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Abstract. In this work, we are interested in the analysis of time-harmonic Maxwell’s equations
in presence of a conical tip of a material with negative dielectric constants. When these constants
belong to some critical range, the electromagnetic field exhibits strongly oscillating singularities
at the tip which have infinite energy. Consequently Maxwell’s equations are not well-posed in
the classical L? framework. The goal of the present work is to provide an appropriate functional
setting for 3D Maxwell’s equations when the dielectric permittivity (but not the magnetic per-
meability) takes critical values. Following what has been done for the 2D scalar case, the idea
is to work in weighted Sobolev spaces, adding to the space the so-called outgoing propagating
singularities. The analysis requires new results of scalar and vector potential representations of
singular fields. The outgoing behaviour is selected via the limiting absorption principle.

Key words. Time-harmonic Maxwell’s equations, negative metamaterials, Kondratiev weighted
Sobolev spaces, T-coercivity, compact embeddings, scalar and vector potentials, limiting absorp-
tion principle.

1 Introduction

For the past two decades, the scientific community has been particularly interested in the study
of Maxwell’s equations in the unusual case where the dielectric permittivity e is a real-valued
sign-changing function. There are several motivations to this which are all related to spectacular
progress in physics. Such sign-changing e appear for example in the field of plasmonics [3, 39, 6].
The existence of surface plasmonic waves is mainly due to the fact that, at optical frequencies,
some metals like silver or gold have an € with a small imaginary part and a negative real part.
Neglecting the imaginary part, at a given frequency, one is led to consider a real-valued & which
is negative in the metal and positive in the air around the metal. A second more prospective
motivation concerns the so-called metamaterials, whose micro-structure is designed so that their
effective electromagnetic constants may have a negative real part and a small imaginary part in
some frequency ranges [52, 51, 50]. Let us emphasize that for such metamaterials not only the
dielectric permittivity € may become negative but the magnetic permeability u as well. At the
interface between dielectrics and negative-index metamaterials, one can observe a negative refrac-
tion phenomenon which opens a lot of exciting prospects. Finally let us mention that negative
also appear in plasmas, together with strong anisotropic effects. But we want to underline a main
difference between plasmas and the previous applications. In the case of plasmonics and metama-
terials, ¢ is sign-changing but does not vanish (and similarly for p), while in plasmas, ¢ vanishes
on some particular surfaces, leading to the phenomenon of hybrid resonance (see [25, 45]). The



theory developed in the present paper does not apply to the case where £ vanishes.

The goal of the present work is to study the Maxwell’s system in the case where £, u change
sign but do not vanish. In case of invariance with respect to one variable, the analysis of time-
harmonic Maxwell’s problem leads to considering the 2D scalar Helmholtz equation

1
div <€Vg0> +wiup = f.

Here f denotes the source term and the unknown ¢ is a component of the magnetic field. For
this scalar equation, only the change of sign of € matters because roughly speaking, the term
involving p is compact (or locally compact in freespace). In the particular case where ¢ takes
constant values €4 > 0 and e_ < 0 in two subdomains separated by a a curve X, the results are
quite complete [9]. If ¥ is smooth (of class @), the equation has the same properties in the H!
framework as in the case of positive coefficients, except when the contrast k. := e_ /e takes the
particular value —1. One way to show this consists in finding an appropriate operator T such
that the coercivity of the variational formulation is restored when testing with functions of the
form T¢' (instead of ¢'). This approach is called the T-coercivity technique. When r. = —1,
Fredholmn property is lost in H! but some results can be established in some weighted Sobolev
spaces where the weight is adapted to the shape of ¥ [47, 43, 48]. The picture is quite different
when XY has corners. For instance, in the case of a polygonal curve ¥, Fredholmn property in
H! is lost not only for k. = —1 but for a whole interval of values of k. around —1. We name
this interval the critical interval. The smaller the angle of the corners, the larger the critical
interval is. In fact, we can still find a solution in that case but it has a strongly singular be-
haviour at the corners in 7" where r is the distance to the corner and 7 is a real coefficient. In
particular, it does not belong to H'. We say that such solutions which are not in the classical
functional framework are hypersingular. It has been shown that Fredholmn property can be re-
covered in an appropriate unusual framework [11] which is obtained by adding a singular function
to a Kondratiev weighted Sobolev space of regular functions. The proof requires to adapt Mellin
techniques in Kondratiev spaces [35] to an equation which is not elliptic due to the change of
sign of ¢ (see [24] for the first analysis). From a physical point of view, the singular’ function
corresponds to a wave which propagates towards the corner, without never reaching it because
its group velocity tends to zero with the distance to the corner [7, 30, 31]. In the literature,
this wave which is trapped by the corner is commonly referred to as a black-hole wave. It leads
to a strange phenomenon of leakage of energy while only non-dissipative materials are considered.

The objective of this article is to extend this type of results to 3D Maxwell’s equations. The
case where the contrasts in € and p do not take critical values has been considered in [10]. Using
the T-coercivity technique, a Fredholm property has been proved for Maxwell equations in a clas-
sical functional framework as soon as two scalar problems (one for € and one for ;1) are well-posed
in H'. The case where these problems satisfy a Fredholm property in H' but with a non trivial
kernel has also been treated in [10]. Let us finally mention [44] where different types of results
have been established for a smooth inclusion of class €. In the present work, we consider a 3D
configuration with an inclusion of material with a negative dielectric permeability €. We suppose
that this inclusion has a tip at which singularities of the electromagnetic field exist. The objec-
tive is to combine Mellin analysis in Kondratiev spaces with the T-coercivity technique to derive
an appropriate functional framework for Maxwell’s equations when the contrast . takes critical
values (but not the contrast in p). We emphasize that due to the non standard singularities we
have to deal with, the results we obtain are quite different from the ones existing for classical
Maxwell’s equations with positive materials in non smooth domains [4, 16, 5, 20, 18].

The outline is as follows. In the remaining part of the introduction, we present some general

1 . - . . .
From now on, we simply write “singular” instead of “hypersingular”.



notation. In Section 2, we describe the assumptions made on the dielectric constants €, p. Then
we propose a new functional framework for the problem for the electric field and show its well-
posedness in Section 3. Section 4 is dedicated to the analysis of the problem for the magnetic
field. We emphasize that due to the assumptions made on €, p (the contrast in ¢ is critical but
the one in p is not), the studies in sections 3 and 4 are quite different. We give a few words of
conclusion in Section 5 before presenting technical results needed in the analysis in two sections
of appendix. The main outcomes of this work are Theorem 3.6 (well-posedness for the electric
problem) and Theorem 4.9 (well-posedness for the magnetic problem).

All the study will take place in some domain €2 of R3. More precisely, €2 is an open, connected
and bounded subset of R? with a Lipschitz-continuous boundary 9. Once for all, we make the
following assumption:

Assumption 1. The domain  is simply connected and 0S) is connected.

When this assumption is not satisfied, the analysis below must be adapted (see the discussion in
the conclusion). For some w # 0 (w € R), the time-harmonic Maxwell’s equations are given by

curlE —iwpu H =0 and curl H +iwe E=J in Q. (1)

E and H above are respectively the electric and magnetic components of the electromagnetic
field. The source term J is the current density. We suppose that the medium §2 is surrounded
by a perfect conductor and we impose the boundary conditions

Exv=0 and uwH -v =0 on 01, (2)

where v denotes the unit outward normal vector field to 0€2. Note that non homogeneous bound-
ary conditions can be considered as well and that the results we obtain below also allow one to
deal with the case of impedance boundary conditions (see Remark 3.9). The dielectric permit-
tivity € and the magnetic permeability p are real valued functions which belong to L°°(2), with
el ! € L®(Q) (without assumption of sign). Let us introduce some usual spaces in the study
of Maxwell’s equations:

L2(Q) = (LX)’
HY(Q) = {peHY(Q)|p=0o0nd0}
HL(Q) = {peH(Q)] L Pdr=0}
H(curl) := {H cL?(Q)|curl H € L*(Q)}
Hy (curl) {E € H(curl) | E x v =0 on 0}

and for £ € L™(Q):

Xr() = {H e€H(curl)|div(EH)=0,{H -v =0 on 092}
Xn(€) = {F € Hy(curl)|div(¢E) =0}.
We denote indistinctly by (-, -)q the classical inner products of L?(Q2) and L?(Q). Moreover, |- [|o

stands for the corresponding norms. We endow the spaces H(curl), Hy(curl), X7 (§), Xn(§)

with the norm
I lexeurty = (Il - I + [leurl - [[&)"/2.

Let us recall a well-known property for the particular spaces X7(1) and Xn (1) (cf. [53, 1]).

Proposition 1.1. Under Assumption 1, the embeddings of Xr(1) in L2(Q) and of Xy (1) in
L2(Q) are compact. And there is a constant C > 0 such that

|lu|lo < C|lcurlul|q, Vu € Xp(1) UXy(1).

Therefore, in Xr(1) and in Xn(1), [[curl - |lq is a norm which is equivalent to || - | e1(curt)-



2 Assumptions for the dielectric constants ¢,

In this document, for a Banach space X, X* stands for the topological antidual space of X (the
set of continuous anti-linear forms on X).

In the analysis of the Maxwell’s system (1)-(2), the properties of two scalar operators associated
respectively with € and u play a key role. Define A, : H{(Q) — (H}(Q))* such that

(o) = [ Vg Vldn, Ve €BYE) Q
and A, : H#(Q) — (H#(Q))* such that

(Aup, ') = /quso Ve'dr, Vo, € Hy(Q).
Assumption 2. We assume that p is such that A, : H;#(Q) — (H#(Q))* is an isomorphism.

Assumption 2 is satisfied in particular if 4 has a constant sign (by Lax-Milgram theorem). We
underline however that we allow p to change sign (see in particular [21, 12, 9, 10] for examples of
sign-changing p such that Assumption 2 is verified). The assumption on ¢, that will be responsi-
ble for the presence of (hyper)singularities, requires to consider a more specific configuration as
explained below.

2.1 Conical tip and scalar (hyper)singularities

We assume that Q contains an inclusion of a particular material (metal at optical frequency,
metamaterial, ...) located in some domain M such that M C Q (M like metal or metamaterial).
We assume that OM is of class €2 except at the origin O where M coincides locally with a
conical tip. More precisely, there are p > 0 and some smooth domain w of the unit sphere
S%:= {z € R3||z| = 1} such that B(O, p) C Q and

MnNB(O,p) =KXnNB(O,p) with KX :={r@|r >0, 0 € w}.

Here B(O, p) stands for the open ball centered at O and of radius p. We assume that ¢ takes the
constant value e < 0 (resp. 4 > 0) in M N B(O, p) (resp. (2\ M) N B(O,p)). And we assume
that the contrast k. := e_/e; < 0 and w (which characterizes the geometry of the conical tip)
are such that there exist singularities of the form

s(z) = =29z /|a]) (4)

satisfying div(eVs) = 0 in X with n € R,n # 0. Here r := |z| while ® is a function which is
smooth in @ and in §?\%. We emphasize that since the interface between the metamaterial and
the exterior material is not smooth, singularities always exist at the conical tip. However, here
we make a particular assumption on the singular exponent which has to be of the form —1/2+in
with n € R, # 0. Such singularities play a particular role for the operator A. introduced in (3)
because they are “just” outside H'. More precisely, we have s ¢ H'(Q2) but +7s € H'(Q) for all
4 > 0. With them, we can construct a sequence of functions u, € H}(€2) such that

VneN, |lunllm@g) =1 and Hdiv(sVun)H(Hé(Q))* + [Jun|lo = 0.

lim
n—-+o00

Then this allows one to prove that the range of A, : H}(Q) — (H3(Q))* is not closed (see [13, 9, 11]
in 2D). Of course, for any given geometry, such singularities do not exist when k. > 0 because
we know that in this case A, : H}(Q) — (HL(Q))* is an isomorphism. On the other hand, when

w = {(cosfcos p,sinfcosp,sing) | —m <0 <7, —7w/2 < ¢ < —7/2+a} for some « € (0;7) (5)



(the circular conical tip, see Figure 1), adapting some results of [33, 32, 38], it can be shown that
such s exists for k. € (—1;—1,) (resp. k. € (—In;—1)) when o < w/2 (resp. a > 7/2). Here I,
is the constant defined by

_ 2Fi(1/2,1/2, 1, cos?(a/2)) 2F1(3/2,3/2,2,sin?(a/2))
CoF1(1/2,1/2,1,sin%(/2)) 2F1(3/2, 3/2, 2, cos2(a/2))

> 0, (6)

where oF; stands for the Gauss’s hypergeometric function. Note that we have I, = 1/I;_,
and I, € (0;1) for a € (0;7/2). Additionally, there holds for example I/, ~ 0.218 as well as
lim, 70 Lo = 1, limy_o+ In = 0%, lim,_,,~ I = +o0.

Figure 1: Left: the domain €2 with the inclusion M exhibiting a conical tip. Right: s|y for the cir-
cular conical tip with o = 7/6 (the critical interval is then approximately given by [—1; —0.1032])
and k. = —0.36. In this situation, we have n ~ 2.

For a general smooth domain @ C S? and a given contrast k., in order to know if such s exists,
one has to solve the spectral problem

Find (®,\) € H'(S?) \ {0} x C such that
/ eVs® - Ve® ds = A\ + 1)/ eddds, VI € H(S?), (7)
S? s2

and see if among the eigenvalues some of them are of the form A = —1/2 + in with n € R,n # 0.
Above, Vg stands for the surface gradient. With a slight abuse, when ¢ is involved into integrals
over S?, we write ¢ instead of (p-). Note that since ¢ is real-valued, if A = —1/2 + in is an
eigenvalue, we have A(A + 1) = —n? — 1/4, so that A\ = —1/2 — in is also an eigenvalue for the
same eigenfunction. And since A\(A + 1) € R, we can find a corresponding eigenfunction which
is real-valued. From now on, we assume that ® in (4) is real-valued and that [|®||gis2) = 1.
Moreover we assume that A\ = —1/2 + in is a simple eigenvalue of (7) (geometrical multiplicity
equal to one). Let us mention that this problem of existence of singularities of the form (4)
is directly related to the problem of existence of essential spectrum for the so-called Neumann-
Poincaré operator [34, 49, 15, 32]. A noteworthy difference with the 2D case of a corner in the
interface is that several singularities of the form (4) with different values of |n| can exist in 3D
[33] (this depends on € and on w). To simplify the presentation, we assume that for the case of
interest, singularities of the form (4) exist for only one value of ||. Moreover we assume that the
quantity n fSQ ¢|®|?ds does not vanish. In this case, exchanging by —n if necessary, we can set
7 so that

n/§2 £[®[ds > 0. (8)

Under this assumption, one can check that A = —1/2 4 in is of algebraic multiplicity equal to
one. For the 2D problem, it can be proved that the quantity corresponding to 7 [c» g|®|?ds can
vanish only when the contrast . coincides with a bound of the critical interval. Note that when
n fSQ |®|?ds = 0, one can verify that there is a Jordan chain of length larger than 1 associated
with the eigenvalue A = —1/2 + in. In this case, the singularities have a different form from (4)



with some Inr appearing (see more details in [37, Lemma 5.1.3]) and the analysis below must
be adapted. For the circular conical tip introduced in (5), say for a < 7/2, we find that the
above assumptions are satisfied for contrasts k. € (—I); —I,) with a certain I € (I,;1). For
ke € (—1;—1 l), the number of hypersingularities is larger than two (counting +). Observe that
once the geometry has been fixed, all the assumptions appearing above correspond to a condition
on €.

To fix notations, we set ‘
5 (x) = x(r)r V(2 |2)) (9)

In this definition the smooth cut-off function y is equal to one in a neighbourhood of 0 and is
supported in [—p; p]. In particular, we emphasize that s* vanish in a neighbourhood of 0f2.

In order to recover Fredholmn property for the scalar problem involving &, an important idea
is too add one (and only one) of the singularities (9) to the functional framework. From a math-
ematical point of view, working with the complex conjugation, it is obvious to see that adding
sT or s~ does not change the results. However physically one framework is more relevant than
the other. More precisely, we will explain in §3.7 with the limiting absorption principle why
selecting sT, with 7 such that (8) holds, together with a certain convention for the time-harmonic
dependence, is more natural.

2.2 Kondratiev functional framework

In this paragraph, adapting what is done in [11] for the 2D case, we describe in more details how
to get a Fredholm operator for the scalar operator associated with €. For 8 € R and m € N let
us introduce the weighted Sobolev (Kondratiev) space Vi'(2) (see [35]) defined as the closure of
65°(Q\ {O}) for the norm

1/2
lellvm@) = ( > Hr'al_m*‘a@?sollizm)) :

laf<m

Here 65°(2\ {O}) denotes the space of infinitely differentiable functions which are supported in
Q\ {O}. We also denote VE(Q) the closure of 65°(2\ {O}) for the norm || - HVE’(Q)' We have the

characterisation .
VE(Q) ={p¢€ Vé(ﬂ) | =0 on 00Q}.

Note that using Hardy’s inequality

r

! lu(r)? !
/0 — r2dr < 4 /0 ]u'(r)|2r2dr, Yu € (501[0; 1),

one can show the estimate ||r lp|lo < C||[Vel|lq for all ¢ € €5°(2\ {O}). This proves that

V(l)(Q) = H}(R2). Now set 3 > 0. Observe that we have
Vig(Q) CHH(Q) C VE(Q)  sothat  (VE(Q)* C (HH(Q)* C (VEiz(Q)".

Define the operators AX” : V}b@(Q) — (V#B(Q))* such that

(A2Po, oy = /Q Vo Vidr, Ve e Vi, Q) ¢ € Vi) (10)

Working as in [11] for the 2D case of the corner, one can show that there is Sy > 0 (depending only
on k. and @) such that for all 5 € (0; fy), A? is Fredholm of index +1 while A-* is Fredholm of
index —1. Note that we have 8y = min{Re A + 1/2| A eigenvalue of (7) such that Re A > —1/2}.



We remind the reader that for a bounded linear operator between two Banach spaces T : X — Y
whose range is closed, its index is defined as ind T := dim ker T'—dim coker T', with dim coker T =
dim (Y /range(T")). On the other hand, application of Kondratiev calculus based in particular on
the residue theorem (see [11, Theorem 5.2], [37, Theorem 5.4.2]) guarantees that if ¢ € V}J)(Q) is

such that APy e (Vé(Q))* (the important point here being that (Vé(Q))* C (V14(Q))%), then
there holds the following representation

p=c_s +cpsT+@ with cq GCandcﬁE\Dﬂ_B(Q). (11)

Note that sT, with s defined by (9), belongs to V};(Q), but not to H(Q), and a fortiori not to
VEB(Q) Then introduce the space VO™ := span(s™) @ Vl,B(Q), endowed with the norm

lilvoss = (e + @30 @)% Vo =cst+ge Ve, (12)

which is a Banach space. Introduce also the operator A" such that for all p = cs™ 4 @ € yout
and ¢’ € ¢5°(2\ {0}),

(ASUt(;Oa QOI> — Ang . vadg; = —C/S;diV(Ev5+)§0/dx + /S;EVSZ) : Vadx

Note that due to the features of the cut-off function x, we have div(eVs") € L%(Q). And since
div(eVsT) = 0 in a neighbourhood of O, we observe that there is a constant C' > 0 such that
(A2, @) < C[lp|lyoum Hg0’||V[1j(Q). The density of 45°(Q \ {O}) in Vj(Q2) then allows us to

extend A" as a continuous operator from Vo' to (VE(Q))* And we have
(A, @) = —c/Q div(eVsT) ¢/ dx + /QEV(,ZD Vo dr, Yo=cs+¢, ¢ € VE(Q)

Working as in [11] (see Proposition 4.4.) for the 2D case of the corner, one can prove that
AQut . yeut (V}g(ﬂ))* is Fredholm of index zero and that ker A°"* = ker A-?. In order to
simplify the analysis below, we shall make the following assumption.

Assumption 3. We assume that € satisfies the conditions of §2.1 so that in particular the
range of A : Hy(Q) — (HL(Q))* is not closed. Moreover we assume that for 5 € (0; Bg), AP is
injective, which guarantees that A" : VO — (Vé(Q))* is an isomorphism.

The second part of this hypothesis boils down to supposing that there are no non zero regu-
lar solutions of the homogeneous problem div(eVy) = 0 in 2, ¢ = 0 on 092. Note that due to
the change of sign of €, such solutions may exist in very specific configurations, but they form at
most a finite dimensional set [38, 14] which can be included in the analysis.

In what follows, we shall also noeed to WOI'ID{ with the usual Laplace operator in weighted Sobolev
spaces. For v € R, define A7 : V}/(Q) — (VI_W(Q))* such that

(A7, ) = /QW Vi de,  VpeVl(Q), ¢ eV ()

(observe that there is no € here). Combining the theory presented in [37] (see also the founding
article [35] as well as the monographs [40, 42]) together with the result of [36, Corollary 2.2.1],
we get the following proposition.

Proposition 2.1. For all v € (=1/2;1/2), the operator A" : V}Y(Q) — (Vl_v(Q))* is an isomor-
phism.



Note in particular that for v = 0, this proposition simply says that A : H}(Q) — (H{(Q))* is an
isomorphism. In order to have a result of isomorphism both for Ag“t and A” , we shall often make
the assumption that the weight § is such that

0 < /< min(1/2, fp) (13)

where [y is defined after (10).
To measure electromagnetic fields in weighted Sobolev norms, in the following we shall work in
the spaces

<

o

5(Q) = (V3(Q)°
5(0) = (Vh@)
Note that we have VO_B(Q) cL}(Q) c V%(Q).

<
)

3 Analysis of the problem for the electric component

In this section, we consider the problem for the electric field associated with (1)-(2). Since the
scalar problem involving ¢ is well-posed in a non standard framework involving the propagating
singularity s* (see (12)), we shall add its gradient in the space for the electric field. Then we
define a variational problem in this unsual space, and prove its well-posedness. In §3.5 we explain
why the formulation in the classical framework fails to provide the solution of Maxwell problem.
Finally we justify the choice of the new framework by a limiting absorption principle.

3.1 A well-chosen space for the electric field

Define the space of electric fields with the divergence free condition

X (e) :={u=cVsT + @, c€C, uc L*Q)|curlu € L*(Q), div(euw) = 0 in Q\ {0},

u x v =0 on N} (14)

In this definition, for u = ¢Vs™ + @, the condition div(eu) = 0 in Q\ {O} means that there holds
/qu Vedr =0, Ve €@\ {0}), (15)

which after integration by parts and by density of €5°(Q\ {O}) in H}(Q) is equivalent to
— C/Q div(eVsT)p dr + /Qaﬁ -Vedr =0, Vo € 65°(9). (16)

Note that we have Xy (g) € X3*(¢) and that dim (X3*(¢)/Xn(e)) = 1 (see Lemma C.1 in
Appendix). For u = ¢Vs' + @ with ¢ € C and @ € L%(Q), we set

lullxcqure) = (lel® + [@lf, + [lcurluld)?.

Endowed with this norm, X3 (¢) is a Banach space.

Lemma 3.1. Pick some 3 satisfying (13). Under Assumptions 1 and 3, for any u = cVs' 4+ €
X (e), we have @ € VQB(Q) and there is a constant C' > 0 independent of w such that

el +llallvo o) < Clleurlullq. (17)

As a consequence, the norm || - ||X%1t(€) is equivalent to the norm ||curl - ||q in X3 (g) and X (e)
endowed with the inner product (curl-, curl-)q is a Hilbert space.



Proof. Let w = ¢Vs™ + 4@ be an element of X%'*(¢). The field @ is in L?(Q) and therefore
decomposes as
u =V + curly (18)

with ¢ € Hy(Q) and 4 € X7 (1) (item iv) of Proposition A.1). Moreover, since u x v = 0 on 95
and since both st and ¢ vanish on 99, we know that curle x v = 0 on 9. Then noting that
—Av = curla = curlu € L?(Q), we deduce from Proposition A.2 that curl € VQB(Q) with
the estimate

Jeurl ¢lyo (o) < C leurluo. (19)

Using (15), the condition div(ew) =0 in Q \ {O} implies
/Q€V(c sT4+¢) -V de = —/Qecurl't,b -V dz, Vo' e VI_B(Q),

which means exactly that A%(cs™ + ¢) = —div(ecurle) € (Vl_ﬁ(Q))* Since additionally
—div(e curley) € (Vé(Q))*, from (11) we know that there are some complex constants ¢y and
some @ € Vl_ﬂ(Q) such that

cst+p=c_ s +cyst+¢.
This implies c_ = 0, cy = ¢ (because ¢ € H}(R2)) and so ¢ = ¢ is an element of VEB(Q) This
shows that ¢ st +¢ € V" and that A% (csT+¢) = —div(e curl ). Since A2 : Vout (Vé(Q))*
is an isomorphism, we have the estimate

e+ il ) < € ldiv(e curl §) 1 . < C lleurl By o (20)
Finally gathering (18)—(20), we obtain that @ € VO,B(Q) and that the estimate (17) is valid.
Noting that ||@]lq < C’||ﬂHVo_B(Q), this implies that the norms | - ||X(])\1’Jt(€) and |[curl - ||q are
equivalent in X3 (¢). O

Thanks to the previous lemma and by density of ¢5°(2\ {O}) in V};(Q), the condition (16) for
u=cVsT + @ € X" (e) is equivalent to

- c/ div(eVsT)pdz + / ew-Vodr =0, Vo € VE(Q) (21)
Q Q
where all the terms are well-defined as soon as j satisfies (13).

3.2 Definition of the problem for the electric field

Our objective is to define the problem for the electric field as a variational formulation set in
X (e). For some v > 0, let J be an element of VQV(Q) such that divJ = 0 in Q. Consider the
problem

Find u € X3 () such that

/ pteurlu - curlwde — w2][ cu-vdr = iw/ J -vdx, Yo € XPM(e),
Q Q Q

(22)
where the term
][ eu-vdr (23)
Q

has to be carefully defined. The difficulty comes from the fact that X3*(¢) is not a subspace of
L%(Q) so that this quantity cannot be considered as a classical integral.
Let u = ¢, Vs + @ € X" (¢). First, for v € Vgﬁ(Q) with 8 > 0, it is natural to set

][su-f;d:z: :z/su-’bdm. (24)
Q Q



To complete the definition, we have to give a sense to (23) when v = Vs™. Proceeding as for the
derivation of (21), we start from the identity

/ﬂau Vpdr = —cy /Q div(eVsT)pdz + /Q e - Vd, Vi € 65°(2\ {0}).
By density of ¢5°(2\ {O}) in V};(Q), this leads to set
]ésu Vodr = —cy /Q div(eVsT)pdz + /Q ew - Vodz, Vo € Vk(Q) (25)
With this definition, condition (21) can be written as
]ésu Vepdr =0,  VYoeViQ).
In particular, since s* € VE(Q), for all u € X3 (¢) we have
]éeu -Vstdr =0 and so /Qeﬁ Vstdr = cu/ div(eVsT)st du. (26)

Q

Finally for all w = ¢, Vs™ + @ and v = ¢, Vs' + & in X" (), using (24) and (26), we find

][eu-vdx:/5u~f)dx:cu/5Vs+-f)dx+/5&-i;dx.
Q Q Q Q

But since v € X" (¢), we deduce from the second identity of (26) that

/ eVst - vdr = c,,/ div(eVsT)st dx. (27)
Q Q
Summing up, we get
][ eu-vdr = cucv/ div(eVsT)st dx +/ eu-vdx, Vu,v € X3 (e). (28)
Q Q Q

Remark 3.2. Fven if we use an integral symbol to keep the usual aspects of formulas and facilitate
the reading, it is important to consider this new quantity as a sesquilinear form

(u,v) — ][ eu-vdr
Q

on X (e) x XM (). In particular, we point out that this sesquilinear form is not hermitian on
X (e) x X (). Indeed, we have

][sfv ‘udr = / sﬂ-i;d:c+cuc,,/ div(eVsT)st dz
Q ) Q

so that
][ eu-vdr — ][ ev - wdr = 2icyCy SM (/ div(eVst) sT dx). (29)
Q Q Q

But Lemma 5.15 and assumption (8) show that

Sm </Qdiv(5v.s+) st dl‘) # 0.

In the sequel, we denote by an(-,-) (resp. £n(-)) the sesquilinear form (resp. the antilinear form)
appearing in the left-hand side (resp. right-hand side) of (22).
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3.3 Equivalent formulation

Before proving well-posedness in X*(g), we have to make sure that a solution of (22) satisfies
the initial problem (1)—(2). Proceeding as in the case of positive coefficients, this leads us to
introduce the following space

H"(curl ) := span(Vs') @ Hy(curl ) D X3 (¢)
(without the divergence free condition) and to consider the problem

Find u € H3*(curl) such that
an(u,v) = ly(v), Yvc HY(curl),

][su-vdx
Q

has to be extended to the space HQ"(curl ). Working exactly as in the beginning of the proof of
Lemma 3.1, one can show that any u € H3*(curl ) admits the decomposition

where the definition of

u = c, Vst + Vi, + curly,, (31)

with ¢, € C, ¢, € H)(Q) and 1, € X7 (1), such that curleyp,, € VQB(Q), for 8 satisfying (13).
Then, for all u = ¢, Vs + Vg, + curly, and v = ¢, Vs + Vi, + curla, in H3*(curl), a
natural extension of the previous definitions leads to set

]{25u ‘vdr = /ﬂa(Vgou + curly,) - (Vpy + curlvp,) do
+/ch eVst . curle, + G ecurlyp, - Vstdx (32)
— /Q cuCo div(eVsT)sT + ¢ div(eVs )Ty + G @udiv(eVsT) da.
Note that (32) is indeed an extension of (28). To show it, first observe that for u = ¢, Vs™ +
Viu +curlap,, v = ¢, Vs + Vi, +curlp, in X3 (¢), the proof of Lemma 3.1 guarantees that

Du, Pv € Vl_ﬁ(Q) with [ satisfying (13). This allows us to integrate by parts in the last two
terms of (32) to get

][ eu-vdr = / e (Vipy + curlep,) - (Vg + curlp,) dr
Q Q

+/ cueVst - (Voy +curle,) + Ge (Vo +curly,) - Vstdr  (33)

Q
—cucv/ div(eVst)st da.
)
Using (26), (27), the second line above can be written as
/ cu Vst (V@y + curlep,) 4 G e (Vi + curlap,,) - Vst dx
Q
o o (34)
= cucv/ div(eVsT)s™ dx—i—cucv/ div(eVsT)st du.
Q Q

Inserting (34) in (33) yields exactly (28).

Lemma 3.3. Under Assumptions 1 and 3, the field w is a solution of (22) if and only if it solves
the problem (30). As a consequence, if u satisfies (22), then (E,H) := (u, (iwp) ‘curlu) is a
solution of (1)-(2).

11



Proof. If u € H3(curl) satisfies (30), then taking v = Vo with ¢ € €5°(Q \ {O}) in (30), and
using that divJ = 0 in ©, we get (15), which implies that u € X3 (¢). This shows that u solves
(22).

Now assume that u € X3*(¢) € HY*(curl) is a solution of (22). Let v be an element of
H{"(curl). As in (31), we have the decomposition

v = ¢, Vst + Vi, + curlp,, (35)

with ¢, € C, @, € H}(Q) and 4, € X7(1) such that curlep,, € VO,B(Q) for all B satisfying (13).
By Assumption 3, there is ¢ € V" such that

A2M¢ = —div(e curlp,) € (V5(Q))". (36)
The function ¢ decomposes as ¢ = as™ + ¢ with ¢ € V1 5(€2). Finally, set
v =curley, — VC=v — V(cps™ 4+ @y + ).

The function ¥ is in X3 (¢), it satisfies curl @ = curlv and from (26), we deduce that

][eu-@da::][sumdx.
Q Q

Using also that J € VQW(Q) for some « > 0 and is such that divJ = 0 in €, so that

/J'f:dx:/J~vdx,
Q Q

this shows that ay(u,v) = any(u,?) = N (D) = {n(v) and proves that u is a solution of (30).

Now if w satisfies (22), and so (30), since Vst € L'(Q) := LY(Q)3, we have u € L'(Q).
Therefore there holds curlu € 2'(Q)3 where 2'(Q) denotes the set of distributions on Q. And
actually one can verify that curlu € L?(Q) because curl Vs™ = 0 in Q. Thus we can set
(E,H) := (u, (iwp) ‘curlu) € LY(Q) x L?(Q). Clearly we have curl E = iwp H in Q. By
taking v € €5°(Q)® € HY(curl) in (30) and by observing that in this case

][€u~vdx:/5u-vd§c,
Q Q

we obtain curl H +iwe E = J in 2'(Q)>. Moreover, because E € H3(curl ), we have Exv = 0
on 9Q. Finally, using the relation curl E = iw p H in , for ¢ € €5°(2\ M), we find

(uWH - v, p)a0 = / uH -Vpdr = (iw)_l/ curl E-Vgdr = 0.
Q Q

From the density of traces of elements of 45°(€2\ M) into H'/2(8Q), we infer that uH - v = 0 on
0. O

In the following, we shall work with the formulation (22) set in X3 (¢). The reason being that, as
usual in the analysis of Maxwell’s equations, the divergence free condition will yield a compactness
property allowing us to deal with the term involving the frequency w.

12



3.4 Main analysis for the electric field

Define the continuous operators A" : X3 (e) — (X(e))* and K : X (e) — (X (e))*
such that for all u, v € X" (¢),

(AWu, v) = / pteurlu - curl @ dz, (R, v) = ][ cu - Tdr.
@ Q

With this notation, we have (A" + K3*)u, v) = ay(u,v).

Proposition 3.4. Under Assumptions 1-8, the operator A" : X3(e) — (X(e))* is an
isomorphism.

Proof. Let us construct a continuous operator T : X% () — X% (g) such that for all u, v €
X{ (o),

/ p " teurlu - curl (Tv) do = / curlwu - curlvdz.
Q Q

To proceed, we adapt the method presented in [10]. Assume that v € X3(e) is given. We
construct Tv in three steps.

1) Since curlv € L*(Q) and A, : H#(Q) — (H#(Q))* is an isomorphism, there is a unique
gs H;#(Q) such that

/gwc-vc’dxZ/Qﬂcurlv-vc’dx, V¢ € Hy(Q).

Then the field p(curlv — V() € L%(Q) is divergence free in  and satisfies p(curlv — V() -v =0
on 0f2.

2) From item ii) of Proposition A.1, we infer that there is ¥ € X (1) such that
p(curlv — V() = curl .

Thanks to Lemma A.5, we deduce that ¢ € VQB(Q) for all 5 € (0;1/2) and a fortiori for
satisfying (13).

3) Suppose now that [ satisfies (13). Then we know from the previous step that div(ey) €
(VE(Q))* On the other hand, by Assumption 3, A" : VUt — (Vé(Q))* is an isomorphism.
Consequently we can introduce ¢ € VO such that Ay = —div(er).

Finally, we set Tv = 1 — V. Clearly Tv is an element of X% (g). Moreover, for all u, v
in X3*(¢), we have

/ p teurlu - curlTvode = / pleurlu - curl e de
Q Q
= /curlu-curlvdm — / curlu - V(dx
Q

Q
= /curlu'curlvdm.
Q

From Lemma 3.1 and the Lax-Milgram theorem, we deduce that T*AQ™ : X () — (X3 (g))* is
an isomorphism. And by symmetry, permuting the roles of u and v, it is obvious that T*AQ" =
AT, which allows us to conclude that A" : X3 (e) — (X (¢))* is an isomorphism. O
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Proposition 3.5. Under Assumptions 1 and 3, if (u, = ¢,Vs™ + @,) is a sequence which is
bounded in X" (¢), then we can extract a subsequence such that (c,) and (@) converge respec-
tively in C and in VQB(Q) for B satisfying (13). As a consequence, the operator K3 : X3 () —
(X (£))* is compact.

Proof. Let (u,) be a bounded sequence of elements of X3'*(¢). From the proof of Lemma 3.1,
we know that for n € N, we have

Uy, = c, Vs + Ve, + curlp,, (37)

where the sequences (¢,), (¢n), (¥,,) and (curle,,) are bounded respectively in C, Vl,B(Q),
X7 (1) and Vgﬁ(ﬂ). Observing that curlw,, = curlcurl, = —At, is bounded in L*(Q), we
deduce from Proposition A.3 that there exists a subsequence such that (curle,) converges in
VQB(Q). Moreover, by (20), we have

len — eml| + llon — SDmHVEB(Q) < C|curl (¢, — ¢m)”V95(Q)7

which implies that (¢,) and (¢,) converge respectively in C and in VI,B(Q) From (37), we see
that this is enough to conclude about the first part of the proposition.
Finally, observing that

KN 2wl (xgut (e))« < C(llallvo o) + leul),
we deduce that K : X (g) — (X3(£))* is a compact operator. O
We can now state the main theorem of the analysis of the problem for the electric field.

Theorem 3.6. Under Assumptions 1-3, for all w € R the operator AW — WK : XW(e) —
(XM (e))* is Fredholm of index zero.

Proof. Since KM : X3(g) — (X (e))* is compact (Proposition 3.5) and A" : X (e) —
(X (£))* is an isomorphism (Proposition 3.4), A% —w? K : X (e) — (X (e))* is Fredholm
of index zero. ]

The previous theorem guarantees that the problem (22) is well-posed if and only if uniqueness
holds, that is if and only if the only solution for J = 0 is u = 0. Since uniqueness holds for w = 0,
one can prove with the analytic Fredholm theorem that (22) is well-posed except for at most a
countable set of values of w with no accumulation points (note that Theorem 3.6 remains true
for w € C).

Note that in practice ¢ is itself a function of w. For instance, if the inclusion M is metallic, it is
commonly admitted that the Drude’s law gives a good model for €. But taking into account the
dependence of e with respect to w when studying uniqueness of problem (22) leads to a non-linear
eigenvalue problem, where the functional space X" (¢) itself depends on w. This study is beyond
the scope of the present paper (see [29] for such questions in the case of the 2D scalar problem).
Nonetheless, there is a result that we can prove concerning the cases of non-uniqueness for problem
(22).

Proposition 3.7. If u = cVst + @ € X% () is a solution of (22) for J = 0, then ¢ = 0 and
uc XN(E).

Proof. When w = 0, the result is a direct consequence of Theorem 3.6 (because zero is the
only solution of (22) for J = 0). From now on, we assume that w € R\ {0}. Suppose that
u = cVsT + @ € X (e) is such that

/ M_lcurlu-curlvdx—wg][ eu-vdr =0, Vo € X3 (e).
Q Q
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Taking the imaginary part of the previous identity for v = u, we get

%m(fsu-uda:) =0.
Q

On the other hand, by (28), we have

][su-ud:p:/s|ﬁ\2daz+c|2/ div(eVst) st du,
Q Q Q

so that
lc[>Sm (/ div(eVst) sT dx) =0.
Q

The result of the proposition is then a consequence of Lemma 3.15 where it is proved that

Im (/ div(eVst) st da:) :n/ £|®|?ds,
Q S?

and of the assumption (8). O

Remark 3.8. As a consequence, from Lemma 3.1, we infer that elements of the kernel of A —
WK are in VO 4(Q) for all B satisfying (13).

Remark 3.9. Using the result of Theorem 5.6, we could have studied a problem similar to (1)-
(2) with an impedance boundary condition replacing the perfect conductor condition. In this
case, using the unique continuation principle, we would have been able to prove uniqueness of the
solution, and so well-posedness of the problem, for all w > 0. Theorem 3.6 can also be employed
to consider the scattering of an incident wave by a bounded inclusion (with the same features
as M) in freespace. In the latter situation, working as in [7, Lemma 2.1 and Proposition 2.1],
in particular using the Rellich lemma, one could also establish existence and uniqueness of the
solution (in a framework like X" (g)) for all w > 0.

3.5 Problem in the classical framework

In the previous paragraph, we have shown that the Maxwell’s problem (22) for the electric field
set in the non standard space X' (¢), and so in HY"(curl) according to Lemma 3.3, is well-
posed. In order to understand what would fail with a naive approach, here we wish to analyse
the properties of the problem for the electric field set in the classical space Xy (g) (which does
not contain VsT). Since this space is a closed subspace of X/ (¢), it inherits the main properties
of the problem in X?\}‘t (¢) proved in the previous section. More precisely, we deduce from Lemma
3.1 and Proposition 3.5 the following result.

Proposition 3.10. Under Assumptions 1 and 3, the embedding of Xy () in L2(Q) is compact,
and ||curl - |lq is a norm in Xx(g) which is equivalent to the norm || - [[g(curl)-

Note that we recover classical properties similar to what is known for positive €, or more generally
[10] for e such that the operator A. : Hj () — (H{(Q))* defined by (3) is an isomorphism (which
allows for sign-changing £). But we want to underline the fact that under Assumption 3, these
classical results could not be proved by using classical arguments. They require the introduction
of the bigger space X3 (), with the singular function Vs™.

Let us now consider the problem

Find u € Xy (e) such that

//flcurlu-curlvdm—w2/5u-vd:c:iw/ J - -vdz, Vo € Xy (e). (38)
Q Q Q
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An important remark is that one cannot prove that problem (38) is equivalent to a similar problem
set in Hy(curl) (the analogue of Lemma 3.3). Again, the difficulty comes from the fact that A.
is not an isomorphism, and trouble would appear when solving (36). Therefore, a solution of (38)
is not in general a distributional solution of the equation

curl (,u_lcurl u) — wleu = iwJ.
To go further in the analysis of (38), we recall that Xy () is a subspace of codimension one of
X () (Lemma C.1 in Appendix). Let vy be an element of X3 () which does not belong to

Xy (g). Then we denote by £y the continuous linear form on X (¢) such that:
Yo € XM (e) v — lo(v)vg € Xy (e). (39)

Let us now define the operators Ay : Xy () = (Xn(€))* and Ky : Xy () = (Xn(e))* by
(Ayu,v) = / pteurlu - curl @ dz, (Kyu,v) = / eu-vdr.
Q Q

Proposition 3.11. Under Assumptions 1-3, the operator Ay : Xy (e) — (Xn(€))* is Fredholm
of index zero.

Proof. Let u € Xy (¢). By Proposition 3.4, for the operator T introduced in the corresponding
proof, one has:
2 2
Julieyey = llourlully = (4w, Tu).

Then, using (39), we get:
Il ) = (Avu, Tu — bo(Tu)vo) + (AR u, o(Tu)vo),

which implies that
lullxye) < € (lAnullay @) + o(Tw)])

The result of the proposition then follows from a classical adaptation of Peetre’s lemma (see for
example [54, Theorem 12.12]) together with the fact that Ay is bounded and hermitian. O

Combining the two previous propositions, we obtain the

Theorem 3.12. Under Assumptions 1-3, for all w € R, the operator Ay — w?Ky : Xn(e) —
(Xn(g))* is Fredholm of index zero.

But as mentioned above, even if uniqueness holds and if Problem (38) is well-posed, it does not
provide a solution of Maxwell’s equations. Note that the phenomenon observed in this paragraph
is very similar to what happens for Maxwell’s equations with positive coefficients in presence of
singularities when one looks at a formulation set in H'(Q)? (see e.g. [17, 27, 19]).

3.6 Expression of the singular coefficient

Under Assumptions 1-3, Theorem 3.6 guarantees that for all w € R the operator A" — wQK]O\}lt :
XW(e) — (X (g))* is Fredholm of index zero. Assuming that it is injective, the problem (22)
admits a unique solution w = ¢, Vs™ 4 @. The goal of this paragraph is to derive a formula
allowing one to compute ¢,, without knowing w. Such kind of results are classical for scalar op-
erators (see e.g. [26], [37, Theorem 6.4.4], [22, 23, 2, 28, 55, 46]). They are used in particular for
numerical purposes. But curiously they do not seem to exist for Maxwell’s equations in 3D, not
even for classical situations with positive materials in non smooth domains. We emphasize that
the analysis we develop can be adapted to the latter case.
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In order to establish the desired expression, for w € R, we first introduce the field wy € X3 (¢)
such that

/ pteurlwy - curlwy da — w2][ ev-wy dr = / ev - Vs du, Yo € X0 (e). (40)
Q Q Q

Note that Problem (40) is well-posed when A — w? K is an isomorphism. Indeed, using (29),
one can check that it involves the operator (A" — WXK)* | that is the adjoint of AT — W KWL,
Moreover v — [, e® - Vst da is a linear form over X" (e).

Theorem 3.13. Assume that w € R, Assumptions 1-3 are valid and AW — w? KW : XW(e) —
(XM (e))* is injective. Then the solution u = c,Vs© +@ of the electric problem (22) is such that

Cy = iw/ J dea:// div(eVsT) st dr. (41)
Q Q

Here wy is the function which solves (40).

Remark 3.14. Note that in practice wy can be computed once for all because it does not depend
on J. Then the value of ¢, can be determined very simply via Formula (/1).

Proof. By definition of u, we have

/,u_lcurlu-curled:c—w2][ su-'dex:iw/ J - wydz.
Q Q Q

On the other hand, from (40), there holds
/ /flcurlu -curlwy dx — wg][ eu-wydxr = / et - Vstdz.
Q Q Q
From these two relations as well as (26), we get
iw/ J -wydr = / 5'&'Vs+dx:cu/ div(eVs™) sT da.
Q Q Q

But Lemma 3.15 below guarantees that Sm [, div(eVst)stdz # 0. Therefore we find the
desired formula. O

Lemma 3.15. With the notations of (/), we have

Sm (/ div(eVst)sT dx) :17/ £|®|?ds.
Q S2

Proof. Set Q, := Q\ B(O, 7). Noticing that div(¢VsT) vanishes in a neighbourhood of the origin,
we can write

/ div(eVsT)sTdx = lim div(eVst) st dx
Q

7—0 QT

95t
= lim <—/ 5|Vs+|2daz—/ 5883+d8>.
0 Q, aB(O,r) Or

Taking the imaginary part and observing that

Js+ 1
/ e stds = — ( + in) / £|®|2ds,
aB(Or) Or 2 s?

the result follows. O
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3.7 Limiting absorption principle

In §3.4, we have proved well-posedness of the problem for the electric field in the space X3 (¢).
But up to now, we have not explained why we select this framework. In particular, as mentioned
in §2.1, well-posedness also holds in X (e) where X (¢) is defined as X3 () with s replaced
by s~ (see (9) for the definitions of s¥). In general, the solution in X% (¢) differs from the one
in X3 (¢). Therefore one can build infinitely many solutions of Maxwell’s problem as linear
interpolations of these two solutions. Then the question is: which solution is physically relevant?
Classically, the answer can be obtained thanks to the limiting absorption principle. The idea is
the following. In practice, the dielectric permittivity takes complex values, the imaginary part
being related to the dissipative phenomena in the materials. Set

e i=ec+id

where ¢ is defined as previously (see (2)) and § > 0 (the sign of 0 depends on the convention for the
time-harmonic dependence (in e~ iwt here)). Due to the imaginary part of &% which is uniformly
positive, one recovers some coercivity properties which allow one to prove well-posedness of the
corresponding problem for the electric field in the classical framework. The physically relevant
solution for the problem with the real-valued & then should be the limit of the sequence of solutions
for the problems involving % when § tends to zero. The goal of the present paragraph is to explain
how to show that this limit is the solution of the problem set in X3(¢).

3.7.1 Limiting absorption principle for the scalar case

Our proof relies on a similar result for the 3D scalar problem which is the analogue of what has
been done in 2D in [10, Theorem 4.3]. Consider the problem

Find ¢’ € H}(Q) such that — div(e°V?) = f, (42)

where f € (H}(€))*. Since § > 0, by the Lax-Milgram lemma, this problem is well-posed for all
f € (H}(2))* and in particular for all f € (Vé(Q))*, B > 0. Our objective is to prove that (¢%)
converges when § tends to zero to the unique solution of the problem

Find ¢ € V°" such that A%y = f. (43)

We expect a convergence in a space Vé(Q) with 0 < 8 < fy. We first need a decomposition of

<p5 as a sum of a singular part and a regular part. Since problem (42) is strongly elliptic, one can

directly apply the theory presented in [37]. In particular, to characterize the singular part, one
is led to consider the spectral problem

Find (®°,X°) € H(S?) \ {0} x C such that

/ DYV g®0 . VT ds = NN + 1)/ SHTds, W e HY(S?). (44)
S2 S2
By assumption (see Section 2), Ay := —1/2 4+ in (where 7 is fixed in (8)) are eigenvalues of (7)

of algebraic multiplicity equal to one. Using Rouché theorem, one can show that for § > 0 small
enough, there are exactly two eigenvalues A}, of (44) such that we have A+ — \).| < C'§, where
C is independent of §. Moreover )\i are of algebraic multiplicity equal to one. By observing that
A is an eigenvalue of (7) if and only —A? — 1 is an eigenvalue of (7), we deduce that for § small

enough, there exists one and only one eigenvalue of (7), that we denote by M e C, such that
Re X € (=1/2;—1/2+ By — V/8). Let s° be the corresponding singular function defined by

5
s'(r,0,¢) = @ (x/|z),

where ®° is the eigenfunction associated with A° such that (<I>6,<I>)H1(Sz) = 1. Here @ is the
function introduced in §2.1 and we will prove in Lemma 3.18 that we can indeed impose the
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condition (®°, ®)p1(g2y = 1 for ¢ small enough. Observe that 5% satisfies div(e°Vs®) = 0 in K. As
in (9) for s*, we set
_ ind
s (x) = x(r) r A 00 ()], (45)

where 7° € C is the number such that \° = —-1/2+ in’. By applying [37, Theorem 5.4.1], we get
the following result.

Lemma 3.16. Let 0 < < fy and f € (Vé(Q))* The solution ©° of (42) decomposes as

@ =2 + @ (46)
where ¢ € C and @° € Vl_ﬁ(Q)
(\/
—X% —1 when § — 0% SmA
b A0
oo A 0 | —0.5—0.965
0.001 | —0.498 — 0.965i
: > e A )
19 0.01 | —0.487 — 0.965
\ S 0.05 | —0.436 — 0.963
< e 0.1 | —0.374 — 0.958i

A\ when § — 0T

Figure 2: Behaviour of the eigenvalue A° close to the line Re A = —1 /2 as the dissipation § tends
to zero. Here the values have been obtained solving the problem (44) with a Finite Element
Method. We work in the conical tip defined via (5) with @ = 27/3 and k. = —1.9. In this case,
using (6) we find I, ~ 2.585 so that the critical interval is approximately given by [—2.585; —1].

Let us first study the limit of the singular function.
Lemma 3.17. For all B > 0, when § tends to zero, the function s converges in VE(Q) to st

(see the definitions in (8) and (9)).

Proof. The first step of the proof consists in showing that the limit of (775), which we denote by
n°, is n and not —n. Let 5 > 0 be such that the function y introduced in (9) satisfies y = 1 in
the ball B(O, p). From integration by parts, we get

0= / div(e’Vs®)sd da = —/ V|2 dr 4 (—1/2 + 2'77‘5),05’_2%”“7(S / 0| @0 2ds.
B(0,5) B(0.5) 52

Thus we must have

Sm ((—1/2+¢n5)ﬁ—23m”5/ £|00 2ds) > 0. (47)
S2

Taking the limit § — 07 in (47) and using Lemma 3.18 below which guarantees that (<I>6) converges
to ® in H'(S?), we obtain the relation

n° /S2 e|®|*ds > 0. (48)

According to the definition (8) of 7, this ensures that n° = 7 and shows that (\°) converges to
A (and not to —X\ — 1, see an illustration with Figure 2). From the definitions (9), (45) of s, s°,
+

using again that (%) converges to ® in H(S?), we infer that s° converges to st (and not to s~)
in V%(Q) O
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Lemma 3.18. Let (‘ID‘S) be a sequence of eigenfunctions associated with the eigenvalue N, For
6 small enough, we can impose the condition (<I>6, <I>)H1(S2) = 1. Then ®° is uniquely defined and

when & tends to zero, (®°) converges in H'(S?) to the ® introduced in §2.1.

Proof. Let (é‘s) be a sequence of eigenfunctions associated with the eigenvalue X such that
||&>6||H1(82) = 1. We can extract a subsequence, that we also denote by (@6), which converges
weakly in HY(S?) and strongly in L*(S?) to some ® € H'(S?). For z € C, with the Riesz
representation theorem, define the symbol .2°(z) : H'(S?) — H!(S?) such that

(L2(2)0, V) (s2) = /s2 Vgl -VgUlds — z(z+1) /82 UV ds, VI, U e HY(S?).

First taking the limit § — 0% in (Z9(\?)®°, ) (s2) = 0, we get
(L2, V)yigey =0, VI € H'(S?).

This shows that either ® = 0 or ® is an eigenfunction of (7) associated with X\. On the other
hand, using some T-coercivity approach on the sphere (mimic the proof [8, Theorem 6.4]), one
can prove that Z°(—1/2 +it) : H'(S?*) — H'(S?) is an isomorphism for ¢ > 0 large enough. Let
us decompose Z°(\%) as

LN = LO(—1)2+it) + R° +

where Z°, # : HY(S?) — H(S?) are the operators such that for all ¥, ¥' € H'(S?),
@0V ey = 0 [ Vs VsTds — NN + 1)/ VT ds)
S2 S2?

—NON 1) = AN+ 1))/ eW W ds
SZ

(AU W )iy = —(ANA+ 1) — (<12 4 it) (+1/2 + it) /S U ds.

Note that the norm of #°, as a linear operator of H' (~S2), tends to zero when § — 0" and that
J is compact. Therefore, using the relations .22 (A\%)®° = £°(A\)® = 0 to get

LY(=1/2+it)(®° — &) = —Z°D° — # (P’ — D),

we deduce that (®°) converges strongly to ® in H'(S?). This implies ||(i)HH1(Sz) = 1 and proves
that ® is an eigenfunction of (7) associated with A. Since by assumption A is a simple eigenvalue,
® is proportional to ®. Thus for § small enough, we have (®°, @)1 (s2) # 0. Then (®°), with ®° =
/(9 D)1 (s2), is a sequence of eigenfunctions associated with A such that (®°, P)pi(gey = 1.
Now from the convergence of (®°) to ¢® with |¢| = 1 and (®°, ®)p1(g2y) = 1, we infer that (®°)
converges to ¢ when 0 tends to zero. Finally, one observes that such a construction is possible
for any subsequence of (°). O

Then proceeding exactly as in the proof of [11, Theorem 4.3], one can establish the following
result.

Lemma 3.19. Let 0 < < By and f € (V%(Q))* If Assumption 3 holds, then (¢° = ¢ s° + @°)
converges to o = cst + @ in V};(Q) as 0 tends to zero. Moreover, (05, @‘5) converges to (¢, p) in
C x Vl_ﬁ(Q) In, this statement, ©° (resp. @) is the solution of (42) (resp. (43)).

Note that the results of Lemma 3.19 still hold if we replace f by a family of source terms
(f%) € (Vé(Q))* that converges to f in (Vk((l))* when § tends to zero.
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3.7.2 Limiting absorption principle for the electric problem

The problem
Find u’ € Xy (£%) such that curl p~tcurl u® — w?eou’ = iwJ, (49)

with Xy (e°) = {E € Hy(curl)|div(e’E) = 0}, is well-posed for all w € R and all § > 0. This
result is classical when p takes positive values while it can be shown by using [10] when p changes
sign. We want to study the convergence of u® when § goes to zero. Let (6r) be a sequence of
positive numbers such that lim,,— . 6, = 0. To simplify, we denote the quantities with an index
n instead of &, (for example we write " instead of £7).

Lemma 3.20. Suppose that (u") is a sequence of elements of Xn(e") such that (curlu™) is
bounded in L*(RY). Then, under Assumption 3, for all B satisfying (13), for alln € N, u" admits
the decomposition u" = c"Vs" + 4" with " € C and u" € Vgﬁ(ﬂ). Moreover, there exists a

subsequence such that (c"*) converges to some ¢ in C while (4") converges to some @ in VQB(Q).
Finally, the field u := cVs' + @ belongs to X" (e).

Proof. For all n € N, we have u" € Xy (£°) € L%(Q). Therefore, there exist ¢" € H}(Q) and
P € Xp(1), satisfying curlp™ x v = 0 on 09 such that u" = V" + curly™. Moreover, we
have the estimate

[Ad™[o = [lecurlu”([q < C.

As a consequence, Proposition A.2 guarantees that (curle™) is a bounded sequence of VY 5(52),
and Proposition A.3 ensures that there exists a subsequence such that (curl™) converges in
Vo_ﬁ(Q). Now from the fact that div("u") = 0, we obtain

div(e"V") = —div(e"curl ") € (V};(Q))*

By Lemmas 3.16 and 3.19, this implies that the function ¢" decomposes as ¢" = ¢"s" + @" with
"€ Cand@" € Vl_B(Q). Moreover, (") converges to ¢ in C while (¢™) converges to ¢ in Vl_B(Q).

Summing up, we have that 4" = ¢"Vs" + @" where 4" = V@™ + curl™ converges to @ in
VQB(Q). In particular, this implies that u™ converges to u = cVs™ 4+ in Vg(Q) forall v > 0. It
remains to prove that u € X3 (g), which amounts to showing that u satisfies (26). To proceed,
we take the limit as n — +o0 in the identity

—c"/ div(e"Vs")pdr + / e"u" - Vodr =0
Q Q

which holds for all ¢ € VE(Q) because u" € Xy (e"). O

Theorem 3.21. Let w € R. Suppose that Assumptions 1, 2 and 3 hold, and that uw = 0 is the
only function of Xn(g) satisfying

curl i~ teurlu — w?eu = 0. (50)
Then the sequence of solutions (u‘S = AV +a?) of (49) converges, as & tends to 0, to the unique

solution w = ¢Vst +a € X (e) of (22) in the following sense: (c5) converges to ¢ in C, (@)
converges to  in Vgﬁ(ﬂ) and (curlu®) converges to curlu in L*(9).

Proof. Let (6,) be a sequence of positive numbers such that lim,,_, . ¢, = 0. Denote by u" the
unique function of Xy (¢") such that

curl p teurlu” — w?e"u" = iwl. (51)
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Note that we set again " instead of €%, The proof is in two steps. First, we establish the desired
property by assuming that (||curlu”||q) is bounded. Then we show that this hypothesis is indeed
satisfied.

First step. Assume that there is a constant C' > 0 such that for all n € N

|lcurlu"|q < C. (52)

By lemma 3.20, we can extract a subsequence from (u" = ¢"Vs" 4+ @") such that (¢") converges
to ¢ in C, (@") converges to & in Vgﬁ(Q), with w = @ + cVsT € X3 (e). Besides, since for all
n €N, curlu” € L%(Q), there exist h" € H#(Q) and w" € Xy (1), such that

pteurlu™ = VA™ + curl w™. (53)

Observing that (w") is bounded in Xy(1), from Lemma A.5, we deduce that it admits a
subsequence which converges in VQB(Q). Multiplying (51) taken for two indices n and m by

(w™ — w™), and integrating by parts, we obtain
/ lcurl w” — curlw™|? dz = w2/ (e"u" —eMu™) (w" — w™m) dx.
Q Q

This implies that (curl w™) converges in L%(€2). Then, from (53), we deduce that
div (uVAh") = —div (pcurlw™) in Q.

By Assumption 2, the operator A, : H#(Q) — (H%E(Q))* is an isomorphism. Therefore (VA")
converges in L?(Q2). From (53), this shows that (curlu”) converges to curlw in L%(Q). Finally,
we know that u" satisfies

/M_lcurlu"-curlvdac—wQ/6”u"-vdx:iw/ J - -vdx
Q Q Q

for all v € VY 3(€2). Taking the limit, we get that u satisfies

/,u_lcurlu-curl'vdwaf 5u-'vdx:iw/ J -vdx (54)
Q Q Q

for all v € V(lﬁ(Q). Since in addition, u satisfies (26), (54) also holds for v = Vs™ and we get
that w is the unique solution u of (22).

Second step. Now we prove that the assumption (52) is satisfied. Suppose by contradiction
that there exists a subsequence of (u") such that

|curlu||q — 400

and consider the sequence (v™) with for all n € N, v" := u"/||curlu”||q. We have

1 2

v" € Xy(e") and curly “curlv” —we"v" =iwd/||curlu”|q. (55)
Following the first step of the proof, we find that we can extract a subsequence from (v™) which
converges, in the sense given in the theorem, to the unique solution of the homogeneous problem
(22) with J = 0. But by Proposition 3.7, this solution also solves (50). As a consequence, it
is equal to zero. In particular, it implies that (curlv™) converges to zero in LQ(Q)7 which is

impossible since by construction, for all n € N, we have ||curlv”|q = 1. O
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4 Analysis of the problem for the magnetic component

In this section, we turn our attention to the analysis of the Maxwell’s problem for the magnetic
component. Importantly, in the whole section, we suppose that [ satisfies (13), that is 0 < 5 <
min(1/2, 3y). Contrary to the analysis for the electric component, we define functional spaces
which depend on f:

Z3" (1) == {u € L*(Q) | curlu € span(¢Vs™) @ Vgﬁ(Q), div(pu) =0 in Q, pu - v =0 on 9N}
and for £ € L>(Q),
Z%ﬁ(ﬁ) = {uc L*(Q)|curlu € Viﬁ(Q), div (éu) =0in Q and u - v = 0 on IN}.

Note that we have Z;ﬁ(,u) C Z9"(n) C Zg(u). The conditions div(pu) =0 in Q and pu-v =0
on Jf) for the elements of these spaces boil down to impose

/,uu-Vgodaz:O, V@EH#(Q).
Q

Remark 4.1. Observe that the elements of Z9™(u) are in L*(Q) but have a singular curl. On
the other hand, the elements of X3 (&) are singular but have a curl in L2(Q). This is consistent
with the fact that for the situations we are considering in this work, the electric field is singular
while the magnetic field is not.

The analysis of the problem for the magnetic component leads to considering the formulation

Find w € Z9" (1) such that

e tcurlu - curlwdz — w2/ pu U = / e 1T - curlw, Yv € Zg(u), (56)
Q Q

Q
where J € V2 5(§2). Again, the first integral in the left-hand side of (56) is not a classical integral.
Similarly to definition (26), we set

]{2V3+ -curlvdz :=0, Vv € Zg(u).

As a consequence, for u € Z9"*(p) such that curlu = ¢, eVs™ + ¢, (we shall use this notation
throughout the section) and v € Zg(u), there holds

][ e teurlu - curlwde = / e ¢y - curl T da. (57)
Q Q

Note that for u, v in Z9"* () such that curlu = ¢, eVst + {y, curlv = ¢, eVs™ + ¢, we have
][ e lcurlu - curlodr = / ey - (cp eVst + () dx
Q Q
= / e 1y - Codr —cv/ div(¢y) s dx (58)
Q Q
= / e ¢y Coda + cuc,,/ div(eVs™) sT da.
Q Q

We denote by ar(-,-) (resp. ¢7(-)) the sesquilinear form (resp. the antilinear form) appearing in
the left-hand side (resp. right-hand side) of (56).

Remark 4.2. Note that in (56), the solution and the test functions do not belong to the same
space. This is different from the formulation (22) for the electric field but seems necessary in the
analysis below to obtain a well-posed problem (in particular to prove Proposition 4.7). Note also
that even if the functional framework depends on 3, the solution will not if J is regular enough
(see the explanations in Remark /.11).
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4.1 Equivalent formulation

Define the spaces

H(curl) = {u e L*Q)|curlu ¢ V%(Q)}
H"(curl) := {u € L*(Q)| curlu € span(eVs™) @ VO_B(Q)}.

Lemma 4.3. Under Assumptions 1-2, the field w is a solution of (56) if and only if it solves the

problem
Find uw € H*"(curl) such that

ar(u,v) = lr(v), Yo e H’(curl). (59)

As a consequence, if uw satisfies (56), then (E,H) := (i(we) (curlu — J),u) is a solution of
(1)-(2).

Proof. If u satisfies (59), then taking v = Vi with ¢ € H;E(Q) in (59), we get that w € Z ().
This proves that u solves (56).

Assume now that u is a solution of (56). Let v be an element of H?(curl ). Introduce ¢ € H}# (Q)
the function such that

The field © := v — V¢ belongs to Zg(u). Moreover, there holds curl® = curlwv and since for
u € Z§™ (1), we have

/Q,u,u~Vg0d:U:0, V(pEH#(Q),

we deduce that ar(u,v) = ar(u,v) = lp(0) = lr(v).

Now if u satisfies (56), and so (59), one notes that the pair (E, H) := (i(we) (curlu — J)
belongs to L!(9) x L2(Q). Clearly we have curl H +iwe E = J in Q. By taking v € 65°()
HP(curl) in (59) and by observing that in this case

,u)
3¢

][ e teurlu - curlvde = / e tcurlu - curl @ dz,
Q Q

we obtain curl E = iw pu H in 2'(Q)3. The boundary conditions (2) can then be deduced in a

classical way. O

4.2 Norms in Z3" (1) and Z3" ()

We endow the space Zg(,u) with the norm

lull g . = (lullg + IICurluH%;%(m)l/z,

so that it is a Banach space.

Lemma 4.4. Under Assumptions 1-2, there is a constant C > 0 such that for all u € Z?(u),
we have
lulla < € fleurlullys o).

As a consequence, the norm || - ||, () 18 equivalent to the norm ||curl - HV%(Q) in Zg(u).

T
Remark 4.5. The result of Lemma /.4 holds for all 5 such that 0 < 5 < 1/2 and not only for
0 < 8 <min(1/2, fp).
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Proof. Let uw be an element of Zg(,u). Since u belongs to L?(Q), according to the item v) of
Proposition A.1, there are ¢ € H;E(Q) and ¥ € Xy(1) such that

u = Vo + curl . (60)
Lemma A.5 guarantees that ¢ € VY 5(€2) with the estimate
[¥llvo @) < Clleurllq. (61)
Multiplying the equation curlcurly = curlw in Q by ¥ and integrating by parts, we get
Jeurl g < lleurl ullyo g [#llvo o) (62)
Gathering (61) and (62) leads to
Jeurlplla < C fleurl ullya o) (63)

On the other hand, using that
/Quu -V¢'dr =0, Vo' € H#(Q)

and that A, : H#(Q) — (H:}#(Q))* is an isomorphism, we deduce that [|[Vy|q < C|curly|q.
Using this estimate and (63) in the decomposition (60), we finally obtain the desired result. [

If w € Z9"(u), we have curlu = ¢, Vs + ¢, with ¢, € C and ¢, € Vgﬁ(ﬂ). We endow the
space Z3" (1) with the norm

||UJ||Z°‘“(;L) = (HU'H%Z ’Cu,Q ||CUH\2[0 Q )1/27
T 25
so that it is a Banach space.

Lemma 4.6. Under Assumptions 1-3, there is C > 0 such that for all u € Z3" (1), we have
[ulle +leu] < CliCullvo @) (64)

As a consequence, the norm ||U||Z%ut(’u) is equivalent to the norm ||CUHVEB(Q) for w € Z9™ ().

out

Proof. Let u be an element of Z3™ (). Since Z9™ (1) C Zg(u), Lemma 4.4 provides the estimate
lulle < Clleurlullyoq) < C (jeu] +[[Cullvo (0))- (65)

On the other hand, taking the divergence of curlu = ¢, Vst + ¢y, we obtain ¢, div(eVs") =
—div ¢y. Using the fact that A% : VOt — (V%(Q))* is an isomorphism, we get

lcu| < C|div Cu”(\"/}i(g))* <C ||CuHVQB(Q)-

Using this inequality in (65) leads to (64). O
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4.3 Main analysis for the magnetic field

Define the continuous operators A" : Z3¥ (u) — (Zg(u))* and K9 : Z9"(u) — (Zg(u))* such
that for all u € Z§(u), v € Zg(u),

(AP u,v) = ]éalcurlu -curlvdz, (K7"'u,v) = /QMU -vdz. (66)

With this notation, we have ((AS™ — W?K$"u, v) = ar(u,v).

Proposition 4.7. Under Assumptions 1-3, the operator A¥ : Z (1) — (Z?(u))* is an iso-
morphism.

Proof. We have

(A, v) = /Qs_lﬁu -curlvdz, Yu € Z9 (), Yo € Zg(u).
Let us construct a continuous operator T : Zg(u) — Z9" () such that

(A" Tu,v) = /Qrwcurlu -curl v du, Vu, v € Z (). (67)

Let u be an element of Zg(u). Then the field 72’ curlu belongs to Vo_ﬂ(Q). Since A" :
vout (VE(Q))* is an isomorphism, there is a unique ¢ = as™ + @ € VO such that A%y =
—div(r*¢ curlu). Observing that w := r?’curlu — Vo € V%(Q) is such that divw = 0 in (2,
according to the result of Proposition B.2, we know that there is a unique v € Z:’Br(l) such that

curly = ¢ (r¥Pcurlu — Vo).

At this stage, we emphasize that in general Vp € V%(Q) \ L?(Q). This is the reason why we are
obliged to establish Proposition B.2. Since 4 is in L?(Q), when A, : H%E(Q) — (H%E(Q))* is an
isomorphism, there is a unique ¢ € Hiﬁ (©) such that

/Mw.wﬂda::/mp.v(zﬂdx, Vo' € H(Q).
Q Q

Finally, we set Tu = ¢ — V¢. It can be easily checked that this defines a continuous operator
T: Zg(,u) — Z§"(u). Moreover we have

curl Tu = aeVst + (1o with ¢y = € (r?Pcurlu — V).

As a consequence, indeed we have identity (67). From Lemma 4.4, we deduce that AT :
Zg(/,l,) — (Zg(,u))* is an isomorphism, and so that A" is onto. It remains to show that A" is
injective.

If u € Z(u) is in the kernel of A9™, we have (A9 u,v) = 0 for all v € Zg(u). In partic-
ular from (58), we can write

(tu) = [ eGP da+lef? [ aiv(evst)T e =

Taking the imaginary part of the above identity, we obtain ¢, = 0 (see the details in the
proof of Proposition 4.10). We deduce that w belongs to Z;ﬂ(,u) and from (58), we infer that
(AP u, Tu) = (A" Tu, w). This gives

0= / 2| curlu)? dz = 0
Q

and shows that u = 0. O
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Proposition 4.8. Under Assumptions 1-3, the embedding of the space Z3 (1) in L2(Q) is com-
pact. As a consequence, the operator K™ : Z9" (1) — (Zgw(;z))* defined in (66) is compact.

Proof. Let (u,) be a sequence of elements of ZJ"* () which is bounded. For all n € N, we
have curlu, = c,,eVs" + {, . By definition of the norm of Z7(u), the sequence (cy,,) is

bounded in C. Let w be an element of Z3™(u) such that ¢, = 1 (if such w did not exist,
out

then we would have Z7"(u) = Z;B (1) € Xp(p) and the proof would be even simpler). The
sequence (U, — ¢y, w) is bounded in X7 (u). Since this space is compactly embedded in L%(Q2)
when A, : H%&(Q) — (H:}%(Q))* is an isomorphism (see [10, Theorem 5.3]), we infer we can
extract from (w, — ¢,,w) a subsequence which converges in L%(Q). Since clearly we can also
extract a subsequence of (¢, ) which converges in C, this shows that we can extract from (u,)
a subsequence which converges in L%(€). This shows that the embedding of Z%* (1) in L%(€) is
compact.

Now observing that for all u € Z9"(u), we have

out
IK7 u”(zg(#))* < Cllullg,

we deduce that K" : Z9" () — (Zg(,u))* is a compact operator. O
We can now state the main theorem of the analysis of the problem for the magnetic field.

Theorem 4.9. Under Assumptions 1-3, for all w € R the operator A% — WK : Z9 (1) —
(Zg(u))* is Fredholm of index zero.

Proof. Since K9 : Z9"(n) — (Zg(,u))* is compact (Proposition 4.8) and AP : Z9¥(u) —
(Z?(u))* is an isomorphism (Proposition 4.7), AQ" — W?K® : Z¥* — (Zg(,u))* is Fredholm of
index zero. O

Finally we establish a result similar to Proposition 3.7 by using the formulation for the magnetic
field.

Proposition 4.10. Under Assumptions 1 and 3, if u € Z3"* () is a solution of (56) for J =0,
then w € Z7." (1) C X (u) for all v satisfying (13).

Proof. Assume that u € Z$" (1) satisfies
][ e teurlu - curlwdr — w2/ pu - v =0, Yv € Zg(u).
Q Q

Taking the imaginary part of this identity for v = w, since w is real, we get
Sm <][ e teurlu - curludx) =0.
Q

If curlu = ¢, eVsT + ¢, with ¢, € C and ¢, € VQB(Q), according to (58), this can be written
as

|cu|*Sm (/ div(aVsﬂﬁd:c) =0.
Q

Then one concludes as in the proof of Proposition 3.7 that ¢, = 0, so that curlu € V° 5(€2).
Therefore we have e *curlu € Xy (g) € X3(¢). From Lemma 3.1, we deduce that e *curlu €
V(lw (2) for all ~ satisfying (13). This shows that uw € Z;"(u) for all  satisfying (13). O

Remark 4.11. Assume that J € VQW(Q) for all v satisfying (13). Assume also that zero is
the only solution of (56) with J = 0 for a certain By satisfying (13). Then Theorem 4.9 and
Proposition /.10 guarantee that (56) is well-posed for all v satisfying (13). Moreover Proposition
4.10 allows one to show that all the solutions of (56) for v satisfying (13) coincide.
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Remark 4.12. From Lemmas 5.3 and /.3, we infer that if u solves the electric problem (22),
then (iwp) ‘curlu is a solution of the magnetic problem (56). Conversely, if w solves (56), then
i(we) " Ycurlu — J) is a solution of (22). Therefore, under Assumptions 1-3, for all w € R, the
operator AW — WK : X (e) — (XQ(e))* is an isomorphism if and only if AP — WK
79 (1) — (Zg(u))* is an isomorphism.

4.4 Analysis in the classical framework

In the previous paragraph, we proved that the formulation (56) for the magnetic field with a
solution in Z9"*(p) and test functions in Z?(,u) is well-posed. Here, we study the properties of
the naive problem for the magnetic field set in the classical space Xr(u). More precisely, we
consider the problem

Find u € X7 (u) such that

/ e lcurlu - curlwdr — w2/ pu v = / e 'J - curlw, Vo € Xr(p). (68)
Q Q Q

Working as in the proof of Lemma 4.3, one shows that under Assumptions 1, 2, the field u is a
solution of (68) if and only if it solves the problem

Find w € H(curl) such that

/ e lcurlu - curlwdz — wQ/ pu v = / e 1J - curlw, Vv € H(curl). (69)
Q Q Q

Define the continuous operators Ap : Xp(u) = (Xp(p))* and Ky : Xp(p) — (X (p))* such that
for all u € Xp(u), v € Xp(p),

(Aru,v) = / e lcurlu - curl @ dz, (Kru,v) = / pu - U dx.
Q Q
As for Ay and Ky, we emphasize that these are the classical operators which appear in the
analysis of the magnetic field, for example when ¢ and u are positive in ).

Proposition 4.13. Under Assumptions 1-3, for all w € C the operator Ap — w?*Krp : Xr(p) —
(X7 ()" is not Fredholm.

Proof. From [10, Theorem 5.3 and Corollary 5.4], we know that under the Assumptions 1, 2, the
embedding of X7 (u) in L%(Q) is compact. This allows us to prove that Ky : Xp(p) — (Xp(p))* is
a compact operator. Therefore, it suffices to show that Ar : X7 (u) — (X7 (1))* is not Fredholm.
Let us work by contradiction assuming that A7 is Fredholm. Since this operator is self-adjoint
(it is symmetric and bounded), necessarily it is of index zero.

* If Ap is injective, then it is an isomorphism. Let us show that in this case, A. : Hy(Q) —

(H}(Q2))* is an isomorphism (which is not the case by assumption). To proceed, we construct a
continuous operator T : H}(Q) — H{(Q) such that

(1) = [ Vo V@ o= [ Vo VP Voo eH@. ()
When Ar is an isomorphism, for any ¢’ € H}(R), there is a unique 9 € Xp(u) such that
/Qslcurld) . curlwd:c = /981va . curlwdaﬁ, Vap' € X ().
Using item iii) of Proposition A.1, one can show that there is a unique T¢’ € H}(Q) such that

V(T¢') = e 1 (V¢ — curlp).
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This defines our operator T : H)(Q2) — H}(€2) and one can verify that it is continuous. Moreover,
integrating by parts, we indeed get (70) which guarantees, according to the Lax-Milgram theo-
rem, that A, : H}(Q) — HS(Q) is an isomorphism.

* If Ap is not injective, it has a kernel of finite dimension N > 1 which coincides with span(Aq, ..., An),
where A1,...,Any € Xp(u) are linearly independent functions such that (curl A;, curl \j)q = d;;
(the Kronecker symbol). Introduce the space

X7 (p) :={u € Xg(u) | (curlu, curl \)g =0,i=1,... N}.

as well as the operator Ag : Xy () — Xp(p) such that
(Aru,v) = / e leurlu - curl @ dz, Vu, v € X ().
Q

Then A is an isomorphism. Let us construct a new operator T : HY(Q) — HL(Q) to have
something looking like (70). For a given ¢’ € H}(R), introduce 1 € X7(u) the function such that

N
/ e leurly - curlyy dz = / (e71Vy' — Zaicurl ;) - curley)y’ du, V' € Xp(p), (71)
Q Q i=1

where for i = 1,..., N, we have set o :== [, e~ 1Vy' - curl \; dz. Observing that (71) is also valid
for ¢’ = N\;, i =1,..., N, we infer that there holds

N
/ e leurly - curlyy’ do = / (e7'V¢' = > ajeurl \) - curlyy’ da, Vap' € X ().
Q Q

i=1
Using again item #ii) of Proposition A.1, we deduce that there is a unique T¢’' € H}(2) such that

N
V(Ty') = e (V¢ — curlyp) — Z o;curl \;.

i=1

This defines the new continuous operator T : H}(Q) — HS(€Q). Then one finds
E— — N —
(Acp, TY') = / eV - V(Ty')dx = / Ve -Ve'dr — ZaZ/ eV -curl \;dz, Vo, € HY(Q).
Q Q - Jo

This shows that T is a left parametrix for the self adjoint operator A.. Therefore, A. : H}(Q) —
H}(Q) is Fredholm of index zero. Note that then, one can verify that dimker A. = dimker Ap.
And more precisely, we have ker A. = span(yy,...,yn) where v; € HJ(Q) is the function such
that

1

V7v; = e “curl \;

(existence and uniqueness of 7; is again a consequence of item #ii) of Proposition A.1). But by
assumption, A, is not a Fredholm operator. This ends the proof by contradiction. ]

Remark 4.14. In the article [10], it is proved that if A. : Hy(Q) — HY(Q) is an isomorphism
(resp. a Fredholm operator of index zero), then Ap : Xp(1) — (X (1))* is an isomorphism (resp.
a Fredholm operator of index zero). Here we have established the converse statement.

Remark 4.15. We emphasize that the problems (38) for the electric field and (68) for the mag-
netic in the usual spaces Xy (g) and Xp(u) have different properties. Problem (38) is well-posed
but is not equivalent to the corresponding problem in Hy(curl), so that its solution in general is
not a distributional solution of Mazwell’s equations. On the contrary, problem (68) is equivalent
to problem (69) in H(curl) but it is not well-posed.
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4.5 Expression of the singular coefficient

Under Assumptions 1-3, Theorem 4.9 guarantees that for all w € R the operator A" — w? K™
75" () — (Zg(,u))* is Fredholm of index zero. Assuming that it is injective, the problem (56)
admits a unique solution w with curlu = ¢, eVs' + ,. As in §3.6, the goal of this paragraph
is to derive a formula for the coefficient ¢,, which does not require to know w.

For w € R, introduce the field wr € Zg(u) such that
/ e~ 1¢, - curlwr dx — wz/ v - wr dr = / Co - Vst dr, Yo € Z9" (). (72)
Q Q Q

Note that wr is well-defined because (A3 — W2KI)* Zg(,u) — (Z$™(p))* is an isomorphism.

Theorem 4.16. Assume that w € R, Assumptions 1-3 are valid and AP — w?KP* : Z8 (1) —

(Zg(u))* is injective. Let w denote the solution of the magnetic problem (56). Then the coefficient
cu in the decomposition curlu = ¢, eVs™ + ¢, is given by the formula

Cy = iw/ e g curleda:// div(eVst) st dx. (73)
Q Q

Here wrp is the function which solves (72).

Proof. By definition of u, we have
/ e ¢y - curlwr dz — w2/ pu - wr dr = iw/ e 1J - curlwr dz.
Q Q Q

On the other hand, from (72), we can write

/s1Cu-curled3:—w2/,uu~wTda::/Cu-Vstd:U.
Q Q Q

From these two relations, using (58), we deduce that
iw/ eV J - curlwr dz = / Cu - Vstdx = cu/ div(eVsT) st du.
Q Q Q

This gives (73). O

5 Conclusion

In this work, we studied the Maxwell equations in presence of hypersingularities for the scalar
problem involving €. We considered both the problem for the electric field and for the magnetic
field. Quite naturally, in order to obtain a framework where well-posedness holds, it is necessary
to modify the spaces in different ways. More precisely, we changed the condition on the field
itself for the electric problem and on the curl of the field for the magnetic problem. A noteworthy
difference in the analysis of the two problems is that for the electric field, the searched solution
and the test function in the corresponding sesquilinear form belong to the same space, whereas
for the magnetic field we have not been able to do so. We do not know what are the numerical
consequences of this difference.

Of course, we could have assumed that the scalar problem involving € is well-posed in Hé (©) and
that hypersingularities exist for the problem in u. This would have been similar mathematically.
Physically, however, this situation seems to be a bit less relevant because it is harder to obtain
negative p without dissipation. More precisely, materials having an € with a negative real part
can be found easily in nature (metals for certain ranges of frequencies) and additionally they
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can be very weakly dissipative (small imaginary part of €). On the other hand, only certain
artificially designed metamaterials, made of small resonators, behave macroscopically, after an
homogenization process, as homogeneous materials with a p having a negative real part. But for
the moment, dissipation for these metamaterials still remains very important.

We assumed that the domain 2 is simply connected and that 02 is connected. When these
assumptions are not met, it is necessary to adapt the analysis (see §8.2 of [10] for the study in
the case where the scalar problems are well-posed in the usual H* framework). This has to be
done. Moreover, for the conical tip, at least numerically, one finds that several singularities can
exist (actually this number can be as high as we wish for a contrast close enough to —1, see the
calculations in [33]). In this case, the analysis should follow the same lines but this has to be
written.

On the other hand, in this work, we focused our attention on a situation where the interface
between the positive and the negative material has a conical tip. It would be interesting to study
a setting where there is a wedge instead. In this case, roughly speaking, one should deal with
a continuum of singularities. We have to mention that the analysis of the scalar problems for a
wedge of negative material in the non standard framework has not been done. Finally, considering
a conical tip with both critical € and p is a direction that we are investigating.

A Vector potentials, part 1

Proposition A.1. Under Assumption 1, the following assertions hold.

i) According to [1, Theorem 3.12], if u € L?(Q) satisfies diva = 0 in Q, then there exists a
unique ¥ € Xp(1) such that u = curl.

ii) According to [1, Theorem 3.17]), if uw € L*(Q) satisfies diva = 0 in Q and u-v = 0 on
0, then there exists a unique 9 € Xy (1) such that u = curl.

i) If u € L?(Q) satisfies curlu = 0 in Q and u x v = 0 on 09, then there exists (see [/1,
Theorem 3.41]) a unique p € Hy(Q) such that uw = Vp.

i) Every u € L*(Q) can be decomposed as follows ([{1, Theorem 3.45])
u = Vp+ curly,
with p € HY(Q) and 4 € Xp(1) which are uniquely defined.

v) Bvery u € L*(Q) can be decomposed as follows ([/1, Remark 3.46])
u = Vp+ curly,
with p € H%E(Q) and ¥ € X (1) which are uniquely defined.

Proposition A.2. Under Assumption 1, if 1 satisfies one of the following conditions

i) € Xn(1) and A € LA(Q),

i) 9 € Xp(1), curlyp x v =0 on 9Q and Ay € L2(Q),

then for all p < 1/2, we have curly € VQB(Q) and there is a constant C' > 0 independent of 1
such that

leurl®flyo ) < C|AY]lo. (74)

Proof. 1t suffices to prove the result for 8 € (0;1/2). Let ¢ € Xn(1)UXp(1). Since curlcurley =
— A4, integrating by parts we get

lcurl | = —/ Ay - de.
Q
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Note that the boundary term vanishes because either ¥ x v = 0 or curlvy x v = 0 on 9€2. This
furnishes the estimate

[eurlypllo < C'[|A]|q. (75)

Now working with cut-off functions, we refine the estimate at the origin to get (74).

Let us consider a smooth cut-off function y, compactly supported in 2, equal to one in a
neighbourhood of O. To prove the proposition, it suffices in addition to (75) to prove that
curl (xv) € V(lﬁ(ﬂ) together with the following estimate ||curl (x¥)|yo 4(9) < C||AY]q.

First of all, since curl (x) € L?(Q2) and div(x®) = Vx -9 € L*(Q), we know that yp; € Hj(Q)
for ¢ = 1,2,3 and we have

3
leurl (x) 1B + [div(x) 1§ = D IV Oxba) 18-

=1

From the previous identity, (75) and Proposition 1.1, we deduce

3 1/2
<II¢II%+ZW(X¢JII%> < Cllay]q. (76)
i=1

Note that, (76) is also valid if we replace x by any other smooth function with compact support
in . Now setting f; = A(x¥;) for i = 1,2, 3, we have

fi = xAY,; +2Vx - Vi, +;Ax. (77)

By writing that Vy - V4, = div(¢;Vx) — ¥;Ax and replacing x by 0;x in (76) for j = 1,2,3,
we deduce that for i = 1,2,3, f; belongs to L?(Q) and satisfies

Ifille < CllA®p]q.

Note that since 5 € (0;1/2), we have Vé(Q) C V%_l C L3(Q) and so L%(Q) c (V};(Q))* Now
starting from the fact that yt; € H3(Q) in addition to A(x;) = fi € L%(Q) C (V}g(Q))*, by
applying Proposition 2.1, we deduce that yi; € VL 5(€2) with the estimate

Icwillin @) < C 15l - < C il

As a consequence, curl (1)) € VQB(Q) and

3 3
leurl (x®)llvo @) < €3 Ixtilli o) < D_Ilfilla < ClAY]o,
i=1 i=1

which concludes the proof. O

Proposition A.3. Under Assumption 1, the following assertions hold:

i) if () is a bounded sequence of elements of Xy (1) such that (Avpy,) is bounded in L?(S),
then one can extract a subsequence such that (curlap,) converges in V(lﬁ(Q) for all B € (0;1/2);
it) if (Y¥n) is a bounded sequence of elements of Xp(1) such that curle, x v = 0 on 9Q and
such that (Apy,) is bounded in L*(Q), then one can extract a subsequence such that (curlapy,)
converges in V(lﬂ(Q) for all p € (0;1/2).

Proof. Let us establish the first assertion, the proof of the second one being similar. Let (1)
be a bounded sequence of elements of X (1) such that (At,) is bounded in L*(2). Observing
that curlcurly,, = —A,, we deduce that (curl)y,) is a bounded sequence of X7(1). Since
the spaces Xy (1) and X7 (1) are compactly embedded in L?(Q) (see Proposition 1.1), one can
extract a subsequence such that both (t,,) and (curley,) converge in L*(Q).
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Then, working as in the proof of Proposition A.2, we can show that for a smooth cut-off function
x compactly supported in €2 and equal to one in a neighbourhood of O, the sequence (xty,) is
bounded in VE/(Q) = (Vg(Q))3 for all v > 1/2. To obtain this result, we use in particular the fact

that if & C R? is a smooth bounded domain such that O € &, then A : Vi(ﬁ) ﬂ\ofi_l(ﬁ) — Vg(ﬁ)
is an isomorphism for all v € (1/2;3/2) (see [40, §1.6.2]). Finally, to conclude to the result of the
proposition, we use the fact V%(ﬁ) is compactly embedded in V#(ﬁ) asoon as vy — 1 < ([37,
Lemma 6.2.1]). This allows us to prove that for all § < 1/2, the subsequence (x,) converges in
VI_B(Q), so that (curlpy,) converges in Vgﬁ(ﬂ). O

The next two lemmas are results of additional regularity for the elements of classical Maxwell’s
spaces that are direct consequences of Propositions A.2 and A.3.

Lemma A.4. Under Assumption 1, for all € (0;1/2), X7 (1) is compactly embedded in VO_B(Q).
In particular, there is a constant C > 0 such that

HuHVO,B(Q) < C'||curl u||q, Vu € Xp(1). (78)

Proof. Let u be an element of X7 (1). From the item i) of Proposition A.1, we know that there
exists 1 € X (1) such that u = curlp. Using that —A = curlu € L?(Q), from Proposition
A2, we get that u € Vgﬁ(Q) together with the estimate

leurlllye o) < C fleurlullo.

This gives (78). Now suppose that (u,) is a bounded sequence of elements of Xp(1). Then
there exists a bounded sequence (v,,) of elements of Xy (1) such that u,, = curle,,. Since
(curlu,, = —Atp,) is bounded in L%(Q), the first item of Proposition A.3 implies that there is a
subsequence such that (u,) converges in V% 5(€2). O

Lemma A.5. Under Assumption 1, for all B € (0;1/2), Xn(1) is compactly embedded in
Vo_ﬂ(Q). In particular, there is a constant C > 0 such that

HUHVEB(Q) < C'||curl u||q, Vu € Xy (1).

Proof. The proof is similar to the one of Lemma A.4. O

B Vector potentials, part 2

First we establish an intermediate lemma which can be seen as a result of well-posedness for
Maxwell’s equations in weighted spaces with ¢ = g = 1 in €. Define the continuous operator
By : Z5(1) — (Z77(1))* such that for all 4 € Z5(1), ¥ € Z;"(1),

(Brip, ) = / curl - curley’ dz.
Q

Lemma B.1. Under Assumption 1, for 0 < 8 < 1/2, the operator By : Z:’Br(l) — (Z}’B(l))* is
an isomorphism.

Proof. Let 1 be an element of Zg(l). According to Proposition 2.1, there is a unique ¢ € Vl_ﬂ (Q)
such that

/ Vo -V dr = / r?Beurly - Vi dx, Vo' € V};(Q)
Q Q
Then denote Ty € Z;B (1) the function such that

curl (Te) = r¥curley — V.

33



Observe that Tt is well-defined according to the item i) of Proposition A.1. This defines a
continuous operator T : Zg(l) — Z}’B(l). We have

(Bry, Typ) = / curl - curl (Tv) dz = ||rPcurlp|| = ||cur11,b||%,g(m.
Q

Adapting the proof of Lemma 4.4, one can show that ||curl - HV%(Q) is a norm which is equivalent

to the natural norm of Zg(l). Therefore, from the Lax-Milgram theorem, we infer that T*By is

an isomorphism which shows that By is injective and that its image is closed in (ZTB (1))*. And
from that, we deduce that Bp is onto if and only if its adjoint is injective. The adjoint of By is
the operator B} : Z;B(l) — (Zg(l))* such that for all ¢ € Z}B(l), (S Z?(l),

(Bhap, ') = / curl - curle’ dz. (79)
Q

If B54 = 0, then taking ¢ = 1 € Z;ﬁ(l) C Zg(l) in (79), we obtain |curl®|q = 0. Since
Z;ﬁ(l) C Xr(1) and ||curl - ||q is a norm in X7 (1) (Proposition 1.1), we deduce that ¥ = 0.
This shows that B7 is injective and that By is an isomorphism. O

Now we use the above lemma to prove the following result which is essential in the analysis of
the Problem (56) for the magnetic field. This is somehow an extension of the result of item ) of
Proposition A.1 for singular fields which are not in L(Q).

Proposition B.2. Under Assumption 1, for all0 < 8 < 1/2, if u € V%(Q) satisfies divu = 0
in Q, then there exists a unique ¢ € Zg(l) such that u = curl.

Proof. Let u € V%(Q) be such that dive = 0 in Q. According to Lemma B.1, we know that
there is a unique @ € Zzﬁp(l) such that

/ curla - curl@dm = / u - curlwdﬂi, vy € Z:;ﬁ(l)-
Q

Q

Then we have
/Q(u — curl ) - curley’ dz = 0, V' € Z;'B(l). (80)

Since u is divergence free in €2, we also have
/Q('u, —curl) - Vp/dx = 0, vp' e Vl_B(Q) (81)

Now if v is an element of VgB(Q) C L%(Q), from item iv) of Proposition A.1, we know that there
holds the decomposition
v =Vp + curly/, (82)

for some p’ € Hy(Q) and some ¢’ € Xp(1). Taking the divergence in (82), we get
Ap = divw € (V5(Q))". (83)
From Proposition 2.1, since 0 < 5 < 1/2, we know that (83) admits a solution in VEB(Q) C H ().

Using uniqueness of the solution of (83) in H§(£2), we obtain that p’ € V1 5(€2). This implies that
curly’ =v - Vp' € Vgﬁ(Q) and so 9’ € Z;’B(l). From (80) and (81), we infer that

/Q(u—curh/)yvdxzo, VvEVQB(Q).

This shows that u = curl. Finally, if 1, 1, are two elements of Zg(l) such that u = curlvy; =
curly,, then 1, — 1P, belongs to X7 (1) and satisfies curl (¢, —1p,) = 0 in Q. From Proposition
1.1, we deduce that ¥; = 5. O
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C Dimension of X%"(g)/Xx(¢)

Lemma C.1. Under Assumptions 1-3, we have dim (X3 (e)/Xn(g)) = 1.

Proof. If uy = ¢1Vs™ 4 1y, ug = c2Vs™ + @ are two elements of X3 (), then cou; — ciup €
Xy (g), which shows that dim (X3 (e)/Xn(¢)) < 1.

Now let us prove that dim (X%(e)/Xn(¢)) > 1. Introduce 5 € V°' the function such that
A5 = div(eVs™). Note that since div(eVs™) vanishes in a neighbourhood of the origin, it
belongs to (V}Y(Q))* for all ¥ € R. Then set

§=5 +5. (84)

Observe that s € V#(Q) for all v > 0 and that div(¢Vs) =0 in Q\ {O} (s is a non zero element
of ker A7 for all v > 0). Let @ € (45°(22\ {O}))® be a field such that [, e@ - Vsdr # 0. The
existence of such a 4 can be established thanks to the density of (45°(Q\ {0}))? in L?(Q),
considering for example an approximation of 15Vs € L%(Q) where 15 is the indicator function
of a ball included in M. Introduce ¢ = c¢st +( € VO, with c € C, € Vl_ﬂ(Q), the function
such that A2"*¢ = —div(e@). This is equivalent to have

—c/div(sVs+)c,0’d:B+/EVE-Vgo’dx:/sﬁ-ch’dw, Vo' € VE(Q).
Q Q Q

Clearly V¢ — @ = ¢Vst + (VC — @) is an element of X3 (g). Moreover taking ¢’ = s above, we
get

—c/ div(eVst)sdr = / et - Vsdr # 0.
Q Q

This shows that ¢ # 0 and guarantees that dim (X3 (¢)/Xn(e)) > 1. O
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