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The aim of this study is to explore one Turkish high school student's discursive development on reflection in relation to her teacher's discourse through the commognitive framework. The data sources for examining the teacher's and student's discourses included classroom observations and task-based interviews. The data was analyzed in terms of participants' word use, visual mediators, routines, and endorsed narratives from a commognitive perspective. The results indicated that the teacher's discourse was based on an algebraic-formal and objectified approach during his instruction, which differed from the student's geometric realization of reflection. Although instruction influenced the student's discourse in some ways, the teacher's discourse did not help the student move towards an algebraic realization of geometric reflection as a function.

Introduction

Geometric transformations help students identify mathematical patterns and support mathematical visualization and generalization [START_REF] Clements | Development of students' spatial thinking in a unit on geometric motions and area[END_REF][START_REF] Portnoy | Students' understanding of mathematical objects in the context of transformational geometry: Implications for constructing and understanding proofs[END_REF]. Geometric transformations also help students think about mathematical concepts like functions, similarity, and congruence, and improve their reasoning skills and use of different representations [START_REF] Hollebrands | High school students' understandings of geometric transformations in the context of a technological environment[END_REF].

Existing literature on geometric transformations focus on issues such as pre-service mathematics teachers' pedagogical approaches, knowledge, and understanding [START_REF] Son | How preservice teachers interpret and respond to student geometric errors[END_REF] and elementary students' thinking [START_REF] Xistouri | Students' ability in solving line symmetry tasks[END_REF]. There are also studies on high school students' proofprocessing [START_REF] Miyakawa | Reflective symmetry in constructions and proving[END_REF]; problem-solving processes [START_REF] Leikin | Applications of symmetry to problem solving[END_REF]; interactions in technological environments [START_REF] Hoyles | Unfolding meanings for reflective symmetry[END_REF]; and use of different representations [START_REF] Panaoura | Students' structure for the understanding of the axis of symmetry in mathematics[END_REF] on the concept of reflection. Studies have shown that high school students face challenges when working on reflection problems [START_REF] Hoyles | Unfolding meanings for reflective symmetry[END_REF][START_REF] Küchemann | Reflection and rotation[END_REF]. Researchers indicated that when a line of reflection is oblique, students struggle while reflecting geometric shapes, whereas such struggles were not observed when the line of reflection was horizontal or vertical [START_REF] Hollebrands | High school students' intuitive understandings of geometric transformations[END_REF][START_REF] Hoyles | Unfolding meanings for reflective symmetry[END_REF]Panoura, et al., 2009;[START_REF] Xistouri | Students' ability in solving line symmetry tasks[END_REF]. Researchers argue that such challenges may be resulting from the fact that students mostly work with vertical and horizontal lines of reflection while reflecting a geometric shape in the classrooms [START_REF] Panaoura | Students' structure for the understanding of the axis of symmetry in mathematics[END_REF][START_REF] Son | How preservice teachers interpret and respond to student geometric errors[END_REF][START_REF] Xistouri | Students' ability in solving line symmetry tasks[END_REF]. Studies show that when the reflection line is oblique, students have difficulties in realizing the shortest distance as the perpendicular distance with respect to the line of reflection [START_REF] Hoyles | Unfolding meanings for reflective symmetry[END_REF][START_REF] Xistouri | Students' ability in solving line symmetry tasks[END_REF]. [START_REF] Edwards | The nature of mathematics as viewed from cognitive science[END_REF] notes that students often consider reflection as a dynamic movement of geometric shapes and have difficulties in considering reflection as a static object in the form of a function. [START_REF] Edwards | The nature of mathematics as viewed from cognitive science[END_REF] argues that it is critical for students to think about reflection both as a dynamic process and as a function to develop conceptual understanding of geometric transformations.

Most of the existing studies on reflection are based on cognitive perspectives and few of them explore students' development of learning in relation to instruction through socio-cultural perspectives. Further, there is a scarcity of research focusing on reflection in natural classroom settings at the high school level. In order to examine student learning within its context, utilization of social theories may offer additional insights. Our aim is to explore one Turkish high school student's discursive development on reflection in relation to her teacher's discourse. In our study, we use a commognitive perspective because it highlights the communicational nature of learning and provides us with the analytical tools with which to examine student development and juxtapose it with the teacher's discourse in the classroom. We address the following question: How does one student develop her discourse on reflection in relation to the teacher's discourse in a high school classroom?

Theoretical Framework

As a sociocultural approach, the commognitive perspective eliminates the dichotomy between thinking and communication by formulating thinking as self-communication [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF]. [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] defines discourse as a "special type of communication made distinct by its repertoire of admissible actions and the way these actions are paired with re-actions (p. 297)". [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] notes that mathematical discourse can be identified through four elements: word use, visual mediators, routines, and endorsed narratives. Word use refers to the mathematical words used in the discourse. Visual mediators refer to visual objects created for mathematical communication (e.g., graphs, diagrams, algebraic notations, figures, and shapes). Routines are the "set of metarules defining a discursive pattern that repeats itself in certain types of situations" (Sfard, 2008, p. 301). Routines are defined how and when of a routine is performed [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF]. The how of a routine "which is a set of metarules that determine, the course of patterned discursive performance; the when of a routine, which is a collection of metarules that determine, or just constrain, those situations in which the discursant would deem this performance as appropriate" (Sfard,208,p.208). Closure of the routines comprises how routines ended [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF]. Endorsed narratives are utterances about objects and their relations participants consider as true as substantiated by the other three elements of their discourses. [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF] defines four developmental stages in participants' word use: passive, routine-driven, phrase-driven and object-driven use. Passive use is the stage where participants would not utter the mathematical word in their speech. For instance, students would not utter "reflection" in their word use; they could just say "it", "this" or "that" instead of "reflection". In the stage of routine-driven use, participants use mathematical words only in relation to specific and limited procedures and actions they perform. For example, when asked about reflection, they may describe all the actions and processes with which they reflect a geometric shape. The next stage is phrase-driven use, where "entire phrases rather than the word as such constitute the basic building blocks" of participants' utterances (Sfard, 2008, p. 181). At this stage, students may not refer to the actions they perform when reflecting a shape but instead use phrases such as "the size of a geometric shape is preserved in reflection" in their discourses. The last stage is object-driven use where participants utter mathematical words as if they refer to objects or end states by using a noun. For example, if students utter "reflection is a geometric transformation", then they refer to reflection as a specific mathematical object.

Methodology

This is a case study investigating one 10th grade (16-year-old) high school student's discursive development on reflection in comparison to the teacher's discourse in a medium-size urban public high school in Turkey. We selected Eda (a pseudonym) as the student for our study, since she was a talkative student who communicated her experiences in an expressive and reflective way and was also willing to participate in the study-a form of purposeful sampling for rich and in-depth data collection [START_REF] Patton | Qualitative research and evaluation methods[END_REF].

The data sources for examining the teacher's (Mr. Can, a pseudonym) discourse on reflection included the two video-taped classroom sessions during which he talked about reflection and a videotaped task-based interview that was administered eight days after the instruction. The reason of interviewing with the Mr. Can was to gain deep and detail information and strengthen the data about Mr. Can's discourse on reflection in addition to his discourses that were obtained from classroom observations. The interview consisted of four tasks on reflection. In the first task, we asked Mr. Can to give an example for reflection. In the second task, which included geometric and algebraic visual mediators, we asked him to reflect a point across an oblique line, to reflect a triangle across an oblique line, and to reflect a line across a point. The third task involved reflecting a geometric shape across an oblique or vertical line. In the fourth task, we provided a geometric figure and asked what kind of geometric transformations (including reflection) can be seen in the figure .   The data sources for examining Eda's discourse on reflection included three video-taped task-based interviews. Eda was interviewed individually and each interview lasted about 20 minutes. We conducted the first interview before Mr. Can introduced reflection in the classroom. The second interview was conducted right after instruction and the third interview was conducted eight days after instruction. Each interview consisted of four tasks on reflection, which were mathematically equivalent to those used in Mr. Can's interview, but with different follow-up questions. Eda was silent during the classroom observations and the lessons were dominated by Mr. Can's discourses, so we could not analyze students' interactions during the classroom observations. To ensure the equivalence and validity of the tasks [START_REF] Patton | Qualitative research and evaluation methods[END_REF], we sought and incorporated feedback from five experts (one professor of mathematics, one professor of mathematics education, two Ph.D. candidates in mathematics education, and one high school mathematics teacher) regarding the parallelism and content of the tasks.

We conducted the interviews in participants' native language and then translated them from Turkish into English. The transcripts of the interviews and classroom observations included participants' utterances as well as their visual mediators and actions. The data was analyzed in terms of participants' word use, visual mediators, routines, and endorsed narratives [START_REF] Sfard | Thinking as communicating: Human development, the growth of discourses, and mathematizing[END_REF].

Results

In this section, due to space constraints, we only provide a comparative analysis that outlines the differences and similarities between Mr. Can's and Eda's mathematical discourses according to the four components of their discourses (word uses, visual mediators, routines, narratives).

Mr. Can's word use on reflection was mostly object-and phrase-driven; he also used some routinedriven words in his discourse. Eda's discourse on reflection before the lesson (first interview), was mostly routine-driven but it also included some phrase-driven and object-driven word use. Eda's word use after the lesson (second interview) was mainly routine-and phrase-driven; there was also an occurrence of object-driven word use. Her word use in the final interview was mostly phrase-and object-driven with fewer occurrences of routine-driven word use. Table 1 demonstrates the frequencies of the word use categories for Mr. Can and Eda. Mr. Can introduced reflection in an objectified and algebraic manner, as a function, in the classroom and consistently referred to reflection as a function throughout his discourse. Before instruction, we observed Eda's word use to be dominantly routine-driven (through a geometric approach). However, during the last interview, her routine-driven discourse gave way to phrase-and object-driven word use. Although she used an algebraic approach in the second interview right after instruction, such use was rare and was not found during the third interview, where her word use was accompanied by geometric approaches to realizing reflection.

Mr. Can

Eda Mr. Can's visual mediators consisted of algebraic notations, geometric shapes and lines. Although he used both algebraic and geometric visual mediators, he used the former more frequently than the latter. Eda's visual mediators consisted of geometric shapes and lines as well as algebraic notations. She consistently used a geometrical approach before and after instruction as well as during the last interview. Right after instruction, we identified three occasions in which Eda used the algebraic approach presented by the teacher in the classroom. During the last interview, she went back to her geometric approach, indicating that her use of algebraic mediators did not constitute a pattern in her discourse in that interview. Even in the interviews she used the algebraic approach, the frequencies of the algebraic visual mediators in her discourse were significantly lower than the frequencies of her geometric visual mediators. Eda's visual mediators during the first interview also indicated that she struggled reflecting a geometric shape across an oblique line of reflection, the details of which will be included in the following discussion regarding her routines.

Mr. Can used one algebraic and one geometric routine in his discourse, consistent with his visual mediators. His algebraic routine (AR) was to use an equation, where reflection is defined as a function, to determine where a vertex of a geometric shape will be transformed through the reflection.

After determining the reflected vertices, he then drew the final shape using the mathematical properties of reflection (e.g., that it preserves size and overall shape of the original geometric shape). His geometric routine (GR) was to reflect each vertex of a given geometric shape visually by identifying its shortest distance from a given line/point of reflection and then reflecting the overall shape across the line/point by using mathematical properties of reflection.

Eda used two geometric routines during the first interview (GR1 and GR2). In this interview, Eda used the mathematically incorrect routine GR1 when reflecting a geometric shape across an oblique line of reflection. When using GR1, she reflected each vertex of a given shape in an equidistant manner with respect to the oblique line of reflection, without taking into consideration that the shortest such distance is the vertical distance to the line (see figure 1). In this interview, she also used GR2 as a routine, which was the same geometric routine Mr. Can used. During the second interview, when solving another problem involving an oblique line of reflection, Eda used the algebraic routine AR introduced by Mr. Can to correctly solve the problem. She also continued using her mathematically correct geometric routine GR2. In the final interview, Eda only used GR2 as a routine. It seems that Eda was influenced by instruction when she used AR to replace her mathematically incorrect routine GR1. On the other hand, she preferred using GR2 during the final interview, which was consistent with her overall geometric approach throughout the study. Although GR2 was identical to Mr. Can's routine GR, Eda seemed to know about this routine before instruction since she used it during the first interview. The most dominant narrative Mr. Can endorsed in the classroom was "Reflection is a function", which was consistent with the algebraic definition he provided when he introduced the concept. Although not as frequently, Mr. Can also endorsed some narratives through his geometric approach, for example, "The reflection of a point across a line means moving the point across the line so that it has the same shortest distance from that line". Eda's endorsed narratives during the first interview were as follows: " Reflection preserves the dimension of the shape, but not the shape itself" and "Reflection is the visual drawing of a shape in the coordinate system according to the unit distance from the x or y axis". In the second interview, Eda endorsed the narrative "Reflection preserves the dimension of the shape and shape itself, but changes its direction". The common narrative Eda endorsed in her last interview is "Reflection does not preserve the direction of the shape, yet preserves the dimension of the shape and the shape itself". During this interview, she also endorsed "Reflection is the visual drawing of a shape on the coordinate system according to the x or y axis in the same unit distance". This narrative was similar to the ideas involved in Mr Can's endorsed narratives based on his geometric approach. Although Eda's endorsed narratives resembled the teacher's endorsed narratives used in a geometrical context, Eda did not seem to adopt the realization of reflection as a function by the end of the study, instead consistently viewing reflection as the movement or visual drawings of geometric shapes.

Conclusion and Discussion

In this study, we investigated one Turkish high school student's discursive development on reflection in relation to her teacher's discourse. The results indicated that Mr. Can's discourse was mainly based on an algebraic-formal approach during his instruction. Mr. Can taught the concept of reflection in an objectified manner as a function. One explanation for his choice may be due to his assumption that his students had previously learned about reflection. The Turkish mathematics curriculum is a spiral curriculum; students learn about geometric transformations (including reflection) as dynamic motion through grades 6 -9. It is likely that Mr. Can was unaware of the transition his students had to go through from a dynamic motion view to an object view of reflection in his classroom. It is also possible that Mr. Can was aware of such transitions but the opportunities he provided for his students in the classroom were not explicit enough to be picked up by his students. For example, despite adopting AR as a means to correct her incorrect approach to reflection problems involving oblique lines of symmetry after instruction, Eda consistently used her geometric routine GR2 in the third interview. Similarly, despite her realization of AR as a useful routine, Eda did not adopt the objectified realization of reflection as a function as a consistent aspect of using AR. On the other hand, throughout the study, her word use transitioned from being mainly routine-driven to being mainly phrase-and object-driven. Therefore, for Eda, instruction seemed to be a means for solving her mathematical difficulties while preserving her previous realizations that remain to be useful in the context of working on reflection problems, indicating a complex relationship between instruction and student learning. [START_REF] Edwards | The nature of mathematics as viewed from cognitive science[END_REF] argues that it is important for students to realize geometric transformations both as motion and function since the concept of function has vital importance in learning of transformations (Flagan, 2001). In the context of our study, Mr. Can could not help students transition from a motion-based realization to a function-based realization of the concept of reflection-a result similar to our previous study on the concept of translation (Emre-Akdoğan, [START_REF] Emre-Akdoğan | The development of two high school students' discourses on geometric translation in relation to the teacher's discourse in the classroom[END_REF].

Studies have shown that if teachers do not have consistent, clear, and transparent mathematical discourses in the classroom, students may have difficulties understanding the teachers' discourses and may imitate the teacher inaccurately or without thinking about the reasoning behind the teachers' discourses [START_REF] Güçler | Examining the discourse on the limit concept in a beginning-level calculus classroom[END_REF][START_REF] Güçler | The role of symbols in mathematical communication: The case of the limit notation[END_REF]. It is important for teachers to make their discourses clear and relevant for the students to prevent communicational failures in the classroom. Further studies using sociocultural approaches to explore student learning in relation to classroom discourse are needed to shed additional light on how to improve classroom communication and support student learning of geometric transformations.
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