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Abstract

We present in this work a unified framework for elliptic variational inequalities that
gathers several problems in contact mechanics like the unilateral contact of one or two
membranes or the Signorini problem. We study a family of Galerkin numerical schemes
that discretize this framework. We prove the well-posedness of the discrete problem and we
show that it is equivalent to a saddle-point mixed formulation containing complementarity
constraints. To solve the nonlinear problem, we employ a semismooth Newton method
and prove local convergence properties. The abstract framework is then applied to the
discretization of the unileteral contact between two membranes. We propose to discretize
this problem with a finite element (FEM), a discontinuous Galerkin (dG), and a hybrid
high-order (HHO) methods. We also adapt the semismooth Newton algorithm, including a
static condensation procedure for the HHO method. Finally, we run numerical experiments
for the FEM and HHO discretizations and compare their behavior.

Keywords: variational inequalities, complementarity conditions, semismooth Newton method,
finite elements, discontinuous Galerkin, hybrid high-order method, static condensation.

1 Introduction

In the present study, we are interested in solving numerically a wide class of variational inequal-
ities. The abstract framework that we use can be applied to several problems for instance in
contact mechanics, see Section 1.2. Our goal is to develop a class of numerical schemes that can
approximate this abstract framework. Numerical simulations are then considered for one of the
examples given and two numerical schemes are compared.

1.1 Variational inequalities

Let V and A be two Hilbert spaces equipped respectively with the scalar products (-,-); and
(»-)x- Let V be a Hilbert subspace of V and V9 := {g} + V be an affine subspace of V for
some element g € V. As written below, g aims at representing Dirichlet boundary data. For

any Hilbert space X, its corresponding dual space is denoted by X " and the duality pairing is
denoted by {-,-)y, y. Let us consider a cone A c A. This means that there exists A = (A)’ such

*Sorbonne Université, CNRS, Université de Paris, Laboratoire Jacques-Louis Lions (LJLL), F-75005 Paris,
France.



that A = {X €A st iy X>(7\)' =20 Vyue Iv\} The set A is clearly a nonempty closed convex

set of A. Let ® : V — A be a continuous linear and surjective mapping. Let K9 be the closed
convex set of V9 defined by

K9 :={veVIst. d(v) — Ve A},

where ¥ is a given element of KA. We further assume that K9 is nonempty. In practice, this
assumption is fulfilled under some compatibility conditions on g and ¥ (see for instance prob-
lems (2) and (3) below).

Let a: V x V — R be a continuous bilinear form that is coercive on V x V and £: V — R be
a continuous linear form. We are interested in the following variational inequality: Find u € K9
such that

alu,v —u) = L(v—u), YvekK9. (1)

This problem is well posed as a result of the Lions—Stampacchia theorem, see [1, Theorem 2.1]
or [2, Theorem 5.6]. Furthermore, it belongs to the wide range of variational inequalities of the
first kind [3, 4, 5] and can be used to model several contact problems as we see in the next
section.

1.2 Motivations

Let Q = R? be a smooth connected domain. We denote by (-,-)q the L2-scalar product on €.
Let us now give several applications of the abstract framework given above.

Obstacle problem: the unknown u represents the displacement of an elastic membrane
that cannot penetrate a lower obstacle. We look for the solution of the following problem:
Find u e K9 := {ve HY(Q) s.t. v = gon 09, and ®(v) :=v = ¥ a.e. in Q} such that

(Vu, V(”U - u))ﬂ = (fvv - U)Q, Vo e ]Cgv (2)

where U € H'(Q) represents the position of the lower obstacle and g € HY?(0Q) is a Dirich-
let boundary datum for w. They fulfill the compatibility condition ¥ < g on 09 in order
to ensure that K¢ is nonempty. Moreover, f € L?(f2) represents a force acting on the mem-
brane. Note that in this example ® : V := HY(Q) — A := H*(Q) is the identity function and
A:={ve H'(Q)st.v >0 ae. in Q}. More details about this model can be found e.g. in [4].
Scalar Signorini problem: the boundary of the domain is partitioned as 02 = 'y uT's UT's.
Dirichlet boundary conditions, Neumann boundary conditions and unilateral contact boundary
conditions are respectively imposed on I';, I's and I's to the unknown w that represents the
position of an elastic membrane. The scalar Signorini problem reads:
Find ue K9 := {ve H(Q) s.t. v =gon Ty, and ®(v) := v > ¥ a.e. on I'3} such that

(VU,V(Ufu))Q = (fvviu)Qv VWEng (3)

where g € HY2(I'y), ¥ € HY2(I'3) and f € L2(Q). Here, ® : V := HY(Q) — A := HY2(T's) is the
trace application and A := {v € H'?(I'3) s.t. v > 0 a.e. on I's}. We refer e.g. to [6] for a study
of such a problem.

Contact between two membranes: two membranes are located one above the other and
cannot penetrate each other. The unknown w := (u1,us2) is a vector that represents at every

point of Q the position of the two membranes. The problem reads:
Find u € K9 := {v := (v1,v2) € H} (Q) x H} (Q) s.t. ®(v) := v1 — vy = 0 ae. in Q} such that

2 2
2 ua(Vua, V(’UQ - ua))ﬂ = Z (faava - ua)Qa Vv e ]Cgv (4)

a=1 a=1



where (f1, f2) € (L*(Q))? represents the surfacic forces acting on the two membranes and 1,
uo are positive coefficients representing the tensions of the membranes. Moreover, (g1,g2) €
(H'Y2(09))? denotes the boundary datum for w fulfilling g; > go. We used the compact notation
H} (Q):={ve H(Q)s.t.v = g, on dQ} for ae {1,2}. Here @ : V := (H'(Q))? — A := H'(Q)
corresponds at each point of 2 to the signed distance function between the two membranes and
A= {ve H'(Q)s.t.v > 0ae. in Q}. For further information about this problem, the reader
can report for instance to [7, 8].

Vector Signorini problem: the boundary of the domain is partitioned as 02 = 'y uT'y UT's.
A structure is clamped on I'; (Dirichlet boundary conditions), it has a force acting on it on T'y
(Neumann boundary conditions) and it fulfills a unilateral contact on I's. The goal is to find the
displacement u of the structure knowing the displacement of the boundary on I'y and the forces
acting on I's. It reads:
Find w e K9 := {ve (H'(2))?s.t. v =gonTy, and ®(v) := v-n < 0 a.e. on I's} such that

(c(u),e(v—u))g = (f,v—u)g+ (gn,v —u)r,, VYveKkd, (5)

1
where €(v) := = (Vv + Vov") and o(v) := Ke(v) are respectively the strain and stress tensors

associated to the displacement v with K the forth-order symmetric elasticity tensor. Moreover,
g e (HY*(I'}))? and gy € (L?(I'y))? are respectively Dirichlet and Neumann boundary data and
f € (L*(Q))? is a volumic force acting on the structure. In this case, the mapping ® : Vo=
(H'(Q))? — A := H'Y2(I'3) is the normal trace on T's and A := {v € H'/2(I3) s.t. v < 0 a.e. in I'3}.
Such a problem has been studied for instance in [9].

Remark 1.1 (Boundary data). Note that in the previous problems, g (or g) denotes the Dirichlet
boundary data while in our abstract setting g is an element of the solution space (in fact we
consider a lifting of those boundary data).

1.3 Scientific context

The numerical approximation of variational inequalities has been studied mainly in the context of
the obstacle problem (2). Piecewise affine finite elements have been considered in several works,
see [10, 11, 12] for a priori analysis and [13, 14, 15, 16, 17] for a posteriori analysis. Discontinuous
Galerkin (dG) methods [18, 19, 20] and hybrid high-order (HHO) methods [21] have also been
considered to solve the obstacle problem.

The other problems given in Section 1.2 have also been studied. The scalar Signorini problem
has been discretized using e.g. finite elements [6], finite volumes [22] and the HHO method [23].
The contact between two membranes has been studied in [7, 8, 24, 25] using finite elements. The
vector Signorini problem (5) has been studied with the finite element method (FEM) [26, 9, 27],
with the dG method [28], and with the HHO method [29].

Among these works, piecewise quadratic elements are considered in [11, 12, 30, 6, 20, 27, 29,
21] and arbitrary high order elements are studied in [26, 17, 25, 23]. The arbitrary high-order
method we develop in the present work is inspired by [25].

Several strategies could be employed to solve the discretized nonlinear problem arising from
any of these methods. We mention the interior point method [31], the active set strategy [32]
and the primal-dual active set strategy [33, 34]. In the present work we consider a semismooth
Newton method [35, 36, 37, 38, 39].



1.4 Mixed formulation

Let us define the continuous bilinear form b: V x (A)’ — R by
bo.x) = (6 @)y i Wwe ¥, vxe @A), (6)
We also define the adjoint cone to A by
A= {xe (R st oy s =0 YpeA) (7)
We can study the mixed problem: Find (u,A) € V9 x A such that

a(u,v) —b(v,A) = £(v), Yo eV, (8a)
b(u,x =) = (X = A Wiy 5 Yx e (8b)

One can view \ € A as a Lagrange multiplier for the constraint ®(u) — ¥ € A. It is standard
to show that (8) rewrites as the following system of variational equalities with complementarity
constraints: Find (u, A) € V9 x A such that

a(u,v) —b(v,\) = L(v), YveV, (9a)
®u)-WeA, AeR, \Ou)-W);,z=0. (9b)

Any solution to (8) is also solution to (1). Note however that the converse is not necessarily true
in the general case but can be proven if we consider more regular data (see for instance [7, 8] for
the contact between two membranes).

1.5 Outline of the article

This contribution is organized as follows. In Section 2, we propose a discretization of the mixed
problem (8) and we prove the well-posedness of the resulting nonlinear discretized problem. This
problem is then rewritten under an algebraic formulation containing complementarity constraints.
In Section 3, we introduce a semismooth Newton method to compute the numerical solution
of the underlying nonlinear algebraic formulation. We also discuss convergence properties of
that semismooth Newton method. We give in Section 4 several applications of our abstract
framework: we discretize the elliptic contact problem between two membranes (4) with several
numerical schemes. The results of Section 2 thus guarantee the well-posedness of these methods.
In Section 5, we perform numerical simulations for this problem using two different schemes
(FEM and HHO). Their behavior are then compared.

2 The nonlinear discretized problem

In this section, we mimic the framework of Section 1.1 to give a discretized variational inequality.
We then propose a mixed formulation associated to this variational inequality. Furthermore, we
prove the equivalence of these two problems. We then write the associated algebraic formulation.

2.1 Discrete variational inequality

In this section, for every space or operator X introduced in Section 1.1, we denote by X, its
discrete analogue. Let V}, and Aj be two finite dimensional Hilbert spaces respectively equipped



with the scalar products (-, -)‘7h and (-, ')Kh' Let Vj, and Vj, be linear subspaces of Vi, such that
‘N/h =V, @Vh and V,f := {gn} + V4 be an affine subspace of YN/h where g, € 17h. Here the notation

@ stands for the direct sum between the spaces V}, and ‘7h. The linear map/ping CIih : ‘N/h — Kh
is assumed to be surjective. Let A, < /}h be a cone, i.e. there exists A, < Aj such that
An = {xn € An s.t. (Xn, ,uh)& >0 Vup e Ap}. Moreover we assume that

Xn € ®n(Vi) < (xn €Ay and — xu € Ap), (10)
Span(Ay) = Ap,. (11)

Remark 2.1. In the sequel, ‘7}1 is the linear space generated by all the Lagrange basis functions
associated to nodes where Dirichlet boundary conditions are imposed. The assumption (10) then
means that the unilateral constraint is relaxed on the Dirichlet boundary nodes and that it is
relaxed only on those modes. The solution will still statisfy the constraints since the Dirichlet
conditions are strongly imposed on the elements of K (see below). The assumption (11) means
that the constraint is always unilateral, i.e. we never impose the elements of A to be 0-valued
anywhere.

We define the discrete analogue to K9 by
K:Z = {’Uh € V]_i] s.t. (I)h(’l}h) — U, e Ah} (12)

It is obviously a nonempty closed convex set of V}Y where U, is a glven element of Ah The

bilinear form ay, : Vh X Vh — R is assumed to be continuous on Vh X Vh and coercive on Vj, x Vj,.
The linear form /¢, : Vh — R is continuous.
We consider the following approximation to problem (1): Find u; € K such that

an(up, v — up) = fh(’l}h — uh), Yu, € IC% (13)
According to the Lions-Stampacchia theorem, the variational inequality (13) admits a unique
solution.
2.2 Discrete mixed problem

Let us write a discrete mixed formulation associated to (13). Let by, : IN/h X JN\h — R be the
bilinear form defined by

bn(vn, xn) = (Pn(vn); Xn)z,, Vone€ Vi, ¥xn € Ag. (14)
We also define the adjoint cone of Ay:
Kh = {Xh € [’ih s.t. (Xh,uh)]\h =0 Yupe Ah} (15)

This adjoint cone has been used for instance in the numerical discretization of the unilateral
contact between two membranes with Lagrange finite elements [24, 25] and with discontinuous
Galerkin methods [18] for the obstacle problem. In the sequel, for any set X < Ah, X+ j, denotes
its orthogonal space in Ap, with respect to the scalar product (-, -) X,

Lemma 1. We have the following characterizations for the cones Ay and /A\h:
Ay = {’Uh € Kh s.t. (vh’uh)f\h =0 V,uh € J/ih} R (16)

Ap = {Xh € (@n(Va))" s:t. (unoxn)z, =0 Vi € Ay 0 ‘I’h(Vh)}~ (17)



Proof. For the proof of these characterizations, the reader can report to Section 2.3. They are a
consequence of (25)—(26). O

We propose the following discretization to the mixed problem (8): Find (up, Ap) € V)J x A
such that

ah(uh, 'Uh) — bh(’l)h, )\h) = fh(’l}h), Yoy € Vh, (188.)

br(un, xn — An) = (¥n, xn — An)x,, Vxn € An. (18b)

We now show that the discrete variational inequality (13) is equivalent to the discrete mixed
problem (18).

Theorem 2. If uy € ICZ is the solution to (13) then there exists a unique \j, € //ih such that
(un, An) is a solution to (18); conversely if (un, An) is a solution to (18) then up € Kj, and uy, is
the unique solution to (13).

Corollary 3. Problem (18) is well-posed.

Proof of Theorem 2. Let (up, Ap) € V7 x A, be a solution to (18). According to the definition
of /A\h, for all x, € /A\h we have A\, + xn € Kh. We then test (18b) with A\, + x5 and get
Yxn € JA\h, br(un, xn) = (¥p, Xh);\h, which implies uy, € Kf, by virtue of (16). Furthermore, testing
equation (18b) with x, = 0 € Ap gives —bp (up, Ap) = —(\I'h,Ah);\h and since \j, € /A\h, for all
Vp, € Ki, we have as a result of (16), bh(’Uh, >\h) = (\I/}L, Ah)f\h. Then Vv, € ]CZ, bh(vh—uh, >\h) = 0.
Testing (18a) with vy, — up, € V), we get

ah(uh, vy — uh) — fh(’l)h — uh) = bh(vh — Up, /\h) >0, VYou,e ICZ,

which shows that uy, is the solution to (13).
Conversely, if uj, € K is the solution to (13), we uniquely define Aj, € Vj, such that

(Ah, Zh)f/h = —Eh(zh) + ah(uh, Zh), Vzp € V. (19)
Then, Vo, € K, up, — vp € Vj, and we have

(Ah,uh — ’Uh)f/h = —(h(uh - Uh) + ah(uh,uh - Uh) < 0, Vvh € ’Ci (20)

Let us define the mapping )V — D, (Vp) < Ay, such that for all vy, € Vi, &)h(vh) = Dy (vp).
We also define 5;‘: C (@R (V) — ‘A/hL such that for all v, € V, and all w, € (®p(V3))*,
(vp, ffﬁ(wh));\h = (éh(vh),wh)j\h. We can prove that Ker(®)t = Vit + Im(é,’:)

Now, for every x € Ker(&)h) c Vi, we can test (20) with v, = up, + x5, € Kj, and we get for
every xn € Ker(®},), (An, xn)y, = 0. Hence, Ay € Ker(®,)" = Im(®%*) + V;-. Then, there exist

A € @h(‘A/h)J- c Ay, and 9y, € Vhl such that A4; = &),";(Ah) + 0p. Considering equation (19) we
then have

ah(u;“ Zh) — €h(zh) = (&5,";()\h),zh)‘~/h = bh(Zh, )\h)7 VZh € Vh.
Then (up, Ap) satisfies (18a) and according to (13), we have

bh(’Uh — Up, )\h) >0, VYou,e€ ICZ (21)



It remains to show that \;, € /A\h and that (18b) is valid. For all 5, € A, 0 @1 (V3), v, € V, such
that @5, (v,,) := pp. Next, ®p(up +v,) — U, = (Pp(un) — Up) + pp, € Ay, and then uy, + v, € K.
Besides, testing (21) with vy, = up, + v, we get Yy € Ay 0 @p(Va), (Mm)\h);\h > 0 and thus
with (17) it yields Ay € Aj,.

In a similar way, there exist vy € V, and W), € @5, (V) such that @5 (vy) + ¥y := ¥y, And
since Op(vy + gn) — Uy = =V + Pp(gn) € D1(V) < Ap by assumption (10), we then have
vy + gp € /CZ We test (21) with v, = vy + gp and get bh(gh — u}“)\h) = —(\IJ}L — \I’}“/\h)f\h'
Since A, € (®5,(V3))L, we have

br(—un, An) = —=(¥n, An)j, - (22)
Then, since uy, € Kj, the definition (15) yields

b (un, xn) = (Yn,xn)z,»  Vxn € A (23)

Combining (22) and (23) we get (18b). Hence, (un, Ap) is solution to (18).
We have proved the equivalence between the two problems. Let us now prove that \; is
unique. Assume that (up, A\p) and (up, pp) are two solutions to (18). Then (18a) gives 0 =

b (v, An — pn) = (v, P5(An — '“h))f/h for all vy, € V3, where ®§ is the adjoint of ®;. Moreover,
according to (17), by (v, Ap — pp) = 0 for all v, € YA/h. Then, ®5(Ap — pn) = 0.

Now, as Im(®,) = Ay, Ker(®5) = Im(®),)* = {0}, @} is invertible and A, = . O
Remark 2.2 (Consistency). In the present work we do not study the consistency of the scheme.
This study is difficult to make in our general framework. Moreover, as we will see in Section 4,
the discrete cones are nonconforming to the continuous ones (even for finite elements). This
makes the consistency analysis even harder. The consistency will then be studied numerically
only through the convergence of the schemes (see Section 5).

We observe that (18b) is equivalent to @ (up) — W), € A and (Pp(un) — ¥n, An)i, = 0. This

can be proven by evaluating (18b) with x5 = A\, + pup (Vup € //ih), Xn = 2\, and xp = 0 and
using Lemma 1.

Therefore, system (18) rewrites as the following system of discrete equations with comple-
mentarity constraints: Find (up, Ap) € V7 x A;, such that

ah(uh,vh) — bh(’l)h7 >\h) = fh(’l)h), Vvh € Vh, (248.)
®p(upn) — Up € A, An€An,  (@nlun) — Tp, M)z, = 0. (24b)

2.3 Algebraic formulation

In this section, we rewrite system (24) under an algebraic formulation. For this purpose, we
construct a basis (Fl)1<l<m> of Ay, such that A;, can be written as

Ay = { Z a;l'; + Z b;I'; st.Vie [1,m*],ai >0 and Vie [m* + 1,mb],bi € R} s (25)

1<ism* m*<i<m’

where m* := dim(®,,(V3)) and m” := dim(A,,).
Let us now comment on why such a basis exists. Let (I';),,»<j<mv be a basis of ®,(V},).
According to assumption (10), all these vectors belong to Ap. Moreover, as a consequence



of (11), there exists a family (7;)1<i<m+ of vectors of Ay such that ((7)i<i<m*s (T'1)mr<i<m?)
is a basis of Ay. For all 1 < I )
we set I'; := 4;. The family (I'
of Ap. Moreover, the identity (2
constructed the family.

Let (&1)1<j<m» be the dual basis of (I'1); ¢;,», i-e. we have (&, Fj)?\h := 0;; where 0;; is the
Kronecker delta. We can then prove that

< m*, v = 9 + Y where 4, € <I>h(‘7h) and 4; € ®,(V},) and
1)i<i<m* is then a basis of ®5(V}) and (I'}) <<, is a basis
5) is a consequence of assumptions (10)—(11) and the way we

Kh = { Z azfi s.t. Vi e [1, m*], a; = 0} . (26)
1<ism*

Now let (¢1)1<i<m# be a basis of V3. We decompose uj, = u) + g, (with g, € ‘7h) and we
1<i<m#- We also
denote by X3, € R™ the vector of the components of ); in the family (€1)1<i<m= (see (26)).
We use the compact Eotati(A)n X, = [X1h, X3n] € R:”#J’m*. AThe vector ¥, € Aj, can be
decomposed as ¥, = U, + U, wit~h Uy, € 4(V3) and Uy, € O5(V3). We denote by ¥y, € R™
the vector of the components of Wy in the basis (I'1);;,,~. The problem (24) reads: Find
Xp = [X1p, X3n] € R™"+m" such that

denote by Xy, € R™ the vector of the components of u% in the basis (¢;)

EX;, = F, (27a)
B' X1, — 0, >0, X3,>0, (B"Xy,—¥,) X3, =0. (27b)

Here, E € RMFmP4mt ig g rectangular block matrix having the following structure
E:=[A -B],
where the matrices A € R™" ™" and B e R™"™" are defined by
Avg = an(Brd1), By i=ba(on, &), YI<j<m’, VI<Ilk<m? (28)
The right-hand side vector F' € R™ is defined by
Fy := 0 (k) — anlgn, o), V1 <k <m®.

Note that (27b) is a consequence of (24b), (25) and (26).

3 Semismooth Newton method

In the present work, we consider a semismooth Newton algorithm to solve the nonlinear prob-
lem (27). We first present the method and then prove local convergence properties.

3.1 Presentation of the semismooth Newton method
Let us recall the definition of the class of complementarity functions (or C-functions).

Definition 4. We say that a function f:R™ x R™ — R™, m > 1 is a C-function if

V(x,y) e R" xR™, f(x,y)=0 <= x>0, y>0, x-y=0. (29)



Possible C-functions are the min and the Fischer—Burmeister functions given by

(min (x,y)), := min (x;,y;), and (frs (X,y)), := \/Xl2 +yi—(xi+y), Le[l,m], (30)

see also [36, 37, 40] and the references therein for further information about C-functions. Note
that the min function is not differentiable for x = y and the frg function is not differentiable
in (0,0). Such C-functions are used to transform (27b) into algebraic equalities. Let C' be any
C-function, we can then use Definition 4 to write

C(B" X1~ X31) =0
— B'Xy,—¥,>0, X3,>0, and (B"Xy,—¥,) X3, =0.

We introduce the function C' : R™ +m" _, R™" defined by C(X}) = C'(IB%Tth — Wy, Xap).
Problem (27) can then be equivalently rewritten as:

EX;, = F,

C(Xy) =0. (81)

Note that since C' is not necessarily Fréchet differentiable at every point, we cannot use
the standard results concerning the Newton algorithm. However, the weaker regularity of the
C-functions that are locally Lipschitz can be still enough to prove convergence properties for
the semismooth Newton algorithm (see Section 3.2). The proof is similar to the one of the
convergence of the classical Newton method but with the Clarke subdifferential (or generalized
Jacobian of C) instead of its classical Jacobian. In particular, when all the elements of the Clarke
subdifferential are invertible, the Clarke subdifferential is said to be regular [37, Chapter 7]. The

semismooth Newton algorithm is given in Algorithm 1. We denote by || - |2 the £2-norm, i.e.
m

¥me N*, VX e R™, [ X3 := Y (X))
=1

Algorithm 1 Semismooth Newton algorithm

1. Choose an initial vector X,? e R™*+m" and set k = 1. Let enn > 0 be a fixed (small)

parameter.
(F—EX§> S . <F—EX2> do
= Clin
cxy) ), cxy) Jl,
2. Fork =21, X ,’f’l is given. Compute the Jacobian matrix “in the sense of Clarke”
Jk=1 g Rm*+m¥m*+m¥ 41 the right-hand side vector B¥~! € R™ +m” respectively by

while

1 E 1 F
P | ey | BT | peixi o |- @

Here, J¢ is the generalized Jacobian of C'.
3. Find X’}f e R™"+m" a5 the solution of the linear system

JF1xk = BFL (33)

end while




3.2 The case of the min function : convergence properties

In this section, the C-function considered is the min function given in (30). The Clarke subdif-
ferential Jo(X) of C at point X := [X7, X3]T can be computed in the following way. First, we
construct the following block matrices K := [B”,0] € R +m” and G = [0,I4] € Rm* s +m®
where I denotes the identity matrix. Then, the I*! row of the Jacobian matrix Jo(X) is either
given by the I*" row of K if (]BTXl — 'Ilh)l < (X3), or the I*" row of G if (X3), < (IEBTXl — \Ilh)l
for 1 <1 < m*. We provide in this section a local convergence result for the semismooth Newton
Algorithm (Algorithm 1) when the C-function min is employed.

Theorem 5. Let C be the C-function min defined in (30). Then Algorithm 1 is well defined.
Moreover, if the first guess X\ is close enough to the solution X} to the nonlinear system (31),
then the sequence (X,’f)k>1 converges to X with a finite number of semismooth iterations and
the local convergence is quadratic.

Proof. Let us first prove that there exists a unique solution to (32)-(33) for every X! e

Rm7 +m given. Since it is a finite dimensional square system, existence of a solution for every
right-hand side is equivalent to uniqueness of this solution. Let

A={ie[l,m"] st. (BTX}, ' =), < (X51),},

and A€ its complementarity set in [1,m*].
Let X :=[X,X5] € R™”+m" he the solution to the problem (33) with no right-hand side,
ie.
AX, —BX5 =0,

Jo(X;HX =0. (34

We want to prove that X = 0. The relation Jo(X ;') X = 0 implies that Vi e A, (BT X;); =0
and Vj € A% (X3); = 0 (see the construction of J¢ at the beginning of Section 3.2). Then we
have
XiB' X, = ) (Xa), (B"X1), + ) (X3); (B"X1), =0. (35)
i€ A jEAC
Multiplying the first line of (34) by X{ and employing (35) we obtain X{ AX; = 0. Since ay, is
coercive on V;, x V},, the matrix A is positive definite and then we have X; = 0.

Let us set \j, := Dicicms (X3)i&i € A}, the function associated to Xs. Moreover, (BX3); =
(An, ®p(;))x, and since (I';)1<i<m+ is a basis of @5, (V3), for all i € [1,m*], there exists vr, € V),
such that ®j(vr,) := I';. Then BX5 = 0 implies that Vi € [1,m*], 0 = (S\h,fbh(vpi))xh =
(S\h,Fi)K}L = (XS)i~ Then X3 = 0.

This proves that all Jacobian matrices of the Clarke subdifferential are invertible and thus
the latter is regular. Moreover, Algorithm 1 is well defined at every step.

Furthermore, since the C-function min is Lipschitz around X }’f*l € Rm#J’m*, there exists
K > 0 such that (see [37, Lemma 7.5.2])

sup maX{H|JC(X _1‘H} <K, (36)
XeRm# +m*
where ||| stands for the usual matrix norm: for any matrix H e R™ ™ +m”
|HY |
) = v
yer™ +m* y 2o 2
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We now prove the local quadratic convergence of the algorithm. Solving (33) is equivalent
to computing X,’f = X}’f_l + D}’f where D,’_f = [th,D’?fh] e R™"+m" is the solution to the

problem
ik [ EXFTU-F
sonp- - () )

We denote by X the solution to the nonlinear system (27). According to (33), for & > 1
we have EX} = F. We then have for all k > 2

_ _17-1 0
X=X - xt-00 (oo )

(o - oy ) =0 ok =xn] o

Since the min function is strongly semismooth [37, Definition 7.4.2], when X ;f_l is close enough
to X ¥, we have

[C(XF™) = C(X) = Jo(XENXE™ = X, < K| XE - X

2 (38)

where K > 0 is given in (36). Observe that for k > 2

0
k—1 Xk:—l —XF) = ( B _ ) .
PR Caeod o - xp)

Using (37), (36) and (38) we get

x5 = X[, < | [BeXE )| le@i - o) - Je(XEXE T - X7,

< K2 X} - X,

and we get quadratic convergence.
We end this proof by recalling that there is only a finite set of possible matrices for J. Then
if the algorithm converges, it does in a finite number of steps. O

3.3 Inexact resolution of the linear algebraic system

Solving (33) with a direct method can be expensive. An alternative is to employ an inexact
Newton algorithm (see [41, 42, 43]) which is a popular approach to speed up the convergence.
Suppose thus that some iterative algebraic solver is applied to the linearized system (33). Given
an initial vector Xl,i’o € Rm#“”*, often taken as X,]f’o = X;f_l, this yields on step ¢ > 1 an

approximation X ,]fl to X ,’f satisfying
Xyt =B - Ry (39)

where Rﬁ’i = BF-1 — kalX,]fl’i e R™"+m" is the algebraic residual vector. The algebraic solver
can be stopped when the relative algebraic residual satisfies

i
2

< m x ‘Bk’_l —.]]k‘lx,’j’OH . (40)
2

Here, 7y, is called the “forcing term”. We refer to [44] for more details.

11



4 Application to the discretization of the contact problem
between two membranes

In this section, we discretize the contact problem between two membranes, see (4). Several
schemes fulfilling the framework of Sections 2-3 are provided. We first present the continuous
problem and then we give the discretization of this problem with FEM, dG and HHO. Finally,
a static condensation procedure is proposed to speed up the resolution with the HHO method.

4.1 Continuous setting

In this section, we introduce the continuous problem and the associated unknowns and functional
spaces. We are interested in solving the problem (4) with the method developed in Sections 2-3.
Let < R? be a polygonal domain. The unknowns are the displacements u := (u1,us) of two
membranes that cannot penetrate each other and the force acting from the lower membrane onto
the upper one represented by the Lagrange multiplier A. We denote by 13 > 0 and e > 0 the
tension of the membranes and (f1, f2) € (L? (Q))2 represents the surfacic forces acting on them.
The system of PDE’s modelling the contact between these two membranes is the following:

—p1Auy —A=f; in Q,

—poAus + A = fo in €,

ul—u2>0, /\20, (ul—u2)/\:0 in Q,
up =gi, uz=gz on O0f,

(41)

where g1 and go are Dirichlet boundary data fulfilling g; > g2 on 2.

4.2 Weak formulation

The problem (41) is equivalent to (1) with K9 := {v := (v1,v2) € H} () x H}, () s.t. v; —vy >
0 a.e in Q} where H) (Q) := {v e H'(Q) s.t. v|ao = g} and with the bilinear and linear forms
defined by

a(v,w) = Y p1a(Va, Vwa)a, L(w) = > (farwa)o, Yo,we (H'(Q))?

As presented in Section 2, we are interested in discretizing the mixed problem (8) with V :
(Hy(0)?, V9 := H} () x H},(Q), A := H'(Q), A := {x € H'(Q)s.t. x = 0 a.e. inQ},
defined by (7) and ¥ := 0. Moreover, the bilinear form b is defined by

=l

b(v,x) == (X v — vy m), VX € (HYQ)), Yve (H'(Q).

We propose to follow Sections 2 and 3 to discretize this problem using a finite element method
(FEM), a discontinuous Galerkin (dG) method, and a hybrid high-order method (HHO). As a
consequence of Theorem 2, all these discrete formulations are well-posed.

4.3 Discrete setting

Let 75, be a conforming simplicial mesh of €2, i.e 7, is a set of triangles verifying | e K =Q,
where the intersection of the closure of two elements of 7}, is either an empty set, a vertex, or an
edge. The number of elements composing the mesh 7, is denoted by N7. We denote by &, the
set of mesh edges and by Ng its cardinality.
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Let S < Q, we denote by hg the diameter of S. Moreover, we set h := maxgeT, hx and for
all p > 0, we denote by P,(S) the set of polynomials of total degree at most p on S.

Furthermore, we denote by V, the set of the Lagrange nodes x; and by N, its cardinality.
The interior nodes are collected in the set V;,nt (with ./\/Ii)nt its cardinality) and the boundary ones
are collected in the set Vf,"t. The nodes of an element K € T;, are collected in the set Vi and we
denote respectively by Vit and V$** the set of the Lagrange nodes in K n Q and in K n 0f).

For all the numerical schemes that we propose, we discretize the bilinear form a with a
classical discretization of the Laplace problem and the bilinear form b is discretized using the
usual L2-scalar product of . That way, we expect to get consistant schemes.

4.4 Finite element method

In this section, for p > 1, we consider continuous piecewise P,-polynomial functions. We intro-
duce the finite element spaces

Ap = {vn €CO(Q) st vp|kx € Pp(K) YK € To}, Vii= (A)?, Vii= Vi 0 (HE(Q))?,

2
V}f = H Vé]a, V]j?a = {’Uh € Co(ﬁ) s.t. 'Uh|K € PP(K) VK e 7;“ ’Uh|ag = ga}.

a=1

Note that here we abuse the notation by writing g, instead of go». We define the Lagrange basis
function I'; € A}, associated to the Lagrange node x; € V,, by I'j/(xy) := 0r;. We also define the
discrete nonempty closed convex sets

IC}gL = {’Uh = (7)1}“’()2}1) € V}f, (Ulh — Ugh) (Xl) >0 VX[ € Vzi)nt},
Ay = {Uh S /N\h s.t. Uh(Xl) >0Vx; e Vzi)nt} ,
Kh = {Uh € /N\h s.t. (’Uh,rl)g >0Vx; e V;)nt, (Uh,rl)Q =0Vx; e VI(;\Xt} .

Note that K < K9 when p = 1 and Kj ¢ K9 when p > 2. However, Ay ¢ A for all p > 1 since
there exists xp, € Ay with x,(x;) < 0 for some x; € V;’Xt. We define

2 2
an(vn, wn) = Y fla (Voan, Vwan)g,  a(vn) i= Y (fasvan)g, Yon, wh € V.
a=1 a=1

Note that ay, is coercive on V}, x Vj,. We then consider the mixed problem (18) with

b (w, ) := (win — wan, Cn)a, Vwp € Vi, VG € Ay

This discretization method has already been studied in [25] in the context of a posteriori esti-
mates. The framework of Section 2 applies here with m” := N, and 2m* = m? = 2/\/1;’“. The
linear problem with complementarity constraints that we solve is (27) with

S 0 -I .
E = |: ‘u(l) qu Hj :| , F = [Fl,F2]7 Xh = [th,Xng?,h]. (42)

Here, S € R™"™" is the finite element stiffness matrix defined by Sk = (VI, VT})g, V1 < k1 <
m*, and F, € R™ | o € {1,2}, is defined by (Fo), == (far T1)e = ta (Vga, VL) VI < T < m”.
The vectors X7}, Xé’h and Xgp, are the coordinates (up to liftings) of wuyp, ugn in the basis
(T)1<i<m> and of A in (§)1<1<m+. The complementarity constraints read

X§, — X5, 20, X3 =0, (X{,—X5,) Xs,=0. (43)
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Any C-function can be employed to transform the complementarity constraints (43) onto a system
of algebraic equalities. In the sequel, we employ Algorithm 1 with the min C-function to compute
the solution of the nonlinear discrete problem. We expect to get a p convergence rate in energy
norm.

4.5 Discontinuous Galerkin method

In this section, we consider the discontinuous Galerkin method for problem (41). The discontin-
uous Galerkin spaces corresponding to Section 2 are defined by

Ap = {vn € LAH(Q) s.t. v |k € Pp(K) VK € T} & A,
Vi i= {wp := (i, van) € (L3(Q))? st vn| i € (Bp(K))2P VK e T} ¢ V,
Vi, = {vh € ‘7}5 s.t. vy, =0 on 89} ¢V,

2
V=TV ¢ V9, VP = {vy € L*(Q) s.t. va|x € Pp(K) VK € T and v, = go on 00}

a=1

The discrete convex sets are defined by

Ah = {’Uh € Kh s.t. 'Uh‘K(Xl) 0 VX[ € th and VK € 771} q: A
K9 = {vp, 1= (vin, van) € Vi sit. (v, — van) [k (%) =0 Vx € VR VK € Tp } & K9,

/’i o Vp, EK}L s.t. (Uh|K7Fl|K) >0 VK eTy, Vx; eV‘nt
h and (Uh|K,Fl|K) —OVKGEVX[EV%M ’

where here, for m” := 2(p+1)(p+2)N7, (I'))1<j<mp 1S the basis of Ay, such that for all [ € [1,m’],
there exists K € T, such that the support of I'; is in K and I'; takes value one at one Lagrange
node of K and zero at the other Lagrange nodes.

Let us define for all vy, wy, in V}, the bilinear form:

2
h(Vn, wp) Z aAn(Van, Wan);,  An(Van, Wan) == Y (Vvan, Van) g + 0n(Van, Wan)-
a=1 KeTy,

Here, several choices are possible for the bilinear form oy in order to enforce Ay, to be coercive.
We mention the SIPG method [45, 46]: for all vy, € Ay, and wy, € Ay,

Sn(onswn) = = D7 ({Vwrlp lonlr + {Vor o lwnlr. 1) + Z = (lwonlr, [o]r)p, (44)

Fegh FEgh

and the NIPG method [47]: for all vy, € Aj, and wy, € Ay,

on(onswn) === Y1 ({Vwrlp [oalr — {Vor Y [wnlr, 1) Z = ([wnlr: [onlp) > (45)

Fe&y FEE}L

where [vs]F and {{v,}}  denotes respectively the jump and the mean value of v, across F' € &.
For edges on the boundary, these values will both be taken as v,. Note that in the SIPG method,
the parameter v > 0 has to be large enough to enforce the coercivity of Ay, see [46, Lemma
4.12], while it can be taken arbitrarily in the NIPG method.
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Next, we define the continuous linear form ¢, by
2 ~
Cp(wp) = Z Z (folxsWanlx) K, Ywp € V. (46)

a=1KeT;,

We then consider the mixed problem (18) with

by (wp, Cp) = Z (winlk — wonlk, ChlK) g, Ywn € Vi, VCh € Ay (47)
KeTy

Following Section 2, we solve (27) with

S 0 Iy
E = |: ‘LL(l) ‘uzg I[d :| s F = |:1;"1’1‘_‘|2:|7 Xh = [ fbhan}“XSh] .

Here, m* is the number of internal DOFs and S € R™"™" with Stk = Ap(Tg, Ty) and (Fy); :=
ZKeTh (fo, T1) K — o An(gan, ). The complementarity constraints are this time given by

Xk — X5k 20, Xanlx 20, (X{|x—X5|k) Xanlxk =0, VK €Ty, (48)

where X, |k, Xé’h\K and Xsp|x denote the coordinates of respectively uip |k, uon|rx and Ap|x
in the element K € T,. We expect to get a p convergence rate in energy norm.

4.6 Hybrid high-order method

The hybrid high-order method (HHO) has been recently introduced in [48, 49]. It is closely
related to hybridizable discontinuous Galerkin (HDG) and to nonconforming virtual element
methods (ncVEM) [50]. As other discontinuous skeletal methods, the unknowns are polynomial
functions attached to the cells and the edges of the mesh. The polynomials attached to the edges
are independent and do not necessarily correspond to the traces of the cell polynomials.

The polynomials attached to the cells can be eliminated through a static condensation pro-
cedure (see Section 4.7 below). The size of the linear system that is solved is then equal to
the number of edge unknowns. The cell unknowns can finally be recovered by local solves in a
post-processing step. For high-order polynomials, we expect this method to have fewer degrees
of freedom than more classical methods such as FEM.

A HHO method for a contact problem has already been proposed in [21]. The constraint
was that the mean value of ®,(uy,) over each cell had to be nonnegative. In our approach, the
constraint is expressed nodewise.

We present in this section, the HHO method without the static condensation procedure that
is treated in Section 4.7. For p > 1, the displacement of each membrane is represented by a IPp-
polynomial function in every cell K € 7, and a IP,_;-polynomial function on every edge F' € &j,.
We introduce the following space

Upi= [] Pp(&) x [[ Ppr(F), (49)

KeTy, Fe&p

and for K € Ty, its local analogue

Uk =PBp(K) x [] Ppr(F),
FESK
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Figure 1: Representation of the degrees of freedom of Uk. The cell DOFs are in blue, the edges
DOFs are in red.

that contains the polynomials attached to the cell K and its surronding edges (the corresponding
degrees of freedom are represented in Figure 1). We denoted by £k := {F € &, s.t. F < 0K} the
set of edges surronding K.

As usual for HHO methods, for all K € 7, an element 0 of Uk has a polynomial component
attached to the cell K that we denote by vx and a polynomial component attached to every
edge surronding K that we denote by vok := (Vr)reg,. In a similar way, for every element 0y
of Uh, we denote by vk the polynomial function attached to K € T, and by vak := (VF)Fegy
the polynomial functions attached to the surronding edges of K and g = (vk, vk ).

We introduce the following vector spaces

~ A\ 2 ~
Vi = (Uh> , Vo= {'Uh € Vj, s.t. vplog = 0} and Vg {'Uh € Vh s.t. vploq = g},

where here vp|aq stands for the polynomials attached to the faces composing 0. For vy, € ‘7’“
we denote by 01y, Dop, € Uy, the components of vy, i.e. vy := (V1p, O2p)-
The Lagrange multiplier is represented by a Pp-polynomial function in every cell K € Ty, so

that N
A= [T Po(x). (50)
KeTy

For all xy, of Kh, we denote by X the polynomial of x; attached to the cell K € Ty,.
We define in every cell K € 7, a gradient reconstruction operator Gg : Ux — P, (K :R?)
such that

(Gk(ik), Dk = (Vok, @)k + Y, (vr — vk, q-ng)p, Vix €Uk, VYqePy(K;R?),
Fefk

where P, (K;R?) denotes the set of vector-valued polynomials of degree at most p and n is the
outward unit normal vector to the element K. This gradient reconstruction takes into account
the value of the polynomials attached to the cell K and to the surrounding edges. Moreover it
approximates the continuous gradient at optimal rate, see for instance [51, Lemma 8] for a proof
in the context of unfitted meshes.

We consider problem (18) with the linear and bilinear forms defined such that for all vy, wy, €

‘7}1 and all Xh € /N\h,

2
n(Vn, wp) Z aAn(Dan; Wan),
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[ V)

bu(wn) = D7 D (farwar )i, br(wa,xn) i= D, (wik — ware, Xic) i

KeT;, a=1 KeTy,
where for all vy, wy, € Uy,

An(onin) = Y ((Gr(0K), Grelin)) i + bt Y, (T vk = vr),wi — wF)F),
KeTs, Fefk

where Hifl is the L2-projector onto P,_1(F). A proof of the coercivity of aj can be found for
instance in [51, Corollary 7] in the context of unfitted meshes.

Note that in the present approach, we choose to impose the complementarity constraints on
the cell unknowns only (we do not impose constraints on the polynomials attached to the edges),
so that @5, : (Un)? = [[xer, Pp(K) is defined by

D (vp)| i 1= vik —vax, VK €Th, Vou€ V.
The nonempty closed convex set is then
K = {vn € VI st vig(x1) —vak (%) = 0 VK € Ty, Vxp € Vi),
and we have
Ap = {vh € Ap s.t. oplx(x1) = 0 Vx; € Vie and VK € Th} ¢ A,

Kh = {’Uh € IN\h s.t. ('Uh|K;Fl|K)K >0VKeTy, Vx € VK},

where (I'})1<i<m, is the basis defined in Section 4.5. Here, we have denoted by m, := m* =
1(p+1)(p + 2)N7 the number of basis functions attached to the cells.

According to the definitions (49) and (50), we can complete the basis of cell functions
(T))1<i<me (basis of A,) with a basis of edge functions (B1)1<i<m, tO get a basis of U, where
mp = NP'p with N the number of internal edges. We then solve problem (27) with

Xa
m1Scc  piScr 0 0 —Ia F XS
wiSrc  piSFr 0 0 0 0 7
E:= , F:= . Xn=| X
0 0 w2Scc  peScr I F, h X?
0 0 HaSrc  p2SFFR 0 0 Xf:h

Here, the matrices Soc € R™e™¢, Sgp € R™e™F Spo € R™F™e and Spp € R™F™F are defined
by

(Sco)ik == An(l,T1), VI<ILk<me,
(Scr)ik = An(Be,T1), V1<i<m. V1I<k<mp,
(SFC)l,k = .Ah(l—‘]wﬁl), Vi<i<mp, V1<k<me,
(Srr)ik == An(Br, 61), V1<l k<mp.

Moreover, the right-hand side F, € R™< is defined by (F,); := (fa,l1)a V1 <1 < m.. The
unknown vector X € R3me+2mr is composed of the cell DOFs and edge DOFs of the first
displacement denoted by X¢& € R™¢ and X% € R™F, the cell DOFs and edge DOFs of the
second displacement denoted by X g € R™e and X% € R™F, and the cell DOFS of the Lagrange
multiplier denoted by X3, € R™e. The complementarity constraints are given by (48). We
expect to get a convergence rate of order p in energy norm.
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Remark 4.1. The discrete displacements t1, and tsp have cell and edge degrees of freedom
contrary to the discrete Lagrange multiplier A, which only has cell degrees of freedom. We tested
numerically a similar discretization with constraints on the edge unknowns then generating also
edge degrees of freedom for the Lagrange multiplier. We observed similar results but involving a
larger linear system.

4.7 Static condensation for skeletal methods

We describe in this section the static condensation procedure used to speed up skeletal methods
such as HHO. In this procedure, we first rewrite the linear system as a system involving the
edge unknowns only. Then, we recover the cell unknowns by means of local solves. For the sake
of clarity, we first present how the cell unknowns can be recovered and then we give the linear
problem fulfilled by the edge unknowns. This procedure is summed up in Algorithm 2. Note
that a preprocessing step is needed before every semismooth Newton iteration. In this section,
we treat only the min C-function as we proved its convergence properties in Section 3.2.

Let &k > 1 be a semismooth Newton step and let X,’f_l e R3me+2mr he the associated solution
(computed e.g. by Algorithm 1). For every cell K € Ty, if we are given the solution attached to
the surronding edges, then we are able to recover the solution attached to K. More precisely,
let X5t = [XFch Xoct XE1 e R3AmMPR(K) he the components of the solution attached
to K representing respectively ulff(l, ulgf(l and )\];{1 in P,(K) (at Newton step k — 1) and let
Xk, e R¥3dimPr-1(F) he the components of uky := (u¥|sr, ub|ox) the solution attached to
the surrounding edges at the semismooth Newton step k. Then, knowing X%, and X f{l we
can recover the local cell unknowns X% := [ X X5 X5, by solving the local problem: Find
Xk e R3AmP»(K)) such that

Jkoixr = BY (51)

c R3 dim (P, (K)),3 dim(P, (K))

where the matrix Jf{l is the local contribution to the generalized

jacobian JE~1 (see (32)), i.e.

- miSkrx 0 —Iq . Fig — mSkrX¥
JK7 = 0 [LQSKK +Hd s BK = FQK — M2SKFX§,3K . (52)
Cix Cox Csk 0

For I > 1 and K € Ty, let us denote by K; the global index associated to the I*" basis function
attached to K. We also denote by F; the global index corresponding to the I*" basis function
attached to dK. The last line-block [Cyx, Cox, Cax] € RIMPp(F))3dimPy(K)) of matrix J’;{l is
the local version of Jo(X*!) defined in Section 3.2, i.e. if (ufx' —ubp!) (xx,) < M ' (xx,)
the I*" line of [Cyx,Cax,Csk] is defined by the I*! line of the block matrix [Ig,—I4,0] €
R (P (K)).3dim(E (K)) and if (uf' —ubr') (xk,) > N7 ! (xk,) the I*! line of [Cyx, Cax, Csk]
is defined by the I*! line of the block matrix [0, 0,14] € R™(Fp(K)).3dimP,(K)) - Fyrthermore,

Skxly = ATk, Tk,), V1<l <dim(Py(K)),
[SKF]U’ = Ah(B]:l,,FKL), Vi<i< dim(]P’p(K)), Vi<l < 3dim(IP’p,1(F)),
and F, i denotes the components of F, associated to K € T,. In the previous expressions, we

have used (I';) the basis of functions attached to the cells and (5;) the basis of functions attached
to the edges.

Remark 4.2. The problem (51) actually corresponds to a local contact problem between two
membranes : given the value of the displacements of the two membranes on the edges composing
0K, we solve the contact problem inside the cell K.
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In a similar way to the proof of Theorem 5, we can prove that problem (51) admits a unique
solution X ¥ e R34mP»(K) and then

Xf = [0 Bk (53)
where k=1 k-1 mk—1
k—1171 Dl? 1 Dllcé 1 D}C}s 1
[JK ] =1 | Dy Doy Doy
Dy Dyt Dyt
Here, the matrices DA-1 e RUIME (K. dim(P,(K)) "~ € {1,2,3} are identified from the numerical

computation of [J’;{l]fl. Now, let us present the problem satisfied by the edge unknowns. Let
us denote by X7, € R?™F the coordinates of all the polynomial unknowns attached to the edges
(at the semismooth Newton step & > 1). These coordinates can be computed by solving the
following problem: Find X}, := [ X}, X}] € R?™F such that

Xk ﬁkal
%[5 o

where for a, v € {1,2}, &ﬁ;l e Rmrmr and FF=1 e R™F are defined by

Nk—1 Nk—1

A Ar
—1 —1

AQl A22

[&i;l]i,j = OayltalSFFrli; + Z [— UaMWSFKD];;lSKF]]E £ (55)
KeTy, ©d

[Fa')i= ), [_ HaSrx (Dgy ' Fix +DZEIF2K)]
KeTh

I (56)

where [Sprli; = An(B;,8:) and (Srk)i; = An(T'k,, Br,). Here, we denoted by F; the local
edge index associated to ;. If i is not associated to a basis function in 0K then we set [-]z = 0.

Observe that constructing the matrices &g;l follows an assembling. For every K € Tp, we
compute the local contribution corresponding to the terms inside the brackets in (55)—(56) and
we add it to the global contributions provided by the matrix Spp. The resulting stencil couples
unknowns attached to neighboring edges (in the sense of cells).

The semismooth Newton algorithm with static condensation consists first in solving the global
problem (54) in order to find the degrees of freedom attached to the edges of the mesh and then
solve for every K € T, the local problem (51) to find the unknowns attached to the cells. We
sum up these stages in Algorihm 2.
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Algorithm 2 Newton-min algorithm with static condensation

1. Choose an initial vector XJ := [X[\o, XP | € R¥™<+2™F and set k = 1.

2. Let &y, > 0 be a fixed parameter. Consider the C-function min of (30).

< F-EX;! ) . ( F - EX) > d

o LTI ey )],

3. For k > 1, X,’f_l e R3mo+2mr is given. In every cell K € T, we compute the local
matrices of (52) and we can identify D51, 1 < a,v < 3 with (53). We then assemble the
local contributions to get the matrices (55)—(56).
4. We solve the linear problem (54) and get the coordinates Xr, € R*™F of the edges
components.
5. For every cell K € T, we solve the local problem (51) to recover the unknowns attached
to the cells. As in step 2., we build a new vector X,’f e R3me+2mr and we test the condition
of the while loop.

end while

while

Lemma 6. For X;f_l e R3™me+2mr given, the vector Xff obtained by one Newton-min iteration
of Algorithm 2 coincides with the one obtained by one Newton-min iteration of Algorithm 1.

Proof. Let us denote by Xi,}f the solution obtained by Algorithm 1. We can easily show that the
components of X} attached to K are solution to (51) (for all K € 7;,). Moreover, by injecting (53)

in (54), we show that the components of X} attached to the edges are solution to (54).

We have proved that for every right-hand side, the solution given by Algorithm 1 is solution
to (54) (for its face components) and to (51) (for its cell components). These systems are squared,
then the solution given by Algorithm 2 coincides with the one given by Algorithm 1. O

Remark 4.3. Compared to Algorithm 1, Algorithm 2 reduces the size of the linear problem
to solve at each iteration of the while loop since only the degrees of freedom attached to the
edges are considered. However, since the matrices Dg;l depend on the previous state X}%—l, the
matrices (55)—(56) have to be (at least partially) assembled at every step of the while loop. This
increases the assembly time of the method in order to decrease the time required to solve the linear
system. A comparison of those times is made in Section 5 for a sequential code. Note however
that for a parallelized code, it is much easier to distribute the assembly step than the solve of the
linear system.

5 Numerical simulations

This section illustrates numerically our theoretical developments for the contact problem between
two membranes proposed in Section 4. We compare the performances of the finite element method
(see Section 4.4) and the hybrid high-order method (see Sections 4.6-4.7) for the polynomial
degree p € {1,2,3,4}.

The problem is written in the unit square domain  := (0,1) x (0,1). We start the computa-
tion with a coarse mesh 7 containing 64 elements with hg := maxger, hx = 0.25. We consider
four levels of uniform mesh refinement in the sense that the mesh 7; contains 4773 triangles
for j € {1,2,3,4} and that each element of the mesh 7; is partitionned by 4 elements in the
subsequent mesh 7,1 (see Figure 2).

In Tables 1 and 2, we compare the degrees of freedom for FEM and HHO. The ones of HHO
are considered with and without static condensation. We observe that the HHO method needs
the static condensation procedure to be competitive with FEM. Moreover, for low orders, FEM
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Figure 2: Left: coarse mesh 7y containing 64 elements with hy = 0.25. Middle: first refined
mesh 77 containing 256 elements with h; = 0.125. Right: second refined mesh 73 containing
1024 elements with ho = 0.0625.

Moesh Number of mesh | mesh size Py Py P3 Py
elements h DOFs | DOFs | DOFs | DOFs
To 64 0.25 75 339 795 1443
T 256 0.125 339 1443 3315 5955
T 1024 0.0625 1443 5955 13539 | 24195
T3 4096 0.03125 5955 | 24195 | 54723 | 97539
T4 16384 0.015625 | 24195 | 97539 | 220035 | 391683

Table 1: Number of DOFs for the finite element discretization (FEM).

P; DOFs P>, DOFs P; DOF's P, DOFs

Mesh | no SC SC no SC SC no SC SC no SC SC
To 752 176 1504 352 2448 528 3584 704
T 3040 736 6080 1472 9888 2208 14464 2944
T 12224 | 3008 | 24448 | 6016 | 39744 9024 58112 12032
T3 49024 | 12160 | 98048 | 24320 | 159360 | 36480 | 232960 | 48640
T4 196352 | 48896 | 392704 | 97792 | 638208 | 146688 | 932864 | 195584

Table 2: Number of DOFs for the HHO method with static condensation (SC) and no static

condensation (no SC).
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behaves better than HHO. On the contrary, for high order, the HHO method requires fewer
degrees of freedom compared to FEM.

A first test case with a very regular solution and Lagrange multiplier aims at estimating
the maximum convergence rate of the method. Since in practice the solutions associated to
contact problems are not smooth, we consider a second test case with a discontinuous Lagrange
multiplier.

5.1 First test case
We propose an analytical solution to problem (41) given by

r2 —RON  ifr >
uy (1) == —ua(r) = {( R?) fr>R,

0 otherwise,
0 ifr=R
A(r) == ’
(r) {10007‘3 (R? —r%)3  otherwise,

where r := 1/(z — 0.5)2 + (y — 0.5)2 is the distance to the center of the domain, R := 1/3 is the
radius of the disk where contact occurs, and the parameter N is chosen as N := 6 to provide a
smooth solution. This solution is associated to the right-hand sides f; and f> defined by

2 2\ N—2 2 2 :
fi(r) :== = fo(r) == { leN(rg, Ij ) ) B(NT B ifr> ].%’
—10007°(R* — 14) otherwise.
We set 1 := uo := 1 for the sake of simplicity and we employ the semismooth Newton lineariza-
tion of Section 3 with the min function (30) and a tolerance given by e, = 1072, The solution
to the HHO method is obtained using Algorithm 2. For both schemes, the errors are reported
in the energy norm

Nl

I < S i 9 (= 1) gy + 2 |V (i — u2K>iQ<K)) NCT
KeTy

i.e. we use only the gradients of the cell unknowns.

Figure 3 displays the behavior of the solution when the Newton-min solver has converged
and when the P FEM discretization is employed. We observe from the shape of the Lagrange
multiplier A, a contact zone for the two membranes in the area r < % Furthermore, even
at convergence, \;, < 0 can occur with quadratic FEM, where small undershoots take place
(see Figure 4). In fact this phenomenon occurs for all p > 2. Note that in Figure 4, we have
represented the function A\;°® := min(\,,0) at all Lagrange nodes for a better understanding.

The discrete Lagrange multiplier A, is nonnegative everywhere (here A} = 0) only when p = 1.

We report in Figure 5 the required number of Newton-min iterations needed to reach conver-
gence. We observe that this number increases when the number of mesh elements is increased.
Furthermore, we observe that the HHO method with static condensation is less expensive in
terms of Newton-min iterations than the FEM method with a gain factor roughly equal to 2.

Figure 6 displays the shape of the energy norm |||lu — up|||q as a function of the refinement
level. We get optimal convergence rate (i.e. roughly p) for p € {1,2,3}. For p = 4 we observe a
slower convergence rate (about 1) for the two schemes. This can be explained by the fact that
the discrete convex set Kj is nonconforming with its continuous analogue K9. A full a priori
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Mesh HHO (no SC) HHO (SC)
assembly | linear solve | total | assembly | linear solve | total
To 2.87 0.40 3.27 3.09 0.086 3.18
T 12.0 2.39 14.4 12.5 0.58 13.1
T2 76.9 194 96.3 73.6 4.26 77.9
T3 424 103 527 445 30 475
Ta 2940 739 3679 2945 213 3158

Table 3: Computation time for HHO (in seconds) for p = 3 with static condensation (SC) and
without static condensation (no SC).

analysis including consistency is required to have a better understanding of this problem. It will
be explored in a future work.

The static condensation procedure is an important element of the HHO method. By using
it, we expect to save some computation time. In Table 3, we report the assembly and solve time
used by the HHO method. We consider CPU times with and without static condensation. The
assembly time includes the computation of all the matrices of Sections 4.6—4.7 and the solve time
includes all the time spent to solve the linear systems. We observe that the static condensation
procedure drastically diminishes the time needed to solve the linear systems especially for refined
meshes. Moreover, the overcost needed to compute the matrices (55)—(56) is negligible. We then
recommand in practice the use of static condensation.

5.2 A test case with a jump for the multiplier

In practice, the Lagrange multiplier often presents discontinuities. In this second test case, we
depict the lack of efficiency of high-order methods in such situations. We consider the following
analytical solution,

0 if r <R, 2 ifr <R,
= =0, Ar):=
w(r) {(ﬂ _mp s 20 (r) {0 it r> R,
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Figure 8: Number of Newton-min iterations for each refinement level. Left: FEM method. Right:
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where 72 := (z — 0.5)% + (y — 0.5)2. This triple is the solution of (41) for the data f; and fo
given by

—8R? if r <R, 8R% if r <R,
filr) = {832 IRTEILOR {o ifr> R.

Once more, we use p1 := fig := 1, 3, := 1072 and R := 1/3. In Figure 7 we represent the
shape of the discrete solution for the P FEM discretization and for the mesh 73. This time, we
obtain a nonnegative discrete Lagrange multiplier A\ in the domain €2 and a contact zone in the
area r < R.

The number of required Newton-min iterations to reach convergence is reported in Figure 8.
We observe that the HHO resolution with static condensation is faster than the classical FEM
resolution and the gain factor in terms of Newton-min iterations is roughly equal to 2.5.

We reported in Figure 9 the energy error of the two schemes. For p = 1, we observe similar
results than the ones obtained in Section 5.1. For p = 2, 3, the solution converges with a reduced
rate (about 1.5). This is a consequence of the fact that the solution is less regular compared
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with the one used in Section 5.1. For p = 4, the method converges with a rate equal to 1 which
agrees with the results of Section 5.1.

6 Conclusion

In this work, we presented a unified framework to study the numerical approximation of sev-
eral variational inequalities. We proposed to discretize a mixed formulation associated to this
framework and to use a semismooth Newton algorithm to solve the arising nonlinear system. We
proved local convergence properties for this algorithm.

This framework was then applied to compare the behavior of the finite element method
(FEM) and the hybrid high-order (HHO) method on the elliptic contact problem between two
membranes. A static condensation procedure was given to reduce the size of the system arising
for HHO. We considered two test cases: one with a very smooth reference solution and another
more realistic with a discontinuous Lagrange multiplier. We observed that the HHO method is
faster in terms of semismooth Newton iterations and that the scheme converges with optimal
rate for orders p = 1,2, 3 but not for order p = 4 even for smooth solutions. This can be due to
the nonconforming cones we considered. We think that the HHO method is a viable alternative
to FEM if static condensation is used.
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