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A Kriging-NARX model for uncertainty quantification of

nonlinear stochastic dynamical systems in time domain

Biswarup Bhattacharyyal,
Eric Jacquelin?,

and Denis Brizard?

ABSTRACT

A novel approach, referred to as sparse Kriging-NARX (KNARX), is proposed in the
present paper for the uncertainty quantification of nonlinear stochastic dynamical systems.
It combines the Nonlinear AutoRegressive with eXogenous (NARX) input model with the
high fidelity surrogate model Kriging. The sparsity in the proposed approach is introduced in
the NARX model by reducing the number of polynomial bases using the least angle regression
(LARS) algorithm. Sparse KNARX captures the non-linearity of a problem by the NARX
model, whereas the uncertain parameters are propagated using the Kriging surrogate model
and, further, LARS makes the model efficient. The accuracy and the efficiency of the sparse
KNARX is measured through uncertainty quantification applied to three nonlinear stochastic
dynamical systems. The time dependent mean and standard deviation are predicted for all
the numerical examples. Instantaneous stochastic response characteristics and maximum
absolute response are also predicted. All the results are compared with the full scale MCS
results and a mean error is calculated for all the numerical problems to measure the accuracy.

All the results show excellent agreement with the MCS results in a very limited computational
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cost. Along with this, the efficiency of the sparse KNARX is also measured by the CPU time
and the required number of surrogate model evaluations. In all instances, sparse KNARX
outperforms other state-of-the-art methods which justifies the applicability of this model for
nonlinear stochastic dynamical systems.

Keywords: NARX model, Kriging, Nonlinear stochastic dynamical system, LARS, Uncer-

tainty quantification

INTRODUCTION

Uncertainty is an inherent property for any type of real world engineering problem which
may arise due to material heterogeneity, variability in dimensions, external forces. It is
evident from various studies (Grigoriu 1996; [Lucor et al. 2004; [Kundu and Adhikari 2014}
Chakraborty and Chowdhury 2015; Mai and Sudret 2017)) that these sources of uncertainties
are always present in a dynamical system. Now, if the input quantities are uncertain, it is
obvious that the response characteristics would also be uncertain. The propagation of those
uncertain input parameters through a dynamical system and the prediction of uncertain
response characteristics are the main objectives of this paper.

The most used method for uncertainty quantification of any engineering problem is Monte
Carlo simulation (MCS) (Sheppard 1969; Muscolino et al. 2003). Mostly, MCS is used to pre-
dict the stochastic response characteristics for any type of problem and often result found by
MCS is used as the principal result for any problem. However, the accuracy of MCS greatly
depends on the number of simulations because MCS requires a large number of model evalu-
ations to predict an accurate result for a complex engineering problem. Thus, for a nonlinear
dynamical system, this method is highly time consuming and very much computationally
expensive. To overcome the issues of MCS, several surrogate models have been developed
by the researchers (Lucor and Karniadakis 2004} Lucor et al. 2004; Gerritsma et al. 2010}
Kundu and Adhikari 2014; |Luchtenburg et al. 2014; Mai and Sudret 2017) in the last few
decades for stochastic dynamical systems. These surrogate models are the combination of

MCS and some kind of polynomials which maintain a trade-off between efficiency and accu-
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racy such that the stochastic response behavior can be predicted with higher accuracy and

lower computational cost. In this regards, one class of surrogate model widely known as

polynomial chaos expansion (PCE) (Xiu and Karniadakis 2002)) has been used extensively in

the last few decades for the uncertainty propagation in stochastic dynamical systems

et al. 2004; Wan and Karniadakis 2005} |[Kundu and Adhikari 2014; Jacquelin et al. 2015;

Jacquelin et al. 2017; Ozen and Bal 2017)).

PCE was proposed only to propagate Gaussian input random variables in (Wiener 1938)

which was further improved in (Xiu and Karniadakis 2002) to account the other types of

random variables. This method is also known as generalized PCE (gPCE). Most of the

methods developed till date have utilized gPCE as the basic tool for propagating uncertainties

in the stochastic dynamical systems. Therefore, Wan and Karniadakis (Wan and Karniadakis|

2005) developed a multi-element gPCE to capture the non-linearity of the problem. This
method decomposes the domain into multiple segments (when the variance of the stochastic
response becomes too worse) such that the non-linearity and the probability density function

(PDF) of the response can be captured efficiently. A similar method has been developed in

(Gerritsma et al. 2010) and (Luchtenburg et al. 2014)) using some different criteria. However,

for a system of ordinary differential equations (ODE) having three random variables, it is

shown in (Gerritsma et al. 2010) that PCE needs to be constructed at every time-step. On

the other hand, a different type of development has been made in (Maitre et al. 2010) and

(Mai and Sudret 2017) by rescaling the time domain which is often called time warping

PCE. However, it can be seen clearly in (Mai and Sudret 2017) that the time warping

PCE cannot predict the variance of the stochastic response properly in the later time for

nonlinear dynamical system with a few random variables. In contrast, a surrogate model has

been recently proposed (Spiridonakos and Chatzi 2015; [Mai et al. 2016)) by combining PCE

and Nonlinear Auto-Regressive with eXogenous input (NARX) (Billings et al. 1989; Chen|

et al. 1990; [Wei and Billings 2009; Billings 2013) model to account for the dynamic behavior

and the non-linearity of the problem. In this method, the non-linearity of the problem is
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taken care by the NARX model while the uncertain parameters of the dynamical system are
propagated by PCE. However, the proposed model still uses high degree polynomials even
for nonlinear single degree of freedom (SDOF) dynamical systems (Mai et al. 2016|) which
increases the computational cost drastically.

Another class of surrogate model widely known as Gaussian process regression or, Kriging
surrogate model (Krige 1951; Santner et al. 2003)) has proved the efficiency in predicting
the stochastic response characteristics for high-dimensional problems (Mukhopadhyay et al.
2017; Bhattacharyya 2018|). However, if one wants to predict the time-dependent stochastic
response behavior of an uncertain dynamical system, a new Kriging model is required to fit
for each time-instances and almost seems the limitation like MCS. It is also mentioned in
(Chakraborty and Chowdhury 2015; |Chatterjee and Chowdhury 2017) that for a non-linear
dynamical systems, Kriging requires a large number of model evaluations. However, the
efficiency in predicting the stochastic response behavior for the engineering system having
spatial random parameters has been well established through several researches (Simpson
et al. 2001}, Tong et al. 2015; Sugai et al. 2015, [Huang et al. 2016; Lu et al. 2018), but the use
of Kriging surrogate model is still questionable for nonlinear stochastic dynamical systems.
Therefore, several improvements have been made by the researchers (Kersaudy et al. 2015}
Chakraborty and Chowdhury 2017; Bayarri et al. 2007; (Chatterjee and Chowdhury 2018])
to alleviate the issue of the curse of dimensionality and account for the non-linearity of
the response behavior, but still these methods are suffering to describe the time dependent
response behavior of random non-linear dynamical systems efficiently. To address this issue,
a surrogate model is constructed in the present paper in a similar way to (Mai et al. 2016))
by combining the NARX model with the Kriging surrogate model. Therefore, the issue
of capturing the high order non-linearity of a stochastic dynamical system can be resolved
by utilizing the NARX model and the uncertainties are propagated by the Kriging. Indeed,
NARX model has been investigated by very few researchers in context of stochastic dynamical

systems (Spiridonakos and Chatzi 2015 [Mai et al. 2016; Worden et al. 2018)) as compared
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to system identification tool for deterministic nonlinear dynamical systems (Billings et al.
1989; (Wei and Billings 2009; Xie et al. 2009; |Zhang and Li 2015)).

The rest of the paper is organized as follows. A brief description of Kriging and NARX

model are given in [section 2| and [section 3| respectively. Section {4| introduces the proposed

model along with an algorithm to implement it for dynamical systems. Further, the appli-

cability of the proposed approach for dynamical systems is illustrated through three typical

nonlinear stochastic dynamical systems in [section 5| and |section 6| describes the important

conclusion drawn from the present study.

KRIGING

Kriging is a well established surrogate model technique which combines a regression
function with a Gaussian process. Kriging was first introduced in geostatistics (Matheron
1963)) and afterwards it was used for the analysis of computer experiments (Sacks et al. 1989).
One of the important characteristics of Kriging is that it predicts the quantity of interest in
a finite region by an unbiased estimator. A brief description of Kriging is presented in this

section.

Construction of model

Consider = = {&1,&, ..., &4} as the d-dimensional input random variables in the probabil-

ity space P, where = € D C R?%. For N number of sample points, Y = {y (Z1) ,y (Z2), ...,y (EN)}T

are the corresponding function evaluations. In Kriging, the performance function for a real-

ization is given by:

M(2)=5"¢(2)+Z(5) (1)

In [Equation 1} the first part of the expression 57 ¢ (=) represents the regression part of the

model which can also be written as:

5T¢ (E) = Z Bi ¢ (E) (2)
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¢; (Z) are the polynomial basis functions which are constructed with the normalized input
variables and [3; are the corresponding coefficients of the basis functions. P represents the
total number of terms in the basis function which depends on the degree of the polynomial.
According to the form of the polynomial, Kriging model has several variants in the literature
(Mukhopadhyay et al. 2017)). A universal Kriging model is utilized in the present work

(Equation 2|). The second part of [Equation 1| defines the Gaussian process with mean zero

and the process covariance is

cov[Z(Z),Z (5))] = 02R (54, 5;); i,j=1,2,...,N (3)

—_

where, Z; and Z; are two different sample points and o7 is the process variance. R (Z;,Z;) is
the auto-correlation function between two sample points. A variety of auto-correlation func-
tions have been adopted by the researchers (Kaymaz 2005; Bhattacharyya 2018; [Sacks et al.
1989) such as linear, exponential or Gaussian. The mostly used Gaussian auto-correlation

function is utilized in the present paper which is given by:

‘—'za —*] H eXP Qk éz k — gj,k>2] (4)

where 6 is the hyper-parameter of the auto-correlation function. The Kriging model param-
eters 0 and oz, and the hyper-parameter 6, can be determined by the maximum likelihood
estimation (MLE) (Sacks et al. 1989). The procedure of computing the parameters is ex-

plained in (Sacks et al. 1989; Santner et al. 2003; Kaymaz 2005)).

Prediction

Consider any untried sample point for prediction =, € R?. The function value at the
new sample = is predicted by the best linear unbiased predictor (BLUP). The BLUP and

the predicted variance are given by:
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5 0 Ft ¢ (o)
4G =% [1-| o7 @) iE | )
F % r (Eo)
where, 7 (Z9) = {R (Z0,Z1) ,R (Z0,Z2),..., R (ZE0,=En)} is the correlation matrix between

the new untried sample point and the initial samples, and F' is the matrix of basis function
at the initial sample points of dimension N x P. Z is the correlation matrix for the initial

samples. Further, the unknown parameters B and % are calculated as:
B=(FTo'F) 'FTo 'y (8)

52 = %(y - FB) L (Y - FB) 9)

Once the unknown parameters using the Kriging model are estimated, the prediction of

the response at the untried point can be made easily by utilizing

NARX MODEL

Overview of NARX model

A brief overview of NARX model is presented in this section. The time dependent
response characteristics of a dynamical system at current time instance can be predicted by
the responses of some previous time instances and the excitation of some previous and current
time instances through a suitable NARX model (Chen and Billings 1989; Billings 2013). If

we consider a dynamical system having the time dependent excitation, then according to the
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NARX model, the dynamical system can be expressed as:

y()=Flz(t)] +e(t) (10)

where, 2 (t) = {z (t),z (t = At),z (t — 2At) ...,z (t — ng, At),y (t — At) ,y (t —2A0),...,
y (t —ny,, At) }T is the vector having all the lagged system excitation and response compo-
nents which forms the time-dependent auto-regressive response model F [o]. £(t) is the
residual of the NARX model which is supposed to be a normally independent distributed
(NID) process with zero mean and At is the time-step chosen for the NARX model. n,, and
Ny, are the maximum time lags for the excitation and the response quantity respectively. It
is obvious that the underlying form of the function must be nonlinear to capture the strong
non-linearity of a dynamical system. Consequently, different types of functions have been
used by the researchers such as polynomial (Cantelmo and Piroddi 2010), wavelet (Billings
and Wei 2005)), sigmoid function (Sjoberg et al. 1995), RBF (Li et al. 2005)) and neural net-
work (Tsungnan Lin et al. 1996). Out of these, the effectiveness of polynomial function has
already been proved in the literature (Leontaritis and Billings 1985} |(Cantelmo and Piroddi
2010; |Cheng et al. 2011)). Therefore, a linear-in-parameter form of polynomial has been used

in the present paper which is represented by

Fl0) = Y et [= 0) (1)

In the above equation, M is the total number of terms in the polynomial basis function,
¥; [z (t)] are the polynomial basis functions and ¢; are the corresponding coefficients of the
NARX model. The polynomial basis function for the NARX model is dependent on the

time varying excitation and response. Consequently, the polynomial basis matrix and the



i coefficient matrix for a particular sample point k£ are represented by:

Uy (8, 2x) = {1 [z (6 Z0)] 02 [ (6,E0)) - o (20 (BB} Ty € RMXD (12)
¢ = {1, 00, om}; @F € RVM (13)
172 Now, if we discretize the total time 7" in N; number of time instancesi.e. t € {t1,1s,...,tn,},

3 then for N; number of time-steps, the polynomial basis function matrix can be given by
wm W, € RMxNe
175 The procedure of choosing the type of polynomial for F [z (t)] and estimating the corre-

e sponding coefficients are described in the next section.

17 Model formulation and parameter estimation of the NARX model

178 The polynomial basis function for the NARX model can be formulated by two variables,
o i.e. the excitation and the response of the dynamical system, either as an independent
180 variable basis function (Spiridonakos and Chatzi 2015|) or as a composition of both variables
e (Mai et al. 2016) with certain maximum degree of the polynomial basis. For a nonlinear
182 system, it is always important to use the interaction terms (Billings 2013). Hence, a similar
183 kind of polynomial basis function has been adopted in the present paper. Another important
8¢ issue with the polynomial basis function is the selection of the maximum time lags n,, and
185 N, for the excitation and the response respectively. The maximum time lags are selected
s according to (Spiridonakos and Chatzi 2015; [Mai et al. 2016) in the present paper, which
17 are two-times the number of DOF of the system.

188 On the other hand, the computation of the NARX coefficients is one of the challenging
189 tasks in the construction of the NARX model. The coefficients of the NARX model can be
w0 computed easily by ordinary least square method (for the k-th sample point). However, it

w1 has been found often in the literature (Blatman and Sudret 2011; |Spiridonakos and Chatzi



192

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

210

211

212

213

214

215

2015)) that all the terms in the polynomial basis do not get involved in predicting the response
characteristics of the system, and reducing the degree of the polynomial may reduce the ac-
curacy of prediction. Thus, it is important to capture the important terms in the polynomial
basis function which are solely responsible for the response behavior of a system. Recently,
the important NARX basis terms were identified using genetic algorithm in (Spiridonakos
and Chatzi 2015). However, due to the form of NARX model, the important terms can also
be identified with the popularly used regularized least square method, least angle regression
(LARS) (Efron et al. 2004). Consequently, LARS is used in the present paper for selecting

the important terms in the polynomial basis.

Sparse NARX model

The sparse NARX model is selected in a similar way to (Mai et al. 2016) in the present
paper. At first, it is required to select the samples exhibiting high non-linearity. The
responses having highly non-linear behavior can be selected by the measurement of non-
linearity of the response (Spiridonakos and Chatzi 2015)) or, specifying some threshold value
for the response series (Mai et al. 2016). In the present paper, a combination of both
the mentioned methods (Spiridonakos and Chatzi 2015; Mai et al. 2016) has been utilized.
Firstly, the response versus restoring force is plotted arbitrarily without performing any
simulations (keeping other parameters constant at their mean values). The intensity of
the response is increased upto a certain limit till the nonlinear behavior is noticed in the
force-displacement relationship. From the restoring force curve, the threshold value for a
response series can be selected easily by observing the starting point of the non-linearity of
the response series. Imposing the threshold value would reduce the number of samples to
N; < N. Now, for each of the N; samples (e.g. for the k-th sample), a full NARX model is

formulated as follows:

y (t,Zk) = "W (Sx) (14)

10
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where, U is the matrix having all the M terms of the NARX model polynomial basis for
all the time-steps with dimension M x N; which is formulated by the current and previous
excitation, and previous responses. y (t, =) is the response series for the k-th sample point.
At this step, the coefficient vector ¢* is the unknown.

Remark 1: One should discretize the total time 7" with a suitable time-step At (small
enough to capture the dynamics correctly). Besides, the time-step plays a vital role in case of
NARX model. In the present paper, we have used the same time-step for the time integration
and the construction of the NARX model.

The LARS algorithm is then employed to select the important terms for each of the N,
full NARX models.

Remark 2: It is evident that N; different NARX models are found at this step. The
most important terms for all the NARX models are found using LARS algorithm. However,
it may happen that more than one NARX model contains similar terms in the polynomial
basis matrix. Therefore, only the N different NARX models are selected at this step.

The unique NARX models are selected from the N; number of NARX models which
may further reduce the number of NARX models to Ny < N;. Hence, for each of the N
sparse NARX models, the coefficients of all the N initial samples are computed by ordinary
least square. The response series of the initial N samples are then re-constructed using
the coefficients and the selected polynomial bases, and the error for each sample point is

predicted as follows:

S Iy (4, Z8) — § (8, Z0))
€ = szl\,t (15)
Syt Zx) — 7 (En))

=1

where, § () is the time average mean of the k-th response series which is given by:

Ny
1
y(= :—E t;, = 16
y( k) Nti:1y( k:) ( )

11
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The mean predicted error for all the sample points by a particular sparse NARX model

out of Ny sparse NARX models is given by:

1 N

The finally selected sparse NARX model is the one having the predicted mean error for
N sample points lower than some threshold value. In the present paper, the threshold value
of the mean error is imposed as 1 x 1073 for all the examples.

Remark 3: It is of utter importance to mention that if the predicted mean errors for
two different NARX model are found same (or, lower than the threshold value) then the
sparse NARX model having less number of terms in the polynomial basis is selected as the

final sparse NARX model.

KRIGING-NARX MODEL
Consider a dynamical system having some uncertain input parameters = = {1, &, . .., &4},

then the time dependent response of the system can be represented by a NARX model as:

M
y(t,Zg) = Zl%(Ek)@Z)z [z (t)]; k=1,2,...,N (18)
It is observed from that the coefficients of the NARX model are dependent
on the sample points which does not make the model stochastic in nature. To get the

independent coefficients of the NARX model, the NARX coefficients are represented by the

Kriging surrogate model as given in [Equation 1}

0i(B)=pTo(E)+ Z:(E); i=1,2,....M (19)

Further, the model is constructed by the Kriging surrogate model as discussed in[section 2|

12
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Therefore, the full KNARX model is expressed as:

Ms

(67 ¢ () + Z: (2)) i [ ()] (20)

i=1

The coefficient of the regression part, 37 and the Gaussian process part Z (Z) are depen-
dent on the number of terms in the NARX model, whereas the polynomial basis function
of the Kriging model for all the NARX coefficients remain the same as the basis is purely
dependent on the uncertain input parameters.

Remark 4: It should be noted that the Kriging model should be calibrated M times (M
is the total number of terms for a full NARX model) because the coefficients of the NARX
model for N samples corresponding to a polynomial basis act as the single response quantity
for the Kriging model.

The response quantity of a dynamical system at some untried sample points =, can be
predicted by BLUP as mentioned in in accordance with the full NARX model in

an auto-regressive manner.

t, o) fj 1876 (Z0)+ 1" (Bo) B (BT (o)) | vl (1) (21)

helps in predicting the time dependent response characteristics of a dynam-
ical system at large number of sample points having d dimensional random input variables.
It is evident from Remark 4 that the computational cost increases with the increase of num-
ber of terms in the NARX polynomial basis. For that reason, the sparse NARX model as
discussed in section [3|is used in accordance with the Kriging surrogate model in the present
paper. Consequently, the number of terms for the NARX model is decreased to M; < M
which ultimately reduces the number of Kriging model calibration (M;) and computational

cost. The algorithm for constructing the sparse KNARX model is provided in [Table 1|

NUMERICAL APPLICATIONS

The sparse KNARX model as described in the previous section has been utilized for

13
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uncertainty quantification of three typical nonlinear stochastic dynamical systems. For each
of the examples, the accuracy of the method is measured using the predicted mean error
as given in (Mai et al. 2016) (taking MCS as the reference) and the value of
the coefficient of correlation R?. Uncertainty quantification for all the problems is made
by predicting the time dependent mean and standard deviation of the responses. Further,
the PDFs of the responses are also predicted at some time instances. The computational
efficiency is measured through the computational cost (CPU time), the number of surrogate
model calibration and the number of initial sample points N. The first problem is also solved
by the Kriging model to measure the efficiency and the accuracy of the sparse KNARX model
over the Kriging. For the first two examples, the sparse KNARX predicted results are also
compared with the recently proposed sparse PCE-NARX surrogate model (Mai et al. 2016]).

It is well known that a suitable sample point (often known as experimental design point)
generation strategy is required to use for the generation of initial samples in step 2 of[Table 1]
Consequently, one of the most widely used sampling strategies, Latin hypercube sampling
(LHS) (Mai et al. 2016; |Chatterjee and Chowdhury 2017) has been utilized for the initial N

number of sample points generation.

Duffing oscillator
A non-linear duffing oscillator is considered as the first example for the illustration of the

proposed model. The governing differential equations of the duffing oscillator are given by:

§(t) + 20wy (1) +w’ [y (8) + ey’ ()] = (t) (22)

x (t) = Asin (w,t) (23)

In w represents the natural frequency considering the undamped linear struc-
ture (¢ =0,¢ =0), ( is the damping ratio and e controls the non-linearity of the system.

x (t) denotes the excitation part of the dynamical system which is considered sinusoidal in

14
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this case (see [Equation 23|). The initial conditions are y (0) = 0 and y (0) = 0. The numer-

ical integration has been performed for 7' = 30s with a time-step of At = 0.01s through
MATLAB solver ode45. All the parameters of the duffing oscillator are considered uncertain
(ie. 2 ={w,( e A w,}) (Mai 2016)). The distribution types along with the parameters of
the distribution are listed in [Table 2

Time dependent stochastic displacement of the duffing oscillator is predicted by MCS,
Kriging, sparse PCE-NARX (Mai et al. 2016) and sparse KNARX model. MCS has been
performed with 3 x 10* sample points and N = 50 samples have been generated by LHS
for the prediction of the stochastic response behavior using Kriging. The Kriging model
has been calibrated for each time-step (i.e. 3001 times). The step by step procedure of
constructing the sparse KNARX model (according to is described below:

1. For the duffing oscillator, d = 5 (see [Table 2J).

2. The sparse KNARX model is constructed using N = 25 LHS points.

3. For the construction of the sparse KNARX and the sparse PCE-NARX model, it is
important to specify the threshold value for capturing the nonlinear response series
according to step 3 of [Table 1 Full NARX models are to be constructed on those
samples which satisfy the criterion of threshold value. For that reason, the displacement
y (t) versus restoring force fs = w? [y (t) + ey® ()] has been plotted in [Figure 1] (keeping
other parameters constant at their mean values). From it is clear that the
displacement behaves almost linearly for y (¢) € [—0.045m, 0.045m] and beyond this
region, the displacement is highly nonlinear. Consequently, to capture the highly
nonlinear response series, the threshold value for the nonlinear displacement is set as
max (|y (t)|) > 0.045m. Thus, only those samples will be picked for the construction
of NARX model which falls beyond the region y (t) € [—0.045m, 0.045 m].

4. The displacement series are then obtained at the initial N = 25 samples. Out of all

the response series, the displacement versus restoring force for two different samples
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(13-th and 25-th sample point) are plotted in . It is clearly seen that the 13-th
sample point exhibits higher order non-linearity than the 25-th sample point. It should
be noted that the region of displacement value is almost restricted in [—0.02m, 0.02 m)]
for the 25-th sample point which is far less than the specified threshold value. On
the other hand, the displacement intensities are far beyond the threshold value and

behaves nonlinearly for the 13-th sample point.

. After imposing the above-specified threshold criterion, only N; = 2 samples are selected

as the highly nonlinear response series. Thus, only 2 full NARX models are required
for the duffing oscillator using the sparse KNARX model (N = 25). The basis function
for the full NARX model is chosen as:

Wiz (1)] = 2 (t = ng, At y™ (t — ny, At) (24)

where, x and y are the excitation and the response of the duffing oscillator respectively.

. The maximum time lags for the excitation and the response are taken as n,, = 2 and

ny,, = 2 respectively due to 1-DOF system. n, € {0,1,2} and n, € {1,2} represent
all the time lags for the excitation and the response respectively. [ € {0,1} and
m € {0,1,2,3} are the degrees for the excitation and the response respectively, with a
maximum degree of the polynomial 3 (i.e. I; +m; < 3), due to the cubic non-linearity
of the system. A total 22 number of terms have been obtained in the polynomial

basis matrix utilizing all the above-mentioned criterion which depicts M = 22 and

i=1,2,..., M in[Equation 24

. Therefore, 2 full NARX models are constructed using the basis function as given in

[Equation 24 and they have 22 terms in the NARX polynomial basis matrix.

. The sparse NARX models are then constructed using the LARS algorithm by selecting

the most important terms in the bases for both the full NARX models.
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The sparse NARX models are then retained which have unique set of polynomial bases
and for the duffing oscillator, both the sparse NARX models are found unique. The
polynomials selected by the LARS algorithm for both the NARX models are listed in
[Table 3

The coefficients for all the 25 samples are obtained with the ordinary least square for
both the sparse NARX model. For this step, explicitly N x Ny number of ordinary

least squares is performed.

Then, the response series are reconstructed again in a recursive manner using the

coefficients and the polynomial bases.
€ is then computed by both the sparse NARX models for the N samples.

€ for both the sparse NARX models is found below the threshold value. Hence, the
Model 2 of [Table 3|is chosen as the best sparse NARX model (according to Remark 3)

and the predicted mean error for the N = 25 samples is found as € = 1.68 x 107".

The coefficient vector ¢; () € RV*1: 4 =1,... 8 corresponding to each of the polyno-
mials are uncertain. These 8 coefficient vectors are considered as the uncertain response
quantities for the Kriging model. Hence, the unknown parameters of the Kriging model
B , 6% and 0}, are computed by the MLE for all the 8 NARX coefficients separately.

Consequently, 8 Kriging models are calibrated for converting the model stochastic.
The same 3 x 10* MCS samples are used here for the prediction by the surrogate model.

The 8 NARX coefficient vectors for the 3 x 10* samples are then predicted using the
8 calibrated Kriging models by BLUP.

Further, the predicted coefficients and the selected polynomials are used to predict the

response series auto-regressively for the 3 x 10* MCS samples.
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370 The same N = 25 LHS samples are also utilized for uncertainty quantification using
s the sparse PCE-NARX (Mai et al. 2016) model. Here, the sparse adaptive PCE model
sz is constructed using the UQLab module (Marelli and Sudret 2018). All the parameters
w3 of the sparse PCE model are taken similar to (Mai et al. 2016) for the present com-
s putation. Therefore, the maximum interaction is chosen as 2 and the g-norm is taken
w5 as 1 with the degree of the polynomials varying between 1 and 20 (Marelli and Sudret
ws 2018; Mai et al. 2016|). However, the predicted response is not converged using the sparse
;7 PCE-NARX model with the same number of samples. For that reason, the number of
sz samples for the sparse PCE-NARX model is increased to N = 35 and the time depen-
so  dent responses are predicted with the sparse PCE-NARX model. Here, the final sparse
0 NARX model is found having M; = 9 terms in the NARX polynomial basis which are
s {y(t—At),y(t —2A8) 52 (t — At),y? (t — At),y° (¢ — 2A0) 2 (t) ,z (t — 2At) ,z () y (t — AY),
s @ (6 — 2A8) y? (t — 2A0) }.

383 To reduce further the computational cost, another study has been performed using less
;¢ number of initial samples with N = 21 (for sparse KNARX). In this case, 3 samples are
;s retained initially based on the criterion of threshold value of the response series and the 3
;6 full NARX models are formulated using the basis function as mentioned in [Equation 24|
ss7 Further, the sparse NARX models are found by applying the LARS algorithm and all the
;s three models are found as the unique sparse NARX models. Therefore, the coefficients for
0 the N = 21 samples are found by the ordinary least square method and then, all the 21
30 Tresponse series are reconstructed using the coefficients of the sparse NARX models. The
1 finally selected sparse NARX model is the Model 1 of and the predicted mean error
.2 of the selected sparse NARX model is found as € = 1.80 x 107 for the 21 samples. Further,
53 the coefficients corresponding to the sparse NARX polynomial bases are modelled using the
s Kriging surrogate model. On the contrary, the sparse PCE-NARX model is not able to
35 predict the response with less samples.

396 The time varying stochastic response characteristics are predicted by the time dependent
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mean and standard deviation which are plotted in The figure clearly depicts the
efficiency (initial number of sample points V) and the accuracy of the sparse KNARX model
over the Kriging model. The sprase KNARX has predicted better results with fewer number
of model evaluations (N = 21) and the sparse PCE-NARX model is incapable to predict a
result even using N = 25 samples. To illustrate the accuracy of the sparse KNARX, the
instantaneous response characteristics are also plotted. The scatter diagrams and the PDF's
of the predicted response are plotted in at three different time instance (10s, 20
and 30s). The accuracy metrics of the instantaneous response characteristics are listed in
[Table 4], they clearly suggest that the sparse KNARX is highly efficient as compared to the
Kriging model. The accuracy of the sparse KNARX model is also comparatively higher using
less model evaluations than the sparse PCE-NARX model.

The stochastic absolute maximum displacement max (|y (¢)|), plotted in [Figure 5| ulti-
mately measures the safety corridor for the dynamical system. It is seen clearly that the
sparse KNARX outperforms the Kriging and the sparse PCE-NARX with very less num-
ber of sample points in predicting the PDF of max (|y (¢)|), and the accuracy of the sparse
KNARX is given by the R? value in which is very close to 1.0 by N = 25.

Further, the accuracy of the overall model is computed by the mean error ((Equation 17)
for the predicted responses and the error for the predicted max (|y (¢)|). The efficiency of
the sparse KNARX has already been shown by the initial number of sample points. An
accurate result is predicted by the sparse KNARX even with much less number of model
evaluations (N = 21) as compared to the other methods. The efficiency of the sparse
KNARX is also measured by the number of surrogate model calibrations (ng) for a method
and by the CPU time. All the accuracy and the efficiency measurement metrics are reported

in [Table 5 [Table 5| is suggesting that the sparse KNARX model outperforms the Kriging

and the sparse PCE-NARX in accuracy and efficiency. It is noticeable that the CPU time
is lower with higher value of NV for the sparse KNARX model due to less number of Kriging

model calibration.
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Bouc-Wen oscillator

A non-linear Bouc-Wen oscillator (Bouc 1967; Wen 1976)) is investigated in this example.

The governing differential equation for the Bouc-Wen oscillator is given by:

§(t) + 20wy (1) + w? [py (£) + (1 = p)w ()] = —Asin (w,t) (25)
W (8) = 7§ (8) = aly ()] [w ()" w (8) = By (1) [w ()]
where, ¢ and w are the damping ratio and the natural frequency of the oscillator respectively.
p=0,v=1,8 =0andn = 1 are considered for this problem. The excitation of the oscillator
is considered as x (t) = Asin (w,t) and w (¢) is the hysteric displacement as given in (Wen
1976). The initial conditions at rest are y (0) = 0, y(0) = 0 and w (0) = 0. Similar to
(Mai and Sudret 2017)), 5 uncertain parameters are considered for the oscillator, which are
= ={(,w,a, A w,}. The type of distributions for all the uncertain parameters are given in
[Table 6l
The stochastic response is calculated for the oscillator in the time domain ¢ € [0s,305]
with a time-step of At = 0.005s. As it has already been illustrated through the previous
example, Kriging is unable to predict the stochastic response behavior for the non-linear
stochastic duffing oscillator even with higher samples than the sparse KNARX. Therefore,
Kriging has not been utilized from now onward. Similar to the previous example, the sparse
KNARX model has been constructed with two different sizes of sample points N = 40 and
N = 10. A different type of basis function has been considered for the Bouc-Wen oscillator

according to (Mai et al. 2016|), which is given by:

iz (0)] = {a"(t = na, A [y (£ = AO™, G (t = ny, At) [y (t — At)[™ } (26)

In the basis function relies on the excitation and the velocity of the oscillator.
Thus, the velocity is computed by the sparse KNARX model and further, the displacement of
the system is obtained through numerical integration by utilizing the MATLAB solver ode45.

Due to the hysteric displacement component, the bases are computed by two expressions as
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ss  given in [Equation 26| which has already been considered in (Mai et al. 2016). [ € {0,1}

wrand m € {0, 1} are considered for the oscillator as single degree is noticed for the excitation
ws and the velocity in [Equation 25 n,,, = n,, = 4 is considered as the problem can be
wo appraised as 2-DOF system due to an extra hysteric displacement part i.e. n, € {0,...,4}
o and n, € {1,...,4}. A total 21 number of terms are found in the full NARX polynomial
ss1 basis matrix by utilizing and imposing all the mentioned conditions.

452 A threshold similar to the previous example was employed to detect the highly non-
»s3 linear samples. The threshold value for the response of the Bouc-Wen oscillator is cho-

e sen as max (|y (¢)]) > 0.3ms™ L.

The threshold value reduces the number of samples from
w5 N = 40 to N; = 3 which means only 3 full NARX models are required. Thus, 3 full
w6 NARX models are formulated utilizing the basis function of and further the
7 LARS algorithm has been employed to make the full NARX models sparse. All the three
w8 sparse NARX models are found unique in this step. Therefore, the coefficients for all the 40
o initial samples are computed by the ordinary least square method for the 3 sparse NARX
w0 models and the mean errors are predicted by computing the time series in a
w1 recursive manner. The finally selected sparse NARX model produces a mean error of € =
w2 1.10 x 107° for the 40 samples and contains 8 terms in the polynomial basis matrix which are
463 {\y'(t—At)],x(t),a:(t—4At),x(t—4At) |y (t — A)|, gt —At),y(t —4AL) , g (t — At) |y (t — At)],
we Y (t—4AL) |y (t — At)] }.

465 A similar procedure is adopted by substantially reducing the initial number of sample
w6 points to N = 10. 4 samples are found mostly non-linear based on the previous threshold
w7 value. Out of the 4 full NARX models, 2 are found as unique sparse NARX models after
ws  applying the LARS for detecting the most important terms. Therefore, one sparse NARX
w0 model is selected based on the predicted mean error from both sparse NARX models. The
a0 final sparse NARX model is found to have the same terms in the polynomial basis as the
an previous one with N = 40.

a2 The stochastic responses are also predicted here by the sparse PCE-NARX model (Mai
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et al. 2016) (the sparse PCE model is constructed here with the same conditions as the
previous example). However, the sparse PCE-NARX is unable to predict the stochastic
response behavior with N = 40 number of model evaluations for the Bouc-Wen oscillator.
For that reason, the number of model evaluations is increased to N = 50 and the stochastic
responses are predicted with the same M; = 8 terms in the sparse NARX model as in the
sparse KNARX model with N = 40.

This study aims at quantifying the uncertainty associated with the response quantity.
The uncertain response characteristics are predicted for the displacement and the velocity

of the Bouc-Wen oscillator. The time dependent mean and the standard deviation of y ()

and y (t) are shown in [Figure 6| and |[Figure 7| respectively. The figures show that both the

statistical moments predicted by the sparse KNARX are following the MCS results with
utmost accuracy. However, the accuracies of the statistical moments are deteriorating from
the initial time-steps using the sparse PCE-NARX model even with more samples. The

scatter diagrams and the PDFs at three different time instances (10s, 20s and 30s) are also

plotted in [Figure § and |Figure 9 for the displacement and the velocity respectively. It is

seen from all the figures that the sparse KNARX performs well in all instances with very few
samples. The error metrics for all the instantaneous displacements and velocities are given
in . An excellent accuracy in terms of error (¢) and R? value is noticed for all the
time instances by the sparse KNARX model.

For the prediction of the safety corridor under uncertainty, the scatter plots and the PDF's

of the maximum absolute displacement and velocity are plotted in [Figure 10| and [Figure 11|

respectively. The worst prediction is noticed for the PDFs by the sparse PCE-NARX model,
whereas an excellent accuracy is observed in both the cases for the predicted maximum re-
sponses by the sparse KNARX model. These plots, which represent the uncertain maximum
response behavior, can be utilized to measure the safety margin of the system.

To observe the accuracy of the surrogate models, the mean of the displacement and

the velocity are plotted in state space by the MCS, the sparse PCE-NARX and the sparse
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KNARKX in [Figure 12| It is evident from the figure that the accuracy in predicting the state
space behavior of the response is greatly achieved even using much less number of samples
(N = 10) by the sparse KNARX model whereas the sparse PCE-NARX predicted result is
the worst even with more samples. Similar to the previous example, the accuracy and the effi-
ciency measurement metrics are given in|lTable 8, The table is showing clearly that the sparse
KNARX has predicted results with higher accuracy by minimum computational cost. The
efficiency of the proposed sparse KNARX method is also observed over the recently proposed
method time warping PCE (Mai and Sudret 2017) which required N = 100 (>> N = 10)

samples to predict the stochastic response behavior for the same example.

A 2-DOF dynamical system
Finally, a 2-DOF dynamical system (Mai et al. 2016) has been considered for the appli-
cability of the proposed sparse KNARX model. The dynamical system is shown in

and the governing differential equation of the problem is:

miit (1) = —kslyr () = v2 ()] = €[50 (1) = 92 (1)] @)
mudia (£) = kslyr (8) = 2 (O] + €[50 (1) = Go (8)] + K [z (8) — a2 (1)]
where m; is the sprung mass which is connected with the mass m, by a non-linear spring
with stiffness ks and a damper with damping coefficient c. k, is a linear spring attached to
the ground having a sinusoidal displacement function x (¢) = Asin (w,t).

Similar to (Mai et al. 2016), all the parameters of the system are considered uncertain
ie. 2= {ks, ky, ms, my, c, A,w, }. The mean and the standard deviation of all the uncertain
parameters are given in [Table 9]

The main aim of this example is to predict the uncertain response y; (t) of mass m, which
is attached with the non-linear spring. This system has been solved by the sparse KNARX
model with two different number of sample points (N = 50 and N = 20). As it has already

been seen from the previous two examples that the sparse PCE-NARX model is unable to

predict the stochastic response behavior of the dynamical systems properly, the sparse PCE-
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NARX model is not utilized for this problem. It should be noted that the problem has been
solved in the time domain ¢ € [0s, 30s] with a time-step of At = 0.01s by ode/5. The initial

conditions for the system at rest (¢ = 0s) are given by:

y1(0)=0
71(0)=0 (28)
y2(0) =0
12(0)=0

For the construction of the NARX model, the NARX basis function is chosen similar to
the first example. The NARX basis function for this problem is given by:

Vi [z (V)] = o (t — ng, At) Y (t — ny, At) (29)

In [Equation 29} I € {0,1} and m € {0, 1,2, 3} with /; + m; < 3 are chosen due to cubic non-
linearity of the system. n, € {0,1,...,4}, n, € {1,...,4} are chosen because the system
is having 2-DOF. The full NARX model is constructed with this NARX basis function
which has M = 58 terms. Initially, after investigating the response versus restoring force,
a threshold criterion of responses has been decided as max (|y; (t)|) > 1.2m which reduces
the number of samples to N; = 10. Consequently, only 10 number of full NARX models
are constructed by using the basis function as mentioned in [Equation 29| The sparsity is
introduced in this step by using the LARS algorithm on the 10 full NARX models to get
the unique sparse NARX models which further reduces the number of unique sparse NARX
models to Ny = 5. Thus, 5 unique sparse models are used to get the coefficients of the sparse
NARX models by ordinary least square for NV = 50 samples. Finally, the mean error for each
of the sparse NARX models is computed using [Equation 17 and the finally selected sparse
NARX model has mean error of € = 2.95 x 10~* with 5 terms in the NARX polynomial out
of 58 which are {y; (t — At),y1 (t — 4At),y3 (t — At),z (t — 4At) , z (t — 4At) y? (t — 4A¢)}.

Therefore, only 5 number of Kriging models are required to calibrate for converting the sparse
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NARX model stochastic which is highly efficient.

The same example has also been solved by reducing the initial number of sample points
with N = 20. For this case, initially, 3 samples are selected as the measure of non-linearity
and 3 full NARX models are constructed using the basis function as mentioned in
[tion 291 Further, all the 3 NARX models are found unique sparse NARX model utilizing
the LARS. The predicted mean error for the 20 samples using the finally selected sparse
NARX model was € = 1.85 x 107% with 5 terms in the polynomial. Here, the 5 terms
are {y; (t — At) ,y; (t —4At) ,z (t),x (t — 4At) ,z (t — 4At) y? (t — 4At)}. The same num-
ber of Kriging models are calibrated as the previous case to make the sparse NARX model
stochastic.

The time dependent mean and standard deviation of the displacement (y;) and velocity
(91) are predicted for this problem. The velocities are predicted by numerical differentiation

using the Newton’s central difference scheme. The time dependent statistical characteristics

of displacement and velocity are plotted in|Figure 14]and [Figure 15| respectively. It is evident

from both the figures that the sparse KNARX performs very well even with very few sample
points.

Similar to the previous examples, the instantaneous predicted displacements by the sparse
KNARX are compared with the MCS results at three different time instances. The instan-
taneous scatter plots and the PDFs are plotted in [Figure 16l The error of the predicted
responses at instantaneous time instances along with the R? values are given in [Table 10}
The error for a particular time instance (ey(t)) is computed using |[Equation 15, The results
show a high accuracy of the sparse KNARX in predicting the instantaneous response char-
acteristics. The accuracy and the efficiency are also noticed for the sparse KNARX at 30s
(N = 50, €,,;) = 2.3 x 107?) as compared to the recently proposed sparse PCE-NARX
model (N = 100, €, = 4.21 x 1073) (Mai et al. 2016). The accuracy of the stochastic

response behavior has also been checked by plotting the absolute maximum displacement

and the velocity in [Figure 17] and [Figure 18| respectively. A very accurate result is noticed
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using sample points N = 50.

The mean state space behavior of the predicted responses are also plotted in [Figure 19|
It is noticeable that the mean state space behavior is predicted well even with low number of
sample points (N = 20) by the sparse KNARX. The global mean error of the predicted time
series is measured by using [Equation 17 Along with this, the accuracy in predicting the
maximum absolute displacement using different sample points are calculated using
and R? value. All these results along with the efficiency measurement metrics of the
proposed sparse KNARX are listed in [Table 11l Here, the efficiency of the sparse KNARX
model has not been emphasized by the number of surrogate model calibration (ny), instead
it is greatly affected by the initial number of model evaluations (N). All the results show

sparse KNARX perform very well in all instances.

CONCLUSION

A novel method has been proposed in the present paper for uncertainty propagation
and quantification of nonlinear stochastic dynamical systems in the time domain. The well
known NARX model (a nonlinear system identification technique) has been coupled with
Kriging (a high fidelity surrogate model) to propose the method referred as KNARX. Further,
the sparsity in the NARX model has been introduced by utilizing the LARS algorithm to
formulate the sparse KNARX model.

The proposed sparse KNARX model has been used for uncertainty quantification on three
typical nonlinear stochastic dynamical systems: a 1-DOF duffing oscillator, a Bouc-Wen
oscillator and a 2-DOF dynamical system. Time dependent mean and standard deviation
are predicted for all the examples. Along with this, PDFs are plotted for instantaneous
response characteristics at some time instances and for maximum absolute response. All
the results have been compared with full scale MCS. The first example is also solved with
Kriging, whereas the first two examples are computed by the sparse PCE-NARX model (Mai
et al. 2016). The accuracy has been measured by a global mean error of the predicted model

whereas the efficiency has been measured by number of initial sample points, number of
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surrogate model evaluations and CPU time. The results for the first example have shown
that sparse KNARX outperforms Kriging in all cases even with a very limited number of
initial samples. Consequently, Kriging has not been utilized for the last two examples. On
the other hand, the sparse PCE-NARX model predicted acceptable results by using a higher
number of sample points than the sparse KNARX for the first two examples. Along with
this, the efficiency of the sparse KNARX model is higher as compared to the sparse PCE-
NARX model considering the CPU time. All the results predicted by the sparse KNARX are
in excellent agreement with the full scale MCS results in all instances. The introduction of
sparsity has reduced substantially the number of Kriging model evaluations which ultimately
enhanced the efficiency of the sparse KNARX model. All the examples have also been solved
by reducing number of model evaluations to check the accuracy of the fitted model with less
sample points. All the results have been predicted very close to the MCS results even with
very few model evaluations for all the examples. This study suggests that reducing the
number of model evaluation does not affect the accuracy too much due to the fact that the
major non-linearity of the system has been captured by the sparse NARX model.

In conclusion, the proposed sparse KNARX outperforms the state-of-the-art methods
(Mai and Sudret 2017; [Mai et al. 2016)) in predicting the time dependent stochastic response
characteristics for nonlinear dynamical systems. The accuracy and the efficiency of the
proposed method has also been illustrated through several examples. The proposed sparse
KNARX model is limited to use for the nonlinear dynamical systems having parametric
uncertainties only. Therefore, this model is not useful for the dynamical systems with white

noise excitation for the prediction of time dependent statistical responses.

DATA AVAILABILITY
Some or all data, models, or code generated or used during the study are available from

the corresponding author by request.

e NARX model
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TABLE 1: Algorithm for the sparse KNARX model

1. Declare the d number of uncertain variables with the type of distribution.

2. Generate N number of sample points for the uncertain variables.

3. Draw the restoring force versus response curve to decide the threshold value for capturing
nonlinear response series.

4. Get the response of the dynamical system upto time T for each of the N samples.

5. Select the samples and the response series having high order non-linearity using some
threshold (according to step 3) on the response series. This step selects Ny samples (N} < N).
6. Decide the maximum time lags n,,, and n,, for the excitation and response quantity,
respectively. Decide the type of NARX polynomial basis function along with the maximum
degrees also.

7. For each of the Ny samples, build the NARX model (see and which has
M number of terms.

8. Select the most important terms for each of the Ny NARX models using LARS (Efron
et al. 2004).

9. Select the Ny different sparse NARX models (see Remark 2) having similar terms in the
NARX polynomial basis (Ny < Ny).

10. Perform ordinary least square on N samples for the N, sparse NARX models to get the
NARX coefficients of all the response series.

11. Reconstruct the N response series using the coefficients computed in step 10 by all the
N5 sparse NARX models.

12. Predict the mean error € for all the Ny number of sparse NARX models using .
13. Select the most appropriate sparse NARX model having € lower than some threshold
value (1 x 1073 in the present paper) and less number of terms (M) in the polynomial.

14. Calibrate M; < M number of Kriging models using the NARX coefficients as the re-
sponse parameter and the sample points generated in step 2 as the uncertain input quantities.
15. Generate a large number of new untried samples for the prediction.

16. Predict the NARX coefficients for the untried samples using Kriging models generated
in step 14.

17. Predict the response series, in a auto-regressive way (see , at the untried
samples generated in step 15 using the coefficients of step 16 and the M; number of NARX
polynomial bases selected in step 13.
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TABLE 2: Uncertain parameters for the duffing oscillator

Variable Distribution type Mean Standard deviation — Unit

w Uniform 2 \/lg rads—!
¢ Uniform 0.03 % —
. 10
€ Uniform 100 7 —
A Normal 0.6 0.06 N
Wy Normal 1 0.1 rads—!
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TABLE 3: The polynomials selected by the LARS algorithm for the duffing oscillator

Model 1 (M; =9) Model 2 (M; = 38)
x (t) x(t)
x (t — 2At) x (t — 2At)
y(t— A) y(t— A)
y (t — 2At) y (t — 2At)
v (t = At) v (t = At)
¥ (t — AY) ¥ (t — AY)
y3 (t — 2At) y3 (t — 2At)

x(t—2A8) y% (t — 2At)  z (t — 2At) y? (t — 2A¢)
x(t —2At) y (t — 2At)
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TABLE 4: Accuracy of the surrogate models in predicting instantaneous response charac-
teristics for the duffing oscillator

Method N Time instance €y(t) R?
Kriging 50 3378 x 107 0.6622
Sparse PCE-NARX 35 = 10s 9.6 x 1072 0.9904
Sparse KNARX 21 8.8 x 1073 0.9912
Sparse KNARX 25 4.6 x 1073 0.9954
Rriging 50 926.9 x 10 0.0731
Sparse PCE-NARX 35 — 905 4.4 x 1073 0.9956
Sparse KNARX 21 - 5.4 x 1073  0.9946
Sparse KNARX 25 3.1x107%  0.9969

Kriging 50 70lix10°  —
Sparse PCE-NARX 35 t— 308 2.3x 1073 0.9977
Sparse KNARX 21 3.0 x 1073 0.9970
Sparse KNARX 25 2.0 x 1073 0.9980
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TABLE 5: Comparison of accuracy and efficiency of the surrogate models for the duffing
oscillator

Accuracy Efficiency
Method € Emax(|y(6)]) ernax(ly(t)D ng  CPU time
Kriging (N = 50) 1.4971 2100.7 x 1073

Sparse PCE-NARX (N = 35)
Sparse KNARX (N = 21)
Sparse KNARX (N = 25)

MCS

— 3001 530.95s
0.9971 9 30.95s

0.9986 9 26.13s
0.9990 8 24.63s

— 705.43s

1.1 x1073 2.9 %1073
1.2 x 1073 1.4 x 1073
5.89 x 1074 1.0 x 1073
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TABLE 6: Uncertain parameters for the Bouc-Wen oscillator

Variable Distribution type Mean Standard deviation  Unit

¢ Uniform 0.02 0.002 —

w Uniform s 0.2 rads™!
o Uniform 50 5 —

A Uniform 1 0.1 N
Wy Uniform s 0.17 rads—!
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TABLE 7: Accuracy of the surrogate models in predicting the instantaneous response char-
acteristics for the Bouc-Wen oscillator

Displacement Velocity
Method N Time instance € R? € R?
Sparse PCE-NARX 50 660.0 x 1073 0.3370 | 44.0 x 103 0.9557
Sparse KNARX 10 t=10s 6.8 x 1073  0.9932 | 0.9 x 1073  0.9991
Sparse KNARX 40 3.8x 1072 0.9962 | 0.5x 107% 0.9995
Sparse PCE-NARX 50 880.0 x 1073 0.1224 | 48.0 x 10~* 0.9519
Sparse KNARX 10 t=20s 8.6x 1072  0.9914 | 1.0 x 107*  0.9990
Sparse KNARX 40 5.6 x 1073 0.9944 | 0.5 x 1073  0.9995
Sparse PCE-NARX 50 1140.0 x 107* — 50.0 x 1072 0.9503
Sparse KNARX 10 =30s 10.8 x 1073 0.9892 | 1.1 x 1073 0.9989
Sparse KNARX 40 7.8 %1073 0.9922 | 0.5 x 1073  0.9995
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TABLE 8: Accuracy and efficiency of the surrogate models in computing g (¢) for the Bouc-
Wen oscillator

Accuracy Efficiency

Sparse PCE-NARX (N =50) 9.3x 1072 2.6 x 107! 0.7414 8 27.40s
Sparse KNARX (N = 10) 1.9x 1073 4.6 x 1073 0.9954 8 19.12s

Sparse KNARX (N = 40) 8.0x10™* 1.9x 1073 0.9981 8 21.72s
MCS — — — —  1223.17s
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TABLE 9: Uncertain parameters for the 2-DOF dynamical system

Variable Distribution type Mean Standard deviation  Unit
ks Normal 2000 200 N/m?
k. Normal 2000 200 Nm™!
M Normal 20 2 kg
My, Normal 40 4 kg
c Normal 600 60 Nsm™?
A Uniform 0.1 0‘—\/05)1 m
Wiy Uniform 2 % rads™!

43



TABLE 10: Accuracy of sparse KNARX in predicting instantaneous response characteristics
for the 2-DOF dynamical system

N Time instance €y (t) R?

20 f— 105 11.6 x 107°  0.9884
50 N 1.1 x107%  0.9989
20 ¢ — 205 16.2 x 107%  0.9838
50 N 1.9 x107%  0.9981
20 16.2 x 107%  0.9838
50 2.3 x10 0.9977
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TABLE 11: Accuracy and efficiency of sparse KNARX in computing y; (¢) for the 2-DOF
dynamical system

Accuracy Efficiency
Method € Emax(|y1 () anaX(lyl(t)l) nxg CPU time
Sparse KNARX (N =20) 89 x107% 154 x107° 0.9846 5) 7.76s
Sparse KNARX (N =50) 1.2x 1073 1.7x 1073 0.9983 5) 22.62s
MCS — — — — 466.34 s
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FIG. 13: A 2-DOF dynamical system
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