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1. Introduction

One considers a general cylinder Q = ® X (—o0, +00), where @° is characterized by {n > 0, M(s)+nii(s)},
M(s) describes, for s € [0, L], a closed convex curve, characterized by its curvilinear absciss s and the unit
outgoing normal vector 7i(s). The body @ is constituted of a perfectly conducting core supplemented by a
layer of dielectric material {—/ < n < 0}.

The problem of replacing the Helmholtz equation with coefficients e, i in this layer (A + euw?)u = 0)
and with the permittivity and permeability coefficients of the vacuum in ®¢ X (—oo, +00) by the Helmholtz
equation (A + eo,uowz)u = 0 in ®° X (—o0, +00) supplemented by a boundary condition on J®¢ X (—oo, +00)
is a very classical and useful idea. One is left to determining this boundary condition. This condition is
generally called the Dirichlet to Neumann operator on the boundary, and is frequently deduced through a
factorization of the Helmholtz operator.

Under the assumption Jeu < 0 and a rather sharp (and somewhat unphysical) assumption (HO) lw —
c0,0 < ¢p < +o0o when w — +oo (hence assuming that the size of the layer depends on the wavelength
of the wave), we derived the impedance boundary condition in [15], using microlocal analysis. Microlocal
analysis led to the exact behavior, in term of the size of the layer, in the high frequency regime, using a local
approximation of the surface, which enabled the author to obtain the diffracted wave. Theorem 1 p 1042
of [15] gives the leading order term of the impedance operator, which corresponds to the ’tangent plane
approximation’.

In the present paper, we deal with the two following cases (€, ¢ do not depend on w):

Jeu <0, (D

where the convention of sign comes from the time convention of a solution with ',

eu e R @)

We need, in each case, to adress a specific problem:
1) in the case eu € R, we have to avoid resonances, id est cases where the problem

(A + euw?u =0,C
ulp=— =0
ulp=0 = uo
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has no solution. Note that, as z € (—oo, +00), there is always continuous spectrum, hence one shall deal with
either a fixed arbitrary of k,, Fourier variable in z or consider a finite periodic cylinder where z € (—co, +00)
is replaced with z € [0, L] with periodic boundary conditions in z

ii) in the case ey ¢ R there is no, in general, nontrivial solutions in S’ (R?) solutions of (A+euw®)u = 0,
hence the use of Fourier transform should not be possible. However, a variational result yields for the
Dirichlet problem a unique solution in H'(€2), hence Fourier analysis of this unique solution is possible.

Recall that, in [15], we introduced the metric g(x, n7) induced by the Euclidean metric on the boundary
0Q, and obtained that there exists an operator (the Dirichlet to Neumann operator) such that d,ul,—o =
Op(D)(uly,=0). Denote by

V06 ) = e = 1107} - 21202 — g (. v < 0. 3)

The principal symbol of D is
v(x, 17)
tan lwv(x,n)’

Notice that the limit, when w! — +o0, of this principal symbol, under the assumption (1), is iw \/ €u — gll(x)n; —2g12(x

thanks to the relation tan lw \/ €u — gll(x)né —2g12(0)mn2 — gzz(x)r]% — —i, exponentially.

We are interested in this paper on the behavior of the lower order term of the impedance operator (in the
scalar case) for measuring the effect of the curvature of the body in the high frequency regime, that is the
leading order term of r, which is of order 0 in w.

We restrict ourselves to an infinite cylinder or ellipse, for which one does not have, in the case eu € R7,
any solution of the problem (see Lemma 1) in this Introduction for an explanation), for reasons that are
explained later. We can also consider a cylinder of finite length ® x [0, L] with periodic boundary conditions
in z for which k, € 27,

Using the ideas developed in the thesis of P. Payen, along with classical formulae stated by B. Stupfel
[28] (formulae that go back to Etienne [10] (1961) or Bates [2] (1975)), where, for a cylinder, the solution is
expressed in terms of Bessel functions (hence taking into account the polar coordinates system), we derive
here, using Fourier modes in the 6 variable (with 6 denoting the Euler angle, see [3] for example), a more
complete version of the Calderon operator and in particular prove estimates on the modes and provide an
asymptotic analysis of the Dirichlet to Neumann operator (treating most of the time the scalar Helmholtz
case).

The main feature of this paper is to consider, in the case of cylindrical coordinates, k, and % as high
frequency variables, and to consider as well the case where the waves are evanescent, meaning that we
consider the division in elliptic, hyperbolic, and glancing regions for the high frequency Helmholtz opera-
tor.

In this Introduction, we recall the classical case of a plane layer B = R? x [—1, 0] to outline the main
features of the cases we shall look at. We will construct uniquely the solution of a boundary problem in this
layer, and use this solution to derive a relation between u and d,,u on x3 = 0. The first notion is the notion
of resonances.

Lemma 1. 1. The resonances of —A in B are the values of w such that there exists (ky, ky, n) € R*> x N*

2 . . .
such that w*eu = k% + k% + 4 lf . There are no resonances if and only if eu ¢ R7.

2. If one replaces B by its finite counterpart [0, L1] X [0, Lp] X [/, 0], and if one assumes ey € R, then

2 _ 24 2 47> n’n?
the resonances are the values of (ny, n2) such that w”ep = nj = + nzL—% +




Note that there is no resonance when ey ¢ R. Note also that there is no trivial solution in L*(R3) of
(A + euw?)u = 0, as well as in S’(R?) in this case. Indeed, if u were a solution in S’(R?), one would have

n*n?

(euw?* — k7 — k3 — —)i=0

hence @ = 0 thanks to (euw?” — k2 — k3 — Z2)~! € C®(R?).
It is also classical that O is the unique solution of

(A + w?e)u = 0,C,ulr_ =0, ulr,,
thanks to the variational formulation
(Vv e H(C),a(u,v) =0} = u = 0, 4)

the sesquilinear form considered being
a(u,v) = iJeu f uvdx + f(%e,um'/ — VuVv)dx
(o C

and one applies
Lemma 2. The sesquilinear form a is coercive on H'(C).

The proof of this Lemma can be found in Sebelin et al [24] for example, it is nevertheless classical,
using the inequality

1 1
lau, )| 2 \/(‘R(eﬂwz))z + (S (euw?))? - \/ (Rleue?)* + Z(3(euw)* lully

Introduce some notations now. For all (k;, k») € R?, denote by

ki = \JoPeu — kK k2, 9k, <0. (5)

One checks, in the case Jeu < independent on w, that there exists a¢ > 0 such that
V(ki, k) € R?, 3k, < —wap. (6)
One notices as well that the case k% + k% > Reuw? is covered in this expression. Note that in this case,
ki = a.(ki, ko) + ib.(ky, ko), where 2a.b, = Jeuw?, and 0 < a.(ki, k) = (S(leuw? — k2 — k2> + Reuw? —

K2 - 12)%, a, goes to 0 when k2 + K2 — +oo and b, = O(([k? + ).
In the case eu € R, we adopt the same notation for the equivalent following quantity:

k, = ,/wze,u—k% —k%,cuze,u—k% —k% > O,i,/k% +k§ —w%u,k% +k% — wleu >0,

but, evidently, (6) is not true anymore.

. . 1
Lemma 3. 1. Assume eu € R*%. Provided that w*eu is not a resonance of —A on B, for all uy € H2(R?),
there exists a unique solution in B of

A+ e =0
u(.,.,—)=0 @)
u(.,.,0) = ug.
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o The quantity w’eu is always an element of the spectrum of —A (continuous spectrum).

e However, fix (ki, ky) and consider now the ODE on [—-1,0]. Assume euw?® — k% - k% > 0. Denote

by so = minyez|7 | epw? — k% - k% —n),

lit(ky, ko, x3)| <

sinmsg

This case (and similar cases) will be called throughout the paper the hyperbolic case. It is the
case where a wave can propagate inside the layer without attenuation.

o Similarly, if we fix (k1,k;) and ife/la) k2 k2 < 0, |ta(ky, ko, x3)| < 1. This case can be called
the elliptic case (there is no k3 € R such that €uw® = k2 + k2 + k2 0.)

2. For eu ¢ R*, even though a general solution of (A + euw*)u = 0 belonging to C*([-1,0], S’ (R?)) is
necessarily 0, there exists a "suitable’ solution in H'(C), which has a partial Fourier transform i (it
is a consequence of Lemma 2). In addition, the Fourier transform satisfies the pointwise estimate:

lit(ky, ko, x3)| < 1= olwao”
3. In both cases, and apart from resonances for i € R, there exists a linear operator DTN, called the
Dirichlet to Neumann operator, such that

Oy u(.,.,0) = Cu(.,.,0)).

It is given by
1 4+ o~2ikil 1 4 g=2ianl+2b,1

Oy ii(ky, k2, 0) = ik, ik, ko, 0) = ik,

1 — e—2iky! 1 — e~2iaul+2b.l"

The Dirichlet to Neumann operator is characterized by the Fourier multiplier

ky  coskil ik, 3 ib. — a, . cosh(b, — ia.)l

= = = = (iby — a)———, 8
.l Csiney ! - tanh(b. —ia0l - wnhG —ianl - P T Gihib. = ian) ®)

the latter equality being valid also for ky = 0. Note that, when w — +oo, the Fourier multiplier
satisfies
1+ e—Zikil

ik g = k(1 + 0,

which remainder term is exponentially decaying in (.
For up € S(R?),

1 ., Cosky cos kl
6x3u(x1,x2,0) = (27[)2 ffllsinckl uo(kl,kz)dkldkz = (2 )2 ff uo(kl,kz)dkldkz

4. If one considers the case of By, 1, ={(0 < x < L;,0<y <[5, -1 <z<0)}, (k1,ko) € i—’fZ X i—’;Z and
the previous results are true in the discrete Fourier operators set-up.

This result (proven in Annex 1), which is straightforward to obtain, gives the aim of the present papier.
It has been proven [5] that, outside resonances, the problem of inhomogeneous boundary conditions has
a unique solution. This defines the Calderon operator. Our aim in this paper is to obtain, for ey ¢ R%, an
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estimate on the exact solutions in a layer which prove that these solutions are in S'(R?) x C*([-1,0] and
deduce explicit versions of the Calderon operator for more complicated geometries than the plane layer.
Section 3 solves explicitly the Dirichlet problem in the cylindrical and in the elliptical geometry. The study
of the solution and of the Dirichlet to Neumann operator for the cylindrical geometry, where the formal
solutions after separation of variables are known is also well known, is the aim of Sections 4 and 5 of this
paper. Section 6 gives the expression and the asymptotics of the Dirichlet to Neumann, in the case of two
elliptical cylinders: in one case, the Calderon is a Fourier multiplier operator, diagonal on each Fourier
mode, while in the other case, it is a convolution Fourier operator. In Section 7, we study the asymptotics
of the Calderon operator for one layer of dielectric material for the Maxwell equations.

Remark that, if Q — C is not bounded and if eu € R}, the continuous spectrum of the operator prevents
the existence of the Calderon operator. It is interesting to define a weaker form of the Calderon analysis in
this case, which is done by considering the expressions for a Fourier mode k;.

The Helmholtz operator inside the layer' is

1 2 1 @ N 1 ﬁ
1+«k(s)nds 1+ «k(s)nds 1 + k(s)n on

[(1+ K(S)n)%] + (e — kKDyu = 0. 9)

This paper is organised as follows. Section 2 states general results already known on the Dirichlet to
Neumann operator, and states the main result, that is asymptotics of the Dirichlet to Neumann operator for
a circular ring and an elliptic ring, both in the case eu € R%, where one has to deal with resonances, and in
the case Jeu < 0, independent on w.

Section 3 prepares the calculations by identifying Fourier modes (which will be defined precisely for the
elliptic ring and which are clear for the circular ring) and derive equations for the 'radial’ variable, which is
deduced from the definition of modes.

Section 4 shows that the exact solution of the Dirichlet problem for each mode belongs to L*, hence
proving that the Fourier transform approach makes sense (because, as usual, one always assumes that the
solution has a Fourier transform in z and has (bounded) Fourier coefficients for the angular variable), indeed
we prove that the assumption of having the right to consider a Fourier transform and series indeed lead
to a function belonging to S’. One also introduces in this Section the relevant asymptotics of the Bessel
functions for p, k;, w large, which are precious tools detailed in Subsection 4.3.

Section 5 expresses and gives the asymptotics of the Dirichlet to Neumann operator for the case of a
cylindrical ring, and Section 6 does the same for the case of elliptic rings (with two different cases).

Finally, the asymptotics of the Calderon operator (which yields, in the case of Maxwell equations in
the cylindrical ring, the expression of 77 A H in terms of E, on the outer boundary for E, satisfying the null
Dirichlet condition on the inner boundary, are derived in Section ??.

2. General results

Consider C a 2d bounded domain with a smooth boundary, and assume dC = I'_ U T, such that there
exists an ellipse E ¢ R? such that '_ ¢ E and I’y c EC. An annulus, or a layer on a perfectly conducting
body of cylinder shape is a model for this. The following Theorem is classical:

Theorem 1. 1. There exists a sequence A, of eigenvalues of —A in Hé (C) (this operator being denoted
by —Ap), each eigenvalue is of multiplicity 1, they are strictly positive and normalized eigenfunctions
form an orthonormal basis of L*(C).

"which is the operator acting on the components of the electromagnetic field for the harmonic Maxwell’s equations

6



2. Ifk? is not an eigenvalue of —Ap, the problem

2 _ .
A+kHu=0inC (10)
u = ug on 0C
has a unique solution through Fredholm alternative.
3. When eu ¢ R, and for w € R, the problem

A+ ?ewu=0inC
u=0onl_
u=fonl,

has a unique solution in H 1(C) and the operator f — Oyulr, is called the Dirichlet to Neumann
operator.

The proof of this Theorem can be, in particular, found in Cessenat [5]. We do not reproduce this proof
here. Note only that it is a consequence of Lemma 2.
Another result we recall here is the following (proven in [15])

Theorem 2. Assume (HO). Let (171, 12) be the cotangent coordinates near a point xq of the boundary.
Under the quite restrictive condition 'wl finite when w — +o0’, the principal symbol of the Dirichlet to
Neumann operator is

v(x,1)
tan lwv(x,n)’
where v is given by (3).

One interprets in the case of a cylinder the previous result as

Remark 1. The principal part of the Dirichlet to Neumann operator reduces to i \|€uw? — k2 — 1‘;—2 in the
case of the cylinder in the hyperbolic regime. Its approximation by an operator of order 2 is 0,u = [iw \/ep+

i 2, 142 .
Zw@(azz + 23 892)]14, or the condition

Bi0put = \eudHu 7(62 lzagz)u.

Our aim in this paper is to improve the general result obtained in [15] under the assumption w! finite to
two particular geometries: the cylindrical layer and the elliptic layer, in order to obtain the two first terms
in w of the expansion of the Dirichlet to Neumann symbol, in the Fourier-discrete Fourier space. Assume
that the dielectric constants satisfy Jeu < 0, independent on w.

In the infinite cylindrical layer geometry (rg < r < R), denote by k, the wave number in z, p the Fourier

p

mode. Assume in addition that the wave numbers %, ~R are bounded when w — +oo (high frequency

2
regime), and in addition Reu — % - W > 0 (hyperbolic regime). Define

k3 = yJeuw? — k2 := ag + ibg, ag > 0,by < 0,Vk, € R, (11)
p2
ky = yeuw? — k2 — 2 Ik, <0,Yp,Vk, € R. (12)

Denoting by a,(k3p) and b, (k3p) the Floquet numbers of the Mathieu equation.
We have the Theorem (a more precise statement is given below)

7



Theorem 3. 1. In the case of the cylindrical layer, and under the conditions

e the dissipation condition Jeu < 0, independent of w

e the hyperbolic hypothesis R euw?* — k2 - p— > (),

2

the leading order term in w of the Dirichlet to Neumann operator is iw | € — =5 — Rf—wz =ik,. The
. : . KB
symbol of the Dirichlet to Neumann operator is, up to lower order terms, ik, — ﬁ k—;
2. This result is also valid in the elliptic case Reuw?* — kf - p— < 0, where one notes that
2
0o _ 2 P 2
ik, = kz+ﬁ—e,uw,

the choice of the square root is uniform in C — (—c0, 0).
and in the case of a elliptic layer, in the hyperbolic regime, Jeu < 0, independent on w:

Theorem 4. In the infinite elliptical layer geometry (characterized by & = {(p coshu cos v, sinh u sinv, z), ug <
u < up,z € R}), let ay,( euw? — k2p) be the n — th Floquet eigenvalue for the Mathieu equation (edge of the
n — th band of the spectrum).

an( Vsﬂwz kzp)l <

Assume that there exists 69 > 0 such that 69 < | 1 bounded independently of w,

‘Reﬂ _ k2 _ an( VEﬂwz_k.gp)

o? > 0 (which means n of order w).

Denote by g, the normalized eigenvector associated with the Floquet eigenvalue a,( \/euw? — k2p).

1. The leading order term in w of the Dirichlet to Neumann operator on the basis {g,} is

an( enw?—k2p)
\/%(e,uwz — k2)p? cosh® u; — %

Co(v,k;,n) = iw

vcosh? iy cos? v + sinh? u, sin® v

and the term of order 0 is O (which means that the leading order term contains the contribution of the
radius of curvature at each point).
2. This Fourier multiplier is not independent on v, that is

UW) = D Unga(v) = Co(U) = ) Cov, ke mUpga(v).

It is a pseudodifferential operator in (v, n) and a Fourier multiplier in k.

3. Exact resolution of the Calderon problem for a ring and an elliptic ring using special functions

3.1. The case of the infinite cylindrical ring

The program of this section is to perform the following analysis:

After Fourier transform? in z, 8, we obtain a formal solution u(r, 6, z) = 3 plap(k)Jp(kar)+B, (k)Y p(ks r))eir?,
J», Y, being the classical Bessel functions, k3 is the square root of enw’® — kz2. This sum has a meaning when
it is finite in p, but nothing is known about the behavior in k.

~Note that it is a Fourier series in 6 and a Fourier transform in z

8



After using the Dirichlet boundary condition at r = rp, we obtain, still formally, all solutions of the
Helmbholtz equation in the annulus which satisfy the Dirichlet boundary condition at r = ry. Its formal
expression is 3., a,(ky)u,(r, k.)e'?, up(R, k) = 1.

Introduce the following Definition

Definition 1. If v is real and A > 0, the roots of J,(2)Y,(12) — J,(2)Y,(Az) = 0 are real and simple. They are
denoted by the increasing sequence z,(v, A). It is stated in (9.5.27) of [1].

Similar to the result obtained in the Introduction, we have (the formulae here are classical, see Stupfel
[28] for example), but not the conditions on w.

Lemma 4. Let eu € R. The resonances of the operator —A are the values of w such that there exists at
least a n, and a couple (p, k;) € ZXR such that r(%(euu)2 —kzz) = zZu(p, %), where z,,(A) is defined in Definition
1.

Every value of w is a resonance in this case when k, € R.

If k; is fixed, we have an infinite sequence of resonances of the operator —A + kzz. If eu ¢ R, there are
1o resonances.

If one restricts to the ’periodic cylinder’ {(r,0,z2),0 < ro,8 € [0,2n],z € [0, L]} with periodicity con-
ditions in z, we have k, € ZT”Z, hence a dispersion relation, in the case eu € R, e,uw2 = i—'; + (ZT”)2 2

0

(n,q) e NxZ.
add a proof and comments One has the following

Proposition 1. Provided that w’eu is not a resonance of —A + kg on C, foralluy € H 2 Sr)=H %([O, 2n])
there exists a unique solution in H'(C) of

(A+ wze,u)u =0
u(rg,.,.) =0 (13)
u(R,.,.) = up.

It has a partial Fourier transform in z and Fourier coefficient in 6. This partial Fourier transform in z and
Fourier series in 0 is

Jp(k3n)Y p(ksro) — Y, (k3r)J ,(k3ro) $ir

a(r,0,k) = )" a’(k:) 1, (k3R)Y p(k370) — Yo (kaR)J p (karo)

p

(14)

Jp(k3r)Y p(k3ro)=Y,(ksr)J ,(k3ro)
Jp(k3R)Y p(k3ro)=Y,(k3R)J  (k31r0)

of Proposition 5, we check that (14) belongs to L™ x L* hence its inverse Fourier transform exists.

where af (k;) is the p—th Fourier coefficient of iig(k,, 0). As

satisfies the inequality

Analysis: After partial Fourier transform in x3, the equation reads
(A+k3)i =0,

where we kept the notation A for the Laplace operator in R2. The expansion ii(r,6) = 3, ap(r)eipe, where
> la plz < +oo (for example) yields the classical Bessel equation on a,:

1d da, p? 1d da, , PP
rar ar p-ko = ap = - r—5) + (ks - T5)ap = 0. (15)



This Bessel equation implies that there exists (), 8,) depending on k; such that a,(r) = a,J,(k3r) +
ﬁle(,z)(kgr). Note, as in the Introduction, that it is a necessary (but not necessary and sufficient condition)
as a general solution of the ODE.

Define the functions of r € [ry, R]:
dp(ksr) = Jp(k3ro)Yp(kar) — Yy (ksro)J p(ksr), ddy(ksr) := T}, (ksro)Yp(ksr) = Y}, (ksro)J p(ksr). (16)

The first one is a solution of the Bessel equation which vanishes at r = ry and the second quantity is a
solution of the Bessel equation which derivative vanishes at r = ry. It is a pair of fundamental solutions of
the Bessel equation, under the condition:

I (k3r0)Yp(karo) = Y, (karo)Jp(ksro) # O. (17)

Remark that, if one picks any pair of independent solutions of the Bessel equations {f,, g,}, there ex-
ists a constant C(f,, g,) such that d,(k3r) = C(fp, g,)[fp(k3ro)gp(ksr) — g, (k3ro) fr(k3r)] and dd,(ksr) =
C(fp.8p)l f[;(kgi’())gp(ky’) - g;,(kgro) fp(k3r)]. Hence we can choose any pair of independent solutions in-
stead of J,, and of Y), for the representation of d;, and dd,,.

3.2. The exact representation of solutions of the Helmholtz equation for elliptic coordinates

In this Section, we rely on the classical approach using Mathieu and modified Mathieu functions. Math-
ieu functions are periodic functions which form a basis of L?([0, 27]) and modified Mathieu functions are
the analogous of the Bessel and Hankel functions. B. Stupfel [28] already used such an approach to compute
a good estimate

The (transversal) change of variable in which the Laplacian operator is diagonal is

(x,y) = p(cosh u cos v, sinh u sin v).

. . 2 2
If one wants to use this on the ellipse Q = {(x,y), ;‘—2 + ly)—z

p = Va? - b? and ug such that tanh ug = Z The open set Q is characterized by {(u, v), (£20)2 cos? y +

< 1} of constants a,b,a > b, one defines

) cosh ug
Smhi)2sin® v < 1}, its boundary being 8Q = {u = ug, v € (0, 2x1}.
All solutions of (A + wzeu)u = 0 are linear combinations of solutions of the form
u(x, y,z) = F)G(m¢(2),
where ¢ satisfies ¢’ (z) + c¢¢(z) = 0 and F and G are solutions of

” wren — ¢ 2

F"(u) + (Tp cosh2u — a)F =0, (18)
” wzflu —C 5

G"(v)+ (a- Tp cos2v)G = 0, (19)

thanks to the transformation of the Helmholtz equation into

&> 2 * &

2
— + —+—)+ =0.
[622 p%(cosh 2u — cos 2v)  Ou? sz) eueJu

10



The natural choice in our analysis is to consider ¢ = kf. Let U(x,y) = F(u)G(v). For all (a, k3p), there
exists (through Floquet theory, as mentionned in [1], 20.3.1) v(a, k3p) such that g.(v) = ei"v(“”‘”’)Pa,kw(iv)
is a pair of independent solutions of (19), where P, are periodic functions.

Let a,,(ksp) and b,(k3p) be the unique solutions, respectively, of v(a, k3p) = n and v(a, kzp) = —n.

. . K2p? .
Lemma 5. The eigenvalues of the Mathieu operator —% + % cos 2v on L*([0, 2xr]), with Bloch bound-
ary conditions, are a,(k3p), b,(k3p), and the associated eigenfunctions, with a suitable normalization are

denoted by ce,(v, k3p) and se,(v, k3p).

The notation recalling that each of which is closely related to the cosine and sine (namely for k30 = 0,
a,(0) = b,(0) = n? and ce,(v) = cosnv, se,(v) = sinnv).
Let ¢, (k3p) = ay(k3p) forn > 1, ¢, (k3p) = b_,(k3p) forn < —1.

Lemma 6. The equation (18)
k2 2

F” = (ca(ksp) — % cosh2u)F = 0

k3p

has a pair of canonical solutions, even and odd respectively, denoted by C nl >

for c,(ksp) = ay(ksp) and n > 1, ¢, (kzp) = b, (ksp) and n < —1.

k ..
S InSIP . where n positive stands

Lemma 7. The periodic in v solutions of the Helmholtz equations (A + k%)U = 0in C*(&(A, B)) are

Un(x,y) = (ACZ + BS ) u)g,(v), n € Z.

n| n|

All the items of these Lemma are well known through [1] or through [8].

3.3. Estimates of the quantities a,(ksp) and b,(ksp) for n large in the high frequency regime.
Let us begin with the case eu € R.

Proposition 2. For Jeu = 0, impose 6o > 0 small enough.

) )
1. For n such that the n—th Floquet band of the Mathieu equation is contained in [—%pz, —%p +

o],
an(kzp) = (2n + 1)\ epw? — k2.

2. For n such that the n—th Floquet band of the Mathieu equation is in [— #pz + 0o, #p — 0ol (that
is not in the bottom of the well but still in the image of the potential), there exists b(n) solution of (21)
such that a,(k3p), b, (ksp) satisfy both:
an(kzp) = h™'b(n).

3. For n such that the n—th Floquet band of the Mathieu equation is contained in |
there exists N(n) > 1 such that

ey

2
- 2
277 p + 5()’ +OO)’

an(ksp) = (N(n))>.

Proof. Note first that h’zan(k_gp) and h’zbn(kgp) are the edges of each band, and that a,,(k3p) — b,(k3p) is
exponentially small for 4 small or n large.
It is straightforward in this case to write (19), for ¢ = kf =wand h = w ! as

2
G (v) + %pz cos 2vG = H2aG.

11



eu—* 2

,U Ui 0?
, of maximum “="p~.

The potential V(v) = %5 Ui 52 cos 2v is a periodic potential, of minimum —
The Floquet theory predlcts that three regimes are available for the bands

1. E in the neighborhood of the minimum — <% 2'7 % (where results of Harrel [13] are of use, and mostly
the results of Keller and Weinstein [14]),

2. E is in the neighborhood of e’“’ U p? (where results of Marz [18] study the precise behavior of the
bands)

3. E> 6" Ui #0152 where one can use the methods and WKB expansions (see Grigis and Sjostrand [11] for
detalls)

We concentrate first on the elliptic case E > & 2'7 E 2,

In what we call here the hyperbolic case, we may apply the results of Exercises 12.1 and 12.2 of Chapter
12 of [11], where all values of E greater than the maximum of the potential, called Ey, are given by the
solution of the Bohr-Sommerfeld quantization condition, for N > 1:

f\/E_

where d(E, h) is constructed through the formal WKB solution a(v, h)eih_1¢(v), o(v) = fon \/ E - E“—;’zpz cos2v'dv’,
a(v + m, h) = " ENgy h). Details are given in Section 3.4. The label N does not correspond to the label

p cos 2vdv + h*d(E, h) = mhN (20)

— 2
n: we have N = n—#i{n,[E" ., E:‘nax] [ p , o1, assumlng that no band contains the maximum

of the potential (hence n > #{n, [E" . | max] cl- 5”277 pz, 6/1271 PPl + 1

It is then reasonable to assert that, for n large, ﬂ\/m is well approximated by mhN(n), leading to
En =~ h*(N(n))?, hence ay(k3p) =~ (N(n))? as in the case of the Fourier equation —h%u” = Eu. It is then
meaningful to consider the high frequency regime to be the regime when N(n)h is bounded. Note that, in
this approximation, p v/eu — n? does not appear anymore at the first order.

The extension to Jeu # 0 is straightforward; the definition of the quantity d(E, h) does not change (it
belongs to C). The Bohr—Sommerfeld quantization condition is (20) with E € C.

eu Ui

In the case E + p € [0, 6], the results of Harrel [13] yield a behavior for a,(k3p) of the form

w ey —n*pn + %)ﬂ' (the value of the second derivative of the potential at its minimum point being 2(eu —
17°)p?), and the choice n = h~'6p yields as well the same estimate for / small enough. More precisely, for

all 6o < #, the inequality E < #pz implies
€u — 772 - 2Ep2 > 0,

and this is called the hyperbolic region, while the case £ =~ p is the case described by Marz, and can
be called the glancing region.
The precise description is made in Keller and Weinstein’s work [14].

Let n be the label of a band included in [—E“—;’Z, #]. For all K and for all 6 small enough, there exists
h, such that, for & < h,, if

2
5-1 /
K’/ <n< — - f \/ (1 —cos2v)dv = f \/ (1 —cos2v)dv = hp eu —n?,

then there exists b(n), given by (21)

EfE.,, =~ b(mh™" 7 2(-1)5,
12



h

where d,, is exponential in e™ "', estimated by a turning point analysis, the turning points 0 < vy <V} <7

being the solutions of

2 VT _ 2 1
pz%(cos 2V + 1) = bn), f ’ \/b(n) _ & . T 52(cos 2v + Ddv = (n + S)hr. Q1)
Vi

while b(n) is exponentially close to E;'. O
An important remark is that we have the Weyl’s law. It reads

Proposition 3. The number of eigenvalues of H = —hzj—vzz + V(v), with boundary conditions y(=%5) = ¥(%),
W' (=%) = ¥/'(3), which are smaller than E is given by the estimate

1
N(E) ~ —— f f dvde.
2rth E21VW)<E d

In particular, the number of eigenvalues which are smaller than the maximum of the potential is

1
N(E) ~ — f f dvdeé.
27Th §2<Vmax_v(v) 6

For V(v) = #pz cos 2v, it is thus
2
N(E) =~ —pJep — 1.
h

Let us consider now the case eu ¢ R. Recall that we assumed k% < Reuw? and w large.

In a first part of this Section, we derive results for Jeu = 0, which is a more familiar case for the Floquet
theory and the band structure of the spectrum of a periodic operator, where the bands are more conveniently
defined for E € R. Indeed, it is known from Reed and Simon [23] that the spectrum of —h2D?* + V is a band
spectrum U,-[E”;1 P E,",W] included in (minV, +0). The edges of the bands are the solutions of the Floquet
problems (see a description in [4] of the classical results)

(=h2D? +V = E)jr = 0 on (=5, 5),¥(=5) = y(3).¢/(-3) = ¢/ (3) 22)
(=I*D* + V= E) = 0 on (=3, 5),¢(=3) = ~¢(5),¥/'(=5) = ¥/ (5).

Definition 2. Consider the ellipse characterized by (p, ug) such that a = p cosh ug, b = p sinh u.

We say that the n—th Floquet mode of the associated Mathieu equation is in the elliptic regime when

2 .2
Ray,(ksp) > wpz cosh 2uy.

We say that the n—th Floguet mode of the associated Mathieu equation is in the hyperbolic regime when
Reuw?—k?

Ray(k3p) < —5—=p* cosh 2uy.

In the case of complex coeflicients, recall first that the problem (A + w?eu)u = 0 has no solution in
S’ (R%), hence we cannot get estimates which ensure that a generic solution has a Fourier transform. One
can observe this in Section 4.3, where the modulus of one of the solutions is exponentially growing in p or
in k;. Hence we could have difficulties with a symbol and Fourier integral analysis, which requires using
Fourier modes. Two options are at our disposal:

e use analytic symbols, where a Gaussian growth is, for example, allowed (see Sjostrand [27])

13



o use the limiting absorption principe, id est we shall say that the point considered in the symplectic
coordinates on the boundary u = ugp: (vo, 20, 11, k;) is in the elliptic (respectively hyperbolic) regime if
2 12
the limit of the symbol a,,(k30)— i wz ke p? cosh 2ug when Jeu — 0 s in the (real) elliptic (respectively
hyperbolic) regime.

When Jeu # 0, the Floquet problems (22) still have solutions E, which are complex now (as well as
the equation (20) is a complex equation), which defines as well a,(k3p), b, (k3p) € C. We shall thus say that

Reuw? — k?

Ra,(k3p) > p* 3 < cosh 2uy (23)

defines the elliptic region and, in addition, nh is bounded below in this case for # — 0., and for all n
2
satisfying the inequality (23), a,(k3p)h? is of order n*m?p* 5T

In a similar way, we shall say that

Reuw? — k2
Ra, (kap) < pz% cosh 2uq (24)

defines the hyperbolic region (by inspection of the modified Mathieu equation), along also nh bounded
when &4 — 0. We add the assumption nk bounded below to avoid the case of a fixed number of modes.

. .. . . 2 k2 ..
In this case, it is observed that, though we cannot define the minimum value of WT“pz cos2v (itis a

complex function), the minimum value of cos 2v is —1 for v = 7, one has the estimate, for v close to 5

euw’ — k2

2 _ g2
€uw” — k
> Z/)2(:052\/=—'u—

5+ (e’ — D) = 3) + O - ),
hence eigenvalues close to

2 2
. €uw- — k
B, = _%pz + Jeuw? — R2p*Q2n + 1).

3.4. Eigenvalues of the Mathieu equation (Grigis-Sjostrand)

One consider the Mathieu equation
” 1 2 2
-G"(v) + (E(e,uw —k7)cos2v —a)G =0,

where a must be identified so that we get a periodic solution (of period m or 2x7). When w?p? is small,
a ~ n?. But this is not the case here. When a is close to the minimum of this function one uses Harrell. In
the general case, assume hw = 1. The equation writes

1
PiG = —-h*G" + 5 en - n%) cos 2vG = ah*C.

We use the procedure described by Grigis and Sjostrand ([11], chapter 15). Assume that £ > %le,uw2 -
kzzl. Consider the eikonal equation

1
(@) + E(E'u —n*)cos2v—E =0,

14



that is ¢(v) = fov \/ E - %(e,u —n?) cos 2sds, with the canonical choice of the determination of the root. It is
then classical to deduce a sequence a (v, E) such that a WKB solution is

. . \J 1
(Y aiv. e ao(v, E) = <\/ E = 5 (e —17) cos 20)"+.
One observes that there exists c(E, 1) and thus d(E, k) such that
a(v +m, E,h) = ¢(E, h)a(v, E, h), c(E, h) = ¢"ED

where ¢ and d have expansions in /4, c(E,0) = 1. If one denotes, for / small enough, the unique solution
E,(h) of

i 1
f \/ E - >(eu- n?) cos 2sds + h*d(E, h) = nph, (25)
0

then for all N there exists iy such that for 0 < i < hy, the interval (E,(h) — W, E p(h)+ hN) contains at least
two eigenvalues of the operator Py, denoted by ea,(h), eb,(h).

It is then a consequence of this result that a,(k3p) = wzeap(h), by(ksp) = ebp(h)wz, which is to be used
in the Modified Mathieu equation.

3.5. Precise approximations of the eigenvalues

This Section is a remark, allowing us to have a very precise estimate of eigenvalues, using the special
functions, namely the Elliptic integrals (as in [8], [1]). It is based on the observation that

fon \/E — Heu - nP)p?cos2sds = f_%% \/E + S(ep — 122 — (eu — nP)p? sin® sds
) \/E + Leu— 1Py fF V1= K2 sin? sds,

2 = 2T
with k= = p*— oy hence

™ 1 1
f \/E - E(e,u —n2)p? cos2sds = 2 \/E + E(ep - nz)sz(g,k) (26)
0

2 _
as well as, for vo, vy solving b — 5T p?(cos 2v — 1) = 0 that is 0 < vo < v| = 7 — v such that

Vo -+ 22 Vo+TT Vi 2
f \/b - %pz(cos 2v—1)dv = f \/b — (eu — p?)p? cos2 vdv = 2 \/Ef 1- SH; 4 dv,
Vi v o \  sin®v,

that is

Vo+TT 2 1 b
f \/ — T 2 cos 20 - 1)dv = 2 VBE(vs, — ), sinvy = ———. 27)
. 2 sin vy p~(eu —n*)

1 1 1
2 \/E + ~(eu— )2ECE, k) = aNI, 2 VDE(vs, ——) = (n + =)th
2 2 sin v, 2

Note that such relations extends to the complex plane, hence defining the eigenvalues even when eu ¢ R.
The equations we have to solve are

15



4. Analysis of the asymptotic regimes for cylindrical coordinates and proof of an estimate on the
solution

In this Section, we derive estimates, both in the case Jeu < 0 (where existence and uniqueness result of
a solution in H' of the Dirichlet problem in the layer is proven using a variational formulation) and in the
case eu € R, where one needs to avoid the resonances. The first subsection is devoted to the case ey € R,
where we can rely on a classical analysis of second order ODEs.

4.1. Rigorous estimates of the solution for eu € R,

In this Section, we treat the two following cases:

2

q(r) := —kz2 _P ;" + euw® > 0,7 € [rg, R] (28)

A=

2_ 1
P 3

k(r) := k7 + =

— euw?® > 0,7 € [ro, R, (29)

The function r2.J p(k3r) satisfies the Whittaker equation

p* -

72

A=

w’ = (k2 + — euw?)w. (30)

Let w be the unique solution of (30) satisfying w(rg) = 0 and w’(ry) = 1. Define 6(r) such that (p, 6) is the
unique solution of (32) with p(rg) = 1, 8(ry) = 0. We prove

dp(ksr)
d,l,(k3R) < 1jforallre€ [ry,R].

Proposition 4. For (p, k;) satisfying (29), 0 <
For (p, k) satisfying (28),
dp(ksr) - C

|dp(k3R) = |sind(R)|

We consider in all what follows a solution w of (30) satisfying w(rg) = 0. In both cases (k;, p satisfying

(29) or (28)) the function j;’((,]:;)) is equal, when defined, to \/E wn)

r w(R)’
When £, p satisfies (29), one has

even when k3 = ilks].

Lemma 8. Let w be the unique solution of (30) in the case (29) satisfying w(rg) = 0,w’(rp) = 1.
Forall r € [ry,R]

sinh +/maxy,, gik(r — r,
w(r) < o RIM 0),w'(r) < cosh vmaxy, gik(r — ro).
\/max[ro,R]k
In addition, for all r € [ry, R], the unique solution of (30) in the case (29) satisfying w(rg) = 0, w(R) = 1 is
strictly increasing, hence w(r) < 1 for all r € [ry, R].

Proof. We first check that, in the case (29), there exists a neighborhood of rg such that w(r) > 0 for r > ry,
hence w’’(r) > 0 when w’ is increasing, hence for r > rg, w'(r) > 1 hence w(r) > r — ry.

Assume now that there exists r, > ry such that w(r,) = 0, and denote by the same symbol the smallest
value of this r,. There exists at least one point r| in [rg, r.] where w’(r) = 0. If r| is the smallest greater than
ro, W’ is positive on [rg, R1] hence w is increasing hence w”’ is positive hence w’ is increasing: contradiction.
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Finally, there is no point greater that ro for which w is zero. This proves that w is strictly positive. From
w'w” = k(r)ww’, one deduces after integration $((w'(r))* — 1) < max(k(r))(w(r))*.
Introducing w(r) = asinh ¢(r), one checks that, after the choice a/2max[r0,R](k(r)) = 1, that (¢')* <

max(k(r))r,.r1> ¢(ro) = 0 hence the estimate on ¢(r) and the inequalities of Lemma 8. ]
Lemma 9. Let w be a solution of (30) in the case (28) satisfying w(rg) = 0. One has the inequality:

WP + gDy < %((wm»z £ qROR).

Proof. One checks that

q'(r)
q(r)

d
E[(W'(’”z +q(NW(r)*] = 2w (W' (r) + g(r)w(r)) + ¢ (W) = ¢ (N(w(r)* = (@(r)(w(r)?),

hence, thanks to % >0,

d_ , ‘).,
L0 () + g(w()] < L[ () + g(r)w )1,
r q(r)
from which one deduces %(W’W) < 0 hence the inequality of Lemma 9.
]
In addition, if one introduces p(r) sin 8(r) = w(r), p(r) cos 8(r) = \/W,—(’T)kz p(r) > 0, one shows that
€uw=—k;

@ > 0, and one deduces

Lemma 10. 1. The resonances are the solutions of sin((R)) = 0. If w is large, given, the number of
points of resonances in [rg, R] is O(w).

2. If w is not a resonance, p(R) = sir::(el(e])?)) is well defined.

Proof. The second item is a La Pallice’s statement, to acknowledge that the problem has a unique solution.
This holds as well as the first part of the first item, because there is no solution of (30) satisfying w(ry) = 0
and w(R) = 1 when sin(6(R)) = 0.

The second part of the first item comes from the fact that there exists 6p > O such that &'(r) > Spw,
hence 6(r) > dpw(r — rg). Hence, as there exists O(w) points such that dgw(r — rg) = nm, the same result
holds for 8 (see Coddington-Levinson [7] Th. 1.1 Chap. 8). ]

Of course we have the exact (but useless) form of the Dirichlet to Neumann operator in the hyperbolic

regime for the mode p:
d dy(ksr) d,(k3R) cos (R)
T e = ks = o =P (31
r d,(k3R) dp(k3R) sin B(R)

One deduces that

Lemma 11. If w is not a resonance and if w solution of (30) satisfies w(rg) = 0, w(R) = 1

’ 2
Vr € [ro, R], w(r))* + (VAW < W(R)? +

q(r)

hence w is uniformly bounded on [ry, R)].

WRY _ | o~ k2 cos(B(R))
gR) = q(B®)  sin(B(R)

17



This is a consequence of the system that p, 6 satisfies (recall k; = wn):

1
4 _ sinfcosf
- w—mu—n
0 (r) = w+Jeu — *[cos” 6 + (r)k2 sin? 6].

Observe that we can deduce a name for each of the regimes described in (29) or (28) thanks to the
estimates on the solution. The regime (28) leads to an oscillating solution p(r) sin(6(r)), hence one calls
this regime the hyperbolic regime. The regime (29) yields exponentially growing and decaying solutions,
which renders the name elliptic regime soundful. This will be detailed in Subsection 4.4.

From these two items, one gets Proposition 4. It is a consequence of the two following items:

(32)

¢ In the elliptic case, there exists a unique solution of (30) such that w(rg) = 0 and w(R) = 1. It is
uniformly bounded by 1 on [rg, R].

¢ In the hyperbolic case, consider the unique solution of (32) such that p(ry) = 1 and 6(r9) = 0. The
resonances are the values of w such that there exists a (7, n) such that 8(r) = nx. If w is not a resonance,
then there exists a unique solution of (30) such that w(rg) = 0, w(R) = 1. This solution satisfies thus

C
< —.
Ol < e
Proposition 4 implies that is in C'([ro, R], L*(R x N)) hence w € C'([ro, R], S’ x [*®) hence it is the Fourier
transform in 6, z of an element of w € C!([ro, R], S’(R x [0, 271]).
When (p, k;) neither satisfies (29) or (28), that is

2

2

-N—‘
FNT

+e,ua) >0> k2

—kf - + e,uw

5
denote by r, the unique point such that k(r,) = 0. Let w* such that w*(r,) > 0, (W*)'(r,) = 0, w* is strictly
increasing on [r,, R], and the estimate reads w*(r,) < w*(r) < w*(R) for all r € [r,, R]. One then checks that
one is in the case (28) on [rg, r.]. Let w* satisfying w*(r,) = 0, then (va;f(rze) is also strictly increasing on
[re, R]. Altogether, for w satisfying w(rg) = 0, w’(rp) = O we are in one of the two cases, and one can solve
readily w(R) = 1.

Lemma 12. There is no resonance for this point, and, in addition, we have an uniform bound of the unique
solution w of the Whittaker equation (30) on [ry, R].

Proof. The proof is identical to the proof of Lemma 20. 0

The next section uses the asymptotic expansions of the Bessel functions to obtain estimates of the
quantities introduced in the present section and deduce the Dirichlet to Neumann operator, as well as the
conditions for resonances.

The second subsection deals with the case eu complex, where the analysis of the complex system of
ODE:s is not straightforward.
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p(3)
p(k3R)

The aim of this subsection is to prove the fundamental result

4.2. Estimates on J-o— using asymptotic results on the Bessel functions.

Proposition 5. Assume Jeu < 0, independent on w. There exists a constant K such that

p(3)

VYre€ [ro,R],V(k,, p) e RXN,|—————
0 > P p(k3R)

The proof of this Proposition is the aim of subsection 4.5 and one uses the known behavior of the Bessel
functions to derive an result identical to (3), thanks to precise estimates on Bessel functions. The precise
estimates are listed in Section 4.3, in five cases.

4.3. Bessel functions toolbox

In this subsection, we describe the representations of the Bessel functions that will be used in this paper.
We concentrate mainly on J,, +iY, = H;,l) and J, —iY, = H;,Z). The variables z, B, a are defined in (44). We
have the representations:

1. In the case of p fixed and of the argument of the Bessel functions large, let y,(Z2) = Z — (% p+
}Tﬂ). There exists four functions P*, Q*, R*, S ™, where one gets estimates of remainder terms in the
asymptotic expansions, such that

HP(2) = 2z“° (P, 2) +iQ"(p, 2)1e" D (HDY (Z) = Z[iR*(nZ)—S*(p,Z)]e"XP@, (33)

and the conjugate solution which is HE,Z). We have in addition
P*(p,Z) = 140(Z7%),820"(p, Z) = 4p*~1+0(Z7),R*(p, Z) = 1+O(Z~2),8ZS #(p, Z) = 4p*+3+0(Z7>).

This one was used already in [4] and one notices that all the constants in O(z72) depend on p. More
precisely, the expansion of P in inverse powers of Z is ;> Z%Ia j(p), where a;(p) is a polynomial
of degree 2.

2. In the hyperbolic case ‘Re,ucuz - kg - 1:—22 > 0, let P(p,B) = p(tan B — ). From [1], (9.3.15) to (9.3.19),
there exists four functions L, M, N, O depending on p and S such that

4 4 4

2 . 2,
+iY, - i, gLy Ly = i S22 (v sio)e™, (34
osB cosf nptanfB P cos B P cos B np

IS (=) (L-iM)e™, Ji(

where L, N, pM, pO have an asymptotic expansion in inverse powers of p> when p large, and L(p, 8) =

L+0(p™). N(p.p) = 1+ 0(p2), pM(p.) = a(B) + O(p™"). pO(p. ) = b(B) + O(p™"), where
ap) = 8tan,8 24t25m3ﬁ’ bp) = Ste?_nﬂ + Mtz—n3ﬁ'

3. In the elliptic case, namely Reuw? — kg - ’:—22 < 0, we use 10.20 in [8]. Note that z and ¢ introduced
in (44) can be extended to z € C. There exists A, B, C, D, continuous functions on £, depending on p,

such that
HO(p2) = 2¢ s( )P 3 Aie pIDAL. p) — pie T AN (¥ piOCIBEL. )] 55)
(HY (p2) ~ (1 =)i[-p ie T Aie™ piOCEC p) + pTiAT (X pIODW. p)),
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where

+00
Ar(d)
AL =) =5,
=0 P
and similar uniform expansions for B, C, D (the notations for B and C are slightly different to the ones
appearing in10.20 in [8], Ao({) = Do({) = vo, Bo({) = Co({) = uo).

2
First notice that a(p,{) = w is exponentially small as w — +oo when R/ 3 > 0 and that

Bi(p3{)
2
b(p,{) = Z D g exponentially small as w — +oco when ?’\g“ 2 <0.
Ai(p39)
Introduce A B
kep.) = ¢ ptes i AL gt i BED)

Ai A, p)’

— _r¥ —% ¢2i’§’Ai +2 m 2. C,p)
nep0) = =cp e @l g e

which both satisfy uniformly ks = O(p~!), 7. = O(p~!). More precisely one has

ke(p, ) =—p~! °<1+0<p“>> ., p)=-p~ —(1+0<p“))

Estimates (35) yield

Hy (p) = 275 p75 (< fzz)iAi@?é”p%g)A(p, DI+ ke (p. D,

and a similar estimate on H;,z)(pz).
We also observe that

1
Aie® pig) = € ABi(pi (=i + aQ)) = —e FAi(pi O - b)), (36)

from which one deduces the behavior of H;,j ) (pz) according to the sign of R¢ 3

A, p)(1 + ks (p, o]Bi(p%{)( i+a()
TSAL, p)(1 + ke (p, O)AI(P3 (1 = ib(Q)),

3)ip
3)ip

H 2”(pz)

(
37
( (37)

w\—- w\'—

1
4
1
3

<
1-72
L
1-

not writing the similar estimate on H;,z)(pz) (one needs to replace k; by k_, and all the conjugate
coefﬁcients) stressing the role of the sign of R¢2: 3. the equivalent of H(l)(pz) for R¢ 3> 0is
—i(t45 z)4p AW p)Bi(p3 ) andlS( )4P A pAi(p3 L) for REE < 0.

Al (p3§) b({) _ B (p;{)

Introducing also a({) = >
Bi'(p30) Ai'(p30)

, one gets

¥ T DE P+ . OB (P O i+ ()
= 2 12y} p)(1 -+ 7 (p DIAT (PR = D)),

(HY (p2) %)

It will be useful as well to obtain the following equalities on Y,(pz) and J,(pz), using (10.20.4) and
(10.20.5) of [8] and the expressions (different from the definitions mentioned) A(Z, p) = v + O(p‘Z),

B, p) = up+ O(p™2), C({, p) = vo + O(p™2), D({, p) = up + O(p™2), up = v = 1:
20



Jp(p2) —( )4p‘§[A(§ PIAI(P3 L) — p~3¢ 2B, PAT (3]

= (3 Z2)410 *A(f p)(1+k(p é))Al(p*f)
Y,(p2) = >4p z[A(g PBi(p30) — p~3{ 2B, p)BI (p30)]

= —(1 )Zp‘fA(é p) +k(p {))Bl(lﬂé) i (39)
J(pz) = (1 z,ﬁ (D, AT (p30) — p 3420(4 PAi(p3 )]

2(1 >4p D p)1 +T(p. O)AY (p%@

Y/ (pz) = §<14§ 3 "[D(g P)Bi' (p3¢) - p—wzC(é P)Bi(p3 )]

= 2(55)ip iDE p)(1 + 7, OB (p32),

where this equality defines &, k1,7 satisfy k({, p) = P+ O™,k p)=-p L +0(p72), t(p, ) =
p L+ 0(p2), #(p,0)) = —p~' + O(p~?), in order to deal with the totally elliptic case. We have

Lemma 13. Let 6. > 0 be arbitrary. For all £, |{| > 1 and |larg({)| < w— 0.

3
e The function Ai(p%{)(p%g“)%e%l’{2 is bounded uniformly,
3
o The function Bl(p*{)(p3§)4e P67 s bounded uniformly,
o The function (p3 4 )2 A—l.’,(pSg“ ) is bounded uniformly,
o The function (p%{ )% %(p%§ ) is bounded uniformly.
All these quantities have an uniform expansion in powers in (p%{ )_%.
All these terms have a finite limit p — +oo.
. In the glancing case (namely Reuw?® — kz2 - f—zz =~ (), there exists four functions P, O, R, S depending
on a, p, defined in 10.19.9 of [8] such that

P(a, p) = Z Pkﬁf)

k=0 P°3

and similar equalities for Q, R, S such that one has the following equalities (and the conjugate ones),
recalling Ai(—X) — iBi(—X) = $e~'3 Ai(e™'3 X) and Ai'(—X) — iBi'(-X) = 1e/3 Ai'(e7'3 X):

1 2
HY(p+apt) = 3(Ai - iBi)(-28a)P + 2 (A7 - iBi')(-23a)Q
p3
A 7r
= 2_31 3Ai(e” 323a)P+ 23 e AT (e” 32?a)Q
1 P | | ' (40)
(HYY(p+ap3) = Z_Z(Al( 23a) — iBi'(~23a)R + Z_Z(Ai(—%a)—iBi(—Zﬁa))S
p3 p3
3 s s 1 s [T
= —Z—Ze ?Ai’(e_l§2%a)R + 2—2@"?Ai(e"§2%a)5.
p3 p3

One has the following asymptotic estimates on P, O, R, S:

4 3, 1
+O0(p 3,8 = 2d* — - +O(p 3.

3 4a
+ O(p _i)Q——a + O(p~ 3)R—1— > 3 5
2

5p

pP=1-

2
5

5p
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The first case, which is the most classical one, will nevertheless be of less use than the others in this
analysis. It is the case of a fixed p and of k3r large. It relies on the equalities (33), which yield:

dpksr) _ R _jyg-r) €200 Py = iQ )3 ro) (P + 1Q.)(ksr) = (P + iQ.)(kro)(Pe — iQ.)(K3r)

dp(k3R) 1 e 2k R=r0) (P, — Q. )(k3ro)(Ps + iQ.)(k3R) — (P + iQ.)(k3ro) (P — iQ.)(k3R)

As Jks < 0, one has e 2k3(R=10)| = ¢23k3(R=10) < | gpd |e2k3(—10)| < 1, along with lek®-n| < 1. Hence
there exists C(p) such that, for w > 1

dy(k
IMI < C(p), Yk, ¥r € [ro, R].

dp(ksR)"
This bound is not uniform in p, hence this result shall only be able to control 25:0 a p(kz)ei”e in k, in order
to perform an inverse Fourier transform, but cannot be used to obtain a behavior in (p; k;) for the regularity
when (p, k;) — +oo.

We need, for dealing with (p, k;), to consider p AND k; large. In classical situations, this corresponds
to what can be called the high frequency regime, where both k, and € are of order of magnitude w. It is

however necessary to have estimates for all (k;, p) € R X N,
2

2> Reuw? — k2

We rely on the following definition, based on R euw? — k? -2 ;- ’;—22 for all (p, k;), under
0

the condition
Reuw* > k2 (41)

Definition 3. One has the following classification on (p, k;) (it is a classification on the wave vector or dual
vector)

2

1. One is in the totally elliptic region when 0 > Reuw?* — kg - %.

2
2. One is in the mixed-elliptic-hyperbolic region when R euw?* — kz2 - % > 0> Reuw? — k2 - .
0

3. One is in the totally hyperbolic region when Reuw?® — kf - ’;—22 > 0.
0
In cases 2 and 3, one has )
p
k2 + < Cw?. (42)
One denotes by k,, 3k, < 0 (as in the plane layer)
P2
ky = y|euw? — k2 — ol (43)

An explanation of the names of the zones is provided below in Section 4.4. Note for the moment that
we adopted a classification similar to what is deduced from the behavior outlined in Proposition 4 using
inequalities (29) or (28).

Let us prove (42).

In the case "mixed elliptic hyperbolic’, it is enough to choose C = Repu.

In the case ’totally hyperbolic’, one has
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2 Reuw?* — k2 R?
kf + P k? + bRZ < ‘Re,u—zwz,
r

2
o 0 o

hence C = %eylf—zz is possible. We will thus introduce the following variables, which replace the variable r
0
in the asymptotic analysis in (w, k,, p):

2 k 1 V12 2 rl 122 V12
B+5>Repo?: 2= 0=G [ MEdns, [ Vtdr=n = - VT2

NN (44)

2 z 2
2, P 2. P _ ; — r :
kZ + =z < ‘Reya) © CosB T k3r, sm,B = T,‘Rsmﬁ >0

2
kf+’:—2 ~ Reuw? : k3r:p+ap%.

Remark 2. In the hyperbolic, mixed, or elliptic regimes, f3, z, {, when introduced, have a finite limit when
w — +co. In the glancing regime and Jeu independent on w, a = O(w3) and we are not in the range of
application of this regime. If ey = -, we are in the range a = O(w%)for Reu — szz - % =0.
Remark 3. For ‘Reuaﬂ - kz2 - f—zz > 0, introduce ag and by such that k3 = ag + iby, ao(r) and By(r) such
that ks sin 8 = ao(r) + iBo(r), and a(r) and b(r) such that sin8 = a(r) + ib(r).

For ‘Re,uwz - kz2 - f—zz < 0, introduce p(r), q(r) such that pg“% Z—f = —(p(r) + ig(r)).

They are uniquely determined through by < 0, ag(r) > 0 (condition crucial for the analysis, coming
from the assumption sinf8 > 0 when eu € R (see [8])) and p(r) > 0 (choice of the determination of the
square root as indicated in [8]), and one has

2 2 2
p-Jeuw <0.4(r) = _Jepw

- >0
r2lks*rao(r) 2p(r)

Bo(r) =

2 2
Proof. Let Q%E,uw_2 — k2 = > 0. One has k% sin® 8 = k3 — K} cos? B = k3 — & = k3. Moreover sin* =

2 k2 . . .
1- 57 =1- rZT;r" from which one deduces (imaginary part)
3

2a0bop*
rlks*

2a(r)b(r) =

As 2agbg = Se,uwz < 0, one has a(r)b(r) < 0 hence b(r) < 0. Observe then that Jks3 sin 8 = boa(r) + aph(r),
which yields By = Jks sinB < 0.
2 \/ [
Let Reuw’ — kg - 1:—2 < 0. From pz = k3r, and %g“% = le 1t_t2dt, one deduces ﬁ‘;—f = —IT_ZZ% =
_ N2k

z p
One deduces (observe that one uses A Ve = VA2e for all 4 > 0)

J1-52 157 ; ;

1dd P* k3 P p 2 p 2 )

———pTE——p——— ﬁ_k3__ r—2+kz—e/1w.
p

Hence 2p(s)q(s) = —Feuw?, which gives the second result.
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Let r, > 0 solve

2
Reuo?® k2 -2 =0, (45)
r

VR euw?-k2

> “R. Fixing np = k— and g = R (dimensionless numbers), we observe

[Reu — n?
o= Y=g
q

idestr, =

Lemma 14. 1. The identity holds true
. 2 3
i¥(re) = _gpgz(re)-

2. We have ‘R%p{%(re) <0.
3. Ri¥(B()) > 0forall r > r., and is an increasing function on r > r,,

4. There exists r— < r, such that %nge ff p(s)ds forr < r_, and %%{g >0 forr>r_, anditisa
decreasing function of r.

Remark that the point r = r, is the only point where the limit of @ and the limit of { can be computed
simultaneously according to our definitions.

Proof. Let y(r) = W(B(r)). One has y/(r) = LW/ (B(r) = Fptan’B(r). Using —sinB(r)% = —=%, one
gets
W (r) = ks sin(r) = a(r) + i(r).

Let g(r) = % )24 3 (z(r)). One already obtained
g (r) = =(p(r) + iq(r)).

e For all r such that Reuw? — k2 - ’:—22 >0, a’(r) - B2(r) = Repw?* — kZ - 2 , 2afﬁ Seuw?, a > 0,
B <0.

e For all r such that ‘Re,uwz—kg—f—j <0, p’(N—-qg*(r) = ’:—22+k12—‘Re,uw2, 2pq = —Jeuw?, p > 0,q > 0.
One deduces o — 82 = ¢* — p?, a8 = —pq.

One checks that o%(r,) = qz(re), ,82(re) = q2(re), 2a(r.)B(r.) = —2p(r.)q(r.), hence, using the sign
conditions, a(r,) = q(r.), B(r.) = —p(re) and i(a(re) + iB(re)) = p(re) + iq(re).

The function ¥ satisfies W(0) = 0, hence the complex continuation of ¢ satisfies ¥/(r,) = 0 for r, € C
such that (r.) = a(r.) = 0, that is r, given by k3r. = p. One deduces iy(r,) = f re(—ﬂ(s) + ia(s))ds.
Similarly, the function ¢ satisfies % pl %(1) 0, hence g(r) := 3 p{ 2(z(r)) satisfies g(r.) = 0 (point such that
z = 11id est p = kyr, as well). The equality obtained above shows g(r.) = fr ) (p(s) + iq(s))ds. Using the
identity p(s) = —B(s), g(s) = a(s), one obtains

g(re) = —iy(re).

This summarizes as the first item of Lemma 14.

. . _ —Jeuw? 2 % _ ! \/ﬁ \/7
For the second item, introduce o = —m > 0. From £{/ = fz ——dt = f Vica dt, and

one obtains

_idu

denoting by iu = 1 — 12, id est dt = TR

—fezzf( —\/ﬁ du = i? ( \/_(1+m)du=igf( —\/ﬁ du+i§f( uNu ———du
o 2(1 —iu) o 2(1+u?) o 2(1+u?) o 2(1+u?)
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where i3 and i3 are both of negative real part, hence the inequality.
For the expressions of a(r) and B(r), one has

2 2 s
2(r) - BA(r) = 1:_2 _ Ir)_z’“z(r) + 20 = IS eua’ + 1:_2 B 1:_2|

e e

which extends the expression of a(r),B(r) for r < r,, and one observes that, extending also the same
expression for p(r) and ¢(r), i(a(r) + iB(r)) = p(r) + ig(r). We may thus notice that one could formally
deduce the identity iY(8(r)) = —% pl2(z(r)) for all r, by extending the equalities defining p, ¢, «, S.

The third item uses Ri¥(r) = Ri¥(r,) — fr : B(s)ds, with B < 0, r > r, and Ri¥(r,) > 0, which implies
that, for all r > r,, Ri¥(r) > Ri¥(r,) > 0.

For the last item, use %%pﬁ(z(r)) = ‘R%p{e% —fr: p(s)ds = %%p{? + frre p(s)ds. As there exists 5y > 0

such that 6¢ < sp(s) < 20y for s large enough, fr e p(s)ds — +oo when r — 0, there is a unique solution to

3
?\% pLe + fr " p(s)ds = 0, that one calls r_. As ‘R%?’\{ 2 s strictly decreasing, %%9"\{ 3> 0forr<r_and
?\%%{% <Oforr>r_.

Remark 4. We could also have deduced the equalities above, using the fact that {(z) is solution of the ODE

2 22

Z(

which transforms, with 7 = ]%r, into
dq

pé( P

2
)2 = 1;_2 + k2 — euw® = (p(r) + ig(r))*.

It is useful to introduce and recall the following notations:

2 k k k
ks = Jeuw? — k2, ky, = | euw? — kZ — I%,kl = %,cosﬁ* = k—;,sin,B,k = —g tan B, = —t (46)

4.4. Eikonal equations.
We rely on the previous asymptotics of the Bessel and Hankel functions in the case where there exists

2
K > 0 such that kz2 + ’r’—z < Kw?. Tt is always the case, as it was noticed, when one is in the hyperbolic, top
glancing, bottom glancing, and mixed hyperbolic elliptic regimes on [ry, R], and we enforce it additionally

2
when 1% + k? > Reuw?. This is called the asymptotic regime’. The PDO that one considers is
r_l('),(r('),) + 6?2 + r_zc')gz + wze,u.
After a change of unknown of the form v = riuand a change of notation r = R + n, it writes, in the high-

frequency regime, as the action of the operator 822 +R(n,i"'w™'0,,i"'0g) (k, as the dual variable of z and p
as the (discrete) dual variable of 6):

3We avoid the case where k., p grow more than w
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P -3
_ 2 2 4
R(l’l, kz,p) = €Uw — kz - m

The eikonal equation associated with this PDE is thus
(0,D)* + (R + n)"2(0g®@)* + euw® — k2 = 0. (47)

In the classical analysis of operators of the form 652 + R(n,x,i'0,), in the case eu € R* for which
the principal symbol is real, the elliptic region is characterized as the set of points (xg,&y) € T*0Q for
which R(0, xg, &) < 0. In the case of the Helmholtz equation in cylindrical coordinates, we observe that,
considering p as the discrete Fourier variable in 6 (equivalent to % Fourier variable for the curvilinear absciss

2
s = R), this corresponds, when eu € R*, to euw? — kf - 1% < 0. In a similar fashion, the hyperbolic region
2 2
is characterized by euw? — kz2 - % > 0, and the glancing region is characterized by euw? — kz2 - 1% =0. In

the latter case, as 9,R(0, k,, p) = ZR—IJ; > 0, we fall in the category of strictly diffractive points (which is not
suprising, because this corresponds to the model problem of the strictly diffractive analysis).

Even though the classical decomposition of the space of (k;, p) into elliptic, hyperbolic, and glancing
region respectively for R(0, k;, p) < 0, R(0, k;, p) > 0 and R(0, k,, p) = 0, where n = 0 is equivalent to r = R
is valid for a real principal symbol, we shall use the same terminology®, by convention, in the case eu ¢ R
is replaced by R(ep):

e Elliptic regime: k2 + I’;—z > Reuw?
o Hyperbolic regime: k2 + 2 < Reuw?
yperbolic regime: k7 + & < Reuw

2
The glancing region is not of use here because the distance of k? + % to euw? is always of order w?” at least.
We have:

e Elliptic region: 20k

P ,
We use the estimates (37) of Section 4.3. The asymptotic solutions use the Airy functions Ai(ei% p%§ ),
associated with the phase

< 1. One has thus to study asymptotics of Hl(,j )(pz), where z is defined in (44).

2
GO,r) = po + igpﬁ,

where ( is defined in (44).

e Hyperbolic region: we consider § defined in (44).

We deduce from the asymptotic expansion of the Hankel functions an equivalent for the Dirichlet to
Neumann operator is a consequence of the analysis of Hl(,l)(k3r) when p and k3 are of the same order.
Following Abramovitz and Stegun [1], one has the following phase for the Bessel functions (estimates (34)
of Section 4.3)

Y(p,p) = p(tan = ).

and the total phase is
@0, r) =¥(p.p) + pb.

“we can use a limiting absorption principle with Jeu — 0—
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Lemma 15. For each (k., p), define r, such that Reuw?* — kz2

NEES

1. Forr > r,, use (34). The phase © : (6,r) — Y(p,B) + pb is a solution of the eikonal equation
0p®(r, 6
@,0(r,0))% + (% (r %2000 _ 2~ reu- i,

2. Forr <r,, use (37). The phase G : (8,r) — pb — —%ﬁ is solution of the eikonal equation as well:

@G(m)+ﬁﬁ“@>—@_ww 2.

3. Forr =r,, use (40). The phase h : (6,r) — p0 + 3(2§a)3, with ksr = p + ap% solves as well

1
(0:h)* + —(Bgh)* = W’ eu — k7.
r

Proof. Consider
O(r,0) = p(8+tanB — B),cos B = kL
214

One has
3,® = pd,Btan’ B, y® = p.

Using k3r = ﬁ o.f = rtanﬁéﬁf hence

@00 0" + (P20

) =K.
This is the eikonal equation associated with the PDE. In the case of r = R + n (where the description
corresponds to a circle of radius R and # is the algebraic distance to the circle), one finds

p2

(n+R)?’

(Dnp(n, 0))* = k3 —

The first eikonal equation is obtained.
Consider now G. One notices

2 3
8,G = iipa,(gg%),ag(; =p
Using pd, = k30, and the expression of %g %, one obtains

V1 -272
—

0,G = +iks

One then obtains
2

2
T el =&

1—
2, 2 2
(0,G)” +r7(0yG)" = —k5—— 22 2 3k2 2

This phase also solves the eikonal equation. O

We will continue this section by using the classification of Definition 3. One needs to observe the
following thing
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Remark 5. The Dirichlet to Neumann operator uses the asymptotics of the Hankel functions at r = ro and
at r = R and of the derivatives of the Hankel functions at r = R. This means that it uses the same phase
function at the numerator and at the denominator, denoted by I(ry, R, k;, p, w), Rl(ro, R, k;, p, w) > 0 and

I’l+€ —n-e I’l+ —n-e

diel —d_e™! - d, —d_e?"

21

we will thus only take care of the coefficients n., d; in the analysis.

4.5. Estimates on the solution
We have the estimate
2
Proposition 6. Assume that there exists C constant such that % + kz2 < Cw?. For all M large enough, there
0
exists a constant D such that, for all w > M, for all p, k,, for all r € [ro, R]

dp(k3r) <

ldp(kg,R) =

Our aim is to obtain the estimate of Proposition 6. We will use the following equalities of the toolbox:

1. In the hyperbolic case, we use (34) of Section 4.3,

2. In the elliptic case, we use (37) of Section 4.3,

3. In the mixed-elliptic-hyperbolic case, for all r € [ry, R], we use (37) for the behavior at rg, (34) for
the behavior at R.

This proposition 6 is detailed above, so that we can see the different cases that are involved here. We
state two detailed results.

Proposition 7. e Forall (p, k.) satisfying Reuw? — kf - 1:_22 > 0 we are in the totally hyperbolic region.
0
There exists a constant Dy > 0 such that
dy(ksr
| df’((k3R))| < Doe?F=YEO) < . (48)
p\R"3
e Forall (p,k;) such that
2 o P T
Reuw™ -k R <0 < Repw” —k; -3
0

assume that r, does not depend on w. One is in the mixed elliptic-hyperbolic region.

* Forry < ro <r <r,, there exists a constant K such that

3
Jp(k3r)Yp(k3r0) - Yp(kSr)Jp(k3rO) | <= Ke%pmoz _sx(%pggﬂ"?’*) <K. (49)
Jp(k3R)Y p(k3ro) — Y, (k3R)J ,(k3rp)

x For ry < r < r,, there exists a constant Ky such that

Jp(k3r)Yp(ksro) — Yp(ksr)Jp(ksro)
Jp(k3R)Y p(k3ro) — Y, (k3R)J p(ksrg)

3 3 3
()egp%((2 _402) < Koe_%(%pgzﬂly*) < Kp. (50)

One notes that, as |k§r2 — p?| > |Feulw?, one is never in the glancing case.
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Proof. We consider the totally hyperbolic regime. Recall that Ri(¥(B(r)) — ¥(Bp)) > 0 because RiV is
increasing. For notational simplicity, we write Wy instead of Y¥(p, 8(ro)) = Y(p,Bo), Lo, My, L, M, L., M.,
instead of, respectively, L(p, Bo), M(p, Bo) and so on.

Jp(k3r)Y[J(k3r0) - Yp(k3r)']p(k3r0) _ l(l{l(ﬂ(r)) ¥,) (L() - lM())(L + lM) (L() + lMO)(L l.M)EZi(\{JO_\P(B(r)))
Jp(k3R)Yp(k3r()) - Yp(k3R)Jp(k3r0) (LO - lMo)(L +iM, ) (LO + lMo)(L —iM, )62’(\{10 -¥’

As [eXFo=¥)) < 1 |2 Fo=YBID)| < 1, using precise uniform bounds on L and M, one checks that there
exists a constant Dy > 0, independent on p; k., such that

Jp(k3r)Yp(k3r0) - Yp(k3r)~]p(k370) < Doeg(\y*_\p(ﬁ)) < D,.
Jp(k3R)Y ,(k3rg) — Y, (k3R)J,(k3rp)

As k; and % are controlled by w, we get an uniform control of 5, By, 8. hence of L, M and other quantities
above.

Let us look now at the elliptic-hyperbolic case.

For ry < r < r,, it is natural to use the previous result (because we use the elhptlc representation at ry

and at r). Assume that ro > r_ first. Note that (', + 5 p{ ) > 0 and recall that ‘R{O <0.

3 3 ) 3 2. .3 _4 3,3 2,3 2,03
To(p20)Yp(p2) = Jp(p)Yp(pz0) €374 D) ] (pz)eils ¥y (pr)e™30¢ e3P REG 420 — J (p2)e3PE ¥ (pzg)e™ 3P4

T2 p(eks) = I Vp(r20) w203

3 3 3
2,72 . ) 23 .3
Tp(pz0)eP Yy (ghg)e ™™ = Jp(hg)e ™ [¥p(pzo)e™ 3740 JesPtd

3 3 3 3 3 3 3
Using Jp(PZo)e%”goz, Yp(Pz)e‘%pévz, Jp(PZ)e%”“, Yp(pZo)e_%"’%2 bounded, |e37% | < 1, |~ 3PR& )| < 1,
one gets, with the equality

nip tan S, p 1 . v, . —iv, nip tan B, p 1 . P, . —i?,
\/ 3 Jp(cosﬁ*): 5[(L-1M)e‘1’ +(L+iM)e "+, w/ 5 Yp(cosﬁ*): E[(L-;M)e“’—(LHM)e ¥,

(51
|M| < Kle3 *P(éfo (2) iV, +3(0 | = Kegp‘K(O %(sp(2+l\}’) <K
dy(k3R)
Assume now ro < r < r_,
83 - i 203 R —ch 20 “2pdd
Tp(p20)Yp(p2) = Jp(pDYp(p20) 3P4 ) Jo(pzo)eP Yp(pr)e 3067 =3P R — Iy (p2er v, (pagye-ir

JP(pZO)YP( cofﬂ* ) - Jp(cofﬁ* )YP(pZO) ei‘{’*+%p§0%

3 3 3
2,.+2_4,.+2 . 2,52
Jp(pzo)esPeo T3P Y (L )=+ Y, (pzo)e 7%

cos B, )e_i\P* - JP(COS,B*
3 3
Use again the estimate (51), the inequality ‘R%g’g > 0 (because rg < r), ‘R(g’o2 =4 %) > (), we obtain

3 3
dp(k3l”)| < Ko e_%pﬁ_i\y*l _ Ke—‘){(%pﬁﬂ%) <K

Idp(k3R) -
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Proposition 8 deals with the totally elliptic case (that is k% + g—z > Reuw?). It enables to treat the case

2P2

where > — +oo when w — +0o0.

R:
w2

2 2
Proposition 8. Let Reuw? — k2 > 0. For all (p, k;) satisfying k2 + ';—(2) < Cw? and Reuw® — k2 — % < 0. We
say we are in the totally elliptic region.
Let rg < r < R. There exists a constant Ky such that one has, for w large enough

Jp(k3n)Y p(ksro) — Y, (k3r)J p(k3ro) < e_%pm{%_é)KO <K, (52)
Jp(k3R)Y ,(k3rg) — Y, (ksR)J,(k3rg) a

More precisely, for any 6 > 0 small enough, there exists ws such that there exists Ks such that (52) is
uniformly true for all r € [ry + 0, R].

Proof. In the totally elliptic regime, introduce the notations z, 7o, z. and ¢, {o, ¢, corresponding to pz = ksr,
pzo = k3ro, pz« = k3R.
) . j . 2 3 2.3 . . .2
One notices that the functions HI(,’)(pz) contains e375” as well as e~3P¢” | because it contains Ai(p3¢) as

well as Bi(p%g“ ). It is then more relevant to distinguish the role of Ai and Bi, and use the Bessel functions as
in (39)

dpksr) _ Jp(P2)Yp(P20) = Jp(P20)Yp(p2) _ Jp(p2) 1-7
dp(k3R) Jp(PZ*)Yp(pZO) - Jp(pZO)Yp(PZ*) Jp(pz*) -7’

where
_ V() dp(pzo) — Yp(pza)Jp(p20)

1, (p)Y,(p20) " Ty (pz)Yp(po)

22
Bl(le)At(piio). As the

o . . y o . Ai(p3 OBI(p &)
classical estimates for the Airy functions ([8] 9.7(ii)) are valid uniformly in the sector |argz| < & — J., one

concludes that

We use (39) to deduce estimates for 7 and 7. We then have to study estimates for

3 3
Bi(p39)e™51 Ai(p’ fo)e3ris

3 3
Ai(p3 )i Bi(p’ do)e 5

is bounded, hence there exists M such that

L2 2,03 2 2,3 22
Bipi e Aipi el BIDAID D), syt g

| 7= 2 2
Ai(p%é“)e%P{% Bi(pilpeiris  AlpIDBi(pido)

This shows that
s 33 b33
7] < Me_§{R({o _.(2)’ IT,| < Me_jy‘(.(() =)

303 3,
4 4 5 .
and one uses Me™3 X ~&7) < % and Me 3@ %) < % for r > ry for large w to conclude that there exists

K such that |]1__TT*| < K for all r, ryp < r < R fixed, which imply Proposition 8. The precise statement at the

end of this proposition comes from the fact that for all (p, k) satisfying Reuw? — kg - 1’;—2 <0,p2>Cuw,
7 — 0 exponentially in w.

O
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Finally, we adress the case (which implies that kf grows when w — +00):
k2 > Reuw?. (53)
Proposition 9. There exists a constant E such that, for all r € [ro, R], for all p, for all k, satisfying (53)

|dp(k3r)| <
d,(ksR)

The proof of this proposition comes from the uniform representation of the Bessel functions for large
p, even for z such that the phase of z is in (-7 + 8, 7 — ¢). Indeed, if pz = k3r and if k% = euw’® — k?, z= ]%
is of argument belonging to (—%, 0) because k% has a negative real part and a negative imaginary part, hence

the argument of k% is in (—m, —’—2’). One deduces that, on the line k31—'; which is included in (—%, 0), £z is
increasing.
Hence one has

dp(ksr) - p(gz gz egP((o 3 )Jp(k3r)Y (k3r0)e';p(§2 ZO p(k3ro)Yp(k3r)e3p@0 )
dp(k3R)

ezﬂ(&, 42 )J »(k3R)Y), (k3r0)63p(l* {0 p(ksl’o)Yp(k3R)€‘p(§° (*

3 3 303 3 03
One observes that pJ,(ksr)Y,(kzro)e 372 =40, pJ,(k3ro)Y p(ksr)e3P% ), p ], (ksR)Y p(ksro)e 3”& =), p,(ksro)Y ,(ksR)
are all bounded when p, k; is large (thanks to the coefficient p‘% as coeflicient in the asymptotic expansion
. 2 1 . . . . .
of J,(pz) and the coeflicient (p3)~4 through the asymptotics of the Airy function). Using these estimates

one deduces that j”((:j;)) is bounded, uniformly in ¢, ¢y, £, when p — +oo and w — +o0. This result still
y4

holds when p is finite and w tending to +oco which imply k, — +o0. Proposition 9 is proven.
Proposition 6 is a consequence of Proposition 7 and Proposition 8. Proposition 5 is then a consequence
of Proposition 6 and of Proposition 9.

5. The Dirichlet to Neumann operator for the cylindrical ring

The first subsection is devoted to the result stated for the plane layer on the form and the regularity of
the Dirichlet to Neumann operator (which is an operator acting on functions on {x3 = 0}).

5.1. Proof of the result of the Introduction for the plane boundary

Lemma 16. The Dirichlet to Neumann multiplier is a Fourier multiplier from H*(R?) to H"'(R?), in
particular for s = % whenever ey ¢ R%. It is not defined when eu € R. However, if eu € R%, for each

(k1, ky) given, there exists a sequence (wy( A /k% + k%))n of values of w such that the Fourier multiplier is not

defined for w belonging to this sequence. When w does not belong to this sequence, the Fourier multiplier
is well defined.

Proof. Begin with the last item. In the case ey € R, there exists at least (kj, k2) € R? such that euw? =
kf + k%, hence there exists at least a resonance, hence no uniqueness of the solution. The Dirichlet to
Neumann multiplier is never defined as an operator on S’(R?). This is a consequence of the fact that the
domain is unbounded, hence continuous spectrum exist and, in particular, for all (k, k») there exists at
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least an associated point of the continuous spectrum. However, for (ki, k») given, define wj( k% + k%) =
k2+k2+”2§2
MTZ. These are values for which sink,/ = 0, hence non uniqueness of the solution. For a fixed
value of w which is not in this list, there exists «; such that |sink  I| > «;, which ensures the existence and

uniqueness of the solution of the ODE on [-/, 0].

Consider now eu ¢ R and assume ug € H %(Rz) (that is (1 + k% + kg)ﬁﬁo(kl,kz) € L2(R?)), introduce
Ulky, ky, x3) = S8K0HD 0 ko). Estimate (76) shows that U € L2(R? x [—1,0]), hence

sink, [

1 sink, (x3 +1) . _—
, X2, X3) = ki, kp)e™ 122 dy dk
u(xy, X2, x3) 02 fRz Snk.] ito(ky, kp)e 1dky

is a function of L2(R? x [—1,0]). Its Fourier transform solves (75). Hence U is a L? solution of
{ (A + w?*e)U =0

U(-l) =0
U(0) = up.

It is straightforward to check that U € H I(R? x [-1,0]).

The trace of the normal derivative is thus given through

cos(k, ) .
. ks )Mo(kl,kz)
sink, [

ax:‘, I}'\t(o’ kl ] kz) = kJ_

from which one deduces that 8,,i(0, k1, k2) = C(ky, k2)iig(k1, k2) and that |C| < M (k3 + k3. One has thus
(14 K2 +k2) 78,00, k1, ko) < M(1 + k3 + k2)# g(k1, k2), hence C is a Fourier multiplier, and @, u(., ., 0) =

Cu(., .,0) where C goes from H?(R?) to H™2(R?).
L]

5.2. The Dirichlet to Neumann operator for the cylindrical layer

Proposition 10. The Dirichlet to Neumann operator C is a Fourier multiplier, which expression is, for each
(p, k;) such that k3 # 0 and k3 is not a resonance of the problem

HY (k3ro)(HYY (ksR) — H' (k3 ro)(HY (k3R)

C(p,k;) = k3
HY (k3ro)HY) (k3R) — HY (ksro)HS (k3R)
In the case k3 = 0, one obtains, for T = %
_ptP+T?
C(p,k;) = ﬁm-

Proof. Consider a”(k;) € L*(R). Thanks to Proposition 6, the formal solution (14) written in Proposition 1
satisfies
H (sro)Hy, (ksr) = Hy) (ksro)Hy, (ksr)

HY (k3ro)H' (k3 R) — HY (ksro)HY (k3 R)
32
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and if a?(k;) € H'(Ry.) x k' ([0, 2x]),

HY (k3ro)H' (ksr) — HY (ksro)H (k3 r)
HY (ksro)H' (k3R) — HY (ksro)HY (k3R)

(k,r,0) — a’(k,) e’ e H'([ro, R] % [0,271] X Ry,).

The derivative in r is indeed in L? thanks to |k3| < |k;|, and one uses k, — kzaP(k;). Similarily, the
derivative in € is in L? thanks to paP(k;) € I2. One can consider d,u(R, .,.), which is a Fourier multiplier
of the corresponding mode of u(R, .,.), which defines the Dirichlet to Neumann operator C from H 1(Sr) to
L*(Sg).

This lemma complements the results of (13), (14) of [28] by characterizing the values where (16) is not
fulfilled as resonances of the problem, and by asserting estimates on the solution. Of course, one has also

Yy, (k3ro)J,(ksR) — Jp(k3ro)Y ,(k3R)

C(P, kz) =k3 Yp<k3r0)Jp(k3R) — Jp(k3rO)Yp(k3R)‘

(54)

Let us prove finally the result for k3 = O (that is w?eu — kg = 0). The Helmholtz equation reads, for

U(r,0.z2) = e*=+fu(r)
2

1
—0,(ro,u) — p—zu =0.
r r

Solutions of this ODE are u(r) = Ar? + Br P, hence the Dirichlet boundary condition at r = ry yields
u(r) = a(rpr(;p - rgr‘p), hence at r = R one deduces u(R) = ap(RPr(;p - rgR"’) and 0,u(R) = pap(R""1 rap +
rg R~P~1), from which one deduces the Dirichlet to Neumann operator as a Fourier multiplier

RPYr P+ R
C(p, k) =

. . . n
which rewrites, denoting by 7 = o

pt’+177P
C(p,k;) = R7P — 1P

and the Dirichlet to Neumann operator is the operator such that

>

P -p

Coa s _ ™+ Coa s

§ apetp9+z Verwz - R 1 § pa, etp9+l \/E/JC!)Z‘
p

TP — 177P
p
It is worth noticing that ), |p|a§ < oo implies ) .o Ipl‘l(pap)z(:?_r—gi)2 < 400 hence one checks this

expression sends h%([O, 2r]) onto h‘%([O, 2r)).
O

5.3. Asymptotic estimates of the Dirichlet to Neumann operator for k,, p of order of magnitude w for ey €
R? away from resonances

In this case, the use of the exact solutions is necessary, because the situation is different from the case
Jeu < 0 where, in the hyperbolic regime, it has been easy to choose the Fourier integral operator which is
exponentially growing in / in the region [0, R — rg] and the one which is exponentially decaying in /, and all
the calculations done in the previous Sections amount to choosing the leading order term in the layer. On
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the contrary, in the case ey € R, the two solutions which could be characterized as incoming and outgoing
are not easy to identify, the solution of the homogeneous Dirichlet problem is a linear combination of both.
We then use the asymptotic expansions in p, k.
Let ¢o, ¢, the quantities tan Sy — SBo, (resp. tan S, — S,) depending only on 7, 6 and not on w. Introduce
the solutions w,(6, n, ry, R) of

1 P(LOM* - L*MO)

tan(0R(¢« — ¢o)w) = — 0Rw LoL. + MoM, (55)

We prove

Proposition 11. There exists a constant ¢’ and a constant D such that, for all n, for all w such that

2¢
- 9’ 1) 7R 2—’
= @m0 R wy(0,m, 1o, R)
one has
] bo + d.) sin* (Y. = Wo) — (¢, — do) cos> (¥ — ¥ D
IC(p, k)raw—YH T fﬂ—nz( 0 + d.) sin”( 0) — (¢ — do) cos’( 0)| .

tan(¥.. — ¥o) sin?(¥, — W) T wlsin (W - Py

Proof. The solutions are, thanks to Proposition 4, which shows that j”((,l: Ig)) is in CO([rg, R], "), hence is the
p\R3

Fourier transform of an element of C%([ry, R], S’), which yields to the representation:

Za 0P Jp(k3r)Y,(k3ro) — Y (ksr)Jp(k3ro)
P T R)Y y(ksro) — Y (k3R)J y(ksro)

The existence and uniqueness of the solution of for a given p is given by the equality equivalent to the non
resonance condition of Lemma 11:

Jp(k3R)Y ,(k3ro) — ¥ (k3R)J p(k3ro) = 0. (56)

Lemma 17. Let w_l}i =6,n= kz independent on w and ep—6>—n* > 0. There exists a sequence w, (0,1, ro, R)
such that (56) is equivalent to 'There exists a n such that w = w,(6,n,ry,R)’.

Proof. Let us use, in the hyperbolic regime euw? — k2

2
s = ’:—2 > 0, the asymptotic representation of the Bessel

0
functions. The conditions for resonances is

(Lo = iMo) (L. + iM,)e"™ 0 — (Lo + iMo)(L, — iM,)e™ =10 = 0,
which is equivalent to

[LOL* + MOM*] Sin(l}l* - ‘PO) + (L()M* - L*MO] COS(‘P* - \PO) = 0,

that is
LoM, — L.My
tan(W, - ¥Yp) = —————. (57
LoL* + MoM*
One considers the case where a% = @ is independent on w. Equation (57) rewrites
1 P(LOM* - L*MO)
tan(6R(¢« — ¢o)w) = — (58)

ORw LoL. + MM,
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It is equivalent to (55). By inspection of the behavior of the function W, which is uniformly

bounded in w thanks to the uniform expansions of L., M., Lo, M, one obtains existence and uniqueness of

each term of the sequence w, (0,7, rg,R) € ( GRJE;" :;gr) R ¢ - )) of solutions of (56). These points are close
to the intersections of the graph of the tangent function and the graph of % O

We are now ready to express, for w ¢ w,(0,7, ro, R), the Dirichlet to Neumann operator and its leading
order term.

Proof. We use
Cp.k) = —iks (Lo—iMp)(N,—i0,)e" Y+ =Y0) 4 (Lo +iMy)(N, +i0, e~ ¥+~¥0)
D, = 32i(Ly L.+ MyM,) sin(¥,—V0)+2i(LoM,—L, Mo) cos(¥,—¥o)
—k (LoN..—MO..) cos(¥.—Vo)+(MoN.+0,Ly) sin(¥..—Fp)
3 @MoL.+MyM,) sin(¥, ‘{’0)+(LR] Lo Mo) cos(¥. =)
LoN.—Mo0, €05CF ‘I’O)+W sin(¥,—¥)

LoMx—L+ My .
W COS(\I]* —\P())

RS LoL MM, sin(¥.—¥o)+

If one wants to have a leading order term in w of this symbol, it is necessary at the same time to avoid
sin(W,. —¥y) = 0 and sin(¥, — ¥yp) + % cos(W. —Y¥p). The latter condition writes w # w,(6,n, ro, R),
hence we have thus to ensure that w satisfies an inequality of the type |w — w, (6,1, ro, R)| > c. (cs to be
determined) in order to avoid sin(¥, — ¥y) + % cos(¥. — ¥o) AND sin(¥. — Wy) different from 0.
For this purpose, denote by ¢, such that

_C
0wR

¢. such that |¢,| < <. If one assumes |w — w, (0,1, 1y, R)| <

One observes that Itan ¢ < with C independent on w. Hence there exists a constant ¢’, and a unique

for all n > 1, then | sin(¥, — ¥y)| >

wy, (07] ,R)
m, and one can expand the expression. One obtains, observing that % =1+ 0(p7?),

(BT = 0(p™), p(LoN. = MoO.) = ¢, = bg + O(p™"), p(MoN. + O.Lo) = d.. + bg + O(p™"),

(bo +dy) sin? (W, — ¥o) — (cx — do) cos* (¥, — ¥o) D
C(p ko — +Jeu | < .
(P-k) (‘I’ ‘Po) sin2(¥, — W) w| sin3 (¥, — W)
O
O

One can link this result with the result stated in Theorem 2, through

Remark 6. Assume Jeu < 0, independent on w, and assume lw is a constant, independent on w. Then

2 2
euw? — kz — k; l(a*—ao)cos lkL—(a0+b)sm lkLkl

tan lk R sin? Ik i kl

C(p.k,) = O(w™)

Proof. We obtained % = k3 sin B(r), from which, for r = R, one deduces W' (R) = k,. Hence, for [ small,

¥, - =k, = lw%. One checks, in addition, that Ik, = \/(‘Reua)2 — k2 — kD)l + i3eplw, hence Ik, is a
complex number which distance from the real axis is strictly positive, hence tan Ik, is not zero.
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One has

cos Ik, — %tb

sinlk; k. 1 (@ — ap) cos? Ik, — (ag + by) sin? Ik, ki

= + + 0™
sinlk, — a*%{o coslk, tanlk; R sin? Ik, k; @)

C(p.k) = kv

5.4. High frequency expansion of the DTN Fourier multiplier for a fixed mode

In this section, for p fixed, we describe a high frequency equivalent (w — +oo, or |k3| — +0o0) of each
mode of the Dirichlet to Neumann operator.

As it is easier to manipulate the oscillating phases e*'* hence we shall use (H(l), Hl(,z)) as the suitable
pair of independent solutions for this analysis and use the equality (33) of Section 4.3. One gets

Proposition 12. Let C > 0 and |p| < M is fixed. Assume V;—l < Rep.

o The leading order term, for w — +oo of the Fourier multiplier for the Dirichlet to Neumann oper-
ator is C(p,k;) ~ k3 %,];311 Note that the influence of the Fourier mode has just disappeared in this

equivalent; it gives rise to a lower order term.

o One has the estimate

1 APl 4pP43, .
cosk3l+8k3( ™ %) sinksl

. 1 4ApP-l 4p2-1
sin k3l 8k}(—m —&—)cos ksl

C(p.k;) = ks (1 +O0(w™)).

o Inthe case Seu # 0, (Tkz — —oo when w — +0),
I )
C(p,k;) = (iks — T O(w )1 + 02731y,

Remark 7. Note that the Item 2 of Proposition 12 shows the dependency of the Fourier multiplier in terms
of the radius of curvature. This dependency is not uniform in p because the remainder term is not.

Proof. Let us prove first the last item. Using the equivalence cos k3l ~ %e‘”‘ﬂ, sin k3l =~ %e‘ik3l, thanks to
Rk > 0, Jks < 0, one gets

. 2 2
1+L(4p—1 4p~+3 . 42_1 42 . 2 2
8k3 ™ 1o R . l P p~+3 i A4p I_ap !
~ = 1+ — - B
Clp ko) = bs——— ooy = k(1 + 8/,{3( Tt R ) 8,{3( o TR
! 8k3( o )

hence the result.
For proving the first item, it is enough to replace P by 1 and Q by 0. In this case Hi,l)(z) ~ %Ze’XP(Z), (Hl(,l) Y(2) ~
%ZieiXP(Z), and one has thus

elXp(ksro)(_ie—lXp(ksR)) — e~ xpkaro) joixp(k3R)
C(p, k) = k3

)

eXpk3r0)jo=ixp(ksR) _ o=ixp(k3r0) oixp(k3R)
that is
cosks(R—ry) . cosksl
. = l . 9
sink3(R — rg) 3sin ksl
36
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The expansion at a higher order yields the following term of the expansion in k3, it depends on p. One uses

HO (kro)(HPY (kR) = —2—elro=ico®(] 4 4221y 40703y 0(k;%))

= ZVioR 8%310 : 8k§R
— 2 Lixplro)=ixp(R)(_; o L Ap"—1 _ 4p~+3 -2
poy i (—i+ 8k3( m )+ Ok37)),

as well as the conjugate term H;Z)(kro)(Hg,l))'(kR), and

1 2 i —i 4p2—1 .4p2—1 _
Hé )(krO)H;’ '*R) = VR x/zr(ﬂ?elxp(m) B+ 81;(3{0 )1 =i )1+ 0(k;?))
_ 2 iy »(r0) =iy »(R -(dp-1) 1 1 -2
e TR ISR - ) + 005,

and its conjugate expression HI(,Z)(krO)H;,])(kR).
Collecting, one deduces

. . 2 2 . . 2 2
— o1 4pt-1 4pe+3 - .1 4p-1  4p“+3 —
exp(ro) IXp(R)(,H%( p’() ,I’T)),e t)(p(ro)ﬂ)(p(R)(Hm(PT,PT))+0(k32)

i _i i(4p2—1 _; i i(4p2-1 _
£ixp(ro) lX17(R)(1+’( gk )(L_%))_e tXp(r0)+sz(R)(1_t( gk3 )(%_%))_'_0(1%2)

C(p, kz) = k3

2
~2icos ka(ro~R)+ gz (=~ 252 2isin ks (ro—R)+0(k;)

= R3 2_
2i sin k3(ro—R)+2i cos k3(ro—R) <4§k3 b (%—§)+O(k;2)

2 2
cos k3 l+%(4"r0"1 ~ ) Sin ks 1+ 0(k3?)

— .
sin ks 1= = (L~ %) cos ks +O(k32)

This proves the second Item of Proposition 12 when p is fixed and w goes to +oo (including the case k, = nw,
n € R).
Finally

cos k3! . oik3l 4 p=ik3! .e~2ik3l 4] .
- == — = SN 00.
sin k3l k3l _p—ik3l l 1—e—2ik31 ,wW— + D

We shall now study a complete asymptotic regime (p, k;, w going to o).

5.5. High frequency analysis for the exact solution in cylindrical coordinates in the high frequency regime
in (k;, p): the hyperbolic region.
The case studied in this section is

2 2
Reuw’ — k> — LS ?%e,uwz—kz—p— >0
Z R2 Z r2 :

0

In the totally high frequency regime we are able to find the analogous of Proposition 12.

2
Proposition 13. Assume kz =1, Inl < VReu and w*Reu — k2 - f—g > 0. Let B.,Bo be given by cos B,

Veuw?—k2 o ..
ks = = P = (and a similar definition for By). Denote by ¥, = p(tanB, — B.), Yo =
et~k - 5 euw?—k2— 5

p(tan By — Bo). When J,(k3ro)Y p(k3R) — Yp(k3ro)J,(k3R) # 0, the Dirichlet to Neumann operator is equal to

(Lo — iMo)(N,, — i0,) + (Lo + iMo)(N, + iO,)e~2(¥-=%0)
(Lo — iMo)(Ly + iM,) — (Lo + iMo)(L. — iM,)e~2(¥-=%0)"

C(p,k;) = —ik; sin S,

Let 6 = L. Define in addition k; = jeuw? — k7 — w?6? as the (complex) normal transmitted wave
number, the tangent waves vectors are (w6, k;), and S, is an angle of incidence.
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Proposition 14. Assume Jeu < 0 independent on w. The following asymptotic expansion holds:

5 eua)2 kf—R—z
Clp,ky) =1i eﬂw2 k=B - k(@ + b)) + O H](1 + O™ W0y
= [iky — 5% kz - O(w’l)](l + 0(6 2w04))
Proof. Using Bessel functions toolbox, one obtains

(HY (25 Hy () — (H Y () Hy (k)
C( k ) _ k cos S« cos Bo cos S cos o

T T (D ()~ HY (2 HD ()

cos B cos o cos B cos o

,/“‘jfﬂ* g (¢ (Lo = iMo)(N.. = i0.) + (N, +i0.)(Lo + iM)e™-~"0)

\/W \/ﬂptaw (1. (Lgy — iMo)(L. + iM.) — (Lo + iMo)(L. — iM.,)e¥-—1%0)

C(P’k)— -

The expansion in inverse powers of w is given through

M0 (1190 )(1-i2 )+ (1412 )(1+i50)e™+ %0

C(p,k;) = —ikssinp, oY (] 1“0)(1+1“*) (1+i% 0)(1- la*)el\y* o

cos(¥, \PO)—"O*b* Sin(¥,—¥o) 5
sin(¥,—¥o)— cos(¥, l{,)(1+0(p ).

Lemma 14 shows that Ri(¥(B.) — ¥(By)) > 0, hence there exists &y such that ¢=2(¥(B)-¥B0) —
O(e~?%%), Using

= k3 sinﬁ*

ax “()

Yo Ye (Lo — iMo) (N, — i0,) + (Ny + i0,) (Lo + iMy)e' 1Yo

C(p, k;) = —iks sin B, —5—
(p Z) 1 ﬁ e/Vo=i¥s (LO - ZMO)(L* + ZM*) - (LO + ZMO)(L* - iM*)ellP*_lTO

one obtains o
« T+ _ B
C(p. k) = ik smﬂ*—"M( 1 O 23T~y
—iM,

from which one deduces

* b * — — —
Clp, ko) = (iks sin . — ky sinﬁ*w + 0™ )(1 + 0290,
As b 1 1 1
kysing, 2B 0B) _ g (1+—5—) = —.
p 2ptanp, tan“ B, 2R sin“ B,

we get that the leading order term of the Dirichlet to Neumann operator is
K pr
wA\|€eu — =ik
\/ Ho w2~ R +

1 1 eu? -k 1K

2Rsin* B, 2R g2 —j2 - ,’%i 2RI

and that the lower order term is

Note that this result can also be obtained as a consequence of the limit
cos(W. — W) 1+ HH%0)
=—i . - -
sin(W. — ¥p) 1 + 2i(¥.~¥o)
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5.6. Dirichlet to Neumann operator for the mixed- hyperbolic-elliptic case

We are in the case

58}

2
‘Re,uwz—k2—p—>0>‘Re,uw2—k2—p—
) : T2

(=) S}

Note that, contrary to the hyperbolic regime, an exponentially growing term appears both in H;,l)(lq rop) and

in H;,z) (k3rp). This corresponds to the branchs identified in [17] for the decomposition near a turning point
of the solution of a second order ODE.

[S]

Proposition 15. Assume Jeu < 0, independent on w and Repw?* — k2 — &5 > 0 > Reuw? — k2 - ’:—2
0
The Dirichlet to Neumann operator is given by

C(p,k;) = ikssin ﬁ* N, +’0* (1 + O(e72R¥0)) (1 + 0(e31m50 )

= (k. - Zsz +O0(p™ N + 0786 ))(1 + 02211y,

Proof. Use

H (pZO)

e~ (Y (R

o LY GsROH (o) = (HP Y (s R)H ey H ) R

(H“)) (ksRHS (k3ro) — (HYY (ksR)HY ’(k3r0) (H;n),(hR)ngm) (HOY (k3 R)

C(p. k) =

We use the expressmns (39) which are more convenient. We assume that .

Assume first that ‘R{O < 0. In this case, Az(p3 {) is exponentially growing and Bz(p3 {) is exponentially
decaying. Through
H (p20)  Jp(pzo) = i¥p(pz0)
HO(pz0)  Ip(P20) + i¥p(p20)

one observes that this term is of order of magnitude 1. Indeed, one observes first that
.2 -1 g 2 L2 Al 2 4+ 1B
A(p, o)Ai(p3do) —¢,° P 3B(p, Q0)AT (p3 o) = A(p, L0)Ai(p3 o)l - E(p%“o)p 302 Z(p, 20)]1
and one has A(p lo)=1 +0(p‘2) and 4L (p3 L0)p” 3{ 3= —p Ta+o(p~ 1Y) (the last estimate coming from

the expansion of the Airy function w1th terms of order X~ % ).
Hence

_1 2 2 1
A(p, L0)AI(pZ L) — 4’ P 3 B(p, L)AT (p3Lo) = A(p, {)Ai(p3 L)1 + > +0(p™)]. (59)
In a similar fashion, thanks to %i;(pgg’o)p_%g’_% =p i1 +0(p7Yy),

_1 2 2 1
A(p,L0)Bi(p3 o) - I~ P73 B(p, L0)Bi' (p3 o) = Alp, L0)Bi(p3 L)1 — > +0(p~)]. (60)
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3
One deduces, thanks to %(pggo) = 0(e3PR4),

3
_ . 4 2
H,(,z)(pzo)  Jp(p20) — iYp(pz0) 1+ % + O(p2) — i0(e3 PR )

3
4 3

- . - =1+ 0(631]%40 )

HP(pzo)  Jp(p20) +1Yp(p20)

3
1+ 1+ 0(p2) +i0@Ei ™)

. [ . " H(z)
(N* - 10*)e_ll{‘* + (N* + lO*)el\P* f])(PZO)
Hp, " (pzo)

b
HY (pz)
HY (pzo)

C(p, k;) = —iks sin B,
(L +iM)e ™ — (L, — iM,)e -

one obtains the same estimate as before in the case Jeu < 0 independent on w, which is the estimate based
on RGY,) > 0:

N* + 0" ) 3 . %)t b % . 3
ik3 sinﬁ*ﬁ(l+0(e—29‘<l‘1’*>))(1+0(e%f’””‘4o2 )) = iks sm,&(lﬂ'M +O(p~))(1+0(e 2B 1+0(e37R4) ))
x — 1 * p
This ends the proof of Proposition 15. O
5.7. Dirichlet to Neumann operator in the elliptic region
The case studied in this Section is
T 2 2 P
Repw” — k; R < Repw” —k; -5 <0.
0

One introduces, according to the Bessel functions toolbox:

k3ro
0= —
p

Denote by Ag, By the quantities A({p, p), B({o, p), and A, B., C., D, the quantities A({, p), B(x, p), C(¢x, p), D(s, p).

k3R
’Z* = ) é’*a §0
p

Proposition 16. 1. The Dirichlet to Neumann operator is

Clpoke) = ka2 [ L2 4 AL+ )1+ ROAY (pFE)Bip o) = AoD- (1 + F)(1 + ko) B (pILDAIP &)
N AT AAL(L + k(1 + Ko)Ai(p3 L)BI(p3 Zo) — AoDs(1 + k)(1 + ko)Bi(p3 L)AI(p3 Lo)

2
2. Assume Jeu < 0, independent on w and assume Reuw? — k2 — Ir’—z < 0. One has
0

2
2 1\/k2+p_—fﬂw2 _3 303
Clpoke) = [\ + 55 - ue? - 5 ~— £ dr = ¢) + O(p )1 + Oe™ 7RG 1)),

R 7

Proof. Instead of using the Hankel functions in this case, we use the expressions (39). Indeed, the behavior
in the elliptic case is rather an exponentially growing or decaying solution instead of oscillatory representa-
tions. One has
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J(pz)Yp(pz0) = Y, (pz:)J p(P20)
»(pz)Yp(pz0) — Yp(pz:)J p(pz0)”

C(p’ kz) =

Assume Jeu < 0 independent on w. We use Lemma 13
3
£7) > 0 hence Al(p%é)Bi(p%go) is the leading term in these equalities, hence

One has %p‘R({g -
J(pz:)Y,(pzo) and J7,(pz.)Y p(pzo) are the two dominant terms, hence
y;;(PZ*)Jp(PZO) J’( ) 3 3
-7 Y DT 2_72
H(pz)Yp(pz0) p 1+ O(e—%p%(éoz —{*2)))‘

J’ " (p2:)Yp(p20) 1
Jp(pz*)

(pz)Yp(p20) 1 — Yy (pz:)Jp(pz0)
olp po)1 T, (pzY 5 (p20)

C(p.k;) =
g2 C Al

One has
Tppz) 5 (l—z*) D) AV (PiE) 1 - PE G
Jp(pz*) 4. AL, p) Ai(p%g“*) 1— zé’* 2?% (p%é’*)
We observe that C Ai
-2 2__1 2 | 2_ ~
-p 3 DA,(p g = p (~(p3L.)? (p £)
-, ‘(—(p%m%A—’i(p%g*)) ~p

4+ _1BA7V
—p 3 2 - 3
p 3. A A (p3¢&s)

2CA1
p é,* D A" (P {) —1+0(p_2).

hence
1- _félzﬁﬁ’, (3L
One has also A(g*, y=1+ D‘(() A O(p™) = 1+ O(p~2). One is thus left with the estimate of
(p {.), where we use 10.4.59 of [1], which yields
di—c¢y -3
Lo =1- L0 v o),

2 1AT 2

-(p3¢) ZT(P3§*) =1- 3
! (pfﬁ )2
Jpz)  1-221 d; - _
= ()1 - = ‘4 1+ 07,
]p(pZ*) T
— euw?, hence the result of the proposition.
O

hence

One has k34— V1 k2 +

Remark 8. Surprisingly, the expression of the lower order term in % is not the same for the hyperbolic and

the elliptic regime.
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6. Dirichlet to Neumann operator for elliptic layers

6.1. The Dirichlet to Neumann operator

Thanks to the representation with Mathieu and modified Mathieu functions, one can solve (rather ex-
plicitely) the Dirichlet problem with homogeneous Dirichlet condition on {;C—i + Z—z = 1} := 9Q. Using the
notation p, ug as above, one gets
Lemma 18. Let C be a bounded open set of R2. Assume that {;‘—i + i—z =1} c C, with d(0Q2, 0C) > 0. Define
p = Va? - b? and uy such that tanhug = g. Define uy such that C C {(x,y), S < 1). The

cosh? u; sinh? u;
function U is a C*(C) solution of the Helmholtz equation which is equal to 0 on the ellipse if and only if
there exists ay,,n € 7 such that

Ux,y) = Z A (Cr (WS 1y (10) = Cj(u0)S 1y (1)) gn (v),

nez

, 2 . . i . .
provided that y,, : U — % fo U (x,¥)gn(V)dv is continuous for each n. Note that e)2y s NOT the Fourier
transform of a solution of (A + w?eu)U = 0 because one cannot assert, for the moment, that each term in in
S’ as estimates on a, are not provided.

The first item is a consequence of the continuity (note that the space where U lives is not given here,
and such equalities are only formal if the sum is infinite) of the application vy, for calculation the Dirichlet
boundary condition.

Once all these results are proven, we are ready to study two cases for evaluating the Dirichlet to Neu-
mann multiplier, the first subsection below deals with the case of the cofocal ellipses (where the parameter
p is the same for both ellipses) and the second subsection deals with the case of homothetic ellipses.

6.2. Dirichlet to Neumann operator for an elliptic-type layer with same focal points for the two boundaries
B. Stupfel [28] already used such an approach to study the following problem: Q is as usual a perfectly
2
conducting body, supplemented with a layer which is also with an elliptic boundary I'; = {(x, y), §+ ly? =1},
1 1

under the assumption that a% - b% = a®> - b% a; > a, by > b. This means that the two elliptic boundaries
0Q and I' — 1 are ellipses sharing the same focal points. In this set-up, if one denotes by u; such that

tanhu; = Z—:, then {(x,y),;‘—T + Z—z <1}-Q ={up < u < up,v € [0,2r]}. In this case, the result reads
1 1
exactly as in the case of the cylinder. It is stated in Section 6 of [28], using expressions (67), (70) and all

expressions that follow. The coefficients of the Calderon operator are given by the results of [28], but we
rephrase it in the language of operators.

Lemma 19. The Dirichlet to Neumann multiplier acts on the orthonormal Hilbert base of L*([0, 27]) {gm}

as.
Cl (1) (u0)—Clyy (u0)S | (u1) )
— In| In| &n
C(kz)(U) - Zn C\n\(ul)S\nI(MO)_C\"I(MO)SIﬂ\("‘l)p\/cosh2
C! (u1)S (o) —Cly (uo)S | (u1) _
— n| In| 1
= 2nm @S 1 10)—Cp 0)S )P KumUngm(v)

Un

uy sin? v+sinh? u) cos? v

JorU = Zn Ungn(v), or

Cly @S 1ni(uo) = Cpa(u0)S |, (u1)
Cin(u1)S 10 (u0) — Ciy (U0)S 1y (u1)

42

21 21
[ ctawmgonnn =3, Ko [ U000

n,m



It is a discrete pseudo-differential operator.

Remark 9. This result is easier to obtain, when one considers the Dirichlet boundary condition on the
inner boundary, when one is able to decompose the solution on periodic modes.

Proof. Let us start by identifying the normal derivative, which is the crucial point of this first result. A
tangent vector to the boundary is = (—p cosh u sin v, p sinh u cos v), hence

1 . .
= (sinh u cos v, cosh u sinv),

Veosh? usin? v + sinh? i cos? v

hence 1
onf = ouf.
Jo, \/cosh2 u; sin” v + sinh? 1y cos2 v
We thus deduce
U =~ —————— Tz (G (1) 1 (0) = Cpu(u0)S 1)) (¥)
sh” i S U] COS
-1 ’ ’ gn(v)
= C S -C S
P~ 2nez @n(Cpy(u1)S ni(10) = Cpay(u0)S |, (u1)) Y A ——
We then define the matrix
P 2n(1)gm(v) "
mn —
27 Jo vcosh? iy sin? v + sinh? u; cos? v
and use ")
5 - fn - — = Z Knmgm(v)
vcosh? u; sin?v + sinh? u; cos2v %5

to obtain the result of Lemma 19.
O

As in the case of the Bessel functions, we have a classification of the regions to be studied. The following
classification applies:

Repw? Repw k

1. totally elliptic region if Ra,(k3p) — ———= cosh 2uy > Ra,(ksp) — cosh2u; > 0,

2. mixed elliptic-hyperbolic region if ‘Ran(kgp)—m cosh2uy > 0 > ‘Ran(k3p)—m cosh 2u,
3. hyperbolic region if 0 > Ra,(k3p) — —2 cosh2ug > Ra,(ksp) — i cosh2u;,

4. top glancing region if Ra,(k3p) — M cosh 2uy = 0.

Cp @S 1ni1t0)=Clu (u0)S | (1)
Clo1)S 1) (100) = Cyy (u0)S 1y (1)

Proposition 17. The asymptotics of the coefficient M, =
regime (and wn = k, < \/Reuw)

is, in the hyperbolic

_ 2
+i Ny (kzp) \/ By COh 2w — 10 + OW™)) = +wp \/ o . T cosh 2u; — ;’)(k-"*p @ksp) (1, o2y,

3The action of a discrete pseudo-differential operator expresses as Op(a(v, D))(U)(v) = 3, a(v,n)g,(v)U,, by comparison with

Op(a(v.))f(x) = £ [ e™a(v, &) f(£)de.
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Remark 10. We notice that the Helmholtz equation (after Fourier transform in z) writes

»* &

1
ﬁ ) + (E,uw - k2)p (cosh2u — cos2v)]u =

[

and the mode analysis of this equation yields

52
1
[ 5+ (eua) —k2)p cosh2u — a,(k3p)|u

which principal symbol leads exactly to +iwp \/ >(eu — n?) cosh 2u — a;(lzjf aulksp)
Remark 11. The coefficient obtained is thus
eu—1> _ an(ksp) €p— 2 6/1 7 an(k p) 2
\/ 5+ cosh 2u p2¢:2 +.\/ 5  cosh up + (L — oy 4250 sinh” uy
+ =+ ,
\/cosh2 uj sin” v + sinh? uy cos2 v \/cosh2 uy sin” v + sinh? uq cos2 v

which shows the influence of the radius of curvature at each point of the boundary (characterized by v).

Proof. We use the asymptotic expansions of the modified Mathieu functions described in Sharples [26],
namely the following UNIFORM asymptotic expansion of

dw;
Wi(u, 0, x), (u@x)

where u, 0, x are defined in [26], and will be recalled here. They are obtained through the modified Mathieu
functions M ((Z, h) described in [8]. Of use will be also the seminal paper of Olver [20], where uniform
asymptotic expressions for solution of ordinary differential equations with a large parameter are discussed
in the elliptic, hyperbolic or glancing zones.

Collecting the notations of Sharple, the equation (4) is y" = (1 — 2h? cosh 2z)y, which yields u = z,

= ay(ksp), B2 = 3p , thatis b = 2.

6.3. Behavior of the solutions of the modified Mathieu equation

The modified Mathieu equation is thus "' (z) = [a(ksp)(1 7 (k}p) cosh 2z)]y. Recall that k3 = euw?—kZ,

which means that L,
2K _ k3p B E/.la)2 - k%
an(k3p)  an(ksp) &nl%30) '(:23‘0 )

The case eu € R is easy to treat, Proposition 4 allows to treat the case where g(u) = %p2(e,uw2 -
k2) cosh 2u — a,(k3p) when a,(k3p) < 3p*(euw* — k2) cosh 2ug (where the result is identical to (28)), and the
case where a,(kzp) > %pz(epwz - k%) cosh2u; for kz2 < euw? and also, regardless of the value of a,(k3p)
when k? > euw?, where the result is identical to (29). All the Lemmas of Subsection 4.1 stay true and one
states the results in Subsection 6.4.

Let us treat now the case eu ¢ R..

Sharples treats the case & ¢ R as well, hence the case h = ksp

Van(k3p)
h = |hle?, hence kg < ‘Re,ua)z allows to follow the branch associated with 6 €] — %, 0]. One notes that l%
corresponds exactly to ﬁ introduced for the hyperbolic region for the cylinder.
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In the elliptic case, we define the variable & such that

d_f)z_l_ 2h?
du’" — an(ksp)

cosh 2u, (61)

for an asymptotic representation with exponentials e* V&3P where +/a,(k3p)¢ represents the phase solu-
tion of the reduced eikonal equation.
In the hyperbolic case, we define the variable = such that

A=, 2K
—) = cosh2u — 1, (62)
du an(k3p)
In the glancing case, we define { such that
¢, 2h?
(=) =1- cosh 2u, (63)
Cau an(ksp)

for an asymptotic representation with Airy functions, where (an(kgp))%{ is the argument of the Airy func-
tions considered.
We denote, for simplification, by N = +/a,(k3p). It is NOT an approximation of n, and, in the high

frequency regime, N = w 4/ (2"% \eu — n? (dimension of the inverse of a velocity?or dimensioness?).
In the hyperbolic case, we check that the modified Mathieu equation becomes (18)

d=
" _ ~N2_2,
@@ )(dz)y

which corresponds in Sharples’analysis to the case & = iN, |h| = |N|, and h = |hle2*?, which yields the
change of variable u = xe 370, leading to hu = iNu = ieielhlu = |h|x.

In the case of the Airy function analysis, W = ( ) 2y solves the equation 4 d(Z = (N?¢ + f(£))W, which
yields solutions as

Wi(N.0.u) = Pi(NIO)P{(N,u) + PANI)Q,(N, )
d
d

where P1(X) = Ai(X), P2(X) = Ai(e‘zélX, P3(X) = Ai(ezélX), P4(X) = Bi(X).
The analysis of the conditions on which one can apply the method of Olver [20] and the results of
Sharples [26], relies on the inequality, for the ODE CE = (h*+ f(0,z,u)F is essentlally |f (0, z,u)| <

dz 2 1+|Z|]+‘r
and additional conditions under the hypothesis that f has an expansion in #~". This is the case when one
introduces k., n of order w, and we transform the modified Mathieu ODE (18) by using = as new variable.
Indeed it writes

Wi(N,6,u) = N3 Pi(n3 O)R;(N, ) + Pi(N30)S j(N, u)

d= d dE dy

N 2
du d= dud_) @ )( )
hence )
d d=_dy d=dy pdE
—(—)—= + ——= = (IN)*"—.
o T T =
Introducing W = (d“)z v, one deduces
2 —
w ) d= -1
e [(GN) +(E) d”z((_) W,
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where the bound on ( )" = (( ) ) is fulfilled (we are on compact sets).
Application of Theorem A of [20] leads to

= ey, VALO), 4 e BB
Wa@on) = 053 200, B = e = S

and we deduce in this case that, with y.(u, N) = ( )‘7 W.(E(u),N),

1 dEdW, E.1d d= 1
EO (W)

—(Y+)(u N) = (—)_7[

which becomes

d d2 _1 g, dE d2 1d d=E __i

— )@, N) = (=) 2e™E[ £ —=iNB*(E,N) + (—)2 — (=) 2)A*(E, N)],

du(y_)(u ) (du) e[ i (E,N) (du) du((du) )JAT(E,N)]
where A* and B* are the coefficients whose expansion in inverse powers of n is uniform for n large enough.
Note that A* =1 + ;ﬂ +ON2),Bt=1x+ % +O(N72), A and B; are given by the expressions of [25].

The evaluation of the Dirichlet to Nemann passes through the computation

Vi (ur)y—(uo) — ¥y~ (u1)y+(uo)
Y+ (u)y—(ug) — y—(u1)y+(uo)

which amounts to, after all the needed simplifications

d: e NEWD=Ew0) B+ (3 VA~ (up) + e~ NEWD=Ew) B~ (1) A* (ug)
(ul)elN(-—(Ml)_H(UO))A‘*'(MI)A (ug) — e~ NEWD-Ew) A~ (u)A*(ug)

In the case J(E(u1) — E(up)) > 0, one has the estimate

Y (u1)y—(uo) — y (ur)y+(uo) _ LN s A B

-2 —2NI(E(u1)-E(up))
Vau)y—(uo) = y_(up)y+(o) ~ du +OWN(1 +e ),

and in the case J(E(u1) — Z(up)) < 0

Yieuy-(uo) = YL ()y+ (o) _ . d= _B . v s
rm l-———+ 0N~ 1 1 0
Ve Guy—G0) =y (s taig) Y a1 O +e )

Using A = By, one gets the estimate.
O

The second case of interest is the case called above mixed-eliiptic-hyperbolic. In this case, the previous
analysis is used at # = uy, while new uniform expansions are used at u = u.

.e . . CloyD)S (o) —=Ciy(uo)S | (1)
Proposition 18. The asymptotics of the coefficient M,, = @S (@0 =Cog(0)S pyan) is, in the mixed elliptic-

hyperbolic regime (and wn = k, < \Reuw)

k3p? 2 €Y —
M, = +iN | ——— cosh 2u; — 1(1 + O(N"2)) = wp

" coshu — (1 + O(N2))
uy — ————s .
2a,(k3p) ' pre?
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Proof. One begins with the analysis of the solutions near u = ug.
In this case, one recalls that one introduced & above, and there exists two solutions, respectively denoted
by E.(u), such that
3

dé 1
E.(¢) = (%)7)’1(”)

solution of

d’E. 5
B = W TENDES,
such that A
Eu@) = M1+ ) =),

=1

as well as dfg = Ne* V(1 + 3 5,

However, the relation between the solutions denoted by W.. in the proof of the previous proposition and
the solutions described above has to be carefully deduced from the branch cuts analysis of the solutions.
The situation was different in the case of the Bessel functions, where the phase analysis either for the Hankel
solutions and for the Bessel solution has been studied before. O

B®
N )

6.4. The case eu € RY: bounds of the solution and DTN

Consider eu € R} .
The equation on G, in the case kf > e,ua)z, is

- eu

~w G () (5 + 0208 21)G = 0
w

that is 5
n— e

P2(1 = cos20)G = (% + T = 26,
w? 2

7’ — e
2

—w2G"(v) + (

2
The minimum of the potential is 0, which means that 4 + Z5%p? > 0.

The equation on F is thus
2 _ 2

144 kZ Eﬂw
F’(u) = (a+ B — cosh2u)F.
The inequality 4 + "Z%E’"pz > 0 yields

k? — euw? k% — euw?
k(u) :=a+ % cosh2u > %(cosh 2u—1),

hence u — k(u) has the same properties as k introduced in (29). This implies that there exists a unique
solution of the equation (18) satisfying F(ug) = 0, F(u;) = 0, which indeeds satisfies 0 < F(u) < 1 for all
u € [ug, u1].

252
Lemma 20. Let a be a Floquet mode for Equation (19). When Eywz K p?cosh2u; —a < 0, there exists a

unique solution w of (18) such that w(ug) = 0 and w(u) = 1. The function w satisfies

W)l < M, u € [uo, uy].
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Proof. In the case kf < euw?, two cases are discussed:
o the case where the Floquet mode a satisfies

2 2
w en —k
a> %pZ cosh 2u;
_we;z

where one is in the elliptic case and u — k(u) := p % cosh 2u is strictly positive on [ug, u;] hence
one has again (29) and the property 0 = F(ug) < F(u) < F(ul) =1 for all u € [ug, u].

o the case where the Floquet mode a satisfies

2 2
weu—k
a< %pZ cosh 2ug
2 a2

where one is in the hyperbolic case and we introduce q(u) := %kzpz cosh 2u — a, which is positive, it is
g introduced in (28). The same result holds (with a representation of w solution of w”’ («) + g(u)w(u) = 0 by
Vepww(u) = p(u) sin O(u), w'(u) = p(u) cos 6(u)), that is sin(6(u)) has O(w) roots on [ug, u1] as well.

Finally consider the last case

2 2 2 2
wen—k wen—k
%pz cosh2uy < a < %pz cosh 2u;.
There exists u, such that —p cosh 2u, = a. Three cases are available:

w(r,) = 0 and (without loss of generality),w’(r,) > 0,

w(r,) > 0 and w'(r,) > 0,

w(r,) > 0 and w'(r,) < 0.

In the two first cases, w > 0 on (r., R) hence ﬁw satisfies ﬁw(m) =0, (R)
[0, 1] fpr r € [r., R]. Similarly, this holds also in the third case and w > 0 on [r,, R].

In the third case and there is a root of w larger than r,, denote by r; this root. If w’(r}) < 0, one deduces
—w < 1 forrelr,,R].

—mWR) =1and - w(r) €

0< w(R)

O]

6.5. Elliptical cylinder with homothetic boundaries

We concentrate in this Section on a slightly different problem, where the two ellipses dQ and I'1, instead
of having the same focal points, are homothetic: one considers  as a perfectly conducting body, y = 9Q
and I' := {(x,y), ;;—22 + ]yg_zz = 1}, where g = é—’. We are able to prove a more explicit result than the general
theorem of this Section, but however less explicit than the results stated by Stupfel [28]:

e 2 2 2 . . . . .
Proposition 19. Assume that {(x,y,z),1 < f? + ?7 < ’2—2,z € R} is a dielectric material, of dielec-

tric constants € and j1. Let k. be a wave number, with the assumption R(euw?®) — kz2 > 0. Denote by

ks = yeuw? — k2. We call g, the family of periodic solutions of the Mathieu equation, and (C,, S ) the
associated solutions of the modified Mathieu equation.

If eu ¢ R, ks is not a resonance of (10), the Dirichlet to Neumann multiplier is well defined as an oper-
ator on I>({gm, m € 7)) where this space is the set of limits of ek ¥m&m Yomek |aml> < C, C independent
on K. Its matrix (infinite) is given using (67) below by

Cont = ) 1l DS n(tt0) = En Co(t10)].

nez

where (rnl)n,l(lnmsn(MO) - Jnmcn(MO))n,m = Opm.
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Proof. Assume in this proof that p = Va2 — b2, which fixes the system of variables (u, v). The same formal
analysis as before yields U = 3, @ (Cinj()S 1nj(m0) — S 10 ()Cin(10))gn(v), where the Mathieu and modified
Mathieu functions are associated with k3p. In order to obtain the Dirichlet to Neumann operator, it is needed
to find (a,), in terms of U|r, more precisely its expansion on (g,),. Let us call K the application which

yields (% fOZH Ulr(v)g,(v)dv), in terms of @,. One needs to invert K. As we are in an Hilbert separable

space of infinite dimension, it is sufficient to be able to write K (or any operator deduced from K as Id — T,
IT(a)|p

o < 1. Hence the choice of
I

where T satisfies ||T|| < 1. This can be achieved if one can prove sup

coefficients («,), is not the best choice.

2

2
2 5 1-£5 cos? v
A

2 coch? 2 b2 o
Note that, for (x’ y) eT, p~cosh”“ucos”v | p”sinh” usin” v

= 7 = 1, which is equivalent to sinh? u =

3 T, o
£5 cos? v+ sin® v
A B

or )
2 2
anh? A2V
1+ o sin® v.
BZ
It is easy to see that
2
tanh? ug < - < tanh>u <1 - %,VV € [0, 2n].
1+ 5
We denote by u; and u; such that tanh® u; = 1 1112 ,tanh?uy = 1 — ﬁ—i, such that uy < u; < up. Use then the
e
estimate (??) and choose u3 > uy. Denote by ’
, , sinh(k, (u0)(u3 — uo))
Bn = ankn, kn = (C(u0)S n(uo) — S 5, (uo)Crn(uo)) . . (64)
kn(uop)
One has .S ) S )C )
U(p coshucos v, psinhusinv) = Z’B” (1) (o p n()Calti &n(v).
n n
Define

Kn

1 Co(W)S (o) — S w()Cyy
T(Bn) = (- fo 3 (1 - Sll0) = SO, oy ()

One checks that

Cn S () = Sy Cu
Ul = Z B, WS nluo) — S (W (v)) (MO)gn(v),

Kn

and that, denoting by 7~ the operator
T Bugn) = D Bugn = Ulr,
n n

the coefficients of 7°(3., 5,g,) on the Mathieu complete orthonormal family (g,) of L*([0,27]) is T((Br)n)-
In addition, estimate (??) proves that

271 _
fo (Zﬁngn Uy < |1 - Cn(u)S n(uo) Sn(u)Cn(uo)loo Zﬁ5

Kn

Cn(u)Sn(uO)_S n(”)cn(uo) sinh kn(MO)(MZ_uO) . .
o < 1 - St Go ) ® One deduces that 7 satisfies ||77]| < 1, hence its

inverse is ). ,>o(7")”. This proof relies only on modes |n| > np, hence on a subspace of L*([0, 27]) of finite
codimension.

As one has 1 —
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We thus proved that (8,), is known when U|r is known. This yields

Bn = Z Gumptm, Ulr = Z,Ungn- (65)

Note that one can compute G, for each n by considering the problem (A + k%)U =0,Ulyo = 0,Ulr = gn,
which has a unique solution in H c-9.
]

Assume for now on that k3 does not lead to a resonance of the problem (10). Assume that, on the surface
I" (concentric ellipse), we impose Ur € L*([0,2x]), as a function of ¢ such that x = Acos¢$,y = Bsin¢.
This surface has not a simple expression in terms of u, v. The equation of I is u = W(v) such that

2
. 1 - 55 cos?v
sinhu =

o u =y, (66)
2—22 - (% - ﬁ)pz cosZ v

The trace of u on T is

Ulr=Ur= Z Wn(Cla (Y (V))S i (0) = Cini(u0)S 15 (Y (v)))gn (V).

nez

where the variable v describes [0, 27]. Two equivalent possibilities are thus available:

e assume that the expansion of u|r uses Fourier series expansions,

e assume that the expansion of u|r follows Mathieu series expansion.

The normal derivative on I is 7.V, and as the equation of I" writes sinh>u = f(cos?v), where f(X) =

ezpfp;%, e = g = /—If, a normal vector is given through sinh 2udu = —sin 2vf’(cos> v)dv, that is N =

(sinh 2u, sin 2v f’(cos? v)), hence the normal outgoing unit vectoris n = (sin2 2u+(f'(cos? v) sin? 2v)‘%N lu=u(v)-
One then uses the following coefficients, from which one deduces a linear transform in />([0, 27]), using

the orthogonality of the Mathieu functions:

Lin = 2 [ CltW()ga()gm()av,
Jun = 2 [ S @ 0)gn(Wgm®)av,
Dun = 3= [ W)y 0)gn(v). Cli@ ), ()]gm(Velv,

21

Eun =5 [, A0S G E(V), S 1 (W) g (MIgm(V)dv.

(67)

These quantities are just diagonal matrices when we have the Bessel functions and the usual Fourier modes
because in this case ¥(v) does not depend on v (for the cylinder).

Let U be the unique solution of the problem (apart for k3 in the set of resonances of the Dirichlet
problem)

A+RU=0,1<5+% <&

Ul 2 42 = O,
;—2+;)—2:1
Ulg,p_y, =F€LX0,2n]).(x,y) = §(ccos b, bsin).
272 C
One has (denoting C_,, = C, and S_, = §, for all n € N),

U= Z n(Cr()S (1) = S n()Crn(110))8n(v),

nez
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which imply that
1 21
=~ f Ulrg-m(v)dv = Z (LS n(10) = JumCr(uo)).
2n 0 nez

Let F € L*([0,2x]). As the family g, is a complete family of L*(T), there exists a sequence F, such that
F =3 ez Fugm- As this system has a unique solution there exists (¥ )., such that

ay = E TomE .

meZ

On the other side,

0,U =iVU|r = Z anit.[(CL(W)S n(uo) — S ;,W)Cr(10))gn(V), Cu(u)S n(uto) — S n()Crn(0))g (V) lu=y )
nez

which imply
1 21
5o | 9UgnIdv = Y ul DS n(ut0) = EnnCaluo)].
T Jo

nez
Finally, one has
1 2
2_ f 0, Ug_n(v)dv = Z Tl F1[DpmS n(uo) — EppCr(uo)],
T Jo
nez,lez
which imply that, in the basis (g,), the Dirichlet to Neumann multiplier is characterized by the matrix

Cni = Z Pt DamS n(10) — EnpmCr(up)].

nez

7. The Calderon operator for a cylindrical layer in 3D for the Maxwell equations

This section is a follow-up of one of the chapters of the thesis of Pierre Payen [22]. Indeed, in Stupfel
[28] the case of a 2D cylindrical layer is thouroughly described, with exact solutions. But, as this was a
2D problem, the case of oblique incidence (id est a wave vector with a non zero z component) was not
accounted for. In Payen [22] a procedure for constructing the Calderon operator is described, but an explicit
formula for this operator has to be deduced from the expressions therein. This is the aim of this Section.
We use there the same set-up as the set-up used in [16]. Denote by

K(r,n,k;) = (

Lemma 21. The system of Maxwell equations is equivalent to

BE, — ik.Ep = iwpuH,
“H, — ik;Hp = —iweE,

dH, dE;
(ldW ):;‘K(Ez)’(ldw ):_LK(HZ)'
75(1’[‘1@) Hw E@ ;d—r(l"Eg) €w Hg

The functions E, and H, are solution of the Bessel equation (15).
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Proof. The system of Maxwell equations writes

BE, - ik.Ep = iwuH,
ing, - ik,Hy = —iweE,

ik E, — %= = jwuH, (68)

14 (rEy) - inE,] = iwuH,

ik, H, — = = _jweE,
114 (rHy) — inH,] = —iweE,

The two first equations yield H, in terms of (Ey, E;) and E, in terms of (Hy, H;), hence the first result
of Lemma 21. Note that this result decouples the ODE system, allowing it to be written with a matrix

0 i
; pw . Note also that, if one introduces = £ and 6(r) = 2, one has
LK 0 w rw

1 ( né(r)  eu—1n’ )
—K = 2 .
w? —(eu—m°)  —no(r)
As for the Bessel equations on (E,, H,), it comes from the vectorial Helmholtz equation that £ and H
solve, and we observe that, while the equations on (Ey, E,) on one side and on (Hy, H,) are coupled, the

equation on E; or on H, is a scalar equation.
O

The Calderon operator given by what follows (C(rp, R) X R denoting the infinite cylindrical annulus
between r = rg and r = R, S (r) denoting the surface of the infinite cylinder of radius r, e, is the normal unit
outgoing vector to a point of the boundary S (r) or S (R)):

Theorem 5. If there is no resonance, the problem of Maxwell equations in C(rg,R) X R, supplemented
with Els,) = 0 on S(ro) and with —(E A e,) A erlsr) = Eo € L*(S(R), T(S(R)) has a unique solution in
C(r9, R)XR, denoted by E(Eo). One has thus e, A ﬁs ®) = C(Ep), where C is the interior Calderon operator.

This Theorem is a theorem of [5].

Lemma 22. 1. If the domain is C(ro, R) X R and if su ¢ RZ, there is no resonance.
2. If the domain is C(rg,R) X [0, L], and d,(ksR)(dd,)’ (k3R) # O, there is no resonance.

Introduce now, in the case d,,(ksR)dd,(k3R) # 0, the functions

Ty (k3ro) Y (k3r) =Y, (k3ro)Ju(ksr)

Snksr) = ViR Y Garo T, s R)

Jn(kzro) Y, (k3r) =Y (k3ro)J,(ksr)

Tulksr) = Jn(k3ro) Y (k3R)=Y, (k3ro)Jn(k3R)

(69)
Jn(k3ro) Vi (k3r) =Yy (k3ro)Ju(ksr)
Onksr) = Jn(ksro) Yy (ksR)=Y, (k3ro)Jn(k3R)

_ Jy(k3ro)Y, (ksr)=Y, (ksro)J; (k3r)
Ry(ksr) = J(k3r0) Y, (k3 R)=Y;,(k3ro)J; (k3R) *

We notice that these functions do not depend on the choice of the pair of fundamental solutions of the Bessel
equation considered.
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Lemma 23. The Calderon operator for the cylindrical annulus is given by

. " N
( —Hy )_ — [ Th(k3R) — ,{2;2—?’2 2(k3R)] %Sn(k3R) ( E, )
H: P u(k3R) b, (k) )\ Eo

Remark 12. One hoped that the leading order term of this operator is \/E at the first order, which is the

case because the approximation of S ,(k3R) is — while the approximation of T,(k3R) is isinf, as it is

stated in Lemma 24.

sin ,B

Remark 13. The impedance operator, which expresses n A E in terms of —n An A H, is

(—Eg ):[ WIS u(k3R) ™ - kR" (TR ™) e (T (ks R)) ™ ]( HZ)
b (7R a7, (R)) J\ Ho

At normal incidence it is diagonal and equal to

\/E i(S n( VEwR)) ™! 0
€ 0 —i(Ty(\/EawR))™!

For n =0 it is also diagonal and equal to

—=(So(k3R))~! 0

0 —iq% - (To(k3R)) :

One recognizes a classical form for the impedance matrix.

K
5u)2

Proof. Consider for the moment formal solutions of the Helmholtz equations obtained on E,, H,. After
Fourier transform in z and expanding in Fourier series in 6, one has, for k3 # 0

E, = aJ,(ksr) + bY,(ksr)
H, = cJ,(ksr) + dY,(k3r).

We now deduce Hy and Ey4 through the equalities 3 and 5 of (68), after replacing E,, H, using the equalities
1 and 2 of (68) for k3 # O:

_ iwerdE; | ik;n _ iwedE; _ kn
{ Hy = k2 [dr + u)erHZ] - k2 dr T k%rHZ

H, ink;, H, :
EO — lw;z [d - lnk“E ] _ lwpd nkLE

dr ~ our Z

k2 dr wur —%4 T k2 dr E

that is

Hy = “(aJ; + bY}) - S2(cl, +dY,)
' ’ (70)

Eg=-"%(cJ, +dY, —%@J,, +bY,).

Any solution of the Cauchy problem on (E;, Egy, H;, Hp) stated in Lemma 21, in the case k3 # 0 can be
written

E; Ju(ksr) Yu(ksr) 0 0

EO _ _ZTkiJ"(lqr) b _ZTkiYn(ky") lwﬂ-]/(kﬂ') J zw,u Y’(k3r)
H; = lk3 (EO sz Z)S (R)jn((lr?)) - ’ 0 " ’ 0 e k‘] W (ksr) +

Hy e gy (kar) ey (ksr) —an(k3 r) _@yn(;% r)
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which defines a fundamental basis of the Cauchy problem.
For one annulus, the boundary conditions Eg(rg) = 0, E.(rg) = 0 yield

aJ,(ksrg) + bY,(ksrg) =0
CJ,’,(/Q}’Q) + dY;l(kg,ro) =0

The boundary conditions at r = R yield

{ aly(ksR) + bY,(ksR) = E?

cJ!(k3R) + dY/(k3R) = A EO 4 ks g0 — ”‘; [E) + 52 EQ).

ksRou ™~z wu—0 sz 2z

Collecting, we have
aJy(kzro) + bYu(ksro) = 0
aJ,(k3R) + bY,(ksR) = EQ
cJ’ (k3r()) + dY’(k3r0) =

cJ}(ksR) + dY}(k3R) = = l"* S[E) + sz EY],

which gives two decoupled systems. Hence, under d,(k3R)(dd,)’ (ksR) # O there is existence and unique-
ness of a solution of this system. Note that the condition d,(k3R)(dd,)’ (k3R) # 0 do not depend on the
pair of independent solutions of the Bessel equation chosen because there exists, for any pair {f, g} of in-
dependent solutions of Equation (15), a constant C(f, g) such that f(r9)g(R) — f(R)g(r9) = C(f, g)d,. The
condition d,(R)(dd,)’ (R) = 0 was obtained in Pierre Payen’s thesis, as well as the Fourier multiplier (with
an equivalent method).

The solution of the system on (a, b, ¢, d) is:

— _Yulksro) EO
J, &(fg)R) 0
n\K370
b= d”§"%@€ « (71)
n U 0
DuoR) anLE9 sz E]
T(k3ro) iks 0 0
d = 5% onlEg + szE 1
One deduces s k.
ks n
Ex(r) = EgSn(ksr), H(r) = —[ 5 sz + EQ1S n(k3r).
We use then (70) to deduce the two other components. In particular
dE, lk n
— () =k Toar), 2 <r> —[E" E2R,(ksr),
k3R
which yields .
Hy = 0T, (ksr) — k;k,zj,,[EO + ERENS k),
Ey = [Eg + R R (ksr) - EOQn(kgr)
Collecting, the electromagnetic fields that were obtained here are
E.(r) = Qn(kis’r]on, )
Eo(r) = [E) kQ;;EQ]RAksr) - i Oulksn)EY
72
H) =% [E° R EOS 1 (kar) (72)
Hy(r) = —k;ﬁ,,'j,[Eg + R ENS u(hsr) + T, (k)

54



As before, these expressions do not depend on the pair of independent solutions of the Bessel equation
chosen.
Finally,

H(R) = G21E] + GRESu(R)

Hy(R) = — k;I:JZR [ED + ,’;;EQ]S,,(R) + L€ EOT,(R) = “<EO[T,(R) - szT Su(R)] - ez EY,
which yields the Calderon operator and ends the proof of Lemma 23. O

Lemma 24. Let
F =¥ -Y¥, = p(tan B, — B. — tan By + Bo).

The following asymptotic expansions hold, under the hypotheses described in Proposition 14 and the nota-
tion F =¥ -Y¥,

(Lo — iMy)(N — i0)e™F + (Lo + iMp)(N + iO)e'F
(Lo — iMo)(L + iM)e™F — (Lo + iMo)(L — iM)e'F’

T,(k3R) = —isinf3,

or
cos F — @t gin F )
T, (ksR) = sin B, 1+ 0(p2).
o) = sinf. ey o+ O
Similarly,
S, (ksR) = i (Np+iOy)(L. + iM*)e_iF + (No — iOp)(L, — iM*)e_iF
" sinf. (Np + iO9)(Ns — i0,)e™ ™ = (Ny — iOp)(N,. + i0,)e'l ’
which yields
| cosF+ l% sin F ,
Su(k3R) = _— 1+0p).

s1nﬁ* sin F + 2

and its counterpart when Jeu does not depend on w:

Lemma 25. Assume that Sep < 0 is a constant independent on w. Depending on the sign of 3F, one

obtains, up to terms which are O(e_sz 1):
3 -1
ksR) = + - 0 ,
Sn(k3R) = g ( +a)psin,8*+ (w™)
k3 sin B, _
ToksR) = <isin B + (b + @) 22055 4 0w ™),

Remark 14. The conditions for existence and uniqueness of a solution for a multi-layer annulus is not the
intersection of the conditions for each layer. It is, for example, for a double layer (detMg)(detMy) # 0,
where Mg, My are given by (73), (74). This condition does not depend, again, on the choice of the pair of
independent solutions of the Bessel equation chosen in each layer.

55



For example, for two layers of dielectric materials, of dielectric constants (e,u),ro < r < r; and
(€1, 1), 71 < r < R, introduce k; = \Jeuiw? - kzz. The condition detMg # O rewrites

(k3™ (Julksro)Yu(ksry) = Ju(ksr)Ya(ksro)) [Jn (3 R) Y (K3 ry) = Y (k3R (k3 r1)]
*
(k3) ™' (Julksro) Y, (ksri) = J;(ksr) Yu(ksro) [Jn(k3R) Y, (k3 r1) — Y, (k3R)(k ).

The proof of Remark 14 comes from the expression of the continuity at the interface r = r; of the fields

(E,, Hy), that is the continuity of (£, %), and the Dirichlet boundary conditions on E; at r = rg and r = R,

leading to the determinant of the matrix M:

Ju(k3ro) Y, (k3ro) 0 0
My = Jn(ksry) Yy(ksr) —Ju(kyr1) ~Y,(kyr1) 73)
T ) ks (k)T Y (ks (k)TN (k)Y ks |
0 0 Ju(k3R) Y,(k3R)
the system to be solved being
a 0
b | ol O
Mg a =E, 0
by 1
In a similar fashion, the system on (c, d, c1, d;) reads
c s 0 0
d (k3)* o ikn o | O | kn 1 | | 1 0
M = E,+——F —[——=(a1J,(kyr1)+Db1 Y, (kyr1))——(aJ, (k3r))+bY, (k
LI (iwul o romR ) o[ [(k§)2(a1 W(kar1)+b1 Y, (kyry)) kg(a W(k3r))+bY, (k3r)) 1
d; 1 0
where
Jy (k3ro) Y, (k3ro) 0 0
Mo = . Julksry) . Y, (ksry) ._Jn(kzlgrl) '_Yn(kérl) 74
M) YY) S K Sy | 7
2 3 (k3) 3 (k3)
0 0 J;(kyR) Y, (k}R)

No attempt to solve these systems is to be done here. See [22] for a procedure leading in most cases to the
values of the traces on r = R, even if it does not rely on the global system.

8. Annex

8.1. Pseudodifferential discrete operators

We define in this Section what is a pseudodifferential operator acting on R X [0, 27r]. Consider the usual
algebra of symbols on 7*(R?), and assume this symbol is periodic in 6, of period 2, satisfying the classical
estimates in S";. The action of such a symbol a(z, 6,§, ) is, as usual

1
(2n)*

Op(@)f(z,6) = f f a2, 0.6, ) f €. m)e ™ M dnde
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If F is a function in L>(R x [0, 27]), periodic in 6, consider the associated function on R? where F(z,6) :=
F(z,0 - ZH[%]). Using the Fourier series of F:

F(z,6) = Z F(z)e™

one defines directly F(z,0) = 3, Fu(2)e™, and F € S’(R?), and

FF)En) =27 ) Ful&)on

One has thus ~ R o
Op@F(z,0) = 3 < 2y Fu@)50, a(z, 0,,me 1 >
= Y% < Fu@),a(z,0,,me e >
= Zne"(a; [ alz,0,6 me™ Fo€)dg),
If, in addition, the symbol does not depend on z (that is the operator does not depend on z, as it will be the
case here)

~ g, 1 o
Op@F(z.0) = ) " ( f a(@,€ ne* F,(€)dé),

and
1 2

—im 7 2 i(n—m iz€
b €MOP@F(.0d0 =3, 5 [(5 [; a@.£ m)e "0 d0)e Fy(€)dé

= Y05 [ am-n(& e FFy(&)dé

where a,(&,n) is the p—th Fourier coefficient of a(6,&,n). As this definition comes from the classical
definition of pseudodifferential calculus, the pseudodifferential calculus extends to this case.

8.2. Proof of Lemma 3

Proof. Begin by a necessary condition. For this purpose, consider the partial Fourier transform in (x1, x)
of u € 8'(R?, C*([~1,0])). One has the following ODE problem on it € S’(R?, C?([-,0]))

2 A
(j—)é +wleu—kI— k)i =0
- =0 (75)
a(0) = do(ky, k2).
All solutions in C*(R) of this problem read
a(x3) = ae® " + pe k¥,

It is important to check that, for all K > 0, one has the implication

V(ki, ky) € R2, |a| < Kle™+),1b] < K = |i(x3)| < 2K, -1 < x3 <0

ensuring that the conditions on a and b are sufficient conditions for u being in L™ (R2x[-1,0]) c 8’(R?, L>([-1,0])),
which is a sufficient condition for showing that i is the Fourier transform of a tempered distribution.
Under such conditions, one gets a + b = i, ae *:! 4 petkr! = 0, from which one gets

120 ﬁoe—ZikJ_l

C= Tk’ = T ki
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The solution, if it belongs to S’(R?, C?([~1,0])) is then

A( ) . [ eiklxg e—ilq_x;—Zilg_l . sin(kl(x3 + l))
u(x3) = iy — — - =l -
L] — e=2ikil sin(k, )

As 3k, < —apw, we have

. 2.0 _i0 1
s1n(kl(x3 + l)) Sk etkL(x+l) —e ik’ (x3+D)+2k; (x3+1)
— - T —=¢

sin(k, /) ekl — ikl 142k} 1

hence, as —/ < x3 < 0, this expression satisfies the estimate

sin(k, (x3 + 1)) < 2 2

< b
sin(k, [) T = 20kl T ] — 2wl

(76)

and similar estimates hold for #’ and ", hence #i(x3) belongs to S’ (R?, C%([~ly, 0])) for all a° € S(R?).
O

Assume now that ey € R.

Proof. Two cases occur only: k; € R* (when enw® — k% - k% > 0) or Rk, = 0 (otherwise).
In the first case, that is for k7 + k3 < w?eu, the system on (a, b) is a + b = @i, ae*+! + be’*+! = 0, which
ields a(1 — e~2*1y = f4y. The condition (1 — e~>*1!) £ 0 grants uniqueness of the solution. If there exists
y g q
such that w?eu = k% + k% + ”2152 , the function A sin “Fx3 is a non zero solution of the system (75) for &1y = 0.

This yields the resonances of the problem. However, this only ensures that the distribution A sin “Fx3 in

S'(R?, C?([-1,0])) where A is supported on k% + k% = wleu— ”zlfz, is a nonzero solution of (75) with ug = 0.
If (k1, k») is such that w?eu — k% - k% * "2;2 , the notation sg imply that

[ [
€ 1o Jeuw? — K2~ k2.~ \Jeua? — 2~k + 1),
no {ﬂ\/e,ucu . 27 EUW 1 5 }

In this case, for ng even, [ \/euw? — ki — k3 — nom > som or (ng + ) — [ \Jeuw? — ki — k3 > som, hence

sin(l \/euw? — kI — k3) > sin7so (and similar inequalites for ny odd). This means that

sin(l + x3) [ €uw? — k% - k% 1

. 2 2 2 ~ sinmsg
sinl \Jeuw* — ky — k5

In the case k; = 0, the equation reads (it)"” = 0, hence &(x3) = a(ky, kp)xs + b(ky, k»), the Dirichlet

boundary conditions yields fi(x3) = a(ky, k2)(x3 + ), and 0y, (0) = a(ky, k2), hence @i(x3) = 120’“7”.

In the second case, that is for kf + k% > w?eu, Ik, = \/ —euw? + k% + k% and the formal® solution is

k1, ky, x3) = a(k)[e>k(o+D) _ o=Tkulxthy

®because this is not an element of S'(R?) because of the exponential growth in /k? + k3 for at least one term
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and if one computes the value at x3 = 0, one finds a(k)(2 sinh [Jk, ) = i(ky, k2, 0). One then deduces

sinh(x3 + )3k,

ki, ko, x5) = ik, ko, 0)—= S

sinh(x3+1) 3k,
and =z

This shows that this formal solution belongs to C?*(S'(R?), [-1,0]) hence it was possible to use the Fourier
transform.

This proves the first item of Lemma 3 and explains the term resonance for values of (ky, k») associated
with n through Lemma 1. O

is increasing, hence the estimate |ii(ky, k2, x3)| < |it(ky, ko, 0)|, Y(ky, k2), k% + kg > wiep.

8.3. Radius of curvature of an ellipse
The normal derivative and the radius of curvature for the ellipse are expressed as follows
Lemma 26. The normal unit vector to the ellipse at the point p(cosh u; cos v, sinh u; sinv) is
1

il = (sinh uy cos v, cosh u; sinv)
Vsinh? u; cos? v + cosh? u; sin® v

and the radius of curvature of the ellipse at this point is

. . 3
(cosh? uy cos? v + sinh? u; sin® v)?

pls)=p cosh uy sinh u;

Proof. A tangent vector to the boundary u = u; is (coshu; sinv, —sinh u; cosv). The curvilinear absciss

is given through pllﬁ((cosh uj cos v, sinh iy sinv))|| = 1, that is % \/cosh2 uy cos2 v + sinh? iy sin’ v = p L.

The normal unit vector is

1

(sinh u#; cos v, coshu sinv).
Vsinh? u; cos? v + cosh? u; sin® v

1

One knows that, for a unit tangent vector (a(s), b(s)), its derivative being ‘”’“’b; (b, —a), the radius

L Va?+b? (@+b2)3
of curvature is a‘,‘b+zb,. With j—z =(p \/ cosh? u; cos? v + sinh? u; sin’ v, along with
dv da db v . . . dv .
a'b-ab' = —(—b - —a) = —(—cosh u; sinhu; cos® v — sinh u; cosh u; sin®v) = —— cosh u; sinh u;,
ds dv dv ds ds
one gets
_ P 2 2 ) 2283
p(s) = (cosh” uj cos” v + sinh” iy sin” v)2

cosh u; sinh u;

which ends the proof.
O

[1] M.A. Abramovitz, I.A. Stegun: Handbook of Mathematical Functions, 10th printing, 1972 (National Bureau of Standards)

[2] Bates R.H.T.: Global solution to the scalar inverse scattering problem J. Physics A8 (1975) 8

[3] D. Bouche, O. Lafitte: Simultaneous study of the diffraction by a 2D-convex obstacle through boundary layer method and
microlocal analysis. Asymptot. Anal. 79 (2012), no. 3-4, 347-378.

[4] Boumaza, H., Lafitte, O. The band spectrum of the periodic Airy-Schrédinger operator on the real line. J. Differential Equa-
tions 264 (2018), no. 1, 455-505

59



(5]
(6]
(7]
(8]
(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

(21]
(22]
(23]
(24]

(25]
[26]
[27]
(28]

Cessenat, Michel Mathematical methods in electromagnetism. Linear theory and applications. Series on Advances in Mathe-
matics for Applied Sciences, 41. World Scientific Publishing Co., Inc., River Edge, NJ, 1996.

David Colton and Peter Monk: The Scattering of Electromagnetic Waves by a Perfectly Conducting Infinite Cylinder Math-
ematical Methods in the Applied Sciences, Vol. 12, 503-518 (1990)

Coddington, E. and Levinson, N.: Theory of ordinary differential equations. McGraw-Hill Book Company, Inc., New York-
Toronto-London, 1955. xii+429 pp

Digital Library of Mathematical Functions: https://dlmf.nist.gov

B. Engquist-J.C. Nedelec Effective boundary conditions for Electromagnetic scattering in thin layers /993, unpublished
Etienne J.: Propagation des ondes a I’extérieur d’un cercle ou d’une sphere Mém. Soc. Roy. Sci. Liége, Coll in octavo (5) 6
1961, (1) 61 p

A. Grigis and J. Sjostrand: Microlocal analysis for differential operators. An introduction. London Mathematical Society
Lecture Note Series, 196. Cambridge University Press, Cambridge, 1994

E.V. Harrell:On the effect of the boundary conditions on the eigenvalues of ordinary differential equations Contributions to
analysis and geometry: John Hopkins University Press, Baltimore, 1981, 139-150

E.V. Harrell: The band-structure of a one-dimensional, periodic system in a scaling limit. Ann. Physics 119 (1979), no. 2,
351-369

J.B. Keller and M.I. Weinstein: Asymptotic behavior of stability regions for Hill’s equation. SIAM J. Appl. Math. 47 (1987),
no. 5, 941-958

O. Lafitte: Diffraction in the high frequency regime by a thin layer of dielectric material I, II: the equivalent boundary
condition STAM J. Appl. Maths 59 (3) 1020-1052, 1999

O. Lafitte: Hybrid singularity for the Oblique Incidence Response of a Cold Plasma Indiana University Math. Journal 69 (4),
1317-1363, 2020

O. Lafitte, M. Williams, K. Zumbrun: The Erpenbeck high frequency instability theorem for Zeldovitch-von Neumann-
Doring detonations. Arch. Ration. Mech. Anal. 204 (2012), no. 1, 141-187

C. Marz Spectral asymptotics for the Hill’s equation near the potential maximum Asymptot. Anal. 5 (1992), no. 3-4, 221-267.
Samuel Nosal, Paul Soudais, and Jean-Jacques Greffet: Integral Equation Modeling of Doubly Periodic Structures With an
Efficient PMCHWT Formulation /[EEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 60, NO. 1, JANUARY
2012

EJ. Olver: Uniform Asymptotic Expansions of Solutions of Linear Second-Order Differential Equations for Large Values of
a Parameter Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical Sciences 1958,
250 (984)), 479-517

EJ. Olver: Asymptotics and special functions, AK Peters, Wellesley, MA, USA, 1997.

P. Payen: These de doctorat de I’ Université Paris-XIII, 2020.

M. Reed, B. Simon, Methods of Modern Mathematical Physics IV: Analysis of operators, Academic Press, New York, (1978)
E. Sebelin, J.C. Miellou, O. Lafitte, Y. Peysson, X. Litaudon and D. Moreau: Uniqueness and existence result around Lax-
Milgram lemma: Application to Electromagnetic Waves Propagation in Tokamak Plasma EUR-CEA-FC-1609, DRFC-CAD
Report CEA, 09/1997

A. Sharples: Uniform asymptotic expansions of modified Mathieu functions. J. Reine Angew. Math. 247 (1971), 1-17

A. Sharples: Uniform asymptotic forms of modified Mathieu functions. Quart. J. Mech. Appl. Math. 20 (1967), 365-380.

J. Sjostrand Singularités analytiques microlocales. Astérisque, 95, 1-166, Astérisque, 95, Soc. Math. France, Paris, 1982.

B. Stupfel: Improved transmission conditions for a one-dimensional domain decomposition method applied to the solution
of the Helmholtz equation Journal of Computational Physics 229 (2010) 851-874

60



