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WAVE EQUATION ON GENERAL NONCOMPACT
SYMMETRIC SPACES

JEAN-PHILIPPE ANKER & HONG-WEI ZHANG

Dedicated to the memory of Robert S. Strichartz (1943-2021)

ABSTRACT. We establish sharp pointwise kernel estimates and disper-
sive properties for the wave equation on noncompact symmetric spaces
of general rank. This is achieved by combining the stationary phase
method and the Hadamard parametrix, and in particular, by intro-
ducing a subtle spectral decomposition, which allows us to overcome
a well-known difficulty in higher rank analysis, namely the fact that the
Plancherel density is not a differential symbol in general. Consequently,
we deduce the Strichartz inequality for a large family of admissible pairs
and prove global well-posedness results for the corresponding semi-linear
equation with low regularity data as on hyperbolic spaces.
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1. INTRODUCTION

This paper is devoted to prove sharp-in-time kernel estimates and dis-
persive properties for the wave equation on noncompact symmetric spaces
of higher rank. Consequently, we prove the Strichartz inequality and study

2020 Mathematics Subject Classification. 22E30, 35105, 43A85, 43A90.

Key words and phrases. noncompact symmetric space of higher rank, semi-linear wave
equation, dispersive property, Strichartz inequality, global well-posedness.

The second author acknowledges financial supports from the University of Orléans
during his Ph.D. and from the Methusalem Programme Analysis and Partial Differential
Equations (Grant number 01M01021) during his postdoc stay at Ghent University.

1



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 2

their applications to associated semi-linear Cauchy problems. Relevant the-
ories are well established on Euclidean spaces, see for instance [Kap94; 1.595;
GLS97; KT98; DGKO1], and the references therein.

Given the rich Euclidean results, several works have been made in other
settings. We are interested in Riemannian symmetric spaces of noncompact
type, where relevant questions are now well answered in rank one, see for
instance [Fon97; Ton00; Tat01l; MT11; MT12; APV12; AP14] on hyperbolic
spaces, and [APV15] on Damek-Ricci spaces. A first study of the wave equa-
tion on general symmetric spaces of higher rank was carried out in [Hasl1],
where some non optimal estimates were obtained under a strong smoothness
assumption. Recently, sharp-in-time kernel estimates and dispersive prop-
erties have been proven in [Zha21| on noncompact symmetric spaces G/K,
with G complex. In this case, the Harish-Chandra c-function and the spher-
ical functions have elementary expressions, which is not the case in general.

In this paper, we establish pointwise wave kernel estimates and dispersive
properties for the wave equation on general noncompact symmetric spaces,
which are sharp in time and extend previous results obtained on real hyper-
bolic spaces [APV12; AP14] to higher rank. The main challenge is that the
Plancherel density involved in the wave kernel is not a polynomial, nor even a
differential symbol in general. To bypass this problem, we consider barycen-
tric decompositions of the Weyl chambers into subcones and differentiate in
each subcone along a well chosen direction.

For suitable o € C, we consider the wave operator W¢ = (—A)~3¢itV-4
associated to the Laplace-Beltrami operator A on a d-dimensional noncom-
pact symmetric space X = G/K. To avoid possible singularities (see Sec-
tion 3.2), we consider actually the analytic family of operators

2

Q

—~ [ o 1./
Wy = ————(—A) 2" -4 (1.1)
(% o)
in the vertical strip 0 < Reo < %. Let us denote by wy its K-bi-invariant

convolution kernel. Our first main result is the following pointwise estimate,
which summarizes Theorems 3.3, 3.7, and 3.10 proved in Section 3.

Theorem 1.1 (Pointwise kernel estimates). Let d > 3 and o € C with
Reo = %. There exist C > 0 and N € N such that the following estimates
hold for all t € R* and x € X:

=% i 0 < |t < 1,

57 (2)] < C(1+ o+ Ne et
B @] < C+ 1) 42 e,

where z € at denotes the radial component of = in the Cartan decomposi-
tion, and D = £ + 2|3} is the so-called dimension at infinity of X.

Remark 1.2. These kernel estimates are sharp in time and similar results
hold obuviously in the easier case where Reo > %. The value of N will be
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specified in Section 3. However, the polynomial (1+|z+|)N is not crucial for
further computations because of the exponential decay e {pz™)

By interpolation arguments, we deduce our second main result.

Theorem 1.3 (Dispersive property). Assume that d > 3, 2 < q,q < 400
and o > (d+ 1) max(3 — %, 3— %) Then there exists a constant C > 0 such
that the following dispersive estimates hold:

—(d-1)max(3—-1,1-1)
Wl sty pax) < C{

27 g2

if 0 <t <1,
D .
[t~ = if [t > 1.

Remark 1.4. At the endpoint ¢ = ¢ = 2, t — €™V ~2 is a one-parameter
group of unitary operators on L*(X).

Remark 1.5. Theorem 1.1 and Theorem 1.5 generalize earlier results ob-
tained for real hyperbolic spaces [APV12; AP1/] (which extend straightfor-
wardly to all noncompact symmetric spaces of rank one), or for noncompact
symmetric spaces G/K with G complex [Zha21]. Notice that D = 3 in rank
one and that D = d if G is complex.

Remark 1.6. For simplicity, we omit the 2-dimensional case where the small
time bounds in Theorem 1.1 and Theorem 1.3 involve an additional logarith-
mic factor, see [AP1), Theorem 8.2 and 4.2]. Notice that d > 4 in higher
rank, see (2.1).

Let us sketch the proofs of our main results. We prove the dispersive
properties of W7 by using interpolation arguments based on pointwise esti-
mates of w{, which are sharp in time. By the way, let us point out that the
kernel analysis carried out on hyperbolic spaces [AP14] can not be extended
straightforwardly in higher rank, since the Plancherel density is not a differ-
ential symbol in general. Consider the Poisson operator P, = e‘Tm, for
all 7 € C with Re7 > 0. Along the lines of [Sch88; GM90; CGMO02], we can
write formally our wave operator (1.1) as

2

we il 1 /+Ood o-1p
= sS s—it-
(L — ) T(0) Jo

Our analysis is focused on kernel estimates of the Poisson operator Ps_;;
where s € RT and t € R*. We adopt different methods depending whether

s, |t| and ] (x € X) are small or large. Specifically,

[¢]

e If s is bounded from above and % is sufficiently small with |¢| large, we
develop an effective stationary phase method based on barycentric decom-
positions of Weyl chambers described in Section 2.3. In each subdivision,
the Plancherel density becomes a differential symbol for a well chosen di-

rectional derivative, see Section 3.1.
e If s is bounded from above but % is large (with |¢| small or large), we

estimate the kernel along the lines of [CGMO1|, where Cowling, Guilini
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and Meda have studied the Poisson operator P, for 7 € C with Rer > 0.
Unfortunately, their estimates are not sharp when 7 is large and nearly
imaginary, which happens in our context when s is small and |¢| is large.
To deal with this case, we resume and improve slightly their method by
writing down more explicitly the Hadamard parametrix on noncompact
symmetric spaces along the lines of [Bér77], see Section 3.2.

e If s is large, the kernel is estimated by using the standard stationary phase
method, which is similar to the rank one analysis, see Section 3.3.

This paper is organized as follows. We recall spherical Fourier analysis on
noncompact symmetric spaces and introduce the barycentric decomposition
of Weyl chambers in Section 2. Next, we derive pointwise wave kernel esti-
mates in Section 3. By using interpolation arguments, we prove in Section 4
the dispersive property for the wave operator. As consequences, we establish
the Strichartz inequality for a large family of admissible pairs and obtain
well-posedness results for the associated semi-linear wave equation in Sec-
tion 5. We give further results about the Klein-Gordon equation in Section 6.
Finally, we collect in the appendices some useful results: in Appendix A, we
study by the stationary phase method an oscillatory integral occurring in
the wave kernel analysis; next we describe in Appendix B the Hadamard
parametrix on noncompact symmetric spaces and consider its application to
the Poisson operator in Appendix C.

2. PRELIMINARIES

In this section, we first review briefly spherical Fourier analysis on noncom-
pact symmetric spaces. Next we introduce a barycentric decomposition for
Weyl chambers, which will be crucial for the forthcoming kernel estimates.

2.1. Notations. We adopt the standard notation and refer to [Hel78; HelO0|
for more details. Let G be a semisimple Lie group, connected, noncompact,
with finite center, and K be a maximal compact subgroup of G. The homo-
geneous space X = G/K is a Riemannian symmetric space of noncompact
type. Let g = £ @ p be the Cartan decomposition of the Lie algebra of G.
There is a natural identification between p and the tangent space of X at
the origin. The Killing form of g induces a K-invariant inner product on p,
hence a G-invariant Riemannian metric on X.

Fix a maximal abelian subspace a in p. The rank of X is the dimension ¢
of a. Let ¥ C a be the root system of (g, a) and denote by W the Weyl group
associated to ¥. Once a positive Weyl chamber a™ C a has been selected,
YT (resp. XF or ¥F) denotes the corresponding set of positive roots (resp.
positive reduced roots or simple roots). Let d be the dimension of X and D
be the dimension at infinity of X:

d=0+Y exima and D =(+2|SF], (2.1)

where my, is the dimension of the positive root subspace g.. Notice that one
cannot compare d and D without specifying the geometric structure of X.
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For example, when G is complex, we have d = D; but when X is a normal
real form, we have d = ¢ + |¥;F| which is strictly smaller than D. Since we
focus on the higher rank analysis, we may assume that d > 3.

Let n be the nilpotent Lie subalgebra of g associated to X1 and let N =
expn be the corresponding Lie subgroup of G. We have the decompositions

G =N (expa) K (Iwasawa),
G = K(expat)K (Cartan).

In the Cartan decomposition, the Haar measure on G writes

/d:vf(m) :const./ dky / do™ 5(x+)/ dko f(ki(expz™)ks),
G K at K
with
+
+y\ . +\\Ma (Oé,l’ > Ma (2p,xT) + -+
o(z™) = H (sinh a(z™)) A{ H 71+<a’$+>} e Va' € at.
aext aext

Here p € a™ denotes the half sum of all positive roots o € 1 counted with
their multiplicities m:

_ 1
P=3 Za62+ Ma .

2.2. Spherical Fourier analysis on X. Let S(K\G/K) be the Schwartz
space of K-bi-invariant functions on G. The spherical Fourier transform H
is defined by

HI() = /G dz o x(2)f(z) YA€ VfeSE\G/K),

where ) € C*°(K\G/K) denotes the spherical function of index A € ag,
which is a smooth K-bi-invariant eigenfunction for all invariant differential
operators on X, in particular for the Laplace-Beltrami operator:

—Apa(z) = (A2 + o) oa(2).

In the noncompact case, spherical functions have the integral representation
or(z) = / dic e FPAK)) g\ e g, (2.2)
K

where A(kx) denotes the a-component in the Iwasawa decomposition of kz.
It satisfies the basic estimate

[oA(@)| < wo(z) VAea Ve,
where

wo(expz™) < { H 1+ (a,x+>}e*<p’m+> Vat €at.
aext
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Denote by S(a)" the subspace of W-invariant functions in the Schwartz
space S(a). Then H is an isomorphism between S(K\G/K) and S(a)V.
The inverse spherical Fourier transform is given by

@) = CO/d)\ )| Zor(2) HF(N) ¥z e@, VfeS@Y,

a
where Cy > 0 is a constant depending only on the geometric structure of
X, and which has been computed explicitly for instance in [AJ99, Theorem
2.2.2]. By using the Gindikin & Karpelevi¢ formula of the Harish-Chandra
c-function (see [HelOO] or [GV88]), we can write the Plancherel density as

eI = [T lealla, )72, (2.3)

aext
with
cal(v) = (gt +ame) TG (e +imatimea)  Tau)  T(dvtima)
) PE) TG EHme T me) TGetfmat e

Since |c0¢|_2 is a homogeneous symbol on R of order m, + mo, for every
a € ¥F, then |c()\)|~2 is a product of one-dimensional symbols, but not a
symbol on a in general. The Plancherel density satisfies

INP=Eif N <1,

)\ -2 — )\ 2 1 )\ Ma+mM2a—2 <
[c(A)] T (V21 + [, M) ~ { AL A > 1.

aext

Occasionally we split up
c(A) =m(i\) " b(N) and [e(A)]7* = 7(X)? [b(N)] %,
where m(A) = [[,cx+ (@, A).
2.3. Barycentric decomposition of the Weyl chamber. Let I =

{a1,...,ay} be the set of positive simple roots, and let {Ay,...,As} be
the dual basis of a, which is defined by

(aj Ap) =5 V1< k<L (2.4)

Notice that at = RTA; +--- + R A, and recall that
(aj,a) <0 V1<j#EkE<YL

{(Aj,Ak) >0 V1<jk</

(see [Hel78, Chap.VII, Lemmas 2.18 and 2.25], see also [Kor93, p.590]). Let
B be the convex hull of W.A; LU --- LU W.Ay, and let & be its polyhedral
boundary. Notice that B8 N a¥t is the (-simplex with vertices 0, Aq, ..., Ay,
and & Nat is the (¢ — 1)-simplex with vertices A1,...,Ay. The following
tiling is obtained by regrouping the barycentric subdivisions of the simplices

SNw.at:
6= U ws; (2.6)

weW 1<5<0

(2.5)
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at
A2 61
Qg
S2
Ay

O (0%}
FI1GURE 1. Examples of barycentric subdivisions in Ay and
in Ag.

where

S;={Ne&nat | (aj,\) = max (ag, \)}

1<k<t
(see Figure 1).
Remark 2.1. &; is the convex hull of the points

Ak1+"'+Akr
T

where {Ay,, ..., Ak, } runs through all subsets of {A1, ..., As} containing A;.

Lemma 2.2. Let w e W and 1 < j < {. Then

(1) a root o € ¥ is orthogonal to some vectors in the tile w.S; if and only
if o is orthogonal to its verter w.A;.

(ii) (w.Aj,N) > £|A;|* for every A € w.6;.

Proof. (i) Let us show that (o, w.Aj) = 0 if there exists A € w.&; such that
(o, \) = 0. By symmetry, we may assume that w = id and that « is a
positive root. On the one hand, since « is spanned by the positive simple
roots ajq,...,ap, we have

a = Z <Oé,Ak>Oék
1<k<¢t
with (o, Ax) € N. On the other hand, since (ay,\),...,{ag, \) are the

barycentric coordinates of A € & NaT, we have

A= > (g, N (2.7)

1<kt
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which is a convex combination. In particular, (a;,A) > 0 for all A € &;.
Hence the inner product

<CV, A) = Z <Oé,Ak> <aka )‘> <aka Ak>
Iskst 5y >0 =1

cannot vanish unless (o, A;) = 0.

(7i) By symmetry, we may assume again that w = id. By taking the inner
product of A; with (2.7), we obtain

(A5 A) = D (g, Ao, A) = A1 oy, A+ (A, Ag) (ai, A) > %!Ag‘\z,

1<k<e o1 KA 30 >0

according to the property (2.5), and the fact that (a;, ) is the largest
barycentric coordinates for A € &;. O

Now, consider the tiling of the unit sphere obtained by projecting (2.6):
S@={J) U ws
weW 1<;j<0

where S are the projections of the barycentric subdivisions &; on the unit
sphere (see Figure 2).
We establish next a smooth version of the partition of unity

Z Z 1w.Sj(ﬁ):1 a.e..
weW 1<5<4

Let x : R — [0, 1] be a smooth cut-off function such that x(r) = 1 when r > 0
and x(r) = 0 when r < —¢p, where ¢; > 0 will be specified in Remark 2.5.
For every w € W and 1 < j < /¢, we define

Xws;(N) = ] X((w.ak, )\>>X(<w.06ja)\> ’;|<w.ozk, )\)) YA€ a~ {0).
1<k< k]

Al

FIGURE 2. Example of the projection in As



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 9

and
52 = Z Z yw.Sﬁ
wEW 1<5<¢
which satisfy the following properties.
Proposition 2.3. Let w € W and 1 < j < {. For all A € a~ {0}, we have
(i) Xw.s;(w-A) = Xs;(\) and X is W-invariant.
(1) Xw.s; =1 on w.Sj and X > 1 on a~ {0}.
(ii3) Xw.s; and X are homogeneous symbols of order 0.

Proof. (i) follows immediately from the definitions. In order to prove (i),
we may assume that w = id by symmetry. For all A € S;, we have

(o, A) >0 and (aj,A) > (o, A)

for every 1 < k < £ with k # j, hence Xgs;(A) = 1. We deduce straight-
forwardly that ¥ > 1 on a ~ {0}. (i) is obvious, since X(<w'|oj\’f’)‘>) and

X(W) are homogeneous symbols of order 0 for all A € a ~\ {0}

and 1 < kg < /. O

For every w € W and 1 < j < /¢, we set

Xw.s; = —5

on a {0}. It follows from Proposition 2.3 that x.s;(w.A) = xs;(\) and
that x..s; is a homogeneous symbol of order 0. In particular, we have

Z Z Xw.s; =1 on ax{0}. (2.8)

weW 1<j<¢

In addition, the vectors in the support of x..s; satisfy further properties,
which require some preliminaries.

Lemma 2.4. There exists ca > 0 such that, if A € a satisfies
—c2| A < (o, A) < {aj, A) +e2|A| VEe{l,.... 0} ~{j},

for some 1 < j <, then (aj, A) > ca|Al.

Proof. By homogeneity, we may reduce to |A|] = 1. Since all norms are
equivalent on a, there exists c3 > 0 such that
> How N =es VAe S(a) (2.9)
1<k<t

Set co = 55. On the one hand, if

—cy < <ak,)\> <2c VEkEe€e {1,...,@} AN {j},
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then (a;, A) > 2cp. Otherwise,

D Haw M= [, N[+ [law, )| < 26z = e,
1<) s S 7 s
which contradicts (2.9). On the other hand, if

2c9 < (o, A) < (aj, \) + 2
for some k € {1,...,£} ~ {j}, then (o, \) > ¢z is obvious. O
Remark 2.5. We clarify in this remark all constants appearing in this sub-

section. Denote by L1 the highest root length and by Lo the sum of lengths
of the dual basis

1 = max > (oAp) and Lo= > |Ag
1<h<e 1<k<t

In addition, we denote by My and Mo the shortest and the longest generators

M, = in |A d M, = Azl
1= min [Ag] and My = max |[A]

Then we choose ¢1 > 0 such that ¢ < ca min{L%, %}, where co = 55 with
c3 defined in (2.9). Let ¢y = cg — Licy and cs = M7cy — MaLacy. Notice
that L1 € N*, ¢1 < co, ¢4 > 0 and c5 > 0. All these constants depend only
on the geometric structure of the roots system corresponding to X.

The following result is an analog of Lemma 2.2 for the wider regions
SUPP Xuw.5; -

Proposition 2.6. Let w e W and 1 < j < {. Then
(1) a root o € 3 satisfies either (o, w.Aj) =0 or

[(a, \)| > caA| VA € supp xuw.s;, (2.10)
(i3) [{w.Aj, \)| > c5|A| for every A € supp xuw.s; -

Proof. (i) By symmetry, we may assume that w = id and that « is a positive
root. Notice that (o, Aj) is a nonnegative integer, suppose that (o, A;) > 0
and let us prove (2.10). As

—c1|Al < (o, A) < (o, A) + 1Al VA €suppxs;, VEe{l,.... 04~ {j},
we have indeed

(o, X) = > (a, Ag){og, A)
1<k<¢
= (a, Ay) (0, )+ ) (e, A) (g, \) > (c2 = Lier)|A] = ea A
N N — o N——
>1 >eof) >—c1|A|

according to Lemma 2.4 since ¢; < ca.
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(i) By symmetry, we assume again w = id. By taking the inner product
of Aj with (2.7), we obtain, for every A € supp xs;,

(A ) = D (A, Ao, A = A7 (e, A+ > (A, Ag) (o, A)
| Shee S~ i — ey — ———
>M7 2ca|)| <IAG[[AR] Z—c1lAl

(MEco — MaLocy)|A| = cs| .

v

O

Remark 2.7. The partition of unity (2.8) plays an important role in the
kernel analysis carried out in Section 3. It allows us to overcome a well-
known problem in spherical Fourier analysis in higher rank, namely the fact
that the Plancherel density is not a symbol in general. This new tool should
certainly help solving other problems.

3. POINTWISE ESTIMATES OF THE WAVE KERNEL

In this section, we derive pointwise estimates for the K-bi-invariant con-
volution kernel wf of the operator W¢ = (—A)~2¢e"V—2 on the symmetric
space X:

Wef(2) = f*wf (z) = /G dy (') £ (3)

for suitable exponents ¢ € C. By using the inverse formula of the spherical
Fourier transform, we have

— _g 4 2 2

wi () = Co/dA eI 2pa(@) (IA]? + [p|?) 2 VI
a

Let us point out that the analysis of this oscillatory integral carried out on

hyperbolic spaces or on symmetric spaces G/K with G complex (see [AP14;

Zha21]) does not hold in general since the Plancherel density |c(\)|~2 is no

more a differential symbol. We write

1 +o0o ' ~ ,
wi (z) = F(U)/ ds s7 C’O/dA le(\)|2n(z)e~ IV IARHPP
0 a

psfit(iv)
according to the formula
1 T ds
r 7 = / — %" Vr>0.
L'(o) Jo s
Here ps_; is the K-bi-invariant convolution kernel of the Poisson operator
Py_ir. Let us split up wf (z) = w7 (z) + w7 (z) with
1

1
70(p) = — s s pe_ iz
o (‘”)—r(a)/od Peit(a)
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and

0,00 1 oo o—1
wy o (z) = o) /. ds s “ps—it(x).

We shall see in Section 3.2 that the kernel w} ’O(x) has a logarithmic sin-

gularity on the sphere |z| = ¢t when o = d%l. To bypass this problem, we
consider the analytic family of operators

— 0 602 1 )

Wy = / ds s7 7 Ps_it (3.1)

d+1 S—1
(¢t —o)l'(0) Jo
Ca,d

in the vertical strip 0 < Reo < % and the corresponding kernels

1
G0 (x) = Cg’d/o ds 7 'ps_i(x) VareX

Notice that the Gamma function F(% —o) allows us to deal with the bound-
ary point o = %, while the exponential function ensures boundedness at

infinity in the vertical strip. More precisely, by using the inequality
_1
IT(2)] > I'(Rez) (cosh(rImz)) 2 VzeC with Rez > 3
(see for instance [DLMF, Eq.5.6.7]), we can estimate
—(Im o)?
|Codl S loflo — Et]erltmal=ma) (3.2)

forallaECwithOﬁReag%.

We divide the argument into three parts depending whether |t| and le|

[¢]
are small or large. When |[t| is large but Hf—" is sufficiently small, we es-

timate w; ¥ in Theorem 3.3 by combining the method of stationary phase
||

with our barycentric decomposition of Weyl chambers; when i is large, we

estimate @y % in Theorem 3.7 by using the Hadamard parametrix along the
lines of [CGMO1]; wy">(z) is easily handled by a standard stationary phase
argument, see Theorem 3.10.

||

3.1. Estimates of 37°(z) when [t] is large and 7] is sufficiently small.

According to the integral expression (2.2) of the spherical functions, we write

1
&7 () = Cra Co /K dk e(PAGk)) /O ds s” 1 (s, t, ),

where

I(s,t,x) = /dA lc(A)| 25V AP it (A)
a
is an oscillatory integral with phase

De(A) = /I T [pP? + (A2) ). (3.3)
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Let us split up

I(s,t,x)—I_(s,t,x)+l+(s,t,:r)—/d/\ Xo(A) -+ + /d)\ X2 (A) - -

a a
by using smooth radial cut-off functions x§ and x5 = 1 — x§, where x5(\)
equals 1 when || < |p| and vanishes if |A\| > 2|p|. Then we have the following
estimates for I~ and .

Proposition 3.1. There exists 0 < Cx < % such that the following estimates

hold when 0 < s <1, |[t| > 1 and % < Cs:

Dt
2

I~ (s,t,2) S |77 (1 + ) (3.4)

and
I (st o) S 17, (3.5)
for every N € N.

Remark 3.2. Cs; is a small constant depending only on the geometric struc-
ture of the root system X, which will be specified later in the proof of (3.5).
Notice that the upper bounds (3.4) of I~ and (3.5) of I'™ hold uniformly in
s e (0,1).

Proof of the estimate (3.4). Recall that
I (s,t,z) = /d)\ ag(s, Nt
is an oscillatory integral with amplic‘;ude
ao(s, A) = xf(N)e(A)|2e VA

and phase 14(\) which is defined by (3.3). The amplitude ag(s, A) is com-
pactly supported for |A| < 2|p|, and the phase 9/, has, in the support of x5,
a single nondegenerate critical point A\g which is given by

1
(Ml + o)) "200 = =% (3.6)
where A = A(kz), and which satisfies
A A2\ 1 2,1
Dol = lpltgh( = aF) =3 < fp Bl - )=5 < 12, (3.7)

as |A| < |z| and |f—‘ < Oy < 1. We conclude by resuming straightforwardly
the computations carried out in the proof of [Zha21, Theorem 3.1]. For the
sake of completeness and for the reader’s convenience, we include a detailed
study of the oscillatory integral I~ in Appendix A (see Lemma A.1). O

Let us turn to the oscillatory integral
I'(s t,x) = / X X5 (N) ()| 2 s VIR HAP it (),
a

which vanishes unless |A| > |p|. According to (3.7), ¥ has no critical point
in the support of x%. In rank one or in higher rank with G’ complex, one
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can handle this integral by performing several integrations by parts. This
approach fails in general since the Plancherel density |c(\)|~2 is not a dif-
ferential symbol. To get around this problem, we split up the Weyl chamber
according to the barycentric decomposition carried out in Section 2.3, and
perform integrations by parts based along a well chosen directional derivative
in each component.

Proof of the estimate (3.5). According to the partition of unity (2.8), we

split up
(s,t,x) Z Z st iT, )
weW 1<;</4

with 7 = s — it, and we estimate

s (7.0) = [ Dxus &M 2™ (3g)

a
by performing integrations by parts based on
e Tir(N) — 1 1 81”.[\]'6—7%7()\)‘ (3.9)

T Ow.a;Yir (V)
Notice that

. A(kx
Qo) = (0hss iy = =)

is a symbol of order 0, which satisfies in addition

[{(w.Aj,\)]
|6w.Aj¢ir()\)‘ > W - |

Al [Akz)| ¢ M., 12
= 5 AP +IoP |51 IT\ = 2]

n (Supp Xw.s;)N(supp X50) according to Proposition 2.6, where the constants

cs and My are specified in Remark 2.5. By choosing Cy, = min{zcﬁ, %} , We
obtain

10w, ir (V)] > Y55 > 0.

Let us return to (3.8), which becomes

Ly.s,(iT,z) = N /d/\ e T¥ir(A)
a

X{aw.Aj m} {XwS (A)x5 NI 2}

after N integrations by parts based on (3.9). If some derivatives hit Xgo()\),
the above integral is reduced to the spherical shell |A| < |p| and thus con-
verges. Assume that no derivative is applied to x5 ()\) and that

e N derivatives are applied to the factors m,
w. ] 1T

e Ny derivatives are applied to xu.s; (M),

e N3 derivatives are applied to |c()\)]| 72,



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 15

with N = Nj + Ny + N3. The contribution of the first item is O(|]A|=™M), as
Ow.A;Yir(A) is a symbol or order 0, which stays away from 0. Similarly, the
contribution of the second item is O(|A|72), as xuw.s, (X) is a symbol of order
0 according to Proposition 2.3. As far as the third item is concerned, the
derivatives (9,.,)"® are applied to the various factors in (2.3). According to
Proposition 2.6, for every A in the support of xy.s;, any root a € ¥ satisfies
either (o, w.Aj) = 0 or [{(a, A)| 2 |A|. On the one hand, if (o, w.A;) =0, all
derivatives

(Ow.r,) N lca({a, A)[ 2 VN, € N

vanish. On the other hand, if (o, w.A;) # 0, we use the fact that |c,|72 is a
symbol on R of order my, 4+ ma,, together with (2.10), in order to estimate

|G,V [Cal(, A 73] S (o, A)[Tatmea=Ne < [ymetmae=Ne y N, € N
for A\ € (supp xw.s;) N (supp X5o). Hence

(9u.0,) ™ [e(N)[72 = O(A[T) VA€ (supp xu.s,) N (supp x%)-
In conclusion,

Ls, (im,2)] < ||~ / dX AN =N Ns < (41N
a

provided that N > d, and consequently
I*(s,t,2) = O(1f ™).
O

We deduce from (3.4) and (3.5) that, for all 0 < s < 1, |[t| > 1 and

%SCXH

D—¢
2

(s, t,2) S |72 (1+ |2]) (3.10)

uniformly in s. Notice that
gsl(s,t,a:) = — /dA lcN)| 2 VA2 + [p)2e® IA+lpl? gitihs (A)
a

has the same phase as I(s, t, z). Hence the estimate (3.10) holds for %I(s, t,x)
by similar computations. Since

1 1
/ dss® (s, t,x) = (2 s”I(s,t,:c)](l)— ;/ dSSU%I(S,t,$)7
0 0

we deduce that

1 —
Coa [ dss H(st)| S 118 (1 fa) 5
0

according to (3.2). Then we obtain the following kernel estimate of &7"°.
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Theorem 3.3. There exists 0 < Cy < % such that the following estimate

holds, when |t| > 1 and % < C%, uniformly in the vertical strip 0 < Reo <
d+1 .
-

570 (@) S 16177 (1 + |a) T pola). (3.11)

3.2. Estimates of @f’o(x) in the remaining range. Recall that 7 = s—1it
with t € R* and s € (0,1) throughout this subsection. We are looking for
pointwise estimates of

pr(A)
————

1
50@) = Cra [ ds 5771y [ X [e)|Por(o) e VIFFIR s e
a

pr(z)
where p;(x) is the Poisson kernel and p;(\) denotes its spherical Fourier

transform. This subsection focuses on pointwise estimates of p, along the
lines of [CGMO1, pp.1054-1063].

Remark 3.4. Notice that the exponential factor ensures the convergence of

the integral defining py, but yields a large negative power s~¢. Then &f’o con-

verges under the strong smoothness assumption Reo > d. We will sharpen

it to Reo = %. Notice that the stationary phase method carried out in the
||

previous subsection fails since the critical point can be very large when i s

not bounded from above.

As in [CGMO1], let us denote by p¥(v) = ——L— the Poisson kernel on

T w(r240?)

R. We may write

Pr(N) = e TV IEHR = / dv p®(v) cos(vy/|A2 + [p2) VA€ a.
R

Consider a smooth even cut-off function x : R — [0, 1], which is supported
in [-v/2, /2], and equals 1 on [—1,1]. Denote by x7 = x(57) with T' = v/2
(uniformly in ¢) when [t| < 1 or T = /2|t| when [t| > 1. Then xr is
supported in [-2v/2T,2v2T] C (—3T,3T). We denote by a, and b, the
K-bi-invariant kernels of operators

+o0
A= [ doxa (@) ) costov=B)
—00
and
+oo
B, = / dv {1 — x7(v)} P2 (v) cos(vvV/—=A).
— 00
Then pr = ar + b, and a, is supported in a ball of radius 37 in X by finite
propagation speed. b, is easily estimated by straightforward computations,

see Proposition 3.6. In order to analyze ar, we will expand cos(vy/—A) by
using the Hadamard parametrix.
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Let {R3 | z € C} be the analytic family of Riesz distributions on R defined
by

R () =

L(z)~tr==t if r >0,
if » <0,

for Rez > 0. The K-bi-invariant convolution kernel ®, of the operator
cos(vy/—A) has the asymptotic expansion
| 19/2] fd1
Dy(exp H) = J(H) 3 3 4F o Up(H) B (02 = [HP?)
k=0
+ E<I> (Ua H)

(3.12)

where
sinh(c, H) \ ma
Jom =TT (525
=11
aeXt
denotes the Jacobian of the exponential map from p equipped with Lebesgue

measure to X equipped with Riemannian measure. Moreover, the coefficients
satisfy

VUi = O(1) (3.13)
for every k,n € N, and the remainder is estimated as
|Eg(v, H)| < (1+ )3t e(0), (3.14)

The Hadamard parametrix has been described and applied in various set-
tings, see for instance [Bér77; Hor94; CGMO1]. For the reader’s convenience,
we give in Appendix B some details about this construction in the particular
case of noncompact symmetric spaces. By resuming the proof of Lemma 3.3
in [CGMO1] (see Appendix C for details), we deduce the following expansion

of the K-bi-invariant convolution kernel a, of the operator A;:
- . [4/2]
ar(exp H) =— J(H)™2 Y 47" U(H)T (45 — k) (H* +7%)
k=0

_dtl
k=53

+E(r,H) (3.15)
where
\E(r, H)| < T3GHD (log T — log s) e~ »H) VY H € aF. (3.16)
Remark 3.5. As a consequence, we may deduce that

4o (exp )| < L4 ]t]_% if |¢| is small,
ar(exp Ss e\
3G+ log [¢]  if [¢] is large,

for all H € at. However, we cannot apply straightforwardly such estimates

to study the kernel wf, since it kills the imaginary part of o and yields a

logarithmic singularity on the sphere |x| =t when o € C with Reo = %=.
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The following proposition concerning the estimate of b, will be proved by
straightforward computations.

Proposition 3.6. Let N > d be an even integer. Then
b (@) < (14 ¢) ™ o () (3.17)
for every x € X and for every T = s — it with s € (0,1] and t € R*.

Proof. Let us study

27 10 1
B =2 [ o (= xr)} g costoy BT,

s

which vanishes unless v > 2T'. By performing N integrations by parts based
on

1 0?2
cos(vy/| A2+ [p|?) = I E 0 cos(vy/|A12 + [p]?),

we obtain

2T N
2

BT()\) = ? (_1)_
“+o0o
X /0 dv cos(vy/ A2 + |p|?) (%)N (1;2X+Tv(§))

Since v > 2T, we have |72 + v?| 2> v? uniformly in 7 = s — it. Hence

_N
2

(AP + 1l?)

_N
2

—+00
B-(\) S [l (A2 + (o)~ /ZT dov 2N SITIN (AP + [pf?)
By the inverse formula of the spherical Fourier transform, we deduce

oo = | [ @l eate) B ()

STV po(x) /d/\!c(A)\_Q(\)\\QJr 0)"%

a

where the last integral converges provided that N > d. (]

According to the asymptotic expansion (3.15) of a, and to the estimate
(3.17) of by, we establish the pointwise estimates of & in the case where

% is bounded from below.
Theorem 3.7. Let 0 € C with Reo = d’LTl. The following estimates hold

for allt € R* and x € X.
(i) If 0 < |t| < 1, then

~ — max{d,D}—¢
G70) ST (L4 )T e,
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(ii) If |t| > 1 and % > Cy;, then

@70 @) S N (1 2N el
for every Ny € N and Ny > Ny +2(d+1) + %.

Proof. Recall that we are looking for a pointwise estimate of the kernel

1
o7 (z) = Cuyg /0 ds s7 7 pr (),

where 7 = s — it with s € (0,1] and ¢t € R*. According to the Cartan

decomposition, for every z € X, there exist ki, ko € K and z+ € at such
that © = ky(expx™)ks. Then

pr(x) = ar;(expa™) + by (expz™)
by the K-bi-invariance. According to the expansion (3.15), we split up
&7%(x) = L(t,at) + I(t, ™) + Is(t, 2 ™)
_ 1 J(a:+)_1/2 %2/2]4—19[] ( + d+l +
R T(SE = k) Ie(t,2™)
k=0

™

1 1
+Coya / ds 5‘7_1E(T, ) + Cod / ds s”_le(exp zh)
0 0

where

d+1

1
ILk(t,er) =Cpra / ds s 1 T(|x+\2 + 7'2)]“*7
0
satisfies
[t 2t S 1+
according to next lemma. Hence
Ltah) <G+t ) J@h) ™2 vieR: (3.18)

The last two terms Iy(t,z") and I3(t,2") are easily handled: on the one
hand, we have

1
Lyt x™ SJ/ dssReoV E(r, 2t
[Lo(t, ™) ; |E(r,z7)| (3.10)

< (14 )P log (2 + |t]) e,

according to (3.16); on the other hand, (3.17) yields

1
Ifs(t,CU*)!S/O ds s br(expa®)| S (L4 [t) ™V olexpa™)  (3.20)
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for all o € C with Reo = % By summing up the estimates (3.18), (3.19)
and (3.20), we deduce, on the one hand,

~0,0 _d—1
@ @) Sl (L4 |2t
if [t| < 1, and on the other hand,

o d
&% (@)] S P log (2 + [t]) (1 + [2])

d,D}—¢
max{g ! €_<P73)+>

x{d,D}—¢
e {2 } 6_<pvm+>

if [t| > 1. Since % is bounded from below, we obtain finally

BT @) S N (1 )V e v > 1
for every Ny € N and Ny > Ny +2(d + 1)—1—%_ 0

Remark 3.8. Notice that the above method works only in small time, or in
|zl

[t]
polynomial growth in |x*| appearing in the estimate is not crucial for further

large time under the assumption that 1s bounded from below. The large
computations because of the exponential decay e {pz™)

d+1

Lemma 3.9. For every integer 0 < k < %=, the integral

d+1

1
Il,k(t,;ﬁ):ca,d/ ds 7 L7 (ot |2 4 r2)E- 25
0

satisfies
d—1

LD S1+H"2 VieR*, Veecat
‘ : - _ dtl
uniformly in o € C with Reo = “=.
Proof. Since T = s — it, we write I1 ;(t,z7) = P; + P, with

d+1

1
P =C,q4 / dss% (s + |zt > — 12 — 2sti) k=5
0

and

+1

1
Py =Coa(-it) / ds 5771 (2 + ot 2 — 12 — 2sti)F S
0

As

|52 + 212 — % — 2sti| = /51 + 252([z T2 + 12) + (|t |2 — £2)2,

notice that

5° (3.21)
|52 + 2|2 — % — 2sti| > { slt| (3.22)
||z [* — ] (3.23)

P, is easily estimated. By using (3.22), we obtain first

1
Py < e / dssh < |t -5 vie R
0
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By using in addition (3.21), we obtain next, for |t| < 1,

It 1 )
P < R / ds s* +/ ds s <14 [t
0 1

We deduce that

1+ [t i |t < 1,
1P| S (3.24)

It|e— 5 if |t > 1.

Let us turn to P». Consider first the easy case where 1 < k < %. By

using (3.22) again, we get
1
Rl S 18 [dssteo S g (3)
0
d+1

for all 0 € C with Reo = “=. In order to estimate P, in the remaining case
where k = 0, we write

da+1

1
. i 1 —1
P —Ca,d(—lt)/o ds s (e o)

By performing an integration by parts, P» becomes the sum of P, and P;
where
- Co',d 0 T d+1 1
Py = [m (—t)s' m0(52+\x+\25—t2—25ti) ’ ]0
and

1 d+1
+ _ Csq iImo 9 s 2
Py = Tmo ! /0 dss ds (52+\x+\2—t2—25ti) }

By using (3.2) together with (3.21) in small time and (3.22) in large time,
we obtain

B 1 if ¢ < 1,
Py | S i (3.26)
|t|” = if |t| > 1.
Since
d+1 d—1
9 5\ _ d+1 ) |m+\2—t2—32
sl ) ° 1= T<s2+\x+\2s—t2—25tz‘) T P2
ot~
we have
_ 1 242 .2
B S [ as e (327)
0 ‘SQ—I—\xﬂ?—tQ—QSti‘

Q
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It remains for us to estimate @), which is bounded by the sum of
2 |la+2 -2

1 1
Q=1 [ ds d o and Qo= [ s .
0 ‘52+|x+|2—t2—25ti‘ 0 |52+|$+|2_t2_25ti|

Q1 is estimated as P;. According to (3.22) and (3.21), we have

t] fy ds|t| 2 =tt <1 it |t > 1,
t - 1 _ .
t J)ds (172 + 11 fydss2<2 i < 1.

Let us finally estimate Q2. On the one hand, if ||z |* — 3| > |t|, by using
(3.23), we get

1
—1
@gr,sm/ ds |zt — 2] < 1.
0

On the other hand, if HxﬂQ - t2’ < |t], we have Q2 = O(1) since

|Ix+|2*t2‘ +12 421
‘t’/ zt |22 ds 2 2_42 ; 2‘ S’ |t|/ zt|2—42 ds “x | —t ‘
OSSS% ‘s +|zt|2—t 725tz‘ OSSS%

<1
according to (3.23), and
xt 242 +12_42 _
)|t|/+2 2 ds “ | ‘ Z‘S./Hx |tt|/+2 2 dss™?
et P=r2] <y |52 a2 —12—2sti] Lt 2=l <5<
<2

according to (3.22). Hence Q = O(1) and we deduce from (3.27) that |Py | <
|t|7% for all ¢ € R*. By combining with (3.26) and (3.25), we obtain

d—1

1P| <t Vte R

Together with (3.24), this concludes the proof. g

3.3. Estimates of w;"”°. We establish in this last subsection the pointwise
estimates of w;"™. Recall that
1 [t
wy(x) = F()/ dss” p,_y(x) VreX, VteR*
1

g

According to the integral expression (2.2) of the spherical function, we may
write

0,00 Co Ak ee 1
wy () = / dk elPAkz) / dss® " I(s,t,x),
I'(o) Jk 1

where, let us recall,

I(S,t, 1;) = /d)\|c()\)|2 e ¢ [A[2+]p]2 eith(x\)‘
a
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We have considered this oscillatory integral in the case where s € (0, 1).For

s > 1, the factor e %V A2+l plays an important role. On the one hand,
for A close to the critical point of ¢;()), this factor produces an exponential
decay in s, which ensures the convergence of the integral over s € (1,400).
For A\ away from the critical point, it produces an exponential decay in |Al,
which ensures the convergence of the integral over A € a. Let us elaborate.

Theorem 3.10. The following estimate holds, uniformly in the strip 0 <
Reo < %, for allt € R* and x € X:

w7 (2)] < pol). (3.28)
Moreover, if [t| > 1,
0,00 _D D
wy (@) S 12 (L4 [2)) 2 po(@). (3.29)

Proof. The global estimate (3.28) is obtained by a straightforward compu-
tation. On the one hand,

/ dX [c(\)| 2 e s VIAPHI < o=l dA|APE
[A[<1 |AI<1
<t
On the other hand,
/ AN Je(N)| 2 e VPP < o=3lel [ g it o5
A1

[AI>1

<+oo

Hence

+oo s
@) S pow) [ dsseo et (3.30)
1

<+o0

The estimate (3.29) follows from (3.28) if Il i bounded from below. Let

[¢]
us prove it if % is bounded from above, let say by % We study the oscillatory

integral I along the lines of Section 3.1. Let split up again
I(s,t,x) =1 (s,t,x) + I (s,t,x) = /d)\xg()\) et /d)\xgo()\) e
a a

according to cut-off functions x5 and x5 = 1—x5, which have been defined in
Section 3.1. Recall that x§(\) = 1 when |A| < |p| and vanishes if |A| > 2|p|.

On the one hand, I~ is estimated by studying the oscillatory integral

17 (s,t, ) =/dA XE(N) [e(A)| 2 e sVIAPHII® gitge (V)
a Vv

ao(s,\)
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where the amplitude ag is compactly supported for |A| < 2|p|, and in this

range, the phase v, defined by (3.3), has a single critical point, which is
nondegenerate and small if l\fll < 1 . According to Lemma A.1, we obtain

I (s,t,2)| S |77 (1+ |2)) 7 e 5. (3.31)
On the other hand,

It(s,t,z) = /d/\ X2 (A) |e(N)| 2 e sVIAP IR gitie(A)
a

is easily estimated with no barycentric decomposition. Let

Poo(A) = —A2L 4 (Ak2) 3y vy € supp v

VIARP+pf?

Then 1’/;00 is a symbol of order 1, and satisfies

” A2 (Ao, A) L1
0 AN| = - Z 7= T >0
) VIAR+ o2 V]2 + [pf? Wil
>0 <0

—

on supp Y according to (3.6) and (3.7). By performing N integrations by

parts based on

Z Z ;
) = 1 L hoo(A) ! S A A2 2 ()

we write

IF (s, t, ) = (it)™N / dX e
a

x{ - Zjm A  ° T (A} {XB(N) e(A )|—26—S\/W}.

If some derivatives hit y5.(\), the range of the above integral is reduced to
a spherical shell where |A| < |p|, and

It (s,t,@) =< |t| Ne sl

Assume next that no derivative is applied to x4 and

e N derivatives are applied to the factors \;/ 1’/;00()\), which are inhomoge-

neous symbols of order 0, producing contributions which are O(|]A\|=N1),
| =2 which is not a symbol in
)

e N derivatives are applied to the factor |c(\)
general, producing a contribution which is O(|\

e N3 derivatives are applied to the factor e™* |’\‘2+|p|2, producing a contri-
bution which is O(s™3e~* |’\‘2+|p|2)7
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with N1 4+ No + N3 = N. Then we get the upper bound
_ _ _ 2 2
It] NSNs/ d)\|/\|d £=N1 =5/ |APP+pl ,
IAI>[pl

which yields

|I+(S,t,x)\ N |t|_N sV emalel dA |)\|d_€ 1
[AI>]pl

-~

<400

Together with (3.31), we obtain

I(s,t,2)| S Jt]72 (14 |2)) 7 Ve 3l

for all s > 1 and for N > %. We deduce

+o00
g -= D—¢ _U
|wt ’Oo(x” S ‘t‘ I2) (1 + |x‘)D2£ QO()(ZL') / ds s Reo— 1+N Pls
1

<400

for all z € X and |t| > 1. O

4. DISPERSIVE ESTIMATES

In this section, we prove our second main result about the LY — L1
estimates for the operator W7 = (—A)~ZeV=2, We introduce the following
criterion based on the Kunze-Stein phenomenon, which is crucial for the
proof of dispersive estimates.

Lemma 4.1. Let k be a reasonable K-bi-invariant function on G. Then

2
I mllaw ggsmncey < { [ doonta) n(o)l? }

for every q € [2,+00). In the limit case ¢ = o0,

|- * Kl L1 (x)— Loo (x) = SUPeq [R(2)]-

Remark 4.2. This lemma has been proved in several contexts. For q = 2,
it 1s the so-called Herz’s criterion, see for instance [Cow97]. For q > 2, the
proof carried out on Damek-Ricci spaces [APV11, Theorem 4.2] is adapted
straightforwardly in the higher rank case.

Theorem 4.3 (Small time dispersive estimate). Let d > 3 and 0 < [t| < 1.
Then

—Z gt — d— 1_1
(=) "2 A oy S 11 7ETPETY

forall2 < g < 400 anda>(d+1)(f—a).
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Proof. We divide the proof into two parts, corresponding to the kernel de-
composition wf = wy ’O—i—wf "*°. According to Lemma 4.1 and to the pointwise
estimate in Theorem 3.10, we obtain on the one hand

2
% 7l oy < | /G o) [y ()3}

S{ [ oo o)

a

~

2

< {/ dot (1+ |2t]) = G+ ef(%,%m};
a+
< 400

for all ¢ > 2. On the other hand, we use an analytic interpolation between
the L? — L? and L' — L™ estimates for the family of operators Wf’o
defined by (3.1) in the vertical strip 0 < Reo < %. When Reo = 0, the
spectral theorem yields

it\/fAHLQ(

W7l r2 ) 2y = lle x)L2(x) = 1

for all t € R*. According to Theorem 3.7, when Reo = %,

50,0 ~0,0 _d—-1
W 1 (x)— oo x) S N@7 peex) ST 2
By Stein’s interpolation theorem applied to the analytic family of operators

W7 we conclude for o = (d + 1)(3 - %) that

)

- —(d—1)(t-1
WS b sy oy S 1H77DETD

for all 0 < |t| < 1 and 2 < g < 4o0. O

Theorem 4.4 (Large time dispersive estimate). Assume that [t| > 1, 2 <

q < +oo and o > (d+1)(3 — %). Then

T = _D
I(=a)"=z¢" AHL(I’(X)-)LQ(X) Stz

Proof. We divide the proof into three parts, corresponding to the kernel
decomposition

o o,0 o,0 0,00
wy = lpeespwe +Ix\pocoshwe ™ +wy

where the constant Cy, has been specified in the proof of Theorem 3.3. The
first and the last terms are estimated by straightforward computations. By
combining Lemma 4.1 with the pointwise kernel estimates in Theorem 3.3
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and Theorem 3.10, we obtain indeed

[ - * {]lB (0,Cx|t]) W }HLq X)—L4(X)

2
S { [ do (@) Lo copey @) 7)1}
G

2
SHE{ [ det o) e et e
|zt |<Cslt|

~~

<+oo

and

|- = W?OO||Lq’(X)_>Lq(X)
2
s { [ drpoo) ol @)t}
G
2

< |t|_% {/+ dxt (1+ ’x+|)¥+(D—§)% 6_(%_1)<P@+>}5
a

<+o0

Here 2 < ¢ < 400 and the above estimates are uniform in the strip 0 <
Reo < %. As far as the middle term is concerned, we use again the analytic
interpolation for the family of operators associated with the convolution
kernel 1x\ (o,c5 ¢)) &7, On the one hand, if Reo = 0, then

|- * Ix\ Boo, cgm 70N L2y L2 (x0)
~0,0
< @y HL2(X)—>L2(X) + -+ Lpo,osiy @7 r2)—r2x) S 1

On the other hand, if Reo = %, we deduce from Theorem 3.7 that
~ ’O ~ 70 -
|- Tx\Bo,osleh) D Lt (x)—Loe(x) = Sup L\ po.cxe (@) @7 ()] S [t~
T

for any V € N. By using Stein’s interpolation theorem between the above
L? — L? and L' — L™ estimates, we obtain

70 -
- TxvBo,csi) <8 e o ra) S 1H7YS
forall |t| > 1,2 < ¢ < +o0 and for any N € N. This concludes the proof. O

Remark 4.5. The standard TT* method used to prove the Strichartz in-
equality breaks down in the critical case. In order to take care of these end-
points, we need the dyadic decomposition method carried out in [KT98] and
the following stronger dispersive property, which is obtained by interpolation
arguments.

Corollary 4.6. Letd > 3,2 < ¢, < +oc and o > (d + 1) max(3 — % 1_

%v). Then there exists a constant C > 0 such that the following dispersive
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estimates hold:

e /TR 7m0 < e < 1,
I(=a)~=ze" AHL«Y’(x)_)Lq(X) <C b '
[t| =2 if |¢] > 1.

5. STRICHARTZ INEQUALITY AND APPLICATIONS

In this section, we use the dispersive properties proved in the previous
section to establish the Strichartz inequality. This inequality serves as a tool
for finding minimal regularity conditions on the initial data ensuring well-
posedness of related semi-linear wave equations. Such results were previously
known to hold for real hyperbolic spaces [AP14] (actually for all noncom-
pact symmetric spaces of rank one) and for noncompact symmetric spaces
G/K with G complex |Zha21]. For simplicity, we may assume that ¢ > 2
throughout this section, thus d > 4.

Let 0 € R and 1 < ¢ < +00. Recall that the Sobolev space H?4(X) is the
image of L?(X) under the operator (—A)~2, equipped with the norm

£l ooy = 1(=2)% fllLacx)

If o = N is a nonnegative integer, then H%4(X) coincides with the classical
Sobolev space

WNX) = {f e LYX)|VIfe LYX)V1<j< N},

defined by means of covariant derivatives. We refer to [1ri92] for more details
about function spaces on Riemannian manifolds. Let us state the Strichartz
inequality and some applications. The proofs are adapted straightforwardly
from [APV12; AP14]| and are therefore omitted.

5.1. Strichartz inequality. We study the linear inhomogeneous wave equa-
tion on X

2U xTr) — u xTr) = T
{8t (t7 ) A (t7 ) F(t7 )’ (5.1)

u(0,z) = f(x), Otli=ou(t, z) = g(x)
whose solution is given by Duhamel’s formula:

u(t,z) = (costv/—A) f(z) + Smt‘/i / ds Snlt=s FF( x).

Recall that a couple (p, q) is called admissible if (l l) belongs to the triangle

(G e ()< () [3 25 G -2)u{(08))

Theorem 5.1. Let (p,q) and (p,q) be two admissible couples, and let

d+1 (1 1 d+1 1

N[
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T
L

N
|
|’_‘ [
/o

D =

[ 1
1 _d-1(1_ 1 2
p 2 \2 q

FIGURE 3. Admissibility in dimension d > 4.

Then all solutions u to the Cauchy problem (5.1) satisfy the following Stri-
chartz inequality:

IVexxull porm-oaiy) S I ey + 9ll2e + 1E o (rpsa x))- - (5:2)

Remark 5.2. As have already been observed on hyperbolic spaces, the ad-
missible set for X is much larger than the admissible set for R, which cor-
responds only to the lower edge of the triangle. This is due to large scale
dispersive effects in negative curvature.

The admissible range in (5.2) can be widened by using the Sobolev em-
bedding theorem.

Corollary 5.3. Assume that (p,q) and (p,q) are two couples corresponding

03] < (03 ul(01) 1

1
q

to the square

D=

FIGURE 4. Extended admissibility in dimension d > 4.
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Let 0,6 € R such that o > o(p, q), where

0(19#1)=%(%—l)+max{o,%<%_%) _%}

and similarly 6 > o(p,q). Then the Strichartz inequality (5.2) holds for all
solutions to the Cauchy problem (5.1).

LS

5.2. Global well-posedness in LP(R, L4(X)). By combining the classical
fixed point scheme with the previous Strichartz inequalities, one obtains the
global well-posedness for the semi-linear equation

(5.3)

{ O2u(t,z) — Au(t,z) = F(u(t,x)),
u(0,2) = f(z), difi=ou(t, z) = g(x).

on X with small initial data f and g and power-like nonlinearities F' satisfying

[Fu)| < lul” and  [F(u) = F(o)] S (lu]" ™" + o )]u — v|

where v > 1. Let 7. =1+ ﬁ be the conformal power. The global existence

of solutions to the semi-linear wave equation (5.3) on R? is related to the
Strauss conjecture: the critical power 7y, i.e., the infimum of all v € (1, ]
such that (5.3) has global solutions for small initial data, is the positive root
of the quadratic equation

d=—1Dv—(d+1)yp—-2=0 (d>2).

In other words,

+ A2+ A > L

N|—
N|—

0=3+ 7 + 4/
We refer to [Joh79; Kat80; Str&81; GLSI7; Tat01] and the references therein
for more details about the Strauss conjecture in the Euclidean setting. In
negative curvature, the global existence for small initial data has been proved,
for any v € (1,7, on real hyperbolic spaces of dimension d = 3 [MT11;
MT12] and then of any dimension d > 2 [AP14]|. In other words, there is
no phenomenon analogous to the Strauss conjecture on such spaces. Similar
results were extended later to Damek-Ricci spaces, which contain all non-
compact symmetric spaces of rank one [APV15], and have been established
recently on simply connected complete Riemannian manifolds with strictly
negative sectional curvature [SSW19], and on non-trapping asymptotically
hyperbolic manifolds [SSWZ20]. Next theorem shows that the same phe-
nomenon holds on general noncompact symmetric spaces. More precisely,
we prove that the semi-linear wave equation (5.3) on X is globally well-posed.
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To state the following theorem, we need to introduce some notation. Con-
sider the following powers

143 I
n=iT g 2= d 2
d 2 T
1+% if d<5,
V3 =
d 3 da—1
Gt (T ) -4 it d>6,

and the following curves

d+1 (d+1)(d+5) 1

2d
d+1 1 d 2
o2(7) = T_ﬁ’ US(V)—§—ﬁ~

Theorem 5.4. The semi-linear Cauchy problem (5.3) is globally well-posed
for small initial data in H%?(X) x H°~12(X) provided that

oc>0 if 1<y <,
o>o1(y) if 11 <vy< 9,

og>o03(y) if 2 <y< .,

o>o3(y) if <y <.

More precisely, in each case, there exists 2 < p,q < +00o such that for any
small initial data (f,g) in H7*(X) x H°~12(X), the Cauchy problem (5.3)
has a unique solution in the Banach space

C(R; H*(X)) N CH(R; H13(X)) N LP(R; LI(X)).

6. FURTHER RESULTS FOR KLEIN-GORDON EQUATIONS

The kernel estimates and dispersive estimates proved above for the wave
equation still hold if we replace the operator (—A)_%ei“*A by D—7¢iP,
where

D=+-A—|p2+kK? with &>0.
Then, for every admissible couple (p, q), the operator

Tf(t,x) =D, * ¢ f(a)
is again bounded from L?*(X) to LP(R; L4(X)), and its adjoint

400 o
T F(z) = / dsDg 2 e P F(s, 2)

—00
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from LV (R; LY (X)) to L*(X). While L? Sobolev spaces may be defined in
terms of D, we need the operator

D=+-A—|pP+& with &> |pl,

g

in order to define L? Sobolev spaces when ¢ gets large. As D 5oD3 isa
topological automorphism of L?(X), the operator
Tf(t,) =D, ? P f(a)

is also bounded from L?(X) to LP(R; L4(X)), and its adjoint

~ +oo ~_o )

TF(z) = / dsD, 2 e7"P= F(s, z)

—0o0
from LV (R; L7 (X)) to L?(X), hence
“+o0o

TT*F(t,z) = / dsD;7 ¢=9P= F (g 1)

—00

from LP (R; LY (X)) to LP(R;L(X)) for all admissible couples (p,q) and
(p,q). We deduce that Theorem 5.1 and Corollary 5.3 still hold for solutions
to the inhomogeneous Klein-Gordon equation

{ 02 u(t,z) + D?u(t,z) = F(t,x),
u(07$) = f($)7 at’t=0u(t7x) = g(l‘),

and that the corresponding semi-linear equation is globally well-posed with
low regularity data, see Theorem 5.4.
APPENDIX A. OSCILLATORY INTEGRAL ON da

In this appendix, we prove the following lemma which is used in the
proofs of Theorem 3.3 and Theorem 3.10. Recall that A = A(kz) is the
a-component of kz € X in the Iwasawa decomposition, and that Cy, € (0, %]
is a fixed constant.

Lemma A.1. Let s € Ry and |t| > 1. Consider the oscillatory integral
I (s,t,x) = /d/\ ao(s, \) eVt
a

where the phase is given by
bi(N) = VIR P+ (4,0
and the amplitude

ao(s, A) = X§(N) le(n)| 2 e~ VIR

vanishes unless |\| < 2|p|. Then, for all x € X such that %I < Cfy,

L lpl

T (s, t,2)| S [E77 (L4 |2]) 2 e 2%,
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Remark A.2. The proof of this lemma is similar to the proof of [Zha?1l,
Theorem 8.1.(ii)], except that our amplitude involves the general Plancherel
density and in addition an exponential factor depending on s.

Proof. By symmetry, we may assume that ¢ > 1. Recall that the critical
point Ay of the phase v is given by

_1
(Mo + o) 7220 = -4 (A1)
and satisfies
A A2 -1 2\-1
Dol =lpllf 1= ) <l -r) e < (A2)
as |A] < |z| and @ < 1. Denote by

B(Ao,n) = {A € af|A = Ao| <7}

the ball in a centered at A\g, where the radius n will be specified later. Notice
that |A| < |p| +n for all A € B(A\g,n). Let Py be the projection onto the
vector spanned by ‘—i‘l Then |A|2Py, = A ® A and the Hessian matrix of 1 is
given by

Hess () = (A” + [1*) 72 I = (A” + o) 72 A @ A
_3
= (1M + 10%) 72 {lpPPr + (AP + 1p1) (I — PA)}

lol? \ 0

3
2

= (A +1p*)”
0 | (AP + o) Te-

which is a positive definite symmetric matrix. Hence Ag is a nondegenerate
critical point. Since Vq10:(A\g) = 0, we write

Ye(X) — Ye( o)
1
= ()" /0 du (1~ u) Hess e (o +u(A — o)) } (A~ o),

M)

where M(A) belongs, for every A € B(\o,7n), to a compact subset of the
set of positive definite symmetric matrices. We introduce a new variable
= M(N)Z(A— Xo), then |p|?> = 1:(\) — ¥¢(Xo) and g = 0 if and only if
A = Ag. There exist 0 < 777 < 73 such that u € B(0,7;1) implies A € B(Ao,n),
and A € B(X\o,n) implies po € B(0,72). Notice that for every k € N, there
exists Cj, > 0 such that

IVEM(N)2| < G VA€ B(Xo,n). (A.3)
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Denote by j(A) the Jacobian matrix such that du = det][j(A)]dA, then we
can choose 1 > 0 small enough such that

1
det[ (V)] > 5 det| M(N)2] VA € B(Ao,n). (A.4)
Now, we split up
I (s,t,x) =1, (s, t,x) + 1 (s,t,x)

= /d)\xg(/\) ao(s, \) eitvr) +/d>\X20()\) ao(s, ) et

a a

where x{J : a — [0,1] is a smooth cut-off function which vanishes unless
A= ol < 3, xg(A) = Lif [A = Ao < 7, and X3 =1 = xq.

Estimate of ;. We estimate I, by using the stationary phase analysis
described in [Ste93, Chap.VIII 2.3]. Notice that suppx] C B(M\o,n). By
substituting 1¢(A\) = |u|? + 1 (Ao), we get

Iy (s, t,x) = et (%) /d,u?i(s,)\(,u)) etlnl®
where the amplitude
a(s, M) = xg (A1) xg M) w(A(w))
x [b(A(p))| 7% e VIR det[(A()) ]~

is smooth and compactly supported in B(0,72). We deduce, from (A.3)
and (A.4) that a(s, A(u)) is bounded, together with all its derivatives. Let
X7, € C°(a) be a bump function such that x5, = 1 on B(0,72). Then

Iy (s,t,2) = et¥ro) / dpu i, (1) € eI Lelil Qs A ()}

a

Consider the Taylor expansion at the origin

elnl? a(s,\(pn)) = Z ck 1"+ Ronr (),
|k|<2M

where 2M is the smallest even integer > D. By expanding
_1 12
m(Aw)? = [T e ro) + (o, M(A(w) "2 )],

aext

we see that its coefficients satisfy
el S ol (14 5)Hl emsv/PoP el < (BN (14 )l e=lols, (A.5)
where Nj; = max {0, 2 [%,f| — |k[}, while the remainder satisfies

IV Ropr(p)| < |uPMHIm (1 4 5)2MF I e=lols wo <n < 2M +1. (A6)
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By substituting this expansion in the above integral, I, (s,t,«) is the sum

of following three terms:
-y ck/duu citlul? ,—|uf?

|k|<2M a

I = / dp X, (1) Rong () €07 =1

a

and
-y Ck/dﬂ{an )= 1) ik eithnl® o= lul?.
|k|<2M a

To estimate I, we write

I = ckH/ dp; em‘ﬂe“ﬂu

|k|<2M  j=1

where

+o0 .
/ dpg =700 15
—00

if k; is odd, while

“+o0 ) ] kj+1 100 )
/ dpj e~ (=05 ,u?] =2(1—it) "z /0 dz; e % zfj
—0o0

by a change of contour if k; is even. We deduce from (A.5)

|k|+£ +1_
TSI D e a2 R (A [Pl
[k<2|5 |

+ Y =555 (1 5)lFlelels
2|2+|<|k|<2M
ol
SR fe) e B
since D = ¢ + 2|Xf| and @ < Cy. Next, we perform M integrations by
parts based on

. 2 2
G = g Y 0 il (A7)

and obtain
lp]

|I2| 5 t_M (1 + 5)3M+1 e—|p|s 5 t_ e~ 2 S
according to (A.6). Finally, as p +— p* e lnl? (X7 — 1) is exponentially de-
creasing and vanishes near the origin, we perform N > % integrations by
parts based on (A.7) again and obtain

ol

Il StV e 2o,
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By summing up the estimates of I, Is and I3, we deduce that

1]

Iy (st 2)| S 677 (14 Jz) 7 e 5%, (A.8)

Estimate of I__. Since the phase 1y has a unique critical point Ao which
is defined by (A.1) and satisfies (A.2), then for all A\ € supp xt, we have
Vate(A) # 0. In order to get large time decay, we estimate

Io_o(sa t, -7/') = /d)\ XZO()\) CL(](S, )\) eitwt()\)
a
by using several integrations by parts based on

ettt () — %1’/;0()\)—1 S ( A Aj) 0_ gitr(N)

=1 B T €
where
0 _ A A2
o) = | 7 + 7|

is a smooth function, which is bounded from below on the compact set
(supp Xa)N(supp x4), uniformly in é. After performing N such integrations
by parts, I (s,t,z) becomes

const. (z't)_N/d/\ et ()

a
l

=2 g o O (e + DN} Wt 0}

=1

el

where the last integral is bounded from above by (1 4 s)N e~lPls < 72
Hence
lo]

(s tia)| St Ve 2 (A.9)

for every N € N. By combining (A.8) and (A.9), we conclude that

>}

lel

—¢
2 e

I (s, t,2)| S 77 (1+|a|)

M

APPENDIX B. HADAMARD PARAMETRIX ON SYMMETRIC SPACES

Let @, be the K-bi-invariant convolution kernel of the operator cos(vy/—A)

whose spherical Fourier transform is given by ®,(\) = cos(vy/[A2 + |p[?).
Then ®,(x) solves the following Cauchy problem

{ 2U(v,z) — Ay U(v,x) =0,
U(0,x) = dp(x), Oyly=oU(v,z) = 0.
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We are looking for the asymptotic expansion of the kernel ®,. Recall that
J denotes the Jacobian of the exponential map from p equipped with the
Lebesgue measure to X equipped with the Riemannian measure. It satisfies

i, (o, H) 5
4= 11 (Gbdam)
JUH)™ H sinh(a, H)
aext
= { [T+ (a,H>)%}e—<ﬂ7H> VH € at.
aext
Let f be a K-bi-invariant function on G, then f may also be considered
as an Ad K-invariant function on p or a W-invariant function on a. Recall
that A, and A, denote the usual Laplacian on the Euclidean spaces p and
a C p. The radial part of the Laplacian A on X is defined by
APUF(H) = Aof(H) + Y macoth{a, H)df(H) VH €at,
et
and that of Ay is given by
APIF(H) = Agf(H) + > ma{o, H) '0of(H) VH € a™,
aext

see [Hel0O, Propositions 3.9 and 3.11]. The following proposition provides a
relation between A™d and Afﬁd, it allows us to simplify the computations
about the parametrix.

Proposition B.1. Let f € C*°(a) be a W-invariant function. Then
[J(H)? 0 A™ o J(H)™7| f(H) = [AR + w(H)| f(H) VH € a,
where

w(H) = Z %(% N 1>|a|2{ <o¢j‘[>2 a sinh22a,H>}

aeXt

maMmag Mgy 1 1
by el ‘0"2(2—1)'a’2{<a,H>2‘Sinh2<a,H>}"p'2

acext
s.t. 2a€XT

is a smooth W -invariant function, which is uniformly bounded together with
all its derivatives.

Proof. Notice that
[J(H)2 0 A™ o J(H)™3] f(H) = J(H) (A™J~3) (H) f (H)
+ A F(H) + 20 (H)2 (Vo 72) (H) - Vo f(H)

AR f(H)

since
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We deduce from the next lemma that
J(H)z (A J~2)(H) = w(H) VH €a,
and this concludes the proof. O

Lemma B.2 (Cancellations). The following equations hold for all H € a:

(o, B)
2 et G

a,BeXt, Ra#Rp

=0

Z mamg(a, B) (coth(a, H) coth(3, H) — 1) =0
a,feXT, Ra#£RpB

Proof. See [HS03, Appendix] for a detailed proof of this "folklore" result. O

Recall that {R% | z € C} denotes the analytic family of Riesz distributions

on R defined by
; L(z)~tr*=t if r >0,
R+(T) = ]
0 if r<0.

Consider the asymptotic expansion

+oo d—1
y(exp H) = J(H) 2 S 4[| Uy(H) Ry 2 (v~ |HP) (B
k=0

_d-1
where Uy is a constant such that Uy J(H)fé lv| R, % (v—|H*) — o(H) as
v — 0 and Uy € C*°(p) are smooth Ad K-invariant functions. By expanding

0= J(H)% (07 — A™)®, (exp H)

d—1

+oo
= a0 - Apt - w()){ | Uk B 7 (0 - [H)
k=0

we deduce
[(k+1)+ 0u|Up1(H) = [A;raad +w(H)|Up(H), (B.2)
for every k£ € N. In other words,
1
Up1(H) = / ds s" [APY + w(sH)|Uy(sH). (B.3)
0
As w and all its derivatives are uniformly bounded, we obtain
VpUi = O(1) (B.4)
for any k,n € N.
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Next, by resuming the proof of [Bér77, Proposition 27| with our asymp-
totic expansion (B.1), we deduce that the remainder of the truncated expan-
sion

@, (exp H) = “24 ol U (H) RS (02— [HP) (B.5)

+ En(v,exp H)
is a solution to the inhomogeneous Cauchy problem
(02 — A™d] Ex(v,exp H) = J(H) " 2Un (v, H),
lim,_,0 En(v,exp H) = 0, lim, 0 8571\](1/, expH) =0,
N_d=l

where Uy (v, H) = =4~ |v| Uy (H) R, ? (v’—|H|?). Hence, by Duhamel’s
formula

. v sin(v—u)4/ —Arad %"’
B (v.exp ) = [ du =SS )4 D ()

According to next lemma and by L? conservation, we have

|En(v.exp H)| S e Ex (o, )| e )

S0 [ du Oy, ey
0
provided that 20 + 1 > %l, and
~ 1 o 1
1UN ()T 72 (|2 50 = 1AT{UN (s ) T2} 723

= const./dX‘J % (Aradye {J(X)*%ﬁ]\r(u,X)}‘2
p

— const. / 4X [[AR 4 (X)) (T (u, X))
p

A

20
u? Z/ dX |Vi(u? — | XN
j=0

{Xepl|X[<u}

S (4w

since w and Uy, together with all their derivatives are uniformly bounded.
Here we assume N > % + 20 to avoid possible singularities on the sphere
|X| = u. We may set 20 = [%] and N > d + 1. Finally, we obtain

d

v
|En(v,exp H)| < e_<”7H>/ du (14 u)2V=% < (14 0)2N -8+l (pd),
0
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Lemma B.3 (Sobolev embedding theorem for K-bi-invariant functions on
X). Let o > 4 be an integer. Then

Flexp B S | fllyey VH € aF
for all K -bi-invariant functions f € H?(X).
Proof. See [Ank92, Lemma 2.3]. O

Notice that, for all N > g, we have

N _d-1
“](H)_% >, 4 U(H)RY 2 (02— [HP)| S (1+0)N =5 et
k=[d/2]+1

Then we deduce the following corollary.

Corollary B.4. The K-bi-invariant convolution kernel ®, has the asymp-
totic expansion

[4/2]
olowp 1) = D)5 34 WU BT 00
+ Es(v, H),
where the remainder satisfies
|Eo(v, H)| < (1+0)3E e (0H) v e gt (B.7)

APPENDIX C. ASYMPTOTIC EXPANSION OF THE POISSON KERNEL

The Hadamard parametrix described above provides an asymptotic devel-
opment of the kernel of the truncated Poisson operator

+00
A= / dv x7(v)p%(v) cos (vV/—A).

—00

Here 7 = s — it with s € (0,1] and t € R*,

V2 if o<t <1,
T =
V2It]if |t > 1,

X : R — [0, 1] is a smooth even cut-off function such that y = 1 on [—1,1] and
suppx C [—2v2,2v2], xr(v) = x(5%) is supported in [-2v2T,2v2T] C
(—=3T,3T), and p*(v) = %TQ_TH)Q is the Poisson kernel on R (with complex
time 7). Notice that |7| < T. By resuming and improving slightly [CGMO1,
Lemma 3.3|, we deduce the following parametrix for the kernel of A;.
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Proposition C.1. The kernel a. of the operator A; is a smooth K-bi-
invariant function on G, which is supported in the ball of radius 3T in X.
Moreover

d/2
a-(exp H) = % J(H)™2 [kz/;jzl’f Uy (H) r(% - k:) (|H|? + r2)%5 *
+ E(r,H) (C.1)
where the remainder satisfies
\E(r, H)| < |TIPE (log T — log s) e~ ) W H € aF. (C.2)

Here the coefficients Uy, are the same as in Corollary B.J and are uniformly
bounded.

Remark C.2. The proof of Proposition C.1 is similar to the proof of Lemma
3.8 in [CGMUO1]. Notice that the latter statement contains a minor error in
the Gamma factor and that our estimates contain an additional exponential
decay, which is crucial for the dispersive estimates.

Let us state and reprove some technical results borrowed from [CGMO1].

Lemma C.3. Letn > 1 and v € Ry. Then

3T
|z|27_" dr 7“"_1|7‘2 + 22]_7 =
0

(%)7*1 if y>1and n < 27,
(|T7‘)n—2 + log(%) if v = 1 and n > 2, (C )
_ .3
1+ log(g53) ify=1andn=2,
| 1+log(2) if y=1and n < 2.

for every z € C such that Rez > 0 and |z] <T.
Proof. Write z = |z|e® in polar coordinates, with § € [-Z, Z]. By perform-
ing the change of variables r = |z|w, the left hand side of (C.3) becomes

3T
2] _ 90 | —
I:/ dw w1 w? 4 2077,
0

Notice that 2L > 2 and that

|z
lw? — 1] < |w? + | < |w? +1]. (C.4)
Let us split up I = Iy + I1 + I according to

2 ! 2 %
/dw:/dw+/dw+/ dw.
0 0 L 2

2
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The first and the last integrals are easily estimated. According (C.4),

%S\fuﬂ—l—e’%\g% if0<w§%,
%wz < |w? +ei29| < ng if w> 2,
we deduce
1
2 —1
I :/ dw w1 = 1 (C.5)
0
and
o 1 if n <2,
1@3:‘/‘ dw w2 = { 1glog T if n=2, (C.6)
2

(%wﬂv if n > 2y.

Let us turn to the remaining integral, where % < w < 2. In this case we use
the following improvement of (C.4):

lw? + 2?2 = w? + 1+ 2w? cos 20 = (w? — 1)? + 4w? cos? 6
1
= (w — —)2 + cos? 6.
w

By performing the change of variables u = w — i and noticing that C%‘} =
1+ ﬁ =1, we get

3 3
lel/Zdu(u2+mﬁQ®_;>{AQdu(u+wws®_7
3
(cos )1 if v>1,
= ¢ 1—1log(cosf) if y=1, (C.7)
1 if < 1.
In conclusion, (C.3) is obtained by combining (C.5), (C.6) and (C.7). O

Lemma C.4. Let z € C with Rez > 0 and v € R. Then

1 z : —
1 T T w2422 if 5—1,

+oo
d(w?) R\ (w? =)= ———— = C.8
| e Rt =t T ey ©

Proof. The case € = 1 follows immediately from the fact the distribution Rg
is equal to the Dirac measure at the origin. In the case ¢ = %, the formula
is proved first for z > 0 and then extended straightforwardly by analytic

continuation to all z € C with Rez > 0. Specifically, the left hand side of
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(C.8) becomes

3 JrO"d(wz) 2 3 [T dr z
o2 5L 2T 2 2 RIS
0 w  we+uc+ 2z 0 r“+1 Vu2+ 2

1
v

after performing the change of variables w = vu? + 22r. ([

Proof of Proposition C.1. According to the asymptotic expansion (B.6), we
write

1d/2]
ar(expH) = J(H)"2 Y 47FUp(H) I(r, H) + E(r, H)
k=0

with
k— d—1

_ T o R S22
Iy(7, H) ; d(v?) pr (v) Ry 2 (v” —[HI)

and

[d/2]
E(r,H)=JH)"2 Y 47 Uu(H)
k=0

+oo
x/ d(v?) {xr(v) — 1} pE(0) BT (o2 — (1P
0

+o0
+2 [ a0k ) Bafo, H)
0
Let e =1if dis even and € = % if d odd. Then

di_ 0o _
Ii(r, H) = (= ) 27 57 d(0?) pE () RY2 (02 — [H)

where
1 T
+00 B m [H[2+72 if e=1,
/ A )pr R = HP) =1 .
0 VIR

according to (C.8). Then we obtain

dt1_
Ti(r, /) = = —1 50

d+1 .
T (HPr)



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 44

Next, we estimate the remainder E(7, H) whose second part is easily handled.
By using (B.7), we have

+oo
|Ex(r, H)| < 2 / dv X7 (v) [PR (0)] | Ea (v, H)

~

< otory [ 7| 3(4+1)
e ) dvm(l—i—’v 2 )

where

3T
m/o dv[v? + 72 il

and
T 2 21—1, 3(%+1 3(4+41 T 7
I [ ot 22D S () g L)

according to the formulas in (C.3). We deduce

|Ey(r, H)| < &) (log T — log s)e~ (1), (C.9)
It remains to estimate
e
Ei(r,H) ~3 Z 47U (H

d—1

+oo
>< / d(w?) {xr(v) — TR (o) RS (02 = [HP).
0

I, (m,H)

By repeating the previous calculations for Iy,

= T 41—k
I(r.H) = (= gi) ?

+o0 1
| a6 (VTP = 1) s B,

Let’s first consider the case where € = 1, i.e., d is odd. Then

T ) = = (= i) = (B = 1) e |

(d*l

d-1_py) ; 7
- Z 2j!j’! (_ 8(\?I|2))] (XT(|H|) - 1) (_ a(|2|2))] \H|21+72‘
JHi =4k

On the one hand, the expression ( — W)j (xr(|H|) — 1) vanishes when
|H| < 2T. In addition, it is O(T~%). On the other hand,

i) J 1 _ i1 _ —2§'—2
(_ 5(|H\2)) [H[>+12 — (\leiﬁ)j’“ - O(T ’ )
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when |H| > 2T. We deduce that
| (7, H)| = O(T*7).

Let’s then consider the case where ¢ = 1

3, 1.€., d is even. Then
~ 2T )
L) =7 3 B

+o0 . ,
< [ o (= o) e (VTP = 10 4 L 4 7

Again, the expression (— W)J{XT(\/UQ +|H|?) — 1} is O(T~%), which
vanishes when v+ |H|? < 4T?, as well as v2+|H|? > 9T? if j > 0. It follows
that the integral above is O(T?*=4=1) if j > 0, and that it is estimated by

/ dv|v2+\H\2+T2}k_g_1 < / dv (v + |H|)?*k—172
v2+|H|2>4T72 v+|H|>2T

- T2k—d—1

if = 0. In any case, we obtain

Iu(r, H)| S T4 51
and therefore

|By(r, H)| S J(H) ">

since the coefficients Uy, are bounded. By combining with (C.9), we conclude
that

|E(r,H)| S |Ei(r, H)| + |Er(7, H)| S T*GFY (log T — log 5) e~ (1)
for all H € a*t. O
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