigated in [Ta] : it turns out that similar results hold when the square
of Finsler metric or Randers symbol enjoys some convexity property, so for a “conformal metric” the
case m = 1 makes no difference. In Sect.5 we shall require m = 1, but ® is no longer associated with

a distance on M.

2.5 Maupertuis-Jacobi correspondence

Geodesic flows are often used in Maupertuis-Jacobi correspondence. Let M be a smooth man-
ifold, and Ho, Hy € C>°(T*M) two Hamiltonians, possessing a common regular energy surface
Y ={H, =&} ={Ho = E}. Then Hy, Hy have the same integral curves (X (1), P (7)) = (X(t), P(t))
on X, up to a reparametrization of time. Hamiltonian vector fields are related by vy, = G(x, p)vm,,
parametrizations by dt = G(7)dr for some smooth (positive) function G. We say that (Ho,&) and
(H, E) satisfy Maupertuis-Jacobi correspondence and write (H,€) ~ (H, E).
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Example 2.3: H(z,p) = p?> + V at energy FE and Hg(x,p) = E—pi‘i(x) at energy 1 satisfy Maupertuis-
Jacobi correspondence. Take in particular H(z,p) = % and H(x,p) = p* — 2%, we have (H, 1) ~
(H,1) and P(t,v) = w(e)cosh f(t), X(t,v) = w(e)sinh f(t), where f satisfies the ODE f’(¢) =
COSh+f(t),f(0) = 0. Integrating, we find f + 1sinh(2f) = 4t, so f(t) > 0 for all ¢ > 0. Another

example with a frequency vector is H(z,p) = 17172

Ezample 2.4: H(z,p) = |p|m$ above; H is for instance the water-wave Hamiltonian H(x,p) =
Ip|(1 + p(x)p?) tanh(D(x)|p|), see [DoRo], [DoMiRo], [ReDoKaMi].

Semi-classical Green functions for (H,€) and (H, E), i.e. solutions of (1.4) with different Hamilto-
nians are mapped diffeomorphically to each other. It could be interesting to compare the construction

of corresponding Maslov canonical operators at each step (phase function, density and so on...)
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3. Maslov canonical operators and bi-Lagrangian distributions

Our purpose is to describe the solution globally, including unfolding of Lagrangian singularities.
Among many references to the subject we make use in particular of [M], [Ho], [Du], [Iv], [BaWe],
[CdV], [GuSt], [GrSj], [DoZh], [DoNaSh], [DoRo].

First we recall the asymptotic stationary phase formula for a quadratic phase function [H6,Lemma

7.7.3]. Let A be a symmetric non-degenerate matrix, then

k—1
(3.1) / e AT 2hy (g do = (det(A/(2imh)) "% Y (h/(20)) (A7 D, DYu(0) /! + O(h¥)
0

Since we shall ignore for simplicity Maslov indices, this formula has the advantage of hiding phase

factors like e~ i™n/4

, which we could restore by choosing an appropriate branch of the square root in
the complex plane. A similar formula [H6,Theorem 7.7.5] holds for (Ax,x)/2 replaced by f with a

non-degenerate critical point at x¢ and Hessian matrix A.

3.1. Lagrange immersions and non-degenerate phase functions:

A smooth function ® : (x,0) — ®(z,0), 0 € RV, defined near (zg,6) with &y = 8,®(x¢,6p) is
called a non-degenerate phase function in the sense of Hérmander iff the (n+N) x N matrix (@}, ®4,)

has rank NV on the critical set

(3.3) Cop = {(x,0) € M x RN : (Z—(Z(a:,a) =0}
Then
(34) Lp Cq;. — Aq;. = {(.’B,‘I’;(Z‘,H) : (.’I},H) S Cq;.}

is a local Lagrangian embedding (diffeomorphism).
It is easy to prove [Iv,(1.2.7)] that

(3.5) N —rank ) = n — rank dmp (te(, 0))

Let also mp, : Ap — M (or simply 7,) be the natural projection. If k = rank dmp (ve (20, 6p)), we
say that Ag has rank k in a neighbhd U of (z¢,&p), and call U a local chart of rank (>)k near (xo, &o).
If K =n, U is called a “regular” chart, and A is called “projectable” or “horizontal” on U. On the
other extreme, if k = 0, U is called a “maximally singular” chart, and A is called “vertical” on U.

If at some z = (z,§) € T*M, T,Ag is transverse to the vertical plane V, = {(0,¢)} (i.e. zis a
regular point) then (3.5) shows that ®j, is of maximal rank N.

When k < n we start to add some extra variables: namely there exists a partition of variables
x = (2/,2") such that the (N +n — k) x (N +n — k) matrix

@H// 1’ @H//
56 Hess ;1 0)(P) = ( @I’e’;, ‘5'9/09>
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is non degenerate. So the map (z”,0) — ®(z,0) — 2”¢” has a non-degenerate critical point 0. =
O(2',&"), 2l = 2" (2/,£") with the critical value S(z/,&") = ®(a/,2,0) — 2’'¢!. The projection 7 :

Ap —» TIR", (x,€) — 7(x,&) = (2/,£") becomes of maximal rank n. Hence A near x is parametrized
by S(a’,&").

Remark 3.1: The above non-degeneracy condition on @ is equivalent to (non-degeneracy in the sense of
Hérmander) d, g®(x0,00) # 0, and d; 9y0, P, - - -, d(5,0)09, P are linearly independent on the critical
set Cp. The property stated above means that, if ® is non-degenerate in the sense of Héormander,
then it is always possible to find coordinates such that m¢ : (x,£) — £ has rank n. Actually, there are

coordinates such that (z,0) — ®(z,0) — x£ has a non-degenerate critical point, so that

@H @N
(3.7) Hess, o(®) = < e x@)

(I)/Glac (I)/GIQ
is non degenerate and Ag is of the form Ag = {(—¢'(£),&)}, see [HO,Proposition 25.1.5]. This follows
from the fact that while 7, : (z,&) — x is invariantly defined under diffeomorphisms in M, this
is not the case for the horizontal projection m¢ : (z,§) — &. For the generating function ® of Ay
constructed in Sect.4, Hess, ¢(®) is actually degenerate in the “natural” coordinates of the problem,

while Hess,» (®) is not, see Remark 4.2.

Let us recall the expression for the (inverse) density on Cg. Let y = (y1,- -, yn) be some local

coordinates on Cy and |dy| corresponding Lebesgue measure. Then the non vanishing, real function

dynd®, dyANd®y A---AdPy
deNdf  drxAdiiA--- A dby

(3.8) P, dp.] =

is well-defined near C as the quotient of two volume forms, see [H6IV,p.14], [NaStSh|, [DoNaSh,
(2.8)]. Restricted to Cy, its absolute value defines the (inverse) density on Cy. Computed on the
complexified tangent space to Cp, the variations of the argument of F'[®] can define also the variations
of Maslov index (see [DoNaSh]), which we shall ignore in this paper. We can also write the absolute
value of (3.8) on Cg in the form, see [GrSj, Sect.11]

ay 0
Flodullos =|der (2 24 )
Ox00 002

S

,e%

Cy

It is actually independent of the choice of coordinates on Cg but it does depend on the choice of local

coordinates .

3.2 Maslov canonical operator acting on Lagrangian distributions.

Let uy be a semi-classical Lagrangian distribution (or oscillatory integral) i.e. locally
(3.9) un (z) = / 0y 6 1) dB

where ®(x,60) is a non-degenerate phase function in the sense above, and b(z,0;h) = by(z,0) +

hbi(x,0) + - - - an amplitude. With u;, we associate as in (3.4) the Lagrangian submanifold Ag.
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It is proved in [H6,Proposition 25.1.5] that, using that (3.7) is non degenerate, we can choose
local coordinates £ € R™ on Ag, take h-Fourier transform JFy, ,—¢up(€) = (2rh) ™2 [ e~@¢/hy(z) da
and expand by stationary phase. The half-density in the local chart (Cs,te) is the given by /dus =
| det ®”|~1/2|d¢|'/? (denoting ®" = Hess, ¢(®) for short), and the (oscillating) principal symbol of u,
in Ag by

(3.11) e PO/ Ao () = €O heimsen T Ap, (3(£), 0(€)) v/ dppa

Here ¢ is the “reduced phase function” such that A = {(—¢’(§),&)}. Alternatively when (3.6) is non

degenerate, one can express the (oscillating) principal symbol of u, taking partial Fourier transform
vp(a’, &7 h) = Fp g enup(2',€") = (QWh)(k")/Q/eix”gﬁ/h da:"/eiq)(x/’x”’a)/hb(x',x",9; h) do
leading again to an expression of WKB type as in (3.11), and locally
Ap = Ag ={(2,8) : 2" = —0¢nS(a',£"), &' = 0w S(2',£")}

Thus we obtained a reduced phase functions, with least possible number of variables 6, i.e. at most
n. When k = n, then uj assumes simply a WKB form in z variables.

Conversely, let ¢ : A — T*M be a Lagrangian immersion. We know ([H5, Theorem 21.2.16])
that there exists a covering of A by canonical charts U, such that A is parametrized in each U by a
non-degenerate phase function. The Lagrangian immersions ¢ and (3.4) have the same image on U
and Cg is a submanifold of dimension n. In particular, tp : Ce — A is a diffeomorphism onto its
image. These phases can be chosen coherently, and define a class of “reduced phase functions” ¢,
parametrizing ¢ locally. This gives the fibre bundle of phases L, including Maslov indices, equipped
with transition functions. We are also given local smooth half-densities |dus|'/? on A, defining the
fibre bundle of half-densities 2/2, equipped with transition functions. The collection of these objects
make a fibre bundle Q2 @ £}, over A. A section of Q'/? ® L} will be written as [K(hA#)a] (z;h),
where K (hA7 ) is called Maslov canonical operator. At leading order [K (hA7 M)a] reduces to its oscillating
symbol (3.11). The set of such Lagrangian distributions microlocally supported on A will be denoted
by I(M;A).

We apply Maslov canonical operator for constructing solutions to homogeneous equation
(H(z,hDy;h) — E)up, =0

microlocally supported on some A, in the characteristic foliation of ¥g. Here H(z,hD,;h) is a h-
PDO with principal symbol H(z,p), and we assume E = 0. If uy, is a Lagrangian distribution locally
of the form (3.9), the same holds for Huy,.

The phase ® (with time ¢ in Hamilton equations as one of the f-parameters) is determined by
HJ equation (2.15), with initial data on ¢t = 0, which gives (locally) the Lagrangian embedding (3.4)
with image A . In particular, Ce C {0;® = 0}. We prescribe the amplitude such that bj;—p = a. The

construction of [K (}LA+7 N)a] goes as follows. The amplitude of H(z, hD,;h)u,(x) has leading term
Ho(z,0,®(x,0))bo(z,0)
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Moreover if H(z,p;h) has sub-principal symbol H;(z,p), and Ho(xz,p) = 0on Ay, H(x,hD; h)uy(z)

has principal symbol

1
(3.12) h(= Loy a, + Hi)boldpa|'/?

where £, denotes Lie derivative along vp, acting on half-densities u|dy|'/? as

ou

(3.13) Ev(u|dy|1/2) — (vj (y)ﬁ—yj + %(div v(y))u(y))|dy|1/2

in local coordinates. For Schrodinger operator H(z,hD,) = —h?A + V(z), A, is “horizontal”, and

b 1

Loy lay (bo|dpa|'/?) takes the form (Z @;(x)g—g + 5A‘I>(x)b0(x))|dx|1/2, and a similar expression
- Zj

j

when Ay is “vertical”, see e.g. [DoRo,(b.14)]. Then (3.9) solves Huj, = 0 mod O(h?).

Note that on Ay, £,, = d/dt. Provided @ is a non-degenerate phase-function, (3.12) admits a
global solution, computed on each canonical chart. For instance on a regular chart, this is just WKB
construction. In a totally singular chart instead, we solve (3.12) in Fourier representation, and more
generally in the mixed representation.

The function by (x(&), 0(§)) is smooth in &, but of course when expressed in z-variable, singularities
may occur do to singular Jacobians at focal points.

The fact that uy, solves Huy, = 0 mod O(h?) is also expressed by the commutation relation

dbg

(3.14) H(x,hDqy; h)[K{(y, a](z;h) = [K("A+7N)h(% +iHbo)](2; h) + O(h*) = O(h?)

3.8 Bi-Lagrangian distributions.

We want to describe solutions of the inhomogeneous equation (H — E)uy, = f3, i.e. oscillatory
integrals microlocally supported near AUA™, in term of Maslov canonical operator for bi-Lagrangian
distriubutions. Semi-classical distributions used in [MelUhl] (adapted to the semi-classical case), are
locally of the form
(3.18) un(e) = 1 / ot dt / (A€ @06 /(¢ €1 1) de

0
where b is an amplitude, and 07(t) a cut-off as in (1.8), which we omit most of the time in the
notations.

As a warm-up, let us compute the semi-classical wave-front set WF, u,. Fix Z = (Z,&) € T*M,
&= (E/,Zn) It is well known that WF},(up,) is characterized by the following property: z ¢ WFy, (up,)
iff there exists x € C§°(T* M) equal to 1 near Z, such that

x(, hDy yup () = (2mh) ! / / @0y (o ) (y) dy dy = O(h)

We have the standard
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Proposition 3.1: Let uy, be as in (3.18). Then
(3.19) WEA(ur) C {2 > 01 ({0 = 0} U {a’ = 0} U {&, = 0})

If moreover b(t,z,&; h) verifies the transport equation Oib + 0., b = 0 (and hence hD,, up = fn, then
WFy, (ur) C AY UToR™, which is the conormal bundle of the manifold with boundary =’ = 0,z,, > 0.
Here we recall AS. = Char hD,,, from Lemma 1.1.
Proof: Let ®4(x,&,y,m) = v'& + (yn — t)&n + (x — y)n be the phase-function in (3.18).
(i) If 7, < 0, we choose x such that x(y,n) = X(¥',7)xn(yn), with x,(Z,) # 0. It follows that
Yn —> Py is non stationary in supp x,, so WF up, C {z, > 0}.
(ii) Assume &, # 0 and choose x such that x = X(v,7’)X2n (1), With X2, (&,,) # 0. Let € be so small
that |£, —nn| > 0 > 0 on |§,| < € and 7, € supp x2n, we split x according to x° and X = x — x°,
where x°(z, hD;)up(x) = (2xh) ™ [dy [l o [ €9 x(y, n)un(y) dn.

We have hD,e'®/" = —¢,e'®/M 50 that integrating by parts N times with respect to ¢t we get
X (z, hDy)up(x) = (%)NA}:V(x;h) + B% (z; h) where

. 00 * . 1
A5y (z;h) = (2mh) /X(y,n) dydn/ dt/l e q”f/hﬁafv“b(t’y,ﬁ; h) d¢
0 nl|>€ n

(3.21) * v
By (z;h) = (27Th)_"/x(y,n) dydn/ eiq’o/hiz (i)jﬁfb(O,y,é;h) dg
6| >e &n =5 i
Now (y,&) — ®o(x,&,y,n) = yé+ (x—y)n has a non-degenerate critical point at £ = 7,y = 0. Assume
T # 0, i.e. we choose x such that 0 ¢ 7, (supp x); so ®¢ is not stationary and B3, (z;h) = O(h™>).
Hence X°(z, hD,)up(x) = O(hYN) for any N.
Consider next the contribution X*(x, hD,)up(z) of |¢,| < € to x(x, hD,)up(x). The map

Yn > @t(xagayan)

has a critical point at &, = n,. Since |, — n,| > 6 > 0 when 7, € supp x2n, Yn — Pi(x,&,y,n) is
non stationary and X°up(x) = O(h*). Altogether, x(x, hD,)up(xz) = xup(x) + X°up(xz) = O(h™)
s0 Z ¢ WFyuy, if €, # 0. In particular WF, u;, C {z,, > 0} N ({&, =0} U {z =0}).
(iii) Assume next 7, > 0 and take as above x(v,17) = X(¥',7)xn(yn), With x,(T,) # 0. Then
(t,&nyy,m) — Dy is critical at t = y,, = z,,&, = 0,y = 2/,n = 2/, and this is a non-degenerate
critical point. So when z,, > 0, asymptotic stationary phase (3.1) shows that
h 9%bg
i OtIE,
In particular, using (i), we see that WFy,(us) C {z, > 0} N ({z,, = 0} U {2’ = 0}), which altogether
proves (3.19).

For the last statement of Proposition 3.1, apply hD,, to w, and integrate by part once with
respect to t. We find

(3.22) x(x,hDz)un(x) = 2im / TR ) [, (€1,0):h) + ) (@n, 2, (8, 0);h)] de’

(3.23) hD, up(x) = / e /M0, 2z, &; h) dE + / dt / e /M9, + 9, )b(t, x, & h) dE
0
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so if b(t,z,&; h) verifies the transport equation, hD, un(z) = gn(z) = f* e E/Mp(0, z,&; h) dE and
since WF}, g5, C TfR", the last (sharper) estimate on WF}, uy, follows from the well-known property
WEF;, up, € WEy, thnuh U Char thn &

We say that uy, () is a bi-Lagrangian (semi-classical) distribution on the intersecting pair (A%, A%.).
By Proposition 3.1 and its proof we can easily recover [MelUhl,Prop.2.3|, namely if x(z,hD,) is a
h-PDO with WFy,(x(z,hD,)) N A = WF} (x(x,hD;)) o A = 0, then x(x,hD;)u; is a Lagrangian
distribution supported on AY, while if x(z,hD,) is a h-PDO with WF},(x(z,hD,) N AY = @, then
x(z,hD;)uy, is a Lagrangian distribution supported on A.

It can also be shown that a h-FIO A preserving the Lagrangian intersection preserves also bi-
Lagrangian distributions of the form (3.18). Namely, let (A, A1) be a Lagrangian pair in the sense of
Lemma 1.1, defined near (yo,7n0) € 0A’_, and uj, be of the form (3.18). We recall the following result:

Proposition 3.2 [MelUhl,Prop.3.2]: Let (A°,AY) ~ (A,Ay) be Lagrangian pairs in the sense of
Lemma 1.1. Let A be a h-FIO of the form

Av(x;h) = (27rh)("+N)/2/ei‘z’(x’y’g)/hc(x,y,ﬂ)v(y; h) dy de

associated with the canonical transformation ka, ka(yo,n0) = (o, &) with graph

such that (locally) AgoN = A, Ago A, = Ay and the compositions are transversal [HOIV,p.19644].
Let uy, be defined near (yo,m0) on the Lagrangian pair (A°,A%) by (5.18). Then Auy, defined near
(z0,&0) on the Lagrangian pair (A,A}) is again of the form (3.18).

The proof essentially reduces to show that Auy can be rewritten as an integral of the form (3.18),
i.e. with the same phase ®;, and a new amplitude V' (¢, z,&; h). So we can define the class I(M, A, A)
of bi-Lagrangian distributions supported on the Lagrangian pair (A, Ay) ~ (A’, A’,), all of which take
locally the form (3.18).

Consider now the inhomegenous equation H(z, hD,;h)u, = fp, where

) = [ e g, 5 h) de

is conormal to A° = Tg M. When H(x,hD,;h) = hD,., uj as in (3.18) solves H(z,hDy;h)up = fn
whenever b solves the transport equation, i.e. b(t,z,&;h) = a(a’,z, —t,&; h), so that (3.23) simplifies
to hD,, up(x) = fr(xz) mod O(h>). In the general case, we can take H(x,hD,;) to its normal form
hD,, by conjugating with a A-FIO whose canonical transformation preserves Lagrangian intersection.

Namely we have

Proposition 3.3: Let the energy surface Hy = E be non critical, and vy, be transverse to AY = Ty M
at (zg,&0) € OAy, where Ay is the flow out of vy from A°. Then there is a h-FIO B, defined
microlocally near ((z9,%),(0,0)), quantizing the canonical transformation of Lemma 1.1 such that
A= H(z,hD,)A = hD,, .
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In Sect. 4 & 5 we shall instead construct objects written globally in a suitable coordinate system,
using the phase functions in Sect.2. This system consists only of coordinates on A and of time

parameter ¢ in Hamilton equations.

8.4 Compatibility condition and symbolic calculus. Maslov canonical operator for bi-Lagrangian dis-

ributions.

Here we prove Theorem 1.2, which relies mainly on [H6,Lemma 18.2.1]. By Proposition 3.2 it
suffices to consider the Lagrangian pair (A, AY) (we have written A = A for short). When uy, solves
(H(x,hDg;h) — E)up(z) = f mod O(hY) we want to define the “boundary-part” and “wave-part”

symbols of uy, satisfying the compatibility condition. We proceed in two steps.

e The boundary-part symbol.

Consider x5 € C§°(R*") with |n,| > 6 on supp xs(v,n), and xs(y,n) — 1 pointwise for n, # 0,
as 6 — 0. From the part (ii) of the proof of Proposition 3.1 for N = 2, taking € < ¢ so that the
contribution of |§,| < € to xs(xz, hDp)up(x) is O(h>°), we know that xs(x, hDp)up(z) = B5(z;h) +
O(h?). Computing

*

Bs(x;h) = /eirn/hx(s(y,n) dydn/5 | W=D /hg(y ¢ h) de
n|>€

by asymptotic stationary phase in (y, &), where

1 h
av.&h) = & [6(0,y,&h) + i Obo(0.9.0) + O(h?)]
we assume as we may that 88—?(0, n) = 0, which gives
(3.27)

4 h 0%b h 0%b
By (i h) = /dn e x5(0,m) [a(0,m; h) — y y

h ( y_h h by
i oy " T i by, 06,

inz Oyn

(0,0,7) + (0,0,n)]

Oscillating integral uy, solves hD, uj = fj iff b satisfies the transport equation
8tb(o> €L, 5) + 81‘nb(07 L, 5) =0

ie. b(t,x,&h) = b(a',x, — t,§). From [Ho,Lemma 18.2.1] and its proof, we know then that if
op(x) = [ e/ Pa(x,& ) d€, then we also have vy (x) = [ e™®¢/"G(¢;h) d¢, with a symbol a(&;h) ~
Z h?(—iD,, D¢)a(x,€)/;! independent of x. Applying this to amplitude b(z’, x,, —t, ), (3.27) reduces

j
to B5(z;h) = [ e””/hxg((),n)n%b(n; h) dn + O(h?). and thus
; 1
(3.25) (kD Jun(z) = [ /s 0,1 h) dn-+ O(h?)

For n,, # 0 we define the boundary symbol of uy, as o(n;h) = n%b(m h).

e The wave-part symbol.
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Consider next x; € Cg°(R?" with y, > § on suppx{ (v,71), and xs(y,n) — 1 pointwise for
yn >0, as § — 0. As in the part (ii) in Proposition 3.1, we perform the integration

(x hDp)up(x / dt/x5 Y,n dydn/ eiq’t(w,é,yyﬁ)/hb(t’%g; h) d¢

by asymptotic stationary phase with respect to (t,&,,y’,n), the critical value of the phase being
O, = 2’ + (2, — Yn)Mn. Again the resulting integral is computed by asymptotic stationary phase

with respect to (yn, ), and we eventually get

* 2
Xg (@, hDp)un(z) = 22'7T/ eix,g,/h[ (Tp,x,&,0;h) + ﬁaatal?n

(zn,x,€,0)] d€’

Assuming as before b = b(&; h), this reduces to
(3.29) X3 (2, hDy)up () = 2im / e &I 05 h) de’

We define the wave-part symbol of uy as o (&;h) = 2iwb(¢’,0;h) by letting 6 — 0. Observe that
ot (& h) is continuous up to A, and comparing (3.28) with (3.29) we get, at least mod O(h?), the
compatibility condition (1.13) between the wave-part and boundary-part symbols on A .

It is clear that (3.30) carries by induction mod O(h¥), alle N. Note that if we are only interested
at the zero:th order approximation (H — E)u, = fn + O(h), then b is not required to satisfy any
transport equation, and the boundary-part and wave-part symbols are always defined mod O(h).

Propositions 3.2 and 3.3 then allow to define coherently the (bi-)symbol (o,0™) = (o(up), o™ (us))
computed as above in local coordinates, and thus by analogy with Sect.3.2, an “effective” Maslov
canonical operator K" AAC (0,07). The commutation formula for bi-Lagrangian distributions takes
the form
(3.31)

1
H(xz,hD,;h) [KX7A+U, ot ](x;h) = [K/}\l7A+(H_E)J7h(;£UHO \a, +Hi)od | (z; R)+O(h?) = fr+0(h?)
This brings the proof of Theorem 1.2 to an end. &
3.5 The constant coefficient case.

In general it is difficult to obtain a decomposition of u; adapted to the splitting (3.30), i.e
up, = uy + uj, where WFy(uf)) C A and WF),(u;) C A

Here we compute uy, explicitely in the 2-D case for Helmholtz operator —h?A — E, but f with
compact support. Let f also be radially symmetric; its Fourier transform g = F; f is again of the

form g(p) = g(|p|) = g(r) and extends holomorphically to C2. For E = k2, k > 0, we rewrite
o [ F1f(€)
n iz&/h 1
as up(z) = u(x) = uo(x) + vy (x) with

k . 2m 00
ug(z) = +ZE/O d9/0 expli |x|rcos9/h]¢dr

(27h)? (k+ie)?
up(x) = (27r1h)2/0 d0/0 expli|z|r cos&/h]% dr
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T T
T 202
the positive imaginary axis and get by the residues formula

To compute ug we use contour integrals. When 6 €] [, we shift the contour of integration to

Y 9(r) /°° glir) .
0/h ——dr + - 0/h , dr =
) /0 expli|x|r cosf/ ]rz—(k—i—zs)? r ; exp[—|z|r cos @/ ]r2+(k+zs)21 r
' . glk+ie)
2
iy

ohtio) expli|z|(k + i€) cosO/h]

while for § €]Z, 32,

o g(r) - g(—ir)
(336) A exp[2|x|r COS Q/h]m dr /0 exp[|x|r COS G/h]mzdr =0

Summing up (3.35) and (3.36), integrating over 6 €]0, 27| and letting € — 0, we obtain

i /2
uo(x) = (27222/ _explilalkcos0/h) o+

—T

/ooo r?cii?ﬂk? [/ y glir) = /:m/z g(—ir)] exp[—|x|| cos 0] /h] dO

—m/2 /2

Since g(ir) = g(—ir), the latter integral vanishes, so we end up with

_ img(k) /’T/2 :
ug(z) = anh)? _W/Qexp[z]x\kcose/h] do

It is readily seen that

WFpuo € {o =0} U{(z,k—),2 #£0} = AUA,

]

Consider now u;. We let ¢ — 0 and set g(r) = r(gT(fr)k). Since g(r)y/r € L*(Ry), we have uy(z) =

HO(Z])(%), where Hy denotes Hankel transform of order 0. Let x € C§°(R?) be radially symmetric,
and equal to 1 near 0, since WF}, f, = {z = 0}, we have

9 = Fu(xfn) + O(h™) = (2wh) "> Fu(x) * g + O(h™)

so in the expression for u; we may replace mod O(h>), g(r) by a constant times g(r) = %
(see [Bad] for 2-D convolution and Fourier transform in polar coordinates). To estimate WF, uy, we
compute again the Fourier transform of (1 — x)g where X is a cut-off equal to 1 near 0, and we find

it is again O(h>) if x = 1 on supp . This shows that WFj u; C {z = 0}.
||

Note that this Example makes use of Bessel function Jy(+), we shall return to such “localized

functions” in Sect.5.
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4. f; is supported microlocally on the “vertical plane”

Consider the case where H) is positively homogeneous of degree m > 1 with respect to p and fj, is
microlocally concentrated on the vertical plane A = {z = 0}, e.g. fn(x) = h™"f(}), with f € S(R")

(Schwartz space).

4.1 Some non-degeneracy condition.

Recall first from [DoNaSh, Lemma 6] the following result. Let 7 : A — T*M be a Lagrangian

embedding of dimension n, U C A a connected simply connected open set,

((;7{5) - (¢17"'7¢k7¢17"'7'¢)};,k)

local coordinates on U. Here we don’t assume that k is the rank of dm, : A — M. Thus A is defined
by z = X(¢,1),p = P(¢, ) in the chart U. Let II(¢, ) be a smooth 7 x k matrix function defined
in U such that:

(4.1) I (6, ) X (6, ) = Tdix
(4.2) K (¢,) — (X($,1),1) is an embedding

Then there is a neighbhd V' of k(U) such that the system

I (6, 0) (x — X(4,9)) =0, (z,9) €V

has a unique smooth solution ¢ = ¢ (1)) satisfying the condition X (¢(z,v),¥) = z, when (z,1) €
k(U).
For (5, {/;) € U, define the 7 x 7 matrix

M(3,9) = (T3, 9); P3(8,9) — P5(, $)I1" (6, 0) X 3(3,))

As we shall see, invertibility of ./\/l((g, J) plays an important role [DoMaNa2], [DoNaSh].

Consider now our special setting where H is positively homogeneous of degree m, A is the vertical
plane, and recall (P (¢, 1), X(t, ¥, 7)) = mH from (2.6). Here 7 is taken as a parameter, everything
depends smoothly on 7 and Ay(0) = Ay. So II(t,),7) = —L=P(t,¢,7) is a left inverse of X:
I*X = m—lH(P,X> = 1. Further, the map Ay — R", (¢t,¢) — (X (t,9,7),%) is clearly an embedding
This fulfills conditions (4.1),(4.2) above for A = A (7), withn =n, k=1 and ¢ =¢ and ¢ = 9. So
the system IT*(t, v, 7)(z — X (¢t,¢,7) = (P,x — X(t,%,7)) = 0 has a unique solution t = to(z, 9, 7)
satisfying the condition X (¢o(x,,7),1,7) = x, and this solution is a smooth function.

Moreover by (2.6) again, the matrix

1

P, P
mH’w

(43) Mt 0) = (I ), Polt, ) — P P X) =

has determinant — det(P, P;). As we shall see, it turns out that det M gives the invariant (inverse)

density on A.
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Ezxample 4.1: Let us compute det(P, Py) at t = 0 for a geodesic flow H(z,p), on the energy shell E =1
when n = 2 or n = 3. When n = 2, up to a change of x coordinates such that at x = 0, the metric

H(0,p) takes the diagonal form H(x,p) = fl’—z + g—é (elliptic polarization), and P = (aj cos, as sin).
1 2
Hence det(P, Py) = ajag at z = 0, and for small |t| we have det(P, Py) > 0. Forn =3, H(0,p) = 5—;
1

z—§+§—§, and in spherical coordinates (11, 12) where 0 < ¢; < 7, we find det(P, Py) = ajagassiny; > 0
2 3
for small ¢ and away from the poles (0,0,+1).

Ezample 4.2: When H(z,p) = %, recall from (2.3) that P(¢,7) = |P|;w(y) at ¢ = 0. Since

det(w(9),w (1)) = 1, again we have det(P, Py) # 0 for small ¢.

4.2 Construction of the phase function and half-density, general case.

We first construct by HJ theory a generating function ® of A that verifies the initial condition
®|;—g = (r,w(v)). Our approach consists in looking for a parametric form of the phase, depending
on the initial data through the “front variables” (X(¢,,7), P(t,%,7)) only.

The most natural Ansatz (recall 7+ H = E), would be

(4.4) Qg (z,t,0,7) = mEt + (P(t, Y, 1), — X(t,1,7))

with initial condition ®|;—g = (p,x), p = P(¥,w) arbitrary. The “f variables” in Hormander’s
definition are then (¢, 7).

In the simplest example where n = 1, 7+ H(z,p) = 7+ p = E, &g = Et + p(x — t) (there are
no variable ¢, and X (¢) = t is independent of 7). This is actually a parametrization of exptvy(z),
z € T*M, fort € R (positive and negative values). Its drawback is to depend on 7 (that has eventually
to bet set to 0) in a complicated way, when taking variations with respect to parameters.

The second one consists [DoMaNaTu2] in choosing a new coordinate A = A(7), A(0) = 1, on A

completing the 1 variables, such that 0A, is given by A = 1. We define
(4.5) D(,t,,\) = mEt+ \(P(t ),z — X (t,1))

where now (X, P) are evaluated on Ay (and not on A, (7)). The “f variables” in Hormander’s
definition are then (¢, ). In the Example above, ® = Et + Ap(z — t). The critical value of ® with

respect to 6, is viewed either as a function on the critical set éq), with the Lagrangian embedding

(4.6) Co = {(2,1,0) : 9® =0} — A,
Oor on
(4.7) Cop = {(z,t,0) : 9p® = 9,® = 0} — A,

In both cases, (2.12) holds precisely on the critical set.
Moreover, such a phase function is also most suitable for the situation of Sect.5. Eikonal equation

(2.12) verified at second order on Cg reads
(4.8) 0@ + H(z,0,®) — E = O(|lx — X(t,9), A — 1%
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Variables 7 and A are diffeomorphically mapped onto each other. In case (1.15) this goes as follows :
comparing (4.6) with (4.7) at ¢t = 0, we get P(¢,7) = AP(¢), so by (2.3)

(4.9) A= (1)

A similar correspondence holds in Example 4.1.

Proposition 4.1: Let H(x,p) be positively homogeneous of degree m > 1 with respect to p on T*M\0,
and det(P, Py) > 0. Then ®(z,t,1,\) given in (4.5) is a non-degenerate phase function defining AL,
and solves HJ Eq. (2.5), with initial condition ®|;—o = (x,p). The positive invariant (inverse) density
on Ay we recall from (3.8) is given by

(4.10) Fl®,dut]|lc, = mEdet(P, Py) >0
The critical set Cg is then determined by x = X (t,v) (which can be inverted as t = t(x,v)) and

A = 1. It coincides with the set k(U) defined after (4.2).
Proof: We have using (2.6)

(411) 9 =D =mE + MP,x — X(t,9)) — NP, X) = mE(1 — \) + MP(t, ),z — X (L, 1))

so 0;® = 0 and 0, = P(t,v) along x = X (t,¢) when A = 1. We are left to show that ® is non
degenerate phase function, with (¢, ) as “O-parameter”s. From (4.5)

Dy = (0, P(t, ), — X (t,1))

e = (P(t, ),z — X(t,))
Let us add t to the “f-variables”, and consider the variational system 0,® = 0y, ® = 0,® = 0, which
determines the critical set C's. Last 2 equations 0, ® = 0,9,\® = 0 give an homogeneous linear system

in x — X(¢,v) with determinant det(P, Py).
So at least for small ¢ the phase is critical with respect to (¢, \) precisely for A = 1 and z =

(4.12)

X(t,1), in particular it is critical along OA; when A = 1. By the discussion above and [DoNaSh,
Lemma 6], we find that (P(t,v¢),z — X (¢t,1,7)) =0 when A\ = 1 has a unique solution t = t;(z,v) =
to(x, 1, 7 = 0) satisfying the condition: if (x;1, A = 1) € Cs, then X(tl(a:,w),w) = . We recall tg is
defined in the discussion after (4.4). Moreover t; is the critical point of ¢ — ® when A\ = 1.
Condition det(P, Py) > 0 (which holds at ¢ = 0) actually ensures that ® is a non degenerate
phase function, i.e. the vectors (d8t<I>, doy @, d())\fI),) are linearly independent on the set x = X (¢, ).

Namely, look at the variational system and compute on C¢ the differentials
dd = —mE d\ + \(P(t, ), dz — dX (t, 1))
(4.13) d(0yp®) = NPy (t, ), dx — dX (t, 1))
d(O\P) = (P,dx — dX (t,v))
Introduce the Jacobian (3.8)

dt A dip A dD A d(Or®) A d(Dy®)
dz A dt A dyp A dA

(4.14) Fl®,dpylle, =
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Here dz is the volume form. Substituting (4.13) into w = dt A dip A d® A d(9r®) A d(Dy®) we get

w=-mEdp AN dt N d\N(P,dx —dX(t,)) A (Py,dz —dX(t,¢))+
dip A dt A (Pydx — dX (t,9)) A (P, dx — dX (t,)) A (Py,dx — dX (t,1))

Writing dX = X dt + Xy dip, we check that the second term vanishes, so we are left with
w=-—mEdtAN dip N dXN\ dzdet(P, Py)

which gives (4.10). So if det(P, P;) > 0 (which holds at ¢ = 0, since det(P, P,) = |P|* there), ® is a

non-degenerate phase function, and (4.10) the invariant (inverse) density on A;. &

4.8 More or less “O-variables”.

We investigate some configurations of A, and describe the corresponding Lagrangian singulari-

ties. Consider first the critical points of the phase. Let (see Proposition A.1)
(4.16) a= <PaX1ZJ>> c= <P¢an>> d= <PaX>a a = det(P,Pw), p= det(P,P), Y= det(Pan)

At the critical point

(417) - HeSS(t7¢7>\) d = )\<P, Xw> )\<P¢, Xw> 0
(P, X) 0 0

thus det Hess(; ) ® = (mE)?(Py, Xy).

When T, A is not transverse to the vertical plane V, = {(0,0p)} C T M, we know from Sect.3.2
that we need to express up in Fourier representation. This will be needed in Sect.4.5 to derive the
commutation formula at some z € A.

Assume o = det(P, Py) # 0 (which holds near ¢t = 0). Since (P, Xy) = 0, (Py, Xy) = 0 implies
Xy =0, so at such point, we need to add new “f-variables” to ®(x,t,9, ). If z € Ay is such that
Xy =0, T. A, is not transverse to the vertical plane: indeed dim(V, NT,A,) = 1, for (P, X) = 1 and
X #0.

We proceed as in Sect.3. Consider the embedding Cy — Ay asin (4.7). Let 2/, 2" be a partition
of x, we introduce a partial Legendre transformation as in Sect.3, implement the latter equations for

the critical point by ® = 0, and compute the Hessian
H(z", &) = Hess (27 ¢, 0) (d?(:c,t,q/), A) — x/f')

First we try 2’ = x9,2” = 1 so that

0 AP, AOy Py P
AP, AP, X) MNP, X,) -mE

NPy MNP, Xy) —MPy,Xy) 0

Py —mE 0 0

H(ﬂflafz) =
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and we find, with notations (4.16)

(4.20) A 2detH(z1,&) = Pi(a® — cd) + 2mEcPy Py — mEaP} — mEaPydy Py + mE(dy Py)?

" = x5, we get the same expression with P, replaced by P;. Now if

Similarly, choosing =’ = z1,x
Xy =0, then a = ¢ = 0, and since Py, # 0 (we assume here det(P, Py) # 0, there is a partition of
variables 2/, 2" such that det H(z’,£”) # 0. (Actually variables (2/,¢”) are implicit in the expression

of H(z',&"), but fixing (z’,z”) on the critical set determines the front variables (X (¢,v), P(t,1).)

Remark 4.2: Compute instead H (&) = Hessy 1 .2 (q)(x, t,h, A) — xf) at the critical point. We have

0 0 APy Ay Py P

0 0 AP, Ay Py P
(4.21) HEO=| A\ AP, —\NP,X) —X\P,X,) —-mE
Ny Pr NopPy —MP,Xy) MNPy, Xy) 0

Py P, —mE 0 0

and —A\"3det H (&) = B%¢c+ a?d — 2afa — 2mFEary. When a = ¢ = 0, (4.21) reduces at t = 0 (using
det(P, P,) = |P|?) to

~ A3 detH(¢) = |P|*(—0,H,0,H) — 2mE (-0, H, P)

and in the particular case of Hamiltonian (1.15), A=3 det H(¢) = ’Zf(—%;(P, Vp(0)) vanishes at a special

or residual point. See Remark 3.1.

Remark 4.3: Consider instead the embedding Co — /~Lr as in (4.6), and compute the critical points of
(x, 9, \) = ®(x,t,9,\) —z€. We add AP(t,9) — & = 0 to the previous equations dy® = 0,0,P = 0.
and compute the Hessian

Ho(t, &) = Hess(y 0 (®(2, 8,9, ) — x€)

at © = X (¢,1), namely

0 0 Oy P1 Py
0 0 Oy Ps Py

Ho(t, &) =\ g
o(t;€) OpPr O0yPy —(Py,Xy) 0
P P, 0 0

so that Ho(t,&) = A* det(P, P) is non-degenerate, but as a function on Co (extended phase-space)

instead of Cg.

On the other hand, in order to investigate Lagrangian singularities of A, we need to eliminate
some of the “f-variables”. For short we will do it only in the case where A is tranverse to the vertical
fiber of T* M.

So let z(t) = (X(t,w),P(t,Q/))) be such that T, A, is transverse to the vertical plane V)
(namely Xy # 0), or t = 0 but det H(§) # 0, see (4.21); we parametrize A with ®(z,¢,9, ), and

®yp # 0. When z(¢) is a focal point, we discuss according to the case z(t) is a special point or not.
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Proposition 4.3: Let n = 2 for simplicity. Let z € Ay (possibly on OAL ) and assume ® is a non-
degenerate phase function near z (which holds true when z € O\ except for exceptional points where
Xy =0). We have:

(i) Let z € Ay such that (=0, H(2),0,H(2)) = (X, P) # 0. Then near z the rank of dm|p, is 1 when
c=0 (i.e. Xy =0), and 2 when c # 0.

(ii) Let zo = (X(to,v0), P(to,%0)) € Ay be a special point for some (to,vo). Then the rank of
drm|a, (2) is 1 or 2. When the rank is 1, the tangent space of the caustics at X (to, 1) takes the form

8.%'1 o\ 83:2 o\
4.22 9z1 OX | Ox3 OA _
(4.22) 9% oz1 | 00 Oy
where 22 (z,v) # 0. .
(iii) Let zo = (X (to,v0), P(to,10)) € Ay be a residual point for some (to,10), i.e. P(to,10) = 0.
Then the eikonal is mE dt = (P,dx) # 0 at zp.

Proof: (i) On Cg we have 9?® = —(P, X) # 0, so implicit function theorem shows that (for small

t) ® = 0 is equivalent to ¢ = (), A). Since we have eliminated ¢, the “f-parameters” are now (i, ),

and we set
\I/(.’L', 1/}7 )‘) = (I)(.’L', t(.%', ¢7 )\)7 1/}7 )‘)
Differentiating the relation 0;® = 0, we get that on Cp and for A =1

o (P, X) Ot  mE

o (P,X) O (P, X)

and a straightforward computation using (2.6) yields

(P,Xy)? (P, Xy)
) P Xe) mEGR
(mE)?
<P7X>

(4.23) by =W, =
*

Applying (3.5) to the non-degenerate phase function ® with N = n = 2, we find that the rank of
dm|a, (2) is 1 when ¢ = 0 or 2 when ¢ # 0.
(ii) We could attempt to solve 0,®(x,t,9,\) = 0yp®(x,t,9,\) = 0 but already for ¢ = 0, the
determinant of the Hessian of ® with respect to (t,) vanishes on A,. We can solve instead (locally)
<I>/(t7>\)(a:,t,¢, A) = (0;®,0,P) = 0. Namely since % = —m£FE # 0, the implicit function theorem
gives (t,\) = (t(x,qﬁ),)\(x,w)).

We want to keep A(z,¢) = 1. Differentiating <I>'(t7>\) = 0 along A, with respect to = and ¢ we

find, using (2.6) and Hamilton equations

2,52 4 —tp, mp _ip
ox ox ox
2y 2,500 L mp9 — i xy) = —a, w2
9 8¢ 8¢ - 9 w - 9 aw -

Assume 2 = 0 at z. This implies P = LXp ie 9,H + L (~0,H,X)P = 0. Taking
2 .

scalar product with P # 0 we find (0, H, P) + %(—BmH,X>P = 0, and since z is a special point,

(—0,H,X)P = 0. It follows that 0,H = 0 which is a contradiction (z is not a residual point).
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Now we need A = \(z,%) = 1 ; since 9, A # 0, the implicit functions theorem shows that (possibly
after renumbering the coordinates) that xo = x2(x1,%). By second line (4.24) we have % =0, and
—mE$: =a= (P, Xy).

e Assume a = 0.

Since we have eliminated t, A, the “f-parameter” is simply v, and we set

U(xy,v) = ®(21,22(21,9), ta (21, T2(21,9)), ¥, M1, 22(21,9), 7))

By (3.5) with N = 1,n = 2, it follows that rank dm, = 2 if 9} ¥(21,9)|s,=x, # 0, and rankdm, = 1
if 85\1'(x1,¢)|1,1:)(1 = 0 (X, being evaluated at (¢,v) = (to,%0). In the latter case, differentiating
A= \zx,9) =1 gives % + %g—i = 0. Since % = 0 at point z, (4.22) easily follows.

e Assume a # 0. From \(z,v) = 1, we get ¢ = 1(x) by implicit function theorem, so we have

eliminated all “f-variables” and rank dm, = 2.

(iii) We consider a residual point as a limit of special points, for which % = 0. Since a = 0, we have

% = 22 =0 at 20, and M(z,%) = 1+ O(|z — X (to,%0), % —10|?). Then (4.24) reduces to mESL =P
at zg, which can be cast in the form dt = (P,dz) # 0. &.

For residual points Proposition 4.3 tells nothing however about rank dm,(zp). For instance, if
P =0, hence <P,X> =0 and 9;® = 9?® = 0, we could have 9} ® # 0, and we have a cusp described
by Pearcy functions (see e.g. [DoMaNaTul,App.2]). Alternatively we could think of Hamiltonian p?
for which rankdm,(z9) = n is maximal, or of Hamiltonian H(z,p) = p; for which rank dm,(z9) = 1.

It tells nothing either about ordinary points, see however Lemma 4.6 when H is of the form (1.15).

Remark 4.2: As mentionned in Example 1.1(7), we can also consider complex quadratic phase func-

tions. For instance replace (4.5) by

O(z,t,10,\) = mEt + MP(t,9),z — X (t,1)) + z‘%‘%P(t, b),z — X(t,1))>

it has the same critical point as the real phase when A = 1, with the initial condition ®;—¢ =
(2, w(¥)) + i5(z,w(¥))*.
4.8 Construction of Ey fr and the commutation formula.

Here we prove Theorem 1.3. First we look for a solution v(¢,z;h) to the Cauchy problem (1.9)
that can be expressed as an oscillatory integral [ e ®@ LN/ (1t 9h, N) dip dN, see (1.16).

Assume for simplicity H(z, hD,;h) has no sub-principal symbol: H;(z,p) = 0. Then it is well
known that the principal term b = by of the amplitude restricted to Cg, since mE det(P, Py) is the

(inverse) density, is of the form
—1/2
(4.25) bo = (mEdet(P, Py)) " “a(i,\)
with a independent of ¢. Since P, P, are linearly independent, we look for

b(z,t, 90, A) = (mEdet(P, Py))~a(i, A) + (FP(t,) + GPy(t, 1), — X (t,9)) + O(|z — X (t,1)[?)
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where we can determine functions F' = F(t,9,\),G = G(t,9,\) from second derivatives of H by
taking variations (already in (4.14)). Set b= (FP + GPy,x — X (t,1)), it is readily seen that

(4.45) Oyb + (8,H,0,b) = 0 on Cy

Let vy, solves Cauchy problem (1.5), and up(z) = %fgoo v(t,z; h)dt (after sticking in a cut-off 67(¢)
as in (1.18)). We start with computing (H — E)u;, and assume the general case of H homogeneous
of degree m in the p variables, and det(P, Py) # 0. For simplicity we present the calculations as if H
were a differential operator, see [Du]. We assume also the sub-principal symbol of H (as a h-PDO)

vanishes.

o Let first x € M be such that x = X (t,v) with X, # 0, so that T, A is transverse to the vertical
plane. We use representation (1.16). Applying H — E to (1.16), since ® is just linear in x, we get first

e /M H — E)e'®"y = (H(z,0,9) — E)b+ Q<apH(x, 0, ®), 0,b) + O(h?)
(3

By (4.8) we have, integrating by parts

(H — E)uy(z) = /e@/hbdwdA\t:o +/OO dt/e@/h(@tb—i— (OpH (z,0,P),0,b)) dip dA+
(4.27) e 0
%/O dt/eiq’/hOﬂxX(t,qb),)\ 11*)bdyp dX + O(h?)

To the second integral we apply asymptotic stationary phase [H6, Theorem 7.7.5]; denote c(x, t, 1, \) =
Oz — X(t,9), A — 12)b(x,t,1, ), and by ®. the critical value of (t,1,\) — ®(z,t,9, \) with non
critical degenerate point n(z) = (t = t(x),y = ¢¥(x),A = 1) (see (4.17)) we have

% /Ooo dt/ei<1>/hei<1>/hc(x,t,¢, A h) dip dX =
ei®e/h (det(@///Qiﬂh))_l/Q (c(g}, 17(.73); h) + %(@//(% 77(1'))_1D, D>c(x7 n(x)) . O(hQ)

where D denotes the gradient with respect to the 3 variables ¢, 1, A (of course we still assumed n = 2).
We have c(z,n(z); h) = 0, but the next term (®”(x,n(x))~*D, D)c(x,n(z)) may not vanish because
of the partial derivative g—ig, as shows (4.17). So

% /OOO dt/ei‘b/he“’/hc(x,t,¢, ;) dip d\ = O(h*/?)
We consider next the first integral in (4.27). Because of (4.25) and (4.26) which implies
Oib + (OpH (2,0, @), 05b) = O(|lx — X (t,4)])
we apply asymptotic stationary phase as before and obtain
/OOO dt/eiq’/h(@b + (OpH (2,0, ®),0,b)) dy d\ = O(h*/?)
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Collecting these estimates in (4.27) yields
(H — E)uy(z) = /e@/hb dip d)|i—o + O(h3/?)

Since we can choose by in (4.25) to be equal to the amplitude defining f;,, the RHS is just f;, mod
O(h312),
Remark 4.3: Note the loss of h'/? with respect to the reminder term O(h?) when solving the homo-

geneous equation (H — E)uy, = 0, see the discussion after (3.13).

e Take next € M near X (t,) with X, = 0, by the discussion after (4.21), up to a permutation of
z1 and zg, we may consider in the mixed representation H(—hD,,,x2,&1,hDy,;h). We try as new

phase function

(I)l(x%platﬂy[}’ >‘) =mkEt — AXl(taw)pl + >\P2(ta¢) ($2 - X?(ta¢))

so that the eikonal equation reads
0y ®1 + H(—0p, P1,2,p1,02, 1)) = O|m2 — Xo(t,9),p1 — Pi(t,9), A — 1%

Transport equations are derived similarly. Using again (1.16) we present (H(—hD,,,z2,&1,hDy,;h)—
E)fﬂlﬁpluh(pl, x9) as

(H(=hD,,,x2,£1,hDy,; h) —E)%/ dt/eiq)(xz’pl’t’w’/\)/hb(xg,pl,t,l/z,)\) dip dX
0

which we compute as before by asymptotic stationary phase. Theorem 1.3 easily follows. e

4.5 Reduced parametrizations of Ay in case of the “conformal metric”, n = 2.

In case of the conformal metric we can make the results more precise (at least for n = 2), due to
fact that X is parallel to P. First information is related with the density. By Proposition 4.1, ® is a
non-degenerate phase function parametrizing A iff det(P, Py) > 0, see (4.10). This certainly holds
for small t. We want to allow for larger values of ¢ (the far field). We have no proof that (4.10) is
valid everywhere on A, . See however [DoMaNaTul], Example 6, in case case m = 1, and p is radially
symmetric. In general, this property is related with parametrization of Lagrangian submanifolds, see

[H6,Thm 21.2.16]. In case of the conformal metric, Lemma A.2 readily implies :

Proposition 4.4: Let H(x,p) be as in (1.15), n = 2. Then at least near focal points, representation
(4.5) defines a non degenerate phase function parametrizing Ay, and the (inverse) density on A, is
mkE det(P, Py) > 0.

This holds also when A is the “cylinder”, see Proposition 5.4.

Next information is related to eliminating extra “f-variables” in the phase function and deter-
mining rankdm, : Ay — M. For simplicity we consider only the position representation of wuy, i.e.

the case Xy, # 0. As in Proposition 4.3, we proceed to find the critical value of ¢ — ®(x,t,, \) when
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z(t) = (X(t,w),P(t,qb)) is an ordinary point (which is equivalent to (X, P) # 0 in case of Hamilto-
nian (1.15). Although this is not essential to our argument, in a simple scenario there would be at

most one special or residual point on each bicharacteristic. Definition 1.5 provides such a scenario.

Recall 0;®(z,t,,\ =1) = (P(t,¢),x — X (t,4)) = 0 This holds on A4, i.e. for x = X(¢,%). Taking

second derivative at critical point gives

_m|P(t )P
p(X(t,v))?

so we have to take into account the set of 1) such that (Vp(X(¢,v)), P(t,¢)) = 0, i.e. of the special

or residual points. Consider f(t,v) = (Vp(X(t,v)), P(t,v)), so that f = 0 iff (X(¢,v)), P(t,) is

special or residual. Using Hamilton equations, we find

(4.30) GO(X(t,¥),t, v, A =1) = (Vp(X(t, ), P(t,9))

m|P(t, ¢)|"~* [Vo(X(t,¥))?
p(X(t9)) mp(X(t,¢))

Let z(s,1) be a special (or residual) point for some s > 0, then whenever 0;®(¢,z,0) = 0 at some

(4.31) 9 f(t,¢) = [(V2p(X(t,0) - P(t, ), P(t,0)) + 1P (t, )]

t > s (this occurs when the bicharacteristic t — z(t) projects again on z), z(t) is no longer special (or
residual). This holds under assumption (1.25), namely 0 f (t,%) > 0, and t — 92®(X (¢, 1), t, 9, A = 1)
is strictly decaying on A .

e Ordinary critical points. They correspond to non degenerate critical points of ¢ — ®(z,t,1, A = 1).

Lemma 4.6: Assume (1.25), n = 2 (no condition on Vp is required here). Let I, = {t : z(t,7) ¢
S(A4)} (we have already evaluated X = 1) Then Iy is an interval, and

(4.33) Vtely, x=X(t,¢) < t=ti(z,v) on Cs

where t1 is a smooth function. Moreover 7, : A, — M at every ordinary critical point has same rank
as the symmetric matriz (4.23) i.e. dmy has rank 1 ((Py, Xy) =0) or 2 ((Py, Xy) #0).

Proof. Note that when ¢t = 0, f(0,v) = (Vp(0), P(¢))). So when f(0,v) > 0, 0 is non-degenerate
critical point of ¢ — ®(z,¢,1, ), and the implicit function theorem shows that (4.33) holds. Since
t — f(t,v) is increasing, this holds for all ¢ in the maximal interval of definition of the integral
curve starting at (0, P(¢))). When f(0,7%) < 0 instead, (4.33) holds on an interval ending at some
s such that f(s,1)) = 0. Let us compute the rank of 7, : Ay — M at an ordinary point. Let
U=A{(tv¢):tely, 2(t)=(X(t,¢),P(t,¥)) ¢ S(A¢)}, then the same computation as in Proposition

4.3 shows that U is a canonical chart rank 1 or 2, which gives the Lemma. &

o Special and residual critical points. Near the end point s of I, we can solve (locally) as in Proposition
4.3, O ®(z,t, 9, \) = O\P(z,t,9,\) = 0 which gives t = t(x,%) and A = A(x,1). Namely, the
Hessian of ® with respect to (¢,\) at (s,1) has determinant —(%)2 = —(mE)> < 0on Ay. So
if (X(s,w),P(s,w)) is a special point then (s,1) is a non degenerate point of (t,\) — ®(x,t, 1, A).
Integrating Hamilton equations also for t < 0 gives the Lagrangian manifold A_ U A,. So there is
no loss of generality in assuming the special point is at s = 0. The following Lemma strengthens

Proposition 4.3 in case X, # 0.
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Lemma 4.7: Let n =2 and H be as in (1.15). Assume det(P, Py) # 0.

(1) Assume z(s) = (X(s,v), P(s,v)) € Ay be a special point (hence Vp(x(s)) #0). If Xy =0,
then rank dm,(2(s)) = 1 as in Proposition 4.3 (i). If Xy # 0, then ac # 0 so that rankdm,(z) = 2.
Near z(s), Ay is given by t = t(z), ¥ = ¢(z), and 2L # 0, % # 0. The constraint A = 1 takes the

form

(4.41)

O -2, 0N O,
%| ( )=0

o el o
(11) Assume z(s) = (X (s,v), P(s,v¢)) € Ay be a residual point (i.e. Vp(z(s)) =0). If Xy # 0,

then ¢ # 0 and rankdm,(z) = 2.

Proof: As in Proposition 4.3, the relations 9;® = 9,® = 0 being given by (¢,\) = (t(x,w), )\(m,z/J))

we use (4.24). Since Xy, # 0, (P, Xy) = 0 and det(P, Py) > 0 we have ¢ # 0.

(i) By the same geometric argument we have P 0 by (2.2), and since (Vp, P) = 0, the relation

a = (P, Xy) = 0 would contradict X, # 0. So by second line (4.24), —mEJy\ = (P, Xy) # 0, or

OpA # 0. Now we need A = A(z,9) =1 ; since Oy # 0, the implicit functions theorem shows that

¥ = ¢(x). Then we have

(4.42) r=X(t,Y) <= t=t(z),v =) on yP(z,t, ), =1) = hP(x,t, ), \=1)=0

Differentiating A = A(z,v) gives
OX  OXOY
ikl |
Oor Oy Ox

and together with the first equation (4.24)

;. . .
(P, X>t(a—¢) = mEP — (P, X)P
x
Let us show that g—i’ # 0. Otherwise, we would have (P, X)P = (P, X)P, and since we know that
(Vp(X(s,1)), P(s,%)) = 0, this would contradict the fact that P is parallel to Vp(X (s, ). Moreover
3—1’; =0, % = m—lHtP # 0, which readily gives (4.41). To compute the rank of 7, at a special point,
we are left to compute second derivative of the critical value, namely —Bi\I/ = ac # 0, so we conclude

as in Proposition 4.3 that rank 7|, is 2.

(ii) Thinking of a residual point as the limit of special points, (4.24) shows that % = g—i} = 0,
and (4.24) reduces to mE% = tP,% = 0. Note that on Cg, (4.17) gives det Hess; 2 ® =

(mE)?(Py, Xy) # 0 if Xy # 0, so by the implicit functions theorem

(t, 9, A) = (t2(),¥2(2), A2(2))
Let us check again that Aa(z) = 1 : Differentiating ®; , \(z,t,9,A) = 0 with respect to z, A gives the

triangular system
Oty

(PwaXV(a—x) +(Py, Xo) (=) = Py
(P,ny(%) + <P,Xw>t(%) + mHt(%) =P
mHt(%) =P
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Since P = 0, using a = 0 (see (4.16)) this reduces to

) =Py, %:0, mH"(

Oty

ox ):P

and in particular A = Ao(x) = 1. There are no “#”-parameters left and so rankdm,(z(s) = 2. Then

det(P, Py) # 0 implies det(%7 %) #0. &

Note that if X, = 0 at a focal point of A, then Py # 0 (otherwise this would violate property
(3) of Proposition A.1).

From Lemma 4.7, the set of focal points which are also special points is S(A;) N F(Ay) = {¢ -
(Py, Xy) = 0}. In Example 2.4, we find (Py, X,) = 3sinh(2f(¢)) >0 for all ¢ > 0 and vanishes at
t=0.

Now to find the canonical charts for the phase functions, we use a connectedness argument.
Assume (1.25), and let s be the supremum of I, we have f(s,1)) = 0. Since G(p)(s, ) > 0, we have
f(t,9p) > 0 for all t > s, so all points z(t) = (X (t,v), P(t,)) for t > s are ordinary points. So far we
proved (except for the case Xy, = 0 which can be handled similarly by replacing ® by its Legendre

transformation):

Proposition 4.3: Let H(z,p) = %, n = 2. Then there exists globally a smooth solution ¥ of HJ
equation H(x,0,9) = E. Let Co = {(t,z,7),t > 0,4 € S : §;® = 0\D = 9,P = 0}. Then the
embedding

Lo : Cp — T*R2, (t, 2,10, \) = (2,0, ®(x,t,, A = 1))

such that 16(Ce) C Ay consists in charts of rank 1 or 2 [the rank is never 0 since p # 0 in the energy
shell H = E]. Under the defocussing condition (1.17) these charts can intersect the set of special

points S only along a line.

Remark 4.9: The canonical charts in Ay where ® = ®(x), i.e. of WKB type are of course of maximal

rank 2, in particular there is a WKB solution near a special point z such that (X, Py) # 0.
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5. fn is supported microlocally on the “cylinder”

We recall A from (1.3). When n = 2 this is the wave-front set of Bessel function f,(z; h) = Jg(%).
The new difficulty lies in OA 4, since ¢ and 1 are not independent variables on the energy surfaces
H=F—-T.

5.1 Non degeneracy conditions
Let us check first the Lagrangian intersection.

Definition 5.1: The point z € A is called glancing if vy (z) € T,A. We denote by G(A) the set of
glancing points on A.

So (A,A4) is an intersecting pair whenever G(A) = (). Hamiltonian flow preserves the set of
glancing points, i.e. exptvg(G(A)) = G(Ay).
Proposition 5.2: Let H be homogeneous of degree m, and A be the “cylinder”. With the notation
above, z € OA is a glancing point iff

(5.2) (OpH + 90, Hw () = 0, (~0,H,w($)) =0, H(z)=E

(in particular z is a special point). More generally (n = 2 for simplicity) assume z(t) € Ay is a
glancing point, (¢,v) are local coordinates on Ay near z(t), and (P, Py) is a basis of R? at z(t) =
(X(t,0,9), P(t, 0, ¢)). Let

R = R(t,p,9) = | Xy |*((=0:H, Py) = mH(P,, Py)) — |Py|*((8pH, Xy) — mH(Xp, Xy))
Then H(z(t)) = E, and

(P,Py) #0 = (—0,H —mHP,,Pj;)=0and R=0

5.2
(52) (P,P,)) =0 = (—0,H,P)=mH(P,P,) and R =0

Proof We complete w(t) in S"~! into a (direct) orthonormal basis w* (1)) = (w1 (¥), -+, wn—1(1))
of R", and denote by w(1))d¢) = wy ()91 + - - - + wn—1(¢)6¢,—1 a section of TS, §1; € R. The

tangent space T, A has the parametric equations
OX = w()dp + put()ow, OP =W ()Y, (3p,d0) € R
so vy € T, A iff there exist (d¢, d9) such that
OpH = w(t)do + o ()59, 0, H = wh ()50

Taking scalar products with w(t),w>(¢)), and using Euler identity, we get d¢ = (0, H, P(y)) = mH,
S = (=0, H,w(v)). Since (w(v)),wr(1))) form a basis of R", relations (5.2) are necessary and
sufficient for vy € T, AL NT, A =T,0A.

Let now t > 0, (6X,0P) € T,)A(t) is given by 0X = X,0p + X6, 6P = P,dp + Py, so if
vy € Ty4)A(t), due to Euler identity and (2.11) we still have 6o = mH and

O,H = mHX, + X6, —0,H =mHP, + P,
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Taking scalar product of the first equation by X, gives
[ Xy[?00 = ((0pH, Xy) — mH(X,, Xy))
Taking scalar product of the second equation with P, and P gives
§¢ = |Py|7*((—0.H, Py) — mH(P, P,)), (—0,H,P) = mH(P, P,) + (P, Py)6v

Discussing according to the fact P is orthogonal to Py or not readily gives (5.2);. &

Since the glancing property is invariant under the Hamiltonian flow, (5.2) and (5.2); are actually

equivalent.
Example 5.1: When H = p?, all points are glancing. When H = Lﬁg, z(0) is a glancing point iff
(5.3) either: ¢ #0and Vp =0, or: ¢ =0 and (Vp(0),w(y)) =0

Second condition means that if z2(0) = (0,w(¢))) is a special point. Assuming (1.25) it follows that if
2(0) is a glancing point, z(¢) will be glancing but never special at later ¢ > 0.

Example 5.2: Consider H(z,p) = {(u,p), where u € R? (constant coefficients case), then (5.2) will
always occur at some point ¢. Namely, X (t,9) = put + pw(v), P(t,v) = w(?¥)). The system x =
X (t,p,1) has a unique solution (t1(x,%), 1 (x,v),%) provided (u,wt) # 0, i.e. vy is transverse to
A, and ¥ = 9y belongs to {r = 0}, i.e. (u,w(¢p)) = E. It is given by

. <x7wL(7/}0)> o 1 e (x,w(¢0)> <x7wl(¢0)>
Tt we) ¥ Tmel (o)) det <<M7w(¢o)> (u,wL(¢0)>>

In particular ¢ (z,1 = 1g) = 0 if the determinant of Gram matrix vanishes, i.e. when x is parallel
to p.

Ezample 5.3: Assume again M = R?. For a,b € R, let p(x) = 1 + az} + bazd. Consider Hamiltonian
on T*R? of the form

H(z,p) =
with u = (1,0). A computation shows that, with x; = ¢ cos, zo = psiny

O H w(w) = 2pcosy

— (@)~ 0uH.w(w)) = (plx) +2¢% cos® t(a — b)) sin

(acos® ) + bsin? )

so choosing a > b > 0 and F > 1, we see that G(A) = (). Otherwise, there may be a unique glancing

point near x = 0. Such a non-transversality is called a kiss in [ElGr].

Example 5.4: There are in general glancing points when A = T{*xn:O}R” and H is totally characteristic
at x, = 0, see [Mel].

Let us first describe A (7) in case (1.15). The intersection of A with the energy surface H =
E — 7, is given by the implicit equation H(pw(¢),w(v))) = E — 7, which usually defines a smooth
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1-D isotropic submanifold. To avoid boundaries, we assume dA (7) is a closed isotropic manifold of

dimension n — 1, i.e. A, (7) is defined by a map

(5.4) RxT" ! 2 0A, (1) : (1,0) = (p,0) = (@(T,@),i/}(T,@))
verifying
(5.5) ,0(90(7', O)w o (T, @)) =T i -

It is clear in this case that A, can be parametrized by (t,7). Recall from Proposition A.1 that
(X,Py) = (P, Xy). So taking the limit t — 0, readily implies

(5.6) P(Vp(pw(¥),w (1)) =0

on A, . By Proposition 5.2, if z € A4 is ordinary, and ¢ # 0, then z is not glancing, and by (5.6)
(Vp(pw(y),w(th)) = £|Vp| # 0. Taking derivative of (5.5) with respect to 7,0 we get

6790(7—7 @) = i‘vp‘il(E - 7_)727 8@@(779) =0

So ¢ = (1), which can be inverted by implicit functions theorem, so 7 = 7(¢) and it follows that we
can take ¥ (7,0) = O, i.e. © =1. So in case (1.15) A4 can be parametrized by (¢,%), and ¢ = (7).

In the general case, we replace (5.5) by
(5.8) H(p(r,0)wot)(r,0),wo(1,0)) =E — 7

Assume A can be again parametrized by (¢,v), then we still have (—0,H, Xy) = (0p,H, Py). If
z € A, is an ordinary point, then differentiating (5.8) with respect to 7,© gives

_ L e@ - DOH W) o p0et — DO Hwt ()
(—0.H,w(1)) » e (=0, H,w(1))

which simplifies again if © = ), so that 0,1 = 0.

(5.9) drp

Next we discuss the properties of Hamiltonian flow issued from A using eikonal coordinates
as in Sect.4.1. Consider Hamiltonian 7 + H(z,p) on T*(R™ x R, ) and the Lagrangian manifold
Ay = U, A4+ (7) in the extended phase-space, i.e.

Ay ={(z,pit,7) : 7+ H(z,p) = E,2(t) = (X(t,0,9,7), P(t, 0,9, 7)),

(5.10)
2(0) € OA4 (7),t > 0} € T*(M x R.)

Assume that
T:Ay = T*(M x Ry)

is a Lagrangian embedding (this holds true if we take ¢, 7 small enough). Let X = (X(t ; " T)), and
P=(

Pt ; " T)) in the extended phase-space. The action on K+ is of the form
(5.11) (P,dX) = (P(t,0,9,7),dX (t,0,9,7)) +7dt
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Here ¢ is still considered as a variable.

With the notations of (4.1)-(4.2), let n = n+ 1, k = 2, V=1, ¢ = (t,). By the preceding
discussion, we may assume 7 = 7(¢, 1), which simplifies further to 7 = 7(¢) in case of Hamiltonian
(1.15). Recall S(t,p,9,7) = @ +m(E — 1)t + Sp from (2.10). In the extended phase-space, we set
§(t, o, 0, 7) = S(t, v, 1, T)+tT, one has also to differentiate with respect to 7, so that dS+7 dt+tdr =
(P,dX)+ 7dt, or

dp+m(E —71)dt + (1 —m)tdr = (P,X)dt + X, dp + Xpdyp + X, dr

using dr = 7, dp + Ty dip we get by identification (still with the notation y, = %)

<P’ X‘P> + T<P<Pa X’T> =1+ (1 — m)t'rw
(5.12) (P, Xy) + (P, X;) = (1 — m)tr,

We look for a “left inverse” of
s = 1 0
X, X,) = .
( <p) (X Xo+ X775 >

! —mH>, which gives, using (5.12)

Wetryﬁ1:<0 P

a1 0 (1 0
X X,o+X,7,)  \0 1+4(1-m)ir,

so we choose
~ o~ 1 0 1 —amH -1
(5.13) II=1I5 <0 1—(m1—1)t7¢ ) = <0 oP ) ,a=at,p,) = (1+(1-m)7,)

which is well defined when m = 1 or whenever 1 — (m — 1)t7, > 0. By [DoNaSh,Lemma 6] (which

doesn’t assume k to be the rank of K+), we know in particular that the equation

~ 0
5.14 IT* =0« (P(t,p, ¥, 7),x — X(t, 0,1, =0
(5.14) (o Xt o) (P(t.p.7). 2~ X (b, 7))
has a unique solution t = t1(z, %, 7), ¢ = p1(x, 1, 7). To meet the initial condition, we have seen that
7 = 7(p,1), which can be inverted as ¢ = ¢(7,1). So we interprete ¢ as a parameter we have to
adjust so to stay on the energy surface, say 7 = 0, in the same way (Proposition 4.3(ii)) that A was a
function of (x,1), so that A(x,1) = 1. So we can omit 7 from the notations, its role being played by

¢. Thus as in [DoNaSh,Lemma 6] we can prove the following result, at least for small ¢ > 0.
Proposition 5.3: There is a open set U C R"™L, (t,p,9) € U, such that

(5.15) kU RITED R (Lp,0) = (X (8o, 9),9)

is an embedding. Then there is a neighbhd V' of C = k(U), such that

(5.16) (Pt ¥),x — X(t, 0, 94)) =0, (t,x,9) €V
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has a unique solution t = t1(xz,v), ¢ = ¢1(x, ) satisfying the condition

(5.17) (t,z, ) € C = z=X(t1(z,v), p1(x,v), )

Consider now M(t, ¢, 9, T) = (ﬁ,ﬁa - ﬁgﬁ*f(/a) as in Sect.4.1. In [DoNaSh, Lemma 9], M
is constructed in a canonical chart of rank k for the Lagrangian embedding (without boundary)
t: N — T*M, so that M becomes an invertible matrix. Here we consider instead the expression of
M as an Ansatz, and check that det M defines the (inverse) density on A. With « as in (5.13) we

have

M= 1 —mHa Ty — a(m — 1)T,Tyt
- \0  aP  Py+T1yPr+a(m—1)1yt(Py+ 1,Pr)
so that
(5.19) det M = a(t, p,v) det (P, Py + aty(Pr + (m — 1)tP,))

Note that when m = 1 (which implies that 7+ H(x,p) is homogeneous of degree 1 as an Hamiltonian
on T*(M x R)), det M = det(P, dyP), where

(520) de = Pw + TwPT

On the other hand when 7, = 0, det M = a(t, p,9) det(P, Py) is non zero for small ¢. By the
discussion above, this holds for Hamiltonian (1.15), so for m = 1 we recover the same (inverse)
density on A as in Sect.4. Moreover det M = det(P, Py) > 0 with the condition of Proposition 4.4

that carries to this case.

5.2 Construction of the phase function in the extended phase-space

From now on we consider a general Hamiltonian H (z, p) positively homogeneous of degree m = 1,
so that det M = det(P,d, P) can be interpreted as the (inverse) density on Ay when det(P,d,P) # 0.

Consider HJ equation for the phase function parametrizing A as in (2.12)
(5.25) X® + H(z,0,P) = E, Pli=o = (z,w(t)))

We find as before an integral manifold Ag; = {p = 0, P(t,z)} C T*R". As before we let ® depend

on additional ”#-variables”. As in (4.5), we could make the choice

@0((E,t,¢,§0,7’) = m(EiT)t+90+ <P(t’¢a¢a7)’x 7X(t’ %0,7/},7'»

as in [DoNaSh, formula (2.40)], which allows for some uniformity in 7. But as in Sect.4, we add A to

the “f”-variables, and put instead
(5.26) O(x,t, 0,0, \,7) =mEt+ o+ MNP (t, 0,0, 7),x — X(t, 0,0, 7))

where the integral curve (X, P) will be eventually computed on 7 = 0. Remember here 7 = 7(p, v).
We check that for A =1

Dli—o = /PdX + W), z) —p=¢+ {Ww@),z) - = (W), )
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50 ®|i—o = (w(v), x) satisfies the initial condition. The dependence on A in the phase thus becomes
linear, but then we need to restrict to 7 = 0. Variables (x,t, ¢,1, A) will be used in various combi-
nations, reflecting the role of the boundary dA, or more generally A, N A;. In the sequel we keep
m > 1 as a free parameter, but this really makes sense when m = 1, in order to interprete det(P, d,P)
as an (inverse) density on A.
Taking partial derivatives in (5.26) with respect to variables t,v, A, with d; [(P,dX) = mFE,

dp [(P,dX) =1, 8 [(P,dX) =0, we find

o= (1-NmE+ NP,z — X)
(527) 8¢(I):)\<P¢,IE*X>

WP = (P,x—X)

To this set of equations we could add
0,2 =1-X+ NP,z —X)

but actually we will not use this equation.

The critical point x = X (¢, ¢, 1) is uniquely determined (for small ¢) : namely the determinant
of the 2 x 2 system for the last 2 Eq. is given by det(P, Py), and this is non zero at ¢t = 0. So when
A=1and z = X(t,p,1) belongs to the critical set Cgy. Taking differential on Cg gives

doy® = —Fd\ + (P,dx — dX)
(5.28) d0y® = (Py,dr — dX)
do\® = (P,dx — dX)

which, again, we could implement by
d0,® = —d\+ (P,,dx — dX)

It is natural to expect the (inverse) density F'[®,du+]|c, as in (4.10) (up to a constant factor) to be
det(P,d,P) computed above. Namely we have:

Proposition 5.4: Let H(x,p) be positively homogeneous of degree 1 with respect to p on T*M \ 0.
Then ®(x,t, o, 1, A\, T) given in (5.26) solves HJ Eq. (2.12). We have

dt A dip A dp A dD A d(ON®) A d(Dy®)
dz A dt A dip A dp A dX

(529) F[‘I’,du+”0(ﬁ = = Edet(P, dwp)

Then the critical set Cg is determined as in Proposition 5.2 by x = X (t,¢,v) (which can be inverted
ast = t1(x,), 0 = @1(x,¥)) and A = 1. It coincides with the set k(U) defined in Proposition 5.3.
When det(P,dy,P) # 0, this is (inverse) density on Ay, and ® is a non-degenerate phase function
defining A .

Proof.: We assume n = 2 for simplicity and start to compute F[®, du4]|c,. We expand the 2n+2-form
w=dt A dip A\ dp A dd A d(Oy®) A d(Dy®) = wi + wy
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where

wi = —mEdt A dip A dp A dN A (dyP,dx — dX) A (P,dx — dX)
wy =dt A dip A dp A (P,dx —dX) A (dyP,dx — dX) A (P,dz — dX)

Using (5.28) a short calculation gives wo = 0, while only the term —Edt A dip A dp A dA N (dy P, dz) A
(P,dx) contributes in wy, so w; = —mE det(dy,P, P)dt A dip A dp A dA A dz. So we get (5.29), and
the Proposition follows as in Proposition 4.1. See also [DoNaSh, Lemma 10]. &

Assuming ¢ = (1) as for Hamiltonian (1.15) and fixing 7 = 0, there is no longer dependence
on ¢. Thus we can proceed as in Sect.4, define ordinary and special points precisely as in Definition
2.1, and extend Proposition 4.3 to this case. The only requirement is that the density computed in
Proposition 5.3 is non vanishing. In the same way, Lemmas 4.6 and 4.7 for Hamiltonian (1.15) extend
to this case.

It may be more convenient to determine simulteneously the critical point (¢,) instead of (¢, A).

Namely consider the system (g;g) =0, i.e. <I>’(t w) = 0. We have

9%2d 92d ..
(5.31) o/ — | 7 e < (P, X) (P, X) >
vo\gs (Py, X)  (Py, Xy)

where (Py, X) = (X, P). Let
(5.32) D(2(t)) = det @7,
(for short we omit other variables in the notation z(t)) and

Qt) = {y: 2(t) = (X(t, 0, 9), P(t, 9, ¢)), D(2(t)) # 0}

For t = 0, we have det D(2(0)) = ¢(—0,H,9,H) — (0, H,w()*)?, so for Hamiltonian (1.15) this is
non vanishing when z(0) is an ordinary point where ¢ # 0, and D(2(0)) = 0 if z(0) is glancing. So
when D(z(t)) # 0, implicit function theorem shows that ®{, ,) = 0 is equivalent to t = to(z,¢), ¢ =
Yo(x, ). We conjecture that D(z(t)) = 0 iff 2(0) is a glancing point.

In other words, for the vertical plane (see Proposition 4.3(ii)) we express the two variables (¢, A)
as a function of the 2n — 1 variables (x,1), while for the cylinder we express the n variables (¢,)
as a function of the n + 1 variables (z, ) (when n = 2 there is the same number of variables in the

source and target spaces).

Remark 5.1: Assume det(X, X,,) # 0 (i.e. 2(t) is not a focal point), then @4, is just Gram matrix
of (P, Py) in the basis X, X, and det(P, Py,) = 0 iff D(2(t)) = 0. We can interchange of course the
role of the pairs of vectors.

Again it is instructive to look at the model Hamiltonian H = (p, u), where X (¢,¢) = put+ ow (1)),
P(t,y) =w(®), and ®(t,p, 9, \) = Et + (1 — X\ + Mw(¢),z — ut) is independent of ¢ when A = 1.
Since (u,w(v¥)) = B, we have & = E — A, w(¥)) = (1 — A)E, and 9,® = Mw'(¢)),z — ut). So

on the critical set = X (¢,¢,9), A = 1, we have & = 0y® = 0; assuming Lagrangian intersection,
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the Hessian of ® with respect to (¢,1) has determinant D(z(t)) = _((%Z;;) = —{u,wt(¥))2. So
if (p,wt()) # 0, ¢ = 1y such that (u,o) = E, i.e. z(t) is non glancing, then D(z(t)) # 0 is a
constant. We notice also that the time component of the critical point is precisely ¢;(x, 1)) computed

in Proposition 5.2.

5.3 Reduced parametrizations of Ay in case of the “conformal metric”.

As in Sect.4 we could retrieve global informations in case of Hamiltonian (1.15) when m = 1, due
to the fact that the (inverse) density det(P, Py) on A is globally positive. But we content ourselves
to find the critical point and the critical value of (t,v) — ®(z,t,p,1, A = 1), whenever D(z(t)) # 0
(i.e. away from special points and ¢ = 0). This will provide the microlocal structure of (1.4) near
those points of OA .

Take polar coordinates on M of the form (r,0) such that (r,0) = (p,%) parametrize a point on
A near OA. We make the identification z = (7, 6).

e Ordinary points. We show that near an ordinary point z(0) € OA,, rank dm,(2(0)) = 2. Namely we
have:

Proposition 5.5: Let ®; ,(z,t,0,9%,A = 1) = (0;®,04®), and assume D(z(0)) # 0 as in (5.32)
i.e. z(0) is an ordinary point with ¢ # 0. Then for x sufficiently close to pw(1)), the system
P} 4 (z, 8,0, A = 1) = 0 is equivalent to t = t(z),v = Y(x), and ¢ = p(x) when x is sufficiently close
to pw(), (¢,v) € Q(z(0)). The critical value of ® takes the form

(5.34)  W(r,0;0,9) = rcos(0 — ¢(x)) + Or — p(x), 0 — ¢(x)]) = r+ O(|r — ¢(z),0 — P(x)[)

In particular rank dm,(z(0)) = 2.

Proof: Since D(z(0)) # 0, implicit function theorem shows that ®; , = 0 (we omitted A = 1) has a
unique solution ¢ = to(z,¢), ¥ = Yo(x, p), i.e. t =to(r,0,¢),¢ = 1o(r,0,p) Differentiating ®; , =0
along A, with respect to r, 8 and ¢ we find

0 . 0 .
(B, X) T2 4 (P, X 00 = (Pw0))
0 0
Py X) 52 4 (Py, X) T = (P, 0(6)
10 10 .
(B, X) 00 4+ (P, Xy) 200 = (P ()
(5.35) 1ot 9y, X
(Py, X) ~ gy TP Xy)— = = (Py,w(0))
8 0
(PG + (P Xy) (;fj - (P X,)
Oto 0
(Par )52 + (P Xi) G2 = ~(Pos X,)

Using the relation (P, X,,) = (P, X), the 3 sub-systems have determinant

_ (P,X) (Py,X)
Di(e)) = det <<P¢,X> <P1ZXw>) #0
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So for (¢,1) € Q(z(s)), (5.35) has the unique solution with the condition

(5.36) to(p, 1, 0) =0, tholw,h, ) =1,  (p,1) € Q0)

On the other hand we know from Proposition 5.2 that on Cs, i.e. when x = X(t,¢,1), we have
v = p1(x,9) and t = t1(x, ). This gives :

9@, 8) = ¥ — do(x,01(2,9)) = 0

Compute 9y g(z,9) =1— %ﬁ” %—fpl at x = pw(1). Combining Proposition 5.3 and [DoNaSh,Lemma 7]

(which still doesn’t assume k = 2 to be the rank of A ), we get

o (;11><x,¢> _ (_1H f;) (;w) +O(fe = X (b (2, 0), 1 (2, ), ) )

Since (P, Xy) = 0, we get in particular

91
oY
Thus 0yg(z,v¢) # 0 along Cp and implicit function theorem gives 1 = ;(x). Sustituting into
t = t1(z,¢) = to(x,p) we get also t = t1(x,¢1(x)) = to(z, p1(x,11(x)). Substituting into (5.26)

(where we have assumed m = 1) gives the critical value (for A = 1) where all “f-variables” have been

(x7¢) - O(‘.%' - X(tl(xaw)awl(xaw)aw)‘) - 0(1)

eliminated

(5.37) U (r,0) = Et1(t,0) + p1(r,0) + (P(t1, 1,¥1), rw(0) — X (1, 01,91))

which we expand around (r,0) = (p,) using (5.36). With

t1(t,0) = o(1), ¢1(t,0) = ¢+ o(1), P(t1,1,91) = w(®) +o(1), X(t1,¢1,91) = pw(¥) + o(1)

substituting into (5.37) we find ¥(r,0) = rcos(6 — 1)) + o(1), where

0(1) = O({‘T - X(tl(ﬂfﬂ/}%@l(ﬂfﬂ/})ﬂ/}) D = O(|T - 410’0 - ¢|)

This proves (5.34) (no “f-variables”). &

e Special points. We know that a special point at ¢t = 0 is also a critical point of p. We assume ¢ # 0,

so it is not glancing (or residual).

Proposition 5.6: Let @271/})\(1',@ 0,0, A) = (0pP,0pP,0\P), and assume z(0) is an special point i.e.
Vp(pw(y) =0, but ¢ # 0. Then for x sufficiently close to w(v), the system @ , \(x,t,9,A) =0 is
equivalent to t = to(x, ), = ¥a(x, ), The critical value of ® takes the form

(539) \I/(.%‘7 t, ®, 'L/}a A= 1) = mHtQ(xa 90) + 2 + <P(t7 ®, 'L/})a T — X(t7 P, ¢)> ’t:tg (z,),v=1)2(x,p)
In particular rank dm,(z(0)) = 1.
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Proof: We have as in (4.17)

O*®
det ————|i=0 = —(mH)*(Py, X;)|t=0 = —(mH)?
et Sy li-0 = ~mH Py Xy = —(mH)
this is non zero for non zero @, so by implicit functions theorem (¢, ¢, \) = (tg (z,0),Va(x, ), Aa(z, gp))
Differentiating @é,w,x(ﬂfa t,p,1,\) =0 with respect to z, ¢ gives the triangular systems

o Ota 0o
Py, X)' (==) + (Py, Xy) (=) = P,
<w’ >(ax)+<¢a ¢>(6.’IJ) P
atg . 8¢2 8)\2 -
5.40 P, X)t P, X)) (= H{(Z=2)=P
Ot
H'(=—=)=P
mH"(5=)
and
8t2 8¢2 a>\2
P X)=—= P Xy)— H—=—(P,X
(P )52+ (LX) G2 +mH 2 = (P, X,)
. Oty 0
5.41 Py, X)— Py, Xy)— = —(Py, X
(5.41) (Py, >&p+<w, w)agp (Py, Xo)
mH% =-1
g
We first solve (5.41), using a = b, this gives % 8w2 = <P¢’ 2l and %—/\; = 0, as expected since A = 1 and
OA, (1) is now parametrized by . Then (5.40), still evaluated at t = 0, gives % = PH, %w; = %

and again % = 0. Now we put as before ¥(z,p) = ®(z,t,0,%, A = 1)|i=t,(2,0), =t (z,)> With ®

given in (5.39). Taking derivative with respect to ¢ gives (we evaluate at t = 0)

Oy

(5.43) 0,V (x,p) = Do

< (1/})7‘73_X(tQ(x7@)7@7¢2(x7¢)>

and differentiating again (5.43) with respect to ¢

<Pva<p>2 _
c

—8;\1/(1;7 90) -

So (3.5) ensures that rank diy,(2(0)) =1. &

Note that the 3:rd Eqn’s in (5.40) and (5.41) yield the condition that P(ta2(z, ¢), v, ¥2(x,p)) be
independent of ¢, and ts, 19 satisfy the integral equation

x
mHty(x,0) + ¢ = / (P, dx)
P being evaluated along t = ta(x, @), = 12(x, ¢), which gives the eikonal ; cf. also Proposition 4.3
(iii).
Of course, these methods elaborated for computing the critical values of ® do not extend to a

glancing point z(t) (¢ = 0), where all second derivatives of ® vanish. We already notice that, since
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Py, #0at t =0, the first Eq. (5.40) is singular in the limit ¢ — 0, so there is no hope to recover the
variational system for (5.40) and (5.41), differentiating ®; , ) = 0 once again along A, with respect
to x and ¢.

5.4 Construction of Maslov canonical operator.

It goes the same way as in Sect. 4., using Propositions 5.5 and 5.6 instead of Proposition 4.3,
and Lemmas 4.6 & 4.7 in the discussion according to ordinary or special points. For simplicity we
work with the “conformal metric” (1.15) where we recall m = 1. To avoid glancing points, we will
assume that ¢ # 0 on WF}, f, i.e. WF, fir, N T3 M = 0.

We look for uy, of the form

un(z) = / / PPN (2 1 o A7) du(ih, 0, A) dt
0

where ® as in (5.26), and du(v, o, ) are defined in some charts: in a neighbhd of an ordinary
point z(t), we take du(y,A) = u1(¥, ) dypdX, and consider ®(x,t, ¢, 1, A\, 7) as ®(x,t,1,\) with
fixed ¢, as in Proposition 5.5. In a neighbhd of a special or residual point z(¢) instead, we take
du(, ) = pa(1, ) dip de, and think of ®(z,t, p, ¥, N\, 7) as ®(z,t, p,¢) with A = 1, as in Proposition
5.6. In both cases, we omit 7 from the notations, since it is related to A and ¢ as before. These
phases an densities can be chosen coherently, and define a “new” Maslov bundle, subordinated to the
additional partition between ordinary/ special or residual points.

In an ordinary chart, we proceed as in Sect.4.

5.5 Radially symmetric “conformal metric”

We choose m = 1 for simplicity, and p(x) radially symmetric, i.e. p = p(|z|) with p a smooth
function on R .

We have p(|z|) = p(p) (choosing the branch ¢ > 0), ¢ = pg > 0on L = AN{H = E}, and
pdx = dp on A. The hypothesis ¢y > 0 may be relaxed. We assume also p/(pg) # 0.

The phase function is now given by (5.16) with ¢ = ¢g. The variational system is obtained

directly in the x — X variables as
doy® = —mH d\ + (dz — dX)*0, P
dOy® = (dx — dX)* POy P
do\® = (dx — dX)*P

We check the linear independance. Let
d(0r®)a + (d(0y)P, B) + d(0AP)y =0

Identifying the term in d\ we find o = 0, then (dx — dX)*((9y P, B) +vP) = 0, which readily implies
B =~ =0, for small ¢ since P|;—g = w(¢)) and 9y P|;—¢ = w()L.
In a second step, we seek for a reduced generating function for Ay by eliminating ¢ when ¢ > 0

by stationary phase. This follows easily from implicit functions theorem and the value at t =0
7 P|amx () = —(0:P, 0y X) = Const.{w(), w(y)) # 0
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(without any further assumption).
It follows that up has only “wave-part” component, until the Hamilton flow meets ¢ = 0 where
the analysis has slightly to be changed to take into account the singularity of p(|z|) at this point.
We complete this Example by the integration of motion (at least in 2-D), since the system
is integrable (with H as in (1.15)). Introduce polar coordinates (r,0) and (s,7) on T*R? (same
parameter 1 as in the definition of A), so that

(5.50) r=rw(d), p=sw®)
and
(5.51) pdx = scos(yp — 0)dr + rssin(y — 6) db
On H = ﬁ, Hamilton equations are given by
.1 p'(r)
7 , s
p(r) p(r)?

that is

e
Integrating these equations we find s(t) = sop(r(t)) so
(1.52) Pt ) = 5020 Doy

If the trajectory leaves A at r(0) = rg = ¢g, then sg = 17 p(io) = E (which fixes rg). The first Eq.
(4.51) has separated variables p(r) dr = dt, so if N(r) = £ + f p(r")dr’, we get N(r) =T, which is
solved implicitely by » = R(t). Finally, § = Const., ¢» = Const., so the solution of Hamilton equations

with data on L = OA are simply

o=y
(5.53) z = X(t,r0,9) = R(t)w(v)
oy PR
b= P(ta an) p(TO) ( )

These are the parametric equations of L; = g*(L). We are left to investigate the “collision” on r = 0,

where the solution becomes singular, and the “boundary part” comes into play.
5.6 Example in the constant coefficient case
To close this section we consider as in Remark 3.1, H = —h?A, n = 2 and

us s

f ( ) JO(|fL|) = (271')_1/ ei(r,w(¢)) d¢ — (271')_1/ ei|r\sinw dﬂJ

-7 —T
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The outgoing solution is given by the oscillating integral
up () = (4x2h) 12 / @/ (2 _ B i0) T dip dy dé

which we compute (formally) by stationary phase in (y,£). The critical point is given by y = =z,
&= ﬁ sin ), and

L . 1
561 _ h1/2/ i|z|siny/h di + O h3/2
(561 wa) =2 [ et L4 00

and the leading term can be simply evaluated by contour integrals. The phase of course is the same

as in Bessel function. We can also consider more general fj and stick in an amplitude of the form
(see [DoMaNaTul))

(z,w(®))

(a(lz], %) + a(=|z|, %)) + (a(jz], %) — a(=|xl,%))

| =

so that ‘
i

filw) = (5)"" /_ W) Az, ) dyp

As in (5.61) we get

T elsin A(z,v)
_ p1/2 i|lz|sin+/h
(5.62) up(x) =h /_7T e SnZd_F 10 dy+ O(h)

When A is independent of 1, this can lead to significant simplifications.
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Appendix Lagrange immersions and global half-densities

Recall first some well-known properties of Lagrangian immersions (see e.g. [DoZh], [DoNaSh]) :

Proposition A.1: Let . : A — T*M, be a Lagrangian immersion, parametrized on a canonical chart
U by z=1ulp)=(X(p),P(e)). Introduce the Jacobian matrices B(z) = ‘g—i, C(z) = %—if. Then:
(1) the matriz (B(z),C(z)) is of rank n.
(2) the matriz 'C(2)B(z) is symmetric.
(3) C(z) £iB(z) is non degenerate.
The symmetry of 'C(z)B(z) expresses for instance in the situation of Sect.4 as the symmetry of

Gram matrix

(X,P) <X,P )
(41 ((Xwap> <Xw71;pw>>

We consider the rank of projections 7, : A — M. It is equal to the rank of 7, ; : KJr — M x Ry.

In general we call focal point a point z € A where 7, : TA — TM is singular, and caustics the
projection C of the set of focal points onto M. Assume n = 2, and let z be a focal point, so C(z)
cannot be of rank 2, and by property (1) above either B(z) is of rank 2 (and C(z) has rank at most
1, since the projection m : A4 — M is not a diffeomorphism at z) or both C(z) and B(z) are of rank
1.

Assume now H(z,p) = %, n = 2. Let A = A be an integral manifold of vy in the energy shell

H(z,p) = E, and U C A, be a canonical chart parametrized by ¢ = (¢,7), i.e. z = (X(¢,¢), P(t,))
verifies X = 9, H(X, P), P = —9,H (X, P), such that U — T*M is an immersion (not necessarily an
embedding). Recall (P, X) = mH, (P, Xy) =0. Actually (X (t,4), P(t,7) may depend on additional
parameters, as in Sect.5, but here only ¢,7 matter. Consider the quantity det(P, Py).

‘WL

lp
p(z)”’

Lemma A.2: Let H(x,p) =
det(P, Py) = 0.

1) If Vp(X(t,)) # 0, then either |P(t,v)| = 1, or Py(t,v) = 0. In the latter case C(z) =
(X,Xw) has rank 2, i.e. m, is reqular at z.

2) If p has a critical point at some xo = X (t,1), then 7, is reqular at z = (xq, P(t, 1))

n = 2. Assume that at some point z = (X(t,w),P(t,l/J)), we have

Proof: We apply Proposition A.1 to the Lagrangian immersion ¢ : U — T*M, ¢ = (t,v). Assume
det(P, Py) = 0 at some point z = (X (¢,%), P(t,v)). Then either Py, = 0, or by Hamilton equations
(3.2), there is a € R such that X = aPy. Let first Vp # 0.

(i) Let Py = 0. In this case Xy # 0, for otherwise this would contradict property (3) of
Proposition A.1. The symmetry of *C(2)B(z) shows that (P, X,) = 0, or (Vp(X), X,) = 0. Since
(P, Xy) = 0, we find that X,P,P,Vp(X) are parallel, and all orthogonal to Xy. In particular,
C(z) = (X, Xy) is of rank 2.

(ii) Let Py, = 0. By property (2) of Proposition A.1, the matrix

* X18¢P1 +X28¢P2)

t f— . .
C@m”_<a%&+&%& *
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has to be symmetric. If X = aPy, this implies o = (P, 0y X)|Py|™2, and hence differentiating the

dispersion relation (2.2)

"m

p(X)?

(4.5) X = (P,0yX)|Py|°Py = (Vp(X), Xy)| Py 2Py

e Assume B(z) is of rank 2, and C(z) of rank at most 1. We know that (P(t, ), X (t,)) = m(E—7) #
0, X # 0 parallel to P # 0, and (P(t,%), 8y X (t,1)) = 0.

Assume X, # 0. Since C(z) is of rank at most 1, X, parallel to X, which is itself parallel to
P. So P is parallel to X, which contradicts (P, Xy,) = 0. Hence X,, = 0. By first equality (A.G) we
have (P, Py) = 0. If det(P, Py) = 0, then we would have P both orthogonal to X, and parallel to
P, # 0. But B(z) is of rank 2, which is a contradiction.
e So by property (3) of Proposition A.1 we must have B(z) and C(z) of rank 1. So either X = A\X,,
and P = puP, for some A\, € R, or X;, =0, P = puPy, or P, = 0,X = \Xy, or Xy, = Py =0.

Examine the first case: Identifying the off-diagonal terms of *B(z)C/(z), which is symmetric by
property (2) of Proposition A.1, we find that either A = p or g—f; € g—i. But A # u since otherwise the
complex matrices C(z)=+iB(z) would be degenerate, which violates property (3) of Proposition 3.2. So
%—fﬁ %—)t( are colinear, and orthogonal to both g—f: and %—f. Assume first A # 0. Using again (A.6),
we find that P L Py, since Py, # 0, we find that det(P, Py) # 0. Assume then Ay = 0. If A = 0,0 # 0,
we would have X = 0, which is impossible. Let now A # 0, then B +iC = (Py +1Xy,1AXy) has rank
2, so has (Py, Xy). So by (A.6) P, ‘g—i and ZX are colinear, and orthogonal to both g—i and Vp. As
before, this implies det(P, Py) # 0.

Examine the second case X, = 0,P = uP;. Writing that *B(2)C(2) is symmetric, we find
X L Py,. Since B(z) +iC(z) has rank 2, P, # 0. Then P and X are parallel, and both orthogonal
to Vp, P, and P. As before, we find det(P, P) # 0.

The last two cases are similar. So det(P, Py) # 0 at any focal point where Vp # 0. .

and

(iii) Let at last, Vp(zo) = 0. The first situation above cannot hold, since this would imply X =0
by (A.6), hence P = 0. Hence P = P, = 0 which implies again C(z) of rank 2 by Proposition A.1. &
Y
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