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Abstract

In a recent article by Gravejat and Smets [6], it is built smooth solutions to the inviscid
surface quasi-geostrophic equation that have the form of a traveling wave. In this article we
work back on their construction to provide solution to a more general class of quasi-geostrophic
equation where the half-laplacian is replaced by any fractional laplacian.
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1 Presentiation of the problem

1.1 The quasi-geostrophic equations

We consider the general transport equation for the vorticity of an incompressible fluid in dimension

2.
00
= -VO=0 1
o+ , 1)
where 6 : R? x R, — R is the called the active scalar and v : R? x R, — R is the welocity of the

fluid This equation tells that the active scalar is transported by the induced velocity. Since this
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velocity v is divergence free (incompressibility condition), it is convenient to relate v and 6 through
a stream function v : R? x R, — R. The generalized inviscid surface quasi-geostrophic equation
corresponds to a stream function that verifies

v=Vty and  (—A)*Y =6, (2)
with s €]0,1[ and L denotes the rotation in the plane of angle 7. The equations — are the
generalized inviscid surface quasi-geostrophic equations. In the particular case s — 1 we obtain the
well-known 2D Euler equation written in term of vorticity and stream function. Another important
case is s = £ which correspond to the work made in [6] that we generalize here. This case is the
standard surface quasi-geostrofic equation that first appeared as a limit model in the context of
geophysical flows [8][II]. These equations are used to model a fluid in a rotation frame with
stratified density and velocity and submitted to Brunt-Viisila thermal oscillations. This models
leads to — using the Cafferelli-Silverstre theory on fractional laplace operator [2]. The case of
the exponent s = % corresponds to the case of a Brunt-Viisila frequency IV that does not depend
on the height. Other exponents for the fractional Laplace operator corresponds to different profiles
for N. These equations has been intensely investigated since the work of Constantin, Majda and
Tabak [4] on the case s = % where they pointed out the mathematical links that arises between
(SQG—%) and the Euler equation in dimension 3. Besides stationary solution, given by a radially
symmetric rearrangement on the active scalar, the only two known examples of global smooth
solutions where built by Castro, Cérdoba and Gémez-Serrano [3] on the one hand and by Gravejat
and Smets [6] on the other hand with two different techniques. The article of Castro, Cordoba
and Goémez-Serrano also provides a wide bibliography related on SQG and its Cauchy problem.
In this work we generalize the result and the construction provided by [6] to the more general
equations (I)-(2) with a fixed s €]0,1[. The idea consists in looking for solutions that have the
form of traveling waves with a positive speed c in direction z. In short, solutions of the form

O(r,z,t) = O(r, z — ct), v(r,z,t) = V(r,z — ct), U(r,z,t) = U(r, z — ct). (3)

We inject this form of solution in (I)-(2) and we get

0= %(6(7", z—ct))+V(r,z—ct).VO(r,z — ct)
= —ce,.VO(r,z —ct) + V(r,z — ct).VO(r, z — ct) (4)

= —ce,.VO(r,z — ct) + V1 U(r, 2 — ct).VO(r, 2z — ct),

where (e, e,) denotes the canonical basis of R2. This leads to the orthogonality condition
1
(w} - cer> VO =0, (5)

with the remark that e,J: = e,. In other words, the two vectors VO and V¥ — ce,. must be collinear.
Following an idea from Arnold [I], Condition (5)) is immediately verified if © has the form

O(r,z) = f(‘ll(r, z) —cr— k) (6)
because in this case
VO(r,z) = f'(¥(r,z) —cr — k) - (VU(r,2) — cey) (7)

which gives . We now make consider the ansatz of a symmetry relatively to the z-axis that
takes the form

\If(—T’, Z) = _\I/(T7 Z) (8)

This implies that ©(—r, z) = —O(r, z) and if we denote V' = (V1,V3) the two components of the

velocity profile, then Vi (—r,z) = —Vi(r, z) and Va(—r, z) = Va(r,z). More precisely, we impose
the following ansatz

U(r,z) —cr —k if r >0,

o~ | ¥R ek itrzo o)

—f(=TU(r,z) + cr —k) otherwise



where f: R — R is a smooth function supported in R, (to avoid a singularity at = 0) with the
condition k£ > 0. Using the stream equations we obtain

U(r,z)—er—k)  ifr >0,

(CAYW (r,2) = F(O(r,2)—cr—k) ifr> ‘ 10)

—f(=U(r,z) +cr —k) otherwise

1.2 Variational formulation
The studied equation is variational and its solutions are the critical points of
1
E(D):= 5/ \I/(—A)S\I/—/F(\I'—cr—k:)—l—/ F(¥ +cr—k), (11)
R2 H e

where H := {z = (r,2) € R? : r > 0} and F(¢ fo £)d¢'. We are going to build a critical

point of E using the technique of the Nehari manlfold (deﬁned later). For that purpose, since the
choice of f is free, we are imposing on this function the following properties

o [felC™®R,R), fr_ =0 and f“R*+ >0, (12)
1

. Hue}l +[ VE>0, f(&) <O, (13)
o €y, VE>0, nf(€) <Ef(8) (14)

This last hypothesis on the variations of f is equivalent to the hypothesis that the function

BASS
E— é#) (15)
is non-decreasing on R . In particular and since p > 1,
f(&)

V& >0, eRy — 16
§o = £eRy £+ & (16)

is increasing and diverging at infinity. Examples of functions that satisfies these three hypothe-

sis are the functions

£ e E 1, (€), (17)

with v € [u,v]. Given the hypothesis and (13), the functional E is well-defined on the Hilbert
space

X*® = LT N H%(R?) (18)
with the scalar product induced by H* given by
_ O(y)) (¥(z) — T(y))
(P, V) . == p.v. /]RZ /R2 \x — ) dz dy (19)

where p.v. refers to the principal value of the singularity of the kernel (z,y) — 1/|z — y|?(0+9).
For further work, we make use of the notations = = (r,z;) and y = (ry, 2,) to distinguish the
coordinates of z and the coordinates of y. We recall here that the Gagliardo half-norms defining
the spaces W5 are given in general by

p
» [2(z) = 2@)["
|¢|W5=p =p.. /Rd ‘/Rd Ix— ‘d-ﬁ-?p drdz. (20)

For the rest of the work we refer E as being the “energy” of the problem although this energy does
not correspond to a physical energy. We remark that it is invariant by the action of the group of
symmetry generated by . We denote by X7, the subspace of X* made with the functions that
are left invariant by the action of this symmetry group.

X5 = {U e X®:V(rz) R U(~—rz)=—V(rz)} (21)

sym



It follows from the Palais principle of symmetric criticality [7] that any critical point of F on X*

actual belongs to X7, ,,. We can therefore restrict our investigations to the subspace X;, . inside

which the energy can be rewritten
1
E(¥) = 5 [¥%. - 2V(¥) (22)

with
V(¥) := /HF(\I/ —cr—k). (23)

1.3 Nehari Manifold and presentation of the main result

The Nehari manifold associated to the energy E is defined by
N ={¥ e X, \ {0} = E'(¥)(¥) =0}, (24)

so that ¥ € N implies
\I/(—A)S\I/—Q/ f(¥ —cr—k)¥ =0. (25)
R2 H
It is proven after that the Nehari manifold N is a sub-manifold of X sym non empty, of regularity
C! without boundary. The main result of this article is the following theorem.

Theorem 1.1. Let ¢ and k positive. Let f : R — R werifying , and .
Then the energy E admits a minimizer ¥ # 0 on N . As a consequence there exist a non-trivial

smooth solution © to the inviscid quasi-geostrofic equations which has the form
O(r,z,t) =O(r,z — ct) = f(¥(r,z — ct) — cr — k), (26)

for all (r,z) € H and that satisfies the symmetries O(r,z) = —O(—r,z) = O(r, —z), for all (r,z) €
R2. Moreover, The restriction of © to H is non-negative, compactly supported and non-increasing
relatively to the variable |z|.

2 Strategy of proof and main lemmas

We regroup in this section the main Lemmas involved in the proof of Theorem and how they
follow one another. The detailed proof of these different lemmas are provided in Section [3]

2.1 Properties of the Nehari Manifold and minimizing sequences

We are interested in the minimization problem
a:=inf {E(¥): ¥ e N} (27)

Since the function f worth 0 on R_ then a given function ¥ cannot belong to N if ¥ < 0 on H
Indeed, this would imply that
/f(\Ilfcrfk)\I/ =0 (28)
H

and then [|¥[|x:. The only function on X3, such that this quantity worth 0 is the null function
which has been excluded from the definition of the Nehari manifold). We have the following
description of the Nehari manifold.
Lemma 2.1. The set N is a C' non-empty sub-manifold of X3,,,,. For every ¥ € X3, such that
L2(supp(¥4) NH) is non zenﬂ there exist a unique ty > 0 such that tg' ¥ € N'. The value of this
ty 1s characterized by

E(tg¥) =max{E(t¥): t > 0}. (29)

IThe notation £% refers to the d-dimensional Lebesgue measure, ie. the lebesgue measure on R%. The function
¥ := max{¥,0} is the positive part of ¥.



Moreover, any local minimizer of E on N is a smooth non-trivial solution of . We also have
that

Bi=inf {||¥|%. : LN} >0. (30)
and for every ¥ € N,

1o)% < (1 i i)m). (31)

Remark that this last assertion implies that « is positive. This proposition also implies that
any minimizing sequence of E on N is a bounded sequence.

Definition 2.1 (Polarization). We now define the polarization of a function ¥ € X* by
_ 2 + . J max {U(z),V(c(x))} ifr>0,
Vo=(rz) R, v : { min {¥(z), ¥(o(z)) } if r <0, (32)

S

where o denotes the linear map z = (r,z) € R* = (—r,z). In the particular case ¥ € X3 .,

we obtain \IIITH > 0 and \IflTHC < 0. For more details about polarization, see for instance [9].
Lemma 2.2 (Polarization inequality). For all ¥ € N,

E(ty:¥') < B(W) (33)
and this inequality is strict when ¥ # Wt

Denote with a 7 the image of a given set by the polarization. This lemma tells that if (¥,,) is
a minimizing sequence for £ on N then so is ty+¥T because by definition of ¥ + ty the function
ty+UT belongs to A/. Thus, the minimizer, if it exists, belongs to A'T. It is then possible to restrict
the investigations to X 51

sym*
Definition 2.2 (Steiner rearrangement). We define the Steiner rearrangement of U € le’);n, noted
Uf, as being the function of X;’);n which super-level sets on H are given for all v > 0 by
Ot > ) [_ Cu(r) cw(r)} A
W 2u)i= [ frx [~ 02 45 (34)
reR+
with
Co(r):=L"{zeR : U(r,2) > v} (35)
We extend this definition on H° by symmetry to ensure that ¥# € X351 .
Lemma 2.3 (Steiner inequality). For all ¥ € N1,
E(ty: V) < E(V) (36)

and the equality holds if and only if ¥ = W% up to a translation on the z awis.

Then, if (¥,,) is a minimizing sequence for E on Nt then so is tg: W, Thus, similarly as before

it is possible to restrict the investigations to X ;Z’}jm.

2.2 Existence of the solution of the minimizaing problem

Let (¥,,) € N* a minimizing sequence. We already know that such a sequence in bounded as a
consequence of Lemma (2.1). To start with, we establish the following compactness result.

Lemma 2.4 (compactness). Let ¢ and k be positive. Define the map

(U —er—k)4 on H,

T:VeX '—>{—(\Il—cr+k) on TH°. (37)
Then T maps X3, into himself and maps bounded sets into bounded sets. Moreover, the map
Tofoft is a compact map from X3, into Lfym(]RQ), with 1 < p < 135'

Up to an extraction we can suppose that the minimizing sequence ¥,, — ¥* weakly in X ;’gﬁn
and that (¥,, — cr — k)4 — (V% — cr — k)4 strongly in LP(H) for all p < 1.
Lemma 2.5 (convergence). The convergence of ¥,, towards U* in X% is a strong convergence.

This implies that ¥* is solution to the studied minimization problem.



2.3 Properties of the solution

We finally define ©* from U* according to formula (9). Since T'(¥*) € LP(R?) for all p € [1, %]

»1—s
then ©* € L7 for all ¢ € [1, ﬁ] as a consequence of . We have the following regularity
result

Lemma 2.6 (regularity). The functions U* and ©* are C*°.
We can also establish a result on the decay of U* at infinity.
Lemma 2.7 (decay estimate). There exists a constant C > 0 such that for all r € R?,

C

*
| (z)| < ma

(38)

With the positive cut-off levelk > 0 appearing in the definition of 7', this proposition implies
in particular that ©* is compactly supported.

3 Proofs of the lemmas

3.1 Proofs of the lemmas of section 2.1
3.1.1 Proof of Lemma [2.1]
Let ¥ € X?¢

sym

with L2(supp(\ll+) N H) # 0. For any t > 0, we define

E'(t0)(t¥ 1
oft) = OO S, -2 [ pews - e -y (39)
We observe that the integral above can we rewritten
f@U(r,2) —cr —k)
tU(r,z) —er—k+ (cr + k)

o(t) = 519 - 2/H (W+)2(r, 2) dr d=. (40)

Since we have £?(supp(¥;)NH) # 0, our remark on the variations & — f(€)/(£+&), consequence
of , indicates that ¢t — g(t) is decreasing and g(t) — —oo as t — +o0o. Indeed, one have to
apply this property of f to with £ = t¥ + (r,2) — er — k and & = cr + k and then integrate
on H against the non-negative weight (¥, )2. We use Hypothesis to write on H

1
0 S Ef(t\Ij+ — Cr — k)\:[/+ S

S

FU U, <ot (wy) (41)

Since v > 1,

1
9(t) = 5 1¥[%= > 0. (42)

Since f is smooth then g is continuous, and then the function g admits a unique root on R7. The
characterization comes from the fact that

tg(t) = %E(t\l/). (43)

The estimate is obtained, for ¥ € N, as follows

B(¥) = B(¥) = — F'(9)(¥)

2
pw+1

MWl + = [ [ = e =B — (s D e =] dras a9

_r
2(p+1)

H 2
| 71



The last inequality comes from the integration on [0, 7] of hypothesis that gives pF(t) <
tf(t) — F(t). The fact that 3 is not zero is obtained using and the Sobolev embedding

_2 _2
W = [ 0y = o=y, <48 [ @07 S aK T <O )

Concerning the regularity of A/, it is a consequence of the implicit functions theorem applied to
E: (s, ¥) = E'(sV)(V) defined on the open set R} x X7 .\ {0}. The hypothesis of the theorem
are verified because for ¥ € N we have:

ONE(1, W) = t%¢'(tT) < 0. (46)

It remains to prove that any minimizer of E on N is a critical point for E defined on the whole
space. We first remark that a minimizer of £ on N is a minimizer of ¥ — E(t¥W¥) on X7 . Then,
using the definition of the Nehari manifold and the fact that we have ¥ € N implies ty = 1, we
conclude

Vh e X;

sym>

E'(0)(h) = E'(+0)(1)[ty (R)¥ + tgh] = 0. (47)
O

3.2 Proof of Lemma 2.2]

We first recall that ¥ € N implies that £2(supp(\I/+) N ) # 0. Using the characterization
we get E(U) > E(tg:+¥). Using the fact that ¥(r,z) = —¥(—r,z), we conclude that here the
polarization consists in switching the two values of ¥(r,z) and \I/(—r,z) if and only if we have
U(r,z) <0< U(—r,z). Therefore since F worth 0 on R_ and is positive on R, we obtain

V(tgt V) < V(tg:Oh). (48)
To finish the proof of this lemma, we have to establish
1] xe < ¥ xe (49)

and that this inequality is strict if and only if Ut £ W, Actually the fact that the polarization
decreases the W*P(R?) half-norms is a general result so that we can establish it in the general
case. By definition of the principal values, we have

— V()
dx dy — |ul}y-.,qquadas € — 0. (50)
//ac y|>e “T - |d+5p

We then establish the inequality for any fixed € > 0. First, the integral is split as follows,

v —WU(y)lP
[ e,
|x—y|>e ‘x - y| P

) //Hz\{z—y|<s} (Iw—zil‘”” (10) ~ 2@ + 12 oolx) - oo ly)l) (51)

+ ﬁ(\ﬁ/(x) —Voo(y)P +|¥oo(z)— \I'(y)|p>) dz dy

|z —o(y
Let x,y € H. Observe that
o —y| TP < |z — a(y)| T (52)

Case 1: ¥U(z) > Voo(z) and ¥(y) > Yoo(y). In this case, with the definition of the polarization,
U(z) = Ui(z) and ¥(y) = ¥Ut(y). Then when we integrate on the couples (z,y) that belongs to
Case 1, the associated term in the integral is not modified by the polarization.
Case 2: U(z) > Yoo(x) and ¥(y) < ¥ oo(y). By computing its derivative, we obtain that
the function
ugs: a0 €ER— Ja+ pIP —|a+sf? (53)



is non-decreasing when § > s. Indeed we have (with p > 1)
uj (@) = pla+ B)la+ BIP~% — p(a + s)|a + s["*(31) (54)

which is non-negative because y — y|y|P~? is an non-decreasing function. We now use this property
of ug ¢ with a1 := ¥(z) > Voo(z) =: ap and with §:= —u(y) > s := —uoo(y). We obtain

W (z) =V (y)[" +[Voo(x) = Voo(y)" > |Voo(r) -V (y)[" +|U(x) - Too(y). (55)
If we combine this with we get

ﬁ (1%@) = 9@ + ¥ o o(w) — Woo(y)”)

b (1 e ole) — WG+ [9() — W oo

@(I\If oo(z)—U(y)|P +|¥(x) —Po a(y)|p)
(50
b (10— ¥R + W oo () — Ve oly)P)

:;tﬁaQOWuwNMww+w%dm—w%dmﬂ

b (000 - WP+ W) - 9 ool

Case 3: U(2) < Poo(z) and ¥(y) < ¥ oo(y). In this case we have both ¥(z) and ¥(y) that
are swapped with respectively ¥ o o(z) and ¥ o o(y). Then this case is the same as case 1 and the
term associated to Case 3 in the integral is not modified by the polarization.

Case 4: U(z) < Voo(x) and ¥(y) > ¥ oo(y). This case is the same as Case 2.

Gathering these four cases we obtain that for any € > 0,

// |pd dy >// ¥ () ~ Vi)l dx dy. (57)
lz—y|>e |’I—y\d+5” lz—y|>e |$—y|d+5p

Concerning the cases of equality, we obtained from Cases 2 and 4 that if

52({(x,y) CH?: U(z) = Ul(z) and W(y)# \Iﬂ(y)} Nz -yl > g> >0 (58)

then the inequality is actually strict. We now observe that the above set is of measure zero for
every € > 0 if and only if we have either ¥ = W' or ¥ = U o0 o. But this last case is not possible
when ¥ € A and then the only case of equality in our case is ¥ = W, O
3.3 Proof of Lemma 2.3

Arguing similarly as the previous proof, we only have to prove that

VU e xst

sym?

E(UY) < E(D). (59)

Since the Steiner rearrangement only involves rearrangements of the super-level sets perpendicu-
larly to the r-axis, we get
V(T = V(D). (60)

To conclude we have to establish that.
0¥ xs < [0 x- (61)

To start with, we suppose that ¥ is smooth and compactly supported. In this case

U(y)?
dedy — ||V x- 62
/JRZ/]Rz |93*3J|2 g2)tts S ” I (62)




as ¢ — 0T. Since the considered functions are C*°, is is possible to develop the square above and

write
T(y))?
dxd
// |x—y|2 g2)its 0

(v)
dx d 2 dx dy.
// |x—y|2 e2)is T // \:c—y|2 e2)its W

The first integral in the right-hand side of the above inequality is not modified by rearrangement
of the super-level sets of the function ¥. Concerning the second integral, using the fact that
U(r,z) = —U(—r,z) we get

/+oo /+°° /+OO /m P e dz, dz, dr,, dr
(re —1y)2 + (20 — 2))2 + &2)1Hs 75 7Y 20

_ /+<>o /+oo /+oo /+oo \Il rm,zx)\I/(Ty,Zy) dZI dZy d?"m d’f‘y (64)

—1y)? + (22 — 2y)? +e2)1ts

+oo ptoo  ptoo ptoo \I/(T . ) (r . )
-2 ) Rx Yr <Y dz, dz, dr, d
/ / / / rg: +ry + (Z:l? _Zy)2 +€2)1+s Zy A2y ATy ATy

But the function

(63)

T — ! ! (65)
Ty - U -
o ((re =2 +u2+2) " ((ry +7,)2 +u2 +e2)'

is non-negative and radially decreasing on R. Moreover, for r,,r, > 0 the functions z, — U(ry, 2;)
and z, — ¥(ry, z,) are both non-negative R. Thus, using the Riesz rearrangement inequality, we

obtain
“+oo “+o0
/ / U(re, 22)V(ry, 2y) Loy e, (22 — 2y) d2g dzy

+oo +oo
< / / U (rg, 22) U1y, 29) Yoy oy (20 — 2y) d2g dzy.
—0o0 oo

We now inject this inequality back into and get

U(y) T(y)
dr dy < dx dy. 67
// |x—y\2+a jrs o dy < // |x—y|2+s>1+5 @ dy (67)

We use this estimate in , we take the limit and we conclude by density of the smooth compactly

supported functions. O
Remark: It was not possible to use directly the Riesz rearrangement inequality to the second
integral appearing in because this inequality in only true for non-negative functions. O

3.4 Proofs of the lemmas of section [2.2]
3.4.1 Proof of Lemma [2.4]

e Step 1: T maps X5

sym into itself and maps bounded sets into bounded sets.

First, if ¥ satisfies the symmetry property then so does T(¥). Define the setE|
Q) :={(r,2z) e H: T(V)(r, 2) > 0}, (68)
where T(9)(r, z) := (¥(r,z) — cr — k)+. By definition of T" and of Q

/ / Cdrd: </ YO AN g < L /\1/—
CT+I€ Q k ki—s Ju

2The adherence of this set is the support of the function ©. This corresponds physically speaking to the vorticity
zone.

(69)




Using a Sobolev inequality above leads to

Cs 2
£2(Q) < Ellq’llxs : (70)

The computation of the double integral defining the H* half-norm [20|is done separating the inte-
grals on R? on two between Q and Q°. On Q¢ the quantity ¥(r,z) — cr — k is non-positive and
then T(¥)(r, z) = 0. Therefore,

(W)@ - TOEE,
S = el AL v

Concerning the integral on © x €, using the notation z = (15, 2,) and y = (ry, 2y),

T (V) () — T(V)(y)|? (U(z) — ery — k) — (U(y) — cry — k)|?
/Q/Q |z — y|2(0+s) dzdy = / / & — y2(0Fs) drdz

72
LCELTR2 N 7
|a: — i) rdz.
Denote with an * the radially decreasmg rearrangement and R > 0 the radius such that
L2(Q) = L*(B(0, Ra)). (73)

To simplify the notations we simply note this ball B(Q2). By the Riesz rearrangement inequality

we have
Ty 2 dxd dxd
// 2?‘+s d.’L‘dy<// - y25 / / - y2s
\ﬂf—y| |z -y B(Q) B(Q) |z — yl

(74)
< —dy = 0)2~
/B(Q) /B(Q) || l—s ()
Using now we get
/ / \T—Iz|2(1+ drdz < C; ||\I/|| . (75)
Concerning the last term,
T(9) () — T(¥)(y)[* / 2/ dy
drdy = TV —dx.
e e - dedy = [ T [ e (70
For all z € Q we define A(x) := w and O, :={y € Q°:ry >, + A(zx)}. Then,
c
dy dy / dy 7
< < = .
o T = a1 = fy e =y a0
Using the factq that = € Q, that y € Q¢ and that y € O, in this order, we obtain
0 <T(¥)(z) = V() —cry —k < V() = U(y) +c(ry —1y)
cry — k 1 (78)
< W)~ W) + ()~ TEE < wa) — wly) + ST @),
Therefore
T(W) ()] < 2% (x) — ¥(y)| (79)

Combing (76), and leads to
T(@)(@) - T )
/ /c |m —y|2(1+s) drdy
YO 4y | .
<4 T R
/n /w\o \x - I2<1+é> drdy+ | T Ry (80)

(y)? T 2(1—s)
<4//r |1:7y‘2(1+s dwdy—i—g Q|T(\I/)(x)| dzx.
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Now, to estimate the last term of the above inequality, we use the fact that 7(¥) < ¥ and then
the Holder inequality gives

s s —s 2(1—s

/ IT(W) ()20~ dz < / W () P de < £2(0)5C) ”‘I’”L(&)' (81)

We continue this estimate using and a Sobolev embedding,

2s(1+ 115 2(1—s =
< Ol T w0 < o (82)
Thus, gathering all these estimates we obtain.
T(¥)(y)” =

[ = [ [ FEH SO dody < cpuig (14 19157). 69

Therefore, T' does map X ijm into itself and maps bounded subsets of X ijm into bounded subsets.

o Step 2: Tofo7 defined on X7  is a compact operator for the LP topology.
Set the convention that {|z| > R} designates the set {(r,z) € H: |z| > R}. Let x > 0 and R > 0.
For all » € QF we define

U, = Bz, k)N (Qﬁ)c. (84)

Then,

() 2de — # ) () 2 N
/{IZIZR}IT(\I/ )(z)["d /{z|2R} YEIm) /M T(T) () |2 dy d

b N(z) — # 2 -

= /{|z|>R} L2(Uy) /uz IT(F) (@) =TT ()] dyd (85)
k2(1+s) |T(\Ifﬁ)($) _ T(‘I’n)(y)|2

= /{IzlzR} L£2(Uy) /um |z — y[20+9) dy .

Denote by Pr the projection on R x 0 (that is identified to R). As a consequence of the Steiner
symmetrization, with ,

2
|| 1—s

(86)

2R LY (PR((Q”)C n{lz| > R})) < L9 <

Since |z,| > R — x then using again the Steiner symmetry of QF, gives that U, contains the ball
B(r, k) minus the rectangle centered at x, of width

£ (Pe((@) 0{l2] = R=r}))

height 2x. Then, with ,

9 K

L2Usy) > R *7” ﬁ||1 : (87)
(R—K)k1-5
The choice of k is free and then we choose to fix it equal to C'/R with
4 2
Ci= — || W% "5 .
T ki-—s L1-s
Since Choose now R such that R > +/2C. Then in this case the inequality becomes
9 TC?
) > o &
Combining the estimate above with (85), leads to the following estimate
As
[ mromra s () (Bhe) o (59
{1212k} T \mR k *
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On the other hand, using the Holder inequality,

1-s s

2
[oomwe= [ e s ([ ) ([ )
{r2R) {r2R) {r2R) 2Ry (90)

- CL2((m)C n{r> R}) 1992 2

IN

where by convention {r > R} designates the set {(r,z) € H:r > R}. Moreover

2@ {r>R)) = / 1
(Q#)en{r>R}
2 2 (91)
g T—s 1 T—s 2
oo ()™ = () e
Q4)en{r>R} cr+k cR+k L1->s
Combining and leads to
25
[ e s () (%2)
{rzR}| ~ \cR+Ek LT
The two decay estimates et and the Rellich-Kondrachov compactness theorem (applied
at the local level) give the result. O
3.4.2 Proof of Lemma [2.5
It follows from the definition of A/ and of Lemma 2.1] that
1 s 1 2 B
f@, —cr—k)¥, == | U, (-A)°T, =—||¥,[|5%: > = >0. (93)
- 2 Ju 2 2
By the previous lemma, up to a subsequence when n — +o0,
/f(\I/n—cr—k)\I!n — /f(\IJ*—cr—k')\Il* Zg. (94)
H H

In particular (U* —cr — k)+ # 0 on H. By proposition [2.1] there exists t* > 0 such that t*¥* € N/
. With the characterization of t* and since ¥,, € N,

E(U,,) = E(ty, ¥,) > E(t*0,,). (95)
Thus,
a= lim E(V,)2lminf BE",) > BIY) 2 a. (96)

Therefore all these inequalities are equalities and || ¥, ||%. — [¥*||%. . Since the space X* is strictly
convex, this gives that ¥,, converges towards U* stronly in X°. O

3.5 Proofs of the lemmas of section 2.3
3.5.1 Proof of Proposition

We already know that T'(0*) € LT (R2). Since the support of T'(¥x) has finite measure, T(¥*) €
L'(R?). Define ©* from ¥* using formula . Hypothesis implies

Vg € [1, Ox € L1(R?). (97)

&
v(l—s)l’
Define now the function ¥ given by the following representation formula,

0" (y)

b -k, [ W
= e

dy. (98)
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where K is some renormalization constant. It follows from the weighted inequalities for singular
integrals [10} §5] that ¥ € W2%49(R?), for all ¢ € [1, ﬁ] Moreover, by the Hardy-Littlewood-

Sobolev convolution inequality, U e Li(R2),Yq € [+, —2-—]. By standard interpolation,

1—s’ v—s(2+v)
v e X5, Now, let o € X7, be a test function. Using the spectal properties of the Sobolev

sym
spaces [5] gives (up to multiplicative renormalization constants),

(Bp),, = [P P Fide) de

= [ teerlor =] @ Felie) ae (99)

= | FIO](&) Flel(§) dE = (©%,¢) 12,

R2

where F[.] designates the Fourier transform. Moreover, since U* is a critical point of E, then
(T, @) v = (0%, )2, which implies U = U* . The regularity known for ©* allows to conclude
that ¥* is bounded and uniformly continuous. Seen the definitions, to conclude that U* is smooth
by a bootstrap argument there remain to study possible discontinuities on r = 0. Nevertheless,
it follows from the symmetry property of ¥* and its unifom continuity that T(¥x) worth 0 at a
distance uniformly positive from r = 0, meaning on a strip | — §, [ xR,. Therefore so is the case
for ©* and then the smoothness of U* is proved. O

3.5.2 Proof of Proposition [2.7]

Let r € R? such that |r| > 1. We separate the integral into two,

@*
7(231()1_5) dy + K
e—yl<lgl |2 = Y]

0*(y)

y|2(—9)

U (2) = K,
ja—yl> 15 [ =

dy (100)

Concerning the first integral, we choose 7 €]1 — s, 15[ This interval is non-empty and included
in ]0, 1[. We use the Hélder inequality and Hypothesis and then we are led to

e* d n B 1-n
| ([ ) ([ ) ao
le—yl<lzl [2 =y ci<lel |7 jo—y|< 2!

2

Using again the estimates et (92),

C

e (102)

/— <zl T(2*)*(y)dy <

Knowing that ﬁ > 2 the above estimate used in (101)) leads to (the constant that depends only
on 1)

@*(y) 9 77(5 1) L
——dy < 1 +1)— .
/|””—y|_<'3' |z — y[2(1=2) y < O« +1) (103)

The second integral in ((100) can be estimated using directly the hypothesis on the function f,

0*(v) 2\ c
———dy < | — T < ———. 104
I o< (i) Lrer s g 1o

a—yl> gl |7 —yP079)

By choosing 7 €]1 — s, 15[ such that 7 > 25, the estimates (103) et (104) give

U*(x) < ¢
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