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We derive the Casimir-Polder force and Casimir torque expressions for an anisotropic molecule close to a
conducting plane with a tensorial conductivity. We apply our general expressions to the case of a carbon dioxide
CO, molecule close to a plane with pure Hall conductivity and to graphene. We show that the equilibrium
position of this linear molecule is with its main axis perpendicular to the surface. We hence conjecture a possible
way to exploit the Casimir torque to mechanically improve the performance of CO, separation membranes useful

for an efficient atmospheric CO, reduction.

DOI: 10.1103/PhysRevB.102.195422

I. INTRODUCTION

The van der Waals—Casimir dispersion forces play an im-
portant role in different phenomena in physics and biology,
as well as in chemistry [1-4]. The original consideration by
Casimir [5], devoted to a force between two perfect metallic
plates, has been developed to include different geometries of
boundaries [1,6,7], nonequilibrium thermal conditions [8—12],
and different materials [4] such as graphene [13,14], topolog-
ical insulators [15,16], chiral metamaterials [17], and Weyl
semimetals [18].

Casimir and Polder also derived [19] the force between
an atom in the ground state and a perfectly conducting plate,
taking into account the retardation of electromagnetic interac-
tions. In a nonrelativistic case, this force is the van der Waals
one based on the London interaction between atoms. There
exist plenty of different approaches for calculation of van der
Waals—Casimir and Casimir-Polder energies and forces both
at zero and nonzero temperature (see Refs. [1-4,12,20] for de-
tails and further references). Lifshitz [21] was among the first
who suggested a method of calculation of the Casimir-Polder
force based on the consideration of vacuum fluctuations of
the electromagnetic field, as well as a rarefying procedure.
This approach takes into account a simple observation that
for a rarefied media the dielectric permittivity € ~ 1 + 47 Ne,
where N is the number of atoms in a unit volume and « is the
polarizability of a single atom.

The van der Waals—Casimir and Casimir-Polder effects
for anisotropic molecules have been the subject of inten-
sive investigation in the recent years [22-24]. The molecule
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anisotropy gives life to a new phenomenon: the Casimir torque
effect, which was first predicted in Refs. [25] (see also [26]
and references therein). The Casimir energy for isotropic
molecules naturally does not depend on the orientation of the
latter in space, which is not the case for anisotropic molecules.
The momentum of force appears which is called the Casimir
torque. A molecule then is being rotated to assume a specific
position in space in relation to the boundary with minimum
energy and zero torque. The carbon dioxide molecule CO,,
for example [23], has an equilibrium position perpendicular
to the dielectric slab, i.e., with the direction of the larger
polarizability being perpendicular to the surface.

The polarizability tensor of a molecule or atom has, in gen-
eral, both symmetric and antisymmetric contributions [27].
The antisymmetric part is accounted for by atomic hyperfine
structure [28,29] and is defined by total angular momentum
of the molecule or atom. This part of polarizability gives
a contribution to the P-odd van der Waals forces [29] (see
also review [30]) and when interacting with a Chern-Simons
surface [24].

By using the rarefying Lifshitz procedure together with
the scattering matrix approach, we achieve two goals in this
paper: (i) we obtain a general expression for Casimir-Polder
force for anisotropic molecules near the conductive plane with
arbitrary tensorial conductivity, and (ii) we obtain a general
expression for Casimir torque in this configuration. Moreover,
we apply these general expressions for molecule CO, near a
plane with pure Hall conductivity and in front of freestanding
graphene. The focus on studying the carbon dioxide molecules
interacting with graphene originates from growing research
in possible ways of implementation of graphene membranes
for gas separation [31] (and water desalination [32]) aimed to
diminish the CO, footprint of industry and to separate the gas
from the atmosphere. Our predictions show that the Casimir
torque tends to orient the CO, molecules in a position favoring

©2020 American Physical Society
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FIG. 1. A conductive plane with conductivity tensor o is situated
at z = a. Semispace z < 0 is filled by a nonmagnetic dielectric. We
calculate Casimir energy for this system and then rarefy the dielec-
tric, that is we set ¢ = 1 + 47 Na and put N — 0. The CP energy is
given by Eq. (1) for plane and atom at z = 0.

their passage through the membrane, facing the latter by the
molecules’ smallest facet. Thus, possible enhancements of
the effect may lead to the improvement of the efficiency of
graphene-based membranes in gas separation applications.

The paper is organized in the following manner. In Sec. II
we consider an isotropic atom near a conductive plane and
implicate different forms of tensorial conductivity. Section III
is devoted to the derivation of the Casimir-Polder energy for
anisotropic atoms or molecules in front of a conductive plane
with arbitrary tensorial conductivity. We extract in a manifest
form the contributions due to symmetric and antisymmetric
parts of polarizability and consider some specific cases. In
Sec. IV we derive the general form of Casimir torque and
apply it for the CO, molecule near a surface with pure Hall
conductivity and in front of graphene. We finish in Sec. V with
a discussion and summarizing our results. Some technical
details of the calculations are given in the Appendix.

Throughout of the paper we use the natural units i = ¢ =
1; the greek indices u, v = 1,2, 3 = x, y, z and the latin ones
Lj=1,2=uxy.

II. ISOTROPIC ATOMS

To calculate Casimir-Polder (CP) energy we use the rar-
efying procedure of Lifshitz [21]. Towards this end let us
consider a conductive plane positioned perpendicular to the
axis z at point z = a and semi-infinite nonmagnetic dielectric
media filling semispace z < 0 with dielectric permittivity &
(see Fig. 1). Then we rarefy the dielectric by considering
e =1+4nNa with N — 0. The CP energy is given by the
relation

1 &
Cor =~ ®

where &c is the Casimir energy calculated for the system
“conductive plane—dielectric.”

To calculate Casimir energy &c for this system we use
the expression obtained in Ref. [33] (see also Ref. [34]) and

generalized in Ref. [35]:

o = // 201 )3/ d& Indet[I — e 2™ r) (isk )r,(isk)],
()

where k = /&2 +K, 0= i€, and s = sgn €. Here r, and rj,

are 2 x 2 reflection matrices of the plane and the dielectric.
The boundary conditions give the following expressions

for reflection matrices (we denote two-dimensional tensors in

bold):
1— 'S kQk
S S {(1 )I+2 ® }
e+l+e-+7¢ K2 K2

. £2n 4k ® (kn) + Ik |€|det g
ro(isk) = —— , 3)
E2try +kkn + «|E|(1 4 detn)

where n = 270, [k ® (kn)]; = k'k"n,j, kkn = K'kIn;j, ke =

In the rarefying limit, N — 0,

ry(isk) =

2+ 2k @ k) + ON?). “4)

ry(isk) =
Taking into account the simple formula
det(1 +€A) = 1 + etrA + O(e?), Q)
we obtain the CP energy

2 00
Eop = / / Ik / 98 i )e 2 (€ tre, + 2kkr,),

(2m)?
(6)
or, in the manifest form,
d2k * —2ak
Eop = // e / L oig)e
g4t + kkn(E? + 2c?) + 2c3E det g
X @)

E2trn + kkn + k&(1 4 det )

This expression is valid for an arbitrary form of the conduc-
tivity. For a plane with ideal conductivity,  — oo, the CP
energy tends to that for the ideal plane, Ecp — Egp, where

. 1 o0
id - __ - 2 2
&l 16M4/0 dze” a( )( +2420). (8)

For large distances between the atom and the plane we
change integrand variables k — k/a, & — &/a and take the
limit @ — oco. We observe that the CP energy is proportional
to that for a perfect metal, £2p = —30(0)/8ma*, with coef-
ficient depending on the conductivity of the plane. This was
observed in Ref. [36] for isotropic conductivity. Note that the
actual parameter of expansion depends on the structure of
the polarization tensor «, which must include dimensionful
parameters describing the properties of the atom or molecule;
see (18).

Let us consider the general form of the conductivity tensor,

k®k
2

©))

where all coefficients are functions of (&, k) and € is the totally
antisymmetric tensor. In particular, the graphene conductivity
tensor has such structure [13] with X = nte, ¥ = Ntm — Mte»
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and Z =0 [37]. Here nimt are the conductivities of TM
and TE modes, respectively. If Z # 0, the parity anomaly is
present [35]. The pure Hall conductivity corresponds to the
case withX =Y =0and Z # 0.

Taking the polar coordinates for (ki, k;) and integrating
over angular variables we obtain that

Ecp = — / /0 ) %%g)e%{ﬁ(zﬁ —EHX +7)
+23E(X? + XY + Z%) + £4X ], (10)
where
W =X +Y)+cEX*+XY + 22+ D +XE. (1)
For isotropic conductivity » = X I the CP energy,

© g 3 1
Ecp = —/ et dx a(ixz)e >
o 27 Jo

Xx3 X2 —x?)
X + s
Xx+1

X +x
coincides with expression obtained in Ref. [36]. Here X =
X (xz).
Let us consider pure Hall conductivity X =Y = 0and Z #
0. For constant Z one has

12)

z
Eep = mé’cp, 13)
where the CP energy for the plane with ideal conductivity,
Sgp, is given by Eq. (8). The same result was obtained in
Refs. [24] for CP interaction of an atom with a Chern-Simons
plane. The parameter of Chern-Simons interaction in those
references coincides exactly with the Hall conductivity Z in
the above formulas.
For a two-dimensional (2D) electron systems in a strong
magnetic field B we have o, < o, (see Ref. [34]) and

Z = 2moyy = vaqep, (14

where v = 2mn/(eB) is the Landau-level filling factor and
aqep is the fine structure constant. The leading contribution
over agep K 1 reads

Eop = Z7E8p = appV E&p. (15)

Therefore, the CP energy is quantized, too, alongside with
Casimir energy [34] and suppressed by the same factor aéED.
The CP force is always attractive, for any distance and any
value of the Hall conductivity. The detailed calculations for
graphene in a strong magnetic field have already been done in
Ref. [38].

In the general case with a combination of the isotropic and
the Hall conductivities we set ¥ = 0 and have

n=XI+Ze. (16)
The CP energy reads
g%: - i/Dodny/lal)c—()l(ixy/a)e—z»"
gcp 3 Jo 0 a(0)
" Q-2 +xHX +2x(X2+ 7
A4+xHX +x(1 +X2+2Z2)

V)

where £2p = —3a(0)/ 8ma* is the asymptotic of the Casimir-
Polder energy for the ideal plane (8) and the arguments of
X and Y are replaced as (&, k) — (yx/a, yv/x> — 1/a). The
function 2 — x> 4+ x* is always positive in the domain of inte-
gration and therefore the CP energy is always negative and the
CP force is attractive for any relation between X and Z.

III. ANISOTROPIC CASE

To include in the consideration an anisotropic dynamic
polarizability we consider a matter in semispace with tensorial
dielectric permittivity ¢,,. First of all we have to consider
the scattering problem for an anisotropic semispace z < 0
and vacuum for z > 0 and then use the rarefying Lifshitz
procedure: ¢,,, = 8, + 47N, with N — 0.

In general, the polarizability tensor «,,(w) may be ex-
pressed in terms of dipole matrix elements [27],

Dil Dn

wv Vi
v = , 18
*n Xn:<wno—a)—i0+a)no+w+i0> (18)

where w,0 = @, — wp and D = (0|d,,|n)(n|d,|0). The scat-
tering tensor has the same form but with —i0 in the second
term [27]. For the case of elastic scattering [27], @ # wpo it is
possible to omit 0 in the denominator and the polarizability
tensor becomes Hermitian. Note, that such an approxima-
tion, strictly speaking, violates the Kramers-Kronig relations.
The polarizability tensor may be divided into symmetric and
antisymmetric parts ., = o, + oy, and for the elastic scat-
tering case we have [24]

71
s oy +a\1M anoReDW
awz—zReawz E —
2 W, — @
L (19)
o 71
a _ Oy — Qyy . _ 21a)ImDW
oy, = ——F—— =ilmay,, =) —-,
2 ~ Wy — W

and for the negative frequencies w < O we use the relation
[27] oy (w) = oy (—w). At the imaginary axes w =i§ it
becomes real.

It was shown [28,29] that, taking into account the atomic
hyperfine structure, the polarizability tensor maybe de-
composed in three contributions: scalar (diagonal), vector
(antisymmetric), and tensor (symmetric and traceless). The
sum of the scalar and tensor parts correspond to the symmetric
part, oy, and the vector one corresponds to the antisymmetric
part, a? . of polarizability (19). The antisymmetric part is

puv?
defined by the total angular momentum, J, of an atom [29,39]:

OZZU(C()) = iav(w)euvp]ps (20)

where €,,, is a completely antisymmetric tensor. The vector
polarizability gives a contribution to the P-odd van der Waals
forces [29] (see also review [30]).

The CP energy is obtained by the same rule (1) (see the
Appendix and Ref. [40]). The CP energy reads

d’k [ dE -
& — - “S —2ka ij
cP // 472 /(‘) PR

x [E2aji + aikk; + azskik;],
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where ;; = ;;(i€) and r is the reflection matrix of the plane
atz = a.

For a plane with arbitrary tensorial conductivity, the matrix
r, has form given by Eq. (3) and the CP energy becomes

d’k 0
/ / (2m)? / Kk
672Ka

x E2trn + kkn + k&(1 + det )

x {E2(67 tr(nar) + kk(nor + aen)]

+ (kkn)[ (kket) 4 a3’

+ k& det g[e% tra + (kket) + a33k?]}.  (21)

Here, (kk(ne)) = k'k’/ninor,; and (kk(an)) = k'k/ iy, j. We
observe from this expression that the result does not depend
on the components «s; and «;3. This point was observed in
Refs. [24]. We may rewrite the above expression in an invari-
ant form by changing o33 — «,,n*n", where vector n* is the
unit vector perpendicular to the plane and assuming other 2D
tensors living in this plane.

Accordingly, with the partition (19) we can represent the
energy as sum of two contributions Ecp = E¢p + EGp, Where
SEP = 5CP(O(5), 5&3 = 5CP(O[”), and

Eepla) =

kEX tr(pa®)e 2<dE

) 42k
b = _/f Qn )y fo E2try + kkn + x&(1 + det )’
(22)

is the contribution of the antisymmetric part of polar-
izability. In manifest form tr(ya®) = —af,(ni2 —n2) =
a,(§)J.(n12 — n21), where i, (i§) = —a,(&). This contribu-
tion is zero either for symmetric polarizability & or for the
symmetric conductivity 2.

In the case of isotropic polarizability, o, = «,,, we ob-
tain Eq. (7). In the case of anisotropic polarizability we can
take a formal limit § — oo to consider a perfect metal plate,
obtaining

1

gid - _ dze a1 2
& —327m4/0 ze Hai(l+2+2%)

+an(l+z-2)}, (23)

where «,,, = «,,,(iz/2a). There is no contribution from the
off-diagonal components. This expression is a generalization
the CP energy for the isotropic molecule (8). For large dis-
tance, a — 00, we obtain

a(0)
8mat’
in accordance with Refs. [23,24]. It depends on the trace
of the total polarizability tensor, and therefore far from the
surface the CP energy does not depend on the orientation of

the molecule.
For the conductivity tensor in the form (9) we obtain
Coea (11 + a)a! + azza’

°°kdkd$
SCP__// W ’

kdkd cal 2
Edp = / / é i “‘2, (25)

(c/wd

CP a— o0

=&p=— (24)

33

€2
EQ Y €, = €3
z " i
€ 1
! -
1\ €o
1
. 1
r 1
1
1
. 1
K i
1
0 i
]
1
x N TTTesel i
2 ) J el .
el

FIG. 2. The conductive plane is (x, y), with a tensor conductivity
o. The eigenvectors of the polarizability tensor of a molecule are
(é1, é,, €3), which are obtained by rotation of the orthonormal spher-
ical basis (&g, €, €,) on the angle y around é,.

where W is given in (11) and
a' =k X +Y) +kEKP+FEDHXP+ XY +Z°) + %X,
B =2k (X +Y) +EX>+ XY +Z9)]. (26)

For pure constant Hall conductivity X = Y = 0 one has
2

Eop = —— &l
T Iy er

TR /Ood Sy ()1 420
—_— e ‘a ,
dnd* (1 + 22 Le Wiy, )fl T
where 5’ cP is given by Eq. (23). The diagonal part of polar-
izability gives a contribution which is even with respect to
conductivity Z, while the off-diagonal part is odd and it is zero
for symmetric polarizability. The same result was obtained in
Refs. [24] for CP interaction atom with Chern-Simons plane.

IV. CASIMIR TORQUE

To calculate the Casimir torque we have to character-
ize the orientation in space of an anisotropically polarizable
molecule. In Eq. (21) a molecule is situated in such way that
it has polarizability tensor «,, in the Cartesian coordinates
(x,y,7). Let us consider a symmetric tensor of the atomic
polarizability, only. Suppose that the principal axes of the
molecule are defined by the eigenvectors (€, €,, €3), which
may be obtained by rotation the spherical basis (€y, é,, €,) on
the angle y around &, [23] (see Fig. 2):

QU

| =& cosy —é,siny,

S
I
o

¢ Siny + €,cosy,
e 27

oL

w
1
oL

Note that setting €3 = €, is not restrictive, as we can always
choose freely the origin of the coordinate system.

The matrix T of transformation from the old basis (7, 7, l;)
to the new one (€1, é;, €3) is defined by the relation

(@1é:8)=@Gjk-T. (28)
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The matrix T may easily be found from the relations (28). In
a new basis, the polarization tensor has a diagonal form,

[or0] = diag(ay, a2, a33) = T7 [er),IT. (29)

Therefore, to calculate the energy we use the following repre-

sentation of polarization tensor: [otl/w] = T[ot,w]TT.

For 6 =¢ =y =0, ie., when the principal axes of
molecule are oriented along the Cartesian axes (x,y, z), the
old basis (7, 7, /?) coincides with new one (¢, é,, &3) and the
CP energy reads

o0 / / d*k /°° dé e g, AP
cP Qe Jo «k E2trn+kkn+ kE(1 +dety)’
(30)
where
A = (kkn + & detn + &2 w)(§7 + &7) — £,
AP = (kky + & detn + &2 trp) (&% + k3) — £k iy,
A = (i kkn + £k* det p)k. (31)

In the general case, 0 # 0, ¢ #£ 0, y # 0, and we obtain
the CP energy

Ecp = Egp + Aécp, (32)
where
d*k > d
scer = [ i | e
o—2ka
“E2twq + kky + &(1 + detn)
X {(o11 — @22)S12 + (022 — @33)S23}. (33)
Here

S12 = cos2y (B sin2¢ + By cos2¢)
— cos 6 sin 2y (B, cos 2¢ + By sin2¢)
— Byj +cos” y S,
Sy3 = sin’ O{k*(kky + k& det n + £ tr )
— EXc Q& detn 4+« try)
— Bypsin2¢ — By cos 2¢}, (34)
and
By = £ — )
+ (ki — k3) (kkn + & det g + £ tr ),
Bir = 23 (012 + n21) + 2k ko (kky + k& det p + 2 tr ).

In fact, the expression (32) for energy is another representa-
tion of Eq. (21) with explicit indication of the orientation of
the molecule. For isotropic molecules with o, = «§,, the
energy correction AEcp = 0, as should be the case.

Let us consider the general form of conductivity tensor
(9). We use polar coordinates for (k;, k;) and after integrating
over angular variables we obtain that c‘,’gp = Elp, where Ep
is given by Eq. (25), and

Aécp = —sin® 0(Gra cos® y + Ga3), (35)

FIG. 3. Schematic figure showing the arrangement of the
molecule CO; and the plane. The Casimir torque M, tends to rotate
molecules to the direction of the axis z and as the result molecules
can go through the membrane.

where
ookdkdf ) Oll','—Oljj 2 2 2
= Ka X+Y -2
Gij //0 e W (k"X +Y)(k §°)

+rE(K? =36 (X2 + XY +7%) — XEY. (36)

The energy has no dependence on the angle ¢ due to isotropy
of the conductivity plane. The angle y gives a contribution in
the case «j; # oy, only.

In general, the CP energy depends on three angles (6, ¢, y)
which define orientation of the molecule in the space. There-
fore, we may define the Casimir torque in relation to each
angle [25]:

My = —dy&cp = sin20(G2 cos’ y + Ga3),
_a(ngP = 0’
M, = —9,Ecp = sin? 0 sin 2y Gy,. (37)

X
[

Zero torque with minimum energy Ecp describes the equilib-
rium states.

The molecule CO,

The molecule CO, (see Fig. 3) has anisotropic polariz-
ability and o1} = any # a3z (see Fig. 4), and for the whole
interval of the imaginary frequencies the inequality o33 > a2
holds. The CP energy depends on 6 only,

Ecp = EQp — sin? 0G3, (38)

where £Qp = E&p and Gy3 are given by Egs. (25) and (36), re-
spectively. The sin? 6 dependence has already been observed
for a dielectric slab in Ref. [23].

In this case only My remains nonzero, My = sin 26 Gy3.
The 26 dependence was also observed in Ref. [25]. Zero
torque, M = 0, which corresponds to extrema of the energy as
a function of the angle, is realized at the angles 6, = (0, %, )
with energies Ecp = (E3p, Ep — G23, EQp). The angles 6 =
0,  correspond to positions perpendicular to the surface and
0 = m /2 corresponds to a position parallel to the surface. Let
us consider some specific situations.

195422-5
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-_ Az
4 = Qg = Oy

Quy (A3)

0
1072 107! 100 10!
i€ (a.u.)

FIG. 4. The polarizability of CO,. The numerical data were pro-
vided by the authors of Ref. [23]. The imaginary frequency & is
measured in a.u. and polarizability is measured in A?. Here 1 a.u.
=4.13413 x 10" rad/s = 27.212 eV.

1. Constant Hall conductivity

For pure Hall constant conductivity we set X =Y = 0 and
we obtain from (32)

ZZ e} dy y3 1
Ep = — dxe™>
cp 1+ﬁA mwﬁ ve

x [(1+xM)axn + (1 — xP)ass],

ZZ oo dyy?a 1 )
= d —<y
G23 1422 /0 4mat ,/0 re

x (1 —3x")(an — a33), (39)

ixy )

where o;; = i (-
For a — 0o we obtain [see (24)]

&p — & = _Mv
8mat
G = 0@@™). (40)
For numerical evaluation we normalize the energy on its
asymptotic value |E2p| = %: Eer/I1EGR| = 1 +ZZECp and

G/ IE pl= 1_{222 Gy3. The plots of the whole energy Ecp
and separately the G,3 contribution, responsible for the 6
dependence, are shown in Fig. 5. We observe that the CP

ECI’ .10—2 GZS
0 0
— =1

—0.2 —0=0r -1
—-0.4 -2
—0.6 -3
—0.8 —4
-1 -5

0 20 40 60 80 100 0 20 40 60 80 100
a (nm) a (nm)

FIG. 5. Left panel: the dimensionless energy Ecp for extremal
angles. The energy minima are realized for 6 = 0, w. Right panel:
G, contribution (dimensionless), responsible for the angle depen-
dence. It is always negative.

energy with angles & = 0, & is smaller than the energy for
6 = m /2 for any distance between atom and plane. It means
that equilibrium positions of molecules are perpendicular to
the plane.

2. Graphene

In this case X = e, Y = Ntm — Mte, and Z = 0, where e
and nyy are conductivities of TE and TM modes, respectively
[37]. The energy for zero temperature reads

kdk d
ggp — _‘/(; / E —2/((1

X {—@n&’re + [aak? + as3(k? — £2)]rm},

kdk d
Gy = / / i e (ay — a33)
0

x [£re + (k% — 26)rm], 41)
where
Tt Ui
He=———F, Ffm=—"%, (42)
Ne + ¥ Mm + 2

are reflection coefficients for graphene and nie tm = 27 0te tm-
At zero temperature, the energy can also depend, in general,
on the chemical potential p [13]. In the gapeless case the
conductivities of TM and TE modes have the following form

[37]:
8 [l — £k
4+ Re/ dzu’
Ngr  kr kg 0 ker + g

| 2 _ g2
E:](_F_}_SR/Mdz—q(q S),
Ngr § § 0 r(gkr +&r)

where kp = /2 4+ v2k2, g =& —iz, r = \/q® + v2k?, and

Ngr = 21 ¢? /4 is the universal conductivity of graphene.

The nonzero temperature maybe included by changing
Jo dé — 2T S, and & — &,, where &, = 27nT are the
Matsubara frequencies:

0 00
0 _ _ E :/ kdk —2kpa
gCP = T a \/0\ _Kn e
[k + a3 (ier — &7)]rim})
kdk
G = E f o e 2

x [E7re + (17 — 267)rim ], (44)

where i, = /k* + &2 and &), , = @,,,,(i&,). The conductivities
of the graphene in this case read

8 o — &k
Mm i +—Re / dzu@(z)’
0

Mtm &

(43)

X{ 0‘225 re +

O‘zz - O‘g3)

TNgr kg wkr ker + g
5 5 45)
k 8 *° —
Me _ ke 8 / dz q(q” — & )®(Z)’
Ngr 5 w§ 0 r(gkr +&r)
where
1 1
0z) = — +—= . (46)
et +1 e7 +1
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FIG. 6. Left panel: the energy |EQp| in double log scale for
different temperatures. Right panel: the torque amplitude |Ggp| in
double log format for various temperatures. For small distances the
energies ~1/a*. For great distance and nonzero temperatures the
energies ~T /a*. The mass gap and the chemical potential are zero,
m=pu=0.

Let us consider the asymptotic a — oo. In the case of zero
temperature we change variables k — k/a, & — £/a in (41)
and take the formal limit a — oo. In this limit we obtain

Ntm 8a|ul& (kr + &)
—_— % —_—

ngr nkszU%v ’

8 k
e a|M|f§(F;|'§) 47
Ngr wk’kp vz

The reflection coefficients become those of a perfect metal,
I'tm = 1 and Ite = -1, and

E&p/E& — 1, G3/ES — 0. (48)

This regime is realized in the case a|u| > 1. If u =0, the
conductivities are given by the first terms in Eq. (45) and
rtm 7 1 and rie # —1. Numerically, we obtain

a2 (0) + as3(0)
a;(0)

a2(0) — a33(0)
ay(0)

where I} ~ 0.079, I, ~ 0.067, and I3 =~ 0.027.

In the case of nonzero temperature, the main contribution
comes from zero term of sum in (44):

0[22(0) + 0[33(0) N 2mwaT
a0y 3
022(0) —a33(0)  2mwaT

20200 3

The numerical analysis reveals that the function Gy3 is neg-
ative for any distance between plane and molecule. It means
that the energy minima are realized for 6 = 0, . The module
of energies are shown in Fig. 6 in double log scale in the range
a € [1, 500] nm and for temperatures 7 = 0, 100, 300 K. We
observe that for zero temperature the energies 88,:, and Gy3
are proportional to a~*. The nonzero temperature changes
behavior of the CP energy at large distance between graphene
and molecule which becomes proportional to T /a* according
to (50).

There are two comments to be made. First, we consider
here the case u = 0. It would be interesting to investigate

Ep/ESD — ~ 0.0542,

Gu/EGp — — L ~ 0.0077, (49)

E&p/EXy — maT 1.14,

Gr3/EGp — —maT 0.21.  (50)

how the combined effects of the nonzero band gap and chem-
ical potential [41] might modify the Casimir-Polder force
for anisotropic particles. Second, it would be interesting to
study how the CP energy and torque at very small separations
(corresponding to virtual energies of above 3 eV) might be
influenced by the full band structure of graphene, which is not
entirely taken into account by the model of Ref. [37]. These
questions are beyond the scope of this paper and deserve
further investigations.

The energy for extremal angles 8 =0, /2,7 and for
temperatures 7' = 0, 100, 300 K are shown in Fig. 7. In all
situations the minima of energy are realized for 0 =0, 7,
when the molecule is perpendicular to the surface (see Fig. 3).

V. SUMMARY AND CONCLUSION

We considered the Casimir-Polder energy for an
anisotropic molecule near a conductive plane with tensorial
surface conductivity. The CP energy is a sum of the
contributions from symmetric and antisymmetric (22) parts
of polarizability. The latter is zero either for the symmetric
polarizability tensor or for the symmetric conductivity tensor.
The CP energy is represented in the form with manifest
dependence on the orientation of the molecule (32). The
Casimir torque is given by derivatives with respect to angles
of orientation of the molecule (38). The energy has no
dependence on the spherical angle ¢ due to the freedom of
choosing the origin of coordinates, and dependence on 6 is of
the type sin® #. The dependence on the angle y is only present
in the case «); # apy. This angle characterizes a rotation
around a radius vector to the molecule (see Fig. 2).

The molecule CO, has tensor polarizability with «; =
any # a3z and a3z > ;) for any frequency. For this reason
the energy depends on 6 as sin’6 and the minima of the
energy and zero torque are realized for & = 0, ¥ when the
molecule is perpendicular to the surface, and the maximum is
realized for & = 7 /2. The same result has been obtained for
the molecule CO, and a dielectric slab in Ref. [23]. Numerical
results for graphene and the molecule CO, are shown in Fig. 7
for different temperatures.

Separating CO, from the atmosphere is a pressing tech-
nological issue, in many cases addressed with usage of
graphene and graphene oxide membranes [42,43], including
those of single-layered graphene [44]. Our study revealed
that the Casimir torque acting on the molecules tends to shift
them into a position favoring easier penetration through such
membranes, with the smallest cross-section side facing the
interface. In the studied cases, see Fig. 8, the torque is shown
to be enhanced by enlarging the Hall conductivity contribution
of the conductivity tensor of the membrane, which is notably
pronounced in the case of graphene. It permits us to conjecture
that creating membranes with larger antisymmetric conductiv-
ities might benefit CO, separation technologies.
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APPENDIX: DERIVATION OF CP ENERGY
1. Eigenproblem

The Maxwell equations in anisotropic media give a dis-
persion relation which has, in general, four distinctive roots
[see below in (A6)] k3 = k3(k1, k2, @) and four corresponding
distinct amplitudes £, and H,, (n = 1, 2, 3, 4). To obtain this
dispersion relation we search for solutions of the Maxwell
equations in the plane-waves form

E = eiklx+ikzy+ik317iwt£ H= eik1X+ik2}'+ik3Z7iwt% (Al)
with constant amplitudes £ and .

The equations can be represented in the form of an eigen-
problem,

M. v =k, (A2)
where the matrix M is given by
kL k2 kiky w— K
£33 €33 WE33 WE33
eyt b2 —e4+ti _kk
M = 2esn ) 2en w33 w33
_hk _ wen K _ wen ko2 ko &2
0] £33 9] £33 2 £33 1 £33
k2 2 kik (1)82 k E]% k ‘8]3
— 2 @wepn Kk @ean c13 — ke, Y13
w + €33 w + €33 2 €33 1833
(A3)
1072 G/ €D 1072 Gos /1€
0 . . . . 108
—X =0 0.2 —432
— X =0.1 —U. —4.34
—03¢ —X =05 e
704 —4.38
—4.4
—1r a=10nm - —4.42
706 0.00 0.02 0.04 0.06 0.08 0.10
_ 5L
L5 ~08
-2 L L L L -1
0 1 2 3 4 5 0 02 04 06 08 1 12
Z 4

FIG. 8. The dependence of the torque amplitude G,; on the anti-
symmetric (Hall) part, Z, of the conductivity in the case of constant
symmetric conductivity (left panel) and for graphene (right panel).

and the four-component “vector” v reads
(A4)

which contains the tangent components of the electromagnetic
field. Here, e, is a matrix of minors of the elements of ¢,,.
To find a solution we need only these components of the
electromagnetic field, since the third components are readily
obtained as

1
& = —lhH, — kH, — w(e& + €né)],
wEe33

1
He = —(éy — katy). (A5)

The dispersion relation, k3 = k3(k, w), is solution of the
fourth-degree equation

g3 det(M — k31) = 833](31 + alkg + a2k32 + azk; + a4 =0,
(A6)

where coefficients
a1 = k'(ei3 + €3,
ay = kPe33 + kke — w*(ey) + en),
a3 = K’k (s53 + 31) + 0’k (g3 + &3;') detee,
ay = k’kke — o* (K*e33 + e33kke — kie;zk’e3;)
+ o* det €,

are invariants over rotation in plane z = 0. We denote the roots
of (A6) as «,,. We choose enumeration of roots such that in
the case of vacuum «; » — +k; and k3 4 — —k;, where k;, =
Va? — k.

In the case of vacuum, ¢,, = §,,, the dispersion relation

has double-degenerate roots k| » = +k; and k3 4 = —k,. Cor-
responding eigenvectors read
1 0
0 1
r_ kik r— K3+k?
v, = _al)—kf ., vy = _ zw+k , (A7)
K2 +k? kiky
wk; wk;

and (vj, v}) = (V5, V))k - .-
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Then, the general form of the field is a linear combination of these solutions:

r k.

v =¢'

with common factor eff1x+iky—ior,
In the nonvacuum case the amplitudes read

1

ik,z, v o1

2o Pl —ik,z, 71 —ikz, "o T
VIV e, e VU3 + e UyVy,

ko (ki&3—ka€1 )+ (kzepp—kiezy)

(A8)

V) =

ks (kke)+ky (k&3 —k3&1 )+ (ki ez —kser)
—klkz(kk£)+(u2(k| kzesn+kikyess —k%t,’]z—kz/gelg) s

k3 — K1,

(ks (kke)+ky (k1 &3 —k3&1 )+* (kiesi —ksenn))
—k3 (kke)+o* (ki ko (e +ex1 )+(k3+k3 ex +hoks (e3a+ex)+h3 (er1+e33))—w* det e

(ks (kke)-+ky (k1 €3 —k3&1 )+w? (kies1 —ksenn))

ki (ko83 —k3&p)+ 0’ (kzeai +hoesr)

(A9)

1

key (kke)+ka (ko&3—kz &2 )—w? (kzesn+ksen)

K2 (kke)+0* (—kiky(ern+ea)— (K2 +k3 )en +hiks(es1+ei3)—ki (exn+es3))+w? dete |

k3 — K2,

(ks (kke)+hka (ka&3—k3&2)—w* (kaesr+hsen))
kiky (kke)+w* (—kiksers—kikoessHh3ea1 +haksesr)

where e, as before, is a matrix of minors of €., §, = k"¢,
and (kke) = kM k"gy,. AlsO v3 = Vij, > V4 = V2jy,-

The general solution is a linear combination of these four
solutions:

l

iK12,,1 iKk2Z iK3z,,1 ikaz )l
v = ") + e Fvyvn + vy vs + e vy, (A10)

In the vacuum limit ¢, = §,, + €, and k;l,Z) — tk, +
G‘Skél’z)’ k§3'4) =~k + 68k§3’4) we obtain

0 0 0 0
V) — U] +C1Y;, Uy —> Uy + Uy,

(A11)
V3 —> vg + C3v2, V4 —> C4v(3) + vy,
where
o = w? (ka1 — kyonz) + ky (ki 83 — ko81) ,
@2 (k0t2y — kaon3) + ko (kats — k. £o) — 2k28Kk3"
o = W (kary — kooty3) + ki (kads — k:£2)

w?(kan — kiais) + ki (ki & — kgy) — 2k28k
(A12)

€3 = Cili g s
€= Ol g @ s

and ¢; = k"a,,;. We note that the eigenvectors (A9) have been
chosen in a form such that in the vacuum limit these eigen-
vectors become a linear combination of vacuum vectors, in
agreement with quantum mechanical perturbation theory in
the degenerate case.

2. Scattering problem

Let us consider now a general scattering problem with mat-
ter described by dielectric permittivity &, to the left (index
[) of the boundary z = 0 and vacuum, &,, = §,,, to the right
(index r). The field has the structure to the left of the boundary
(inside matter)

E = ei"‘ZAﬁgll + eikzzBfglz + eiK3ZA£)513 + ei"4zBi€i,
H; = " CA[H | + " BIH) + A H + B H),,

(ks (kke)+ky (kads—k3a)—w? (kaezytkzer))

[
and to the right of the boundary (in vacuum)
E, = ¢&ATET + 5B ES
+ e’ikzzAg'Sg + e kipren,
H, = " A'H| + *B'H)
+ e_ikuAf'Hg + e_ikszfHZ,
where the subscript i (0) denotes incoming (outgoing) waves

on the boundary, and «,, n = 1, 2, 3, 4 are solutions of (A6).
We have eight amplitudes, A", B!, to be defined. They are

related by the scattering matrix which is defined through
boundary (matching) conditions.

The in and out states and S matrix read

Al Al
Eout — fj(lrj , Ein — gz , Eout =S. Ein’ (A13)
B B!
where
r t r Fyy t t
S = , r— XX x;>, t=<xx xy>‘
(t r ) (ryx Tyy fye  tyy
(A14)

To obtain the S matrix we use the boundary conditions

(E' —E") x nj_y|.e0 = 0,
1 z=0 (AIS)
H —H") x njlm0 = 470,E |0,

where g is the (possible) tensor conductivity on the boundary
z=0.

We use the boundary conditions (A15). Because n =
(0,0,1) we may rewrite these equations in the following
form:

4
d=e. B = +""@Ge) (A16)
C
where e, h are from Eq. (A4) and
G, = <_"21 _"22). (A17)
011 012
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Taking into account Egs. (A8) and (A10), the boundary
conditions are represented in the following form:

1.1 ) rar rar __ 1,1 [, 1 ra rar
Ay + By, — AV — B)d, =—A;v,— Bjv, +A; 95 + B/ 1,.

By solving these relations we obtain components of the S
matrix:

R I
Ay v o7 By oy vy B 951)
PN (T U
A\Jvy 95 D) D5 vy by ¥ 95])°
LUl w ol o o @
_+X |vl Ul " vll |vl vl " vl| ’
3 4 1 1 3 4 1 2
R S T R
r __Z |‘D] V! N ,'f)rl Ivl vt " f)| s
3 1 3 3 4 1 4
(A18)
where

_ 1 .l ~r ar AF __ oF o o _ 0
A= V30, V) Vy, vn_vl1+vn’ vn_<477~ r>’
and the vertical lines mean determinant.

3. Rarefication procedure

To rarefy matter we use the relation ¢, = §,,, +4nNoy,
and expand the expression for r’ up to first order in N. After

long calculations we obtain

N
rl(j = %(asakiki - a)zoc,-j + kioty k")
Z
N
+ 5 [kikjeusk” — K aisk; + k2 (kiors; — tizk;)]-
Z
Because

Indet(I —eA) =1 —etr A + O(e?), (A19)

from (2) we obtain

g ——//ﬂ/wdé “20¢ (1 (F'r) + O(N?). (A20
c = 207y e r(r'r . (A20)

Straightforward calculation gives
N ..
t]‘(l‘/l') = — T[—zrl] {ézaﬂ + Olm'knkj + Ol33k,'kj}
K
inN ..
— Sgn(é)K—37” (kP [osik; — otjaki]

— ki(K*aj3 — a3k ;).

The last imaginary term gives no contribution to the energy
and we arrive at the expression

d’k  [™dE -
£ — o =S —2ka i
cp // (27T)2/0 P

X [Szaj,- + Olm‘knkj + a33kikj].
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