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FROM STEKLOV TO NEUMANN VIA HOMOGENISATION

ALEXANDRE GIROUARD, ANTOINE HENROT, AND JEAN LAGACE

ABSTRACT. We study a new link between the Steklov and Neumann eigenvalues of Eu-
clidean domains. This is obtained through an homogenisation limit of the Steklov prob-
lem on a periodically perforated domain, converging to a family of eigenvalue problems
with dynamical boundary conditions. For this problem, the spectral parameter appears
both in the interior of the domain and on its boundary. This intermediary problem in-
terpolates between Steklov and Neumann eigenvalues of the domain. As a corollary, we
recover some isoperimetric type bounds for Neumann eigenvalues from known isoperi-
metric bounds for Steklov eigenvalues. The interpolation also leads to the construction
of planar domains with first perimeter-normalized Stekov eigenvalue that is larger than
any previously known example. The proofs are based on a modification of the energy
method. It requires quantitative estimates for norms of harmonic functions. An inter-
mediate step in the proof provides a homogenisation result for a transmission problem.

1. Introduction

Let Q < R? be a bounded and connected domain with smooth boundary Q. Con-
sider on Q) the Neumann eigenvalue problem

-Af=uf inQ, )
oyf=0 on 0Q),
as well as the Steklov eigenvalue problem
Au=0 in Q,
2)
Oyu=ou onoadQ.

Here A is the Laplacian, and 0, is the outward pointing normal derivative. Both prob-
lems consist in finding the eigenvalues p and o such that there exist non-trivial smooth
solutions to the boundary value problems (1) and (2). For both problems, the spectra
form discrete unbounded sequences

0=[J0<[11$[.Lz§.../00
and
0=09g<01<02<--- /00,

where each eigenvalue is repeated according to multiplicity. The corresponding eigen-
functions { fk} and {u;} have natural normalisations as orthonormal bases of L2(Q) and
L2(0Q), respectively.

1.1. From Steklov to Neumann : heuristics. Let us start by painting with broad brushes

the relationships between the Neumann and Steklov eigenvalue problems. They exhibit

many similar features, and it is not a surprise that they do so. Indeed, in both cases

the eigenvalues are those of a differential or pseudo-differential operator, namely the
1
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Laplacian and the Dirichlet-to-Neumann map, whose kernels consist of constant func-
tions. Moreover, in both cases, the natural isoperimetric type problem consists in max-
imizing uy and o (instead of minimizing it as is usual for the Dirichlet problem). The
relation between the two boundary value problem is not solely heuristic and inciden-
tal. Indeed, it is known from the works of Arrieta-Jiménez-Casas-Rodriguez-Bernal [2]
and Lamberti-Provenzano [25, 26] that one can recover the Steklov problem as a limit
of weighted Neumann problems

-Af=ppef inQ,
ovf=0 on 09,

where p. is a density function whose support converges to the boundary as € — 0. If we
are to interpret the Neumann problem as finding the frequencies and modes of vibra-
tions of a free boundary membrane, this means that the Steklov problem represents the
frequencies and modes of a membrane whose mass is concentrated at the boundary.

Our primary goal in this paper is to establish a link in the reverse direction, by realiz-
ing the Neumann problem as a limit of appropriate Steklov problems. This is achieved
in two steps. The first one is to accumulate uniformly distributed boundary elements
inside the domain Q. This is done by perforating the interior of the domain with small
holes that are uniformly distributed. On these new boundary components, we con-
sider the Steklov boundary conditions; this step is known as the homogenisation pro-
cess. We assume that the ratio of the radii of the holes to the distance between them is
at a Cioranescu-Murat type critical regime. Then, the eigenvalues and eigenfunctions
of the Steklov problem converge to those of a dynamical eigenvalue problem

—AU = AyzpZ in Q,
{ U=A4BZU in 3)

0,U=2U on 0Q),

where f = 0 is the critical regime parameter and Ay is the area of the unit sphere in R¥.
Its eigenvalues form a discrete unbounded sequence:

ZO'ﬁ < 21,5 < ZZﬁ <. /oo,
and once again the functions associated to the eigenvalue Z( 5 = 0 are constant.

Remark 1. In [35], Joachim von Below and Gilles Francgois studied an eigenvalue problem
that is equivalent to Problem (3), which stems from a parabolic equation with dynamical
boundary conditions. Indeed, they study the eigenvalue problem

-Au=Au inQ,
{ 4)

Ooyu=Aau onoQ.

If A is an eigenvalue of Problem (4), then = = a1 is an eigenvalue of Problem (3) with
parameter 3 = a—}‘d.

The parameter § in (3) can be interpreted as a weight on the interior of the domain,
with the boundary 0Q having constant weight 1. In order to recover the Neumann prob-
lem, the second step will therefore be to send the parameter 8 to co, putting all the
weight inside the domain. Under an appropriate normalisation, eigenvalues and eigen-
functions of Problem (3) converge to those of Problem (1), completing the circle for the
relation between the Steklov and the Neumann problems.
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FIGURE 1. The domain Q,

1.2. The homogenisation process. Consider a family of problems obtained by remov-
ing periodically placed balls from the domain Q. More precisely, given 0 < € < 1, and
ke 74, define the cube

e1d

£ ._ _E < d
Qk.—ek+[ 2,2] cR%,
and define the set of indices
1°:={kez?: Qg caf.
Let 7 be an increasing positive function of & with r, < /2. Fork € Z%, define
Ti == B(ek,re) c Qp
and set

T%:=J Ty cQ.
kel®
Consider the family of perforated domains

Qf=Q\TE.

The Steklov eigenvalues of Q° are written as 0% := 0 (Q°), and we write {u } for a cor-
responding complete sequence of eigenfunctions, normalized by

f (uf)*dA=1.
0Qf

Our first main result is the following critical regime homogenisation theorem for the
Steklov problem.

Theorem 2. Suppose that r@~'e~% — B for some f € [0,00), as e \, 0. Then o' converges

to the eigenvalue Xy, g of (3). The functions U € H'(Q) obtained by harmonic extension
of a normalized Steklov eigenfunction u;, over the holes T < Q form a sequence which
weakly converges in H'(Q) to a solution Uy associated with = k.p of (3).
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Remark 3. [fthe eigenvalue Xy = Xy g is multiple of multiplicity m, i.e.
Zp-1<Zp=.o. = Zkrm-1 < Zk+mo

the convergence statement in the previous theorem is understood in the following sense.
Given a basis Uy, ..., Uxym—1 for the eigenspace associated with Xy, there is a family of
m x m orthogonal matrices M () such that

Uli Ui
mo| o |—| :
Ul€+m—1 Uk+m-1

as € — 0. One could also be content with the weaker statement that if the eigenvalues are
multiple, the convergence statement of theorem 2 is only true up to taking a subsequence.

Remark 4. Literature on homogenisation theory is often concerned with the situation
where holes are proportional to their reference cell. That is, r. = ce for some constant
c€ (0,1/2). In this case one has rf‘le‘d — oo. It follows from [10] that 0‘2 — 0. Indeed it

is proved there that any bounded domain Q c R? satisfies
T H(Q)10QITT < Cq,

where the number Cq4 i > 0 depend only on the dimension d and index k. The hypothesis
that rf’ls’d — oo implies that |0QF| — oo, which forces 0‘2 — 0, as claimed. Note that
this also corresponds to the homogenisation regime which was studied by Vanninathan
in [34] for a slightly different problem, for which the Dirichlet boundary condition was
imposed on 0Q and the Steklov condition ondT¢.

The regime that we consider in Theorem 2 is the critical regime for the Steklov prob-
lem, where we observe a change of behaviour in the limiting problem. This is akin to the

situation studied by Rauch-Taylor [31] and Cioranescu—Murat [9].

1.3. Convergence to the Neumann problem and spectral comparison theorems. The
p parameter in Problem (3) can be interpreted as a relative weight between the interior
of Q and its boundary 0Q for the behaviour of that problem, see Section 2.2 for details
on this interpretation. Our second main result is the following theorem, describing the
specific dependence on f in (3).

Theorem 5. For each k € N, the eigenvalue Xy, B depends continuously on f € [0,00) and
satisfies

lim AqfZy = k.
B—o0
The eigenfunctions {Uy g} satisfy
B2 Urp — fi
weakly in H (Q) as  — oo, where fj. is the kth non-trivial Neumann eigenfunction.

Remark 6. We make the second observation that this convergence cannot be uniform in
k, as that would contradict [35, Theorem 4.4].

The relationships between isoperimetric type problems for the Neumann and Steklov
eigenvalue problems have been investigated for the first few eigenvalues in [17, 18] from
the point of view of the Robin problem. Our methods also allow us to investigate the re-
lationship between these isoperimetric problems for every eigenvalue rank k.
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The combination of Theorem 5 and Theorem 2 allows the transfer of known bounds
for Steklov eigenvalues to bounds for Neumann eigenvalues. For instance, we can com-
bine these two theorems with [10, Theorem 1.3], asserting that for bounded Euclidean
domains with smooth boundary

0L (Q)0QI7T < C(d)k'. ®)
This leads to the following.
Corollary 7. The Neumann eigenvalues of a bounded domain Q c R satisfy
p@IQP? < C@k*'?, ©)
where the constant C(d) is exactly that of [10, Theorem 1.3].

Remark 8. The existence of a constant depending only on the dimension in inequality
(6) is already known. In fact, Kréger obtained a better constant in [24]. However, it fol-
lows from Corollary 7 that any improvement to the bound (5) will transfer to bounds on
Neumann eigenvalues.

One of the original motivation for this project was the study of the following quantity:
Gy :=sup{or()0Q]: Qc R? bounded with smooth boundary}.

In dimension d = 2, we are able to get a stronger version of Corollary 7 in the sense that
we obtain a direct link between &, and

[ == sup {k(Q)|Q] : Q <R? bounded with smooth boundary}.
In that case, we obtain.
Theorem 9. Ford =2 and everyk eN,
e <0y

Remark 10. From [15] we have that

01(Q)|0Q] < 4.
It follows from Theorem 2 and Theorem 5 that

11 (Q)Q] < 47

Of course this bound is already known. Indeed the optimal upper bound is given by the
famous Szegé—Weinberger theorem:

p1 (D) = 3.397.

One can remark, however, that 4w corresponds to the Pélya bound for the first Neumann
eigenvalue. We can now also see that obtaining bounds of a similar type for o would
also transfer to .

The previous discussion also yields the following corollary.

Corollary 11.
01 = (D) x =~ 3.397.

Indeed, by the Szego-Weinberger inequality, we have that
01 =z (D) = 3.397.

Furthermore, this number will be approached as close as desired in homogenisation
sequence of pierced unit disks with large enough parameter 5. Of course, it is known
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from [16] that if one is allowed to optimise amongst surfaces rather than Euclidean do-
mains, then there is a sequence of surfaces such that o;(Q,)[0Q,| — 4. This leads to
the natural conjecture

Conjecture.
071 = (D) x 7w =~ 3.397.

Note that the previous best known lower bound for 67 was attained on some concen-
tric annulus, whose first normalised Steklov eigenvalue is approximately 2.177, see [20].
We also observe that a similar analysis yields that for any Q c R?> bounded with smooth
boundary,

Gr = @0l
In particular, it follows from Weyl’s law for Neumann eigenvalues that there exists a se-
quence ay. ~ 4k such that
(/)'\;; = Aj.

1.4. Discussion. Homogenisation theory is a young branch of mathematics which star-
ted around the 1960’s. Its general goal is to describe macroscopic properties of materi-
als through their microscopic structure. To the best of our knowledge, the first papers
to study periodically perforated domains from a rigourous mathematical point of view
are those of Marchenko and Khruslov from the early 1960’s (e.g. [27]) leading to their in-
fluential book [28] in 1974. The topic became widely known in the west with the work of
Rauch and Taylor on the crushed ice problem [31] in 1975 and then with the publication
in 1982 of [9] by Cioranescu and Murat. Many of these early results were concerned with
the Poisson problem Au, = f under Dirichlet boundary conditions u, = 0 on 0Q,. The
limiting behaviour of the solution u, depends on the rate at which r. \, 0. Three regimes
are considered. If the size of the holes r, tends to zero very fast, then in the limit the so-
lutions tend to those of the Poisson problem on the original domain Q, while if the size
of the holes are big enough the solutions tend to zero. The main interest comes from the
critical regime, in which case the solutions tend to solutions of a new elliptic problem.

In this paper we are concerned with the much less studied Steklov spectral problem
(2). From the point of view of homogenisation theory, this problem is atypical in the
sense that the function spaces which occur for different values of the parameter € > 0 are
not naturally related. This means in particular that this problem does not yield to any
of the usual general frameworks used in homogenisation theory (such as [22, Chapter
11]). Nevertheless, several authors have considered homogenisation for this problem,
using ad hoc methods depending on the specifc situation considered. The behaviour
of Steklov eigenvalues under singular perturbations such as the perforation of a single
hole has also been studied in [21, 30].

Our main inspiration for this work is the paper [34]. Several papers have also con-
sidered homogenisation in the situation where the Dirichlet condition is imposed on
the outer boundary while the Steklov condition is considered only on the boundary of
the holes [7, 13]. In these papers the holes are proportional to the size of the reference
cell. The novelty of our homogenisation result in the case of the Steklov problem is that
consider holes that are shrinking much faster than that, in a critical regime where the
limiting problem is fundamentally different. They are in fact shrinking at the precise
rate which makes their total surface area (or perimeter in dimension 2) is asymptoti-
cally comparable with the volume of the domain. This is similar to the work of Rauch—
Taylor [31] for the Neumann problem, Cioranescu-Murat [9] for the Dirichlet problem
and Kaizu for the Robin problem [23].
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The energy method of Tartar (see [1, Section 1.3] for an exposition) has been used
extensively in the study of homogenisation problems at critical regimes, see [9, 23] and
more recently [6], where they obtain norm-resolvant convergence for the Dirichlet, Neu-
mann and Robin problem. That method uses an auxiliary function, satisfying some
energy-minimising PDE in the fundamental cells, in order to derive convergence of
the problem in the weak formulation. The method, in its Robin or Neumann form, is
boundary-condition agnostic and as such is ill-suited for the Steklov problem, where
the normalisation is with respect to L2(0Q%). Indeed, while the technique could be used
to obtain some form of convergence, it will not be able to transfer boundary estimates
to L2(Q), and ensure that the limit solution doesn’t degenerate to the trivial one.

Nevertheless, one can interpret our technique as a variation on the energy method,
adapted for problems defined on the boundary. We are also using an auxiliary PDE in
order to derive convergence, but it does not stem from compensated compactness. The
main difference, however, is that we can deduce interior estimates from those on the
boundary of the periodic holes from our auxiliary problem, see Lemma 26.

1.5. Structure of the proof and plan of the paper. In Section 2 we formally describe
properties of the various eigenvalue problems that we study as well as the functions
spaces over which they are defined. While they are well-known, the notation used for all
of them often collides. In that section, we fix notation once and for all for the remainder
of the paper for definedness and ease of references.

In Section 3 we study one of the main technical tools in this paper, properties of har-
monic extensions of functions on annuli to the interior disk. Results are separated in
two categories: those that rely on the fact that the functions satisfy a Robin-type bound-
ary condition, and more general results that do not rely on such a thing. Most of our
results will be obtained by considering the Fourier expansion of a function

u(p,0) =) a'(p)Y;" )
4m

in spherical harmonics, and obtaining our inequalities term by term for every a;".

Section 4 is the piéce de résistance of this paper. It is where we show Theorem 2 and
the proof proceeds in many steps. We first prove that the family of harmonic extensions
U¢ = Ul‘z is bounded in the Sobolev space H!(Q) hence there exists a subsequence €, \
0 such that U¢" weakly converges to a function U € H'(Q). This allows us to consider
properties of the weak limit U, and of an associated limit X to the eigenvalue sequence
ayl.

It is then not so hard to show that, using the weak formulations of Problems (2) and
(3) that the limit of the homogenised Steklov problem contains terms corresponding to
the limit dynamical eigenvalue problem, plus some spurious terms that must be shown
to converge to zero. This is done by studying two representations of the weak formu-
lation using Green’s identity either towards the inside of the holes or the inside of the
domains QFf. The first one is used to show that the functionals that arise in the study
of the homogenisation problem are uniformly bounded, hence we can use smooth test
functions. In the second representation, we are therefore allowed to use smooth test
functions, which allows us to recover convergence to zero of the spurious terms. A key
step in this argument is to understand the limit behaviour of an auxiliary homogenisa-
tion problem for the transmission eigenvalue problem (see Proposition 20).

Once we have established convergence to a solution of Problem 3, we end up show-
ing that the limit eigenpair (£, U) does not degenerate to the trivial function. Using
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variational characterisation of eigenvalues and eigenfunctions, we can also show that
we get complete spectral convergence, and that subsequences are not needed.

Finally, in Section 5 we show convergence to the Neumann problem as  — co. The
method is similar to the one used at the end of the previous section, but many of the
inequalities are more subtle. We also show the comparison theorems between Steklov
and Neumann eigenvalues in this section.

In this paper, we use ¢ and C to mean constants whose precise value is not important
to our argument, and whose exact value may change from line to line. We use the nota-
tions f = O(g) and f < g interchangeably to mean that there exists a constant C such
that | f(x)| = Cg(x).

2. Notation and function spaces

Four different eigenvalue problems will be used. The goal of this section is to in-
troduce them and fix the relevant notation. Throughout the paper, we use real valued
functions.

2.1. The Steklov problem on Q and Q¢. Given a bounded domain Q whose boundary
0Q is smooth, the Dirichlet-to-Neumann operator (DtN map) A acts on C*(0Q) as

Af:avﬁ

where f is the harmonic extension of f to the interior of Q. The DtN map is an elliptic,
positive, self-adjoint pseudodifferential operator of order 1. Because 0Q2 is compact, it
follows from standard theory of such operators, see e.g [32], that the eigenvalues form
a non-negative unbounded sequence {0 : k € Np} and that there exists an orthonormal
basis of (f}) of L?(0Q) such that A fi = o fx. The harmonic extensions u = fk satisfy
the Steklov problem

—Aup =0 in Q,
OyUr =0 U onoQ.

In general, we use the same symbol 1 for the function on Q and for its trace on the
boundary dQ. The eigenvalue sequence for QF is denoted {afC :keNp)}, with corre-
sponding eigenfunctions u;. The eigenfunctions uy, respectively u;, form an orthonor-
mal basis with respect to the inner products

(ﬁgm:=f fgda,
oQ
respectively

(f, Qo = f fgdA.
0Q¢

The k-th nonzero eigenvalue o is characterised by

Vul? dx
O'k=inf{—fﬂ| |

:ueH'(Q) and (u,uj)g=0for0< j<ky. 7
oo w2 dA u (Q) and (u, uj)s or0<j } (7)

The eigenvalues o7, have the same characterisation, integrating over Q¢ and 0Q° respec-
tively instead, and with the orthogonality being with respect to (-, ).
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2.2. Dynamical eigenvalue problem. For ff € (0,00), consider the eigenvalue problem:

{—AU:Ad,BZU inQ, ®

0,U=2U on 0Q.

where Ay is the area of the unit sphere in R?. Problem (8) was introduced with a slightly
different normalization in [35], where it is called a dynamical eigenvalue problem. The
eigenvalues and eigenfunctions are those of the operator

_(~AgB A 0
pic (47 0)

This unbounded operator is defined on an appropriate domain in the space Lid 8 (Q) x

L?(0Q) which consists simply of L (Q2) x L?(8Q2) equipped with the inner product defined
by

(. gpi=Aab [ feax+ [ fgda
Q 0Q
The dynamical eigenvalue problem (8) has a discrete sequence of eigenvalues
0= ZO,ﬁ < ZL'B = Zzlﬁ <.../ o0
Let X © Lid 5 x L?(0Q) be the subspace defined by
X:={U = (u,Tu): ue H (Q)},

where 7 : H'(Q) — L?(0Q) is the trace operator. The eigenfunctions Uy, g associated to
2,p form a basis of X, but not of Lid ﬁ(Q) x L2(8Q). The eigenvalues 2,p are charac-
terised by

) JoIVUP? dx
Zrp= inf
' Aap Jo U? dx+ [5, U?dA

:UeH'(Q) and (U,Uj,ﬁ)azofor05j<k}.

2.3. The Neumann eigenvalue problem. We will also make use of the classical Neu-
mann eigenvalue problem

-Af=uf inQ,
0yf=0 on 0Q).

The Neumann eigenvalues form an increasing sequence
0=/.10<[.11 SH2=...00,

with associated eigenfunctions fi, orthonormal with respect to the L?(Q) inner product

(r.= [ reix
Q
The eigenvalues are characterised by
alv/Fax .
U =inf{ =—————: feH (Q) and (f, f;) =0for j=0,1,--- , k—1,.
{ Jof?dx !
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3. Comparison theorems

In this section, we derive comparison inequalities that will be used repeatedly. For
0<r<R,set
Arr=B(0,R)\ B(0,r).

For any set X where it is defined, the Dirichlet energy of a function f: X — R is

D(f) = fX IV FI2 dx.

The Dirichlet energy of f on a subset Y c X is written 2(f;Y). Note that since every
problem under consideration is self-adjoint no generality is lost by studying real-valued
functions.

3.1. Comparison theorems for functions satisfying a Steklov boundary condition.

Lemma 12. Fix a postive real number o > 0. Forany0 <r <R <1, letu € C*(A.R) be
such that

Au=0 in Ar,R;

oyu=o0u onoB(0,r).
Consider the function h: B(0,r) — R defined by

h=u ondB(0,r),
{Ah =0 inB(0,r).
The following inequalities holds as the ratio r/ R goes to 0.
I. Dirichlet energy comparison :

D(h) < 5@(u) (1 + o( % )) ©)

-1
II. L? comparisons at the boundary : if R = ch then there is a constant C, de-
pending only on c and on the dimension such that

”u||L2(6B(0,r)) = C”u"LZ(Ar,R) .

III. Comparison between L2(B(0,r)) and LZ(A,-, R): there is a constant C depending
only on the dimension such that

5 ryd+1
1A 0, =€) 200

IV. L* bounds : Suppose that R < c < 1. Then, there is a constant C depending only
on the dimension and on c such that for r small enough,

I u“LOO(A,,R) =CI u”LZ(aB(O,r)) .

Proof. For every ¢ = 0, we denote by N, the dimension of the space H, of spherical
harmonics of order £ and denote by ¥,;"(6), 1 < m < N, the standard orthonormal basis
of spherical harmonics on the unit sphere. On A, g, the function u admits a Fourier
decomposition in spherical harmonics

up,0)= Y a;(Y;"@).

020
1=m=<N,
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We start by studying the form of the coefficients a;’.
Case d > 2. The harmonicity condition on u implies that the radial parts a;" (p) are given
by

ay'(p)=cy'p’ +cmp e, (10)
By convention the coefficients cé and clo are assumed to be different, the minus sign re-
ferring as for the other coefficients to the solution blowing up at the origin. The Steklov
condition for u on B(0, r) along with the orthogonality of the spherical harmonics Y,
imply

—0pay' (r)=oay'(r),

which yields the relations

M:=

—_——
{+ro 20+d-2 .m
C =|—|r C, . 11
-t ([—2+d—r0) ¢ (b

In turns this yields the following explicit expression for the radial functions

r 20+d-2
—) ) (12)
P

ay'(p) = c;”p[ (1 +M

Forr < ‘12—;2, it follows that
l
/-2+d
Case d = 2. Equations (10) holds except at £ = 0, in which case,

=M=1. (13)

aé (p) = cé + clo logp.
In that case, (12) becomes
ro
+ —_—
1+rlogr
= ¢} (1+Mlog(1/p)).

ay=ci(1 log(1/p)

Observe for the sequel that when d =2 and ¢ =0, then M = O (ro), and if ¢ > 0, then
M=1+0(ro). (14)

We first prove inequality I. Because inequality (9) is invariant under scaling, it is suf-
ficient to prove the case R = 1 and to let r — 0. The harmonic extension of u to B(0,r) is
given by

4
pd)= Y afntvre.
15{”2501\7[
The Dirichlet energy of h is
=Y Cair)Pri2 (15)

=1
1=m=Ny

On the other hand, the Dirichlet energy of u is given, from Green’s identity, and the
Steklov condition on 0B(0, r)

2w =Y oa®* i+ Y al'd,al ). (16)
‘,m l{,m
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Our goal is now to find a bound on (15) in terms of (16). It is sufficient to show that for
each/ =1,

Za}”(r)z < 4r2a2"(1)0pa7(1) (1 +0 (rd)) .

Suppose without loss of generality that ¢, = 1. The substitution of (11) into (10) imply
that
ay(r)? = 1+ M)? <512, 17
and that
@AM op44-2, 2—d- OM? 200+d-2)
l l

Hence, dividing (17) by (18), and using the bounds on M from (13) and (14) we have that
for/ =1,

al'(d, a1y =¢[1+ )=£+o(r”’). (18)

ear? <5 Mayay W2 (1+0(rd)).
This proves inequality I. To prove inequality II, note that

2..d-1
N2 950, = 2 @y (D*r
‘\'m

while
R 2 d-1
Nutlliz 4, p) = Z/ ay' (p)"p“""dp.
,mYT

Once again, we will proceed term-wise. Supposing once again that ¢;" = 1, (17) still
holds and

R R 2
f a (02 dp :f (pz N Mr2!+d—2p2—é—d) 0?1 dp
r r

20+d 2 2020+d-2) ,~20-d+4 R
_p7 +Mr2’+d‘2p2+M r2etrd=2p o
20+d 4-20-d p=r
R2[+d
> +O(r”+d),
20+d

with the last term in the second line replaced by M?r2?(+4=2 og p if 20 +d = 4. It follows
from R= cr ‘@ that

“ “7 Yfm ||L2(A,,R) - c
T 20+d

2 rom.
(A
(0B(0,r))
Since the right hand side goes to co as £ — co when r < 1, we obtain inequality II. For
inequality III, we have
m 2
12y g = ¥ ol
L=(B(0,r)) ‘m 20+d-1

Term by term and from equation (15), observe that
2 .
1Rz 50,y = T2 -

Inequality III then follows from inequality I.

Finally, for inequality IV, we have from equation (12) that there is a constant C such
that a;’ (p) < Cc;’ p’. On the other hand, it is known that L bounds for spherical har-
monics are saturated by the zonal harmonics [36, Section 10.2.1], and that

d-1
17" | ogay = 0(€7 ).
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Combining the bounds on a’[” and Y[’”, and the fact that R < 1 we obtain
, 0l 9=
g2 s, = el
<C'c).
Summability of the coefficients ¢, finishes the proof of inequality IV. [

3.2. General H' comparison theorems on balls. The next two lemmas do not depend
on any specific boundary condition. The first one gives bounds for Sobolev constants
of annuli.

Lemma 13. For 0<r < R<1, define
Ja, o IVul® +u? dx
faB(o,r) u?dA

y(r,R) ::inf{ :ueHl(Ar,R),u|aB(0,r) ,#_0}. (19)

Suppose that R = ‘T zor for some ¢ > 0. Then, there is a constant C depending only
on the dimension and on c such that
y(r,R) = Cmin{Rdrl_d, r%_l}.
Proof. As earlier, write a function u € H' (A, g) as
u(p,0) = ; a;' (p)Y;" ().
m

Using the notation ug for the tangential gradient, the Dirichlet energy of u is expressed
as

R
- 2 -2.2) d-1
2(u) —fr Ld—l (up+p ue)p dédp

R
zfr de_l (uf))pd_ldﬂdp
R

= (a7 (@) p*~" dp.

O,mv’

On the other hand, the denominator in (19) is given by

2 d-1 M2
u“dA=r a, (r-°.
de(O,r) Z ¢

l,m

Combining these last two expressions in (19) and defining the density w(p) = (g)d_l,
we see it is enough to prove that

R

> ((apa;"(p))z+a}71(p)2) w(p) dpomin{Rdrl_d,ré_l} Y al'n)*. (20)

f,mYT ‘,m
Indeed, working term by term, we prove that any smooth function f: [r, R] — R satisfies

R 1
f (f'(0*+ f(P)*) w(p)dp = Cmin{Rdrl_d, rﬁ_l}f(r)z.
;

To this end, assume without loss of generality that f(r) = 1. Following a strategy that

was used in [12] and in [8], consider the two following situations.
Let t € (r, R), to be fixed later.



14 ALEXANDRE GIROUARD, ANTOINE HENROT, AND JEAN LAGACE

Case a. Suppose first that for all p € (£, R), | f(p)| = 1/2. It follows from monotonicity
and explicit integration that

R rl—d
fr |f ) wip)dp = T (Rd - td).

Case b. Suppose there exists pg € (¢, R) such that f(pg) < 1/2. Splitting the integral,
using the fact that w(p) = 1 and is increasing for all p together with the Cauchy-Schwarz
inequality leads to

R t Po
[ rerwede= [ i " firwipdo
r r t

1 t , d 2 t d-1 1 Po , d 2
> —_
_t—r(frf(p) p) +(r) PO_t(j; I e p)'

By hypothesis R < 1 so that ﬁ > 1. This leads to

R 1 [ 1 (@ (e, 2
fr f(p w(p)dpzimm :(;) (fr f(p)dp) )

)d_l} = (f)ﬂl_1 so that

2D

d—
Choosing ¢t = min { r e , R/Z} guarantees that min { ﬁ, (

R , 2 1(t d-1 Po , 2
f |f' ()] w(p)dpzi(—) (f f(p)dp) .
r r

r

~ I~

It follows from the definition of ¢ that
A=

——t
(;)d_l zmin{l,(g)d_l}r%.

We can bound asymptotically the last integral in (21) as

R 1r 32 d ([P0, 2
frf(p) w(p)dp=Cra (fr f(,D)dp)

=

1-d

>_ra.

IS

This also ensures that R% — t% = (1-2"9) R4, Since both situations are exclusive, inequal-
ity (20) holds, finishing the proof. ]

The next Lemma compares L2 norms on B(0, r) with H! norms on B(0, R).

d—
Lemmal4. For0O<r<R<1,ifR= or'T forsomec >0, there is a constant C depending
only on ¢ and on the dimension such that for all u € HY(B(0,R)),

1/2
lulli2B,ry = Cr Nl po,ry) -

Proof. Let ue H'(B(0,R)). Given r € (0, R),

r r
2 _ d-1 2 _ 2

It follows from the definition of y in Lemma 13 that

2 2 2
1550, = ) e, = Yo R) el (0, -
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Substitution in the above leads to
1

.
2 2
u dx<|u f —dp.
fB(O,r) 1l o,y o Y(o,R) o

It follows from Lemma 13 that

| 1 7 pd—l -1
dp=<—= +pa|d
fo}/(p,R) P Co(Rd Y

d-1

O

Finally, we require the following lemma about the behaviour of the boundary trace
operator as a domain gets shrunk.

Lemma 15. LetQ c R? be a bounded open set and denote
JoIVul® + u? dx
Joqu?dA

Then, the following inequality holds as € — 0:
Y(€Q) = ey (Q).

}/(Q)::inf{ :uEHl(Q),u|m;7éO}.

Proof. Consider u € H'(6Q), u;,(, # 0. Then, with the change of variable y = ¢ 'x,

f |Vu(x)|2+u(x)2dx=£df 2 |Vuly)|* + uly)® dy
£Q Q

zedf y(Q)f u(y)®>dA
Q 0Q

=y (Q) f ux)?dA.
0eQ)

O

3.3. Uniform bounds on Steklov eigenfunctions. In order to obtain convergence of the
eigenfunctions we will need that their L*° norm stays bounded. In this subsection, since
we will need to understand specific interplay between boundary surface area and vol-
ume, we will diverge from our convention and denote the area of a boundary 6Q by
F971(Q). In [4][Theorem 3.1], the authors prove that for any Steklov eigenfunction u
of a domain Q with eigenvalue o,

lullio @) < Cllull 20
where C depends continuously on the dimension d, o, |Q| and the norm of the trace
application
T:BV(Q) — L' (0Q).
It is clear that in our situation, the dimension and |Q| stay bounded. The eigenval-
ues will be shown later to also stay bounded, but we need to control the norm of 7.
In [4][Proposition 5.1], they give the following condition under which said norm stays
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bounded for a family of domains. If {Q¢} is a family of open bounded domains with
A971(0QF) < 0o and such that Qf c K for some bounded set K, and if there exists con-
stants Q and § such that for every x € 0Q°
F6971(0* Eno*QF)
sup
A0 ENQf)

:ECQsﬁBg(x),Per(E,Qn)<oo}SQ, (22)

then the norm of T : BV(Qf) — L1(0Q%) is uniformly bounded in ¢. Here, 0* E denotes
the reduced bondary of E, which in general may be much smaller than the topological

boundary.

The next lemma is inspired by [4] [Example 2]. Note that in their example, r. = 0 (5231%11

which means that the radius of the holes if one order of magnitude in € smaller than the
critical level. Parts of the proof are in a similar spirit but we need more precise estimates
separately around every boundary component.

Lemma 16. For alle, the norm of T : BV(Qf) — L1(0Q) is uniformly bounded in .
Proof. Following (22), for any x, € dQ¢, we want to bound the ratio

A971(6* EnoQd)

H9-1(0*ENnQF)
for sets E < Bs(x:) N QF. Let us make the observation that

(23)

5 d
#{nel: Q5N Bs(xe) # B} <2wy (;)

and for some M, #9~1(0Q N Bs(x,)) < M54 ! so that for any E c QF n Bs(x,) of finite
perimeter,

A0 ENdQf) < #2471 (008 N By (x,)) < (M+ %6) 5971, (24)

In particular, we can assume without loss of generality that this previous bound is also
one for #4°1(0* En QF), otherwise the ratio (23) is smaller than 1.

By definition of I¢, for all n € I* we have that 60Q° N Qf = dT5. From this, we can
decompose

A0 EnoQf) = 4 0*Eno) + Y. A4 10* EnaTy). (25)
nel¢

We first observe that if § is chosen such that 2w;8% < |Q|, the relative isoperimetric
inequality [14][Theorem 5.6.2 (ii)] implies that there is a constant C such that

VG EndQ) < CATH O ENQ)
= C(A#T 10" En (0Q°\0Q)) + #4711 (6* EnQF)).

This means that we only need to find bounds for the sum over I¢ in (25).
The following construction is a localised version of the sets E; and F; defined in [4,
Page 18]. For n € ¢, define

En¢:= En{x e Qp : distyre (x) > t}

(26)

and
Fn:=E\{x: distyre (x) > t}.
Assume that there is t € (0, €/4) such that

A0 Far N QL) < #2710 EN QE). @27)

’
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Since projections on convex sets are nonexpansive and Fy, ; € Q5, we have that
AHVOENOTE) = #0971 (0" Foyy NOTE)
< 797 10" FornQY) (28)
< #1710 En Q).

Let J© := {n € I* : equation (27) holds}. We assume that J¢ # I°, since if it is the case our
previous arguments is sufficient to finish the proof. Letn € ¢\ J°.

From the coarea formula and the isoperimetric inequality (Add a bit more details, see
[4][page 18]) we have that there is a dimensional constant C; such that

|EnQa|= Cae? = Ca| Q5
Ca d-1
=——A%"(0T)).
Aap "
Using once again the isoperimetric inequality as well as equations (26) and (28) to find
C (whose exact value may change line to line), depending only on the dimension and
on
Y |EnQi|=cat 0By
nele\je

(29)

_a_
=C (de‘l(a*En 0Q) + #0410  ENOT) + #7719 En Qf)) 30

=C

-1
ATV EnQH+ Y A (aT,i)) :
nele\Je
Combining equations (29) and (30), we obtain that there is a constant C depending only
on the dimension, Q and f such that

_d_
a-1

A4710" ENQF)
ZnEIE\JS %d_l (OT,‘;)

1
da-1
1=sc| ¥ de‘l(aTj)) (1+

nelé\jé

It follows from (24) that we can choose ¢ small enough depending on Q, the dimension,
B but not on ¢ such that

C

T
Y #erH| <<
neje\Jje 2

This implies that there is a constant ¢ such that for all € > 0,

F1LO*EN Q)

“ Tnere AT1OTE) ol
Combining (26), (28) and (31), we have that there is a constant C such that
#4710 EnoQf) < CA 0" EnQd),
finishing the proof. (]

d
Remark 17. Whenre =0 (Eﬂ), (i.e. in the subcritical regime), the previous result along

with [4][Theorem 4.1] implies convergence of the eigenvalues of the Steklov problem on
QF to the eigenvalues of the Steklov problem on Q.
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4. Homogenisation of the Steklov problem

Let us first establish some basic facts related to the geometry of the homogenisation

problem, under the assumption that rg‘le‘d — B € [0,00) as € — 0. The number of

holes N(g) = #I¢ satisfies
N(£)~|le_d ase—0.
This implies,
|T%|= Y ITEl=0(ry) and  |0T°|= ) |0Tf| ~ AqpIQ.
kerl¢ kerl¢

The remainder of the section is split into three parts. In the first one we extend the
functions u;. to the whole of Q, in order to obtain weak H'! convergence, up to taking
subsequences. In the second part, we prove that those converging subsequences con-
verge to solutions of Problem (3). Finally, we prove in the third part that the only func-
tions they can converge to are the corresponding eigenfunction in (3), implying conver-
gence as € — 0, with this understood in the sense of Remark 3 if the limit problem has
eigenvalues that are not simple.

4.1. Extension of eigenfunctions. For k > 1, recall that uj : Q° — R is the k’th Steklov
eigenfunction on Q¢:

AU =0 in ©F,
0y u‘]’:C = oi ui on 0Q°¢.

Recall also that the eigenfunctions uj, are normalized by requiring that

2
fmg ()’ dA=1.

Define the function Ui € HL(Q) to be the harmonic extension of u‘;c to the interior of the
holes:

Ui=u; in QF,
AUL=0 inT*.
Lemma 18. There is a sequence €,, — 0 such that Ul‘z" has a weak limit in H' (Q).
Proof. It suffices to show that {U; :0 <& <1} is bounded in H! (Q). Recall that
2 2
Uz = Ukl + 2 (Ug).-
Let us start by an estimation of the Dirichlet energy:
2(U;Q) =2 (u; Q) +2 (UG TS) =0t +2 (UG TF). (32)

It follows from inequality I in Lemma 12 and monotonicity of the Dirichlet energy, that
the contribution from the holes is
?2(UgT) = X 2(Up Ty)
kel

= ¥ 5% 2 o) [1+0[(%)))
(%))

(33)

<5 (%)d@ (uf;Qf) (1 +0

< Cor(Q9),
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for some constant C. It is known from [11] that there is a constant Cg  such that
1
O'i = Cd'k|6(2€|ﬁ,

which implies that o is bounded above independently of ¢. Inserting that bound in

equations (32) and (33) gives
D(UE) < 00F| 7.

Let us now bound the I.> norm of U} Let A be the first eigenvalue of the following
Robin problem on Q:

—Au=Au inQ,
Oyu=—-u onoQ.

Itis well known (see e.g. [3]) that A > 0 and that it admits the following characterization:
- Jo Vv dx+ [,q v2dS
in .

veH! (Q) Jov?dx

Applying this to v = Uy leads to

fQ(U,i)des ! (L\vu,ﬁ\zdmfm(u,i)z dA)

A=

A
1 €
< z(@(Uk)ﬂ).
Together this leads to
1V o = 3 ogas 1
kIHN @ = 2 {|aq)t/@-D
for some constant C, finishing the proof. ]

From now on we will abuse notation and relabel that sequence ¢, — 0 along which
U} has a weak limit as £ — 0 again.

4.2. Establishing the limit problem. Our aim by the end of this subsection is to prove
the following weaker version of Theorem 2.

Proposition 19. Let k € N. As e — 0, the pairs (02, UZ) converge to a solution (,U) of
(3), the convergence of the functions U ,‘i being weak in H(Q).

Up to choosing a subsequence, we assume that o} converges to some number X and
also that {Uf} ¢ H'(Q) is weakly converging in H' (Q) to some U € H!(Q), from which
we also get strong convergence to U in L2(Q). Considering the real-valued test function
V e H(Q), we see that

€

fvu,gvm: Vu;.vv@mf VUE-VV dx
Q

QE
=g;f u;de+f VUE-VV dx
00 TE
:off u“’VdA+a“’f uEVdA+f VU -VVdx.
k b0 k k oTe k TE k
Letting € — 0 leads, if the limits exist, to

fVU-Vde—Zf UVdA=Zlim uinA+lim VU;;-Vde.
Q 0Q e—0JoTe e—0JT1e
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It follows from the Cauchy-Schwarz inequality that

1/2
f VUS-VVdx< (f R dxf |VV|2dx) :
Te Te Te
which tends to 0 according to inequality I in Lemma 12. It follows that

f VU-Vde—Zf UVdA=Zlim uinA,

Q 0Q €—0Jare

and all that is left to do is to analyse the last term.

Proposition 20. Suppose thate~r?~! — B> 0. Then, for each V € H'(Q) the following
holds,

lim u VdA= Adﬁf UV dx.
e—0JaTE Q

Remark 21. The functional V — [y utV is bounded on H'(Q). By the Riesz—Fréchet
representation theorem, there exists a function &€ € H'(Q) such that

f uinfos-VV+€Ede VVeH (Q).
oTe Q

Using appropriate test functions shows that € is the weak solution of the following trans-
mission problem:

AEE=0 inQfuTE,
0v¢5 +0v6E = u;  ondT®,
0,¢5=0 on o0Q.

Proposition 20 is an homogenisation result for this problem. It means that in the limit as
€ — 0, the solution converges to that of the following problem:

—AE+(1-AgP)E= inQ,
0,2=0 on 0Q.

Transmission problems have recently been the subject of investigation through means of
homogenisation, see for example [29].

Proof of Proposition 20. Define the family of bounded functionals L, : H' () — R by
Le(V):= f VdA.
0T:

We will give two representations of those functionals.
Step 1: Inner representation of L..
Define ¢, : R? — R by

B2 for xe B0, re)
() =1 2" ne (34)
e {0 elsewhere.
By periodizing along eZ¢ we obtain the function ®; : R — R given by

D (x):= ) e (x—ck).
kel

Lemma 22. The functional L : H' (Q) — R admits the following representation:

d
Le(V)=— de+f VO, -VVdx.
Tt T¢

Te
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Proof. It is straightforward to check that
AD.=4£ inTF,
0,P,=1 onadT?,
®=0 in QFf.

The function @, therefore satisfies the weak identity

d
fVQE-Vz—— V+f VvV, VVeHY Q).
TE Te JTE oTe

For each k € N and € > 0, the functional f; : H'(Q) — R is defined by
L(V) = L V).

Lemma 23. There is an €y > 0 such that the family {L:}
bounded for0 < € < €.

>0

Proof. Given V € H(Q), it follows from the Lemma 22 that
d
Le(UV) = r—f U;de+f VO, -V(ULV)dx.
e JTE TE

To bound the first term, start by using the Cauchy-Schwarz inequality:
d

— | Uivdx
re JTe

d
= r_ ” U]i”LZ(Tg) "V”LZ(TE) .
&€

It follows from Lemma 14 that
IVllecre < re 2 1Vl gy,
£ 1/2 £
I Uk”LZ(TE) <re? Uk||H1(Q)’
so that

sup <o00.

€€(0,1)

d
— U;de
re JTe

Inequality IIT of Lemma 12 and monotonicity of the Dirichlet energy lead to

2 _ 2
” U ”LZ(TE) - ké; ” U* ”LZ(Tlf)

d+1
<c(%)" ¥ 2w Beke)\Blek )
£ kel

< C(%)dﬂak(ﬂg)-

21

c (HY(Q)" is uniformly

(35)

(36)

@37

We have already seen that o (Q2,) is bounded above independently of €, according to [10].

Moreover,
1 (reyd+l &1y,
—(—6) = Ed ~£-0 ase \ 0.
re L€ ed ¢

It follows that

-1/2 :
Te “ Uy “ 12(e) < O©-
Substitution in (36) together with (37) lead to

d
—f UV
Te JTe

sup < o0.

€€(0,1)

(38)
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To bound the second term in (35), the generalised Holder inequality leads to

=<

f V(DE-V(U;EV)dx
TE

fTE USV®, -VV + VV®, - VUL dx

< ” U]i “LZ(TE) ||VV||L2(T£) ”vq)e”Lm(Tf)

+ “VUI‘EHLZ(T‘) ||V||L2(TE) ||V(De||L°°(T€)
= (“ U;“LZ(TE) + ||VUIi”L2(T€)) IIVV”Hl(Q) IIV(I)E||LOO(T5)
<[ Uel 1 ey 1V Vi@ -

In the last inequality we have used || V®; || o (7¢) = 1, which follows from (34). This quan-
tity is uniformly bounded as € \, 0 since we have shown in the proof of Lemma 18 that
U isbounded in H 1(Q). Together with (38) this proves for each V € H!(Q) the existence
of a constant C such that | L. (U Ii V)| < C|| V] for each &, and the conclusion follows from
the Banach-Steinhaus theorem. [l

Step 2: Outer representation of L. Consider the torus € = T¢ = R?/Z4 and introduce
the fundamental cell 6¢ as the perforated torus

€°:=€\B(0,p¢),

where p; := €711, is the renormalised radius. Following [34], we define the function
W, € H' (¢°%) through the weak variational problem:

f ng~VV=—cgf V+f V. (39)
S € 0B(0,0¢)

By taking V = 1, one sees that the necessary and sufficient condition for existence of a
solution (see e.g. [33, Theorem 5.7.7]) is

c = Aapd™!
|€e|
Uniqueness of the solution is guaranteed by requiring that 1y, be orthogonal to con-
stants on 6¢*. Therefore, . is the unique function such that

Ay, = in €¢
Ye=C 1N and f We = 0.
Ovye=1 o0onadB(0,p,) 6¢

~Aape)? .

Consider the union of all cells strictly contained in Q,
Qf = U QpcOf.
kel¢
Define the function ¥, : R \ Uy 7 T¢ — R as the scaled lift of y.. Thatis, if g : RY —
R%/7% is the covering map, then
Ye(ex) =y (q)).
This function satisfies
AY,=¢e2¢c, inQF,
{61,\115:51 ondT¢.
Lemma 24. The functional L : H' (Q) — R admits the following representation:

LE(V)zgf~ v‘yg-Vde+gf VaVWEdA+e‘1cgﬁ VdA.
Q¢ 0! Q¢

QE\GTE
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The proof is immediate since for V € H!(Q) the following holds:

f~ V‘I’E-Vde:—g_zcgﬁ de+£_1f VdA+f~ Vo, ¥ dA.
Qs Qe aTe 00\aT*
We establish the following claim concerning ..
Lemma 25. Thereis a constant C, depending only on the dimension and on B, such that
1,1
lwe i ey = Ce2 ™.
Furthermore, for any s > 1, any compact set K € €, containing the origin in its interior,
there is a constant C' depending only on the dimension, 8, s, and on K such that

|wellyepenry < Cle2 ™. (40)

1,1
In particular, this implies | D*We ||« e\ g, decays ase2™*d for any multi-index .

Proof. Observe that since 1, has mean 0 on 6¢, the Poincaré-Wirtinger inequality im-
plies
2 2
(€9 |we “LZ(%”S) < ||Vye “LZ(%“)””

where p; (6¢) is the first non-zero Neumann eigenvalue of 6. Observe that
1 (6°) — 4n? ase— 0.

Indeed, p; (6°) is the first non-zero Neumann eigenvalue of a punctured d-dimensional
torus, which is known to converge to the first nonzero eigenvalue of the torus itself as
€\, 0. See [5, Chapter 9] for instance.

Take V = v, in the variational characterisation (39) of v, and consider € to be small
enough that y; (6¢) = 1. Using the Cauchy-Schwarz inequality yields

“w&‘”?{l(cgz) SZLE |Vw5|2dx

< 2[ wedA

0B(0,p¢) (41)
<2/ Agpd Hlyel2 (0B(0,p¢))
<24/ Adp?_l Tell ”WE”Hl(%E)’

where 7. is the trace operator H!(€¢%) — 12 (0B(0, p¢)). From the definition of 7, and
monotonicity of the involved integrals, we have that

1
el <y(e71,1)

where 7y is defined in Lemma 13. We therefore deduce that ||7.|| < £!/¢, the implicit

constant depending only on the dimension and on S. Finally, dividing both sides in (41)
by ||we |, observing that p¢~! ~ e and inserting the bound for ||7,| in (41) finishes
the proof of the first inequality.
For the second one, we have from [19, Theorem 8.10] that there is a constant C de-
pending only on the dimension, on K, and on s such that
lvel HS(€5\K) = C(“‘/’E ||H1(<g€) + ||CE||H~‘(<€E))-
d

The second term is of order p¢~! ~ ¢, and bounds for the H! norm of y, that were ob-
tained in (41) conclude the proof of the second inequality.
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As for the remark considering the L bounds on derivatives of ¥, we have from
inequality (40) that

1D e [ ggs-tatcgeriy = l1We s egeriy = Cler*a.
Choosing s > |a| + 5= d“ , and ¢ small enough that ¢\ K = € \ K, we have that
H¥19 (4 \ K) — L6\ K)
with norm independent of €, concluding the proof. O

Step 3: Computing the limit problem. It follows from Lemma 23 that it is sufficient to
verify convergence for a test function V € C*(Q). From the outer representation for L,
we have that

ZE(V)zf uLv
ore
=gf~ V‘I/E-V(uiV)+f~ UV, W+ 6™ lcgf wv, (42)
Q¢ 0QE\0T*® Qf

—AqB [oUV

where convergence of the last term stems from strong L? convergence. We now show
that the two other terms converge to 0. For the first one, the Cauchy-Schwarz inequality

gives
1/2
f~ eV, V(UsV) < (ﬁ g2|vwg|2f~ IV(uiV)Iz) )
Q¢ Qf Q¢
Let us first observe that since V is in C®(Q), we have that

f IV@EV)[? <2 sup (VP +IVV®)2) UL,

xeQe

=0(1).

On to the other term, note that

2|V, | = €2 f|vq/
fmei-eg [

kel¢

=Y | IVyel

kel¢ €
~ |Q|f IVyel”.
<g€
It follows from Lemma 25 that
[ 1wl ax=o(e*#),
(gé‘

hence that term indeed goes to 0. For the second term in (42), we have from the gener-
alised Holder inequality that

£
€ Vo, WedA<ell V255647
faﬁf\arf kovee L0099

we now analyse each of those norms.
First, by scaling of derivatives we have

3 ~
uk ||L2 (aﬁE\aTE) ”61/\1/5 ||L00(aQE\6TE) )

€0y ¥ellLeop0eraTe) < |51|1p | D wf”L“’(‘gﬁ\B(O 1/4))
1,1
< g2t
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where the last bound holds by Lemma 25. We move on to || u% |, (oGe\a7e Denote by I
the set of indices n € Z4 such that 0Q% N Q¢ # @. One can see that

Nl iz0merore = 22 10Uk li200s) -
nel¢

On the other hand, it follows from Lemma 15 that there is a constant C (in fact, the trace
constant of the unit cube) such that

Z ” Uli ”LZ(aQ,ﬁ) = CE_UZ Z ” UIi”Hl(Qfl)

nel¢ nel€
<ce 2| UIi”Hl(Q) :
Finally, since V is fixed and smooth we have that
= 1/2
IVl gaeo7e) < [0Q°\OT| " sup V(x)
X

< C10Q"2 sup V (x).
X

Allin all, this implies that the second term in (42) is bounded by a constant times /¢,

hence goes to 0 as € — 0, finishing the proof of Lemma 20. O
We are now ready to complete the proof of the main result of this subsection.

Proof of Proposition 19. We know from [35] that we only need to show that the solutions
converge to a solution (X, U) of the weak formulation of Problem 3,1 which is that for any
test function V,

fVU-Vde:Z(Adﬁf Uvdx+ UVdA).
Q Q

00
The weak formulation of the Steklov problem on QF is that for all test functions V,

fVui-Vde:02(f u,‘inA+f uinA).
Q¢ 0Q oTe

The convergence of the gradient terms follows from weak convergence in H! of U: ¢ to
U and Lemma 12. We already have that o} — Z. The integrals on 0Q converge by weak

convergence in H' and compactness of the trace operator on dQ. Finally, convergence
of the interior term comes from Lemma 20. (I

4.3. Spectral convergence of the problem. We need the following technical lemma.
Lemma 26. Ase — 0, we have that
Le(uf) — Adﬁfﬂ U? dx.

Remark 27. Observe that this situation is specific to the sequence u;.. Indeed, there are
sequences {ve} converging weakly to some v € H'(Q) such that

lim L (ve) # Adﬁf Uvdx.
e—0 Q
Proof. From the outer representation (42), we have that

Le(u}) :gfﬁngg-wui)zdxﬂf (ui)zavwgdmg*lcgfﬁg(ui)zdx,

0QE\dTE
=£f~ ZV‘PE-uiVuidx+£f~ (ui)zﬁv‘l’gdx+ E_lcgf~ (ui)zdx.
Qs 00\ Te Qs
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The last term converges towards the desired A4 f [, U? dx once again by strong L? con-
vergence of the sequence Uy. To study the first term, let us now introduce the sets

w:=JB (ek, E) \ B(ek, 1) = QF,
kel 4
and decompose

eﬁ V\PE-V(ui)Zsz(f +ﬁ
Qf [ Qf\w*

For the integral over w*, we use the L™ norm estimate of u} from Lemma 12 and the
scaled H' norm estimate for V¥, from Lemma 25 and the L? boundedness of Vus,
from Lemma 18 in the generalised Holder inequality to obtain

eVW, - up Vup dx.

[ 2690w = 2169l ey 9 g [ e
w

+

=

«e?
For the integral over Q¢ \ w?, observe that scaling Lemma 25 yields

- _ a
IeVWellico@e\ieya = \iﬁl—% ”D 1//£|\Loo(<g€\3(o,1/4))
1 1
«<ezta,

Inserting that bound into the generalised Holder inequality, along with H! bounded-
ness of u;_yields

|| 20w ax = 219l e 195 s 16 D
«<gtd,
Finally, for the integral on the boundary 8Q¢ \ dT¢, we have from Holder that
2 2
Eﬁﬁf\aTS(ui) oyWedA<e ”aV\Ij&‘”LOO(aﬁe\aTE) ” ”i”LZ(aﬁf\an) (43)

We have as in the proof of Lemma 20 that the L2 norm of ui is uniformly bounded, from

uniform boundedness of the trace operator. From Lemma 25 we have that
1,1
elloyWe "Loo(aﬁe\aTe) =0 (52+ d ) ,
and we have that
£12 _ -1/2
” uk”LZ(aﬁf\aTS) =0 (E )’

implying again that the product in (43) is going to 0 as € — 0, concluding the proof.
O

Until now, we have shown that the harmonic extensions to the holes in Q° of Steklov
eigenpairs (07, uf) converge weakly in H! and strongly in L? to a solution (Z, U) to the
problem

-AU=A4B2U0 inQ,
{dv U=XU on 0Q.

It remains to be shown that the convergence is to the “right” eigenpair (X, g, Ug). For
the remainder of this section, as f is fixed, we will write simply X;. We first start by
the following lemma, showing that the limit function U does not degenerate to the 0
function.
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Lemma 28. Let U be such that U, — U weakly in HY(Q). Then,
U, 0)p=1.

Proof. By compactness of the trace operator on 0Q, we have that

f(UZ)ZdX—>f U?dx.
0Q 0Q

as € — 0. Moreover, by Lemma 26, we have that
2
f (Uf)” dx— Adﬁf U?dx
aTe Q

as € — 0. Hence (U, U)o — (U,U)p. Since U} has been normalised to L?(8Q%) norm
1, this concludes the proof. O

We are now ready to complete the proof of our first main result.

Proof of Theorem 2. We first show that all the eigenvalues converge. We proceed by in-
duction on the eigenvalue rank k. The case k = 0 is trivial. Indeed, we then have that
the eigenvalues o = 0 obviously converge to 2o = 0 and the normalised eigenfunctions
U§x) = 10Q¢|~1/2, which converges to the constant fonction

Uox) = (101 + AgB101) 2.

Suppose now that for all 0 < j < k—1, we have that U’ ]E converges to U; weakly in HY(Q).
We first show that
Zpzop+o(l). (44)
In order to do so, we will show that the eigenfunctions Uy are good approximations to
appropriate test functions for the variational characterisation (7) of o7..
Observe that by compactness of the trace operator on dQ2 and by Lemma 20

lim uE.deAzf UkUjdA+Adﬁf UkUjdXZO
e—0Jaqe / 00 Q
forall 0 < j < k—1. Hence, we can write
k-1

— € £ ,€
U=V +j§617jujdA (45)

where forall0<j<k—1andalle >0,

veus =0
faﬂf J

and nj. — 0 as € — 0. Now, we have that
Zi= [ VUL dx
Q
) k-1 k-1
€ o rol € E € £ ol
zng [VVE 4+ 2 0)Vus-VVE+ 3 nfmiVus - Vug dx.
j=0 J,1=0
Since the uj and V¢ are bounded in H'(Q), the integral of the two sums in the previ-

ous equation go to 0 as € — 0. On the other hand, we have that for all € > 0, V¢ is an
appropriate test function for o}.. Hence,

J:

Ve dx > aif (V52 dA.
0Qf
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It follows from the decomposition (45) and the fact that by Lemma 20,
U,%dA—»f U,idA+Adﬁf Urdx=1
lo5 00 Q
that
lim | (V9%dx=1,
e—0Jp0¢
implying that indeed X > o + 0 (1). We now show that
Zi < Ui.
Let (Z, U) be the limit eigenpair for (o}, u}) and suppose that
Z,0)=(2;,U0))
for some 0 < j < k— 1. We have that

0=1lim updA
e—0Jp0¢

:ii—l»l(l) . uindA+me ui(uj -UjdA
The first term converges to 1 by the assumption that (U, U g =1 and Lemma 20. As
for the second term, we have by the Cauchy-Schwarz inequality and the normalisation

[lus. ||L2(aQ€) =1 that

W (uf — U dA < ” U —U;
faQS k\7j J j J

L2(09¢)
-0
as € — 0 by Lemma 26. This results in a contradiction. We therefore deduce that o},
converges to some eigenvalue X of problem 3 that is larger than Z; for all j < k- 1.
Combining this with the bound (44) implies that 7 converges to X, and convergence
of the eigenfunction therefore follows, when the eigenvalues are simple.
Otherwise, if Z; has multiplicity m, i.e.

Zp-1<Zg=... = Zkrm-1 < Zk+mo

observe that the above argument still yields convergence of 0? toXjforallk<j<k+m.
For the eigenfunctions, start by fixing a basis Uy, ..., Ux+m—1 of the eigenspace associ-
ated with Z;. Observe that along any subsequence there is a further subsequence such
that all the eigenfunctions U ]E , converge simultaneously to solutions of Problem 3. Since

for all €, the functions U ; were L2(0QFf) -orthogonal, in the limit they are still orthogonal,
this time with respect to (-,-) g. This implies that in the limit they span the eigenspace as-
sociated with X;. As such, the projection on the span of {U; tk=sj<k+ m} converges
to the projections on the span of {U; : k < j < k+ m}. Since this was true along any sub-
sequence, it is also true for the whole sequence, proving convergence of the projections
in the sense alluded to in Remark 3. (I

5. Dynamical boundary conditions with large parameter

The goal of this final section is to understand the limit as f becomes large of the
eigenvalues Z 5 and of the corresponding eigenfunctions Uy, g, normalized by

1= Uk, U,p)p =fm U,%yﬁdA+AdﬁfQU,%ﬁdx.
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Recall that the Neumann eigenvalues of Q) are
O=pospspzs-- /oo
We are now ready to prove our second main result.

Proof of Theorem 5. For k fixed, we start by showing that fZ; g is bounded. Consider
the min-max characterisation of Z, 5 to obtain

2
— \Y} dx
Zep=Prep= i NI fﬁltlftl o f7dx (46
dim(E)=k+1 p Joa dJa

The quotient on the righthand side of (46) is clearly bounded uniformly in § for any
k +1 dimensional subspace of smooth functions on Q. We can therefore suppose that a
subsequence in § of = k,f converges, say to by k,00- Let us now prove that U, k= B2 Uk,p
is a bounded family in H!(Q). The normalisation on U, kB implies that

1= A fUZ dx=A fﬁz dx.
ab | Ukp d ) Ykp
For the Dirichlet energy, we have that

fQ|Vl7k,ﬁ|2 dx = BZyp,

which was already shown to be bounded. Therefore there is also a weakly convergent
subsequence in in H!(Q) as § — oo, converging to say Uy .. We take the subsequence
to coincide with the one for ik'ﬁ. Observe as well that the normalisation condition on
Uy, p prevents the limit Uy from vanishing identically.

The functions Uk, p satisfy the following weak variational characterisation for any el-
ement V e H'(Q)

[Vﬁk'ﬁ-VVdXZEk,ﬁ(ﬁ_I/ UklﬁVdA+Ad/ Uk,ﬁde)-
Q 0Q Q

Letting f — oo, weak convergence of ﬁk,ﬁ in H'(Q) implies that the limit satisfies the
weak identity

fvﬁkm-VdezimAdf Uk.00V dx.
Q Q

In other words, Uy , is a solution to the Neumann eigenvalue problem with eigenvalue
H=Zko00Ad-

We now proceed by recursion on k to show convergence to the right eigenpair. Once
again, the statement is trivial for k = 0 and the constant eigenfunction. Assume that we
have convergence for the first k—1 eigenpairs. We now proceed in a similar fashion as in
the proof of the spectral convergence to Problem (3). We repeat the argument because
the inequalities are more subtle. We first show that

Q
A= &

>3 p(1+0(1)). (47)
Write
k-1
fe=Fp+ ) (fU;jppUjp
j=0
with Fg Lg Uj g for 0 < j < k. We have that

(o Uipp=Fo B2 e+ (foUjs— B2 f)p. (48)
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The first inner product develops as

(oo B V2 )= pV2 fa fefjdas Agp' fQ fiefdx.

The first term clearly goes to 0 as § — oo, and the second one vanishes by orthogonality
of the Neumann eigenfunctions in L (Q2). We now turn our attention to the second inner
product in (48). We have that

lim ‘”Zf (Uipg—-fi)dA=0
ﬁﬂooﬁ agfk i1

by weak H! convergence of ﬁj,ﬁ and compactness of the trace operator. On the other
hand, strong L? convergence implies that

Adﬁ”zfgfk(ﬁ,-,ﬁ—fj)dp o(B'?). (49)
All in all, this implies that
(feUjp)p =0 (")
forall 0 < j < k. We now write
- 1 2
fie= - [ [0 [ ax

L[ ompfane L 50,0 >
> | |VEsP dx—— ¥ (fi, Uj 022 5.
Ad a B Adj:() ]ﬁﬁ 5P

Since X ; s is bounded and equation (49) implies that (fi, U, ﬁ)% = o(), we deduce that
the last term in (50) goes to 0. We now observe that by the variational characterisation

szk,ﬁ’
i vl oz 2 ([ rieaan [ )
— VFg|"dx= —— Fz+ A Fzl,
Ad\/f‘ll ﬁ| Ad 50 B dﬁ o B

S 1 2 f 2 )
=2 —_— F;dA+ | Frdx]|.
“p (Adﬁ oo P o P
In the same way as we obtained the bound on the last term in (50), the first integral is
o (). As for the second one, we write

k-1 2
fQFde=fQ(fk—Z(fk’Uj,ﬁ)ﬁU]g,ﬁ) dx
Jj=0
k-1 k-1
=1-) _[Q(fk» ViopliUipdxs 2. | Ui Uspptfic UeppUspUcp dx.
20 j,0=0

Strong L?(Q) convergence of !/2U; 4 and the fact that (fk, Uj ) = o (/%) imply that
the last two integrals converge to 0 as § — co.
We have therefore obtained that

Ar@ =2 p(1+0(1),

i.e. we have indeed proven assertion (47).
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Suppose now that (£ k. ﬁk, p) converge to a Neumann eigenpair (i, f;) for some j <
k. Then, we have that

1= limf Uy pdx
B ij k.p

_ T ed ~ .
ﬁﬂl ooj;z(f] 18 Ukp x+fQ KPP

U gU;igdx
fgk,ﬁ B ‘

= AI_IEO Ifi=Uip ”LZ(Q 1Tk “LZ(Q) +
=0,
where the limit comes from strong convergence in L2(3Q) to 0 of U; g and our recursion
hypothesis. This is a contradiction, hence the convergence is to the correct eigenpair.
This implies convergence of the whole sequence if the Neumann spectrum of Q is sim-
ple. If there are eigenvalues with multiplicity, the same procedure as for the homogeni-
sation problem yields once again convergence.

As for continuity in §, the same proof goes through in exactly the same way, except
for the fact that we do not need to show the boundedness results in 5. ]

We can now prove the comparison results between Steklov and Neumann eigenval-
ues.

Proof of Corollary 7. It is proved in [10, Theorem 1.4] that any bounded domain Q c R?
satisfies

THQI0Q] = CA)|QIT K4,

where C(d) is a constant which depends only on the dimension. When applied to Qf
this leads, after taking € — 0, to

2151001+ AgfIQI < C(d)IQI T k24,
Taking the limit § — oo leads to
wrQl < C(d)Q ‘T k2.,
This is equivalent to
1P < cay k.
O

Finally, all is left to do is to prove the previous theorem has the following corollary in
dimension d = 2. It allows one to transform universal bounds for Steklov eigenvalues
into universal bounds for Neumann eigenvalues.

We write QE for a domain QFf as constructed earlier whose holes are exactly of radius
rf‘l = Bef.

Proof of Theorem 9. We have from Theorem 2 that

=25, 5(Q) (10Q1+ AgB1Q)

[0Q] ~ ~
= Tzk,ﬁ +Ag QI Zg .

timork (9] 00
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Now, the first term clearly goes to 0 as § — oco while, by Theorem 5, we have that

Jim Aq 1Q1Z g5 = () 122

(]
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