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ON THE SPECTRUM AND ERGODICITY OF A NEUTRAL MULTI-ALLELIC
MORAN MODEL

JOSUE CORUJO

ABSTRACT. The purpose of this paper is to provide a complete description of the eigenvalues of the
generator of a neutral multi-type Moran model, and the applications to the study of the speed of
convergence to stationarity. The Moran model we consider is a non-reversible in general, continuous-
time Markov chain with unknown stationary distribution. Specifically, we consider N individuals such
that each one of them is of one type among K possible allelic types. The individuals interact in two
ways: by an independent irreducible mutation process and by a reproduction process, where a pair of
individuals is randomly chosen, one of them dies and the other reproduces. Our main result provides
explicit expressions for the eigenvalues of the infinitesimal generator matrix of the Moran process,
in terms of the eigenvalues of the jump rate matrix. As consequences of this result, we study the
convergence in total variation of the process to stationarity. Our results include a lower bound for the
mixing time of the Moran process when the mutation process allows a real eigenvalue. Furthermore,
we study in detail the spectral decomposition of the neutral multi-allelic Moran model with parent
independent mutation scheme, which turns to be the unique mutation scheme that makes the neutral
Moran process reversible. Under the parent independent mutation, we also prove the existence of a
cutoff phenomenon in the chi-square and the total variation distances when initially all the individuals
are of the same type and the number of individuals tends to infinity. Additionally, in the absence of
reproduction, we prove that the the total variation distance to stationarity of the parent independent
mutation process, when initially all the individuals are of the same type, has a Gaussian profile.

1. INTRODUCTION AND MAIN RESULTS

This paper is devoted to the study of a continuous-time Markov model of N particles on K sites with
interaction, which is known as the neutral multi-allelic Moran model in population genetics literature
[25]: the K sites correspond to K allelic types in a population of N individuals. The state space of the
process is the K-dimensional N-discrete simplex:

Exn = {n e[NIE: || = N}, (1.1)

where [N], :={0,1,...,N} and | - | stands for the sum of elements in a vector. The set £k n is a finite
set with cardinality Card(Ex,n) = (*“ATY). The process is in state € kv if there are (k) € [N],
individuals with allelic type k € [K] := {1,2,...,K}. Consider @ = (ui7j)fj:1 the infinitesimal rate
matrix of an irreducible Markov chain on [K], which is called the mutation matriz of the Moran process.
The infinitesimal generator of the neutral multi-allelic Moran process, denoted Qx,p, acts on a real
function f on &k n as follows:

(Qup ) == 3 0(0) (i + 2 0(0)) 11— ei +e5) = Fm)], (1.2)

i,j€[K]

for all n € €k n, where ey, is the k-th canonical vector of RE (cf. [25]). In words, Qy , drives a process
of N individuals, where each individual has one of K possible types of alleles and where the type of the
individual changes following two processes: a mutation process where individuals mutate independently
of each other and a Moran type reproduction process, where the individuals interact. The N individuals
mutate independently from type ¢ € [K] to type j € [K]\ {i¢} with rate y; ;. In addition, with uniform
rate p > 0, one of the N individuals is uniformly chosen to be removed from the population and another
one, also randomly chosen, is duplicated. Note that the transitions of an individual due to a reproduction
is not independent of the position of the other individuals.
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As in the original model, introduced by Moran [49], the same individual removed from the population
can be duplicated, in this case the state of the system does not change. In the instance where the
removed individual cannot be duplicated, the factor £ in (1.2) must be replaced by 5.

Note that Qn , can be decomposed as Qn , = On + % Ay, where Qn and Ay are also infinitesimal

generators of Markov chains acting on every f € RE%.~ as follows

(QnF)m) = Y n(pi; [fn—ei+e;) = F)], (1.3)
i,5€[K]

(AxH)m) =D n(imG) [f(n—ei+e;) = F)], (1.4)
i,j€[K]

for every n € €k n. The processes driven by Qn and Ay are called mutation process and reproduction
process, respectively. In words, O models the dynamic of N indistinguishable particles, where each one
moves among K sites according to the process generated by the mutation rate matrix ). This process is
usually called compound chain (cf. [64]). On the other hand, Ay models the dynamic where at uniform
rate two individuals are randomly chosen and one of them changes its type for the type of the other one.
This paper is devoted to the study of the spectrum of Qn, Ay and Qp ,, and of the convergence to
stationarity of the generated Markov processes. Before stating our main results in this direction, let us
establish some notation.

We recall that if V,, € R, 1 < n < N are N vectors in R¥, their tensor product is the vector
V1@Ve®- - ®Vy defined by (V1 @ Vo ® -+ @ Vy)(k1, ka2, ..., kn) := Vi(k1)Va(ke) ... VN(kn), for all
1<k, <Kand1l<n<N. The tensor V}; ® Vo ® --- ® Vy can be considered as a function on [K]N
Actually, throughout this paper we completely identify a real function f on [K ]N and the tensor vector
Vy such that Vj(ky, ko, ..., kn) = f(k1, ko, ..., kn), for all (ki, ko, ..., ky) € [K]V.

Let us denote by o a permutation on [N], i.e. an element of the symmetric group Sy. Then, the
permutation of f € RIETY by o, denoted by of, is defined by

of : (ki ko, kn) = f(koys ko) - - - ko))
for all (k1, ks, ..., ky) € [K]". In particular, for Vi, Va, ...,V € RY we have
O’(V1 RVe®--® VN> = ngl(l) ®V071(2) X ® VG-—I(N).

A real function f on [K ]N is symmetric if f = of, for all o in Sy. Moreover, every function f on [K ]N
can be symmetrised by the projector Sym, defined as follows:

Sym : f»—)?:% Z of. (1.5)
T oESN

Symmetric functions on [K ]N are highly important in the sequel because of their relation to the functions
on &k n. Consider the application Y N : Exnv — [K]N defined by

by (1L1,...,1,2,2,....2,. . K K,... K), (1.6)
—— —— ———
n(1) n(2) n(K)
n(k)
when the number of k in k. k,...,k is 0 if n(k) = 0. Note that for every symmetric function f on
[K]N, the function f := fo gy on Ex n is well defined. Let Uy be the all-one vector in RE and

Up,Us,...,Uk_1 € RE such that U := {Uy,Un,...,Ur_1} is a basis of RX. Note that this is the type
of basis given by the eigenvectors of the diagonalisable rate matrix of dimension K of a Markov chain
on [K]. For every n € Ex_1,1, for 1 < L < N, let us also denote by U, € [R[K]N, V, € Sym ([R[K]N) and
Vn € REx.N the vectors defined by

Uy =Up QUi @ - QU @Ug @ --- @ U, (1.7)
—_—————
N—L times
V, = Sym(Uy), (19)
~77 =V, ok N, (1.9)

where (k1,k2,...,kL) = ¥x_1,.(n), n € Exk—1, and L € [N]. In Section 2 we analyse the link between
]N

the spaces Sym ([R[K and RE%~ and we clarify the nature of the definitions previously introduced.

Next theorem clarifies the connection between the eigenstructures of @ and Qn
2



Theorem 1.1 (Eigenstructure of Qp). Assume K > 2, N > 1. Let U = {Uy,Uy,...,U._1} be a set
of r independent right eigenvectors of QQ such that Uy is the all-one vector. Let \g = 0,A1,..., Ag—1 be
the K complex roots of the characteristic polynomial of @, counting algebraic multiplicities, such that
QUi = MUy, for k € {0,1,...,7 —1}. Consider X\, defined as follows

K-1
A= n(k) Ak (1.10)
k=1

Then,

N
(a) The eigenvalues of Qn are given by A, for alln € |J Ex—1,1.
L=1

- N
(b) Ewvery function V,,, as defined in (1.9), forn € |J Ex—1,r satisfying n(r) =---=n(K —1)=0
L=1

18 a right eigenfunction of Qn such that Q;\ff/,7 = )\,7\7,7.
(¢) In particular, if Q is diagonalisable, then Qn is diagonalisable.

The proof of Theorem 1.1 can be found in Section 3.1. Theorem 1.1 can be seen as a continuous-time
generalisation of the results provided by Zhou and Lange [64] for the discrete-time analogous of the
mutation process driven by Qp. We emphasize that our hypotheses do not require the mutation rate
matrix @ to be diagonalisable.

Next result deals with the spectrum of Ay.

Theorem 1.2 (Spectrum of Ay). Assume K > 2 and N > 2. The eigenvalues of Ay are

0  with multiplicity K and

—L(L—1) with multiplicity (KJFLL*Q), for2 < L <N.

Additionally, the infinitesimal rate matriz An is diagonalisable.

The proof of Theorem 1.2 is deferred to Section 3.2. Theorem 1.2 can be seen as a generalisation, for
K > 3, of the results in [63, §4.2.2] for the discrete analogous of the reproduction process driven by Ay,
for K = 2.

Unlike in the independent mutation process, the dynamics of the neutral multi-allelic Moran process
driven by Qp p, for p > 0, is that of an interacting particle system, which makes harder the study of its
spectrum. Our main result is precisely a complete description of the eigenvalues of the generator Qp ,,
which is expressed in the following theorem.

Theorem 1.3 (Spectrum of Qn ;). Assume K > 2, N > 1 and p € [0,00). Let us denote by Ay,
k € [K — 1], the nonzero K — 1 roots, counting algebraic multiplicities, of the characteristic polynomial

N
of Q. For anyn € U Ex-1,L, let us define
L=1

=

-1

= 3 N - S Inl(ln] = 1).

b
Il

N

Then, the eigenvalues of Qn,p, counting algebraic multiplicities, are 0 and X, p,, forn € |J Ex—1,L-
L=1

The proof of Theorem 1.3 is given in Section 3.3.

Remark 1.1 (Monotony in N of the spectrum of Qu ;). Theorem 1.3 implies that the spectrum of Qn ,,
for fixed values of K and p > 0, is an increasing function of IV in the sense of the inclusion of sets.

Remark 1.2 (Relation to the spectrum of the Wright — Fisher diffusion). The eigenstructure of the Wright —
Fisher diffusion is a special case of the eigenstructure in a Lambda—Fleming — Viot process studied in
[28]. Theorem 5 of [28], taking W = 0, gives the spectrum of the neutral Wright-Fisher diffusion, which
coincides with the spectrum provided by Theorem 1.3. This is not surprising since the Wright — Fisher
diffusion is the limit process for the Moran model (cf. [24, Lemma 2.39]).
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Applications to the ergodicity of neutral multi-allelic Moran process. The relation between
the spectral properties of Qx , and @ can be used to estimate the speed of convergence to stationarity
of the Moran process.

Let us first recall the total variation distance. For two probability measures 1 and uo defined on the
same discrete space €, the total variation distance is defined as follows:

/ fdus - / fdus
where || - |1 denotes the 1-norm in R?.

The total variation distance to stationarity at time ¢ of an ergodic process driven by a generator L on
Q, with initial distribution u, is given by dTV(,u el 1), where p is the initial distribution on © and 7
is the stationary distribution of the process driven by L. We are interested in the relationship between
the spectrum of an infinitesimal rate matrix and the convergence to stationarity of the Markov process
it drives. Let us define the mazimum total variation distance to stationarity of the process driven by L,
denoted DIV, as follows:

= n
72 1251 H2]1,

d™ (1, p2) == sup |1 (A) — pa(A)| = sup
ACQ f:Q—[—-1,1]

D7V (t) := mﬁmxdTv(u et ),
where the maximum runs over all possible initial distributions on ). Using the convexity of d™, we can
prove that DTV (t) = 1||e*t — ||, where II stands for the matrix with every row equal to 7, and || - ||
denotes the infinity norm of matrices (cf. [42, Ch. 4]).

As a consequence of Theorem 1.3, the second largest eigenvalue in modulus (SLEM) of Qn , is equal
to that of Q. The SLEM of the generator of the process is useful to study the asymptotic convergence
of the process in total variation. Hence, in Section 4 we study the ergodicity of the process driven by
On,p in total variation using the spectral properties of Q). We also analyse several examples of neutral
multi-allelic Moran processes with diagonalisable and non-diagonalisable mutation rate matrices.

For a real positive function f we denote by O(f) another real positive function such that Cy f(t) <
O(f)(t) < Caf(t), for two constants 0 < Cy < C2 < oo and for all t > T, for T' > 0 large enough.

Corollary 1.4 (Asymptotic exponential ergodicity in total variation). Let us denote by p the SLEM
of Q and by s € N the largest multiplicity in the minimal polynomial of Q of all the eigenvalues with
modulus p. Then,

Doy, (1) = O(DGY (1) = Ot* e ).

Corollary 1.4 is proved in Section 4.

The asymptotic expression in Corollary 1.4 hides the relation between the mixing time of the Markov
chain and the number of individuals in the population. However, if we know the right eigenvector
associated to a real eigenvalue —A < 0 of ), we can further prove the following lower bound for the

convergence in total variation to stationarity at time 2 é\;_c, for every ¢ > 0.

Theorem 1.5 (Lower bound for convergence in total variation). Assume K > 2, N > 2 and p € [0, 00)

and let —X\ < 0 be an eigenvalue of Q with associated right-eigenvector V= [v1,...,vk]|. Let vn, be the
stationary distribution of the process driven by Qn,p, and let us denote
~_InN-—c

tnc = and K := 82X + | Q] 0)-

2\
Then,
dTV((SNeketN'CQN'p, VN7p) Z 1— P ||V||OO e—(}’
|vk]
for all ¢ > 0 and for any k € [K] such that vy # 0. In particular,

InN —
DE\J/Vp (%) Z 1— ke °.

The proof of Theorem 1.5 is deferred to Section 4.1.

The lower bound provided by Theorem 1.5 ensures that the mixing time of the neutral multi-allelic
Moran model is at least of order of In N/2X. Our results do not allow us to prove an upper bound ensuring
the existence of a cutoff phenomenon. A further study needs to be done in this direction. However, for
the parent independent mutation scheme, a further analysis can be done to prove the existence of a cutoff
phenomenon in the chi-square and total variation distances, as we next discuss.
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Study of the neutral multi-allelic Moran model with parent independent mutation. Consider
the following mutation rate matrix:

—lul+pm pe 3 0%
o} —pl + p2 13 frc
Qu = 7 o —lpul+ps . KK , (1.11)
M1 H2 H3 o el ek

where g = (u1, p2, ..., ) € (0,00)% and |u| stands for the sum of the entries of p. Let us define

K
(Lo D) = Y 0(i) (5 + 20(0)) [ (1= ei +e5) = F(m)].
i,j=1

for every f on £k n and all n € £k n, the infinitesimal generator of the neutral multi-allelic Moran
process with mutation rate matrix ),,. The process driven by Ly, is a special case of the neutral multi-
allelic Moran process considered before, but with the difference that the mutation rate only depends on
the type of the new individual, i.e. mutation changes each type 7 individual to type j at rate p;, for all
i,7 € [K]. This is the neutral multi-allelic Moran process with parent independent mutation (cf. [24]).
Note that Ly,, = Ln + AN, where Ly := Lo, satisfies

K

(ENS)) =Y n(@uy [f(n—ei+e;) = fF(n)],

4,J=1

for every f on £,y and all n € £k N
The next result explicitly describes the spectrum of Ly, and it is a consequence of Theorem 1.3.

Corollary 1.6 (Spectrum of Ly ). For K > 2, N > 2 and p > 0, the infinitesimal generator Ly , s

diagonalisable with eigenvalues X, , with multiplicity (K +:72), where
Anp = —|pln — %n(n - 1), (1.12)

forn € [N],. In particular, the spectral gap of Ly p is p = |p|.
Corollary 1.6 is proved in Section 5.1.

Remark 1.3 (Complete graph model). The complete graph model studied by Cloez and Thai [12] in the
context of Fleming— Viot particle processes is a particular case of the reversible process driven by @,
above when p; = %, for all j € [K]. In this case, the eigenvalues of the mutation rate are 8y = 0 and
B1 = —1, this last one with multiplicity K — 1. In particular, Corollary 1.6 improves the Lemma 2.14 in
[12].

For a real z and n € Ny, we denote by z(y), z[,) and (N) the increasing factorial coefficient, the
decreasing factorial coefficient and the multinomial coefficient, defined by

n—1 n—1
N N!
T(p) = H(m—i—k), Ty = H(m —k) and ( ) =

n K
k=0 k=0 1 nG)!
j=1
for all n > 0 and n € €k N, respectively. We set by convention gy := 1 and z[g) := 1, even for z = 0.
The multinomial distribution distribution on £k ny with parameters N and q = (q1, . .., qx) € (0,1)%

such that |q| = 1, denoted M(- | N, q), satisfies

N\ 7
M(n | N,q) = (U)qu(”,
=1

for all n € £k n. Furthermore, the Dirichlet multinomial distribution on Ex y with parameters IV and
a=(aj,as,...,ak) € (0,00)%, denoted DM(- | N, a), satisfies

K
DM ¥,0) = i () T @w) e,

vy \m /12
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forallnp € Exk n. DM(- | N, ) is a mixture, using a Dirichlet distribution, of M(- | N, q). See Mosimann
[50] for the original reference to the Dirichlet multinomial distribution and Johnson et al. [34, §13.1], a
classical reference on multivariate discrete distributions, for more details.

It is known in population genetics literature that the process driven by Ly p, for p > 0, is reversible
with stationary distribution DM (- | N, Nu/p), see e.g. [25]. Moreover, the stationary distribution of the
process driven by Ly is M(- | N,p/|p|), see e.g. [64]. Let us define the distribution vy, on Ex n, for
all p > 0, as follows

v () = { DM(n| N,Nu/p) if p>0

" M(n | p/lpl) if p=0,

for all n € £k n. Then, vy, is the stationary distribution of Ly, for all p > 0. Besides, the stationary
distribution is continuous when p — 0, in the sense that

(1.13)

;i_rg% vnp(n) = vno(n) = vN(n),

for every n € €k N.

In their study of the spectral properties of the discrete-time analogous of Qu, Zhou and Lange [64]
mainly focus on the case where the process driven by @ is reversible, which is proved to be a necessary
and sufficient condition for the reversibility of Qy. However, the reversibility of @ is not sufficient to
ensure the reversibility of the neutral multi-allelic Moran model driven by Qp p, for p > 0, as we discuss
in Section 5.1. Going further, the next result characterises the reversible neutral multi-allelic Moran
processes as those with parent independent mutation.

Lemma 1.7 (Reversible neutral Moran process and parent independent mutation). Assume K > 2,
N > 2 and p > 0. The process driven by Qn, is reversible if and only if the mutation rate matriz has
the form Qp as in (1.11), for some vector p, and consequently Qn p, can be written as Ly . Furthermore,
the stationary distribution of the process driven by Ly, is VN,p as defined by (1.13).

The previous result is expected because of its analogy with the theory on the measure-valued Fleming —
Viot process studied in [26]. Indeed, the measure-valued Fleming— Viot process is reversible if and only
if its mutation factor is parent independent (see e.g. [26, Thm. 8.2] and [43, Thm. 1.1]. Although the
“f part” in Lemma 1.7 is well known in the theory related to Moran process, we have not found a
explicit statement, nor a proof, of this equivalence between parent independent mutation scheme and the
reversibility of the neutral multi-allelic Moran model considered here. Thus, for the sake of completeness,
we provide a proof of Lemma 1.7 in Appendix C.

Section 5 is devoted to the study of the spectral properties of Ly, for p > 0, and its applications to
the study of the convergence to stationarity. Our results in this section include a complete description
of the set of eigenvalues and eigenfunctions of Ly ;, and an explicit expression for its transition function.
The eigenfunctions of Ly, p > 0, are explicitly given in terms of multivariate Hahn polynomials, which
are orthogonal with respect to the compound Dirichlet multinomial distribution (cf. [37, 39]). The
eigenfunctions of Ly, i.e. for p = 0, are explicitly given in terms of multivariate Krawtchouk polynomials,
which are orthogonal with respect to the multinomial distribution (cf. [36, 64, 19]).

Cutoff phenomenon. The cutoff phenomenon has been a rich topic of research on Markov chains
since its introduction by the works of Aldous, Diaconis and Shahshahani in the 1980s (cf. [21, 1, 2]). A
Markov chain presents a cutoff if it exhibits a sharp transition in its convergence to stationarity. Some
of the most used notions of convergence are, as we consider here, the total variation and the chi-square
distances. A good introduction to this subject can be found in the classic book of Levin and Peres [42,
Ch. 18] and in the exhaustive work of Chen, Saloff-Coste et al. [56, 7, 10, 11, 8].

A typical scenario for the existence of a cutoff is a Markov chain with a high degree of symmetry.
Hence, the cutoff phenomenon has been deeply studied for the movement on N independent particles on
K sites, model which is usually known as product chain. Ycart [62] studied the cutoff in total variation
for N independent particles driven by a diagonalisable rate matrix. Later, Barrera et al. [4] and Connor
[14] studied the cutoff on this model according to other notions of distance. See also [41] [42, Ch. 20], [§]
and [9] for more recent studies about the cutoff on product chains. The Moran model we consider here
preserves the high level of symmetry of the product chain, but the movements of the particles are not
independent. Indeed, the particles interact according to a reproduction process that favours the jumps
to the sites with greater proportions of individuals.

Before formally defining the cutoff phenomenon, let us recall the chi-square divergence (sometimes
called “distance”), which naturally arises in the context of reversible Markov chains. The chi-square
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divergence of po with respect to the target distribution p; is defined by

5 N W) @)
X (”2|“1)'_§2—u1(w) e = pa %

where || - || . stands for the norm in 12(R%, M—ll), and H—ll is the measure w — 1/p1 (w).
n1

The chi-square divergence is not a metric, but a measure of the difference between two probability
distributions. Note that the chi-square divergence, as well as the total variation distance, are special
cases of the so called f—divergence functions, which measure the “difference” between two probability
distributions [54]. In this context, x?(uz | p1) is also known as Pearson chi-square divergence.

Abusing notation, let us define the functions X727 and dg\/’ as follows

1
dgv(t) — dTV(énetﬁN,p’l/N,p) _ 5 Z |(et£N,p5£) (77) _ VN,p(§)| ,
£EEK,N

oLy . 2
X%(t) = X2(5netl:zv,p | unp) = Z [( 553 (77)(5) ; (f)] .
EEEK,N N,p

The functions d;v and x% are thus measures of the convergence to stationary of the process driven by

Ly p at time ¢ and with initial configuration 7 € Ex n. In agreement with [63, 39] we call x7 and dgv
the total variation and the chi-square distances to stationarity, respectively.

As the number of individuals varies we obtain an infinite family of continuous-time finite Markov
chains {(Ex,n, LN p,VN,p), N > 2}. For each N > 2 let us denote by xRy, () (resp. d%\ék (t)) the chi-
square distance (resp. total variation distance) to stationarity of the process driven by Ly, at time ¢,
when the initial distribution is concentrated at Ney € Ex,n. Note that x3, (0) — co and d%\ék (0) — 1,
when N — o0.

Definition 1 (Chi-square and total variation cutoff). We say that {x%, (t), N > 2} exhibits a (tx,bx)
chi-square cutoff if ty >0, by > 0, by = o(ty) and
. . 2 _ . . 2 _
cli>r£1011]1\r[11_§l10pXNek (tn +cby) =0, cl}r_nool}\?l_,lgofXN% (ty + cby) = 0.
Analogously, we say that {d%\ék (t), N > 2} exhibits a (tn,by) total variation cutoff if txy > 0, by > 0,
bN = O(tN) and

A TV e TV
Clir{;l%njélopdNek (tny +cbn) =0, Cilrpml}\grilgodeek (ty +cby) = 1.

The sequences (tn)n>2 and (by)n>2 are called cutoff and window sequences, respectively.

See Definition 2.1 and Remark 2.1 in [10].

The cutoff phenomenon describes a sharp transition in the convergence to stationarity: over a negli-
gible period given by the window sequence (by)ns2, the distance from equilibrium drops from near its
initial value to near zero at a time given by the cutoff sequence (ty) N>2.

A stronger condition for the existence of a (txn,by) chi-square cutoff (resp. total variation cutoff) is
the existence of the limit

Gi(c) :== A}gnoo XXe, (tN + cby) (resp. Hi(c) := A}gnoo d%\ék (tny + ch)) )

for a function Gy, (resp. Hy), for k € [K], satisfying:

lim Gi(c) =00 and lim Gg(c) =0, (resp. lim Hi(c)=1and lim Hg(c) = 0)) .
c——00 c— 00 c——00 c— 00

Actually, in this case the (tn,bn) cutoff is said to be strongly optimal, see e.g. Definition 2.2 and

Proposition 2.2 in [10]. See Sections 2.1 and 2.2 of [10] and Chapter 2 in [7] for more details about the

definition of (¢x,bn) cutoff and window optimality.

The next two results establish the existence of cutoff phenomena in the chi-square and the total
variation distances for the multi-allelic Moran process driven by Ly, for p > 0, when the initial
distribution is concentrated at Ney, for k € [K]. In the chi-square case we are able to explicitly provide
the limit profile of the distance. Moreover, we prove the total variation distance to stationarity of the
mutation process driven by Ly, i.e. for p = 0, has a Gaussia profile, when all the individuals are initially
of the same type.



Theorem 1.8 (Strongly optimal chi-square cutoff when N — o0). For k € [K], with K > 2, p > 0 and
every ¢ € R, we have

Jim e, () = exp{Kipe ™} — 1, (1.14)
In N —
where tn . = myte and K, = M Consequently, the Markov process driven by Ly, has
2|pe] pur (el + p)
a strongly optimal (12“'—“]\‘[, 1) chi-square cutoff when N — oo.

Theorem 1.9 (Total variation cutoff when N — o). For every k € [K], with K > 2, p > 0 and every
c >0, we have

InN —
dye, (Lﬂc) > 1—32|plrre”",

2|ul
InN+c
: TV e
Jin L () < oeiaie= -1
A —
where Kk = max B DB% ond Kip = M Consequently, the Markov process driven by Ly p
gk pi (|l + p)
ezhibits a (12“‘—“]\", 1) total variation cutoff when N — oo.

Moreover, when p = 0 the limit profile of the total variation distance satisfies

: 1
Jim dy{, (ty o) =20 (§~/Kk70e—c) -1,

where ® is the cumulative distribution function of the standard normal distribution. Thus, there exists a

In N

Sl 1) total variation cutoff for the process driven by Ly when N — oo.

strongly optimal (

Proof of Theorem 1.8 and 1.9 will be given in Section 5.1.
During the proof of Theorem 1.8, we prove the following result which is of independent interest.

Corollary 1.10 (Law of the process driven Ly). The law of the process driven by Ly at time t when
ingtially all the indiwiduals are of type k € [K] is multinomial M ( | N, Tz_l(l — e lulty 4 e_l"ltek).

Some authors have studied the existence of a cutoff in Moran type models. For instance, Donelly
and Rodrigues [22] proved the existence of a cutoff for the two-allelic neutral Moran model in the
separation distance. In order to do that, they used a duality property of the Moran process and found
an asymptotic expression for the convergence in separation distance for a suitable scaled time, when the
number of individuals tends to infinity. Khare and Zhou [39] proved bounds for the chi-square distance in
a discrete-time multi-allelic Moran process that implies the existence of a cutoff. Diaconis and Griffiths
[20] studied the existence of a chi-square and total variation cutoffs for a discrete-time analogous of
the mutation process generated by L. Theorems 1.8 and 1.9 sharp the results in [39] and [20], since
they provide the limit profiles for the chi-square and the total variation distances, for p > 0 and p = 0,
respectively. Besides, Theorem 1.9 is, as far as we know, the first result ensuring the existence of a total
variation cutoff phenomenon for the neutral Moran model with parent independent mutation with p > 0.

Links with other models. Moran type models are fundamental in population genetics and other
branches of applied mathematics [23], [24]. Simpler than the Wright — Fisher model, the Moran model is
more tractable mathematically and several quantities of interest can be explicitly computed. There is a
rich literature on Moran models in population genetics and other fields, since the seminal work of Moran
[49]. In particular, the study of spectral properties of the generator of a Markov process is an interesting
and active topic of research in population genetics. See e.g. [39], [64], [48], [46], [47] and the references
therein.

We want to remark that the utility of Moran processes is behind population genetics. For instance,
the mutation process driven by Oy is a particular case of the zero range process, where the kinetics, i.e.
the rate at which the particles are expelled from one state, is proportional to the number of particles
occupying that state. Moreover, the mutation process driven by £y corresponds to the mean-field version
of the zero range process. The very recent paper of Hermon and Salez [31] shows that the Dirichlet form
of a zero range process can be controlled in terms of the Dirichlet form of a single particle. We believe
that the methods in [31] could be very useful for the further study of the ergodicity of the Moran process
driven by QOp p, for p > 0, by controlling its Dirichlet form.
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Consider a Markov process in £k n with generator F acting on a real function f on Ex n as follows

FD0 = 3 a1 e) = 500 (1o + 5 0)). (1.15)
i,j€[K]

for every n € Ex N, where p; > 0, for all ¢ € [K]. The process driven by F is a particular case
of the countable state space continuous-time Markov processes introduced by Ferrari and Mari¢ [27]
to approximate the quasi stationary distribution (QSD) of an absorbing Markov chain on a countable
space. Ferrari and Mari¢ called these Markov chains Fleming — Viot particle processes. The random
empirical distribution associated to the process driven by F has been proved to approximate the QSD
of an absorbing Markov process driven by an irreducible rate matrix @ on [K] which jumps, with rate
pi, from i to a fictitious absorbing state [3]. This kind of N particle interacting process was originally
introduced independently and simultaneously by Burdzy et. al. [6] and Del Moral and Miclo [18] in the
continuous state space settings. The study of the evolution of the proportion of particles in each state
for a Moran-type particle system driven by F is an active topic of research. In particular, many papers
have been focused on the convergence and the speed of convergence of the proportion of particles in each
state when the time and the number of particles tend toward infinity. See e.g. [27], [3], [12], [13], [60]
and the references therein. Note that the Fleming —Viot particle process generated by (1.15) is different
from the classical Fleming—Viot measure-valued diffusion process, which can be obtained as a limit of
particle systems also including mutations and reproductions, but with a different parameter scaling (cf.
[26)).

The generator F is also interesting in population genetics. From this point of view, it models the
evolution of a population with an irreducible mutation process driven by Q = (u;, j)szl and selection at
death given by the coefficients (p;)X; (cf. [51]). Unlike the other type of selection that has been mostly
considered in population genetics, which is the selection at reproduction (cf. [23], [51] and [24]), which
assumes that the rates p; in the definition (1.15) do not depend on ¢ but on j, i.e. on the type of the
individual that is going to reproduce.

Note that when p; = p, for all i € [K], the generator F reduces to Qn . Theorem 1.3 thus provides
an explicit description for the eigenvalues of the Fleming—Viot (or Moran type) particle process with
irreducible mutation rate matrix @ and the transition rate to the absorbing state is uniform on [K],
which is known in the theory of QSD as wniform killing [45, §2.3]. This is, for example, the case of
the complete graph process studied by Cloez and Thai [12] and the neutral Moran model process with
circulant mutation rate matrix considered in [15].

Structure of the article. The rest of the paper is organised as follows. In Section 2 we study the
state spaces of the neutral multi-allelic Moran models, when the individuals are assumed distinguish-
able or indistinguishable, respectively. We particularly focus on the study of the vector spaces of real
functions defined on the state spaces of these two models. The notations and results in Section 2 are
used to prove our main theorems in Section 3. Sections 3.1, 3.2 and 3.3 are devoted to the proofs of
Theorems 1.1, 1.2 and 1.3, respectively. In Section 4 we focus on the applications of our main results
to the asymptotic exponential ergodicity in total variation distance of the process driven by Oy, to its
stationary distribution, using the eigenstructure of Q. In particular, we prove Corollary 1.4 and Theorem
1.5. We also consider several examples of neutral multi-allelic Moran processes with diagonalisable and
non-diagonalisable mutation rate matrices, throughout the paper. In Section 5 we consider the neutral
multi-allelic Moran process with parent independent mutation and provide a complete description of its
eigenvalues and eigenfunctions. We also prove Theorems 1.8 and 1.9 about the existence of a cutoff
phenomena in the chi-square and the total variation distances, when initially all the individuals are of
the same type.

2. STATE SPACES FOR DISTINGUISHABLE AND INDISTINGUISHABLE PARTICLE PROCESSES

The Moran model can be seen as a system of N interacting particles on K sites moving according to a
continuous-time Markov chain. For the same model, we study two different situations. Although the sites
themselves are supposed to be distinguishable, the N particles can be considered either distinguishable
or indistinguishable. According to both interpretations we describe two state spaces for the two Markov
chains modelling the N independent particle systems. We study how the vector spaces of the real
functions defined on those state spaces are related.

For N distinguishable particles on K sites, the state space of the model describes the location of each
particle, i.e. it is the set [K]". This is the state space considered in [27] and [24]. The set of real functions
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on [K], denoted RIEXT may be endowed with a vector space structure. Thus, the set of real functions on
[K ]N may be considered as a tensor product of N vectors in R as we commented in the introduction.

When the N particles are considered indistinguishable, what matters is the number of particles present
at each of the K sites. The state space for this second model, as in [13] and [25], is the set Ex v defined
by (1.1) with cardinality equal to Card (x,n) = (K HN)

N
For any k, 1 < k < K, let us denote by xj the k-th coordinate function defined by

zr = (n(1),n(2),...,n(K)) € kN — n(k) €R.
Let us also denote by x* the monomial on £,y defined by

(0% 1,02

x® =l ry? . xl, (2.1)

where a € k1, for L € [N].

For 0 < L < N, let us denote by H ; the vector space of homogeneous polynomial functions of
degree L in variables x;, 1 < k < K on £k n and the null function. From the definition of £k v, it
follows that the function Zszl xy, is equal to the constant function equal to V. H ; may be considered
as a subspace of Hg ;v when 0 < L < L' < N by identifying P(z1,x2,...,xx) € Hg 1, with

L'—L
NL’ (Z zk) P(x1,22,...,0x) € Hi 1.

We will say that the degree of homogeneity of an homogeneous polynomial P is L, if P is the sum
of monomials x* = z7'25? ... 2% with the same value of || = L, and the value L is the smallest as
possible. This corresponds to the fact that there is no factor equal to x1 +x2+- - -+x i in the factorisation
of P. The total degree of a polynomial P is the minimum value of L such that P = P;, + R where Py, is
homogeneous of degree L and all the monomials in R have a maximum degree strictly less than L. Such
an expression for P, which is not unique, may be obtained by replacing xx by N — Zf:_ll x in P and
adding the monomials in P(z1,...,2x-1, N — ZkK:jl xy) of maximum total degree to define Py,.

The following interpolation result shows that REXN is actually equal to H KN, the space of homoge-
neous polynomials of degree N.

Lemma 2.1 (Interpolation on £k n). Let K > 2 and N > 1. Then

(a) For any real function f on Ex N there exists a unique homogeneous polynomial P € Hy n of
degree N such that f(n) = P(n), for alln € Ex N.
(b) The set of monomials of degree N

BHK,N = {xa,a S gK,N}
where x® is defined by (2.1), is a basis of REx.~N
The proof of Lemma 2.1 is mostly technical and is deferred to Appendix A.

Remark 2.1 (Dimension of Hg n). As a consequence of Lemma 2.1-(b) we have that the dimension of
Hy n equals (KJr]{[V*l).

A natural link between the two state spaces is ¢x v : [K]N — &k N, defined by

GrenN (ks ks k) = (0(1),0(2), - n(KD), (2.2)

where n(k) = Card({n, 1 < n < N, k, = k}), for all k¥ € [K]. The function ¢x n is obtained by
forgetting the identity of the N particles. Note that i n, defined in (1.6), is a right inverse of ¢ n, i.e.
¢r,N o Vi, N = Idg, , where Idg, , stands for the identity function on x n.

Let us denote by Sym the symmetrisation endomorphism, acting on function f € RIET as defined by
(1.5). In fact, Sym is the projector onto the subspace of symmetric functions, denoted Sym([R[K]N).

Note that ¢x n is a symmetric function on [K]N Furthermore, the equality ¢x n(x) = ¢ nN(y)
holds if and only if y is obtained from x by a permutation of its components. Hence, if f is symmetric
and x and y are elements in [K]" such that or.N(X) = dr nN(y), then f(x) = f(y).

In general, for every function f on [K ]N it is not always possible to define a function f on £k, N such
that f = fo ¢k~ holds. We claim that such a function f exists if and only if f is symmetric.
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Lemma 2.2 (Link between RE%~ and Sym([R[K]N)). The linear operator
B f€Sym ([R[K]N) > f o € REEN, (2.3)

where Y N is defined by (1.6), is an isomorphism. In particular, the dimension of the space of symmetric

dim (s (7)) = (7 7).

Proof. Note that ®x n is linear and well defined. Moreover, for any function h on £k n, the function ho

functions on [K]" is

¢K,N is symmetric on [K]N and satisfies ®x n (ho dx,n) = h, proving that ®x n is an isomorphism. [

Lemma 2.2 justifies the well definiteness of V;,, defined by (1.9), for n € Ugil Ex—1,1- The relationship
between f and f is shown in the following diagram:

5]

] N

SK,N e R.

We denote by Uy the K-dimensional all-one vector, which is always a right eigenvector associated to
zero of every K-dimensional rate matrix of a continuous-time Markov chain. Let K > 2, N > 2 and
1 < L < N and let us consider L vectors Vi, Va, ...,V in R, non-proportional to Uy, and f the function
equal to the following symmetrised tensor product

f=SymVi@Vhe - @V,oUy®- - Up) ESym([R[K]N).
————
N—-L
Note that,
1
Fka by, k) = =5 > Vilko)Valkor) X+ % Vi(ko(z))- (2.4)
’ cESN

We denote by Zp, n, for 1 < L < N, the set of all injective applications from [L] to [N]. For every
o € Sy, the map s, : n € [L] = o(n) € {o(1),...,0(L)} is an injective map in Z;, x and o is completely
determined by this function s, and a bijective application 8 : (L +1,...,N) — [N]\ ss([L]). For each
So, there are (N — L)! such applications 8. Thus, using (2.4) we obtam
N-1L)
ki, ko, ... k) = (T Z Vi(ks1))Va(ksea)) X -+ x Vi(kyry)-

s€Tr N

In order to simplify the calculations we denote by £(Vi, Va, ..., VL) the function on [K ]N defined by

EVi, Vay .. V)« (ki ko, .. k) Z Vi (ksy)Va(ks2) - - - Vi(ks(r))- (2.5)
s€Zlr N
Note that £(V4,Va,..., VL) = L),f Since &(V1,Va,..., VL) is symmetric, Lemma 2.2 ensures the
existence of a unique function §(V1, Va,..., VL) on Ek n given by
EWV,Va,... Vi) = @ v E(VL, Va0 V). (2.6)

The following two equalities are thus satisfied:

g(vla‘/Qa"'aVL):g(‘/la‘/Qa"'aVL)ogbK,N; é(‘/l;‘/Qv"'aVL):5(‘/17‘/27'-'7VL)O’¢)K,N; (27)

where ¢x n and ¢, n are defined by (2.2) and (1.6), respectively.

The next result provides recursive expressions for the functions ¢ (Vi,..., VL) and 3 (V,..., VL), for
L € [N]. Furthermore, we prove that V as defined by (1.9), is a polynomial of total degree ||, for
ne UZLV:1 Ek-1,L-

Lemma 2.3. The following properties are verified:
11



(a) For L=1:if Vi = [a1,as,...,ax|" is non-proportional to Uy, then £(Vi) and E(Vl), defined by
(2.5) and (2.6), satisfy

N
EVh): (k1 ke, ... kn) — Z‘G(/ﬂ)a
i=1

EV1) = (n(1),0(2), ..., n(K)) = Zajn(j)- (2.8)

(b) For any L, 2 < L < N — 1: if the L vectors V; = [ai1,ai2,...,a; k], 1 < i < L, are non-
proportional to Uy, then E(Vi,..., VL) and £V, ..., VL) satisfy
L—1
EVi, o Vo) =&V, Ve)€(Ve) = ) &€V, Vi, Vio Vi, Vg, oo Vi),

~ -
Il |
—_

EViyeo Vi) = EVay o Ve )E(VE) = ) EVis o Ve, ViO Vi, Vi, Vi),
=1

(2

where V; © Vi, stands for the Hadamard (componentwise) product of the vectors V; and V.

In particular, when L = 2 and tfle two vectors Vi = [ay, ag,...,ax]T and Vo = [by,ba, ..., br]T

are non-proportional to Uy, then £(V1,Va) is the quadratic polynomial given by
£V, Va) = £(V1)E(Va) — (Vi © Va). (2.9)
(c) For any L, 1 < L < N: if the L vectors V; = [a;1,ai2,...,a; k)7, 1 < i < L, are non-

proportional to Uy, then E(Vl, Va, ..., V1) is a polynomial of total degree L satisfying

L
g(vlaVQa"'aVL):Hé(V;)""Qa (2'10)
=1

where q is a polynomial of total degree strictly less than L. In particular, f/,], as defined by (1.9),
is a polynomial of total degree |n|, for n € U]LV:O Erx-1,L-
The proof of Lemma 2.3 can be found in Appendix A.
The following result helps us to construct from a basis of R¥, three bases for the vector spaces RI¥ ]N,
Sym([R[K]N) and REX.N | respectively.
Proposition 2.4. Let Uy be the all-one vector in RE and Uy, Us, ..., Ux_1 € RE such that
U={U0yUi,...,Ux_1}
is a basis of RX. The following statements hold:

a) UN, defined asUN == (W, @ Wa ® --- @ Wy, where W; €U, fori € [N]} is a basis of RIKI™,
b) SV, defined as

N
SN . {Ug®---®@ Uy} U U {Vo.me€éx-11,}
N times L=l

where V;, is defined by (1.8), is a basis of Sym (IR[K]N).
¢) SN, defined as

N
SV i={Uy@--@U} U | J{Vyn €k 1.}, (2.11)
N ———
L=1

K times

where Vy, is defined by (1.9), is a basis of REK:N .
The proof of Proposition 2.4 is deferred to Appendix A.

3. SPECTRUM OF THE NEUTRAL MULTI-ALLELIC MORAN PROCESS

The main goal of this section is to prove Theorem 1.3. In Section 3.1 we prove Theorem 1.1 describing
the set of eigenvalues of the composition chain Qu in terms of the eigenvalues of (). Moreover, we
construct right eigenvectors of Qu using the symmetrised tensor product of right eigenvectors of Q.
Later, in Section 3.2 we prove Theorem 1.2. Using the results in these two sections we prove Theorem
1.3 in Section 3.3.
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3.1. Proof of Theorem 1.1. As we commented in Section 2, the N particles in the neutral multi-allelic
Moran type process can be considered distinguishable or indistinguishable. Throughout the paper we
suppose that @ is irreducible. Thus, 0 is a simple eigenvalue of @ with eigenvector Uy. The generator
for the distinguishable case, denoted by Dy, acts on a real function f on [K ]N as follows

N K
(DNf)(klakQa"'ka) = Zzuki7k[f(kla---ki—lakaki-i-la"'akN) _f(kla'--ka)]a

i=1 k=1
for all (k1,ko,...,kn) € [K]N If the function is given in a tensor product form, we get
N
Dv(Vi@ V@ @Vy)=> ehe - @QV,® &V, (3.1)

n=1

M=

where QV,, (k) := > i Vau(r) = §1 pier (Vo (r) — Vi (k)), for all k € [K].

r=1

Remark 3.1 (Dy as a Kronecker sum). In fact, the infinitesimal generator satisfies Dy = QP Q®---®Q,
where @ denotes the Kronecker sum. The well-known relationship between the exponential of a Kronecker
sum and the Kronecker product of exponential matrices, namely:

xp{QeQ - 8 Q} = exp{Q} ©exp{Q} ® -+ @ exp{Q},

makes clearer the idea that Dy is the infinitesimal generator of the system of N particles moving
independently according to the infinitesimal generator Q. See [55, Ch. XIV] and [17, §2.2] for further
details on the Kronecker sum.

The Markov chain generated by Dy is usually called product chain. The infinitesimal generator Dy
inherits its spectral properties from those of ). Namely, if 7 is the stationary distribution of @), then
TRT® -+ @7 is the stationary distribution of Dy. Moreover, if V4, Va,..., Vi are N (not necessarily
distinct) eigenvectors of @, then V3 @ Vo ® --- ® Vi is an eigenvector of Dy. Consequently, if @Q is
diagonalisable, then Dy is also diagonalisable and the tensors products of vectors in an eigenbasis of @
form an eigenbasis of Dy, as in Proposition 2.4-(a). In particular, if Ao = 0, A1,..., Ax—1 are the K
complex eigenvalues of @), then the eigenvalues of Dy are given by the sums of eigenvalues of @, i.e. the
spectrum of Dy is

{zo+ 21+ +2rx_1:2zi€{ oy M, ., Ak—1}}

See Sections 12.4 and 20.4 in [42] for the proofs of these results and more details on product chains.
When the N particles are considered indistinguishable, the infinitesimal generator of the Markov chain,
denoted by Qp, is that defined by (1.3), i.e.

Qv = Y n(Duis [f(n—ei+e5) = f(n)],

i,jE[K]

for all n € Ex,n and for every function f on €k n. Zhou and Lange [64] noticed that Qn is a lumped
chain of Dy and used this fact to study the relationship between the spectral properties of both chains.
They studied the eigenvalues and the left eigenfunctions of Qp. In particular, they proved that the
stationary distribution of Qp is multinomial with probability vector 7, denoted M(- | N, 7), where 7
is the unique stationary probability of . Our approach differs from that on [64]: we study the right
eigenfunctions of Oy using the connections between the real functions on £k n and the symmetric real
functions on [K ]N studied in Section 2. In addition, our methods allow us to explicitly describe the
spectrum of Q, for every mutation matrix ) generating an irreducible process, even when @ is non-
diagonalisable. We first study the relationship between the generators Qn and Dy through the operator
(I)K,N .

Lemma 3.1 (Link between the generators Qn and Dy). For any symmetric function & on [K]N, the
function Dy & is also symmetric. In addition,

On (Pk,NE) =Pk N (DN E),
where @i n is defined by (2.3).

Proof. The symmetry of Dy & is a consequence of the symmetry of £ and the linearity of Dy .
13



For n € Ex N let us define (ky,ka,...,kn) = Yr n(n), i.e. k; is the position on [K] of the i-th particle
according to the definition of 1/) k,N- We have

K
(Dn €0 n)(n) = Zzuk“k (k1o kict, b ki, .o k) — €Wk, (0))]

i=1 k=1

K K
Z Z P e[§(k1, . kim1 Ry ki, .o BN) — (WK N (1))

k=1r=14:k;=r

Using the symmetry of &, for all  such that ¥ x n(n)(i) = r we obtain
€(k15 ceey ki—la ka ki-‘rla ceey kN) - 6(1/]K,N(77)) = f(wK,N(n — €y + ek)) - f(wK,N(n))

Thus,
K K
(Dn o)) =D > e k6 n () — er + er)) — E(Wr.n ()]
k=1r=14:k;=r
K K
=3 Mkl (n - er + ex)) — E(Wr.n ()]
k=1r=1
= (N oYk N) (1),
for every n € Ex . O

The following lemma describes all the eigenvalues of Qu, defined by (1.3), in the case where the
mutation matrix is diagonalisable.

Lemma 3.2 (Eigenvalues of Qp for diagonalisable Q). Assume Q is diagonalisable and
u = {U(), Ul, ey UK—l}

is the basis of RE formed by right eigenvectors of Q, such that Uy is the all-one vector. Consider Vn and
A defined as in (1.9) and (1.10), respectively. Then

(a) Ay is an eigenvalue of Qn with right eigenvector ‘777-
N

(b) The spectrum of Qn is formed by 0 and all A, forn e |J Ex—1,r.
L=1

(¢) Qn is diagonalisable.

Proof. (a) For n € k1,1 let us denote U, as in (1.7). Because QUy = 0 and QU = Ay Uy, 1 <
K —1, from (3.1), we get Dy (U,) = A\,U,. More generally, for every permutation o € Sy, Dy (oU,
Ap(cUy), and thus, using the linearity of Dy we get Dy V;, = \,)V;;, where V, is defined as in (
Applying ¢k, n to both members of the previous equality we obtain (DyV;)) o, v = AV 0¥k, n. Now,
using Lemma (3.1), and the expressions (1.8) and (1.9), definitions of V,, and an respectively, we obtain
OnVy = \,V;,, which proves (a).

(b)-(c) Because U is a basis of R¥ | the set SV as defined in (2.11) is a basis of R¥%:¥ | due to Proposition
2.4-(c). Therefore, all the eigenvalues of Q are those described in part (b) and Q is diagonalisable. [

k<
) =
8)

Remark 3.2. Note that the results in Lemma 3.2 remains valid for all operator Qn defined using a
diagonalisable matrix @), not necessarily a rate matrix, with complex entries and such that QUy = 0 and
Ao = 0 has algebraic multiplicity equal to one.

Lemma 3.2 provides all the eigenvalues and right eigenvectors of Qx when @ is diagonalisable. How-
ever, an ergodic rate matrix is not necessarily diagonalisable, as next example shows.

Example 1 (Non-diagonalisable rate matrix of an ergodic Markov chain). Consider the infinitesimal
rate matrix Q) given by

-9 7 2 0 0 0
Q= 1 -7 6 |=w| 0 —14 1| w
5 07 —12 0 0 —14
where
3/14 2 11/14 1 7/3 4/3
W=| 3/14 -2 -3/14 |, Wl=|0 —1/4 1/4

3/14 2 -3/14 1 0 -1
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Then, @ is a non-diagonalisable rate matrix generating an ergodic Markov chain. Note that the unique
stationary distribution of the process driven by @ is (3/14,1/2,2/7).

Now, we want to extend the results in Lemma 3.2 to the case where the matrix @) is non-diagonalisable,
as stated in Theorem 1.1. Let us first recall two known facts in the theory of real matrices. We denote
by M, (R) and M, (C) the vector space of n-dimensional real and complex matrices, respectively. For a
matrix M € M, (C) we denote by Spec(M) € C™ its spectrum counting the algebraic multiplicities of
the eigenvalues. It is known that the set of diagonalisable complex matrices is dense in M, (C). Serre
[58, Cor. 5.1], for instance, proves this result as a consequence of the Schur’s Theorem. Using the same
reasoning we can prove the following:

Fact 1: The set of diagonalisable complex matrices with each row summing to zero is dense in the
set of the irreducible rate matrices: for every rate matrix Q € M,(R) and € > 0 there exists
a diagonalisable matrix Q € M, (C) such that ||Q — Q|| < e. Moreover, Q can be chosen such
that 0 € Spec(Q), with 0 having geometric multiplicity 1 and Q Uy = 0, where 0 denotes the K
dimensional null column vector, i.e. cach row of Q sums to zero.

The idea of the proof of Fact 1 is to modify diagonal elements in the upper-triangular matrix obtained
by the Schur’s Theorem [58, Thm. 5.1] to get a matrix with n different eigenvalues, and thus diagonal-
isable. Indeed, since @ is an irreducible rate matrix, the eigenspace associated to the eigenvalue A\g = 0
has dimension one and it is generated by Uy. Moreover, the other n — 1 complex eigenvalues have strictly
negative real parts. Thus, it is possible to modify the diagonal of the upper triangular matrix obtained
by the Schur’s Theorem in such a way that the eigenvalues of the modified matrix, denoted Q, are zero
and n — 1 complex numbers with different and strictly negative real parts. Furthermore, because of the
Schur’s factorisation, Uy is also an eigenvector of @) associated to the null eigenvalue, i.e. QU = 0.

Note that, since M,,(C) is a finite dimensional vector space, the result in Fact 1 holds for every norm
defined on M, (C). In the sequel we will use the uniform norm, denoted || - ||unit, and defined as follows

| Allunif := max |a; ;,
]

for every matrix A = (a;;):; € M,(C).
The second fact is related to the continuity of the eigenvalues of a matrix with respect to its entries.
Consider the following distance between two sets of n elements in C:

D ({zi}imy, {witizy) == alensf mj‘f*X|Zj _wa(j)la

where S,, denotes de symmetric group on [n], for every n € N.

Fact 2: The eigenvalues are continuous with respect to the entries of the matrix in the following
sense: consider M € M, (C), then for all ¢ > 0 there exists a § > 0 such that for every matrix
N € M, (C) such that ||M — N|| < ¢, then D (Spec(M), Spec(N)) < e.
See e.g. [30] and [58, Thm. 5.2] for a proof of Fact 2.

Proof of Theorem 1.1. From Lemma 3.2 we know that the statement of Theorem 1.1 holds for a diag-
onalisable rate matrix (). Let us prove it in the general case using the Facts 1 and 2 we previously
discussed.

For a mutation rate matrix ) € Mg (R) with spectrum Spec(Q) = {0, A1,..., Ak—1}, let us define by
on(Q) the set formed by 0 and A, for n € Uf;ll Ex—_1,1, where the values A in the definition (1.10)
of A, are those in Spec(Q)). Then, proving Theorem 1.1-(a) is equivalent to prove that on(Q) is the
spectrum of Qy, i.e. D (Spec(Qn),on(Q)) = 0. B

For a matrix () € M (C) whose rows sum to zero (not necessarily a rate matrix), let us define Qx
similarly to the definition of Qx (1.3), but with @ as mutation matrix instead of ). As we commented
in Remark 3.2, Lemma 3.2 remains valid and it ensures us that Spec(Qn) = on(Q). Thus, using the
triangular inequality we get

D (Spec(Qn),on(Q)) < D (Spec(Qn), Spec(Qn)) + D (Spec(Qn ), on (Q)) -
Moreover,
19N — On|lunit < N||Q — Q|lUnif,
D (Spec(QN), UN(Q)) <ND (Spec(@), Spec(Q)) )
Fix € > 0. Using Fact 2, we know there exist 01, d2 > 0 such that

D (Spec(Qn), Spec(Qn)) < 5 if [ Qx = Onllums < b1,
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€

D (Spec(Q), Spec(Q)) < N if Q- Qllunit < .

Thus,
D (Spec(Qn),on(Q)) < % + N D(Spec(Q), Spec(Q)) < e,

whenever ||Q — Q||unit < min{d; /N, d2}. Since € can be taken arbitrary small, by Fact 1, the proof of (a)
is finished.

The proof of (b) is exactly the same as the proof of (a) in Lemma 3.2. Note that, since n(r) =--- =
n(K —1) =0, the definition of Vn only depends on the r linearly independent vectors forming /. Finally,
the result in (c) trivially comes from Lemma 3.2. O

Remark 3.3 (Alternative proof for Theorem 1.1). The Jordan-Chevalley decomposition is an elegant tool
to find the eigenvalues of Qn and prove Theorem 1.1. The Jordan-Chevalley decomposition ensures the
existence of two matrices Qpiag and @nir such that @ = Qpiag + @nil. Moreover, Qpiag is diagonalisable,
Q@i is nilpotent, they commute and such a decomposition is unique. See [58, Prop. 3.20] and [16] for more
details about the Jordan-Chevalley decomposition. Then, it can be proved that the Jordan-Chevalley
decomposition of Qn is On = (Qpiag)n + (Qnil) N, Where (Opiag)n and (Oni)n are defined similarly
to Qn in (1.3), substituting @ by Qpiag and Qnil, respectively. Now, since the spectrum of Qn is that
of (Obiag)n, the proof of Theorem 1.1 follows from Lemma 3.2.

3.2. Proof of Theorem 1.2. In this section, given K > 2 and N > 2, we consider the continuous-time
Markov chain of N indistinguishable particles on K sites, with state space £k n, where, with rate 1,
any particle jumps to one of the positions of another particle chosen at random. We denote by Ay the
infinitesimal generator of this reproduction process, which is defined in (1.4) as

(AnHm) = > n(mG) [f(n—ei+e;) — f(n)]

i,j€[K]
for every real function f and all n € Ex n.

Remark 3.4 (First degree eigenfunctions of Ay ). Note that the states {N ex}r, C Ex, n are the only
absorbing states for the interaction process generated by Apx. Thus, the distribution concentrated at
N ey, denoted d e, 3, is stationary for Ay, for k& € [K]. It is not difficult to check that the real functions
on £ N, vo = 1 and @, : > ng, for k € [K — 1], are linearly independent vectors of RE%-¥ and they
satisfy Ayxr = 0, for all kK =0,1,..., K — 1. Thus, the right eigenspace associated to 0 is the space of
homogeneous polynomials of degree 1, which has dimension K.

Actually, it can be proved that the generator Ay preserves the total degree of a polynomial, in the
sense that the image of a polynomial is another polynomial of the same total degree. To prove Theorem
1.2 we first formally describe the preserving degree polynomial property satisfied by Ay .

Lemma 3.3 (Ay preserves polynomial total degree). Assume K > 2 and N > 2. Let P be a polynomial
on £k N of total degree L with 1 < L < N. Then,

AnVp = —L(L - 1)Vp + Vg,
where R is a polynomial with a total degree strictly less than L.

The proof of Lemma 3.3 is technical and it is deferred to Appendix B. We proceed to prove Theorem
1.2.

Proof of Theorem 1.2. (a) For K > 2 and N > 2, let us define the sets By, of monomials in Ex y as
follows
By :={1}, Bi:={z1,22,...,2x-1}, Br:={x% a€Ex_1.L},
for 2 < L < N, where x® = 20 25? ... 23" for o := (a1, a9,...,ax—_1). Then, consider the ordered
set
B=ByUByU---UDBy.
The set B is a basis of the space of real functions on Ex n, due to Lemma 2.1-(b). The matrix similar
to Ax with respect to this basis is Ay = W TANW, where W is the matrix with P, with P € B,
as column vectors. Thanks to the result in Lemma 3.3-(a), Ay is a block upper triangular matrix,
where the first diagonal block has size K and is a null matrix. The other diagonal blocks have size
Card(éx—1,1) = (K7L2+L) and are diagonal matrices with constant diagonal elements equal to —L(L —1),
16



with 2 < L < N. This analysis gives us the eigenvalues of Ay are 0 with algebraic multiplicity K and
—L(L — 1) with algebraic multiplicity (K 2+L) for2< L <N.

Now, using the block multiplication of matrices, it is not difficult to see that (Ax)" is also a block
diagonal matrix, where the L-th block is a diagonal matrix of dimension (K _L2+L) with all the entries
on the diagonal equal to (—L(L — 1)), for 2 < L < N. Thus, for every real polynomial T the matrix
Y(An) = WIT(AN)W is a block diagonal matrix with diagonal elements Y (—L(L — 1)). Taking

N
T: s»—)sH[erL(Lfl)],
L=2

we get Y(Ay) = Ok, n, where O, n is the (KfzbJrN) dimensional null matrix. Thus, T(Ax) = Ok, N

and T is necessarily the minimal polynomial of Ay, which factors into distinct linear factors. We thus
conclude that Ay is diagonalisable. O

n

Remark 3.5 (On the right eigenfunctions of Ay ). Theorem 1.2 does not provide a characterisation of the
eigenspace associated to the eigenvalue —L(L — 1), for L € [N]. For the special case K = 2, Watterson
[61] does provide such a decomposition for the discrete analogue of Ay in terms of cumulative sums
of discrete Chebyshev polynomials. In addition, Zhou [63, §4.2.2] provides an equivalent but simpler
expression for the eigenvectors of the equivalent analogous of Ay, for K = 2, in terms of univariate
Hahn polynomials.

In the general case, it is possible to describe the eigenspaces associated to the first three eigenvalues of
An. As we commented in Remark 3.4, the right eigenspace associated to 0 is the space of homogeneous
polynomials of first degree. Moreover, the right eigenspace associated to —2 has dimension K (K —1)/2
and it is generated by the set of monomials {zxx,, 1 < k < r < K}. Additionally, for L = 3, it is possible
to prove that a simple basis of the right eigenspace associated to —6 has dimension K (K +1)(K —1)/6
and is given by eigenvectors {zix, — zp2?, 1 <k <r < K} U{zpz 25, 1 <k <r < s < K}. The
complete characterisation of the eigenvectors of Ay, for K > 3, is a topic of further research.

3.3. Proof of Theorem 1.3. This section is devoted to the proof of Theorem 1.3 providing a description
of the spectrum of the neutral multi-allelic Moran process with generator Qy p, defined by (1.2) as

(Qup ) = D7 1) (s + 1)) F(n = e+ e;) = )]
,j€[K]
for every real function f in £k n and every n € £k .
Assume K > 2, N > 2 and p € [0,00) and suppose that @ is diagonalisable with eigenvalues 0 and
Ak, for k € [K —1]. For any n € Ex_1,1,, with L € [N], let us recall the definition of A, ,:

3T A (3.2)
k=1

App = —L(L—1)

2=

N
Then, we will prove that the eigenvalues of Qn , are 0 and all A, , forn € |J Ex—1,1.
L=1

Proof of Theorem 1.3. 1t is straightforward to remark that
p
QN,p = QN + NANv

where Qn and Ay are the generators of the mutation and the reproduction processes defined by (1.3)
and (1.4), respectively.

Let us first prove the result when the mutation rate matrix @ is d1agonahsable As proved in Lemma
3.2, the vector V is an eigenvector of Qx with eigenvalue /\n, for n € UL 1€k —1,0- Let us denote by
Vy the all-one vector in REX.N. Then, the set B = Vo u{V,, n e UL:l Ex—1.1} is a basis of REx.N |
thanks to Proposition 2.4-(c). Let us denote by W the matrix with the elements of B as columns such
that W=1QnW is a diagonal matrix with diagonal entries equal to 0 and A, for 1 € Ugil Ex-1,L.

For1 <L < Nandn € Eg_1,1, the expression (1.9) and Lemma 2.3-(c) ensure that Vn is a polynomial
of total degree equal to L. Using now Theorem 1.2-(b), we get

AnVy = —L(L - 1)V, + R,

where R is a polynomial of total degree strictly less than L. This fact means that, like in Theorem 1.2-(c),
W=t ANW is a block upper triangular matrix, where the diagonal blocks of size Card(éx—1,1) = (KJFLL*Q)
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are diagonal matrices with constant diagonal elements equal to —L(L — 1), for 2 < L < N. The first
diagonal block of size K is a null matrix. It follows that the matrix

WlQn, W = W LQNW + %W‘lANW

is a block upper triangular matrix, where the first diagonal block has dimension one and is null, i.e. the
first column is null. Moreover, the L-th diagonal block has dimension (K +LL _2) and its diagonal elements
are the eigenvalues A, , with n € Ex_1 1, for L € [N]. Thus, these are the eigenvalues of Qp .

Now, consider a general mutation matrix @ € Mg(R), not necessarily diagonalisable, with spec-
trum Spec(Q) = {0,A1,...,Ax—1}. Let us define by on,(Q) the set formed by 0 and \,,, for
n € Uf;ll Ex—1,0, where the values Ay in the definition (3.2) of A, ,, are those in Spec(Q)). Define
Qn p similarly to (1.2) but with a diagonalisable matrix Q € Mk (C), whose rows have null sum (not
necessarily a rate matrix), instead of Q). Then,

19N — Onpllunit = ||ON — On||Unifs
D (Spec(Qn,p), onp(Q)) =D (Spec(Qk,n),on(Q)) .

Hence, on,p(Q) is proved to be the spectrum of Qu ,, analogously to the proof of Theorem 1.1-(a).
O

Remark 3.6 (Alternative proof of Theorem 1.3). Another proof of Theorem 1.3 can be carried out using
the Jordan form of the mutation rate matrix @. Indeed, the vectors f/,, € RE<.N can be defined using
the basis of R that transforms @ in its normal Jordan form. Then, defining a suitable order among
the vectors an for n € ngl Ex 1,1, it is possible to show that Oy, is similar to an upper triangular
matrix with the values A, on the diagonal.

4. APPLICATIONS TO THE CONVERGENCES TO STATIONARITY OF NEUTRAL MULTI-ALLELIC MORAN
PROCESSES

This section devoted to some applications of the results in Section 3 to the study of the ergodicity of
the process driven by Oy, in total variation, using spectral properties of (). In this section we prove
Corollary 1.4 and Theorem 1.5.

Next result establishes that the Jordan form of () is a diagonal block in the Jordan form of Qn p.

Corollary 4.1 (Jordan forms of @ and Q). Consider K > 2, N > 2 and p > 0. If J is the Jordan
form of Q, then the Jordan normal form of Qn, is J & J', where J' is a Jordan matriz of dimension

(K*J{[JrN) - K.

In particular, Q and Qn , have that same SLEM.

Proof. The image by Qn ;, of a first degree polynomial is also a first degree polynomial, i.e. the space of
first degree polynomials is invariant by Oy ,. Moreover, as a consequence of Lemma 3.1 we obtain

ONpE(V) = ONE(V) = D v DNE(V) = Bren £(QV) = E(QV).

Let U = {Uy,...,Ux—_1} by a Jordan basis of @ formed by generalised eigenvectors of Q. Since
OnpE(UL) = E(QUy), for every k € [K — 1], we have that {£(Up),...,&(Ux—1)} is a system of lin-
early independent generalised eigenvectors of Q)i ,. They are precisely the generalised eigenvectors of
On p associated to the eigenvalues in Spec(Q) C Spec(Qn,p). We can complete this system to a Jordan
basis of R€%.V | adding the generalised eigenvectors of the other eigenvalues on Q ~N,p- With respect to
this Jordan basis Qx,, becomes similar to J & J’, where J is the Jordan matrix of Q) and J’ is a Jordan
matrix of dimension (KfzierN - K.

Note that the eigenvalues {Xo, A1,..., Ax—1} are those eigenvalues of Qu , of smallest modulus. We
thus get that @ and Qx,, have the same SLEM. O

Every irreducible finite Markov chain convergences exponentially to stationarity, see e.g. [42, Thm.
4.9]. In addition, the sharpest asymptotic speed of convergence is associated to the SLEM and the size
of the largest Jordan block corresponding to any eigenvalue with this modulus. We recall that the size
of the largest Jordan block associated to an eigenvalue \ is equal to the multiplicity of A in the minimal
polynomial of the rate matrix of the Markov chain.
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Proof of Corollary 1.4. Let p be the SLEM of @) and s the largest multiplicity in the minimal polynomial
of @ of all the eigenvalues with modulus p, or equivalently, the size of the largest Jordan block associated
to eigenvalues with modulus p. Then,

DLV () = O e ), (4.1)

see e.g. [59, Thm. 3.2]. The following result is a consequence of Corollary (4.1) and 4.1.
O

The following example uses Corollary 1.4 to provide the rates for the exponential convergence to
stationarity of the neutral multi-allelic Moran (Fleming— Viot particle) process considered in [15].

Example 2 (Circulant mutation rate matrix). Consider the following mutation rate matrix

—(1+0) 1 0 .0 0
6 —(1+0) 1 .0 0
Qp = 0 0 —(146) ... 0 0 ’
1 0 0 o0 —(140)

where 6 > 0. Qg is the infinitesimal generator of a simple asymmetric random walk on the K-cycle graph.
The neutral multi-allelic Moran type process with mutation rate Qg was considered in [15]. Since Qp is
circulant, it is possible to explicitly diagonalise it using the Fourier matrix. The eigenvalues of Qg are

21k

Mo = —2(1 + 0) sin® (%k) +i(1 - 6)sin (7) )

for 0 < k < K — 1. Thus, the SLEM of Qg is 2(1 + 6) sin® (%), which is attained for two eigenvalues,

each one of them with algebraic multiplicity equals to 1, for 8 # 1. When 6 = 1, the SLEM of @y is

A\ = 4sin? (%) and it is attained for a unique eigenvalue with algebraic and geometric multiplicities

equal to 2. Let Qg be the infinitesimal generator of the neutral multi-allelic Moran process with mutation
rate Qp. Then,

Drge/ () =0 (6—2(1+9)sin2(%)t) _

Example 3 (Convergence rate for a process with non-diagonalisable mutation rate matrix). Consider
Q as in Example 1 and QO , the infinitesimal generator of the associated neutral multi-allelic Moran
process with mutation rate matrix ). Then, A\g = 0 and A\; = A2 = —14, because —14 has algebraic
multiplicity 2. Then, for N fixed, the eigenvalues of Qy,, are
Anp = n(D)A1 + n(2)As — L(L — 1)% — _14L— L(L - 1)%,
for L € [N],. In addition, A7, has algebraic multiplicity Card(&s,,) = L + 1.
Note that the minimal polynomial of Q is mg : s — s(s + 14)? and according to the notation in
Corollary 1.4 we get p = 14 and s = 2. Then,
Doy (1) =0 (te™').
Furthermore, according to Theorem 1.5 we get
InN —c
TV e
DQN,p (T) Z 1 —416e y
for all ¢ > 0.

4.1. Proof of Theorem 1.5. First, let us denote by I'; the “carré-du-champ” operator associated to
the Markov generator £ on a state space &, i.e.

Lefine (L£F%)(m) —2f(m)(Lf)(n),

for all n € £.
The “carré-du-champ” operator is associated to the evolution in time of the variance of the test
function. Indeed,

var, (Fn) = [ (1 (60 ) ) ),

where (etﬁ)tzo denotes the semigroup generated by L. See, for example, [13, p. 695].
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Proof of Theorem 1.5. Our method of proof is based on a Wilson’s method (cf. [42, Thm. 13.28]). Let us
denote V' = [v1,v2,...,vk]| a real right-eigenvector satisfying QV = —AV. Then, using Theorem 1.3 and
Lemma 2.3 (specifically equations (2.8) and (2.9)) we get that (V) and £(V, V) are right-eigenfunctions
of Qn,p satisfying

(" 2VrE(V)) (n) = e (V) (n)
("M rE(V V) (1) = e 2PV, V) (),
for every n € Ex,n. We recall that from (2.9) we have
EV.V)=£E(V) —E(VoV).
where V OV = [v],...,v%] is the componentwise square vector of V.
Thereafter, using & (V) as a test function we get

A" (One, 0<% vy ) = Py, [EVI(m) 2 110/2] = Pun, [E0V) ) = /2], (42)

where p: = Ene, {g(V)(nt)} = e " Nui. By Markov’s and Chebyshev’s inequalities we have that

Vary, [E0V)(100)]

Pun, [E0V) 1) 2 5] < ae

2 [uk|2 N2 7
) Var e, [E(V)(m)}
Mt
Pec [EV)00) 2 5| 21— 10—

Thus, plugging these last expressions into (4.2) we get

20t Var ye, [E(V)(Ut)}
su )
[0 2N 750 N

dTV((SNeketN'CQN'p, VNJ)) >1-8

We are interested in finding a lower bound for D at time (In(N) — ¢)/2X. It remains to prove a
bound for the last factor in the previous expression.

Note that
Loy, &(V) = Onyp(€(V)?) = 26(V)Qnp(E(V))
= Onp(E(VIV)) + Qupb(V O V) = 26(V)Qn p(E(V))
—2 (A B)EV V) +2E)? +EQV 0 V)
- ,g%g(v, V) 4+ 20XV O V) +E(Q(V o V)).
Hence,
Varye, (£(V)(n) t .
(N ) _ %/ 059N (FQNYP(e(t—s)QN,pE(V)))(Nek)ds
=+ [ e (o E00) (Ve
— —A(t—8)asQ9Np [ _ 2 4 q ¢
_ N/o e Ao (2R WV + 20V © V) + E@QV 0 V)) ) (Neg)ds.
Note that
i / ~5) 5N ( - 2%€(V, V)) (Neg)ds = —2 (1 - %) puie M /Ot e~ (W+2/N)s g < 0.
Then,

Varye, (5 (V)(m)) _1 /Ot e A(t=5) 05O (2 MV oV)+EQV e V))) (n")ds

N - N
. Hé(@(mv»

<9 {vov)
N

N

oo

< A+ 1Qls) IV oo
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and we obtain the desired inequality.
The lower bound for Dgfw is obtained considering the initial distribution concentrated at Neg«,
where k* satisfies |vg«| = ||V ] co-
O

5. NEUTRAL MULTI-ALLELIC MORAN TYPE PROCESS WITH PARENT INDEPENDENT MUTATION

In this section we discuss some applications of the Theorem 1.3 and its consequences to the neutral
multi-allelic Moran model with parent independent mutation scheme. We will use some well-known
results on finite state reversible Markov chains and their convergence to stationarity. We refer the
interested reader to [56], [5] and [42]), for further details. We will focus on the case where the Moran
process has parent independent mutation [24]. In this case, the Moran process is reversible. In fact, as
we claimed in Lemma 1.7, the neutral Moran process with p > 0 is reversible if and only if its mutation
matrix satisfies the parent independent condition. We explicitly diagonalise the infinitesimal generator
of the neutral multi-allelic Moran process with parent independent mutation rate using the multivariate
Hahn and Krawtchouk polynomials, which allows us to provide an explicit expression for the transition
function of this process. Using these results we prove Theorems 1.8 and 1.9.

5.1. Proof of Theorems 1.8 and 1.9. Let us recall that the generator of the neutral multi-allelic
Moran process with parent independent mutation defined by (5.1), which acts on a real function f on
Ek,n as follows
S n(J)
(Exp ) = 32 0015t —ec+es) = S (1 +"7 ).
i,j=
for all n € £k, n. We next prove Corollary 1.6, which provides the spectrum of Ly j, for all p > 0.

Proof of Corollary 1.6. Since @, is an infinitesimal matrix, zero is one of its eigenvalues with right
eigenfunction fi, the K-dimensional all-one vector. Note that m := pu/|u| = (/|1 - -, pr/|p]) is the
unique stationary distribution of @, which is also reversible. Moreover, note that Q. f = —|u|(f+(f, 7)),
for every f € REx.~. Thus, every function f satisfying (f, @) = 0 is a right eigenfunction of Qu, i.e. the
eigenspace associated to —|pu| is the space of the orthogonal functions to , which has dimension K — 1.
The expression (1.12) for the eigenvalues comes from Theorem 1.3. Since the process is reversible we
obtain that Ly, is diagonalisable. The spectral gap is obtained for L = 1.

d

Multivariate orthogonal Hahn and Krawtchouk polynomials. The rest of the section is devoted
to the characterisation of the eigenfunctions of Ly, and the proof of Theorem 1.8. Let us establish some
notation that will be useful in the sequel to study the eigenfunctions of Ly ,. For a K-dimensional real
vector x we define the following quantities:

i K
x| ::ij, |x*| ::ij.
j=1 j=i

We set by convention |x‘| := 0, for all i > K.

The orthogonal polynomials we define below are indexed by the set UZLVZO Ek—1,, where Ex_10 = {0}
is the set formed by the K — 1 dimensional null vector. We define the multivariate Hahn polynomials on
Ek,N, indexed by n € Ex_1,1, for L € [N],, and denoted H,(x; N,a), as follows

K-1
k+1 )
™ LT N + [kl + 0" ) k) Hory (s M, e, i) (5.1)
k=1
where My = N — |xp_1]| — [7*], v = |« + 2|n*+L| and H, (z; M, B,7) is the univariate Hahn
polynomial defined by

H,(x;N,a) :=

-n, n+p+vy—-1 -z
Hn(x7Mvﬂv/y) = 3F2< 6; ﬂ _ijw

1) (5.2)

—0 By (M) v

J
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Note that for 0 € Ex_1,0 we obtain Ho(-;N,a) = 1. In addition, it is no difficult to check that
H, (NeK;N, )_1 forallne U Ex_ 1,L-
We also define the multwarmte Krawtchouk polynomials on Ex n denoted K, (x;N,q), indexed by

ne U Ex—1.1, with q € (0,1)% such that |q| = 1, as the multivariate polynomials satisfying:

L=0
K-1
1 qk
Ky(x; N, q) = o= T N+ et + 105D ) Ko (wk;Mk, —k) (5.3)
(N1l oy "]

where My, = N — |xz_1| — [7*TY|, and K, (2; N, q) is the univariate Krawtchouk polynomial defined by
1
- 5.4
) oo
(—n)g(=2)g 1
(

—-n, —x

Kn(z; N, q) —2F1( N

(—x)
—N)gy  Jla?

n
=0

In addition, Ko(-; N,q) =1, for 0 € Ex_1,0, and K, (Neg;N,q) =1, for all n € U Ex-1,L-

See [33, Ch. 6] and [40, Ch. 9] for more details about the univariate Hahn and Krawtchouk polynomials.
We define the univariate Hahn and Krawtchouk polynomials in (5.2) and (5.4), respectively, using the
hypergeometric functions notation which could be very useful for algebraic manipulations (cf. [40, Ch.
10]). For instance, consider @ = Nu/p in the definition of Hahn polynomials, then

N N
hm H (k)(xk,Mk,ak,|ak+1| +2|77k+1| = hm H n(k) (.Tk,Mk, ;k, |l; | +2|77k+1|)

= m, af Ny /p, — M,

P —n(k), —ax | i+ B
— M, 205

1223
=K k <zk;N7—)a
n(k) |Mk|

for every k € [K], where the calculation of the limit in the third equation follows from [40, Eq. (1.4.5)]
and the last inequality follows from the definition of univariate Krawtchouk polynomials in (5.4). Now,
using the previous limit and the definitions (5.1) and (5.3) of the multivariate Hahn and Krawtchouk

polynomials we get
lim H, (x;N,N’—‘) - K, (x;N, i).
p—0t p el

Thus, similarly to how we define vy ;, in (1.13), we define the multivariate polynomial @, (-, N, g, p) by

( *n(k), n(k) + Nug/p+ Nt /p+ 2l = 1, —ay,

)

Hy (3N, 2) if p>0

Qn(x; N,p,p) =
K K, (xN,w) it p=o0,

(5.5)

for every n € Ug:O Ex—1,1, and for all x € Ex . Note that the functions @, (x; N, u,p) are continuous
when p tends towards zero, in the sense that:
1_1>m Q”](X N“U, p) QU(X;N,M,O),
P
for every x € £k n. The following result sets some important properties of the multivariate Hahn and
Krawtchouk polynomials.

Proposition 5.1 (Orthogonality of the Hahn and Krawtchouk polynomials). The multivariate polyno-
mials Qy, defined by (5.5) satisfy the following properties:

N
a) Qu(; N,p,p) is a polynomial on Ex n of total degree |n|, for everyn e U Ex—1,r-
L=0
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b) The polynomials Qy(-; N, p,p) are orthogonal on Ex N with respect to the probability distribution
UN,p, defined by (1.13), i.e.

[EVN,p [Qn(aNnu’ap)Q’r]’( 7Nall"p)] = Z Qﬂ(é-;Nnu'ap)Q’V]'(g;Nnu'ap)VN,p(g)

£EEK,N

12
=dy, O’

N
for every n,n’ € \J Ex—1,1, where §, .y stands for the Kronecker delta function and

L=0
(le + N) i)y Iﬁl ([ + 17| + I = Dy (a1 + 2007 ) iy ()] -0
2 _ ) Wilelem = (@) () 7
P 1 55 ()@ (et ))nG) ) o
™ L 0 n(ji)L, p=0,

where a« = Np/p and m = p/|pl.

See Theorem 5.4 in [32] and Proposition 2.1, also Remark 2.2, in [39] for the proofs of these results on
multivariate Hahn polynomials. See Theorem 6.2 in [32] and Proposition 2.4 in [39] for the proofs for the
multivariate Krawtchouk polynomials. The system of orthogonal polynomials for a fixed multinomial
distribution is not unique. A general construction of the multivariate Krawtchouk polynomials can be
found in [19)].

Kernel polynomials for Dirichlet multinomial and multinomial distributions. Consider v a
multivariate distribution on £k and {QY} an orthonormal system of polynomials in 1?(RE%, v). Then,
the kernel polynomial associated to v is defined by

ho(x,y) =Y QYx)QY(y),
Inl=n

for all x,y € Ex v and for every n € [N],. The kernel polynomials are invariant under the choice of
the orthonormal systems, i.e. they only depend on the distribution v. Kernel polynomials are used for
manipulating sums of products of orthogonal polynomials. They are especially useful to obtain explicit
expressions for the transition function of a reversible Markov chain with polynomial eigenfunctions, as
we do below in Proposition 5.2.

We next review the expressions for the kernel polynomials of the Dirichlet multinomial and the multi-
nomial distributions. Let us denote by h,(x,y;p) the n-th kernel polynomial of vy ,, for all n € [N],.
Then, it can be proven that

hau(Ney, Ney; p) = (JT\Z)(

for all p > 0, see [39, Eq. (2.18)].
For p =0, vy follows a M(- | N,p/|p|) distribution and its n-th kernel polynomial satisfies

S ot T ) R

= ||

h (N, Neg: 0) — (N) (M - 1)n. (5.8)

n K
For more details on the kernel polynomials for the multinomial distribution see e.g. [39, Prop. 2.8]
and [19]. Also, for more details on the kernel polynomials for the Dirichlet multinomial distribution see
e.g. [39, Prop. 2.6] and [29)].
The following proposition shows that the right eigenfunctions of Ly, are given by multivariate or-
thogonal polynomials defined by (5.5).

lae| +2n — 1) (|e]) (n—1) (|| = ar) ()
(lee| + N) () (k) ()

, (5.6)

and

Proposition 5.2 (Eigenfunctions of Ly ). The right eigenfunctions of Ln , are the multivariate poly-
nomials Qy(-; N, w, p) with associated eigenvalue \p, ,, for n € Ex_1,1, for L € [N],. Moreover, the set
of right eigenfunctions

N
{Qn(-;N,u,p)m eJ 5K—1,L}

L=0
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is orthogonal in 1>(vn,p), for all p > 0. In addition, the functions ¢, (-; N,p,p) defined by
Gn(n's N, p) == v p(0)Qu(0's N, 1, p)

are left eigenfunctions of Ly, and the set of left eigenfunctions is orthogonal in 1*(1/vy ).
Furthermore, the transition kernel of the Markov chain driven by Ly, can be decomposed as follows:

N
("N 8e) (1) = v p(€) <1 + Z eAL’pthL(n,é;M) ; (5.9)

L=1

where hr(n,&;p) is the kernel polynomial associated to v p.

Griffiths and Spano [29] give the expression (5.9) for the transition kernel of the process driven by
Ly p, for p > 0, as an example of the usefulness of the kernel polynomials for the Dirichlet multinomial
distribution. For the sake of brevity, we skip the proof of Proposition 5.2 because it comes from a
standard method on reversible Markov chains with polynomials eigenfunctions. The interested reader
could see, for example, the proofs of Propositions 4.7 and 4.10 in [39].

The following result provides an explicit expression for the chi-square distance between the distribution
of the Markov process driven by Ly , starting at Ne; and its stationary distribution at a given time ¢.

Corollary 5.3 (Explicit expression for the chi-square distance). For K > 2, N > 2 and p > 0, we
obtain the following explicit expression for the chi-square distance between the distribution of the reversible
process driven by Ly, at time t when the initial distribution is concentrated at Ney, for k € [K]:

N
{1+e—2\#\t (M—1)} 1 ifp=0
2 _
Xnve, (B) = zN:enL,pt( ) (la| + 2L — 1) (la]) (r.—1)(le| = ar) () ifp> 0 (5.10)
=1 L (lae| + N) ) (aw)(r)

Proof. Using classical results on reversible Markov chains, see e.g. [39, Eq. (2.1)], we obtain the following
equality for the chi-square distance:

N
XN (t) =Y e 22" h(Ney, Ney; p),
L=1

where h(Ney, Neg; p) stands for the kernel polynomials associated to vy p, as defined in (5.6) and (5.8).
Thus, the expression for x3, (t) in (5.10) simply comes from (5.6), when p > 0.
To prove the case when p = 0, note that (5.8) implies

o= () ('

=1 ok
M v
14 e 2lult ( 1)] —1.
HE

We now take advantage of the explicit expression in (5.10) to prove the existence of a strongly optimal
cutoff in the chi-square distance for the multi-allelic Moran process with parent independent mutation
when N — oo.

O

Proof of Theorem 1.8. Let us first prove the existence of the chi-square cutoff. When p =0, for ty . =
InN +c¢

we obtain
2|pl

N
o : e [ ul
ngn()oXNek(tN»C):th [lJrW <E1>} -1

el (2}

Now, since Ky o = |p|/pr — 1, we have proved the existence of the limit (1.14) for p = 0.
Now, for p > 0 let us focus on expression (5.10). For every L € N and k € [K], let us denote

dre(N) = (le| +2L = 1) (Jee]) (1) (] = Oék)(L)

(lee] + Nz (k) ny




We thus have

L—1
of 4 21— 1 L (lal +)(lal — 1)
al+L-—-1 L1
] I (la| + N +7) (o +7)

r=0

ork(N) =

L—1
Nmm+%1“mmMWRQ@+NW)@+WW75)

~ Nlpl/p+L=1 [ w(lul+p) | £
I (1 + wer) (1+ #m)

T

Hence, for all L € N we get

. Tl = 01" L
N, Prk(NV) = [ 1 (| + p) } = Kp)™.

Moreover,

N ~ N_L and erLtN ~ (e—C)L
L)~ L N NLV

where for two sequences (fn) and (gn) the notation fy 9N means fn —gn = 0(gn). According to
(5.6) we have

(Jee| +2L = 1) (|ee|) (1) (|| — ak)(L)
hi (N Nep:p) =
z(Nex, Nex;p) <L> (laf + N) () (aw)(r)

Plugging these asymptotic expressions in the L-th summand of (5.10) yields

K c\L
hm e2ALtNhL(Nek,Nek, ) = 7( k’pe )

Moreover,
e N (Ney, Neg;p) < e Lm0 p (Ney, Ney; p)

et (N) o] + 2L — 1 |ef()(je] — ax)n
NI al+L =1 (lof + N)z)(ar)r)

7e*CL|a|+2L71Ll:‘[1 [Nr lal +7r o —ar+r

L al+L-1 20| N |a[+N+r ox+r
(ye )"
L’

<3

where v = max{1, K o}.

> —c\L
For an arbitrary small € > 0 let us consider M € N such that 3 Z i ) % and let N, be a
L=M+1 )
positive integer such that
M M
K L
ZGQALtNhL(Nek,Nek;p)* ( zf) < %’
L=1 L=1 ’
for all N > N.. Note that
i Eepe™) " €
L! 3
L=M+1
Then, for all N > N, using the triangular inequality we have
N
Z iV p (Ney) — (exp{Kj e —1})| < e
L=1
which concludes the proof for the chi-square cutoff for the process driven by Ly ;, for p > 0. O

Let us establish a result that will be very useful during the proof of Theorem 1.9.
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Lemma 5.4 (Lemma A.2 in [53]). Let ¥y € (0,1), for all N € N, such that Nvn — oo, when N — oo.
Then, for ally € R we have

lim 4™V (Bin(N, ¥y), Bin (N, YN+ wy» =20 (%Iyl) -

N—o00

where where Bin(N, ) stands for the binomial distribution with N trials and probability of success 1,
and @ is the cumulative distribution function of the standard normal distribution, i.e.

t
1 2
Dt ——e % /%ds.
/_Oo v 2T

This lemma characterises the limit profile of the total variation distance between two random variables
B; and Bs, following binomial distributions, when the difference between their means is of the same order
of the standard deviation of B;/N. The proof can be found in the Appendix A.2 of the very recent work
of Nestoridi and Olesker-Taylor [53].

Proof of Theorem 1.9. First note that the lower and upper bounds for d%\ék (tn,c) are simply conse-
quences of Theorems 1.5 and 1.8, respectively. Indeed, for ¢ < 0 and using Theorems 1.5 we have
LA

Vg
where £ = 8(2|p|+|Qullsc) = 32|p|, and V is any right eigenvector of @, with eigenvalue |g|. Finally, the
desired inequality is obtained considering the eigenvector V' = 1/urer — 1/uses, where s € [K] satisfies
s A pip = min g, A pg.

rir#£k

Moreover, using the classical inequality between the chi-square and the total variation distances and

Theorem 1.8 we get

Jim dR, (tne) > 1

. 1
hm dNe (tN,C) S 1\}51100 5 X%Vek (tN7C) - eXp{KkJ?e C} -1

N —o00

2

This concludes to proof of the existence of the 1> total variation cutoff.

n
2|

Let us now prove the limit profile for the total variation distance when p = 0. Using (5.7) and (5.9)
we get

oo ()
o) (fL—’i)m P
N (€)(1 — eIty i (i’;) [“ke#t e—l#lt)} -
= vy (&)(1 — e—l#lt)N:k [(1 —e ity 4 mlj:%} “

Thus, the process driven by Ly starting at Ney at time ¢ follows a M ( | N, (1 - e_l"lt)-‘ﬁ—‘ + e_l“‘tek)
distribution, which proves Corollary 1.10. Moreover,

W =5 D (60 (Ne) —un(€)]

|t 8k
o~ IHIt)N ¢ [1 ol lule Iul } .

e (&) ()
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=q™v (Bin (N, f;—l]) ,Bin (N, %(1 — e_‘“‘t) + e_l"lt)) .

Then, we have proved that we can write dTV (t, Ney) as the total variation distance between two binomial
distributions with parameters N both and probabilities of success 7 = g /|| and 7 = mp,(1 — e~ I#It) +

€ I ‘t, respectively. For tN,c = 1 2]‘\[ ‘ < we get
T 1 —7 1—m §
~]€ \/ k( k)\/ - k —5/2-

Therefore, using Lemma 5.4 we obtain
. 1
ng}cl)o dﬁ\ék (t) =29 (ax/Kk,oe—C) -1,

where Ky 0 = —k‘l;: = ‘Lk‘ —1.

6. DISCUSSION AND OPEN PROBLEMS

There are several future directions to explore in order to better understand Moran models. Despite the
fact that it is non-reversible in general, the neutral multi-allelic Moran model with reversible mutation
process seems an interesting model for both theoretical and practical reasons (cf. [57]). One possible first
step to study the eigenfunctions of Qn , when @ is reversible, could be the study of the eigenfunctions
of the generator of the reproduction process Ay, for K > 3, extending the results in [63, §4.2.2].

There are several ways to continue the study of the existence of cutoff phenomena for Moran processes.
For example, using the results of Zhou and Lange [64], it could be possible to prove the existence of a
(strongly optimal) chi-square cutoff for the composition chain, when the process driven by the mutation
matrix is reversible. A possible generalisation of Theorems 1.8 and 1.9 would be to prove the existence
of a cutoff phenomenon for the Moran process with parent independent mutation, when initially all the
individuals are not of the same type.

Another interesting problem to address is the study of the spectrum of the multi-allelic Moran process
with selection. Under selection at birth the infinitesimal rate matrix of the process is reversible, but an
explicit expression for its spectral gap is unknown. The multi-allelic Moran process with selection at
death seems more complicated from the spectral point of view because it is non-reversible. However, this
process is very interesting in population genetics but also, more generally, because of its interpretation as
a Fleming — Viot particle system, which approximates the quasi-stationary distribution of a continuous-
time Markov chain.

APPENDIX A. PROOFS OF LEMMAS 2.1 AND 2.3, AND PROPOSITION 2.4

This section is devoted to the proofs of Lemmas 2.1 and 2.3, and Proposition 2.4.

Proof of Lemma 2.1. (a) Let us first prove that for any o € Ex n, there exists a unique polynomial
P, € Hg n, product of N linear functions on Hg 1, such that P,(n) = 1if n = a and 0 otherwise.
Indeed, let us define the polynomial P, by

Pa:XGEKJv'—)H H Z::Za

where Hjigl(xk —a) =1 when oy, = 0. Note that P, = 1,, for every a € £k n. There are Zszl op =N
linear factors in the numerator. Also, each term z; —a may be replaced by xy — Zszl ) when a # 0,
so P,(z) may be considered as a product of N linear functions on H k.1, and because the uniqueness of
such a function P, is straightforward, (a) is proved.

Now, for every real function f on Ex n, the result is immediately obtained from (a) by setting

P = Z f(a)P,.

a€EK N

(b) From part (b) we have that By, , is a generator system of REx. N, Moreover,

K—1+N)

Card(Bpy ) = Card(Ex,n) = dim(RgK’N) = ( N
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thus By, , is necessarily a basis of REx.N O

Proof of Lemma 2.5. (a) For L = 1: An injection s : {1} — {1,2,..., N} is characterised by s(1) = 4. It
follows from (2.5) that

5(‘/1)(1{31’1{32’ AR kN) = ZVl(kz)a

which is a symmetric function. For every nn = (n(1),7(2),...,n(K)) € €k, n, we have

EV1)(n) = (V1) oYk ) (1) = ZV1(j)77(j)a

which finishes the proof of part (a).
(b) From (2.5), we get

Vi Vo, VD) (ks ky) = Y Vilkswy) - Vioalks—1y) >, Vi(ki)

s€lr—1,N i€[N]\s([L—-1])
N L—1
= Z ‘/'1(/{35(1)) Ce VL—l(k/’s(Lfl)) (Z VL(kz) - Z VL(ks(z))>
s€lr_1,N i=1 =1

=V, Voo Vi) (ks EN)EVE) (K, - o)
L—-1
=Y €V, Vie Vi, Vi) (R ).
=1

Using (2.7) we obtain the result for §~(V1, Va,...,V1). The particular case L = 2 comes from part (a).
(c) We can prove equation (2.10) by induction on L. For L = 1 the result easily comes by (a). If we
suppose that (2.10) is satisfied for L, for 2 < L < N — 1, then, using (b) and (a), we can check that
(2.10) holds for L + 1. O
Proof of Proposition 2.4. Since U is a basis of R® we trivially have that &V is a basis of [R[K]N, proving
(a) (cf. Lemma 12.12 in [42]). To prove (b) we prove that each element of "V has image in SV by Sym,
defined as in (1.5). First, Sym(Up ® --- ® Up) = Uy ® - - - ® Uy, since the constant function equal to one
is symmetric. Furthermore, for every W =W, @ Wo ® --- @ Wy € UN there is a permutation ¢ € Sy
such that oW = U,, with n € Ex_1,1, where L € [N] is the number of components in the expression
of W different from Up. Thus, Sym(W) = Sym(cW) = V,,, for n € Ex_1,1,. We have not proved that
KN )

Vi, # Va, for n # a. However, SV is a generator system of Sym(R! satisfying

N
Card (SN) <1+ Z Card(Ex-1,1)
L=1

:Lz];(K—LQ—FL):(K—;]—FN)’

where the last equality is the well-known Hockey —Stick identity in combinatorics, see e.g. [44]. Now,

since
dim (Sym ([R[K]N)) = (K _]1[4— N>7

we have that SV is a generator system with a minimal number of vectors, therefore it is a basis of
Sym([R[K]N). To prove (c) simply note that each element in SV is the image by the isomorphism ®x y
of an element in S™V. (|

APPENDIX B. PROOF oF LEMMA 3.3

Proof of Lemma 5.3. Without lost of generality we can only prove the result for the monomials on £x n.
Consider m a monomial on £k n of total degree || = L with 0 < L < N. Then, we want to prove that

ANV = —L(L — 1)Vp, + V.

where ¢ is a polynomial with a total degree strictly less than L.
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As we commented in Remark 3.4, the result is true for L = 1. Let us assume L > 2 and consider the
monomial m : 7 +— Hfil n(r)®. Evaluating V;,, in Ay, defined by (1.4), we obtain

(AxVi) () = > I #) | (k) = 1)) + 1) = nk)*n(r)* Tnk)nr),  (B.1)

k,r:k#r \s¢{k,r}
for all n € €k, n. Then, from the Newton’s binomial formula, we get

Qg (Ozk — 1)
2

where a(n(k)) is a polynomial in n(k) with degree strictly less than ay — 1 if ag > 2 and null otherwise.
In the same way, we get

n(k)(n(k) — 1) = (k) — apn(k)™ + n(k)** =" + a(n(k)),

@0 =yt 4 bla(r),

where b(n(r)) is a polynomial in n(r) with degree strictly less than a, — 1 if @, > 2 and null otherwise.
Using this expansion in (B.1) and regrouping terms with total degree in n(k) and n(r) strictly less
than ay + «, give

n(r)(n(r) + 1) =n(r)* T 4+ an(r)® +

AxVi)m) = D> | TI )™ | (cwn(l)* nr)® — arn(k)*n(r)**)

k,r:k#r \s¢{k,r}

+ ) 1T n(s)> 70”(0”_1)77(/<r)°”‘+177(7‘)”‘“1

2
k,r:k#r \s¢{k,r}

= > | II 9 | awawn(k)n(r)> (B.2)

k,r:k#r \s¢{k,r}

s 3 (T e | gt i),

2
k,r:k#r \s¢{k,r}

where w is a polynomial in 7 of total degree strictly less than ), o = L. The first sum in the right
member of (B.2) is null because the antisymmetry in &, of its summands. The third term is

= > IT ne)* | asern(&)**n(r)* = —cip(n),

k,r:k#r \s¢{k,r}
with
K 2 K K
k,r:k#r k=1 k=1 k=1

By symmetry in k and r, it is obvious that the second and the fourth sums in the right member of
(B.2) are equal. Using

ar(ay — )n(r)* =" =n(r) an(?r)gn(r)ah
it follows that
Yo I 2™ | avlon = D))=t =37 nlkn(r)5 -
k#r \s¢{k,r} k,r:ik#£r 77(T)
Y ) =) — 3 )
o on(r)? — on(r)?
K 52 K , O



The first summand in the last equality is an homogeneous polynomial of degree L — 1 and the second

one satisfies
K

, 07 _
- Z 77(7") 87](7")2 m(n) = —C2 m(n))
with

K K
cs :Zar(ar—l) :Zaf—L.
r=1 r=1

As a conclusion, it comes from (B.2) that
ANV = —(e1 + e2)Vi + Vg = —L(L — 1)V, + V4,

where ¢ is a polynomial of total degree strictly less than L, which proves (a).

APPENDIX C. PROOF OF LEMMA 1.7

First we prove Lemma C.1 showing that the neutral multi-allelic Moran process driven by Op , is
reversible if and only if its mutation rate matrix can be written in the form of @, given by (1.11). We
start by proving that when the neutral multi-allelic Moran process is reversible, then all the entries of
the mutation matrix are positive and it can be written in the form of @, i.e. the “only if part”. Later, in
Lemma C.2 we prove that the process driven by £y, is reversible and we provide the explicit expression
for its stationary distribution, i.e. we prove the “if part”. Actually, the results in Lemma C.2 are proved
for a more general Moral model with selection at birth.

Lemma C.1. If the process driven by the generator (1.2) is reversible, then p; ; = p; > 0, for alli € [K],
and every j € [K], j # .

Proof. We first prove that if the process is reversible, then all the entries of the mutation matrix are
positive. Let us denote by vy, the stationary probability measure of the process driven by Qn ,, which
is assumed to be reversible. We denote Qn (1, €] := (Qn pd¢)(n), for all n, & € Ex n. Consider the states
7™M and n® defined as n*) := Ne; and n® := ) —e; +e;, for 4,5 € [K] such that i # j. Since the
process is reversible, the measure vy satisfies the balance equation

vnp ()OI, 1] = vy (1) Qv p[n®, V],
see e.g. [38, Thmi.3]. We have
Qnpln™,nP] = Npij, and
Qo[ nM] = pji + p(N = 1)/N > 0.

Furthermore, since the process is irreducible we have that vy (n) > 0, for all n € €k n. Finally, the
balance equation implies that p; ; > 0, for all ¢ # j.

Now, we prove that for every j € [K| we have p;; = p; > 0, for all i € [K]. For K = 2, there
is nothing to prove. For K > 3, N > 2, let us consider a general model with a reversible stationary
probability. Let i, j, k be three different indices on [K] and consider the four states n®, n? G and
7™ in Ex n defined by

= Ne;, n®:i=nM —ei+e;, ¥ i=nM—2ei+e;+ep, W i=nM)—e +e
Note that

O [V, nP] = Ny j, O [P, V] = i + (N = 1)p/N,
On M@, ] = (N — )i, Onpn®,n?] = pi; + (N —2)p/N,
AN p®, 0] = i+ (N —=2)p/N,  Qnpn™@,n®] = (N — 1), 5,
N[, D] = s + (N = 1)p/N, Qo™ ,n®] = Ny .

Then,

N,p[n an(TJrl) 7#1]#1](} sz+p

(
-

u]Hrp



Therefore, since the stationary probability is reversible, the Kolmogorov cycle reversibility criterion [38,
Thm. 1.8] holds:

1) H QN (r+1)] H QN r+1) 7")]7

and we get p(N — 1), 5 i k(1455 — i) = 0. We know that p; ; > 0 for all 4,5 € [K], thus p;; = pr,i,
for all j, k € [K], with j # k, and every ¢ € [K], with ¢ ¢ {j,k}. Denoting p; := p; ; for any i € [K],
with ¢ # j, we prove that the mutation matrix is of the form of @, for a suitable vector p.

[l

It remains to prove that the stationary distribution of Ly, is compound Dirichlet multinomial with
suitable parameters. Actually, a more general version of Lemma 1.7 can be proved, where the values of
the parameter p in (5.1) also depend on j, i.e. a model with selection at birth or fecundity selection [51].
Abusing notation, for two vectors p = (p1,p2,...,px) and p = (u1, po, . . ., i) such that p;, p; > 0, for
all j € [K], let us denote by Ly p the infinitesimal generator satisfying

Cxnh = 32 06) (s 40, 500 ) 0=+ €)= ol (1)

ij=1
for every function f on £k n and all n € Ex n. We define the weighted Dirichlet-compound multinomial
distribution with parameters N, g and p, denoted WDM(- | N, u,p), as follows

WDM(n | N,p,p) = Z‘l( ) Hp"(k) k) (C.2)
for all n € Ex N, where ay = uk/p, for all k € [K] and Z is a normalisation constant satisfying
N
K
Z=E(|> pX;| |, (C3)
j=1

where (X1, Xa,...,Xk) follows a DM(- | N, Nu). Note that the measure defined by (C.2) with the
normalisation constant (C.3) is a probability distribution. See [35] and [52] for more details about the
weighted multinomial distributions.

Lemma C.2 (Reversible probability of Ly p). The process driven by (C.1) is reversible and its stationary
distribution is WDM(- | N,a,p), where o, = Nuyg, for all k € [K].

Remark C.1. This result is known for multi-allelic Moran models with parent independent mutation. See
e.g. [25, Section 3]. However, we have not found a proof in the literature. So, for the sake of completeness
we provide a proof. When the vector p is constant we obtain the stationary distribution of the neutral
case and we thus conclude the proof of Lemma 1.7.

Proof of Lemma C.2. Let us define ¢ := pp/N, for k € [K] and, abusing notation, Ly p[n,¢] =
Ly pde(n), for all n,{ € Ex n. Note that for n,{ € Ex,n with n # £, we have Ly p[n, €] # 0 if and
only if there exist 4, j € [K], such that i # j, n(¢) > 0 and { = n — e; + ;. In this case

L pln: €] = (@) [1; +n(5)as)-

This implies that £(j) =n(j) +1 > 0 and n = £ — e; + ;. As a consequence

Ly pl&;nl =€) i + E@)a] = (n(7) + Dlps + (i) — D]

Also n(k) = &(k), for all k £ i, k # 5.
Therefore we get,

M [ n(k) {1k . .
ZWDM(n|N,n,p>£N,p[n,s1(n) T2 (—J(W 0@l + 17)as)
k=1 n

K n(k)—1
- oy |1 [T G o) s + a6l (€
kg {04} =t
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where Z is the normalisation constant given by (C.3). Note that

K nlk)-1 K &(k)—1
H H H kJrlqk H H H kJrlqk, (05)
ké{zy} ki{w} =0 ké{zy} ki{z,]} =0
because n(k) = £(k), for k ¢ {i,j}. Moreover,
1 1 1 1
o 1@ = = = ' C.
" G -GN e - goreoy Y (0
because £(i) = n(i) — 1 and £(5) = n(j) + 1. In addition,
n(i)—1 £(@) £(i)—1
TT e+ 1) = [T 0 +1a0) = (s + €@as) T] (i + 1), 1)
1=0 1=0 1=0
and
n(J) n(4) £(j)—1
H (s +1a) | [y +n() ) = [T +19) = TI (w5 +10p)- (C8)
1=0 =0 =0

Using (C.5), (C.6), (C.7) and (C.8) in (C.4) gives

WDM(n | N, )L pln, €] = 2 ( ) H “’”( )(W €0) s + €(0)ai)

= WDM(E | N,u,p Ly pl& ],

for all n,§ € €k, n. The distribution vy satisfies the detailed balance property, thus it is reversible for
Ly p, and it is the unique stationary measure, because the process generated by Ly p is irreducible.
O

ACKNOWLEDGEMENT

The author would like to thank his advisors, Djalil Chafai and Simona Grusea, for their encouragement
and many fruitful discussions on this research. The author would also like to extend his gratitude to
Didier Pinchon for his valuable help that greatly improved the quality of this manuscript.

REFERENCES

[1] D. Aldous. Random walks on finite groups and rapidly mixing Markov chains. In Seminar on probability, X VII, volume
986 of Lecture Notes in Math., pages 243-297. Springer, Berlin, 1983.
[2] D. Aldous and P. Diaconis. Shuffling cards and stopping times. Amer. Math. Monthly, 93(5):333-348, 1986.
[3] A. Asselah, P. A. Ferrari, and P. Groisman. Quasistationary distributions and Fleming— Viot processes in finite spaces.
J. Appl. Probab., 48(2):322-332, 2011.
[4] J. Barrera, B. Lachaud, and B. Ycart. Cut-off for n-tuples of exponentially converging processes. Stochastic Process.
Appl., 116(10):1433-1446, 2006.
[5] P. Brémaud. Markov chains, volume 31 of Texts in Applied Mathematics. Springer, Cham, second edition, 2020. Gibbs
fields, Monte Carlo simulation and queues.
[6] K. Burdzy, R. Holyst, and P. March. A Fleming— Viot Particle Representation of the Dirichlet Laplacian. Comm.
Math. Phys., 214(3):679-703, 2000.
[7] G.-Y. Chen. The cutoff phenomenon for finite Markov chains. PhD thesis, Cornell University, 2006.
[8] G.-Y. Chen, J.-M. Hsu, and Y.-C. Sheu. The L?-cutoffs for reversible Markov chains. Ann. Appl. Probab., 27(4):2305-
2341, 2017.
[9] G.-Y. Chen and T. Kumagai. Cutoffs for product chains. Stochastic Process. Appl., 128(11):3840-3879, 2018.
[10] G.-Y. Chen and L. Saloff-Coste. The cutoff phenomenon for ergodic Markov processes. Electron. J. Probab., 13:no. 3,
26-78, 2008.
[11] G.-Y. Chen and L. Saloff-Coste. The L2-cutoff for reversible Markov processes. J. Funct. Anal., 258(7):2246-2315,
2010.
[12] B. Cloez and M.-N. Thai. Fleming— Viot processes: two explicit examples. ALEA Lat. Am. J. Probab. Math. Stat.,
13(1):337-356, 2016.
[13] B. Cloez and M.-N. Thai. Quantitative results for the Fleming— Viot particle system and quasi —stationary distributions
in discrete space. Stochastic Process. Appl., 126(3):680-702, 2016.
[14] S. B. Connor. Separation and coupling cutoffs for tuples of independent Markov processes. ALEA Lat. Am. J. Probab.
Math. Stat., 7:65-77, 2010.
[15] J. Corujo. Dynamics of a Fleming— Viot type particle system on the cycle graph. Stochastic Process. Appl., 136:57-91,
2021.
[16] D. Couty, J. Esterle, and R. Zarouf. Décomposition effective de Jordan— Chevalley. Gaz. Math., (129):29-49, 2011.

32



(17]
(18]
19]
20]
(21]
(22]
(23]

[24]

25]
[26]
27]
(28]
[29]
(30]
(31]
(32]

(33]

(34]
(35]
(36]
(37)
(38]
(39]
(40]
[41]
(42]
[43]
44]
[45]
[46]
(47]
(48]

[49]

P. J. Davis. Circulant matrices. John Wiley & Sons, New York-Chichester-Brisbane, 1979. A Wiley-Interscience Pub-
lication, Pure and Applied Mathematics.

P. Del Moral and L. Miclo. A Moran particle system approximation of Feynman —Kac formulae. Stochastic Process.
Appl., 86(2):193-216, 2000.

P. Diaconis and R. Griffiths. An introduction to multivariate Krawtchouk polynomials and their applications. J. Statist.
Plann. Inference, 154:39-53, 2014.

P. Diaconis and R. C. Griffiths. Reproducing kernel orthogonal polynomials on the multinomial distribution. J. Approz.
Theory, 242:1-30, 2019.

P. Diaconis and M. Shahshahani. Generating a random permutation with random transpositions. Z. Wahrsch. Verw.
Gebiete, 57(2):159-179, 1981.

P. Donnelly and E. R. Rodrigues. Convergence to stationarity in the Moran model. J. Appl. Probab., 37(3):705-717,
2000.

R. Durrett. Probability models for DNA sequence evolution. Probability and its Applications (New York). Springer,
New York, second edition, 2008.

A. Etheridge. Some mathematical models from population genetics, volume 2012 of Lecture Notes in Mathematics.
Springer, Heidelberg, 2011. Lectures from the 39th Probability Summer School held in Saint-Flour, 2009, Ecole d’Eté
de Probabilités de Saint-Flour. [Saint-Flour Probability Summer School].

A. M. Etheridge and R. C. Griffiths. A coalescent dual process in a Moran model with genic selection. Theor. Popul.
Biol., 75(4):320-330, 2009.

S. N. Ethier and T. G. Kurtz. Fleming — Viot processes in population genetics. SIAM J. Control Optim., 31(2):345-386,
1993.

P. Ferrari and N. Marié. Quasi Stationary Distributions and Fleming— Viot processes in countable spaces. Electron. J.
Probab., 12:no. 24, 684-702, 2007.

R. C. Griffiths. The A-Fleming— Viot process and a connection with Wright — Fisher diffusion. Adv. Appl. Probab.,
46(4):1009-1035, 2014.

R. C. Griffiths and D. Spano. Orthogonal polynomial kernels and canonical correlations for Dirichlet measures.
Bernoulli, 19(2):548-598, 2013.

G. Harris and C. Martin. The roots of a polynomial vary continuously as a function of the coefficients. Proc. Amer.
Math. Soc., 100(2):390-392, 1987.

J. Hermon and J. Salez. A version of Aldous’ spectral-gap conjecture for the zero range process. Ann. Appl. Probab.,
29(4):2217-2229, 2019.

P. Iliev and Y. Xu. Discrete orthogonal polynomials and difference equations of several variables. Adv. Math., 212(1):1—
36, 2007.

M. E. H. Ismail. Classical and quantum orthogonal polynomials in one variable, volume 98 of Encyclopedia of Mathe-
matics and its Applications. Cambridge University Press, Cambridge, 2005. With two chapters by Walter Van Assche,
With a foreword by Richard A. Askey.

N. L. Johnson, A. W. Kemp, and S. Kotz. Univariate discrete distributions. Wiley Series in Probability and Statistics.
Wiley-Interscience [John Wiley & Sons], Hoboken, NJ, third edition, 2005.

N. L. Johnson, S. Kotz, and N. Balakrishnan. Discrete multivariate distributions. Wiley Series in Probability and
Statistics: Applied Probability and Statistics. John Wiley & Sons, Inc., New York, 1997. A Wiley-Interscience Publi-
cation.

S. Karlin and J. McGregor. Ehrenfest urn models. J. Appl. Probability, 2:352-376, 1965.

S. Karlin and J. McGregor. Linear growth models with many types and multidimensional Hahn polynomials. In
Theory and application of special functions (Proc. Advanced Sem., Math. Res. Center, Univ. Wisconsin, Madison,
Wis., 1975), pages 261-288. Math. Res. Center, Univ. Wisconsin, Publ. No. 35, 1975.

F. P. Kelly. Reversibility and stochastic networks. John Wiley & Sons, Ltd., Chichester, 1979. Wiley Series in Proba-
bility and Mathematical Statistics.

K. Khare and H. Zhou. Rates of convergence of some multivariate Markov chains with polynomial eigenfunctions. Ann.
Appl. Probab., 19(2):737-777, 2009.

R. Koekoek, P. A. Lesky, and R. F. Swarttouw. Hypergeometric orthogonal polynomials and their q-analogues. Springer
Monographs in Mathematics. Springer-Verlag, Berlin, 2010. With a foreword by Tom H. Koornwinder.

H. Lacoin. A product chain without cutoff. Electron. Commun. Probab., 20:no. 19, 9, 2015.

D. A. Levin and Y. Peres. Markov chains and mizing times. American Mathematical Society, Providence, RI, 2017.
Second edition of [ MR2466937], With contributions by E. L. Wilmer, With a chapter on “Coupling from the past” by
J. G. Propp and D. B. Wilson.

Z. Li, T. Shiga, and L. Yao. A reversibility problem for Fleming — Viot processes. Electron. Commun. Probab., 4:71-82,
1999.

L. Lovasz, J. Pelikdn, and K. Vesztergombi. Discrete mathematics. Undergraduate Texts in Mathematics. Springer-
Verlag, New York, 2003. Elementary and beyond.

S. Méléard and D. Villemonais. Quasi-stationary distributions and population processes. Probab. Surv., 9:340—410,
2012.

M. Méhle. A spectral decomposition for the block counting process and the fixation line of the beta(3, 1)-coalescent.
Electron. Commun. Probab., 23:Paper No. 102, 15, 2018.

M. Mohle. A spectral decomposition for a simple mutation model. Electron. Commun. Probab., 24:Paper No. 15, 14,
2019.

M. Mohle and H. Pitters. A spectral decomposition for the block counting process of the Bolthausen-Sznitman coales-
cent. Electron. Commun. Probab., 19:no. 47, 11, 2014.

P. A. P. Moran. Random processes in genetics. Proc. Cambridge Philos. Soc., 54:60-71, 1958.

33



[50] J. E. Mosimann. On the compound multinomial distribution, the multivariate -distribution, and correlations among

proportions. Biometrika, 49:65—-82, 1962.

[61] C. A. Muirhead and J. Wakeley. Modeling multiallelic selection using a Moran model. Genetics, 182(4):1141-1157,

2009.

[52] J. Navarro, J. M. Ruiz, and Y. del Aguila. Multivariate weighted distributions: a review and some extensions. Statistics,

40(1):51-64, 2006.

[53] E. Nestoridi and S. Thomas. Limit Profiles for Markov Chains. arXiv e-prints, page arXiv:2005.13437, may 2020.
[54] F. Nielsen and R. Nock. On the chi square and higher-order chi distances for approximating f-divergences. IEEE

Signal Processing Letters, 21(1):10-13, 2014.

[65] Marshall C. Pease, III. Methods of matriz algebra. Mathematics in Science and Engineering. Vol. 16. Academic Press,

New York-London, 1965.

[56] L. Saloff-Coste. Lectures on finite Markov chains. In Lectures on probability theory and statistics (Saint-Flour, 1996),

volume 1665 of Lecture Notes in Math., pages 301-413. Springer, Berlin, 1997.

[57] D. Schrempf and A. Hobolth. An alternative derivation of the stationary distribution of the multivariate neutral

(58]
(59]
[60]
[61]
[62]
(63]

[64]

Wright — Fisher model for low mutation rates with a view to mutation rate estimation from site frequency data. Theor.
Popul. Biol., 114:88-94, 2017.

D. Serre. Matrices, volume 216 of Graduate Texts in Mathematics. Springer, New York, second edition, 2010. Theory
and applications.

O. Szehr, D. Reeb, and M. M. Wolf. Spectral convergence bounds for classical and quantum Markov processes. Comm.
Math. Phys., 333(2):565-595, 2015.

D. Villemonais. Lower Bound for the Coarse Ricci Curvature of Continuous-Time Pure-Jump Processes. J. Theoret.
Probab., 33(2):954-991, 2020.

G. A. Watterson. Markov chains with absorbing states: A genetic example. Ann. Math. Statist., 32:716-729, 1961.
B. Ycart. Cutoff for samples of Markov chains. ESAIM Probab. Statist., 3:89-106, 1999.

H. Zhou. Examples of Multivariate Markov Chains with Orthogonal Polynomial Eigenfunctions. PhD Thesis, Stanford
University, 2008.

H. Zhou and K. Lange. Composition Markov chains of multinomial type. Adv. in Appl. Probab., 41(1):270-291, 2009.

(1) CEREMADE, UNIVERSITE PARIS-DAUPHINE, UNIVERSITE PSL, CNRS, 75016 PARIS, FRANCE

(2) INSTITUT DE MATHEMATIQUES DE TOULOUSE, UNIVERSITE DE TOULOUSE, INSTITUT NATIONAL DES SCIENCES AP-

PLIQUEES, 31077 TOULOUSE, FRANCE

Email address: jcorujo@insa-toulouse.fr

34



	1. Introduction and main results
	Applications to the ergodicity of neutral multi-allelic Moran process
	Study of the neutral multi-allelic Moran model with parent independent mutation
	Cutoff phenomenon
	Links with other models
	Structure of the article

	2. State spaces for distinguishable and indistinguishable particle processes
	3. Spectrum of the neutral multi-allelic Moran process
	3.1. Proof of Theorem 1.1
	3.2. Proof of Theorem 1.2
	3.3. Proof of Theorem 1.3

	4. Applications to the convergences to stationarity of neutral multi-allelic Moran processes
	4.1. Proof of Theorem 1.5

	5. Neutral multi-allelic Moran type process with parent independent mutation
	5.1. Proof of Theorems 1.8 and 1.9 
	Multivariate orthogonal Hahn and Krawtchouk polynomials
	Kernel polynomials for Dirichlet multinomial and multinomial distributions

	6. Discussion and open problems
	Appendix A. Proofs of Lemmas 2.1 and 2.3, and Proposition 2.4
	Appendix B. Proof of Lemma 3.3
	Appendix C. Proof of Lemma 1.7
	Acknowledgement
	References

