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GEVREY ESTIMATES OF THE RESOLVENT AND SUB-EXPONENTIAL
TIME-DECAY FOR THE HEAT AND SCHRODINGER SEMIGROUPS. II

MAHA AAFARANI AND XUE PING WANG

ABSTRACT. In this paper, we improve and generalize the results of [12] on large-time expan-
sions for the heat and Schrédinger semigroups with sub-exponential time-decay estimates on
the remainder.

1. INTRODUCTION

In [12], one of the authors proved the Gevrey estimates of the resolvent for a class of
non selfadjoint second order elliptic operators satisfying a weighted coercive condition and
applied them to establish large time expansions of the heat and Schrodinger semigroups with
sub-exponential time-decay estimates on the remainder. For the Schrédinger semigroup, a
global virial condition on the model potential has been used to ensure the absence of quantum
resonances near threshold zero. In the present work we want to extend the results of [12] to
larger classes of potentials in which only a virial condition outside some compact is needed
for the Schrodinger case. We also consider threshold eigenvalue with arbitrary geometric
multiplicity instead of geometrically simple one, which requires an analysis of more general
Jordan structure analogous to that carried out in [1] for quickly decreasing potentials.

Consider the non-selfadjoint Schrédinger operator

H=-A+V(z) (1.1)

which is regarded as perturbation of a model operator Hy = —A + Vy(z) where V(z) and
Vo(z) are complex-valued measurable functions on R"™, n > 1. Assume that V and V; are
—A-compact satisfying for some constants p €]0, 1] and p > 2pu:

Vo(z)| < Cla)™, W (2)| < Cla)™", (1.2)

for x outside some compact of R". Here W (x) = V(z) — Vo(x). An important condition for
sub-exponential time-decay for the associated heat and Schodinger semigroups is the following
weighted coercive condition on the model operator Hy: there exist u €]0,1[ and ¢y > 0 such
that

|(Hou, w)| = co(|[Vull® + [[{z) Hull?), ¥ ue H (1.3)
Throughout this work, conditions (1.2) and (1.3) are always assumed to be satisfied. Set
Vo(z) = Vi(z) — iVa(x) with Vi(x) and Va(x) real and denote

Hy =-A+Vi(z), H=Hy+ W(x). (1.4)

Under the condition 1.3, Gevrey estimates of the resolvent Ry(z) = (Ho — z)~! are proved at

threshold zero in appropriately weighted spaces ([12]). In order to apply them to the semi-

groups et and e ¢ > 0, we need additional conditions on the potentials. Recall the two

classes of potentials introduced in [12] for the heat and Schrédinger semigroups, respectively.
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2 MAHA AAFARANI AND XUE PING WANG

Definition 1.1. Let V be the class of complex-valued potentials Vo(x) = Vi(x) — iVa(x) satis-
fying (1.2), (1.3) and the condition

Hl Z —aA (15)
for some constant o > 0. Here Hy = —A + Vi(x) is the selfadjoint part of Hy.
Definition 1.2. Let A denote the class of complex-valued potentials Vo(x) such that (1.2) and

(1.3) are satisfied for some constant u €]0,1[. Assume in addition that Vi and Va are dilation
analytic and extend holomorphically into a complex region of the form

Q={zxeCz|>c ! |Imz| <c[Rez|} (1.6)

for some ¢ > 0 and satisfy for some constants c1,ca > 0 and R € [0, +o0]
[Vi(z)] < c{Rez)  2xeQ, j=1,2, (1.7)
Vo(x) > 0, VreR", (1.8)
z-VVi(z) < —02@;;, x € R" with |x| > R, and (1.9)
Vo(z) > colx) ™, x € R™ with |z| < R. (1.10)

If Condition (1.10) is satisfied with R = 0, we assume in addition

O<p<3,ifn=2and0<p<1,ifn>3. (1.11)

The conditions (1.9) and (1.10) can be regarded as a (damped) global virial condition
and is used to prove the absence of quantum resonances near threshold zero in [12], where
sub-exponential time-decay estimates are obtained for compactly supported perturbations of
model potentials in V (for the heat semigroup) or in A (for the Schrédinger semigroup) and
for geometrically simple zero eigenvalue of H. Note that for n = 3, the repulsive Coulomb
potential Vj(z) = \%OI’ cp > 0, belongs to A.

In this paper, we consider more general potentials and need the following condition to com-
pute the singularity of the resolvent R(z) = (H — z)~! at z = 0.

Assumption (Al) Let zero be an eigenvalue of H of geometric multiplicity k. Assume
that there exists a basis {¢1,- -, ¢} of the eigenspace of H with eigenvalue zero verifying

det (<90j7 J‘Pi>)1§i7]’§k # 0. (1.12)

The following result on the heat semigroup e~ *#

[1] and [12].

Theorem 1.1. Let Vy € V and W =V —Vj satisfy the condition (1.2) with p > 2ku, where k
is the integer given by Proposition 2.2. Assume that zero is an eigenvalue of H with geometric
multiplicity k and assumption (A1) holds. Then for any a > 0 there exist some constants
Ca, Cyq > 0 such that

will be proven by combining the ideas from

eme ™ et = Y e — Mg | < G b0, (113)
Aeoy(H),Re A<0

where B = 1= and Iy is the spectral projection defined by

1+Kkp
k
Oof = (f,JU)¥;,  Vfel? (1.14)
j=0
where {¥y,--- W} C L? is a basis of the eigenspace of H associated with the eigenvalue zero

satisfying the relations
(W5, JU;) = by, (1.15)
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with 6;;j = 1 if i = j and d;; = 0, otherwise.

Theorem 1.1 is proven in [12] for W compactly supported and & = 1. The main step of
the proof of Theorem 1.1 is the asymptotic expansion of the resolvent R(z) = (H — z)7!
at threshold zero with Gevrey estimates on the remainder (Theorem 3.5). To prove this
result, we decompose H as H = hy + W, with hg = —A + vy verifying (1.3) and W, of
compact support and use the equation R(z) = (1+ K(2))"'ro(2) for z ¢ o(H), where ro(z) =
(hog — 2z)~! and K(2) = 79(2)W,. The condition (A1) is used to ensure the existence of an
asymptotic expansion for (1 + K(z))~! at z = 0. In fact when 0 is an eigenvalue of geometric
multiplicity k& of H, —1 is an eigenvalue of K (0) with the same geometric multiplicity k& and
with finite algebraic multiplicity m = dim E, where E = {u € L?;3j, (1 + K)’u = 0}. Since
dim Ker(1 + K(0)) = k, there exists a Jordan basis B of E such that the matrix of 1+ K(0)
restricted onto E is of the Jordan form:

A= Diag(Jmlv T 7Jmk)

where J,;,, is the Jordan bloc of order m; associated with the eigenvalue 0 and mi+- - - my = m.
By Grushin method, the existence of an asymptotic expansion for 1+ K(z) is reduced to that
of an m x m matric E_4(z) of the form

E_i(2) = —A+2zB+0(Z%).
Set

I = {17"'7m}\{m17m1+m27"'7m1+m2+"'+mk}7
J = {]-a"')m}\{17m1+17"'am1+m2+"'+mk‘—1+]—}~

If Ais denoted by A = (a;j)1<i j<m, then a;; = 1if i € I and j € J and a;; = 0, otherwise.
Then one can check that

det E_, (2) = 2"Dy + O(z*) (1.16)

for z near 0, where Dy is, up to a sign, equal to the minor of order k£ obtained from B by
deleting all ¢-th lines and j-th colons with ¢ € I and j € J. One can prove by choosing
appropriate bases of E that Dy, # 0 if and only if the assumption (A1) is satisfied (cf. Lemma
3.3). See also [1] for non selfadjoint Schrodinger operators with quickly decreasing potentials
and [12] in the case k = 1. Therefore the assumption (Al) is in some sense a necessary
condition for R(z) to admit an asymptotic expansion at z = 0 with the leading term of the
order 1. If one has for some | € N det E_, (z) = 2" Dyyy + O(zFH+1) with Dy # 0, then
one can show that R(z) admits an asymptotic expansion at z = 0 with the leading term of
the order zl% But we do not have any example for which this condition is satisfied with [ > 1.

The second main result of this work is about large-time expansion of the Schrédinger semi-
group with sub-exponential time-decay estimates on the remainder. For this purpose, we
introduce the following class of model potentials.

Definition 1.3. Let Ay denote the subclass of potentials Vo € V satisfying that Im Vo < 0 and
there exists some potential Vi € A with
Vo(z) = Vol(x), |z > Ry, (1.17)
for some Ry > 0.
For Vy € Ay, denote Hy = —A + Vjy(z) and I:TO = —-A+ ‘70(:6) where ‘70 € A coincides
with Vp(z) outside some compact. We use the technique of analytic distortion from quantum

resonances to study e~ and need the following analyticity condition on W (z) = V(z) —
Vo(x):
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{ W is holomorphic in a complex region € of the form (1.6) for some Ry > 0 and

(W (x)] < C{Rex)™2#7¢ VY € Q.

(1.18)
for some constants C' > 0 and € > 0. In addition, one assumes that there exists R3 > 0 such
that

Im W (z) <0, x € R" with || > Rs. (1.19)

Since Im W (z) is allowed to change sign in some bounded region, H may have outgoing posi-
tive resonances which are relevant to the asymptotic expansion of e as t — 4o0.

If V is of short-range: V(x) = O({z)~17¢) for some € > 0, A > 0 is called real resonance of
H = —A+V(z) if the equation Hu = Au admits a non-trivial solution u € HZ _(R") satisfying
one of Sommerfeld radiation conditions:

e:l:i\/X\w|

- ’{I;‘nT_l (ax(w)+0(1)), |z|— oo, (1.20)

for some ax € L?(S"71),ax # 0. X is called an outgoing (resp., incoming) positive resonance
of H if u verifies (1.20) with sign + (resp. with sign —). In this paper, we use the same
definition of real resonances as in [12] because potential V' (z) has a complex long-range tail.

Let x1 € C*(R™) with xi(x) = 0 for |z| < 1 and xi1(z) = 1 for |z| > 2. For R > 0
sufficiently large : R > 2max{R1, R, R3}, set xr(z) = x1(§) and

ho=—-A+wv(z), vo=Vo+xrW, Ve=(1-xr)V, We=(1-xr)W. (1.21)
ho is a dissipative operator: Imhy < 0 and the boundary value of the resolvent ro(A + i0) =

lim o+ (ho — (A +i€)) ™! exists in B(—1,s;1,—s) for any s > 3 and is continuous in A > 0 (
[9]). The resolvent equation R(z) = (1 + ro(2)W.) 'ro(2) motivates the following definition

Definition 1.4. Let A > 0 and G (\) = ro(A+i0). X > 0 is called outgoing positive resonance
of H=—A+V(x) if —1 is an eigenvalue of the compact operator G§ (\)W, in L>~* for s > %
Denote r1(H) the set of outgoing positive resonances of H. For X\ € r1(H), denote m(\) the
algebraic multiplicity of eigenvalue —1 of G3 (N\)W, and k()) its geometric multiplicity.

The above definition is independent of the cut-off xg used. In fact if hg and 710 are two
operators constructed as above with two different cut-offs x g and Xz with R and R sufficiently

large and H = %0 + WC , one deduces from the formula
L ro(2)We = (14 r0(2) (xr = Xp)W) (1 +Fo(2)We )

and the similar one with xr and Xz interchanged that —1 is an eigenvalue of G[)F()\)Wc if and

only if it is an eigenvalue of éar()\)Wc. If Vo and V are short-range potentials, one can check
that A > 0 is an outgoing resonance if and only if the equation (H — A)u = 0 admits a solution
satisfying the outgoing Sommerfeld radiation condition (1.20).

For A € r;(H), we define the symmetric bilinear form B) associated with A
B (¢,0) = (GT (A Wep, W) for all ¢, € L>5(R™), (1.22)

where Gf(\) = lim, ) 1m.>0 &70(2) in the norm sense of B(—1,s,1,—s), s > 3/2, and

J: f(x) — f(x) is the complex conjugation.
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Assumption (A2): For all A € r, (H), one assumes that there exists {¢]", - - - ,w,:r(/\)} c L>3,
Vs > 1/2, a basis of Ker(I + Gg (\)W,) such that
+ (ot ot
det (BA (W, o ))@JSM £ 0. (1.23)

The condition (1.23) is similar to that used in [1, 11] for quickly decreasing potentials.

Theorem 1.2. Let Vy € A; and W(x) = V(z) — Vo(z) satisfy (1.2), (1.18) and (1.19).
Suppose that the conditions (Al) and (A2) hold for zero eigenvalue and positive outgoing
resonances, respectively. Then the set of outgoing resonances r4(H) of H is at most finite
and there exists ¢ > 0 such that for any x € C3°(R™), one has

I (e ™~ Y et T — Y eI () | x| < e t>0. (1.24)
A€o (H)NC4+ very (H)
Here 8 = 1_—“, I denotes the Riesz projection associated with the discrete eigenvalue \ of H,
1+p
Iy is the projector given in (1.14) and 11§ (v) is an operator of rank k(v) given by
k(v)
Iy () f =Y (f, T2 (v)2] (v) forall feL* s>1/2, (1.25)
j=0

with
B (2] (v), q)j(’/)) = 0y, (1.26)

where B, is the bilinear form defined in (1.22) and {®] (v),- - ,q)z(y)(u)} C L>7%, Vs > 1/2,

is a basis of the eigenspace associated with the eigenvalue -1 of ro(\ + i0)We.

Of course, if zero eigenvalue and/or positive outgoing resonances are absent, the asymptotic
expansion (1.24) still holds with the associated terms disappeared.

Remark 1.5. 1. Theorem 1.2 can be compared with [12, Theorem 2.4 (b)], where the pertur-
bation W =V — V is compactly-supported with Vo € A (satisfying a global virial condition),
the zero eigenvalue is supposed to be geometrically simple, the condition (A2) is not assumed
and the contribution from positive outgoing resonances has not been explicitly calculated. Here
Vo satisfies only a virial condition outside some compact, the geometrical multiplicity of zero
etgenvalue is arbitrary and the contribution of positive outgoing resonances is explicitly calcu-
lated in terms of an orthonormal basis relatively to B (-, -).

2. The proofs of Theorem 1.2 and [12, Theorem 2.4 (b)] are both based on the resolvent
expansions near the threshold eigenvalue and outgoing resonances. But the methods to establish
the resolvent expansions are different. To study the asymptotic expansion of (1 + Ro(z)W)~!
in a sector below the positive half-axis, in [12] we constructed an approximate Grushin problem
with 0-independent bases (where 0 is the complex parameter used in analytic deformation of
operators), while in this work we study 0-dependent Grushin problems by constructing Jordan
bases depending holomorphically on 6.

Example 1.6. Let ¢ € C*(R™;C) such that there exist some constants pu €]0,1[ and R > 0
such that p(x) = (x)1=# for |x| > R. The associated Witten Laplacian acting on functions is
given by

Ay, =—-A+V(z) withV(z)= (Ve -Vp)(x)— Ap(z).

Take Vo(x) = x(5) + (1 — X(%))(%;)’;f where x is a cut-off with 0 < x < 1 and x(z) =1

if |z] < 2; 0 if |z| > 3. Then V(z) can be decomposed as V(x) = Vy(x) + W(x) with
Vo € A1 and W satisfying the conditions of Theorem 1.2. But V(x) can not be decomposed




6 MAHA AAFARANI AND XUE PING WANG

as V(z) = Vo(z) + W(x) with Vo € A (which in particular requires Vo(z) to be dilation

analytic) and W compactly supported. Therefore Theorem 1.2 can be applied to e*™¢, while

[12, Theorem 2.4 (b)] cannot.

The remaining part of this work is organized as follows. In Section 2, we recall from [12]
the Gevrey estimates for the resolvent of the model operator needed in this paper. The as-
ymptotic expansion of the resolvent R(z) (or the cut-off resolvent xR(z)x with x € C§°(R"™))
near z = ( is calculated in Section 3. In Section 4, we study resolvent expansion near positive
resonances. Finally Theorems 1.1 and 1.2 are proved in Section 5.

Notation. We denote H™®, r > 0,s € R the weighted Sobolev space of order r with the
weight (2)* on R™: H™® = {u € §'(R"); |Jully.s = [|(z)*(1 — A)2ul|2 < oo}. For 7 < 0, H™* is
defined as the dual space of H~ "% with dual product identified with the scalar product (-, -)
of L?(R™). Set H** = L*%. B(r,s;r',s') stands for the space of continuous linear operators
from H™ to H"*'. If (r,s) = (r',s'), we denote B(r,s) = B(r,s;r’,s'). Unless otherwise
mentioned explicitly, || - || denotes norm in L?(R") or in B(L?) when no confusion is possible.

C+ denote respectively the upper and the lower open half-plane and Cy their closure. Set
C* =C\ {0}. For 0; < 0y and r > 0, S(01,62) denotes the sector

S(01,02) ={z € C*;0; < argz < 02}
and Q(r, 01,02) is a part of S(61,02) near zero :
Q(Y’, 91,92) = {Z S 5(91,92); ‘Z| < 7’}.

In this work, the scalar product denoted as (-,-) is assumed to be linear with respect to the
left variable.

2. GEVREY ESTIMATES FOR THE RESOLVENT OF THE MODEL OPERATORS

For Vo € V and W = V — Vj verifying (1.2), set vo(z) = Vo(x) + x1(%)W(z) where
x1 € C®(R") is a cut-off function with x;(xz) = 0 for |z| < 1 and xi(x) = 1 for |z| > 2.
Since p > 2u, for R > 1 large enough, vy satisfies condition (1.3) and the results on Gevrey
estimates of the resolvent of [12] can be applied to hg = —A + vo(z). Let ro(2) = (hg — 2) L.
Define operator G : Im hg — L? by

Gof = Rez1<1{)1702_>0 ro(2)f, f €Im hg.

Gy is an unbounded closed operator with D(Gg) = Im hq. It is proven that G : L?® — L?572#
is continuous (cf. [12, Lemma 3.3]). The following result is consequence of [12, Theorem 2.1].

Theorem 2.1. Let Vo € V. Then for any a > 0, there exist some constants Cq,cq > 0 such
that

) e G () + 1) G e T () | < Cacd TN + 1) TN (2.1)

for all N € N* and 7 > 0. Here v = 12*7

Theorem 2.1 is Gevrey estimates for the resolvent ro(z) at z = 0. To obtain sub-exponential
time-decay estimates for the heat semi-group, we need Gevrey estimates of the resolvent in
some region of the right half-plane. Recall first the following result on Ry(z) = (Hy — 2)~ !
([12, Proposition 4.1]).

Proposition 2.2. Let V, € V for some p €]0,1[. Then
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(1) There exist 1/ €]0,1] and Cy > 0 such that the numerical range N(Hy) of Hy is
contained in a region of the form {z;Rez > 0,|Im z| < Cy(Re 2)*'}. Consequently, for
0 > 0 small enough there exists some constant My such that

Moy
[Ro(2)[| < —7 (22)
| 2]
for z € O(0) where
0(0) = {z € C*; |7| <5,Rez<5\lmz|i}. (2.3)
(2) If k is the smallest integer such that k > i, one has
I(z)™** Ro(2)[| < C (2.4)

uniformly in z € O(9).

Note that in [12], the constant u' used to describe the numerical range of Hy is obtained
from the generalized Hardy inequality. If one knows p/ = 1 (for example if Hy is selfadjoint),
then x can be taken to be 1 in the above proposition.

Proposition 2.3. Let Vy € V for some u €]0,1] and k be given by Proposition 2.2. Assume
the condition (1.2) is satisfied for some p > 2ku. Let hy be defined as above with R > 1
appropriately large. Then one has

(a) ho has no eigenvalues in O(5) and

[{z) =2 ro(2)]| < C (2.5)

uniformly in z € O(5). In addition,
li =G 2.6
zEO(I(SI)r,lz—H) "0 (Z) 0 ( )

as bounded operators from L** to L*>*~" for all s € R and r > 2kpu.
(b) One has the following Gevrey estimates of the resolvent ro(z): for any a > 0, there
exist ¢, C' > 0 such that

—a(zx)l— K
e o z)]) < CNNUTIN, N > 1, (27)
uniformly in z € Oy(0) = O(0) U {0}, where v = 12_7
Proof. (a). One has
ro(2) = Ro(2) — ro(2)xrW Ro(2). (2:8)

Since p > 2kp, it follows from (2.4) that if R > 1 is appropriately large,
IXRW Ro(2)]| < R |(2) = R (2)| < 1
uniformly in z € O(6). This proves 1 + xgW Ro(z) is invertible with uniformly bounded
inverse. Therefore hg has no eigenvalues in O(J) and
ro(2) = Ro(2)(1 + xgWRo(2))™', 2z¢€0(),

which together with (2.4) gives the uniform estimate (2.5). (2.6) is deduced from (2.5) and
the resolvent equation
ro(2) — Go = 2Goro(2), (2.9)

using the compactness of 7(z) — G as operators from L? to L>*~" for r > 2.

(b) is derived from (a), Theorem 2.1 and the formula
ro(z) = ZJG%+1 + 29Glro(z), =z€ 0(9) (2.10)

[}

.
Il
o
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with ¢ = k. See [12, Corollary 4.2] for details when ro(z) is replaced by Ro(z). [ |

3. RESOLVENT EXPANSION AT THRESHOLD ZERO

In this section, we look at the case where H has an embedded eigenvalue zero with arbitrary
geometric multiplicity. To obtain the asymptotic expansion of R(z) with Gevrey estimates on
the remainder, we use the resolvent equation R(2) = (I + ro(2)W.) tro(z) for 2 ¢ o(H).

3.1. Asymptotic expansion of R(z).

In this subsection, we assume Vy € V. Set Ko(z) = ro(2)W, : L? — L%, The compact
operator-valued function z — Ky(z) is meromorphic on C\ R, with poles at discrete eigenval-
ues of hg. The condition (1.3) is satisfied for hy and zero is not an eigenvalue of hy. According
to Proposition 2.3, if V; € V and W satisfies (1.2) for some p > 2kpu, then Gg is continuous
as operator from L%* to L?>*~" for all s € R and r > 2kp. In addition, Ky := Ky(0) = GoW,
is a compact operator on L2. One can check that zero is an embedded eigenvalue of H if and
only if —1 is a discrete eigenvalue of K and their eigenspaces coincide in L?. Although the
Riesz projection for the eigenvalue zero of H can not be defined, that for eigenvalue —1 of Ky
is well defined and is given by

1
I = — (z — KO)_l dz,
2im |z4+1]|=€0
for some €y > 0 small enough such that —1 is the only eigenvalue of K inside the cercle
{z; |z + 1] = e0}.

Let E = Range II;, m = Rank II; and k¥ = dim Ker(I + Ky). E is a subspace of L2,
Consider the non degenerate bilinear form B on E x E:

Yu,v € E, B(u,v) = (u,v"), (3.1)

where v* := JW_v. Note that the relations hj = JhoJ and H* = JHJ imply that JW_Ky =
K;JW, and JW.II; = II]JW,.. The mapping S : ¢ — ¢* = JW,.¢ sends Range II;
to Range II7 and Ker(1 + K) to Ker(1 + K*). It is injective on Ker(1l + K), because if
¢ € Ker(1+ K) with ¢ # 0 and ¢* = 0, then W,.¢ = 0 and hence ho¢ = 0. This is impossible
because 0 is not an eigenvalue of hg. We infer that if B is a Jordan basis of Range 111, then
B* = S(B) is free in Range IIj, hence S is injective from Range II; into Range IIj. Since
Rank ITy = Rank IIj, S is bijective from Range II; onto Range II7. The argument of Lemma
5.13 in [12] based on the bijectivity of S shows that the bilinear form B(,-) defined above is
non-degenerate on £ x FE.

In order to study the case where the eigenvalue —1 of K has arbitrary geometric multiplicity
k € N*, we decompose FE into k invariant subspaces of K, such that B restricted to each one
is non-degenerate. More precisely, we have

Lemma 3.1. Assume that —1 is an eigenvalue of Ky of geometric multiplicity k € N* and
algebraic multiplicity m. Then there exist k invariant subspaces of Ky, denoted by E1,--- , Ey,
such that
(1) E=E @& Ey, where Vi # j: E; L E; with respect to the bilinear form B.
(2) V1 <i <k, there ezists a basis U; := {u,(nz) =+ Ko)mi_ru%)i, 1<r<m}cCL?of
FE; such that

(I+ Ko)m"ugﬁb)i =0 and B(u(i) uld) =¢; #0. (3.2)

1 %m,
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(3) V1 < j <k, there exists a dual basis W; := {w(j) wm]} C L? of Ej such that

wi) € Ken(I+ Ko)2 "', Bu”, w) = 5,635,

(4) dim ker(14 Ko)jp, =1, Yj =1,--- k.

Moreover, the matriz of 111 (I + Ko)IIy in the basis U := Ule U; of E is a k x k block diagonal
matriz given by

J =diag(Jm,s Imgs -+ s Imi), (3.3)
where
o1 0o --- 0
00 1 .o
Jm; =10 0 . . 0 (3.4)
Do - o1
00 .- 0 O s xm;

is a Jordan block. We have also denoted m; = dim E; for j = 1,--- k, such that m =
my+ -+ my.

For the proof of the above lemma, we refer to that of Lemma 3.1 in [1] in the case where 0
is an eigenvalue of —A + V' (z) with a quickly decreasing complex-valued potential V'(z). The
proof is algebraic in nature and is still valid in the present case.

As consequence of Lemma 3.1, one has the following

Corollary 3.2. Let a basis B = U U; of E and its B-dual basis B* = U W; be constructed

as in Lemma 3.1. Then the Rzesz proyectzon II; can be represented as

k m;

mf=Y S B(f.u)l),  vfel (3.5)

i=1 j=1

3.1.1. Grushin problem for I + Ky(z). Denote II; = I — II;. Since I + Ky is injective on
Range II}, it is invertible on Range II; and by an argument of perturbation IT, (I 4 Ko(2))IT;
is invertible on Range II; for z € O(J), § > 0 small, with the inverse denoted by

/ At S
E(z) = (Hl(I + Ko(z))Hl) 1T, € B(LY). (3.6)

According to Proposition 2.3, Ky(z) is continuous and uniformly bounded in z € O(4). Since
W, is of compact support, (2.7) leads to the following Gevrey estimates on Ky(z): there exist
some constants C, ¢ > 0 such that

1 Ko(2) M| < CNNAFHNIN - N e N*,

for z € Oy(0). Here ||-|| is the norm of bounded operators in L? and Ky(z)™) denotes the N-th
derivative of Ky(z). By operations in Gevrey classes, one deduces that there exist constants
C" and ¢; > 0 such that E(z) satisfies the following Gevrey estimates:

|E(z)N] < C'ef NN, (3.7)

for all N € N* and z € Oy(d). In addition, for all ¢ € N, one has

E(2) =) ZEj+29(2), 2€0(5), (3.8)
j=0
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/ ’ -1 ’
in B(L?), where Ey = (HI(I+ Ko)Hl) IT; and other terms Ej,j = 1,---,¢, can be com-

puted explicitly. Moreover, the remainder €,(z) satisfies the following Gevrey estimates: there
exist Cy, cq > 0 such that

leg(2) M| < Cyef NN, (3.9)
for all N € N* and z € Oq(9).

Define S : C™ — Range II; and T : L? — C™ by

ko my k k

5= XS, - @ ) e o
i=1 j=1 i=1 i=1
k . .
Tu = ((u, @), (u, <w§:g,)*>) . Yuel?
i=1
Then one has T'S = I,,, and ST =1I;. Set W(z) =1+ Ko(z) and
Ei(z) = S—E(z)W(z)S, (3.10)
E_(z) = T-TW(z)E(z), (3.11)
E_(z) = “TW()S+TW(2)E(z)W(2)S. (3.12)
Since F(z) and W(z) satisfy Gevrey estimates of the form (3.9) on Oy(0), E+(z) and E_(z)
satisfy similar estimates on Op(d). In addition, F_4 (z) is invertible if and only if (I + Ko(z))

is it and one has the formula
(I479(2)We) L = E(2) — E4(2)E_1(2) 'E_(2) on L*(R"). (3.13)

In order to study the singularity of (I+7y(z)W,)~! we calculate the expansion of det E_ ()
in power of z, as well as that of E_, (2)~! by using the method developed in [1].

Lemma 3.3. Let Vy € V and W satisfy condition (1.2) for some p > 2kp with k > 1 given
by Proposition 2.2. Assume that -1 is an eigenvalue of Ky = GoW, of geometric multiplicity
k> 1. Assume in addition that (A1) holds. Then, for all ¢ € N*, one has

q
detE_y(z) =Y 0,z +o(|2[F19), (3.14)
j=0

for z € O(8) with & > 0 small, where o9 = o x det ({5, J i) < j<x # 0- Moreover,
det E_(z) satisfies Gevrey estimates of order 1+ k.

Proof. Using Lemma 3.1, we partition the matrix E_(z) as follows:

E_,(2) = (E(jﬂj(z) with

)1§i,j§/€
B () = —(((1- T +m@W)ER))( +ro(z)Woul), IWerf”))

is a m; x m; block. Introducing the expansion (2.10) for ¢ € N* into the previous formula, we
obtain
q—1

E_i(z) = Z LB+ 2%y 4(2), (3.15)
=0
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where
BY)y = - {1+ Gowepud? JWwé)>)”,
B9, = (oWl TGoWe))
EW, — (<(I GoW. E(O))G%Wcu,ﬁj),JGOWCwéi)»M with
E(0) = (H’ (I+G0WC)H’1)7 1T,

Also other terms E_ ,¢ = 3,---,q — 1 can be calculated explicitly. In addition, it can be
seen from (3.9) that the remainder e_, ,(z) satisfies the following Gevrey estimates: 3 ¢,C > 0
such that

del

HWe,hq(z)H < ON NN (3.16)

for all N > 1 and z € Oy(d), where the above norm is the matrix norm.

We can simplify the form of the above matrices as follows: Since ugj ) € Ker(I + GoW,),
(I—I—G W) uy 0 = o) r=2,---,mj, 1 <j<k, and wﬁn)z =c; 1u(l) (¢;, 1 <1 <k, are given

r—1

n (3.2)), then for all 1 <14, j < k we have

0 _61‘]‘ 0 - 0
E(_Zi)o = : R | and (3.17)
0 O 0 _51]
0 0 0 N
i X5
* % *
E(—ii),l = with jj = — <U§j)a Jugi)>- (3'18)
* ok
Q5 * mixm;

Thus, to obtain (3.14) we shall calculate det(E_4 o + zE_4 1) by following the method used
in [1] which is based on Lidskii’s idea ([6]).

First, for z # 0 we introduce the k x k block diagonal matrix L(z) partitioned conformally
with the block structure of F_ (z), given by

L(z) = diag(L1(z), -, Lx(2)), (3.19)
where
Li(z) = diag(1,--- ,1,27%), V1 <i < k.

Let ¢ > 2. Set Ey1(2) = E—4 0+ 2E_4 1. Multiplying Ey 1(2) on the left by L(z), we obtain

Eo1(z) == L(2)Eg1(z) = Eg + 2 Ey, (3.20)
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where the block entries of the obtained matrices E’o and E’l have the following forms:

0 —& 0 - 0
B = E g ;o V14,5 <k,
0 0 —d;
Qij ¥ * mixm;
x* ok %
EW = |. . o . VI<ij<k (3.21)
* ok *
00 0/
miXm;

The above terms a;; are given in (3.18).

Next, we calculate det Eoyl(z) where it is clear from (3.20) that it is a polynomial of z. We
have B N
det E(),l(z) = det By + O(|ZD, Vz € 0(5) (322)

Then, let us calculate det EO(O). By expanding the determinant of EOJ(O) along the rows of
Ey1(0) that are containing only —1, we obtain
det Ey = det (@ij) 1< icp = o x det ((ugj), Jugi)>) #0, (3.23)
<i,j< 1<4,j<k

where o = (—1)kc; - ¢! by (3.18). (See also the proof of Theorem 2.1 in [7] for a specific

example with 12 x 12 matrix that illustrates the method to calculate the determinant).

k

Finally, for z € O(9) with § > 0 small, it follows from (3.20), (3.22) and (3.23) that
det Fo.1 () = (det L(z))~! (det Eo+ O(|z|)>
= ZFdet (aij)lgi,jgk + O(|Z|k+1).

Thus (3.14) can be deduced from (3.15) and the previous equation. Moreover, Gevrey esti-
mates of order 1 + k7 for det E_(z) on Opy(9) can be derived from that of E_(z). [ |

In the previous lemma we have given an sufficient condition for the invertibility of E_ (2)
for z € O(9). Now we give the asymptotic expansion of its inverse.

Lemma 3.4. Suppose that assumptions in Lemma 3.3 are satisfied. Then

E_ (2)7'= % + F(2) (3.24)

for z € O(08), § > 0 small, where F_1 is a matriz of order m and of rank k, whose block
entries are of the form

0 0 ayj
(i) O --- 0 O
0 0 0

with
(@ijh<ijer = Ay (3.26)
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and the remainder F(z) is continuous up to z = 0 and satisfies Gevrey estimates of the form
(3.16) on Oy(0).

Proof. To obtain the expansion of E_,(2)~! we compute the inverse of the leading term
Ep1(z) = E_{ o+2zE_4 1 in (3.12). By regularity of the matrix L(z) for z # 0 given in (3.19),
we observe that Ep(z) is invertible if and only if Eg;(z) in (3.20) is invertible. Thus our
problem is reduced to calculate Eo,l(z)_l if it does exist. Indeed, if the condition (1.12) holds,
then by (3.23) the matrix Ej is invertible with

Byt = ComEo
det E()

By using the same technique to calculate det Eo, we can calculate the minors of the matrix
Ey. We obtain

Ejl =Fo+ F,

where F_; is given in (3.25) and the block entries of Fo are of the form

* x -~ % 0
* 0 -~ 0 0
F = o 0 . V1<ij<k

m; Xm
Moreover, to prove (3.26) we check by using the definition of coefficients ;5,1 < 7,5 < k, that
(det Ap)ai; = (—1)"|[A]5],
where we denoted by ][Ak];| the (j,7)-th minor of the matrix Ag. Thus, for z € O(5),0 > 0
small enough, EOJ(Z) is invertible, with
EO,l(Z)_l =F_ 1+ j‘:o — ZE(;lElEal + .7::(2’), (327)

where the remainder F(z) is analytic in z € O() and continuous for z € Oy(8). By regularity
of the matrix L(z) for z # 0, it follows from (3.20) that

Eo1(2)"' = Eo1(2) 1 L(2).

In addition, we can easily check that

This yields

Eoyl(z)il = + ./_?()(I — Elf_l) + ]-'1(2'),

Tz
for z € O(9), where Fi(z) is analytic in z € O(d) and continuous for z € Og(9).

Finally, for z € O(9), the expansion (3.24) of E_, (z)~! follows directly from (3.15) and
the above expansion of Ep;(z)~!. In addition, Gevrey estimates of the remainder F(z) are
derived from (3.16). [ |

We can now prove the asymptotic expansion of the resolvent R(z) at threshold zero.

Theorem 3.5. Let k € N* be given by Proposition 2.2. Assume that zero is an eigenvalue of
H of geometric multiplicity k, k € N*, and that assumption (A1) holds. Suppose that Vo € V
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and W =V —Vy satisfies condition (1.2) for some p > 2ku. Then, for z € O(J) and 6 > 0
small enough

II
R(z) = —70 + Ri(2), (3.28)
where Iy is a spectral projection given by
k
Oof =Y (f.JU);, Vfe L2, (3.29)
i=1
with {Uq,--- , U} is a basis of the eigenspace of H associated with eigenvalue 0 such that

(W, JW;) = 645, V1<i,j<k.
The remainder Ry (z) satisfies the estimate: 3C, 8 > 0 such that
() = Ry (2)[| + || R (2) () > < © (3.30)
for z € O(9). In particular,
oi(H)Nn O(8) = 0. (3.31)

In addition Ry(z) is continuous up to z = 0 and for any a > 0, there exist Cq,cq > 0 such
that

1—p

o=@ BN @)+ 1B ()@ | < Cocd NN, (3.32)

for any N € N* and z € O(6) U {0}.

Proof. Since condition (1.12) holds, E_4(z) is invertible by Lemma 3.3. It follows from
formulae (3.13) and (3.24) that (I + ro(2)W.) ! exists for z € O(5), § > 0 small, with

_SF.Ty

z

1 k

=2 > aile, TWewidul” + Bo(z)g
i,j=1
1 k . .
=2 " e Mg W)l + Bo2)g, (3.33)
2,7=1

(I +ro(2)We)"Hg = + Bo(2)g

for g € L?, where By(z) is uniformly bounded for z € O(§) as operator in B(L?) and there
Co, cop > 0 such that

1B6™ (2)Il < Cocg NN, (3.34)
for all N € N* and z € Oq(9).
Set
A= (ahcigers Qr= (W, Jul))i<i <, (3.35)

where a;; are given in (3.18). We have

A = —Cy X Qy, Cy = diag(cfl, s ,C];l). (3.36)
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For f € L*2%" putting g = ro(2)f in the first term in the right hand side of (3.33), we obtain

Z aize; Hro(2) f, TWeul) Z aige; [, TGoWel?) + 2{ro(2) £, TGoWeu) | uf?

i,7=1 :]1

:—Zawc (o Juiyus? + Bi(2)f

t,j=1
k
= (. Juyd” + Bi(2)f,

where by the identity (3.26), one has
(1) (1)

= A;Zl - Ch : = —Q;Zl :
" ul® ul®

In addition, the remainder Bj(z) has the same regularity properties as By(z) in (3.33). Finally,
let

Q' = "PuPy

be the Cholesky decomposition of the complex symmetric matrix Q;l, where Py, = (pij)1<ij<k
is an upper triangular matrix (cf. [8, Proposition 25]). Then,

R(z)f =T+ To(Z)W ) Lro(2) f

:——ZZM% foau? )y + Ru(2) f.

(=1 4,j=1

k
This establishes (3.29) with ¥; = > pigug@, V1 < ¢ < k. In addition, one checks that
/=1

<\I/j7 J\II Z pj?"pzf Ug )7 Jul ijr Pka)zr = (Pka;Pk) ij = 51]
Lr=1 r=1

The estimate (3.30) follows from uniformly boundedness of r(z) in B(0, s,0,s —2ku), Vs € R
(see (2.5)) and the resolvent equation R(z) = (I + ro(2)W.) 'ro(z). Moreover, (3.32) can be
obtained from (2.7) and (3.34). See also [12, Proposition 5.12]. [ |

3.2. Expansion of the cut-off resolvent.

In this subsection we suppose Vy € A; and W satisfies conditions (1.2), (1.18) and (1.19).
We want to use technics from quantum resonances to establish an asymptotic expansion for
the cut-off resolvent yR(z)x valid in a sector below the positive real axis. As before, denote
ho = —A +wvo(x), vo = Vo + xgW and W, = (1 — xg)W where xr(z) = x1(%) for all 2 € R",
X1 € C®(R"™) is a cut-off function with x1(z) =0 if |x| <1 and x1(z) =1 if |a:| > 2, where R
is chosen such that R > 2max{R, Ra, R3}, where R;, Ry and Rj3 are given in (1.17), (1.18)
and (1.19), respectively. Remark that v is still distorsion analytic outside some compact and
Imwvg < 0, but vg may no longer belong to Aj.

In order to obtain the asymptotic expansion at low energy of the cut-off resolvent yR(z)x,
X € C§°(R), we use analytic distortion of H outside the support of x. Let Ry > 2R such that
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supp x C B(0, Rp). Let p € C®°(R) with 0 < p <1, p(r)=0ifr <1land p(r) =1if r > 2.
Set
|

Fo(z) == <1 + Qp(Ro)) , xeR" (3.37)

When 6 € R with |6]| sufficiently small, x — Fp(z) is a global diffecomorphism on R™. Set
1
Upf(x) = [DFy(2)|2 f(Fy(x)), f e L*R"),

where DFy(x) is the Jacobi matrix and |DFp(z)| is the Jacobian of the change of variables:
x — Fy(x). One has

- 1, |33| < Ro,

pa@ ={ o Lo

Up is unitary in L?*(R") for 6 real with |0| sufficiently small. Define the distorted operator
H(6) by

(3.38)

H(9)=UpHU,', 0eR (3.39)
One can calculate that
H(0) = ho(0) + We(x), (3.40)
where, for € R,
ho(0) = UghoU, ' = —Ag + vo(, 0) (3.41)
with
Ag ="' Vy- Vg and vo(x,0) = vo(Fy(x)),
such that
Vo= ("DF)™ -V - ‘D;G,QGDFe)—l (VIDFy)). (3.42)

In particular, Vo f = (1 +60)~!Vf if f is supported outside the ball B(0,2Ry).

For zy € C and € > 0 small, let
D(zp,€) = {z € C; |z — 2| < €}, (3.43)

be small complex neighborhood of zyp and D, (zp,€) = D(zp9,€) N Cp. If Vj € A; and W
satisfies (1.18), then for Ry > 2R with R > max{Ri, Ra}, H(#) and ho(#) can be extended to
holomorphic families of type A for # € D4 (0,€), € > 0 small. We observe that the distorted
operator ho(#) is a perturbation of Ho(6) = —Ap+ Vo(z,0) by (xgW)(z,0) which is relatively
Hy(0)-compact by condition (1.18). From this we deduce that the essential spectrum of ho(6)
coincides with that of Hy(6) given by

Gess(Ho(0)) = {+——5 : 7> 0} (3.44)

(1+0)
(see [12, Section 4.2]). Set 7o(2,0) = (ho(8) — 2)~t. For § € R, ro(z,0) is holomorphic in
z € C4+ and meromorphic in C\ Ry. For Im# > 0, it follows from (3.44) that the resolvent
r0(2,0) defined for z € C and Im z >> 1 can be meromorphically extended across the positive
real axis Ry into the sector {z; argz > —Im6}.

The aim of this subsection is to establish an expansion for the cut-off resolvent yR(z)x for
z in some complex domain defined for Im6 > 0 and § > 0 small by

Q(8,0) ={z € C*;|z| < 0,—dImb < argz < 377? —0}. (3.45)

Let us begin by analyzing properties of the distorted model operator ho(f). Let Vy € A;
and W satisfy (1.2), (1.18) and (1.19). Since hg satisfies condition (1.3), for # € C with |0]
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small the operator ho(f) still satisfies (1.3) with some constant ¢y > 0 independent of Ry > 0
and 0. Therefore, Lemma 3.1 in [12] can be applied to ho(€), so we can define Go(6) by

0)=s— li 0 4
GO() 5 Rez<H&’,lz—>0ro(Z’ ) (3 6)

as operators from L?* to L?*~2* for all s € R. Moreover, an argument of perturbation shows
that Theorem 3.4 in [12] holds for Go(¢) uniformly in 6 when |6] is small.

The following proposition gives a uniform estimate on 7¢(z, ) for z in the sector
S(—cob,70) :={z € C*; —cpIlm b < argz < yo} (3.47)

for some ¢y > 0, 9 €], %[ and § € C with |0] small. We want to show that the resolvent
estimate given in [12, Proposition 4.7] still holds if the global virial condition is replaced by a
virial condition at the infinity.

Proposition 3.6. Let Vj € Ay and W satisfy conditions (1.2), (1.18) and (1.19). Then there
exist some constants co > 0 and o €], 2X[ such that for 0 € C with |6] sufficiently small and
Im@ > 0, one has

a(ho(0)) N S(—cod,v0) =0 (3.48)
and there exists C > 0 such that
C
(@)~ *ro(2,0)|| < Bk Vz € S(—cob,0)- (3.49)

Proof. First, we prove that
C

I(z) "2 (Ho(8) — 2) 7'l < oy GE€ S(=cobl, 70)- (3.50)
Let Ry > 2R where supp W, C B(0,2R) and R is chosen such that R > max{R1, Ra, Rs},
where R;,j = 1,2,3, are given in (1.17)-(1.19). Let Hy = —A + Vo(z). Set Hp(0) =

U(6) " HoU(0) and Ho(0) = U(0) " HoU() for & € R, |6] small, where the distortion is
made outside the ball B(0, Rg). Then Hy(f) and Hy() can be extended holomorphically in
6 € D, (0,9) with 6 > 0 small and their domains are constant. Fix 6 € C4, |6] small. Denote
Ro(z,0) = (Ho(0) — 2)~* for z ¢ o(H(0)). By Proposition 4.7 in [12], there exists ¢y, C' > 0

and 7o €], 2F[ such that

()2 Ry (2, 0)|| < (ZC> z € S(—cob, ). (3.51)

Using an argument of perturbation, the estimate (3.50) for |z| large follows from (3.51). To
prove (3.50) for |z| bounded we use the same argument as in the proof of [12, Proposition 4.7].
We compare Ry(z,6) with Ry(z,6) for |z| large and with Ry(0,6) for |z| small.
Let x € C§°(R™) such that x(x) =1 if |x| < 2Ry. Take x € C5°(R"™) such that yx = x. On
the support of 1 — x, Ho(0) = Ho(0). For z € S(—cof,70) and |z| small, one has
Ro(z,0) = Ry(0,0)+ zRy(0,0)Ry(z,0)
= RO(07 9) + ZRO(Ov 0)(55 + (1 - %))RO(zv 0)
= Ry(0,0) + 2zRo(0,0)XRo(z,0) (3.52)
+2R(0,0)(1 — X)Ro(2,0)(1 = x)
+ZR0(07 9)(1 - X)RO(Z7 9)[A97 X]RO(Za 0)
Then, it follows from formula (3.52) that for z € S(—cgf,~) and |z| small
(I +K(2,0)(x) " Ro(z,0)(x)"2 = (x)"*Rp(0,0)(x)"* (3.53)
+2(z) " Ro(0,0)(1 = X) Ro(2,0)(1 — x) )~
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where
K(z,0) = —z(x) " Ro(0,0)X ()™ — 2(x) 2" Ro(0,0)(1 — X)Ro(z,0)[Ag, x]{x)*  (3.54)

One has that ||{(z) 2#R(0,0)| is uniformly bounded in 6 for Im# > 0 and || small. In
addition, one can check that ||Ro(z,0)[As, x]{z)?"| is uniformly bounded for z € S(—cpf, o)
and |z| <1 (see proof of Proposition 4.7 in [12]). This yields

IK(2,0) || = O(]=])

for z € S(—cpb, ) uniformly in . Thus, for z € S(—cpb, ) and |z| small enough, I+ K(z,6)
is invertible in L? and there exists Cy > 0 such that

I(I + K(2,0)) || < O,
uniformly in z. In addition one observes from (3.51) that
I{z) =2 Ro(=,0)|| < C,
uniformly in z € S(—cpf,v) and # € C with Imf# > 0 and |f| small. Consequently, for
z € S(—cob,7) and |z| small enough
()~ Ro (2, 6) () ]| < Call (@) Ro(0,0)||(1 + C2]) < Cu, (3.55)

for some constants C3,Cy > 0 independent of z and #. Finally, (3.50) can be derived from
(3.51), (3.55) and the equation

Ro(z,0) = Fo(2,0) + Ro(=, 0) (Vo(0) — Vo(0)) T2, 0),
where ‘70(9) — V() is compactly supported and relatively bounded with respect to —A.

Next, one derives (3.49) from (3.50) by using an argument of perturbation. Indeed, for
|x| large enough, (xgW)(Fyp(x)) = W((1 4 0)x) which tends to 0 as |z| — +oo by condition
(1.18). Then, using (3.50) we can choose R > 0 large enough so that
C1Cy
(R)
uniformly in 6 for € D, (0,60y) and z € S(—cof,7). This yields (I + xgW (0)Ro(z,0))"*
exists for z in S(—cpf,v) and 6 € D, (0,6y) with

[(xrW)(0)Ro(2,0)|| < <1

17+ XRrW (0)Ro(2,0)) ]| < C (3.56)
uniformly in z and 0. Hence, (3.49) derives from the resolvent equation
r0(2,0) = Ro(2,0)(I + xrW (0)Ro(z,0))~" (3.57)

and uniform estimates (3.50) and (3.56). It follows from (3.50) that o4(Hg(0))N.S(—cof,v0) =
0, so does r¢(z) using the resolvent equation (3.57) and (3.56). (3.48) is proved. (3.49) follows
from (3.50) and (3.57). [ |

As consequence of the above proposition, we obtain the following Gevrey estimates (see [12,
Corollary 4.8)):

Corollary 3.7. For any a > 0 there exist some constants ¢,C' > 0 such that
le=® oz, 0)N | < CNNYN, N e N, (3.58)
for all z € Qu(0,8) = Q(5,0) U {0}, where (6, 0) is given in (3.45).

Set Ko(0) = Go(0)W,, for § € C with |0] small, where the distortion is made outside the
ball B(0, Ry) for Ry > 0 large enough chosen as in the proof of Proposition 3.6. Ky(6) is a
family of compact operator on L?(R") for § € C with |#| small.
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Lemma 3.8. Assume that assumptions in Proposition 3.6 hold.
Then the mapping 0 — Ko(0) € B(L?) is holomorphic in operator norm for 0 € D, (0,6) with

§ > 0 small and continuous for € D, (0,0). Here D4 (0,6) = D(0,5) NCy (see (3.43)).

Proof. We shall show the derivability of § ~ Kp(f) in operator norm of B(L?) for § €
D, (0,0). For this we prove that
Ko(0 +h) — Ko(0)
h
has a limit in operator norm as |h| — 0. Notice that

dF9 _ ‘LU| n

(see (3.37)) and x1(£)p(5)) = p(}2) if Ro > 2R. Let § € D (0,4) and h € C* with || small.
We have

Ko(6+ h) — Ko() = (GO(H +h) - Go(ﬁ))Wc(a:)

= Gol6+ 1) (90(6) — 90(0 + 1) ) Go(O)We(x),
where

90(6) — 90(6 + h) = (h + o(|])) [ (=20 + A1) + v0(Fy(x)) — vo(Fysn(x))]

= (h -+ o|11))[ (49 @)V) - ¥ + by(. V) ~ p(’go‘)x VVo(Fy(a))

|z]

()oY (Er()].

with Ag(x) and bg(x, V) are independent of h and it can be calculated explicitly from (3.42),
where by(x, V) is a first order differential operator. Using (3.38), we can check that

Go(0)'(Ag(2)V) - V and Go(0)bg(w, V)

are uniformly bounded in B(L*#, L?) for § € D, (0,0) with § > 0 small enough, since G(#)
is uniformly bounded in 6 as operator from L% to L2 (see 3.46). In addition, Vy(z) = Vo (z)
for || > R, Vo € A, and W satisfying condition (1.18) can be extended holomorphically into
the region
{y = Fy(x), x € R", |z| > Ry,0 € D+(0,6)} C C".
It follows that
|

Go(0+ W)z - (VVo(Fy(x)) + vvv(Fe(w)))p(R—o) : [2(R") — L*(R"),

is uniformly bounded with respect to 6 and h for |0 and |h| small. Indeed,

Go<e+h>p('];“o‘)x TVo(Eo(a)) = GO+ (A +1) 5 [(~A+ 1) Vo(Fy(a)]

and the same argument done for p(‘g—')m - VW (Fy(z)). Consequently

[{ (06 + 1) — Ko(8) ~ KO (8)) 0| = o) o] (3.59)

uniformly for u,v € L? and |0|,|h| small, where
]

KOO = Gol0)["(Ag(@)V) - 7 + by(x, V) - p(R—O)x Vo (Fy(x))

(D)o vwm )] Goo) i),
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Thus, (3.59) shows that 6 — K () is derivable in operator norm for § € D, (0, d). Moreover,
the same arguments used to prove (3.59) show that || ()| is uniformly bounded in 6 €

D, (0,6). This proves the continuity of Ko(f) in 0 € D4 (0,0). [ |
Consider the resolvent equation R(z,0) = (Id + ro(z,0)W.)"tro(z,0) for z € S(—cob,0)
and 6 € C; with |6| small. It is not difficult to check that -1 is a discrete eigenvalue of

Ky () if and only if 0 is an embedded eigenvalue of H(#) and they have the same geometric
multiplicity.

3.2.1. Analyticity of the Riesz projection.

In order to express the Riesz projection associated with the eigenvalue —1 of Ky(f) in term
of the resolvent of K(6) for 8 € D, (0,dp), we show that there exists some €y > 0 small such
that the disk D(—1,€p) does contain no eigenvalue of Ky(6) other than —1.

Let €; > 0 be such that 1 = {|]z+ 1| = e1} C p(Ko(0)) and Inty; No(Kp(0)) = {—1}. For

z €~ and 6 € D, (0,0):
(2 = Ko(0))(2 = Ko(0)) ™ = I + (Ko(0) — Ko(6)) (= = Ko(0)) .
Since the mapping 8 — Ko(6) € B(L?) is continuous in operator norm for € D (0,4), § > 0
small, then there exists d; > 0 such that for § € D4 (0, ;)
1
SUpey, [|(z = Ko(0) I

It follows that (2 — Ko(#)) ™! exists for z € v1 and § € D (0,d1). Hence, the operator

M(0) = —— [ (2= Ko(6)) ' dz (3.60)

um y

[1K0(0) — Ko(0)[| <

is well defined and is a projection. In particular II;(0) = II;, the Riesz projection associated
with the eigenvalue —1 of Ky(0) = GoW..

Lemma 3.9. 1). The mapping 0 — I11(0) € B(L?) is holomorphic in operator norm for
6 € D.(0,9) with some § >0 and

lim  [[I(0) — I || = . (3.61)

0€D (0,8),0—0

2). For 6 € D.(0,9), —1 is an eigenvalue of Ko(0) with the same algebraic multiplicity as
Ky(0) and I11(0) is the Riesz projection associated with the eigenvalue —1 of Ky(0).

Proof. 1) follows from Lemma 3.8. To show 2), remark first that since I1; () is a projection,
the norm-continuity of the mapping 6 — II;(#) implies that rank II;(¢) = rank II; = m (cf.
[5, Lemma I-4.10]) where m is the algebraic multiplicity of the eigenvalue —1 of GoW,. It
remains to show that for ¢; > 0 sufficiently small, —1 is the only eigenvalue of Ky(6) inside
the disc D(—1,¢€1) for § € D4(0,9) with 6 > 0 small enough. Indeed, it suffices to restrict
ourselves to the holomorphic family of finite rank operators Ky(6)I1;(6). For 8 € R and |0| < §
with § > 0 small, K(6)II;(6) is unitary equivalent to Ky(0)II;. So there exists €; > 0 such
that Ko(6)II1(0) has no eigenvalues in D(—1,¢€;) other than —1. By the theorem on finite
dimensional analytic perturbation of eigenvalues ([5, Theorem 1.8 in Ch.2]), the eigenvalues
of Ko(6)II1(f) are branches of analytic functions in § € D,(0,0) with at worst algebraic
singularity. Since theses functions are equal to —1 when @ is real, we deduce that —1 is the
only eigenvalue of Ko(0)P(0) in D(—1,¢;) for 6 € D, (0,9) if § is small enough. This proves
that 11, (0) defined by (3.60) is the Riesz projection of K((6) associated with eigenvalue —1.
|
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Denote E(6) = Range I1;(0) and E = Range II;. We construct a basis of E(6) as follows.
Let U and W (respectively, U;) be bases of E (respectively, F;) given by Lemma 3.1. Set

k
U®) = L (O = | @)u”, 1 < ¢ < my, ) €t}
=1

For 1 <i < k, the m; functions Hl(ﬁ)ug) € E(0) are linearly independent for Im6 > 0 with
|6 small since 6 — I1;(6) is holomorphic for # € D, (0,0) and norm continuous at # = 0. This
shows that the above family U(#) is a basis of E(6) with the same properties as in Lemma 3.1
(2). Similarly, we observe that W(6) = II;(0)W is the dual basis of E(#) with respect to the
bilinear form B defined in (3.1).

Lemma 3.10. Assume that Vo € A and W satisfies conditions (1.18) and (1.19). Then we

have
k. mj

mO)f =3 (f, TWea? 0))ul(0),  Vf e L2, (3.62)
j=1i=1
for 6 € D(0,0¢) with 6o > 0 small.

Proof. For 6 € R and |0| < 6, the equality holds by the unitary equivalence. See Corollary

3.2. Since the both sides of (3.62) are continuous in € in the closed half-disc D (0,dy) and
holomorphic in its interior, the equality still holds true for 8 € D(0, do). |

Theorem 3.11. Let Vy € Ay and W =V —V, satisfy (1.2), (1.18) and (1.19). Assume that
zero is an embedded eigenvalue of H = —A+V (x) of geometric multiplicity k and assumption
(A1) holds. Let x € C°(R™) and Q(0,0) be defined in (3.45) for some § € C with Im§ > 0.
Then -

X1loX
XR(2)x = ==
for z € Q(0,0), where Iy is the same projector as in Theorem 3.5 and the remainder Ro(2) is
continuous up to z = 0 and satisfies Gevrey estimates: 3C,,C > 0 such that

|R2(2) M| < C &N NN (3.64)
for z € Q(6,0) U{0} and for all N € N*.

Proof. Let x € C°(R"). Let hog = —A + vo(z) with vg = Vo + xgW constructed as before
with R > 1 large enough so that xyxg = 0. Then xW, = W, (see (1.21)). Let Uy be the
analytic distorsion made outside the ball B(0, Ry) with Ry sufficiently large, one has for § € R
with ‘9| < &g

+ Ra(2) (3.63)

XR(2)x = xR(z,0)x = x(I +r0(2,0)We)~'ro(z,0)x. (3.65)
The above equality initially valid for § € R and z € C; with Im z > 0 sufficiently large allows
to extend xR(z)x meromorphically into a sector below positive real axis when Im6 > 0 and
appropriately small. Fix § € C; with |0| small. In order to inverse the holomorphic family
W(z,0) = I + ro(z,0)W, for z in (9,6) with § > 0 small, we shall construct §-dependent
Grushin problem similar to the 6-independent one considered in the proof of Theorem 3.5.
For this purpose we use holomorphic families of vectors U (6) and W(#) constructed above.

Let I1,() = I — II;(0). I+ Go(A)W, is injective on Range II}(#). Since the operator
I + Go(6)W. is compact, the Fredholm theorem implies that II}(8)(I + Go(6)W,)II;(6) is
invertible on Range IT;(#). So is IT;(0)(I + ro(z,0)W)II}(0) for z € Q(8,0) when § > 0 is
small. The inverse

E(2,0) := (T11(0)(1 + ro(z,0) W), (8)) "I (6) (3.66)
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is uniformly bounded in z € Q(4, 6) (see Proposition 3.6) and satisfies by Corollary 3.7 Gevrey
estimates of the form (3.64) on (9, 6).

Define S(#) : C™ — L? and T(0) : L? — C™ by

k m;

De=33 @), e=oki(@ ) eslom,

i=1 j=1
T(O)u =k, (Buw ), Buwi©)), uel

Then one has S(6)T'(0) = II;(f) in view of Lemma 3.10 and 7'(6)S(0) = I,. Indeed, for
6 €] —9,6[, T(0)S(0) = I, since II;(#) and II; are unitary equivalent. Thus the equality still
holds true for § € D, (0,9) with 6 > 0 small since 6 — II; () is holomorphic in D (0,4) and
norm-continuous for # € D4 (0,9) by Lemma 3.9. One can follow the same way as in the proof
of Theorem 3.5 by using the following asymptotic expansion at threshold zero: for all N € N*

N-1
= Z szO(e)j+1 + ZNGO(Q)NTO(Za 0)7 z € Q(57 0)7
j=0
in B(0,s,0,s —2Npu),Vs € R. For z € (4, 6) with 6 > 0 small and L € N, we obtain
det E_(2,0) = 00(0)2" + 01(0)2F + .- + o1 _1(0)2FTL7L + O(|2|F 1), (3.67)
where
00(0) = p(0) x det ((u”(0), u(0))) __ with  p(8) = (=1 er(0) 7"+ cp(6) 7
1<4,5<k
Indeed, if condition (1.12) holds, then det (<u§”, Ju§i>>)1< _ #0. Thus, for mé > 0 and
Y2V

|6| small enough

det (" (0), Ju’(0))) _ _ #0.

1<i,j<k
since 0 — II;(0) is continuous at # = 0. In the same way one can see that

ci(0) = B\ (0),ul) () £0,1 < i <k,

» 'my

for Im# > 0 and |f| small. From (3.65) one can deduce that

:—fZZpez pej (0)(f, Tl @)uf? (6) + Ro(=,0)f

(=1 1,5=1

%Z (f, JU0)U,(6) + Ral=,0) f

for z € Q(5,0), where W;(0) = z P (@)l (6) and Py(6) = (pi;(0))1<ij<k is such that
/=1
"Py(0)P(0) = Qx(0)~" with
Qi(0) = (ui” (0), Jut” (0))1<i j<

is a holomorphic family of invertible matrices for § € C with |f| small enough, by the above
argument. Moreover, the remainder Ra(z,6) is continuous up to z = 0 and satisfies uniform
Gevrey estimates as in (3.58). The detail of calculation is similar to the proof of Theorem 3.5
and is not repeated here. This shows that

xR(z)x = —& + Ra(2), Vz € Q(6,0), (3.68)
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where
k

Po =D (- IxWi(0))x¥i(0),
i=1
and the remainder Ry(z) is continuous up to z = 0 and satisfies the estimates (3.64). See also
the proof of Theorem 5.20 in [12] for Gevrey estimates of the remainder Ry(z).

Finally, we affirm that Py is independent of 6 and is equal to xIlpx. In fact, since Vy € V,
we can apply Theorem 3.5 to R(z) for Rez < 0 without utilizing analytic deformation. It

follows that
~ xdlox

XB(2)x = === + xR (2)x. (3.69)
Thus the comparison between (3.68) and (3.69) yields Py = xIlpx and Ra(z) = xRi(2)x for
Rez < 0 and |z| small. [ |

4. RESOLVENT EXPANSION NEAR POSITIVE RESONANCES

In this section we compute the expansions of R(z) and yR(z)x near outgoing positive
resonances of H by the method similar to that used in [1] for quickly decreasing potentials.
When there is no analyticity condition on the potential, the expansion of R(z) is calculated for
z in a half-disk in C; around an outgoing positive resonance, while if the potential is analytic,
we use the analytic distortion method to calculate the expansion of xR(z)x for z in a pointed
disk in C centered at an outgoing positive resonance.

4.1. The case of non-analytic potentials.

Consider the non-selfadjoint Schrodinger operator H = —A + V' which is a compactly sup-
ported perturbation of the model operator hy = —A + vg, where V — vy = W..

Assumption (A3). 1. Assume that Imvy < 0 and that vy satisfies for some C > 0 and
p1>0
lvo(z)] < Clx)™ P, Vo € R" and |z| > R (4.70)

for some R > 0;
2. (x- V) is —A—compact for all integers j € N;
3. W, is of compact support and is —A-compact.

Let r1 (H) be the set of outgoing positive resonances of H defined by Definition 1.4. One
has 74 (ho) = 0 because hg is dissipative, and the boundary value of the resolvent
N . -1
R
exists in B(—1,s,1,—s), Vs > 1/2, for all A > 0. Moreover, for £ € N* and s > ¢+ 1/2 the
above limit ro(A + i0) defines a function of class C* on ]0, +oo[ with values in B(—1,s,1, —s)
(cf. [9]), where

1 &7 .
e 0)= i gt =1,2,- L 4.71
]‘ A\ TO()‘ + ZO) z—n\,lIIHnlz>0 TO(’Z) ) J ) ) ( )
For simplicity, we denote for A > 0
n 1 & , ,
GT(N) = ——=ro(A+10), j=0,1,--- L (4.72)

J1dxNi
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By Definition 1.4, Ao € r4(H) if and only if —1 is an eigenvalue of the compact operator
Kf (M) == Gf(Mo)We in L>~* for all s > 1/2. We denote by II{ the Riesz projection
associated with the eigenvalue —1 of K (A\o) given by

1

= 5 |Z+1‘:€O(Z — Kg (M) tdz: LP7% — [27F

for some ¢y > 0 small. Set E*()\g) = Range I (\g). Denote m(\g) = dim E*()\g) and
ko = dim Ker(I + K (A\o)). Notice that Lemma 3.1 is still true for E*(\g) C L*»~% in the
present case. In particular, we have the following basis of E*(\g):

ko . .
ut =Jut with = {7, @l (Y i=1, ko,

i=1

and its dual basis with respect to the bilinear form B(,-) in (3.1) well defined on E*(\g) x
Et(N\o):

Wt = @Wj with Wi = {of, -0l i =1, k.
i=1
In order to compute the asymptotic expansion of R(z) for z in a small domain of the form
O (0) ={z€Cy,|z— | <5} (4.73)
for 4 > 0 small, we use the formula

R(2) = (1 +7o(2)W,) tro(2) (4.74)

and construct for 1 + r¢(z)W, a Grushin problem similarly as in Section 3 (with z € Q% (9)
and U and W replaced by U+ and W, respectively). Let

(1+70(2)We) ' = E(2) — B4 (2)E_1(2) ' E_(2) (4.75)
be the resulting representation formula. Recall that
e .
ro(z) =Y (2= X)YGI (M) + 1/ (2, %),  z€Q¥(9), (4.76)

Jj=0

which is valid in B(0,s,0,—s) for s > £+ 1/2 and ¢ € N, where the remainder r} (z, Ao) is
holomorphic in Q7 (4) and continuous up to A €]A\g — 4, \g + 6[. In addition, the limit

il 0 do)= | lim o r (2 ho)

defines a function of A of class C* on (JA\g — , \g + d[). Thus for £ € N and z € QF(6), the
expansion of F_(z) in (3.15) has the following form:

¢
E_i(2) = Z(Z —X0) E; (Xo) + E—1 (2, M), (4.77)

J=0
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where
0 6; 0 0
EQo) @ =— | . o and (4.78)
0 0 0 6
00 0 07 i 30)xmy(20)
*k B3 ES
(Ef (o)™ = S : . V1<ij<k, (479)
aij()‘ﬂ) koo ok mi(Ao) xm; (Ao)
with . 4
ai;(Mo) = —¢i(20)"HGT (o) Wepl?), TWepl™), V1 < i, 5 < k. (4.80)

In addition, the remainder E_ 4(z, Ao) is analytic in z € Q7(d) as matrix-valued function and
for A\ €]Ag—J, Ao+ 0] the limit E_ ,(A+10, \g) defines a function of class C* on JA\g —d, Ao +6[.

Lemma 4.1. Let the assumptions (A2) and (A3) be satisfied and \g € r4(H). Then for any
N eN

det E_1(2) = o1y (M) (2 — X0)* + -+ + 0o (A0) (2 — 20)™ Y +0(|z — Ag[),  (4.81)
for z € QT (), where o, (Xo) = det (aij(No))1<i,j<k, 7 0.

The proof of Lemma 3.3 can be repeated here to prove Lemma 4.1, using the expansion
(4.77). Lemma 4.1 implies in particular the following

Corollary 4.2. Under the conditions of Lemma 4.1, N is an isolated point in v (H).

Proof. Lemma 4.1 shows that there exists some § > 0 such that E_ (z)~! exists for z such
that 0 < |z — Ao| < 6 and Im z > 0. From (4.75), it follows that for A €]A\g — §,0[U]0, Ao + I,
1+ ro(A + i0)W, is invertible as operator in L*7% s > % Therefore A is not an outgoing

positive resonance of H. This proves r(H)N]Ag — 0, Ao + d[= { o} [ |

Theorem 4.3. Suppose that Assumptions (A2) and (A3) are satisfied. Let £ € N, s > (+3/2
and Ao € r(H). Then the resolvent expansion has the following form

I (A
R(z) = 200 g 3y (4.82)
zZ — )\0
in B(—1,s,1,—s) for z € Q*(5). Here
ko
I (Ao) =) (L JENTT with (4.83)
=1
B (U, W) =6,  V1<i,j <k, (4.84)

where {¥7, - ,\IJZO} is a basis of Ker(I + KJ (X)) in L*~* and B;ro is the bilinear form
defined in (1.22). Moreover, the remainder term R (2, \o) is analytic in QF(8) and for A > 0
with |A — Xo| < 0, the limit

+ ~ _ : +
R (A +10,)) = zeQ+h(%l,z—>>\ R (2, o) (4.85)
exists in B(—1,s,1,—s) and defines a function of X of class C* on (JAg — 6, Ao + 6[) with values
in B(—1,s,1,—s).
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Remark 4.1. (a) In the above theorem, the outgoing resonance Ny is shown to be a simple pole
of the the resolvent under Assumption (A2) and the leading term of the resolvent expansion
near Ay is computed explicitly.

(b) The result of Theorem 4.3 was obtained in [1, Theorem 2.5] for rapidly decreasing
potential V under the condition that V(z) = O((z)~),Yx € R3, for some p > 2¢ + 3.

Proof. Under the condition (1.23), the matrix
(Bio (), P

is invertible. Then by Lemma 4.1, the matrix F_(2) is invertible for z € Q*(§). Thus, the
same Grushin problem constructed in the proof of Theorem 3.5 for I + Go(z)W, is invertible
for 2 € Q*(8). For £ € N, s > £+ 1/2 and 2z € Q1(4), introducing the expansion (4.76) in
(3.6) yields the following expansion of E(z)

14

>> 1<i,j<ko (4.86)

E(z) =Y (2= XV Ej(X) + (2), (4.87)
§=0
in the norm sense of B(L*~%), where the terms Ej, 7 =0,---,¢, can be obtained explicitly.

By (4.85), the remainder term €y(z) is analytic in 27 (d) and for |[A—\g| < § the limit e;(A+1i0)
belongs to C*(J\o — 6, Ao + &[, B(L>™9)).

Following the same method used to calculate the expansion (3.24), we obtain

~ F1(Xo)

E_(2)" P

+ F(z, o), Vz € QF(6), (4.88)

where F_1(\g) is ko x ko block matrix, with block entries fg{)(Ao) are of the same form as
.7:9{) in (3.25) with entries 7;;(Ao) instead of a;j, 1 <, 5 < ko, such that

(Vij (o)) 1<ij<ko = <(aij(>\o))13i,j§ko> 71,

where a;;(\o) are given in (4.80). Moreover, the remainder term F(z, \g) is continuous up to
JAo—9, Ao+0[ and the limit F(A+1i0, o) defines a C'*° matrix-valued function on |A\g—d, A\g+9[.

Since the techniques of the rest of the proof are close to those used in the proof of Theorem
3.5, we omit details. We only note that in the present case the matrix in (4.86) will play the
role of Q) in (3.35) which yields the leading term in (4.82).

Note that because of the singularity (z — ) ! in (4.88), the expansion (4.87) of E(z) up to
order ¢ + 1 is required, so s > ¢ + 3/2. Moreover, for the remainder Rf (2, \o), the regularity

ct (])\0 -0, \+0[,B(—1,s,1, —s)) of Rf (A +10, \g) derives from the regularity properties of

the remainders of E(z) and E_,(z)~! in (4.87) and (4.88), respectively, and from formulae
(4.74) and (4.75). n

4.2. The case of analytic potentials.

In this subsection, we assume that all conditions of Theorem 1.2 are satisfied. In particular,
we can decompose H as H = hy + W, as in Subsection 3.2 with hg = —A + vg(z) and
vo = Vo + xgW. Let

H(9) = UgHU, ' = ho(0) + We(z), 0 €R,
where
ho(0) = UghoU, ' = —Ag + vo(x, 0),
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be the distorted operator defined in Section 3. Here the distortion is made outside a sufficiently
large ball. Then hy(f) and H () define holomporphic families of type A for 6 in a complex
neighborhood of zero. For Im@ > 0 and |0| < 6y with 6y > 0 small, it has been shown in [12,
Theorem 5.1] that o4(H(0)) (the discrete spectrum of H () ) verifies

cl(HO) Ry = ry(H), (4.89)
og(HO)NCy = o4(H)NC,. (4.90)
In particular, H has at most a countable set of outgoing positive resonances with zero as the

only possible accumulation point. Theorem 3.11 says that zero is not an accumulation point
of o4(H(6)), so the set r; (H) is finite under the condition of Theorem 1.2.

We observe that 79(z,0) = (ho(f) — z)~! defined initially for Imz > 0 and # € R can be
holomorphically extended in # for § € C with |f| small. Then, for 6 € D4 (0, 6p) with 6y > 0
small, ro(z, ) is holomorphic in z € {Imz > —cIm@Rez}. In particular, for Im6# > 0 and
Ao > 0 we have that 77 (A, 0) := (ho(f) — Ao — i0)~! is a bounded operator on L?(R"). In
addition, for any L € N, the expansion of 74 (Ao, 0) in B(L?) is written

L
ro(2,0) = Z(,z — X0V GT (Mo, 0) + 7 (2,00, 6), Vz € Qy,(6), (4.91)
=0
where GaL’j()\o, 6),7=0,1,---, L, are bounded operators on L?(R") defined as in (4.72) with
ro(2) replaced by ro(z,6) and ),(J) is given by

Oy, (8) = Q(8) U {Ao} with Q(8) := {z € C;0 < |z — Ao| < 0}, (4.92)

for some 0 < § < AoIm #. Moreover, the remainder r{ (z, Ao, #) is holomorphic in z € Q,,(9).

Set K (0) = rg (Mo, 0)We. The same proof as that of Lemma 3.8 shows that K () is a
holomorphic family of compact operators on L?~*(R"), Vs > 1/2, for § € D, (0,¢) with € > 0
small, and norm-continuous for § € D (0,¢). We recall that by definition of outgoing positive
resonances, A € r4 (H) if —1 is a discrete eigenvalue of the compact operator K, = K, (0) on
L%7$%, Vs > 1/2. Thus Lemma 3.9 can be applied here to (z)*II{ (8)(x)*, Vs > 1/2, where
IT} (0) is defined similarly to II;(#) with Ko(6) replaced by K (6), because 6 — K (0) €
B(L*~%) is norm-continuous for § € D (0,¢). We obtain that the family 1] (9) € B(L?~*) of
Riesz projections associated with the eigenvalue -1 of K (#) is holomorphic in 6 € D, (0, ¢€)
and Vs > 1/2

lim — [[(x) (117 () — 1 (0)) (z)"[| = 0.
0—0,0€D (0,¢)

Theorem 4.4. Assume that Vi € Ay and that conditions (1.2), (1.18) and (1.19) are satisfied.
Let \g € r4(H) verifying the assumption (A2) and x € C§°(R™). Then for z € Q(6), 0 < § <
Aolm 6 with 6 € D1(0,¢€) and € > 0 small, one has

I3 (A

xRy = -0y i g (1.99)

Z — )\0
in B(L2(R™)), where II§ (\o) is given in Theorem 4.3 and the remainder Ry (2, \o) is analytic
in z € Qy,(9).

Theorem 4.4 can be proven by combining the methods used in the proofs of Theorem 3.11
and Theorem 4.3 and by using formulae (3.65) for z € Q(6,0) and (4.91) for z € Q,,(d) and by
studying the Grushin problem constructed with bases I (§)U* and I ()W'. The details
are omitted here.
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5. PROOFS OF THE MAIN THEOREMS

In this section we prove the main theorems. In theorems 1.1 and 1.2 when zero is an eigen-
value of H we are interested in the contribution of the eigenvalue zero to the leading term of the
asymptotic expansion in time for the heat semigroup e *# and Shrédinger semigroup e~/
With the Gevrey estimates on the remainders in resolvent expansions, the sub-exponential
time-decay estimates in (1.13) and (1.24) can be proved in the same way as in [12, Section 5],
therefore the details are omitted here.

Proof of Theorem 1.1. The same proof as that of Theorem 2.4 in [12] can be done here.
The large-time expansion of e~ follows directly from Theorem 3.5 and the formula

—tH —tH _ i —tz —ct
e — Z e Il = By Elg& o e PR(z)dz+ O(e™ ) (5.94)
Aeoq(H),Re A<0

where ¢ > 0 and
I(e) = {z]z|>€Rez>0,|Imz|=C(Rez)*}U{z;|z| = ¢ |argz| > wo}

for some appropriate constants C, i/ > 0. Here wy is the argument of the point zg with |zg| = e,
Rezg > 0 and Im zg = C(Re 29)*. According to Theorem 3.5, if the assumption (A1) holds,
then H has no discrete eigenvalues in some domain O(4) given in (2.3) for § > 0 small. Since
discrete eigenvalues located on the left of the curve I'(0) = {z;Rez > 0,|Im z| = C(Re 2)*'}
can accumulate only at zero, it follows that H has at most a finite number of eigenvalues there.
These discrete eigenvalues contribute to e *# the term 2 Neoa(H),Re A<0 e HTI\ +O(e~). By
Theorem 3.5, one can evaluate

He_“<x>17”  lim e PR(z)dz — g | || < Cet”
21 e—04 T'(e)

with C,¢ > 0 and ' = 11+_K’L. Theorem 1.1 is proved. [ |

The large-time expansion for the Shrédinger semigroup e~*# can be derived from Theorem
3.11 and Theorem 4.4 by taking into account the contribution from discrete eigenvalues in the

upper-half plane and outgoing positive resonances.

Proof of Theorem 1.2. For x € C§°(R"), we use analytic distorsion outside some sufficiently
large ball (including the support of x). Let R(z,0) = (H() — 2)~!. The formula

xR(z)x = xR(z,0)x

with Im @ > 0 gives a meromorphic extension of the cut-off resolvent into a sector below the
positive half-axis. As seen before, the outgoing positive resonances are discrete eigenvalues
of the distorted operator H(f) in |0, 4oo[ and their number is finite. Under the conditions
of Theorem 1.2, outgoing positive resonances are simple poles of the cut-off resolvent yR(z)x
according to Theorem 4.4.

Let T'y(e) be the contour defined by
Ty(e) ={z=re " r>eU{z=—re" r>ctU{z|z| =¢,—n<argz <7 +n}

for some 7 > 0, where n > 0 is chosen such that yR(z)x has no poles with negative imaginary
part between I', (€) and the real axis. Since xR(z)x has only a finite number of poles located
above I'y(¢) which are discrete eigenvalues of H in C, and the outgoing positive resonances,
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we obtain from Theorem 4.4 the formula

X(e—itH _ Z eitH T, — Z e—itVH(—)i-(y)>X
Aeog(H)NC, very (H)
i .
= — lim ey R(2)xdz + O(e™ ).
e [ Rz 4 0l

Since Im z < 0 for z € I';(0) and z # 0, one can derive from Theorem 3.11 that

—ala)i— (2 _ _etP
le==) " | — lim e " xR(2)xdz — xIox | || < Ce
27T 6*)0_'. Fn(e)
with C,¢ > 0 and g = % Theorem 1.2 is proved. [ |
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