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WAVE EQUATION ON
GENERAL NONCOMPACT SYMMETRIC SPACES

JEAN-PHILIPPE ANKER & HONG-WEI ZHANG

ABsTrRACT. We establish sharp pointwise kernel estimates and dispersive prop-
erties for the wave equation on noncompact symmetric spaces of general rank.
This is achieved by combining the stationary phase method and the Hadamard
parametrix, and in particular, by introducing a subtle spectral decomposition,
which allows us to overcome a well-known difficulty in higher rank analysis,
namely the fact that the Plancherel density is not a differential symbol in gen-
eral. As consequences, we deduce the Strichartz inequality for a large family of
admissible pairs and prove global well-posedness results for the corresponding
semilinear equation with low regularity data as on hyperbolic spaces.
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1. INTRODUCTION

This paper is devoted to prove time sharp kernel estimates and dispersive prop-
erties for the wave equation on noncompact symmetric spaces of higher rank. As
consequences, we prove the Strichartz inequality and study their applications to
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associated semilinear Cauchy problems. Relevant theories are well established on
Euclidean spaces, see for instance [Kap94; LiS095; GLS97; KeTa98; DGKO01], and
the references therein.

Given the rich Euclidean results, several works have been made in other settings.
We are interested in Riemannian symmetric spaces of noncompact type, where rel-
evant questions are now well answered in rank one, see for instance [Fon97; Ion00;
Tat0l; MeTall; MeTal2; APV12; AnPil4] on hyperbolic spaces, and [APV15]
on Damek-Ricci spaces. A first study of the wave equation on general symmetric
spaces of higher rank was carried out in [Hasl1], where some non optimal esti-
mates were obtained under a strong smoothness assumption. Recently, time sharp
kernel estimates and dispersive properties have been proven in [Zha20] on noncom-
pact symmetric spaces G/K, with G complex. In this case, the Harish-Chandra
c-function and the spherical function have elementary expressions, which is not the
case in general.

In this paper, we establish pointwise wave kernel estimates and dispersive prop-
erties for the wave equation on general noncompact symmetric spaces, which are
sharp in time and which extend previous results obtained on real hyperbolic spaces
[APV12; AnPil4] to higher rank. The main challenge is that the Plancherel density
involved in the wave kernel is not a polynomial, nor even a differential symbol in
general. To bypass this problem, we consider barycentric decompositions of the
Weyl chambers into subcones and differentiate in each subcone along a well chosen
direction.

For suitable o € C, we consider the wave operator W7 = (—A)_%e“m associ-
ated to the Laplace-Beltrami operator A on a d-dimensional noncompact symmetric
space X = G/K. To avoid possible singularities (see Sect. 3.2), we consider actually
the analytic family of operators

We=—S  (~A) FetVA (1.1)

in the vertical strip 0 < Reo < %. Let us denote by wy its K-bi-invariant
convolution kernel. Our first main result is the following pointwise estimate, which
summarizes Theorem 3.3, Theorem 3.7 and Theorem 3.10 proved in Sect. 3.

Theorem 1.1 (Pointwise kernel estimates). Let d > 3 and o € C with Reo = %.
There exist C > 0 and N € N such that the following estimates hold for all t € R*
and z € X:

t|= = it 0<|t| <1,

59 < O(1 4 [+ )V o=t
j&f (2)] < C(1+|27]) e it if [t > 1,

where xT € at denotes the radial component of x in the Cartan decomposition, and
D = (+2|%f| is the so-called dimension at infinity of X.

Remark 1.2. These kernel estimates are sharp in time and similar results hold
obviously in the easier case where Reo > %. The value of N will be specified in
Sect. 3. However, the polynomial (1+|2x*|)N is not crucial for further computations
because of the exponential decay e—(pa™),
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By interpolation arguments, we deduce our second main result.

Theorem 1.3 (Dispersive property). Assume that d > 3, 2 < ¢, < 400 and
o> (d+1)max(3 — L, 3 - %) Then there exists a constant C' > 0 such that
following dispersive estimates hold:

W7o cofurtmteaith i o< <,
PALTE) LX) =) 14— 2 it | > 1.

Remark 1.4. At the (;ndpomt g=q=2,t— eV =2 is a one-parameter group of

unitary operators on L*(X).

Remark 1.5. Theorem 1.1 and Theorem 1.5 generalize earlier results obtained
for real hyperbolic spaces [APV12; AnPil/j] (which extend straightforwardly to all
noncompact symmetric spaces of rank one), or for moncompact symmetric spaces
G/K with G complex [Zha20]. Notice that D = 3 in rank one and that D = d if G

is compler.

Remark 1.6. For simplicity, we omit the 2-dimensional case where the small time
bounds in Theorem 1.1 and Theorem 1.3 involve an additional logarithmic factor,
see [AnPil/, Theorem 3.2 and 4.2]. Notice that d > 4 in higher rank, see (2.1).

Let us sketch the proofs of our main results. We prove the dispersive properties
of W by using interpolation arguments based on pointwise estimates of Wy, which
are sharp in time. By the way, let us point out that the kernel analysis carried out
on hyperbolic spaces [AnPil4] can not be extend straightforwardly in higher rank,
since the Plancherel density is not a differential symbol in general. Consider the
Poisson operator P, = ¢ "V=2 for all 7 € C with Ret > 0. Along the lines of
[Sch88; GiMe90; CGMO2], we can write formally our wave operator (1.1) as

~ e’ 1 oo 1
Wy = 77/ ds s 1Py .
LT — o) (o) Jo

Our analysis is focused on kernel estimates of the Poisson operator Ps_;; where
s € RT and t € R*. We adopt different methods depending whether s, || and %
(z € X) are small or large. Specifically,

e If s is bounded from above and %Il is sufficiently small with |¢| large, we develop
an effective stationary phase method based on barycentric decompositions of
Weyl chambers described in Sect. 2.3. In each subdivision, the Plancherel density
becomes a differential symbol for a well chosen directional derivative, see Sect. 3.1.

e If s is bounded from above but % is large (with |t| small or large), we estimate the
kernel along the lines of [CGMO01], where Cowling, Guilini and Meda have studied
the Poisson operator P, for 7 € C with Re7 > 0. Unfortunately, their estimates
are not sharp when 7 is large and nearly imaginary, which happens in our context
when s is small and |¢| is large. To deal with this case, we resume and improve
slightly their method by writing down more explicitly the Hadamard parametrix
on noncompact symmetric spaces along the lines of [Bér77], see Sect. 3.2.

o If s is large, the kernel is estimated by using the standard stationary phase

method, which is similar to the rank one analysis, see Sect. 3.3.
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This paper is organized as follows. We recall spherical Fourier analysis on non-
compact symmetric spaces and introduce the barycentric decomposition of Weyl
chambers in Sect. 2. Next, we derive pointwise wave kernel estimates in Sect. 3.
By using interpolation arguments, we prove in Sect. 4 the dispersive property for
the wave operator. As consequences, we establish the Strichartz inequality for a
large family of admissible pairs and obtain well-posedness results for the associated
semilinear wave equation in Sect. 5. We give further results about the Klein-Gordon
equation in Sect. 6. Finally, we collect in the appendices some useful results: in
Appendix A, we study by the stationary phase method an oscillatory integral oc-
curring in the wave kernel analysis; next we describe in Appendix B the Hadamard
parametrix on noncompact symmetric spaces and consider its application to the
Poisson operator in Appendix C.

2. PRELIMINARIES

In this section, we first review briefly spherical Fourier analysis on noncompact
symmetric spaces. Next we introduce a barycentric decomposition for Weyl cham-
bers, which will be crucial for the forthcoming kernel estimates.

2.1. Notations. We adopt the standard notation and refer to [Hel78; Hel00] for
more details. Let G be a semisimple Lie group, connected, noncompact, with fi-
nite center, and K be a maximal compact subgroup of G. The homogeneous space
X = G/K is a Riemannian symmetric space of noncompact type. Let g =€t P p be
the Cartan decomposition of the Lie algebra of G. There is a natural identification
between p and the tangent space of X at the origin. The Killing form of g induces
a K-invariant inner product on p, hence a G-invariant Riemannian metric on X.

Fix a maximal abelian subspace a in p. The rank of X is the dimension ¢ of a.
Let ¥ C a be the root system of (g, a) and denote by W the Weyl group associated
to X. Once a positive Weyl chamber a™ C a has been selected, X (resp. X or
¥T) denotes the corresponding set of positive roots (resp. positive reduced roots
or simple roots). Let d be the dimension of X and D be the dimension at infinity
of X:

d=L0+) cxt Ma and D =/{+2|2F|, (2.1)

where m,, is the dimension of the positive root subspace g,. Notice that one cannot
compare d and D without specifying the geometric structure of X. For example,
when G is complex, we have d = D; but when X has normal real form, we have
d = £+ |XF| which is strictly smaller than D. Since we focus on the higher rank
analysis, we may assume that d > 3.

Let n be the nilpotent Lie subalgebra of g associated to X1 and let N = expn
be the corresponding Lie subgroup of G. We have the decompositions

G =N (expa) K (Iwasawa),
G =K (expat) K (Cartan).

In the Cartan decomposition, the Haar measure on G writes

/Gf(o:)d:z::const./l{dkl /a+ dx™ 6($+)/de2 flki(expa™)ky),
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6@ ) = [T (simba@™)™ =< { T] M}mueup,m N

+
acx+ ex+ 1+ (e 2)

Here p € at denotes the half sum of all positive roots a € ¥t counted with their
multiplicities mg:

1
P=73 Za62+ Mmao.

2.2. Spherical Fourier analysis on X. Let S(K\G/K) be the Schwartz space
of K-bi-invariant functions on G. The spherical Fourier transform H is defined by

HFO) = /G dr o_x(@)f(x) VAca VfeSEG/K),

where ¢y € C*°(K\G/K) denotes the spherical function of index A\ € ac, which is
a smooth K-bi-invariant eigenfunction for all invariant differential operators on X,
in particular for the Laplace-Beltrami operator:

—Apa(@) = (A + [pl*) a ().

In the noncompact case, spherical functions have the integral representation
or (@) = / die ePHPAGR) ) ¢ ag, (2.2)
K

where A(kx) denotes the a-component in the Iwasawa decomposition of kz. It
satisfies the basic estimate

loa(@)| < @o(z)  VYAea, Yzed,
where
polexprt) = { T 14+ (aaty e va* ear,
aexf

Denote by S(a)" the subspace of W-invariant functions in the Schwartz space
S(a). Then H is an isomorphism between S(K\G/K) and S(a)V'. The inverse
spherical Fourier transform is given by

@) = Co/d)\ V)| 2or(@) KN Vo eG, VfeS@Y,

where Cy > 0 is a constant depending only on the geometric structure of X, and
which has been computed explicitly for instance in [AnJi99, Theorem 2.2.2]. By
using the Gindikin & Karpelevi¢ formula of the Harish-Chandra c-function (see
[Hel00] or [GaVa88]), we can write the Plancherel density as

eI = [T leallas )72, (2.3)
aexf

with

P({&85+3me) PG {8 +imatimes)  T(iv) (§o+ima)
[NEETN r({ee iy )y Tlvtime) T(Ev+imatimea)’

(o, o) (o, )

ca(v) =
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Since |c, |72 is a homogeneous symbol on R of order m,, + ma, for every a € I,
then |c(\)|72 is a product of one-dimensional symbols, but not a symbol on a in
general. The Plancherel density satisfies

AP~ if A<,

N2 =< SN2 (1 AY|)atm2a—2 <
lc(N)] H (o, N2 (14 [{a, A)]) N{|)\|d£ if A > 1,

aEZi

together with all its derivatives.

2.3. Barycentric decomposition of the Weyl chamber. Let XF = {ay,...,as}
be the set of positive simple roots, and let {A1,..., As} be the dual basis of a, which
is defined by

(o, Ag) = 0 V1<j,k<Ut (2.4)
Notice that at = RtA; +--- + Rt A, and recall that

(aj, o) <0 V1i<j#k<{( 5
2.5
(Aj,Ag) >0 V1<jk</t

(see [Hel78, Chap.VII, Lemmas 2.18 and 2.25], see also [Kor93, p.590]). Let B be
the convex hull of W.A; LI+ - - LUW.Ay, and let & be its polyhedral boundary. Notice
that B N aT is the f-simplex with vertices 0, Ay,..., Ay, and & Nat is the (£ — 1)-
simplex with vertices Ay, ..., Ays. The following tiling is obtained by regrouping the
barycentric subdivisions of the simplices & Nw.a*t:

6= U ws; (2.6)

weW 1<5</
where
— at . =
S;={re6nat | {a;,\ 122{@(04;6,)\}}.
at
Ay &,
(6%]
So
Az
O a1

FIGURE 1. Examples of barycentric subdivisions in As and in Ag.
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Remark 2.1. &, is the convex hull of the points
Ak1 + .4 Akr
r

where {Ag,, ..., Ag, } runs through all subsets of {A1,...,A¢} containing A;.

Lemma 2.2. Letw e W and 1 < j <I. Then

(1) a root o € X is orthogonal to some vectors in the tile w.S; if and only if «
is orthogonal to its vertex w.\;.

(it) (w.Aj,N) > L|Aj|? for every A € w.&;.

Proof. (i) Let us show that (o, w.A;) = 0 if there exists A € w.&; such that
(a,\) = 0. By symmetry, we may assume that w = id and that « is a positive
root. On the one hand, since « is spanned by the positive simple roots aq, ..., ay,
we have

o= Z <a7Ak>ak
1<k<t

with (o, Ag) € N. On the other hand, since (a1, A), ..., (a, A) are the barycentric
coordinates of A € & Na™t, we have

A= > (g, M)Ak (2.7)
1<k<t

which is a convex combination. In particular, (o, A) > 0 for all A € &;. Hence the
inner product

() = > (o Ag) (o, A) (o, Ag)

cannot vanish unless (o, A;) = 0.

(ii) By symmetry, we may assume again that w = id. By taking the inner
product of A; with (2.7), we obtain

2 1 2
(A A = D (Mg M) (e, X) = 1017 (0, ) + > (A, Ag) (e, A) > 71l

1<k<t >3 TN >0

according to the property (2.5), and the fact that («;, A) is the largest barycentric
coordinates for A € ;. O

Now, consider the tiling of the unit sphere obtained by projecting (2.6):
weW 1<5<t

where S; are the projections of the barycentric subdivisions &; on the unit sphere.
We establish next a smooth version of the partition of unity

Z Z lw_gj(ﬁ) =1 a.e..

wWEW 1<5<
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FicUrE 2. Example of the projection in As

Let x : R — [0,1] be a smooth cut-off function such that x(r) = 1 when r > 0 and
x(r) = 0 when r < —¢p, where ¢; > 0 will be specified in Remark 2.5. For every
w e W and 1 < j </, we define

Xws,N) = ]I X(<w.|o;k|,x>>x(<w.aj,A>|A|<w.ak,A>) Ve a {0},
1<k<t,k#j

and

X = Z Z )zw.SJw

weW 1<;5<0
which satisfy the following properties.
Proposition 2.3. Let w € W and 1 < j < {. For all A\ € a~. {0}, we have
(i) Xw.s;(w.A) = Xs,;(A) and X is W-invariant.
(i) Xw.s; =1 onw.S; and X > 1 on a~ {0}.
(iii) Xw.s;, and X are homogeneous symbols of order 0.

Proof. (i) follows from immediately from the definitions. In order to prove (ii), we
may assume that w = id by symmetry. For all A € S, we have

<ak7 )‘> >0 and <aj7 )‘> 2 <aka )‘>
for every 1 < k < £ with k # j, hence Xs,(A\) = 1. We deduce straightforwardly
that X > 1 on a ~ {0}. (%) is obvious, since x(L'ﬁ\’T’M) and X(—W'a”/\)&fw'ak’/\))
are homogeneous symbols of order 0 for all A € a~ {0} and 1 < k < 4.

For every w € W and 1 < j </, we set

Xw.S; = X

on a ~ {0}. It follows from Proposition 2.3 that x..s;,(w.\) = xs,(\) and that
Xw.s; i a homogeneous symbol of order 0. In particular, we have

Z Z Xw.s; =1 on a~x {0}. (2.8)

wWEW 1<5<
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In addition, the vectors in the support of x., s, satisfy further properties, which
require some preliminaries.

Lemma 2.4. There exits co > 0 such that, if A € a satisfies
—co|A] < (ap, A) < (aj, A) + c2]A| Vke{l,...,03 ~{j},
for some 1 < j <{, then (o, \) > ca|A.

Proof. By homogeneity, we may reduce to |A| = 1. Since all norms are equivalent
on a, there exists cg > 0 such that

> NN =es VA€ S(a) (2.9)

1<<e
Set c2 = 55. On the other hand, if

—co < A{ag, A) < 2¢ Vke{l,...,0} ~{j},
then (o, A) > 2¢o. Otherwise,
Y Haw Nl =g, N+ [lar, )| < 26ez = e,
1<j< Ton . M o
which contradicts (2.9). On the other hand, if
2c9 < (o, A) < (i, A) + 2

for some k € {1,...,£} ~ {j}, then (a;, A\) > cs is obvious. O

c2

Remark 2.5. We clarify in this remark all constants appearing in this subsection.
Denote by Ly the highest root length and by Lo the sum of lengths of the dual basis

Ly = max (o, Ag) and Ly = Z |Ak]-
1<k<e 1<k<e
In addition, we denote by My and M, the shortest and the longest generators
M; = min |Ag] and My = max |Agl.

1<k<e 1<k<e
Then we choose ¢; > 0 such that ¢; < cymin{* Lf} where co = S with
1 1 2 L1’ Mzl )’ 2 b

c3 defined in (2.9). Let ¢4 = co — Licy and ¢s = MZcy — MoLacy. Notice that
Ly € N*, ¢y < co, ¢4 >0 and c5 > 0. All these constants depend only on the
geometric structure of the roots system corresponding to X.

The following result is an analog of Lemma 2.2 for the wider regions supp xw.s, -
Proposition 2.6. Let w e W and 1 < j < /{. Then
(1) a root o € ¥ satisfies either (o, w.\;) =0 or
[{a, \)| > ca|A] VA € supp Xw.s; (2.10)
(ii) [{(w.Aj, A)| > cs|A| for every A € supp xw.s, -

Proof. (i) By symmetry, we may assume that w = id and that « is a positive root.
Notice that (o, A;) is a nonnegative integer, we suppose that (o, Aj) > 0 and let
us prove (2.10). As

—c1|A| < {ag, A) < {5, A) +cr|A] VX esuppyxs,, Yk e {1,...,0} ~{j},
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we have indeed

(o, \) = Z (o, A ){ag, )

1<k<t

= (a, Aj) (g, A + Y (0, Ag) (@, A) > (ea — Luer)|Al = eal Al
——— ey ——

>1 >eolA >—c1|A|

according to Lemma 2.4 since ¢1 < ¢a.

(i1) By symmetry, we assume again w = id. By taking the inner product of A;
with (2.7), we obtain, for every A € supp xs;,

Brn) = 3 (A A e, A)

1<k<e

= A o, A+ D (A, Ar) {an, A) = (MPep — MaLacn)|A| = es|Al-
N ——

=y

>M7 Zca|A| <IAG ARl Z—cr]A|

O

Remark 2.7. The partition of unity (2.8) plays an important role in the kernel
analysis carried out in Sect. 3. It allows us to overcome a well-known problem
in spherical Fourier analysis in higher rank, namely the fact that the Plancherel
density is not a symbol in general. This new tool should certainly help solving other
problems.

3. POINTWISE ESTIMATES OF THE WAVE KERNEL

In this section, we derive pointwise estimates for the K-bi-invariant convolution
kernel wy of the operator W7 = (—A)~%¢V =2 on the symmetric space X:

We f(2) = [+ 0l (2) = /G dy w7 (y~'2) f(y)

for suitable exponents o € C. By using the inverse formula of the spherical Fourier
transform, we have

wy (z) = Co/d)\ le(\)| 20 (2) (A2 + |p]?)~ & et VINPHRP

Let us point out that the analysis of this oscillatory integral carried out on hyper-
bolic spaces or on symmetric spaces G/K with G complex (see [AnPil4; Zha20])
does not hold in general since the Plancherel density |c(\)|™2 is no more a differ-
ential symbol. We write

1

+oo
wi(x) = m/o ds st C’O/d/\ |C(/\)‘_2<p)\(x)e—(8—zt) I HIAlE
a

Ps—it(x)
according to the formula

1 teo g
r= 9 = —/ il s%e %" Vr > 0.
I'(o) Jo s
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Here ps_;; is the K-bi-invariant convolution kernel of the Poisson operator Ps_;;.
Let us split up w? () = w7 (z) + w’> () with

. 1ot o100 Lo,
w?(z) = F(U)/O ds $7ps—it(x) and wy () = F(U‘)/l ds $7ps—it(x).

We shall see in Sect. 3.2 that the kernel w{"°(z) has a logarithmic singularity on

the sphere |z| =t when o = %. To bypass this problem, we consider the analytic
family of operators

=50 602 1

W = —/ ds s 1P,_; 3.1

k F(% —o)'(o) Jo s (3.1)
—_————
Co,d

in the vertical strip 0 < Reo < % and the corresponding kernels

1
o70x) = C’gyd/o ds s7 'ps_it(x) VoeX

Notice that the Gamma function F(% — o) allows us to deal with the boundary

point o = %, while the exponential function ensures boundedness at infinity in

the vertical strip. More precisely, by using the inequality
IT(2)| > I'(Re 2) (cosh(m Im z))fé Vz e C with Rez >
(see for instance [DLMFE, Eq. 5.6.7]), we can estimate
(Coal S o] o — 2517 [1mel-(m)? (3.2)

foralloe(CwithOSReag%.

1
2

We divide the argument into three parts depending whether |¢| and % are small

Lzl is sufficiently small, we estimate 7% in The-

or large. When [¢| is large but 7

orem 3.3 by combining the method of stationary phase with our barycentric de-
||
el
by using the Hadamard parametrix along the lines of [CGMO1]; wy"™(x) is easily
handled by a standard stationary phase argument, see Theorem 3.10.

composition of Weyl chambers; when is large, we estimate w; % in Theorem 3.7

3.1. Estimates of &7(z) when [t| is large and % is sufficiently small.

According to the integral expression (2.2) of the spherical functions, we write

1
&7 (@) = Ca Co / dk e$pA k) / ds s (s, t,),
K 0
where

Is.t.) = [ d o] 2e VI
a

is an oscillatory integral with phase

De(N) = AT o + (A0 ), (3.3)

Let us split up

I(s,t,x):If(s,t,:c)JrIJr(s,t,x):/d/\ Xo(A) - + /d)\ Xoo(A) -+

a a
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by using smooth radial cut-off functions x/ and x%, =1 — x4, where x{(\) equals
1 when |\| < |p| and vanishes if |\| > 2|p|. Then we have the following estimates
for I~ and 1.

Proposition 3.1. There ezists 0 < Cx < % such that the following estimates hold

when 0 < s < 1, |t|21and%§02:

D—¢
2
9

I~ (s,t,2)| S |H7F (1 + |z)) (3.4)

and
[I* (s, )| S 177, (3.5)
for every N € N.

Remark 3.2. Cyx; is a small constant depending only on the geometric structure
of the root system X, which will be specified later in the proof of (3.5). Notice that
the upper bounds (3.4) of I and (3.5) of I hold uniformly in s € (0,1).

Proof of the estimate (3.4). Recall that
I~ (s,t,x) = /d)\ ao(s,/\)eiwt()‘)
a

is an oscillatory integral with amplitude
ao(s, \) = xo(\)|e(\)|“2esVIAPHIoI?

and phase ¥;(\) which is defined by (3.3). The amplitude ag(s,\) is compactly
supported for |[A| < 2|p|, and the phase v, has, in the support of xf, a single
nondegenerate critical point \g which is given by

(Mol + o)~ ho = —4 (3.6)
where A = A(kx), and which satisfies

2
Mol = |pltal(1 — 4]

T )73 < o1 - EFy-5 < 1ol (3.7)

as |A| < |z| and % < Cy < 4. We conclude by resuming straightforwardly the
computations carried out in the proof of [Zha20, Theorem 3.1]. For the sake of
completeness and for the reader’s convenience, we include a detailed study of the
oscillatory integral I~ in Appendix A (see Lemma A.1). O

Let us turn to the oscillatory integral
F(siti) = [ A& 2e VI e,
a

which vanishes unless |A| > |p|. According to (3.7), ¢+ has no critical point in the
support of x%,. In rank one or in higher rank with G’ complex, one can handle this
integral by performing several integrations by parts. This approach fails in general
since the Plancherel density |c()\)| 2 is not a differential symbol. To get around this
problem, we split up the Weyl chamber according to the barycentric decomposition
carried out in Sect. 2.3, and perform integrations by parts based along a well chosen
directional derivative in each component.
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Proof of the estimate (3.5). According to the partition of unity (2.8), we split up
(s,t,x) Z Z Iy.s; (i1, x)
weW 1<5;<4
with 7 = s — it, and we estimate

Ly s, (iT,2) = / dA Xuw.5;(A) X (V) [e(A) 2 7T (3-8)

a

by performing integrations by parts based on

—TPir(A) _ —TYir
i = TawA w”(A) Du.n 70, (3.9)

Notice that

, — , A _ A(k)
O irN) = (- T =50
is a symbol of order 0, which satisfies in addition

A Ak
0w, Pir (V)] 2 LBl — [, ALY
VIAP+pl
[Al AL AGD)] lz|
= & e~ NI 2 v Mg
on (supp Xw.s;) N (supp x%,) according to Proposition (2.6), where the constants cs
and My are specified in Remark 2.5. By choosing Csy; = min{ 5% TG 2 , we obtain

|0w.a;%ir (N)] > @05 > 0.

Let us return to (3.8), which becomes
Iy.s,(iT,x) = N /d)\ e T¥ir(N)
a

x{@w.,\j m} {XwS ) | 2}

after N integrations by parts based on (3.9). If some derivatives hit x2 (), the
above integral is reduced to the spherical shell || < |p| and thus converges. Assume
that no derivative is applied to x% () and that

e N; derivatives are applied to the factors m,
oAy Pir

e N derivatives are applied to xuw.s, (1)),
e N3 derivatives are applied to |c()\)|2,

with N = Nj + N2 + N3. The contribution of the first item is O(|A|=N1), as
Ow.n,;Vir(A) is a symbol or order 0, which stays away from 0. Similarly, the contri-
bution of the second item is O(|A|7"2), as xu.s, (A) is a symbol of order 0 according
to Proposition 2.3. As far as the third item is concerned, the derivatives (9, AJ.)N 3
are applied to the various factors in (2.3). According to Proposition 2.6, for ev-

ery A in the support of xy.s,, any root a € ¥ satisfies either (a,w.A;) = 0 or
|{a, A\)| Z |A]. On the one hand, if (o, w.A;) = 0, all derivatives

(Ow.n,) M leal(@, )72 VN, € N*



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 14

vanish. On the other hand, if (o, w.A;) # 0, we use the fact that |c,| ™2 is a symbol
on R of order m,, + maq, together with (2.10), in order to estimate

[(w.a,) ¥ lea (o, M) 72 S o, A)metmee=Ne s [y[metmee=Ne ¥ N, € N*
for A € (supp xw.s;) N (supp x%,). Hence
(Ow.r)¥[eN)]72 = O(AI" M) YA€ (supp xu.s;) N (SUPP X5 )-
In conclusion,
Fas, (i7,)| S 17| [ A0V gy

a

provided that N > d, and consequently
I*(s,t,x) = O(Jt| ™).
O

We deduce from (3.4) and (3.5) that, for all 0 < s < 1, |¢| > 1 and % <Cs,

I(s,t,2)] S [E]7F (14 |2)) 7=
uniformly in s. Notice that

0 .
Sl(siti) = = [ AN ()| VI VI )
a

has the same phase as I(s,t,z). Hence the estimate (3.10) holds for %I(s, t,x) by
similar computations. Since

(3.10)

1

1
/ dss” (s, t,x) = [% s I(sj,x)]é — %/ ds s’ %I(s,t,aﬁ)7
0 0
we deduce that
D¢
2

1
Coat [ dss™ (st S 1% (1412
0

according to (3.2). Then we obtain the following kernel estimate of &?"°.

Theorem 3.3. There exists 0 < Cy < % such that the following estimate holds,

when [t| > 1 and % < Cs;, uniformly in the vertical strip 0 < Reo < %:

1570 ()] S 672 (1 + Jal) 7= o). (3.11)

3.2. Estimates of &%(z) in the remaining range. Recall that 7 = s — it with
t € R* and s € (0,1) throughout this subsection. We are looking for pointwise
estimates of

pr(N)

1 -
o0 (z) = Cg’d/o ds s771 Co/d)\ lc(\)|"2pa () e TV IR Ve eX,
a

pr(z)

where p,(x) is the Poisson kernel and p-(\) denotes its spherical Fourier transform.
This subsection focuses on pointwise estimates of p, along the lines of [CGMOI,
pp.1054-1063].
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Remark 3.4. Notice that the Gaussian factor ensures the convergence of the inte-
. . . —d ~0,0
gral defining p-, but yields a large negative power s~¢. Then w,”™ converges under
the strong smoothness assumption Reo > d. We will sharpen it to Reo = %,
Notice that the stationary phase method carried out in the previous subsection fails
||

since the critical point can be very large when il 18 not bounded from above.

As in [CGMO1], let us denote by p&(v) =
may write

Pr(\) = e TVIARHPP = / dv pR(v) cos(v/ A2+ [p|2) VYA€
R

Consider a smooth even cut-off function x : R — [0,1], which is supported in
[—v/2,v/2], and equals 1 on [—1,1]. Denote by x7 = x(37) with 7 = /2 (uni-
formly in ¢) when |t| < 1 or T = +/2|¢t| when |t| > 1. Then Y7 is supported in
[~2/2T,2v/2T] C (—3T,3T). We denote by a, and b, the K-bi-invariant kernels
of operators

the Poisson kernel on R. We

T
w(1T2+v2)

+oo
A = / dv xr(v) p%(v) cos(vv/=A)

o0
and
oo
B, = / dv {1 = x7(v)} p*(v) cos(vv/—A).
— 00
Then p, = a, + b, and a, is supported in a ball of radius 37 in X by finite prop-
agation speed. b, is easily estimated by straightforward computations, see Propo-

sition 3.6. In order to analyze a,, we will expand cos(vv/—A) by using Hadamard
parametrix.

Let {R7 |z € C} be the analytic family of Riesz distributions on R defined by

INC R it r>0,
RZ(r) = '
0 if <0,

for Re z > 0. The K-bi-invariant convolution kernel ®,, of the operator cos(vy/—A)
has the asymptotic expansion
14/ o
Oy(exp H) = J(H)"2 Y 4" [p|Up(H) Ry * (v* = [H|*) + Eo(v, H) (3.12)
k=0
where
sinh{a, H)\ ma
s = T ()
=1
aext

denotes the Jacobian of the exponential map from p equipped with Lebesgue mea-
sure to X equipped with Riemannian measure. Moreover, the coefficients satisfy

VyU, =0(1) (3.13)
for every k,n € N, and the remainder is estimated as

|Eg(v, H)| < (14 0)3E e H), (3.14)
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The Hadamard parametrix has been described and applied in various settings, see
for instance [Bér77; Hor94; CGMO1]. For the reader’s convenience, we give in
Appendix B some details about this construction in the particular case of non-
compact symmetric spaces. By resuming the proof of Lemma 3.3 in [CGMO1] (see
Appendix C for details), we deduce the following expansion of the K-bi-invariant
convolution kernel a. of the operator A.:

a, (exp H) = % J(H) 2 %2:} AR UL (H)T(SE — k) (H]> + 7% + E(r, H)
0 (3.15)
where
\E(r, H)| < |T]PEHD (log T — log s)e~»H) YV H eat. (3.16)

Remark 3.5. As a consequence, we may deduce that

it t|- = if [¢| is small,
ar(exp H)| S 5= mtom 1
t)3(z 1) log |t| if |¢| is large,

for all H € at. However, we cannot apply straightforwardly such estimates to
study the kernel wy, since it kills the imaginary part of o and yields a logarithmic
singularity on the sphere |z| =t when o € C with Reo = %51

The following proposition concerning the estimate of b will be proved by straight-
forward computations.

Proposition 3.6. Let N > d be an even integer. Then
b ()] S (L +[t) ™ wo(z) (3.17)
for every x € X and for every T = s — it with s € (0,1] and t € R*.

Proof. Let is study
2r [T 1 5 5
B =T [ e (1= xr(0)} g costo/IE TP,

which vanishes unless v > 2T. By performing NV integrations by parts based on

2

1 0
cos(vV/[A]2 + [p[?) = P+ 1pP 902 cos(vv/[A|2 + [p[?),

we obtain

27 _N _N Foeo —xr(v
Br(N) = — (=)= (A" +|ol*) /0 dv cos(u/IAZ + 1p[2) ()N (F255).

™

Since v > 2T, we have |72 + v?| 2 v? uniformly in 7 = s — it. Hence

N
2

“+oo
_N _9_ _ _
Br(A) S I7| (1A + o)~ /2T dvo™? N TN (1N + [pl?)
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By the inverse formula of the spherical Fourier transform, we deduce
ol = | [ N eI eata) B,V
a

N
2

S 717 go(o) [ dAIe)I2 (AP + 10
a
where the last integral converges provided that N > d. |

According to the asymptotic expansion (3.15) of a, and to the estimate (3.17)
of by, we establish the pointwise estimates of &7"? in the case where ‘| tl‘ is bounded
from below.

Theorem 3.7. Let 0 € C with Reo = %. The following estimates hold for all
teR* and x € X.

(1) If 0 < |t| < 1, then

|ZJU,0( )l < |t| 1 + |x+|)w €_<p’$+>.
(i1) If |t| > 1 and H > Cy, then
[5”0( )< N (1 + |2t )N e—(p,zﬂ’
for every Ny € N and Ny > Ny +2(d+ 1) + w'

Proof. Recall that we are looking for a pointwise estimate of the kernel

1
Gfo(m) =Cord /0 ds 7t p,(x),

where 7 = s—it with s € (0,1) and ¢t € R*. According to the Cartan decomposition,
for every z € X, there exist ki, ko € K and ™ € at such that z = ky(expz™)ks.
Then

Pe(2) = ar(expa®) + by(exp ™)
by the K-bi-invariance. According to the expansion (3.15), we split up
@f’o(x) =L(t,x") + L(t,z") + I3(t, ™)

[d/2]
1/224kUk ( /ﬂ)[lk(tl‘)

1 1
+Coa / dss" Y E(t,2T) 4+ Cya / dss” b, (expax™)
0 0

where

1

I (t,a™) = od/dSS T(lzt ) + )k -F
satisfies
[t ) ST+

according to next lemma. Hence

) S+t T) J@H) Y2 vieR (3.18)
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The last two terms I5(¢,z 1) and I3(¢t,2") are easily handled: on the one hand, we
have

1
I (t, 7)) 5/ ds s" 7L B(r,a )| S (1L+ )G Tog 2+ [t]) e~ 07,
0
(3.19)
according to (3.16); on the other hand, (3.17) yields

1
|I3(t,27)] < /0 ds s% 7 b (expa™)| < (1 + |t) ™ po(expaz™) (3.20)

for all ¢ € C with Reo = 451, By summing up the estimates (3.18), (3.19) and

(3.20), we deduce, on the one hand,
BP0 (@)] S 1757 (1 [t ) =T )
if [t| < 1, and on the other hand,

max{d,D}—*¢ 67<p’z+>

~0 d
@7 (@) S 1PETD log 2+ [¢]) (L + Jat) ™2

if [t| > 1. Since |\§|| is bounded from below, we obtain finally
ol (x - + |z e~ (pa™) VIt > 1
¥ 0 <t Ni(q +\N2 ,—(p,x
for every N; € N and Ny > N; +2(d+1)+%_ 0

Remark 3.8. Notice that the above method works only in small time, or in large

time under the assumption that % is bounded from below. The large polynomial

growth in |zV| appearing in the estimate is not crucial for further computations
because of the exponential decay e—(pa™),

Lemma 3.9. For every integer 0 < k < %, the integral

d+1

I p(t,2T) =Coha /1 ds 71 T(\x+|2 + 72)’“77
0
satisfies
Lptah)| <1+ VteR* Vzear
uniformly in o € C with Reo = %.
Proof. Since T = s — it, we write I ;(t,2%) = P; + P> with

d+1

1
B A L
0
and

1
Py =C, 4 (—it) / dss” 1 (s? 4 |o T — % — 23ti)k_%.
0

Notice that |s? + 27| — ¢ — 2sti| = \/s* + 25%([a ]2 + ¢2) + (Jo+]> — ¢2)?, then
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s (3.21)
|s% + |a? — 2 — 2sti| > { st (3.22)
||z ]? — 7| (3.23)

Py is easily estimated. By using (3.22), we obtain first
|1 S A /1d88k§ th=5 vieR~
0
By using in addition (3.21), we obtain next, for || < 1,
Rl R
0 ]

‘We deduce that

Pl < 1+ |tk it |t <1, 520
P S 3.24
|k it |t > 1.
Let us turn to P». Consider first the easy case where 1 < k < %. By using
(3.22) again, we get
1
Pl S5 [ dsferioi i gyt (3.25)
0

for all 0 € C with Reo = %. In order to estimate P, in the remaining case where
k =0, we write

1 - L dt1
_ s iImo— s 2
Py = Co 4 (—it) . dss <32+\x+\2—t2—2stz')

By performing an integration by parts, P, becomes the sum of P, and P;" where

- C, ) . 1 dtl_q
P2 - [Ir;; (—Zt)S mo(s2+|z+|257t272sti) ’ ][)

and

d+1

1
+ _ Co, . I 5] Iz
Py = Im; (it) [) dss™? ds (s2+|r+|2s—t2—2sti) ’ }

By using (3.2) together with (3.21) in small time and (3.22) in large time, we obtain

if Jtl<1
PSS . =t (3.26)
[t|= = if |t > 1.
Since
9 s o d+1 s o |zt )2 —t2—s2
E{ (‘92+\r+|2—t2—23ti) } =2 <s2+|r+|2—t2—25ti> (s2+|zt[2—t2—2sti)2°

d—1
o(lt|"7=27)
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we have

‘|x+|2—t2—s2’

1
P <t |t / s (3.27)
0

5 .
32+|x+\2—t2—2stz’|

Q
It remains for us to estimate @, which is bounded by the sum of

2 Eis

1 1
Q1= |t|/ ds 5 - and Q2 = |t|/ ds o
0 |s2+\z+\27t272sti| 0 ‘82+\I+\2*t2*25”|

Q1 is estimated as P;. According to (3.22) and (3.21), we have

t] [y ds|t =2 =1t|* <1 it > 1,
o] fo' s[>+ Jt] [ dss <2 i <.

Let us finally estimate Q2. On the one hand, if ||z |* — 2| > |t|, by using (3.23),
we get

1
QIS [ dsllat - 51
0
On the other hand, if ||z7|? — 2| < |t|, we have Q2 = O(1) since

‘|I+|2_t2’ 2 ) 1
’m/ a2 -¢2| ds ‘ 24 g2 —42—2sti 2’ S’ |t| et |2 —+2 ds“x | —t | <1
0<s< s24|xt|2—t —Zatz’ 0<s< =

according to (3.23), and

+\2—t2‘

‘|t\/ ds = 2‘ S Hmﬂttzl/ dss™2 <2
. ~ t —
|\z+||t2|7t2|gsgl ’32+|x+|2—t2—23t1‘ It] HI+\‘t2\7t2‘SSS1

according to (3.22). Hence @ = O(1) and we deduce from (3.27) that | Py | < |t\_d2;1
for all ¢ € R*. By combining with (3.26) and (3.25), we obtain

P S5 vteR~
Together with (3.24), this concludes the proof. O

3.3. Estimates of w; ™. We establish in this last subsection the pointwise esti-
mates of w;">°. Recall that

IR
7)) = —— dss” 1pe_; Vo eX, Vt e R%.
wy () (o) /1 587" ps—it(T) x
According to the integral expression (2.2) of the spherical function, we may write

WP (@) = 0 / dk elrAG) / T s 15, 1,)
' (o) Jx ! o

where, let us recall,

I(s,t,x) = /d/\|c()\)\*2 e~ SV IAPHIpI? gite (X))
a

We have considered this oscillatory integral in the case where s € (0,1).For s > 1,
the factor e~*VIM*+1P1* plays an important role. On the one hand, for A close to
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the critical point of ¥ (), this Gaussian produces an exponential decay in s, which
ensures the convergence of the integral over s € (1,+00). For A\ away from the
critical point, it produces an exponential decay in |A|, which ensures the convergence
of the integral over A € a. Let us elaborate.

Theorem 3.10. The following estimate holds, uniformly in the strip 0 < Reo <
%, for allt € R* and z € X:

W™ (2)] S wo(). (3.28)
Moreover, if |t| > 1,

D

Wy @) S 7% (142 po(a). (3.29)

Proof. The global estimate (3.28) is obtained by a straightforward computation.
On the one hand,

/ dX |c(\)|"2emsVIXEHIRP gefslﬂl/ dX NP,
[A<1 [A[<1

<+oo
On the other hand,

/ d)\ |C()\)|72 e 5V AP +Ipl? < e*%|P|/ A\ ‘)\|d7€ e 5IAL
[A[=1 A[>1

<400

Hence

~

+o0 )
@) S golo) [ dsster e, (3.30)

<+oo

The estimate (3.29) follows from (3.28) if %‘ is bounded from below. Let us prove

it if % is bounded from above, let say by % We study the oscillatory integral I
along the lines of Sect. 3.1. Let split up again

I(s,t,x):I_(s,t7m)+f+(s,t,x):/dAXg(A)--- + /d)\xgo()\)~-~

a a

according to cut-off functions xf and x%, = 1 — x§, which have been defined in
Sect. 3.1. Recall that x5(\) =1 when |A| < |p| and vanishes if [A| > 2|p|.

On the one hand, I~ is estimated by studying the oscillatory integral

I (s,t,x) = /d)\ XE(A) [e(N)| 72 e sVIAPHIPI® gite(N)
a

ao(s,\)

where the amplitude ag is compactly supported for |A| < 2|p|, and in this range,
the phase v, defined by (3.3), has a single critical point, which is nondegenerate

lz]

< % According to Lemma A.1, we obtain

and small if

lel

I (s,t,)| S [H7F (14 |2) 7 e 5% (3.31)
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On the other hand,
It (s, t,x) :/d/\X&(A) (V)| 72 e VIR gitve)
a

is easily estimated with no barycentric decomposition. Let

o A2 Ak
PN = Tt + (B VA€ supp

Then 1200 is a symbol of order 1, and satisfies

- A2 {Ao; A) 1 1
[thoo (A)| = - > (75— Hel >0
VIAR+ R Vol +[p]? 2oV
> <
on supp x2, according to (3.6) and (3.7). By performing N integrations by parts
based on
i o - L it
efte(N) = Lahoo (M) POPRPY % eitr ()

we write

It (s,t,x) = (it)~N

[ et = o 2 () ) 2 VIR,
a

Yoo (M)

If some derivatives hit x% (\), the range of the above integral is reduced to a
spherical shell where |A| < |p|, and

It (s, t,z) < [t| Nesll,
Assume next that no derivative is applied to x%, and

e N; derivatives are applied to the factors A; /1;00()\), which are inhomogeneous
symbols of order 0, producing contributions which are O(|\|=N1),

e N derivatives are applied to the factor |c(\)|~2 which is not a symbol in general,

producing a contribution which is O(|]A\|7~),
e N3 derivatives are applied to the factor e™*V "\P'H”P, producing a contribution
which is O(sNse™sVIA+lel?)
with N7 + Ny + N3 = N. Then we get the upper bound
|t‘fN SN3/ d)\|)\|d7€7N1 675V|M2+|p|2,
[AI>1pl

which yields

s

I (s, t, )| <[t~ sV e—g\p\/ N[t e 5N
[A[>1pl

<+o00

Together with (3.31), we obtain

(s, t,2)| S 817 % (1+ |z)) "= sVe 31l
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for all s > 1 and for N > 2. We deduce

—+oo
— lel
WP (@) S 1% (1 + [2]) 7 po(x) / dsgferTTH Y e 8 e
1

<+oo0
for all x € X and |t| > 1. O

4. DISPERSIVE ESTIMATES

In this section, we prove our second main result about the L7 — L9 estimates for
the operator W7 = (—A)~%e'*V~2. We introduce the following criterion based on
the Kunze-Stein phenomenon, which is crucial for the proof of dispersive estimates.

Lemma 4.1. Let k be a reasonable K-bi-invariant function on G. Then

I+l sy snei < /dwO (o)l }

for every q € [2,+00). In the limit case ¢ =

Q[

|- £l L1 ) Lo (x) = SUPzeq [K(2)].
Remark 4.2. This lemma has been proved in several contexts. For q = 2, it is the
so-called Herz’s criterion, see for instance [Cow97]. For q > 2, the proof carried

out on Damek-Ricci spaces [APV11, Theorem 4.2] is adapted straightforwardly in
the higher rank case.

Theorem 4.3 (Small time dispersive estimate). Let d > 3 and 0 < |t| < 1. Then

- 1_1
[(=A)"=e A||Lq’ )eLq(X)gw (@03

forall2 < g < 400 anda>(d+1)(f—%).

Proof. We divide the proof into two parts, corresponding to the kernel decompo-
sition w? = w?” + w?>. According to Lemma 4.1 and to the pointwise estimate
Theorem 3.10, we obtain on one hand
2
} q

I+ 10 < { [ doon(e) (@)
2
s{ [ artlaht o)
a

[NIS)

2
< {/ dzt (1+ |x+|)%(%+l) 67(%71)<"’z+>}q < 400

for all ¢ > 2. On the other hand, we use an analytic 1nterpolat10n between L? — L?
and L' — L estimates for the family of operators Wt 70 defined by (3.1) in the
vertical strip 0 < Reo < %. When Reo = 0, the spectral theorem yields

W 20 2 = 1€ ™2 200 s r2 o0 = 1

for all t € R*. According to Theorem 3.7, when Reo = @7

Wy Ui srem SN rem S s
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By Stein’s interpolation theorem applied to the analytic family of operators Wf’o,

we conclude for o = (d +1)(3 — é) that

< ‘t|—(d—1)(%—$)

||th||Lq’(X)—>Lq(X) ~ )

forall 0 < |t| < 1 and 2 < ¢ < +00. O

Theorem 4.4 (Large time dispersive estimate). Assume that |[t| > 1,2 < ¢ < +00
and o > (d+1)(3 — %) Then
—9 Gt/ —A _D

[(=A)"=e" 2o )= pagxy S 172
Proof. We divide the proof into three parts, corresponding to the kernel decompo-
sition

,0 ,0 )
Wi = Lpo.cspnwi T Iapoosi @l +wi

where the constant Cyx; has been specified in the proof of Theorem 3.3. The first
and the last terms are estimated by straightforward computations. By combining
Lemma 4.1 with the pointwise kernel estimates in Theorem 3.3 and Theorem 3.10,
we obtain

a,0
- * {]lB(O,Cz\tl) Wy }”Lq/(X)—>Lq(X)

2
q

N { /G dz oo (2) |1 p(0,cuj) (z) Wi ()2 }

2
q

Sl {/ dot (1+ |2t)) = @D e*(%*l)(p,m*)}
|zt |<Cxlt|

<400

and

0-7

[ % W™ ”Lq'(X)ﬂL‘I(X)

<{ [ oo~}

2
q

<7 {/ dzt (1+|$+|)D;Z+(Df%)%67(%71)<p’w+>}
at

<+oo

Here ¢ < 2 < o0 and the above estimates are uniform in the strip 0 < Reo < %.

As far as the middle term is concerned, we use again the analytic interpolation
for the family of operators associated with the convolution kernel 1x\ p(o,cy¢|) wy 0,
On the one hand, if Reo = 0, then

~0,0
- * Lx\Bo,cxle) Wr 22— L2 (x)
< | #@7zeysre) + - * Loesiin @7l 2 s 2 S 1.

On the other hand, if Reo = %, we deduce from Theorem 3.7 that

|- % T\ Bo.os i) D Nl 21 0) s oo (x0) = Sup L0\ po,cs e (@) B7 (@) S [t
xT
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for any N € N. By using Stein’s interpolation theorem between above L? — L?
and L' — L* estimates, we obtain
,0 —
|- * L\ Bo.csien @i lper go—page S 1HY
for all |t| > 1, 2 < ¢ < 400 and for any N € N. This concludes the proof. d

Remark 4.5. The standard TT* method used to prove the Strichartz inequality
breaks down in the critical case. In order to take care of these endpoints, we need
the dyadic decomposition method carried out in [KeTu98] and the following stronger
dispersive property, which is obtained by interpolation arguments.

Corollary 4.6. Letd > 3,2 < ¢q,q < +o0 and o > (d+1) max(%—%, %—%). Then
there exists a constant C' > 0 such that the following dispersive estimates hold:

1 11 1
Y ‘t|7(d71)max(§*g’§*§) if 0< ‘t| <1,
[(=A)~ 2 A||L‘7'(X)—>L‘1(X) <C D .
t|7= it |t > 1.

5. STRICHARTZ INEQUALITY AND APPLICATIONS

In this section, we use the dispersive properties proved in the previous section
to establish the Strichartz inequality. This inequality serves as a tool for finding
minimal regularity conditions on the initial data ensuring well-posedness of related
semilinear wave equations. Such results were previously known to hold for real
hyperbolic spaces [AnPil4] (actually for all noncompact symmetric spaces of rank
one) and for noncompact symmetric spaces G/K with G complex [Zha20]. For
simplicity, we may assume that £ > 2 throughout this section, thus d > 4.

Let 0 € R and 1 < ¢ < co. Recall that the Sobolev space H?4(X) is the image
of L(X) under the operator (—A)~ 2, equipped with the norm

Il zrma ) = (=) Fllzac)-

If o = N is a nonnegative integer, then H?9(X) coincides with the classical Sobolev
space

WNUX) = {f € LYX)|V/f e LYX)V1 < j < N},

defined by means of covariant derivatives. We refer to [Tri92] for more details about
function spaces on Riemannian manifolds. Let us state the Strichartz inequality
and some applications. The proofs are adapted straightforwardly from [APV12;
AnPil4] and are therefore omitted.

5.1. Strichartz inequality. We study the linear inhomogeneous wave equation
on X

D2 u(t,x) — Au(t,z) = F(t, z),

u(0,2) = f(x), O¢li=ou(t, v) = g(x)

whose solution is given by Duhamel’s formula:

(5.1)

t
u(t, z) = (costvV/—A) f(z) + SN2 gy Jr/dsts,x.
(t,x) = (costvV—A) f(x) + =25 g(x) ; 7~ F(s,7)



WAVE EQUATION ON GENERAL NONCOMPACT SYMMETRIC SPACES 26

Recall that a couple (p, q) is called admissible if (

()< 1) (01)

]l,, é) belongs to the triangle

()]

o=
|
Q
= N[ =
1
|
1
|
|
|
|
©

D=

N[ =

o T
=iy

FIGURE 3. Admissibility in dimension d > 4.

Theorem 5.1. Let (p,q) and (p,q) be two admissible couples, and let

d+1 (1 _ 1 =< dtl(1_1
027(5 q) and o> (2 q)'

Then all solutions u to the Cauchy problem (5.1) satisfy the following Strichartz
inequality:

IVexxullLem-aay) S Il + M9l + 1Fl Le (1,559 x)- (5.2)

Remark 5.2. As have already been observed on hyperbolic spaces, the admissible
set for X is much larger than the admissible set for R, which corresponds only to
the lower edge of the triangle. This is due to large scale dispersive effects in negative
curvature.

The admissible range in (5.2) can be widened by using the Sobolev embedding
theorem.

Corollary 5.3. Assume that (p,q) and (p,q) are two couples corresponding to the

square
0.8] < (0.3) U{(0-) -
Let 0,6 € R such that o > o(p,q), where

olp.q) = 41 (3 —§) +max {055 (5 - ) — 5.

and similarly 6 > o(p,q). Then the Strichartz inequality (5.2) holds for all solutions
to the Cauchy problem (5.1).
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S

FIGURE 4. Extended admissibility in dimension d > 4.

5.2. Global well-posedness in LP(R, L%(X)). By combining the classical fixed
point scheme with the previous Strichartz inequalities, one obtains the global well-
posedness for the semilinear equation

Q2u(t,z) — Au(t,z) = F(u(t,z)),
u(0,z) = f(x), O¢li=ou(t, z) = g(x).
on X with small initial data f and g and power-like nonlinearities F' satisfying

[Fw] <l and  [F(u) = F(0)| £ (Ju]' =" + o] H)]u - o]

(5.3)

where v > 1. Let v, = 1+ ﬁ be the conformal power. The global existence
of solutions to the semilinear wave equation (5.3) on R? is related to the Strauss
conjecture: the critical power ~p, i.e., the infimum of all v € (1,7.] such that
(5.3) has global solutions for small initial data, is the positive root of the quadratic

equation
d=1)—(d+1)w—-2=0 (d>2).

In other words,

=3+ /G A+ A > L

We refer to [Joh79; Kat80; Stra8l; GLS97; TatO1] and the references therein for
more details about the Strauss conjecture in the Euclidean setting. In negative
curvature, the global existence for small initial data has been proved, for any
v € (1,7.], on real hyperbolic spaces of dimension d = 3 [MeTall; MeTal2] and
then of any dimension d > 2 [AnPil4]. In other words, there is no phenomenon
analogous to Strauss conjecture on such spaces. Similar results were extended later
to Damek-Ricci spaces, which contain all noncompact symmetric spaces of rank
one [APV15], and have been established recently on simply connected complete
Riemannian manifolds with strictly negative sectional curvature [SSW19], and on
non-trapping asymptotically hyperbolic manifolds [SSWZ19]. Next theorem shows
that the same phenomenon holds on general noncompact symmetric spaces. More
precisely, we prove that the semilinear wave equation (5.3) on X is globally well-
posed.
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To state the following theorem, we need to introduce some notation. Consider
the following powers

1+3 1+ 2
=it T2 = =1, 2
d = taa
14+ 45 if d<5,
= d—1 3 d—3 3 \2 4d—1 if d>6
T tam (Tt an)? 4 B e=9

and the following curves

() = d44rl d+Dd+5) 1

8d y— L
d+1 1 d 2
o2(7) = 4 ﬁ7 o3(y) = i—ﬁ

Theorem 5.4. The semilinear Cauchy problem (5.3) is globally well-posed for small
initial data in Ho2(X) x H°~%%(X) provided that

o>0 if 1<y<m,
o> o1(7) ity <v<,
o > 03(7) if 72 <y <,
o > o3(7) if ve <v <93

More precisely, in each case, there ezists 2 < p,q < oo such that for any small
initial data (f,g) in H?(X) x H°~12(X), the Cauchy problem (5.3) has a unique
solution in the Banach space

C(R; H>*(X)) N CHR; H*~1*(X)) N LP(R; L1(X)).

6. FURTHER RESULTS FOR KLEIN-GORDON EQUATIONS

The kernel estimates and dispersive estimates proved above for the wave equation
still hold if we replace the operator (—A)~%e!V =2 by D~7¢"P where

—A—|p]?+ k%2  with &>0.
Then, for every admissible couple (p, ¢), the operator
Tf(t,z) = Dy * P f(x)
is again bounded from L?(X) to LP(R; L4(X)), and its adjoint

+oo - )
T F(x) = / dsD, 2 e D= F(s, 1)

— 00

from L?' (R; L7 (X)) to L2(X). While L? Sobolev spaces may be defined in terms of
D, we need the operator

—A—|p]?+ k> with &>|pl,
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in order to define LY Sobolev spaces when q gets large. As D %oD% isa topological
automorphism of L?(X), the operator

Tf(t,z) = D, ? P+ f(z)
is also bounded from L?(X) to LP(R; L(X)), and its adjoint

~ +oo ~ _ O .
T"F(x) = / dsD; ? e P« F(s,2)
from L*' (R; LY (X)) to L%(X), hence

TT F(t,x) = / dsD;7 e't=)D= (s, )

— 00

from L? (R; LY (X)) to LP(R; LI(X)) for all admissible couples (p,¢) and (7, ). We
deduce that Theorem 5.1 and Corollary 5.3 still hold for solutions to the inhomo-
geneous Klein-Gordon equation

0?u(t,r) + D?u(t,r) = F(t,x),
U(O,$) = f(x)v at|t=0u(t7$) = g(x)7

and that the corresponding semilinear equation is globally well-posed with low
regularity data, see Theorem 5.4.

APPENDIX A. OSCILLATORY INTEGRAL ON a

In this appendix, we prove the following lemma which is used in the proofs of
Theorem 3.3 and Theorem 3.10. Recall that A = A(kx) is the a-component of
kx € X in the Iwasawa decomposition, and that Cyx, € (0, %] is a fixed constant.

Lemma A.1. Let s € Ry and |t| > 1. Consider the oscillatory integral

I~ (s,t,x) = / dXag(s, \) €TVt

a

where the phase is given by
(N = VIR + P+ (£.)
and the amplitude

ao(s,\) = X4 () [e(A)| 72 eV I HPE

vanishes unless |A| < 2|p|. Then, for all x € X such that @ < Cs,

B

S

]

I (s,t,2)| S 7% (L4 |2]) 77 e

Remark A.2. The proof of this lemma is similar to the proof of [Zha20, Theorem
3.1.(i1)], except that our amplitude involves the general Plancherel density and in
addition a Gaussian factor depending on s.

Proof. By symmetry, we may assume that ¢ > 1. Recall that the critical point Ag
of the phase 1 is given by

(IMol? +pI?) "2 = -2 (A1)
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and satisfies

lp
< 7 (A.2)

[N

A AP\ 1 2\
ol = ol = 1572 <ol - )

as |A| < |z| and ‘% < 1. Denote by
B(Ao,n) ={A € al[A=Xo| <n}

the ball in a centered at Ay, where the radius n will be specified later. Notice that
|A| < |p| +n for all X € B(Ag,7n). Let Py be the projection onto the vector spanned
by ﬁ Then |A?Py, = A ® X and the Hessian matrix of v is given by
Hess (M) = (M + [of") 7 Lo = (AP + [ol*) 73 A @ A
_3
= (AP + 1) 7= {lp Pa + (IAP + [p*) (L — Pr)}

|pl? ‘ 0

= (A2 +[p]*)~2
0 | (A2 + |pI*)Le—s

which is a positive definite symmetric matrix. Hence g is a nondegenerate critical
point. Since V t1(Ag) = 0, we write

1
N = () = = d0)T { [ ds (1= 5) Hess (b0 + (0= o)) J (3= ),

0

M(X)

where M(A) belongs, for every A € B(Ao,7n), to a compact subset of the set of
positive definite symmetric matrices. We introduce a new variable g = M(\)2 (A —

Ao), then [u|? = 1 (\) — ¥4(\o) and p = 0 if and only if A = Xg. There exist
0 < 71 < 7y such that p € B(0,7;) implies A € B(Xg, 1), and A € B(Ao,n) implies
w € B(0,72). Notice that for every k € N, there exists Cj, > 0 such that
[VEM(NE[ < Cr YA€ B(ho,n). (A.3)
Denote by j(A) the Jacobian matrix such that du = det[j(A)]dA, then we can
choose 77 > 0 small enough such that
1 1

det[j(A)] > 3 det[ M(N)2 ] VA € B(Ao,n). (A4)

Now, we split up
I (s,t,x) =1y (s,t,x) + 1o (s,t,x)
= /d)\ X0 ao(s, \) et 4 / dA X (N) ag(s, \) et ™)
a a

where x( : a — [0, 1] is a smooth cut-off function which vanishes unless [A—Xo| < %,
XA = 13 A — Aol < 2, and xL, = 1— xJ.
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Estimate of I;. We estimate I; by using the stationary phase analysis described
in [Ste93, Chap.VIII 2.3]. Notice that supp x; C B(Xo,7n). By substituting ¢;(\) =
[l + 14 (Xo), we get

Iy (ssty) = 900 [ (s, ) 0

a

where the amplitude

als, M) = xgA(1) XoA ) [e(A(w))| 72 e~ VIS det[ (A (1)) |71 (A.5)

is smooth and compactly supported in B(0,72). We deduce, from (A.3) and (A.4)
that a(s, A(n)) is bounded, together with all its derivatives. Let x5, € C2°(a) be a
bump function such that x5, =1 on B(0,72). Then

I7 (s, t, @) = eltteo) /du X (12) eitlul? €—|/L|2{6|M|2 s, M)t

Let M = [%]Jrl be the smallest integer > %, the coefficients of the Taylor expansion

M als, Mw) = D ex i + Rone(p)

|k|<2M
at the origin satisfy
ekl S le(Ao)| 72 (14 s)F eV el < (D=t (1 4 g)k e=lols, (A.6)

according to (A.2), and the remainder satisfies
V7 Roar(p)| < |p|PMHIm (1 4 5)2M A4 e=lols vo<n<2M +1. (A7)

By substituting this expansion in the above integral, I (s,t, ) is the sum of fol-
lowing three terms:

=Y ck/d’u’uk gitlul? - lul?

|k|l<2m 78

I2 :/d“X%(M) R?M(M) 6“‘“‘2 e_|”|27
a
and
Is = Z Ck/du {xm (1) — 1} pF eitlul® o=lul?
|k|<2M a

To estimate I, we write

y4 400
I = Z 1 H du; eiths e=H7 1*i
L k H Hj
o0

|k|<2M  j=1""
where

+oo N2
/ d/’L] e—(l—zt)uj Mj] =0

— 00

if k; is odd, while

+oo ) ) ki1 [T )
/ du; e~ (1—it)uj uf" =2(1—it)" "= /0 dz; e zfj

— 00
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by a change of contour if k; is even. We deduce from (A.6)
0] 78 ()P~ (L )M el < 4% Ja =557 =0
since % < Cx. Next, we perform M integrations by parts based on
it — i L Bi 0 it|ul|?
ettlul” — — - |u|72 Tujel el
and obtain

(A.8)

Lol
L

Io| St (14 s)?MHtelols <=M em
according to (A.7). Finally, as p > puf e~ lnl? (

X (1)
and vanishes near the origin, we perform N > %
(A.8) again and obtain

I3 SN (145)2M e 8

7S

By summing up the estimates of I7, Is and I3, we deduce that

Iy (s,t,)| St % (14 |2) 77 (148)23 el S8 (14 |2) 7 e

Estimate of I__. Since the phase ¢, has a unique critical point Ag which is defined

by (A.1) and satisfies (A.2), then for all A € supp x7,, we have V,¢:(A) # 0. In
order to get large time decay, we estimate

I5(s,t, @) = /dA XL (A) ao(s, A) eit¥e )

a
by using several integrations by parts based on

et (N) — 71”50(/\)_1 Zé ( X\j

4 N ﬁ)i it (V)
j=1 /|2 +]p|2 t ) OA;
where

)

o n
Yo = | 7 + 4

becomes

is a smooth function, which is bounded from below on the compact set (supp x7,) N
(supp x§), uniformly in %. After performing N such integrations by parts, I (s,t,x)

const. (it) N

4

/d)\ et (V) { _ Z 9

[1/}0()\) 1( al j)}}N{XCD()\) ( )\)}
a/\j VAP +pl? ¢ ’
where the last integral is bounded from above by (

j=1

1+ s)Nelols < e~'%'s. Hence
< (s,t,2)] St N e 5 (A.10)
for every N € N. By combining (A.9) and (A.10), we conclude that

(s, t2)| S 475 (1 +[a) 5 %

28

— 1) is exponentially decreasing
integrations by parts based on

32
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APPENDIX B. HADAMARD PARAMETRIX ON SYMMETRIC SPACES

Let &, be the K-bi-invariant convolution kernel of the operator cos(vy/—A)
whose spherical Fourier transform is given by ®,(\) = cos(v/|A|?2 + |p|?). Then
®,(x) solves the following Cauchy problem

02U (v,x) — A, U(v,x) =0,
U(0,2) = §o(x), Oplv=0U(v,z) =0.

We are looking for the asymptotic expansion of the kernel ®,,. Recall that J denotes
the Jacobian of the exponential map from p equipped with Lebesgue measure to X
equipped with Riemannian measure. It satisfies

me

st =TT (idg) - = { IL 0+ ™ Jeon virea.

sinh{a, H)
ext acXt

Let f be a K-bi-invariant function on G, then f is also Ad K-invariant on p
and W-invariant on a. Recall that A, and A, denote the usual Laplacian on the
Euclidean spaces p and a C p. The radial part of the Laplacian A on X is defined
by

A f(H) = Aof(H) + > macoth{a, H)daf(H)  VH € a',
aext
and that of A, is given by
APIF(H) = Aof (H) + Y mola, H) '0.f(H)  VH €at,
aext

see [Hel0O, Propositions 3.9 and 3.11]. The following proposition provides a rela-
tion between A4 and A;ad, it allows us to simplify the computations about the
parametrix.

Proposition B.1. Let f € C*(a) be a W-invariant function. Then
[J(H)® o A™ o J(H)2] f(H) = [AR 4 w(H)] f(H)  VH €a,

where
Mq (M 1 1
w(i) = 3 T (B = 1)al{ 0 - =
a§+ 2 2 (o, H) smhz(a,H)}
T T B e &
A 2 2 (o, H)  sinh*(a, H)
acX
s.t. 20ent

is a smooth W -invariant function, which is uniformly bounded together with all its
derivatives.

Proof. Notice that
[J(H)% o A™ 0 J(H)"%] f(H)

Nl

=J(H)* (A™ %) (H) f(H) + A™f(H) + 2J (H)* (Vo "2) (H) - Vo f(H),

APAf(H)
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since

J(H)%(Vujf%)(H) = Z %{ﬁ —coth(oz,H)}a.

aext

We deduce from the next lemma that
J(H)2(A™J"2)(H) =w(H) VH€a,
and this concludes the proof. O

Lemma B.2 (Cancellations lemma). The following equations hold for all H € a:

(o, B)
2 e

a,BEXT, Ra#RA

=0

> mamg{a, B)(coth{a, H) coth(8, H) — 1) = 0
a,BeEXt, Ra#£RA

Proof. See [HaSt03, Appendix| for a detailed proof of this "folkloric" result. (]

Recall that {R7 |z € C} denotes the analytic family of Riesz distributions on R
defined by

INC R it r>0,

Ri(r)=
- 0 if <0

Consider the asymptotic expansion

too d—1
@, (exp H) = J(H) 2 Y 4~ p|Un(H) R % (0~ |HP) (B
k=0

) _d-a
where Uy is a constant such that Uy J(H)™ 2 [v| R, * (v?—|H|?) — §o(H) asv — 0
and Uy € C*°(p) are smooth Ad K-invariant functions. By expanding

0= J(H)?[0? — A™] D, (exp H)

“+oo

_ ra k-4t
= o a (o2 - Ayt — o)) { ol Uk() BT (0 — | HP),
k=0
we deduce
[(k+1) + 0| Upsr(H) = [APY + w(H)|Up(H), (B.2)
for every k € N. In other words,
1
Upsr (H) = / ds s [A 4 w(sH)| Uy (sH). (B.3)
0

As w and all its derivatives are uniformly bounded, we obtain
VyU, =0(1) (B.4)
for any k,n € N.
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Next, by resuming the proof of [Bér77, Proposition 27] with our asymptotic
expansion (B.1), we deduce that the remainder of the truncated expansion

N
d—1
,(exp H) = J(H)"2 Y4~ [o| Up(H) Ry F (v? — |H[?) + Ex(v,exp H) (B.5)
k=0

is a solution to the inhomogeneous Cauchy problem
[62 — A™d] Ex (v,exp H) = J(H) 2 Un (v, H),

lim, 0 En(v,exp H) = 0, lim,_o aaE—UN(v,exp H) =0,

where Up (v, H) = —4=N |o|Uy(H) RY ™% (v* — |H|?). Hence, by Duhamel’s
formula

v
. sin(v—u)4/ —Arad _1 =
En(v,exp H) —/0 du — A {J(H)"2Un(u,H)}.

According to next lemma and by L? conservation, we have

|Ex(v,exp H)| S e || B (0, )|l o )

S0 [ G0, e
0
provided that 20 + 1 > g, and
1N (u, )T~ 2 | F20 0y = 1AT{UN(u, )T 2 H| T2 (x)

— const. / dX [ 7(X) (AT (74 Tx (u, X))
p

= const. u? /dX ‘[A;ad—&—w(X)]"(l}N(u,X))‘Q
P

20
ST 3 L il
= ixerlixi<u

< (1 + u)4N—d)

~

since w and Uy, together with all their derivatives are uniformly bounded. Here
we assume N > % + 20 to avoid possible singularities on the sphere |X| = u. We
may set 20 = [%} and N > d. Finally, we obtain

~ (v, exp Se W u (1+u -3 S+ —g+lo—(p.H),
E H)| < (p,H) du (1 2N < (1 2N—-$+1_—(p,H)
0

Lemma B.3 (Sobolev embedding theorem for K-bi-invariant functions on X). Let
o> g be an integer. Then

[flexp H)| S e ™| fllgox)  VHEat
for all K-bi-invariant functions f € H (X).
Proof. See [Ank92, Lemma 2.3]. O
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Notice that, for all NV > g, we have

N
1 _d-1
)Y AT U )R (02 = [HP)| S (14 )N e,
k=[d/2]+1

Then we deduce the following corollary.

Corollary B.4. The K-bi-invariant convolution kernel ®,, has the asymptotic ex-
pansion

[d/2] ot
®,(expH) = J(H)"* Y 47" w|U(H)RL ™ (v® — [H[?) + Eo(v, H), (B.6)
k=0
where the remainder satisfies
|Eg(v, H)| < (1+0)?E e ) yH cat, (B.7)

APPENDIX C. ASYMPTOTIC EXPANSION OF THE POISSON KERNEL

The Hadamard parametrix described above provides an asymptotic development
of the kernel of the truncated Poisson operator

“+o0
A= / dv x7(v)p*(v) cos (vvV/=A).
Here 7 = s — it with s € (0,1] and ¢ € R*,

V2 if 0<|t] <1,

V2lt] it [t > 1,

T =

X : R — [0,1] is a smooth even cut-off function such that x = 1 on [—1,1]
and suppx C [-2v2,2v2], xr(v) = x(5%) is supported in [—2v/2T,2v2T] C
(—=3T,3T), and p%(v) = %%W is the Poisson kernel on R (with complex time 7).
Notice that |7| < T. By resuming and improving slightly [CGMO01, Lemma 3.3], we
deduce the following parametrix for the kernel of A..

Proposition C.1. The kernel ar of the operator A, is a smooth K-bi-invariant
function on G, which is supported in the ball of radius 3T in X. Moreover

[d/2]
d+1
ar(expH) == J(H)"% Y 47" UW(H) I‘(% - k) (H? + 72 % + E(r, H)
k=0

7r
(C.1)
where the remainder satisfies
|E(m, H)| < |TPEHY (log T — logs) e~ ) VH e at. (C.2)
Here the coefficients Uy, are the same as in Corollary B.4 and are uniformly bounded.

Remark C.2. The proof of Proposition C.1 is similar to the proof of Lemma 3.8
in [CGMO1]. Notice that the latter statement contains a minor error in the Gamma
factor and that our estimates contain an additional exponential decay, which is cru-
cial for the dispersive estimates.
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Let us state and reprove some technical results borrowed from [CGMO1].

Lemma C.3. Letn>1 and vy € Ry. Then

(o)™ if y>1 and n < 27,
T yn2 ey
|22 . dr v Hr? 4 2277 < ()" " +log(gez) ify=Tlandn>2,
0 1+ log(gi7) if y=1andn=2,
1+ log(nk) if y=1andn <2
(C.3)

for every z € C such that Rez > 0 and |z| <T.
Proof. Write z = |z]e? in polar coordinates, with 6 € [~7%, %]. By performing the
change of variables r = |z|w, the left hand side of (C.3) becomes

3T
[=]

I= dw w1 w? 4 20|77,
0

Notice that :I%FI > 2 and that

lw? — 1] < |w? + 2% < |w? +1]. (C.4)

Let us split up I = Iy + I} + T according to

7 : 2 7
dw:/ dw+/ dw + dw.
0 0 1 2

The first and the last integrals are easily estimated. According (C.4),

3 < |w4 e <2 if 0<wc< 3,
%wQ < |w? + e < %wQ if w>2,
we deduce
3
Iy = / dw w" ' =<1 (C.5)
0
and
= 1 if n<2y,
I = / dw w21 =< {1+41log % if n=2y, (C.6)
2
(%)"—27 it n>2y.

< w < 2. In this case we use the

Let us turn to the remaining integral, where %

following improvement of (C.4):

) 1
|w? + €2 = w? + 14 2w? cos 20 = (w? — 1) + 4w? cos? = (w— —)2 + cos? 6.
w
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By performing the change of variables u = w— % and noticing that 2% = 1—|—ﬁ =1,
we get

[

3

= /2 du (u+ cos)™7

J
2

I < /2 du (u? + cos® )~

3 0
(cos@)=7~1 if y>1, (C.7)
= ¢ 1—log(cosb) it v=1,
1 if < 1.
In conclusion, (C.3) is obtained by combining (C.5), (C.6) and (C.7). O

Lemma C.4. Let z € C with Rez > 0 and u € R. Then

+oo B 1 T %#—i—ﬁ if e= ].,
/ d(wz) R}’_ 5(w2 _ U2);w27_~_z2 — . . ' L (08)
0 ﬁ /u?+22 if e= 2°

Proof. The case ¢ = 1 follows immediately from the fact the distribution RQ_ is
equal to the Dirac measure at the origin. In the case ¢ = %, the formula is proved
first for z > 0 and then extended straightforwardly by analytic continuation to all
z € C with Rez > 0. Specifically, the left hand side of (C.8) becomes

s [T d(w?) z s [T dr z
o2 = 27 2
0 w o w? 4 u? + 22 o T+l VuZ4 22

1

NG
after performing the change of variables w = vu? + z2r. O

Proof of Proposition C.1. According to the asymptotic expansion (B.6), we write

[d/2]
a-(exp H) = J(H)™2 Y 47 U (H) I(r, H) + E(7, H)
k=0
with
+o0 & o d=1
Ir#) = [ d@t) ) B 0 - HP)
0
and
E(1,H)

L [d/2] —+o00 k d—1
— IS AU () / d(?) {xr(v) — 1} PR (w) BT (o2 — [H?)
k=0

+oo
+2 [ der @) Balo, )
0
Let e=11if dis even and € = % if d odd. Then

%—k o) —e
In(r, H) = (= 5m) "7 o™ d(?) pE () RY (0% - [HP)
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where

+oo
/0 d(v?) p¥(v) RY°(* — [HP) =

according to (C.8). Then we obtain
T (4L —k)
T (HR4r) T

Ik(T,H) =

Next, we estimate the remainder E(7, H) whose second part is easily handled. By
using (B.7), we have

+oo
|Ex (7, H)| < 2/0 dv xr(v) |7 (v)| | Ba (v, H)|

3T

< o=ty [ gy ATL gL sy
ST ) P AT
where
3T
| 7] dv|v? + 7271 <1+ log P‘{ZL
0
and
T 2 | _21—1,3(4+41) 3(241) £(.T 2% 7]
7l [ ol + 72 PE S PFE () 4 log g}
according to the formulas in (C.3). We deduce
|Ey(r, H)| < T3(%+1)(10gT —log s)e= 1), (C.9)

It remains to estimate
El (T7 H)

) [d/2] +o0o L d=1
= J(H)™3 Y aF U (H) / d(v%) {xr(v) — 1hR(0) B (02 — | HP).
k=0 0

I, (r,H)

By repeating the previous calculations for Iy,

- T (41
H(r, H) = — (= 57qm)

+oo
1
d(v? 24+ [HP) =1} 55— R (0).
| a6 TP = 1) s RS
Let’s first consider the case where € = 1, i.e., d is odd. Then

Ii(m,H)
(~ o) ™ (e (B ~ 1) e |

a1k j
2 S (= agm) G (8D = 1) (= i) e
=gtk

A 3N
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On the one hand, the expression (— W)j (xr(|H|)—1) vanishes when |H| < 2T
In addition, it is O(T~27). On the other hand,

o N1 j'! _ —2j/—2
(= aqamy)” mPee = qaptye = 077 72)

when |H| > 2T. We deduce that
| (r, H)| = O(T*9).

Let’s then consider the case where € = %, i.e., d is even. Then

g 2T 4 _ 1)
Ik(TaH):? Z (2j!)
Jti'=%-

+oo .
/0 do (= ) Do (Vo +THP) = 1} (0% 4 [H? 4 7%) 7L
Again, the expression (— W)j{xﬂw/vz + |H|?)—1} is O(T~27), which vanishes

when v? + |H|? < 472, as well as v? + |H|? > 9T% if j > 0. It follows that the
integral above is O(T?*=4=1) if j > 0, and that it is estimated by

_d_
/ dolo? + 1P+ 2 g f do (v + |H|)2—d-2
02| H|2>4T? o+|H|>2T

- T2k7d71

if j = 0. In any case, we obtain
|Te(r, H)| S T4 51
and therefore
|By(r H)| < J(H)
since the coefficients Uy, are bounded. By combining with (C.9), we conclude that
\E(r,H)| S |Ei(r, H)| + |Er(r, H)| S T?GHY (log T — log s) e~ (71
for all H € at. 0
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