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Nitsche-based models for the unilateral contact of plates

Mathieu Fabre⇤, Cédric Pozzolini†, Yves Renard‡,

September 8, 2020

This paper aims to present different Nitsche-based models for the unilateral contact of plate
structures. Our analysis is based on the consideration of Nitsche’s method on a 3D structure
with kinematic assumptions of thin or thick plate theories. This approach is compared to that of
Gustafsson, Stenberg and Videman which consists of Nitsche’s method applied directly on a 2D
plate model. To simplify the presentation, we focus on the contact of an elastic plate with a rigid
obstacle. The different approaches are compared numerically in terms of reliability compared to
the 3D elastic model.

1 Introduction and kinematics of plate models

The weak enforcement of unilateral contact conditions has already been treated by several tech-
niques, the main ones being the penalty method, mixed/mortar methods (with standard or aug-
mented Lagrangians) and, more recently, Nitsche’s method. The penalty method is the simplest
one but it leads to a supplementary approximation (it is not consistent in a strong sense) and
quality of the approximation is sensitive to the choice of the penalty coefficient (see [8, 9, 11]).
Mixed methods introduce an additional variable which, in that case, represents the contact stress.
The corresponding weak form is consistent and leads numerically to an optimal convergence rate
whenever an inf-sup condition is fulfilled (see [35]), which can be a difficulty for instance with
immersed boundaries or simply on the interface of several boundaries for multi-body contact.
Augmented Lagrangian techniques can be used for numerical solution for instance with Uzawa
techniques (see [33]).

Nitsche’s method [29] allows to treat boundary or interface conditions in a weak sense. The
extension to the unilateral contact condition is proposed in [10, 27, 36]. An advantage of Nitsche’s
method is to allow a consistent approximation without any additional unknown and without
discrete inf-sup condition to satisfy. In an overview [9] it is presented a simple and systematic
procedure to derive a family of Nitsche’s formulations that have different symmetry properties
and different degrees of dependency on the stabilization parameter and for various boundary and
interface conditions in 3D contact problems. This family is indexed by the so-called Nitsche sym-
metric parameter. Let us mention that, in the context of the standard finite element method, the
skew-symmetric formulation proves to be very robust with respect to the stabilization parameter
(see [11]).

We refer to [18] for a more detailed review on a priori error estimates for contact problems in
elasticity. The case of contact between two elastic bodies, still in small deformations framework,
is addressed in [11, 12]. In [13] a variant of an unbiased Nitsche’s method is proposed for the
contact between two elastic bodies without making any difference between master and slave contact
surfaces, which is an advantage for treatment of self-contact or multi-body contact.
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With regard to unilateral contact of thin structures, a Nitsche approximation of the unilateral
contact between a Kirchhoff-Love plate and a rigid obstacle is presented in [24, 23]. In these
references, the origin of the proposed method is the Kirchhoff-Love plate model subject to a
unilateral contact condition. It is shown that an approximation using Lagrange multipliers with
an additional stabilization term leads to a Nitsche method by static condensation of the multiplier.

The approach we consider in this paper is different. We start from the three-dimensional
problem on which we apply the unilateral contact condition using Nitsche’s method, as in [11].
Then, we apply the kinematics of different models of thin and thick plates, which allows us to
write different approximated models of the unilateral contact of plate structures.

Let us now introduce the notations used and the plate models that we will consider. A thick
or a thin elastic plate is a flat structure one dimension of which, called thickness, is small or very
small compared to the others. For this kind of structure, starting from a priori hypotheses on
the expression of the displacement fields, a two-dimensional problem is usually derived from the
three-dimensional elasticity formulation by means of integration in the thickness direction (see for
instance [17]). The unknown variables are then described on the mid-plane of the plate.

In what follows, we use the canonical orthonormal basis (e1, e2, e3) for the coordinate space R3.
Let ⌦ be an open, bounded, connected subset of the plane Span(e1, e2), with Lipschitz-continuous
boundary which defines the mid-plane of the plate. Then, the plate in its stress-free reference
configuration coincides with the domain

⌦" := ⌦ ⇥ (�", ") =
�

(x1, x2, x3) 2 R3 | (x1, x2) 2 ⌦ and x3 2 (�", ")
 
,

where 2" > 0 is called the thickness. Note that in reference configuration the mid-plane is in the
plane x3 = 0.

We define on the boundary of ⌦" an outward unit normal vector n and a unit tangential
vector t such that the pair (n, t) defines a direct orthonormal coordinate system. We consider a
plate made of an elastic, homogeneous and isotropic material, whose mechanical constants are its
Young’s modulus E and its Poisson’s ratio ⌫, with, as usual, E > 0 and 0  ⌫ <

1
2 . In addition,

�ij is Kronecker’s symbol and the summation convention over repeated indices is adopted, Greek
indices varying in {1, 2} and Latin indices in {1, 2, 3}. In the following, @i stands for the partial

derivative with respect to xi and the second derivatives are @2
ij :=

@
2

@xi @xj
.

In general plate theory, it is assumed that a mid-surface plane can be used to represent the
three-dimensional plate in two-dimensional form. We consider the following very common linear
approximation of the three-dimensional displacements for x = (x1, x2, x3) 2 ⌦":

8
<

:

u1(x1, x2, x3) = u1(x1, x2) + x3 ✓1(x1, x2),
u2(x1, x2, x3) = u2(x1, x2) + x3 ✓2(x1, x2),
u3(x1, x2, x3) = u3(x1, x2) + x3 ✓3(x1, x2).

(1)

In these expressions, u1 and u2 are the membrane displacements of the mid-plane points, u3

is the deflection, while ✓1, ✓2 are the section rotations, and ✓3 is the pinching. In the case of
a homogeneous isotropic material, the variational plate model often splits into two independent
problems: the first, called the membrane problem, deals only with membrane displacements, while
the second, called the bending problem, concerns deflection and rotations. Note also that some
enhanced models have been proposed with a quadratic approximation in the variable x3 for the
transverse displacement u3 instead of a linear one (see [7, 25] for instance) especially when a
significant pinching of the plate occurs. However, we limit ourselves to a linear approximation
along x3.

In this paper, we consider two types of plates models. On the one hand, the classical Kirchhoff-
Love and Mindlin-Reissner models which are based on an additional plane stress approximation
assumption, and on the other hand some simple solid plate models which do not include this
additional assumption.
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The Kirchhoff-Love plate model is based on the plane stress approximation and the following
kinematic assumptions which can be seen as a special case of (1):

8
<

:

✓1 = �@1 u3,

✓2 = �@2 u3,

✓3 = 0.
(2)

Therefore, deflection is the only unknown for the bending Kirchhoff-Love plate problem and this
displacement is independent of membrane displacements (i.e in-plane displacements of the mid-
surface) in the homogeneous isotropic case.

In the Mindlin-Reissner theory, a plane stress approximation is also considered and the normal
to the mid-surface remains straight but not necessarily perpendicular to the mid-surface. Shear
stress is no longer neglected. The kinematics is also a special case of (1) obtained by neglecting
the pinch, assuming

✓3 = 0. (3)

Finally, we consider two simple plate models which are not based on the plane stress approxi-
mation: a Mindlin-Reissner like plate model and the more general model (1) which will be called
in the following the solid plate model, since it is the restriction to a plane geometry of a solid shell
model (see [25] for instance) as long as the finite element approximation is not concerned.

The rest of the paper is outlined as follows. In Section 2 we introduce the classical formulation
of the 3D frictional contact problem, with some specific notations from plate theory. We focus
on a model problem which consists of a unilateral contact between an elastic body and a rigid
support (Signorini’s problem). Then, we introduce Nitsche’s method for the contact condition.
Section 3 is devoted to obtaining the Nitsche-based formulation for the classical Kirchhoff-Love
and Mindlin-Reissner plate models. We obtain in Section 4 the Nitsche-based formulation for two
additional solid plate models: the first one is based on Mindlin-Reissner kinematics but without
the plane-stress assumption and the second one takes into account the enriched kinematics (1). In
Section 5, the different approach of Nitsche’s method proposed in [24] for the Kirchhoff-Love plate
model is recalled for comparison. Then, Section 6 deals with the finite element approximation of
the proposed formulations and presents some numerical tests. The convergence in L

2-norm and
H

1-semi-norm of the displacement toward a fully 3D-solution computed on a very fine mesh is
analyzed. A brief study of the choice of Nitsche’s parameter is given in Section 7 and the paper
is ended by some concluding remarks in Section 8.

2 3D-Contact problems: weak formulations

2.1 Loading and boundary conditions

The boundary @⌦" of the domain ⌦" is assumed to be partitioned into three parts. Due to the
particular shape of the domain, the partition is composed of the ”lateral” one �"

0, the ”upper” one
�"

+ and the ”lower” one �"
�, i.e.

@⌦" = �"
0 [ �"

+ [ �"
�, �"

0 = @⌦ ⇥ (�", "), �"
+ = ⌦ ⇥ {"}, �"

� = ⌦ ⇥ {�"}.

We suppose that the lateral part �"
0 consists in two non-overlapping sub-parts �"

D and �"
N . On �"

D
(resp. �"

N ) displacements u (resp. tractions) are prescribed. We consider the following situation:

• For the sake of simplicity, the body is clamped on �"
D := �D ⇥ (�", ") which is assumed to

be a non-zero Lebesgue measure part of the boundary �"
0 ⇢ @⌦", that is to say u

" = 0 on
�"
D, and is traction free on the complementary part �"

N .

• In addition, the body can be subjected to a volume force f
V 2 L

2(⌦";R3) (such as gravity);
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• As far as loading is concerned, the upper part, �"
+, is loaded by a surface force ` 2 L

2(�"
+;R3)

• The actual surface on which the body comes into contact with the obstacle is not known in
advance, but is assumed contained in �"

�.

The space of admissible displacements for the three-dimensional problem is

V" := { v 2 H
1(⌦";R3) | v = 0 on �"

D }.

2.2 Unilateral boundary conditions and weak form

On the potential contact boundary �"
�, the vector n still denote the outward unit vector (n = �e3,

here). Moreover, we also consider the unit vector n̄, the contact normal. In common models, n̄ can
be chosen different from n (see Figure 1), for instance, to be the normal vector to the obstacle or,
in a two-body contact, the normal vector to a second deformable body or even to an intermediate
surface.

We decompose the displacement field u : ⌦" �! R3 and density of surface forces �(u)n :
�"
� �! R in normal and tangential parts as follows:

u = unn̄ + ut and �(u)n = �n(u)n̄ + �t(u).
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Obstacle

2�

n̄

g n

x1

x3

x2

mid-plane ⌦

lower boundary ��
�

upper boundary ��
+

.

Figure 1: Plate in unilateral contact with a rigid obstacle.
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Let us now introduce the static equation with Signorini’s conditions along the plate. We assume
that the motion of the plate is limited by a rigid obstacle, located below the plate, determined by

g : ⌦" �! R [ {+1},

such that the displacement is constrained to belong to the convex set K" ⇢ V" given by

K" := {v 2 V" | vn  g on ⌦"}.

The three-dimensional contact problem in linear elasticity consists in finding the displacement
field u and the traction �(u)n verifying the strong equations (4) and the contact conditions
described hereafter:

8
>><

>>:

�div �(u) = f
V in ⌦"

,

�(u)n = ` on �"
+,

u = 0 on �"
D,

�(u)n = 0 on �"
N ,

(4)

where � stands for the stress tensor field and div denotes the divergence operator of tensor valued
functions. Denoting � the linearized strain tensor field

�ij(u) :=
1

2
(@iuj + @jui) ,

we consider Hooke’s law for isotropic material:

�ij =
E⌫

(1 + ⌫)(1 � 2⌫)
�kk�ij +

E

2(1 + ⌫)
�ij .

The unilateral contact conditions (or Kuhn-Tucker conditions) are given by:

un  g, �n(u)  0 and (un � g)�n(u) = 0 on �"
�. (5)

In the frictionless contact case, this condition is simply completed by

�t(u) = 0, on �"
�, (6)

whereas the so-called Coulomb’s static friction condition on �"
� reads

( k�t(u)k  �F�n(u) if ut = 0,

�t(u) = F�n(u)
ut

kutk
otherwise, (7)

where F � 0 is the Coulomb coefficient of friction and k.k stands for the euclidean norm in R3.

Remark 2.1. Recall that the Coulomb’s static friction condition is rather artificial but that is
leads to an interesting intermediate problem. The true Coulomb’s friction law involves tangential
contact velocity and not tangential displacement. However, a problem similar to the one discussed
here is obtained by time discretization of the quasi-static frictional contact evolution problem. In
this case u, f and ` stand for u((i + 1)�t), f((i + 1)�t)) and `((i + 1)�t) respectively and ut

has to be replaced by [ut((i+ 1)�t)�ut(i�t)]/�t, where �t denotes the time step. For simplicity
and without any loss of generality only the static case described above will be considered in the
following.

From Green’s formula and equations (4), we get the weak variational formulation for all v 2 V":
Z

⌦"
�(u) : �(v) d⌦ �

Z

�"
�

�(u)n · v d� =

Z

⌦"
f
V · v d⌦ +

Z

�"
+

` · v d�. (8)
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In the following, the membrane stress resultants (N↵�), the bending moments stress resultants
(M↵�), Q� , P the pinch stress and the shear stress (T�) are defined as (for more details see [17]
and [15])

N↵� :=

Z "

�"
�↵�(u) dx3,

M↵� :=

Z "

�"
x3 �↵�(u) dx3,

T� :=

Z "

�"
��3(u) dx3,

Q� :=

Z "

�"
x3��3(u) dx3,

P :=

Z "

�"
�33(u) dx3.

Remark 2.2. The Korn inequality that is satisfied for this problem is simply adapted from the
classical one, which allows to prove the existence and the uniqueness of the solution to problem (8)
subject to (5), (6) for any fixed " > 0, thanks to Lax-Milgram theorem, see [21]. For the general
problem (8) subject to (5),(7) the existence of a solution is only available for small Coulomb
coefficient of friction F � 0 (see [28, 26, 19]).

2.3 Weak formulation using Nitsche’s method

A reformulation of the previous contact conditions comes from the augmented Lagrangian formu-
lation of contact problems. Let r be a given real positive number. As in [1, 10, 11], the contact
conditions (5) are rewritten as

�n(u) = � [�n(u) + r(g � un)]� , (9)

where we denote [x]� := (|x| � x)/2 the negative part. We can reformulate as well Coulomb’s
friction condition using the projection PB(0,s) onto the ball B(0, s) defined by

PB(0,s)(q) :=

8
<

:

⇧t(q) if k⇧t(q)k  s,

s
⇧t(q)

k⇧t(q)k
otherwise,

where ⇧t is the tangential projection defined as ⇧t := I�n⌦n, with I the identity operator. Still
for a given real positive number r, Coulomb’s friction condition is equivalent to the non-smooth
equation

�t(u) = PB(0,F [�n(u)+r(g�un)]�)(�t(u) � rut). (10)

Let now O 2 R be a fixed parameter that we use to recover different variants of the Nitsche’s
method, as in the 3D linear elastic setting (see, e.g., [11]) for O = 1, 0,�1 corresponding to
symmetric, non-symmetric and skew-symmetric contributions of the contact terms, respectively.
We insert finally the expressions (9) and (10) into (8) and obtain, formally, our Nitsche-based
formulation for frictional contact. In the decomposition

Z

�"
�

�(u)n · v d� =

Z

�"
�

�n(u)vn(v) d� +

Z

�"
�

�t(u) · vt d�, (11)
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the normal contact term (obtained from (9) and the classical decomposition introduced in [11, 20,
13]) can be written:

Z

�"
�

�n(u)vn d�

=
1

r

Z

�"
�

�n(u) (rvn � O�n(v)) d� +
O

r

Z

�"
�

�n(u)�n(v) d�

= �1

r

Z

�"
�

[�n(u) + r(g � un)]� (rvn � O�n(v)) d� +
O

r

Z

�"
�

�n(u)�n(v) d�

= �1

r

Z

⌦
[�n(u) + r(g � un)]� (rvn � O�n(v))

��
x3=�"

d⌦ +
O

r

Z

⌦
�n(u)�n(v)

��
x3=�"

d⌦,

(12)

and with frictional contact term:
Z

�"
�

�t(u) · vt d� =
1

r

Z

⌦
PB(0,�F [�n(u)+r(g�un)]�)(�t(u) � rut) · (rvt � O�t(v))

���
x3=�"

d⌦

+
O

r

Z

⌦
�t(u) · �t(v)

��
x3=�"

d⌦. (13)

Now, inserting the expressions (12) and (13) of (11) into the weak problem (8), we obtain the
so-called Nitsche-based method:

8
>>>>>>><

>>>>>>>:

Z

⌦"
�(u) : �(v) d⌦ +

1

r

Z

⌦
[�n(u) + r(g � un)]� (rvn � O�n(v))

��
x3=�"

d⌦

�1

r

Z

⌦
PB(0,F [�n(u)+r(g�un)]�)(�t(u) � rut) · (rvt � O�t(v))

���
x3=�"

d⌦

�O

r

Z

⌦
(�(u)n) · (�(v)n)

��
x3=�"

d⌦ =

Z

⌦"
f
V · v d⌦ +

Z

�"
+

` · v d�.

(14)

Note that because of the terms in �(u)n and �(v)n, this formulation only makes sense for both
�(u)n and �(v)n in L

2(�"�;R3) (except for F = O = 0). In our case, this regularity is auto-
matically obtained for u, v 2 V" satisfiying additionnaly the kinematic assumptions (1) which
are considered below. Note that with these assumptions, the decomposition into normal and
tangential components is as follows:

vt := v � vnn̄ = v � (v↵n̄↵ + x3 ↵n̄↵ + v3n̄3 + x3 3n̄3) n̄,

ut := u� unn̄ = u� (u↵n̄↵ + x3✓↵n̄↵ + u3n̄3 + x3✓3n̄3) n̄.

3 Weak formulation for classical plate models under plane stress
assumption

3.1 Weak formulation under Kirchhoff-Love assumptions

We now aim to make explicit each term of the formulation (14) under Kirchhoff-Love assump-
tions. The plane stress assumption consists in assuming that the components �i3(u) are negligible
compared to �↵�(u) which, for an isotropic material under Hooke’s law, leads to the relations

�↵�(u) =
1 + ⌫

E
�↵�(u) � ⌫

E
�⌘⌘(u)�↵� , �↵�(u) =

E

1 � ⌫2
[(1 � ⌫)�↵�(u) + ⌫�⌘⌘(u)�↵� ].

The linearized strain tensor field reads in that case

�↵�(u) = �↵�(u) � x3@
2
↵�u3,
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and the stress tensor

�↵�(u) =
E

1 � ⌫2

�
(1 � ⌫)[�↵�(u) � x3@

2
↵�u3] + ⌫[�⌘⌘(u) � x3@

2
⌘⌘u3]�↵�

�
.

Then, we obtain

Z

⌦"
�(u) : �(v) d⌦ =

Z

⌦

2

6664

✓Z "

�"
�↵�(u) dx3

◆

| {z }
N↵�

�↵�(v) �
✓Z "

�"
x3�↵�(u) dx3

◆

| {z }
M↵�

@
2
↵�v3

3

7775
d⌦.

Thanks to the model and according to Hooke’s law, the membrane stress resultants (N↵�) and
the bending moments stress resultants (M↵�) read

N↵� =

Z "

�"
�↵�(u) dx3 =

2"E

1 � ⌫2
[(1 � ⌫)�↵�(u) + ⌫�⌘⌘(u)�↵� ],

M↵� =

Z "

�"
x3�↵�(u) dx3 = � 2"3E

3(1 � ⌫2)
[(1 � ⌫)@2

↵�u3 + ⌫@
2
⌘⌘u3�↵� ].

We rewrite the right-hand side of (14) as follows:
Z

⌦"
f
V
.v d⌦ +

Z

�"
+

` · v d� =

Z

⌦
Fivi �G↵@↵v3 d⌦,

with
Fi :=

Z "

�"
f
V
i dx3 + `i, G↵ :=

Z "

�"
x3f

V
↵ dx3 + "`↵.

Neglecting the components �i3(u) according to the plane stress assumption, the terms involved
in (12) can be expressed as follows:

[�n(u) + r(g � un)]� = [�↵�(u)n�n̄↵ + r(g � u↵n̄↵ � "@↵u3n̄↵ � u3n̄3)]� (15)

rvn � O�n(v) = r (v↵n̄↵ + "@↵v3n̄↵ + v3n̄3) � O(�↵�(v)n�n̄↵). (16)

Now, the term in the frictional part (13) can be made explicit as

�t(u) � rut = �↵�(u)n�e↵ � (�↵�(u)n�n̄↵)n̄� r(u� unn̄). (17)

In our situation, we have n = �e3, then the three last expressions are then simplified into:

[�n(u) + r(g � un)]� = r [g � u↵n̄↵ � "@↵u3n̄↵ � u3n̄3]� ,

rvn � O�n(v) = r (v↵n̄↵ + "@↵v3n̄↵ + v3n̄3) ,

�t(u) � rut = �rut.

Special case n̄ = n = �e3

In the special, but common case n̄ = n = �e3, the terms (15), (16) and (17) reduce to:

[�n(u) + r(g � un)]� = r [g + u3]� ,

rvn � O�n(v) = �rv3,

�t(u) � rut = �rut = �r(u↵e↵ � "@↵u3e↵).

9



Finally, denoting

VKL := { v 2 H
1(⌦;R3) | v3 2 H

2(⌦), v = 0 on �D, @nv3 = 0 on �D},
we end up with the following formulation considering the Kirchhoff-Love assumptions, still in the
case n̄ = n = �e3:8

>>>>>>>>>>><

>>>>>>>>>>>:

Find u 2 VKL such that for all v 2 VKL

Z

⌦
N↵��↵�(v) �M↵�@

2
↵�v3 d⌦ � r

Z

⌦
[g + u3]� v3 d⌦

+r

Z

⌦
PB(0,rF [g+u3]�)(u↵e↵ � "@↵u3e↵) · (v↵e↵ � "@↵v3e↵) d⌦

=

Z

⌦
Fivi �G↵@↵v3 d⌦.

We can now briefly review the remaining terms when Kirchhoff-Love assumptions are taken
into account. The terms involved in unilateral contact and friction conditions are reduced to
�n(u) + r(g � un) = r(g + u3) and �t(u) � rut = �rut (in the case n̄ = n = �e3), which means
that both contact and friction are approximated by a penalty method with r as the penalty
coefficient. Indeed, with Kirchhoff-Love assumptions, no additional contribution than penalty
terms can be obtained with the proposed Nitsche’s method mainly because of the plane stress
approximation.

3.2 Weak formulation under Mindlin-Reissner assumptions

Let us now perform the same analysis but considering Mindlin-Reissner assumptions. In the
Mindlin-Reissner plate model, the pinch stress �33 is still neglected and Hooke’s law still leads to
the relations

�↵�(u) =
1 + ⌫

E
�↵�(u) � ⌫

E
�⌘⌘(u)�↵� , �↵�(u) =

E

1 � ⌫2
[(1 � ⌫)�↵�(u) + ⌫�⌘⌘(u)�↵� ].

However, the shear stress is no longer neglected and is approximated by

�↵3(u) = 
E

1 + ⌫
�↵3(u),

with  the shear correction factor [3], which standard value is  = 5
6 . The linearized strain tensor

field reads in that case

�↵�(u) =
1

2
(@↵u� + @�u↵) = �↵�(u) + x3�↵�(✓) and �↵3(u) =

1

2
(@↵u3 + ✓↵),

and with

�↵�(u) =
E

1 � ⌫2
((1 � ⌫)[�↵�(u) � x3�↵�(✓)] + ⌫[�⌘⌘(u) � x3�⌘⌘(✓)]�↵�) ,

�↵3(u) = 
E

2(1 + ⌫)
(@↵u3 + ✓↵).

The work of the internal efforts end up taking the form

Z

⌦"
�(u) : �(v) d⌦ =

Z

⌦

2

6664

✓Z "

�"
�↵�(u) dx3

◆

| {z }
N↵�

�↵�(v) +

✓Z "

�"
x3�↵�(u) dx3

◆

| {z }
M↵�

�↵�( )

3

7775
d⌦

+

Z

⌦

2

6664

✓Z "

�"
��3 dx3

◆

| {z }
T�

(@�v3 +  �)

3

7775
d⌦.

10



Thanks to the model and according to Hooke’s law, the membrane stress resultants (N↵�), the
bending moments stress resultants (M↵�) and the shear stress resultants (T�) are given by

N↵� =
2"E

1 � ⌫2
[(1 � ⌫)�↵�(u) + ⌫�⌘⌘(u)�↵� ],

M↵� =
2"3E

3(1 � ⌫2)
[(1 � ⌫)�↵�(✓) + ⌫�⌘⌘(✓)�↵� ],

T� =
"E

1 + ⌫
[@�u3 + ✓� ].

The right-hand side of (14) is now rewritten as
Z

⌦"
f
V
.v d⌦ +

Z

�"
+

` · v d� =

Z

⌦
Fivi �G↵ ↵ d⌦,

with still
Fi =

Z "

�"
f
V
i dx3 + `i, G↵ =

Z "

�"
x3f

V
↵ dx3 + "`↵.

We pass to the non-penetration condition terms from (12). We obtain

[�n(u) + r(g � un)]� = [�ij(u)njn̄i + r(g � u↵n̄↵ � "✓↵n̄↵ � u3n̄3)]� (18)

rvn � O�n(v) = r (v↵n̄↵ + " ↵n̄↵ + v3n̄3) � O�ij(v)njn̄i. (19)

still assuming �33 = 0 and the corresponding expression for �↵�(v), �33(v) and �↵3(v). The term
in the friction condition (13) reads now

�t(u) � rut = �ij(u)njei � (�ij(u)njn̄i)n̄� r(u� unn̄), (20)

and the simplifications coming from n = �e3 leads to

[�n(u) + r(g � un)]� = [��↵3(u)n̄↵ + r(g � u↵n̄↵ � "✓↵n̄↵ � u3n̄3)]� ,

rvn � O�n(v) = r (v↵n̄↵ + " ↵n̄↵ + v3n̄3) + O�↵3(v)n̄↵,

�t(u) � rut = �↵3(u)(n̄↵n̄� e↵) � rut.

Special case n̄ = n = �e3

In the special case n̄ = n = �e3, we obtain:

[�n(u) + r(g � un)]� = r [(g + u3)]� ,

rvn � O�n(v) = �rv3,

�t(u) � rut = ��↵3(u)e↵ � rut = � E

2(1 + ⌫)
(@↵u3 + ✓↵)e↵ � r(u↵e↵ + "✓↵e↵),

rvt � O�t(v) = rvt + O�↵3(v)e↵ = r(v↵e↵ + " ↵e↵) + O
E

2(1 + ⌫)
(@↵v3 +  ↵)e↵.

Finally, denoting

VMR := { (v, ) 2 H
1(⌦;R3) ⇥H

1(⌦;R2) | v = 0 on �D,  = 0 on �D },

11



we end up with the following formulation under the Mindlin-Reissner assumptions, in the case
n̄ = n = �e3:

8
>>>>>>>>>>><

>>>>>>>>>>>:

Find (u, ✓) 2 VMR such that for all (v, ) 2 VMR

Z

⌦
N↵��↵�(v) + M↵��↵�( ) + T�(@�v3 +  �) d⌦ � r

Z

⌦
[g + u3]� v3 d⌦

+
1

r

Z

⌦
PB(0,rF [g+u3]�)(�↵3(u)e↵ + rut) · (rvt + O�↵3(v)e↵) d⌦

�O

r

Z

⌦
�↵3(u)�↵3(v) d⌦ =

Z

⌦
Fivi �G↵ ↵ d⌦.

Note in particular the presence of the shear stress in the friction term �t(u) � rut which
disappear in the Kirchhoff-Love plate model. This means that the friction condition is no longer
reduced to a penalty approximation. The Mindlin-Reissner model is richer in this sense. However,
the contact term remains a pure penalty term.

4 Weak formulation for some simple solid plate models

4.1 Weak formulation under Mindlin-Reissner kinematics without any plane
stress approximation

To retrieve a non-trivial Nitsche contact term, it is necessary to abandon the plane stress approx-
imation �33 = 0. This leads to plate models that are sometimes called solid plate models. The
simplest one we will consider is built on the Mindlin-Reissner kinematic assumptions. According
to the three-dimensional Hooke’s law, we obtain for a compressible material

�↵�(u) =
E

1 + ⌫


�↵�(u) + x3�↵�(✓) +

⌫

1 � 2⌫
[�⌘⌘(u) + x3�⌘⌘(✓)]�↵�

�
,

�↵3(u) =
E

2(1 + ⌫)
(@↵u3 + ✓↵),

�33(u) =
E⌫

(1 + ⌫)(1 � 2⌫)
[�⌘⌘(u) + x3�⌘⌘(✓)] ,

and the linearized strain tensor field is still given by

�↵�(u) =
1

2
(@↵u� + @�u↵) = �↵�(u) + x3�↵�(✓) and �↵3 =

1

2
(@↵u3 + ✓↵).

The membrane stress resultants (N↵�), the bending moments stress resultants (M↵�) and the shear
stress resultants (T�) have close but not identical expression compared to the Mindlin-Reissner
model:

N↵� =
2"E

(1 + ⌫)(1 � 2⌫)
[(1 � 2⌫)�↵�(u) + ⌫�⌘⌘(u)�↵� ],

M↵� =
2"3E

3(1 + ⌫)(1 � 2⌫)
[(1 � 2⌫)�↵�(✓) + ⌫�⌘⌘(✓)�↵� ],

T� =
"E

1 + ⌫
[@�u3 + ✓� ].

The non-penetration condition terms from (12) becomes

[�n(u) + r(g � un)]� = [�ij(u)njn̄i + r(g � u↵n̄↵ � "✓↵n̄↵ � u3n̄3)]� (21)

rvn � O�n(v) = r (v↵n̄↵ + " ↵n̄↵ + v3n̄3) � O�ij(v)njn̄i. (22)

12



The term in the friction condition (13) reads now

�t(u) � rut = �ij(u)njei � (�ij(u)njn̄i)n̄� r(u� unn̄), (23)

and the simplifications coming from n = �e3 lead to

[�n(u) + r(g � un)]� = [��i3(u)n̄i + r(g � u↵n̄↵ � "✓↵n̄↵ � u3n̄3)]� ,

rvn � O�n(v) = r (v↵n̄↵ + " ↵n̄↵ + v3n̄3) + O�i3(v)n̄i,

�t(u) � rut = �i3(u)(n̄in̄� ei) � rut.

Special case n̄ = n = �e3

In the special case n̄ = n = �e3, we obtain:

[�n(u) + r(g � un)]� = [�33(u) + r(g + u3)]�

=


E⌫

(1 + ⌫)(1 � 2⌫)
[�⌘⌘(u) � "�⌘⌘(✓)] + r(g + u3)

�

�
,

rvn � O�n(v) = �rv3 � O�33(v),

= �rv3 �
OE⌫

(1 + ⌫)(1 � 2⌫)
[�⌘⌘(v) � "�⌘⌘( )] ,

�t(u) � rut = ��↵3(u)e↵ � rut = � E

2(1 + ⌫)
(@↵u3 + ✓↵)e↵ � r(u↵e↵ + "✓↵e↵),

rvt � O�t(v) = rvt + O�↵3(v)e↵ = r(v↵e↵ + " ↵e↵) + O
E

2(1 + ⌫)
(@↵v3 +  ↵)e↵.

We then end up with the following formulation in this special case:
8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

Find (u, ✓) 2 VMR such that for all (v, ) 2 VMR

Z

⌦
N↵��↵�(v) + M↵��↵�( ) + T�(@�v3 +  �) d⌦

�1

r

Z

⌦
[�33(u) + r(g + u3)]� (O�33(v) + rv3) d⌦

+
1

r

Z

⌦
PB(0,F [�33(u)+r(g+u3)]�)(�↵3(u)e↵ + rut) · (rvt + O�↵3(v)e↵) d⌦

�O

r

Z

⌦
�33(u)�33(v) + �↵3(u)�↵3(v) d⌦ =

Z

⌦
Fivi �G↵ ↵ d⌦.

We note the presence of the pinch stress �33(u) into the contact term, which means that the
contact condition do not reduce to a pure penalty term. However, the pinch stress is proportional
to �⌘⌘(u), the divergence of u and this only represent a coupling with the Poisson effect. This is
due to the fact that no pinch deformation is considered with the Mindlin-Reissner kinematics.

13



4.2 Weak formulation under solid plate displacements assumptions

Now we focus our attention on the richest kinematics (1) that we insert into (14) and obtain, as
previously, our Nitsche-based formulation for frictional contact. The work of elastic forces reads

Z

⌦"
�(u) : �(v) d⌦ =

Z

⌦

2

6664

✓Z "

�"
�↵�(u) dx3

◆

| {z }
N↵�

�↵�(v) +

✓Z "

�"
x3�↵�(u) dx3

◆

| {z }
M↵�

�↵�( )

3

7775
d⌦

+

Z

⌦

2

6664

✓Z "

�"
��3(u) dx3

◆

| {z }
T�

(@�v3 +  �)

3

7775
d⌦

+

Z

⌦

2

6664

✓Z "

�"
x3��3(u) dx3

◆

| {z }
Q�

@� 3 +

✓Z "

�"
�33(u) dx3

◆

| {z }
P

 3

3

7775
d⌦.

(24)

Taking into account (1) the linear approximation of the three-dimensional displacements in
⌦", isotropic Hooke’s law is given by

�↵�(u) =
E

1 + ⌫
[�↵�(u) +

⌫

1 � 2⌫
�kk(u)�↵� ],

�↵3(u) =
E

1 + ⌫
�↵3(u),

�33(u) =
E

1 + ⌫
[�33(u) +

⌫

1 � 2⌫
�kk(u)],

with the linearized strain tensor field

�↵�(u) = �↵�(u) + x3�↵�(✓), �↵3(u) =
1

2
(@↵u3 + x3@↵✓3 + ✓↵) , �33(u) = ✓3,

and we get

�↵�(u) =
E

1 + ⌫


�↵�(u) + x3�↵�(✓) +

⌫

1 � 2⌫
[�⌘⌘(u) + x3�⌘⌘(✓) + ✓3]�↵�

�
,

�↵3(u) =
E

2(1 + ⌫)
(@↵u3 + x3@↵✓3 + ✓↵),

�33(u) =
E

1 + ⌫


✓3 +

⌫

1 � 2⌫
[�⌘⌘(u) + x3�⌘⌘(✓) + ✓3]

�
.

The expressions of N↵� , M↵� ,T↵ and P are given by

N↵� =
2"E

1 + ⌫


�↵�(u) +

⌫

1 � 2⌫

⇣
�⌘⌘(u) + ✓3

⌘
�↵�

�
,

M↵� =
2"3E

3(1 + ⌫)


�↵�(✓) +

⌫

1 � 2⌫
�⌘⌘(✓)�↵�

�
,

T� =
"E

1 + ⌫
[@�u3 + ✓� ] ,

Q� =
"
3
E

3(1 + ⌫)
@�✓3,

P =
2"E

1 + ⌫


✓3 +

⌫

1 � 2⌫

⇣
�⌘⌘(u) + ✓3

⌘�
.
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The non-penetration condition terms from (12) reads

[�n(u) + r(g � un)]� = [�ij(u)njn̄i + r(g � uin̄i + "✓in̄i)]� (25)

rvn � O�n(v) = r (vin̄i � " in̄i) � O�ij(v)njn̄i. (26)

The term in the friction condition (13) is still

�t(u) � rut = �ij(u)njei � (�ij(u)njn̄i)n̄� r(u� unn̄), (27)

and the simplifications coming form n = �e3 leads to

[�n(u) + r(g � un)]� = [��i3(u)n̄i + r(g � uin̄i + "✓in̄i)]� ,

rvn � O�n(v) = r (vin̄i � " in̄i) + O�i3(v)n̄i,

�t(u) � rut = �i3(u)(n̄in̄� ei) � rut.

Special case n̄ = n = �e3

In the special case n̄ = n = �e3, we obtain:

[�n(u) + r(g � un)]� = [�33(u) + r(g + u3 � "✓3)]� ,

=


E

1 + ⌫


✓3 +

⌫

1 � 2⌫
[�⌘⌘(u) � "�⌘⌘(✓) + ✓3]

�
+ r(g + u3 � "✓3)

�

�
,

rvn � O�n(v) = �r(v3 � " 3) � O�33(v),

= �r(v3 � " 3) �
OE

1 + ⌫


 3 +

⌫

1 � 2⌫
[�⌘⌘(v) � "�⌘⌘( ) +  3]

�
,

�t(u) � rut = ��↵3(u)e↵ � rut

= � E

2(1 + ⌫)
(@↵u3 � "@↵✓3 + ✓↵)e↵ � r(u↵e↵ + "✓↵e↵),

rvt � O�t(v) = rvt + O�↵3(v)e↵

= r(v↵e↵ + " ↵e↵) +
OE

2(1 + ⌫)
(@↵v3 � "@↵ 3 +  ↵)e↵.

Finally, denoting

VSP := { (v, ) 2 H
1(⌦;R3) ⇥H

1(⌦;R3) | v = 0 on �D,  = 0 on �D },

and defining additionnaly G3 :=

Z "

�"
x3f

V
3 dx3 + "`3, the formulation of the solid plate model with

Nitsche’s contact reads in this case:
8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

Find (u, ✓) 2 VSP such that for all (v, ) 2 VSP

Z

⌦
N↵��↵�(v) + M↵��↵�( ) + T�(@�v3 +  �) + Q�@� 3 + P 3 d⌦

�1

r

Z

⌦
[�33(u) + r(g + u3 � "✓3)]� (O�33(v) + rv3 � " 3) d⌦

+
1

r

Z

⌦
PB(0,F [�33(u)+r(g+u3�"✓3)]�)(�↵3(u)e↵ + rut) · (rvt + O�↵3(v)e↵) d⌦

�O

r

Z

⌦
�33(u)�33(v) + �↵3(u)�↵3(v) d⌦ =

Z

⌦
Fivi �Gi i d⌦.
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As expected, we see that compared to the previous plate models, the solid plate model, due
to its enriched transverse displacement, shows both pinch stress and pinch deformation in contact
Nitsche terms.

5 Gustafsson, Stenberg and Videman discrete Nitsche’s formula-
tion of the Kirchhoff-Love plate model

In this section, we describe the Nitsche formulation of the Kirchhoff-Love plate model constrained
by a rigid obstacle introduced in [24]. For simplicity, only the transverse displacement variable
(ũ := u3 : ⌦ �! R) is considered. We address this formulation mainly to compare numerical
results we obtain below with the models proposed previously. The variational formulation for a
Kirchhoff-Love thin elastic clamped/free plate made of a homogeneous and isotropic material and
lying over a rigid obstacle, consists in the following variational inequality:

8
>>>>>><

>>>>>>:

Find (ũ, �̃n) 2 Ṽ⇥ ⇤ such that for any (w̃, µ) 2 Ṽ⇥ ⇤

Z

⌦
D

⇥
(1 � ⌫) @2

↵�ũ + n �ũ �↵�

⇤
@

2
↵�w̃ d⌦ � h�̃n, w̃iṼ0,Ṽ =

Z

⌦
f̃ w̃ d⌦,

hµ� �̃n, w̃iṼ0,Ṽ � 0,

(28)

with �̃n the Lagrange multiplier for the contact condition (the contact reaction), f̃ :=

Z "

�"
f
V
3 dx3

the resulting transverse loading and the bending modulus D :=
2 E "

3

3 (1 � ⌫2)
the bending modulus,

" > 0 being assumed to be constant all along the plate. The plate is assumed to be clamped on a
part �D of the boundary @⌦. Then, the space for the displacements is

Ṽ := { w̃ 2 H
2(⌦) | w̃(x) = @nw̃(x) = 0, 8x 2 �D },

where @nw̃ is the normal derivative along �D, and the convex of admissible Lagrange multipliers
is

⇤ := {µ 2 Ṽ0 | hµ, w̃iṼ0,Ṽ � 0, 8w 2 Ṽ, w  0}.

The well-posedness of (28) is guaranteed by the following result [32].

Lemma 5.1. The bilinear form ã : Ṽ ⇥ Ṽ ! R defined by

ã(ũ, ṽ) :=

Z

⌦
D

⇥
(1 � ⌫) @2

↵�ũ + ⌫ �ũ �↵�

⇤
@

2
↵� ṽ d⌦,

is a scalar product on Ṽ which is equivalent to the canonical scalar product
of H2(⌦) defined on Ṽ.

The contact reaction �̃n(u) = D�2
ũ� f̃ is a positive measure, possibly singular, and its support

included in the contact zone, denoted ⌦C . For more details see [31].
The reaction force between the obstacle and the plate can be approximated by

�̃
k
n = �1

k
[ũ� g]+, (29)

where k > 0 is the penalty coefficient. Classically, in the limit k ! 0, �̃kn tends to �̃n(u),
which means that the obstacle becomes rigid and the problem is reduced to that of constrained
minimization (28).

16



Now, we summarize the technique proposed in [24]. This approach is analogous to the deriva-
tion of Nitsche’s method for 3D-contact problems. Let T̃h be a conforming shape regular tri-
angulation of ⌦ which we assume to be polygonal, and the associated finite element subspace is
Ṽh ⇢ Ṽ. Optimality is achieved when the Lagrange multiplier is approximated with four degrees
smaller polynomials than that of the displacement variable, for example, when the Argyris element
is coupled with a piecewise linear and discontinuous approximation of the Lagrange multiplier.

A reformulation of the normal contact conditions with a Nitsche-based method consists in
giving an explicit expression of the discrete Lagrange multiplier from the previous formulation of
contact problem (28). As mentioned above, the contact reaction is a possibly singular measure,
therefore the following L

2-approximation of the reaction force is considered in [24]:

�̃
⇡h

n (u)
���
K

:=
1

k + r̃h
4
K

h
⇡
h(g)

���
K
� ⇡

h(ũh)
���
K

+ r̃h
4
K(⇡h(�2

ũ
h) � ⇡

h(f̃))
i

+
8K 2 T̃h, (30)

where ⇡h is the L
2-projection on Ṽh, k � 0 is the penalty coefficient from (29) and r̃ � 0 is

the stabilization or Nitsche’s parameter. This hybrid formulation (30) of the Lagrange multiplier
corresponds to a pure penalty approach when r̃ = 0 and a pure Nitsche’s method if k = 0.

We introduce the function H : ⌦ �! R such that H
��
K

= hK , for all K 2 T̃h. A finite element
approximation of (28) based on hybrid Nitsche’s method (30) is:

8
<

:

Find ũ
h 2 Ṽh such that

ã
h(ũh, ṽh; ũh) = L̃

h(ṽh; ũh) 8ṽh 2 Ṽh
,

(31)

where

ã
h(ũh, ṽh; ũh) := ã(ũh, ṽh) +

Z

⌦C(w̃h)

1

k + r̃H4
ũ
h
ṽ
h d⌦ �

Z

⌦C(w̃h)

r̃H
4

k + r̃H4
D�2(ũh) ṽ

h d⌦

�
Z

⌦C(w̃h)

r̃H
4

k + r̃H4
D�2(ṽh) ũ

h d⌦ �
Z

⌦C(w̃h)

kr̃H
4

k + r̃H4
D

2�2(ũh) �2
ṽ
h d⌦

�
Z

⌦\⌦C(w̃h)
r̃H

4
D

2�2(ũh) �2
ṽ
h d⌦,

L̃
h(ṽh; ũh) :=

Z

⌦
f̃ ṽ

h d⌦ +

Z

⌦C(w̃h)

1

k + r̃H4
g ṽ

h d⌦

�
Z

⌦C(w̃h)

r̃H
4

k + r̃H4
D�2(ṽh) g d⌦ �

Z

⌦C(w̃h)

r̃H
4

k + r̃H4
f ṽ

h d⌦

�
Z

⌦C(w̃h)

r̃kH
4

k + r̃H4
D�2(ṽh) f d⌦ �

Z

⌦\⌦C(w̃h)
r̃H

4
Df̃ �2

ṽ
h d⌦.

The contact set ⌦C(w̃h) above is given by

⌦C(w̃h) := {(x, y) 2 ⌦ | �̃hn(w̃h) > 0}.

The practical solution algorithm for Problem (31) is a fixed point process where at each step
the contact set ⌦C is approximated using the displacement field from the previous iteration so
that System (31) becomes linear. The process is complete when the norm of the displacement
field is below a predetermined tolerance. The stopping criterion is formulated with respect to the
strain energy norm kwkã :=

p
ã(w,w) .
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6 Numerical results

The numerical comparison of the different approaches is done on the frictionless contact between
a rectangular elastic plate and two different rigid obstacles: a flat and a paraboloid one. The
Kirchhoff-Love, Mindlin-Reissner and solid plate models are compared to a reference solution
obtained directly from the 3D elasticity model and using an augmented Lagrangian multiplier
technique to approximate the contact condition as in [1, 33]. To avoid as much as possible the
shear locking for the reference solution, quadratic elements (Q2-Lagrange elements) with two
layers of elements in the thickness and a very fine mesh (100 ⇥ 100 ⇥ 2 elements) are used. The
main goal is then to determinate which model will be the closest to the 3D reference solution.

Numerical tests are performed on a domain ⌦" = ] � 10, 10[2⇥ ] � ", "[, for different values of
the thickness " and subjected to different distributed transverse loads f . The contact surface �C

is still the lower part of ⌦" (i.e. �C := �"
� = {x 2 @⌦" : x3 = �"}). For the sake of simplicity,

the plate is clamped along all its lateral sides. Because of the symmetry of this problem, only a
quarter of the geometry is taken into account, where two of the lateral boundaries are clamped
(see Figure 2) .

Figure 2: Square plate under transverse load, only a quarter of the plate (blue area) is modeled.

We assume that the plate is made of an isotropic elastic material with a Young modulus
of E = 200 GPa and a Poisson ratio ⌫ = 0.3. Following the justification given in Section 7,
Proposition 7.1, Nitsche’s parameter is chosen equal to r =

E

"
. Moreover, only the symmetric

variant O = 1 is considered. The relative error is given by the ratio
��uh � u

ref
��

kurefk ,

with L
2�norm or H1�semi-norm on ⌦". This means in particular that the norms are applied on

a 3D reconstruction of the 2D solutions obtained from the different plate models.
The discrete contact problem is solved using a generalized Newton method on our open-source

finite element library GetFEM++ (see [34] and http://getfem.org).

6.1 Finite element approximation of the plate models

The numerical convergence tests will be performed on a family of quadrangulations Th of the mid-
plane domain ⌦ such that ⌦ =

[

K2Th

K. We denote hK the diameter of K 2 Th and h = max
K2Th

hK .

For the Kirchhoff-Love and Mindlin-Reissner models, problems can be decoupled in a plane
elasticity problem (membrane displacement) and a transverse displacement problem (bending
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problem). The membrane displacements are approximated with standard Q1-Lagrange quadrilat-
eral elements (also called QUAD4 element).

The bending problem of the Kirchhoff-Love model corresponds to a fourth-order partial dif-
ferential equation. Thus, a conformal finite element approximation space must be a subspace
of H2(⌦) which requires the use of C

1-finite elements (C 0-interior penalty method such as the
one presented in [6] can be an interesting alternative). Among the available elements having this
regularity (see [14]), we chose the reduced FVS (Fraeijs de Veubeke-Sanders) quadrangles for our
numerical tests. The FVS element basis functions are piecewise P3 polynomials on a division into
four sub-triangles of the quadrilateral, with C

1-continuity across each internal edge. In addition,
to decrease the number of degrees of freedom, the normal derivative is assumed to vary linearly
along the external edges of the elements (this assumption does not hold on the internal edges).
Consequently, this element has the same computational cost in terms of degrees of freedom as the
standard first-order elements used for Mindlin-Reissner bending problem (3 degrees of freedom
per vertex, the deflection and the two section rotations).

For Mindlin-Reissner and solid plate models, the transverse displacement, the sections ro-
tations and the pinching are approximated with Q1-Lagrange quadrilateral elements. A very
important issue is that this element is subject to the so-called shear locking so that a direct
Galerkin procedure does not give a satisfactory approximation. There are several ways to circum-
vent the shear locking problem such as reduced integration and MITC projection. We use here
the MITC projection (Mixed Interpolation of Tensorial Components) which was first developed
to reduce shear locking for the 4-node continuum mechanics based MITC4 element [4]. The error
analysis [5] performed on this element showed that the MITC4 element is optimally convergent
for deflections and rotations on regular meshes and static analysis.

The solid plate model is subjected to a supplementary locking between pinching and membrane
deformation due to the term

2"⌫E

(1 + ⌫)(1 � 2⌫)

⇣
�⌘⌘(u) + ✓3

⌘⇣
�⌘⌘(v) +  3

⌘
,

in the weak formulation (24). This supplementary locking is treated with a reduced integration
technique, in the sense that a single Gauss point is used for this term.

6.2 Numerical results for a very thin plate, a flat obstacle and a uniform
volume load

Figure 3: Very thin square plate (" = 0.01m) under uniform volume load and flat obstacle: 3D
reference solution with the augmented Lagrangian method and Q2-Lagrange elements.

A very thin plate with " = 0.01m is first considered with a uniform volume load f
V = �1Mpa

and a flat obstacle represented by the initial gap g = 0.1 � ". The reference 3D solution is
represented in Figure 3 as an illustration.
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Figure 4: Relative L
2(⌦")-norm of the error in displacement with respect to the mesh size for the

different plate models, comparatively to the 3D solution. Very thin plate on a flat obstacle with
a uniform volume load.
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Figure 5: Relative H
1(⌦")-norm of the error in displacement with respect to the mesh size for the

different plate models, comparatively to the 3D solution. Very thin plate on a flat obstacle with
a uniform volume load.

The convergence test for the different models is represented on Figure 4 for the L
2(⌦")-norm

of the displacement and on Figure 5 for the H
1(⌦")-semi-norm. In these figures, and in the rest

of the paper, “GSV” refers to the method of Gustafsson, Stenberg and Videman (with the penalty
coefficient k = 0), “KL” refers to the model with Kirchhoff-Love assumptions of Section 3.1, “MR”
to the model with the Mindlin-Reissner assumptions of Section 3.2, “MR no ps” to the model of
Section 4.1 and “SP” to the solid plate model of Section 4.2.

As the plate is very thin, the plate models give some good approximation of the 3D solution
even for small mesh sizes. This results in a decrease in error for small mesh sizes. One can see
that the curves start to slow down their decrease for h = 0.1, which is the smallest mesh size used.

Kirchhoff-Love models are a little more accurate for coarse meshes but are outpaced by
Mindlin-Reissner and solid plate models for finer meshes. For very fine meshes, the most ac-

21



curate models are those that do not take into account the plane stress assumption (“MR no ps”
and “SP”).

6.3 Numerical results for a thicker plate, a flat obstacle and a very large
Gaussian volume load

We now consider a thicker plate with " = 0.05, still with a flat obstacle defined by the gap g = 0.15
and subjected to a very large Gaussian volume load f

V (x) = �50000 exp(�(x2
1 + x

2
2)) MPa. A

large uniform load has not been considered because it concentrates the deformation close to the
boundaries where the plate is clamped. The reference solution is plotted in Figure 6.

Figure 6: Thicker square plate (" = 0.05m) under very large Gaussian volume load and flat ob-
stacle: 3D reference solution with the augmented Lagrangian method and Q2-Lagrange elements.
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Figure 7: Relative L
2(⌦")-norm of the error in displacement with respect to the mesh size for the

different plate models, comparatively to the 3D solution. Thicker plate on a flat obstacle with a
Gaussian volume load.

The convergence performances are studied for L
2(⌦")-norm in Figure 7 and for H

1(⌦")-semi-
norm in Figure 8. Of course, in this experiment and due to the very large load, the pinch
deformation is more important. It is again observed on these curves that the solid plate model
“SP” is the most accurate on very fine meshes.

An interesting comparison here is the one between the two models based on Kirchhoff-Love as-
sumptions. The main difference is that in the “GSV” model with the penalty parameter k = 0, the
contact condition is prescribed by a Nitsche method which is equivalent to a stabilized Lagrange
multiplier method with static condensation of the Lagrange multiplier. This of course guarantees
a stricter contact condition than the “KL” model presented in Section 3.1 which corresponds to a
penalized contact condition.
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Figure 8: Relative H
1(⌦")-semi-norm of the error in displacement with respect to the mesh size

for the different plate models, comparatively to the 3D solution. Thicker plate on a flat obstacle
with a Gaussian volume load.
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Figure 9: Lower-plane displacement on lateral edge: interpenetration with the rigid obstacle.

One possible interpretation on the fact that “KL” model is far more accurate that “GSV” model
here is that the penalized contact condition with a penalty coefficient E/" close to the stiffness of
the elastic material gives a more realistic contact condition in the sense that it better reflects the
contribution of the pinching of the plate.
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Figure 10: Mid-plane displacement on lateral edge.
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Figure 11: Upper-plane displacement on lateral edge.

This interpretation is supported by the curves in Figures 9, 10 and 11. On these Figures,
the transverse displacement is drawn close to the contact zone. The difference between the three
Figures is that the transverse displacement is taken respectively on the bottom of the plate (contact
boundary �"

�), on the mid-plane and on the top of the plate respectively. Of course, for the models
based on the Mindlin-Reissner or Kirchhoff-Love assumptions, the three curves are identical since
the transverse displacement is constant across the thickness. A difference is visible only for the
“SP” model and the reference solution. We can see the very good behavior of the “SP” model
which is close to the reference solution on the three Figures with practically no penetration on the
contact boundary �"

� (see Figure 9), conversely to the other models. We can see also that most
of the models give a good approximation of the deformation on the mid-plane, except the “GSV”
model since it corresponds to a quasi-strict non-interpenetration condition when k = 0. We can
conclude that for an important pinching of the plate, the “SP” model leads to a more realistic
approximation of the contact condition and conversely, the “GSV” is less accurate due to the more
strict non-interpenetration condition.
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6.4 Numerical results with a paraboloid obstacle and no volume load

For this last numerical case, we still consider a plate of medium thickness " = 0.5, on ⌦ =
[�1, 1] ⇥ [�1, 1], without load (fV = 0), a paraboloid obstacle represented by the initial gap
g = x

2
1 + x

2
2 and a nonzero transverse displacement u

"
3 = �0.4 prescribed on the boundary �"

D.

Figure 12: Thicker square plate (" = 0.5m) on a paraboloid obstacle: 3D reference solution with
the augmented Lagrangian method and Q2-Lagrange elements.
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Figure 13: Relative L
2(⌦")-norm of the error in displacement with respect to the mesh size for the

different plate models, comparatively to the 3D solution. Thicker plate on a paraboloid obstacle
with no volume load.

The reference solution is shown in Figure 12. In that case, one would expect to be closer to
a plane stress situation since the only force acting on the plate is the contact force which acting
primarily at the frontier of the effective contact area.

The convergence test is shown in Figures 13 and 14. The numerical results are similar to those
of the previous case with the flat obstacle. There is still a big difference between the “GSV” model
and the “KL” ones although they are based on the same kinematic assumptions (but with two
different approximations of the contact condition), and the “SP” model is still the one offering
better accuracy for fine meshes although the plate pinch is a priori limited for this case.
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Figure 14: Relative H
1(⌦")-semi-norm of the error in displacement with respect to the mesh size

for the different plate models, comparatively to the 3D solution. Thicker plate on a paraboloid
obstacle with no volume load.

7 Nitsche’s parameter setting in the solid plate case

A very large value of Nitsche’s parameter can deteriorate the solvability of the numerical approx-
imation, especially when a Newton method is used. Conversely, at least for O 6= �1, a too small
value of Nitsche’s parameter will not ensure the coercivity of formulation (14) and may lead to
non-existence or even spurious solutions (see [11]). In this section, we present a mathematical

justification of the choice of a Nitsche parameter r close to
E

✏
as we used it in numerical tests.

For the sake of simplicity, this justification is produced only for the solid plate model (although it
can be adapted to other models) and for Tresca’s friction instead of Coulomb’s friction. Tresca’s
friction is a simplification of Coulomb’s friction in which the friction threshold is assumed to be

30



known and does not depend on the normal stress.
The following results give an estimate of the optimal Nitsche’s parameter that ensures the

coercivity of formulation (14) in the solid plate case.

Proposition 7.1. For the solid plate model of Section 4.2 and for special case n̄ = n = �e3 and
with Tresca’s friction instead of Coulomb’s friction, a Nitsche’s parameter value

r > ⇣(⌫,O)
E

"
, with ⇣(⌫,O) :=

(1 + O)2

4(1 + ⌫)
max

✓
1,

1

2(1 � 2⌫)

◆
,

ensures the monotonicity of the weak form (14) with kinematic assumptions (1) and consequently
the existence and uniqueness of a solution.

Remark 7.2. The coefficient ⇣(⌫,O) is close to unity for O = 1 and a Poisson ratio ⌫ = 1/3. It
goes to infinity in the incompressible limit.

Proof. The monotonicity of (14) for Tresca friction with a friction threshold � (see [8] for Nitsche’s
method for Tresca friction) is ensured with kinematic assumptions (1) whenever for two arbitrary
displacements u

1
, u

2 2 V" satisfying the kinematic assumptions (1) and w = u
1 � u

2 one has
8
>>>>>>>>>>><

>>>>>>>>>>>:

Z

⌦"
�(w) : �(w) d⌦

+
1

r

Z

⌦
(
⇥
�n(u1) + r(g � u

1
n)
⇤
� �

⇥
�n(u2) + r(g � u

2
n)
⇤
�) (r(wn) � O�n(w))

���
x3=�"

d⌦

�1

r

Z

⌦
(PB(0,�)(�t(u

1) � ru
1
t ) �PB(0,�)(�t(u

2) � ru
2
t )) · (r(wt) � O�t(w))

��
x3=�"

d⌦

�O

r

Z

⌦
|�(w)n|2

��
x3=�"

d⌦ � ↵ku1 � u
2k2

1,⌦" .

(32)

Using as in ([8], Theorem 3.3) the monotonicity of the projections and Schwarz’s inequality,
we obtain the sufficient condition

Z

⌦"
�(w) : �(w) d⌦ � (1 + O)2

4r

Z

⌦
|�(w)n)|2

��
x3=�"

d⌦ � ↵kwk2
1,⌦"

The boundary �"
D being assumed to be of non-zero measure and using Korn’s inequality (see [11]),

the monotonicity is ensured for r > r0 and r0 satisfying
Z "

�"
(�(w) : �(w))dx3 �

(1 + O)2

4r0
|�(w)n|2

��
x3=�"

� 0 a.e. in ⌦. (33)

Now, with the expressions obtained in Section 4.2, one obtains
Z "

�"
(�(w) : �(w))dx3 =

2"E

1 + ⌫
�↵�(w)�↵�(w) +

2"E⌫

(1 + ⌫)(1 � 2⌫)
(�⌘⌘(w) + ✓3)

2

+
2"3E

3(1 + ⌫)
�↵�(✓)�↵�(✓) +

2"3E⌫

3(1 + ⌫)(1 � 2⌫)
(�⌘⌘(✓))

2

+
"E

1 + ⌫
(@�w3 + ✓�)(@�w3 + ✓�) +

"
3
E

3(1 + ⌫)
(@�✓3)(@�✓3)

+
2"E

1 + ⌫
✓
2
3,

|�(w)n|2
��
x3=�"

=
E

2

(1 + ⌫)2

✓
✓3 +

⌫

1 � 2⌫
(�⌘⌘(w) � "�⌘⌘(✓) + ✓3)

◆2

+
1

4

E
2

(1 + ⌫)2
(@�w3 � "@�✓3 + ✓�) (@�w3 � "@�✓3 + ✓�)
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Using Young’s inequality, we write for �1 > 0
✓
✓3 +

⌫

1 � 2⌫
(�⌘⌘(w) � "�⌘⌘(✓) + ✓3)

◆2

 (1 + 2�1)✓2
3 + (2 +

1

�1
)

⌫
2

(1 � 2⌫)2
((�⌘⌘(w) + ✓3)

2 + "
2(�⌘⌘(✓))

2),

and for �2 > 0

(@�w3 � "@�✓3 + ✓�) (@�w3 � "@�✓3 + ✓�)

 (1 + �2) (@�w3 + ✓�) (@�w3 + ✓�) + (1 +
1

�2
)"2@�✓3@�✓3.

Then, inequality (33) is satisfied for r0 verifying

r0 � (1 + O)2

4
(1 + 2�1)

E

2(1 + ⌫)"
, r0 � (1 + O)2

4
(2 +

1

�1
)

E⌫

2(1 + ⌫)(1 � 2⌫)"
,

r0 � (1 + O)2

4
(1 + �2)

E

4(1 + ⌫)"
and r0 � (1 + O)2

4
(1 +

1

�2
)

3E

4(1 + ⌫)"
,

which gives the announced result for �1 =
⌫

1 � 2⌫
and �2 = 3. The existence and uniqueness of a

solution can be deduced with the same arguments as in [11]. ⇤

Note that the monotonicity of Tresca’s friction law is crucial to prove the previous result. Its
adaptation to Coulomb’s friction remains an open problem.

8 Conclusions

We presented a systematic way to derive Nitsche’s formulations for different kind of kinematics of
plate models and studied these approaches in the context of finite element discretization. Several
numerical studies were performed to illustrate the behavior of the proposed models. The numerical
results allow us to draw the following main conclusions:

• For standard Kirchhoff-Love and Mindlin-Reissner plate models, which include a plane
stress assumptions, the application of Nitsche’s methods, as we propose in Section 3, simply
leads to a penalized contact condition (although it is not the case for Gustafsson-Stenberg-
Videman approach).

• The Gustafsson-Stenberg-Videman approach developed in [24] for Kirchhoff-Love plate model
leads to a stricter non-interpenetration condition when its penalty coefficient k is set to 0.

• The numerical comparison with a fully 3D solution give a clear advantage to the penalized
contact condition compared to a strict non-interpenetration condition for standard plate
models. The presented Nitsche’s approach for the Kirchhoff-Love and Mindlin-Reissner
plate models can then be considered as a kind of justification of the use of a penalized
contact condition for plate models since it allows to recover a certain elasticity in the trans-
verse direction for the use of a convenient penalty coefficient (r = E/"). Of course, The
Gustafsson-Stenberg-Videman approach with a similar penalty coefficient would give some
similar results.

• We proposed a solid plate model consisting in a kinematics enriched by a pinching component
combined with Nitsche’s method for the contact condition. It combines the advantages of
a good approximation and a stricter non-interpenetration condition on the contact surface.
This model seems numerically to be richer for capturing the effects of contact stresses in the
thickness of plate and reproduce the real 3D behavior of the structure in contact with an
obstacle.
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