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1. Introduction

One considers a general cylinder Q = ® X (—o0, +00), where @° is characterized by {n > 0, M(s) +nii(s)},
M(s) describes, for s € [0, L], a closed convex curve, characterized by its curvilinear absciss s and the unit
outgoing normal vector 7i(s). The body @ is constituted of a perfectly conducting core supplemented by a
layer of dielectric material {—/ < n < 0}. The Helmholtz operator inside the layer! is

1 0 1 ou 1 0 Oou 2 2
1+k(s)nds 1 +k(s)n s 1 k(s)n 6_n[(1 " K(s)n)%] *(wen —ku = 0. M
A similar problem has been already studied in [9], using microlocal analysis to get the impedance
boundary condition, in the case of a bounded convex obstacle. The microlocal analysis gave the exact
behavior, in term of the size of the layer, in the high frequency regime, using a local approximation of the
surface, which enabled the author to obtain the diffracted wave. Theorem 1 p 1042 of [9] gives the leading
order term of the impedance operator, which corresponds to the "tangent plane approximation’.
Throughout this paper, we assume (by analogy with the classical conductivity approach where € =
€ — i) that
Jeu < 0. 2)

This convention of sign comes from the time convention of a solution with e/“’. We treat (as in [9]) the case
where Jeu does not depend on w. We also consider the case where wJeu is independent on w.
Veu—g11 (i =212 () —g22 ()3

tan lw \eu—g11(x)n} —2g12(X)n1 12— (X)n3
r)(u), where g is the metric induced by the Euclidean metric on the boundary 9€Q. It is then straightforward

it was obtained in [9] the following approximate relation d,u = Op(w

to deduce from this result, under the assumption (2), that tan lw \/ ep — 11Xy — 2g12()Mm2 — gn(xX)n; —
—i, exponentially, hence the leading order term of the Dirichlet to Neumann operator is a pseudodifferential

operator of principal symbol iw \/ €U — g1 (x)né —2g12(0)mny — ggz(x)n%.

We are interested in this paper on the behavior of the lower order term of the impedance operator (in the
scalar case) for measuring the effect of the curvature of the body in the high frequency regime, that is the
leading order term of r, which is of order O in w.

For simplicity, we restrict ourselves to an infinite cylinder or ellipse, for which one does not have, in
the case eu € R, any solution of the problem (see Lemma 1) in this Introduction for an explanation), but
we can also consider a cylinder of finite length ® X [0, L] with periodic boundary condtions in z for which
k. € 2.

Using the ideas developed in the thesis of P. Payen, along with results of B. Stupfel, where, for a cylinder,
the solution was expressed in terms of Bessel functions (hence taking into account the polar coordinates
system), we derive here, using Fourier modes in the 6 variable (with 6 denoting the Euler angle, see [2] for
example), a more complete version of the Calderon operator.

The main feature of this paper is to consider, in the case of cylindrical coordinates, k; and % as high
frequency variables, and to consider as well the case where the waves are evanescent, meaning that we

'which is the operator acting on the components of the electromagnetic field for the harmonic Maxwell’s equations
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consider the division in elliptic, hyperbolic, and glancing regions for the high frequency Helmholtz opera-
tor.

In this Introduction, we recall the classical case of a plane layer B = R? x [/, 0] to outline the main
features of the cases we shall look at. We will construct uniquely the solution of a boundary problem in this
layer, and use this solution to derive a relation between u and 0,,u on x3 = 0. The first notion is the notion
of resonances.

Lemma 1. 1. The resonances of —A in B are the values of w such that there exists (ky, ko, n) € R? x N*
2
such that w’eu = k% + k% + 2 lf . There are no resonances if and only if ei ¢ R7.

2. If one replaces B by its finite counterpart [0, L1] X [0, Ly] X [, 0], and if one assumes eu € R, then

2 2 2.2
the resonances are the values of (ny,ny) such that w>eu = n%% + ng% + 5

Note that there is no resonance when eu ¢ R. In this case, for all (k;, k) € R2, denote by

ki = \Jweu — k3 — k3, Tk, < 0. 3)

One checks, in the case Jeu < independent on w, that there exists ag > 0 such that
Y(ki, ko) € R?, Tk, < —way. 4)

One notices as well that the case k% + k% > Reuw? is covered in this expression. Note that in this case,
k., = a.(ki,kp) + ib.(ky, k»), where 2a.b, = Jeuw?, and 0 < a,(k;, ky) = (%(Ie,ua)2 - k% - k%l2 + Reuw?® —
K2 —k2))2, a, goes to 0 when k2 + k2 — +00 and b, = O(Jk2 + k2).

In the case eu € R%, we adopt the same notation for the equivalent following quantity:

ki = yJwleu— 13— 12, e —K =2 2 0,i \I2 + K2 - e, K + K — wleu > 0,

but, evidentely, (4) is not true anymore.

. . 1
Lemma 2. 1. Assume eu € R*. Provided that w*eu is not a resonance of —A on B, for all uy € H2(R?),
there exists a unique solution in B of

A+ *eu=0
u(,.,==0 ®)
u(.,.,0) = ugp.

o The quantity w’eu is always an element of the spectrum of —A (continuous spectrum).

e However, fix (ki, ky) and consider now the ODE on [—[,0]. Assume e,ucu2 - k% - k% > 0. Denote
by so = minycz|7 | epw? — kf - k% —n),

lia(ky, ka, x3)| <

sinmsg
This case (and similar cases) will be called throughout the paper the hyperbolic case. It is the
case where a wave can propagate inside the layer without attenuation.
o Similarly, if we fix (ki, k») and if euw* — k% - k% < 0, |iaky, ko, x3)| < 1. This case can be called
the elliptic case (there is no ky € R such that euw? = k% + k% + k% =0.)
3



2. For eu ¢ R}, u satisfies the pointwise estimate:

lit(ky, ko, x3)| < ;

— e lwag :
3. There exists a linear operator DTN, called the Dirichlet to Neumann operator, such that
Oy u(.,.,0) = Cu(.,.,0)).

It is given by
~2ik, 1 | 4 ~2ia.l+2b.1
iu(ky, k2, 0) = lhm'

l1+e

Otk k2, 0) = thy T— 57

The Dirichlet to Neumann operator is characterized by the Fourier multiplier

ky, o coskil ik, ib. —a cosh(b, — ia,)l

= = = - = b* — Uy ) s 6
tan(k [) sinc, [ tanh(b, —ia,)] tanh(b. — ia,)l G “ )smh(b* —ia,)l ©
the latter equality being valid also for k, = 0. Note that, when w — +oo, the Fourier multiplier
satisfies
) 1+ 6—217&1 .
lkLm = lkJ_(l + 0(€2lSkL)),

which remainder term is exponentially decaying in (.
For up € S(R?),

1 .cosk,!l 1 . cosk,!l
0, u(0, x1, = I— ok, koy)dkidky = — k, — tho(ky, ky)dkdks.
5u(0, x1, x2) 02 ffl smckllu()( 1, ko)dkydky a2 ffl lsmkﬂuo( 1, ko)dkydky

4. If one considers the case of By, 1, ={(0 < x < L;,0<y < [5,-1<z<0)}, (ki,k2) € i—’fZ X i—’;Z and
the previous results are true in the discrete Fourier operators set-up.

This result (proven in Annex 1), which is straightforward to obtain, gives the aim of the present papier.

It has been proven [4] that, outside resonances, the problem of inhomogeneous boundary conditions has
a unique solution. This defines the Calderon operator. Our aim in this paper is to obtain, for ey ¢ R}, an
estimate on the exact solutions in a layer which prove that these solutions are in S’(R%) x C*([-/,0] and
deduce explicit versions of the Calderon operator for more complicated geometries than the plane layer.
Section 3 solves explicitly the Dirichlet problem in the cylindrical and in the elliptical geometry. The study
of the solution and of the Dirichlet to Neumann operator for the cylindrical geometry, where the formal
solutions after separation of variables are known is also well known, is the aim of Sections 4 and 5 of this
paper. Section 6 gives the expression and the asymptotics of the Dirichlet to Neumann, in the case of two
elliptical cylinders: in one case, the Calderon is a Fourier multiplier operator, diagonal on each Fourier
mode, while in the other case, it is a convolution Fourier operator. In Section 7, we study the asymptotics
of the Calderon operator for one layer of dielectric material for the Maxwell equations.

Remark that, if Q — C is not bounded and if eu € R, the continuous spectrum of the operator prevents
the existence of the Calderon operator. It is interesting to define a weaker form of the Calderon analysis in
this case.



2. General results

Consider C a 2d bounded domain with a smooth boundary, and assume dC = I'_ U I',, such that there
exists an ellipse E ¢ R? such that T_ ¢ E and ', ¢ E. An annulus, or a layer on a perfectly conducting
body of cylinder shape is a model for this. The following Theorem is classical:

Theorem 1. 1. There exists a sequence A, of eigenvalues of —A in Hé (C) (this operator being denoted
by —Ap), each eigenvalue is of multiplicity 1, they are strictly positive and normalized eigenfunctions
form an orthonormal basis of L*(C).

2. If k2 is not an eigenvalue of —Ap, the problem

2 _ .
{(A+k)u—0mC 7

u = ugy on 0C

has a unique solution through Fredholm alternative.
3. When eu ¢ R, and for w € R, the problem

A+ ?ewu=0inC
u=0onT_
u=fonl,

has a unique solution in H'(C) and the operator f — O,ulr, is called the Dirichlet to Neumann
operator.

The proof of this Theorem can be, in particular, found in Cessenat [4]. We do not reproduce this proof
here.
Another result we recall here is the following (proven in [9])

Theorem 2. Let (x|, x2) be a local system of coordinates on the boundary, and g € My(R?) the metric
induced on the boundary near this point. Let w(ny,1n,) be the cotangent coordinates near this point. The
Dirichlet to Neumann operator has the following principal symbol:

v(x, 1)
tan lwv(x, )

where v(x,n) = \/ €u — gll(x)né —2g12(x)mm2 — gzz(x)ng of strictly negative imaginary part.
One interprets in the case of a cylinder the previous result as

Remark 1. The principal part of the Dirichlet to Neumann operator reduces to i \|euw? — k? — 1’;—2 in the

case of the cylinder in the hyperbolic regime.

Our aim in this paper is to improve the general result obtained in [9] under the assumption w! finite to
two particular geometries: the cylindrical layer and the elliptic layer, in order to obtain the two first terms
in w of the expansion of the Dirichlet to Neumann symbol, in the Fourier-discrete Fourier space.

In the infinite cylindrical layer geometry (ryp < r < R), denote by k. the wave number in z, p the Fourier
mode, and assume

1. the dielectric constants satisfy Jeu < 0, independent on w

5



2. the wave numbers %, ﬁ are bounded when w — +co (high frequency regime), and in addition

2
Reu — % - Rf—jﬂ > 0 (hyperbolic regime)

ks = \lfﬂwz—kzz = ag + iby,ag > 0,bg < 0,Vk, € R, (8)
pz
ky = yeuw? — k2 — oL Sk, <0,Yp, Yk, € R. 9)

We have the Theorem (a more precise statement is given below)

Theorem 3. 1. In the case of the cylindrical layer, the leading order term in w of the Dirichlet to Neu-
2 2
mann operator is iw | g — ‘% - L
. K
to lower order terms, ik, — #k—; .
L

7i7 = iki. The symbol of the Dirichlet to Neumann operator is, up

2. In the infinite elliptical layer geometry (characterized by & = {(p coshucos v, sinhusinv, z),uy < u <

uy,z € RY}), let a,(\/euw? — k2p) be the n — th Floquet eigenvalue for the Mathieu equation (edge of
the n — th band of the spectrum).
Assume that one is in the following regime (hyperbolic regime): there exists 69 > 0 such that 6y <

ol \/e,uw_z_kzzp)l < 2 an(Veuw?—k2p)
w? -

% bounded independently of w, Reu — = — pem
order w).

= > 0 (which means n of
The leading order term in w of the Dirichlet to Neumann operator is

o (Venaw? -2
\/ L (euw?) cosh? uy — k2 — W
iw

Veosh? u; cos? v + sinh? u, sin® v

and the term of order 0 is 0 (which means that the leading order term contains the contribution of the
radius of curvature at each point).

3. Exact resolution of the Calderon problem for a ring and an elliptic ring using special functions

3.1. The case of the infinite cylindrical ring

The program of this section is to perform the following analysis:

After Fourier transform? in z, 8, we obtain a formal solution u(r, 8, z) = > plap(k)Jp(kar)+B, (k)Y p(k3 r))e'P?,
J, Y, being the classical Bessel functions, k3 is the square root of ew’ — kzz. This sum has a meaning when
it is finite in p, but nothing is known about the behavior in ;.

After using the Dirichlet boundary condition at r = ry, we obtain, still formally, all solutions of the
Helmholtz equation in the annulus which satisfy the Dirichlet boundary condition at r = rg. Its formal
expression is Y., ap(k)uy(r, k), uy(R, k) = 1.

a reeecrire

We obtain an inequality of the form |uy(r, ro, k;)| < eYR10.Pk) for all r € [ro,R]. If one assumes

2
lay(k)l < (1 + kz2 + %)_ze_q}(R’r"’p’kZ), this sum defines an element of L*(R x N), which gives a rigorous
[framework for identifying a class of solutions (not all solutions).

~Note that it is a Fourier series in 6 and a Fourier transform in z

6



For this class of solutions, we are able (in Section 4.1) to derive the Fourier multiplier which transforms
Ul,=g into O,ul,—g. Using properties of this Fourier multplier, we show that the associated operator extends
to an operator which sends H'(R x [0, 2x1]) to L>(R x [0, 27]).

Introduce the following Definition

Definition 1. If v is real and A > 0, the roots of J,(2)Y,(12) — J,(2)Y,(Az) = 0 are real and simple. They are
denoted by the increasing sequence z,(v, A). It is stated in (9.5.27) of [1].

Similar to the result obtained in the Introduction, we have (the formulae here are classical, see Stupfel
[16] for example), but not the conditions on w.

Lemma 3. The resonances of the operator —A are the values of w such that there exists at least a n,
and a couple (p,k;) € 7Z X R such that r(z)(e,ua)2 - k?) = zx(p, %), where z,(A) is defined in Definition 1.
Every value of w is a resonance in this case. If k, is fixed, we have an infinite sequence of resonances
of the operator —A + kzz. If eu ¢ R, there are no resonances. If one restricts to the ’periodic cylinder’
{(r,0,2),0 < 19,0 € [0,2r], z € [0, L]} with periodicity conditions in z, we have k, € ZT”Z, hence a dispersion
relation, in the case eu € R, euw’ = % + (Zfﬂ)zqz, (n,q) e NxZ.

0

add a proof and comments One has the following

Proposition 1. Provided that w*eu is not a resonance of —A + kf onC, foralluy € H %(S rR)=H %([0, 2r])
there exists a unique solution in H'(C) of

(A + e =0
u(rg,.,.) =0 (10)
M(R, . ) = Uup.

It is given by its partial Fourier transform in z as a Fourier series in 0

Jp(k3r)Yp(ksro) — Yp(ksr)J p(ksro) $ip
Jp(k3R)Y p(k3ro) — Yy (k3R) T p(ksro)

a(r,0,k) = > a’(k:) (11)
p

where aP(k;) is the p—th Fourier coefficient of iip(k., 0).
Analysis:After partial Fourier transform in x3, the equation reads
(A+k)a =0,

where we kept the notation A for the Laplace operator in R?. The expansion i(r,6) = 3 ap(r)eip‘), where
D |ap|2 < +oo (at least) yields the classical Bessel equation on a,,:

1d da 2 , P’ 1d da, , PP
;E(rw) + ((1_) eu — kZ — ﬁ)al, = ;E(FE) + (k3 — r—z)ap =0. (12)

This Bessel equation implies that there exists (@, 8,) depending on k; such that a,(r) = «,J,(k3r) +
ﬁsz(,z)(kgr). Note, as in the Introduction, that it is a necessary (but not necessary and sufficient condition).

Define the functions of r € [ry, R]:

dp(ksr) := Jp(ksro)Yp(ksr) = Y (ksro)Jp(ksr), ddy(ksr) = J),(k3ro)Yp(ksr) — Y, (ksro)J p(ksr). (13)
7



The first one is a solution of the Bessel equation which vanishes at r = ry and the second quantity is a
solution of the Bessel equation which derivative vanishes at r = ry. It is a pair of fundamental solutions of
the Bessel equation, under the condition:

S (k3ro)Yp(ksro) = Y, (k3ro)Jp(ksro) # 0. (14)

Remark that, if one picks any pair of independent solutions of the Bessel equations {f,, g,}, there ex-
ists a constant C(f), g,) such that d,(k3r) = C(fy, g,)[fp(k3ro)gp(ksr) — gp(ksro) fp(k3r)] and dd,(ksr) =
C(fp.8pl flg(kgro)gp(ky) - g;(k3r0) fp(ksr)]. Hence we can choose any pair of independent solutions in-
stead of J,, and of Y), for the representation of d;, and dd,,.

3.2. The exact representation of solutions of the Helmholtz equation for elliptic coordinates

In this Section, we rely on the classical approach using Mathieu and modified Mathieu functions. Math-
ieu functions are periodic functions which form a basis of L*([0, 27]) and modified Mathieu functions are
the analogous of the Bessel and Hankel functions. B. Stupfel [16] already used such an approach to compute
a good estimate

The (transversal) change of variable in which the Laplacian operator is diagonal is

(x,y) = p(cosh u cos v, sinh u sin v).

. . 2 2
If one wants to use this on the ellipse Q = {(x,y), f? + 2—2 < 1}. of constants a,b,a > b, one defines

p = Va? — b? and ug such that tanh uy = g. The open set Q is characterized by {(u, v), (Mf cos? v +

. cosh ug
(Smhi)2sin®y < 1, ), its boundary being 9Q = {u = uo, v € (0,271}.

The normal derivative and the radius of curvature for the ellipse are expressed as follows

Lemma 4. The normal unit vector to the ellipse at the point p(cosh u; cos v, sinh u; sinv) is

1 . .
il = (sinh u1 cos v, cosh u; sinv)

Vsinh? u; cos? v + cosh? u; sin? v

and the radius of curvature of the ellipse at this point is

. . 3
(cosh? uy cos? v + sinh? u; sin® v)?

pls)=p cosh uy sinh u;

Proof. A tangent vector to the boundary u = u; is (coshu; sinv, —sinh u; cos v). The curvilinear absciss
is given through pllﬁ((cosh uj cos v, sinh iy sinv))|| = 1, that is % \/cosh2 up cosz v + sinh? U sin? v = p‘l.

The normal unit vector is

1

(sinh # cos v, cosh u; sinv).

Vsinh? u; cos? v + cosh? u; sin® v
One knows that, for a unit tangent vector \/%(a(s), b(s)), its derivative being “/L“b;(b, —a), the radius
a’+b (a2+b2)2

. 2.2 . . . _ .
of curvature is a‘fbfgb,. With % =(p \/cosh2 uy cos? v + sinh? u; sin® v)~!, along with

dv d db d d
ab-—ab = —V(—ab - —a)= —V(— cosh u; sinh u; cos? v — sinh u; cosh u; sin® v) = ~2¥ cosh uy sinh uy,
ds dv dv ds ds

8



one gets

Je

o(s) = —_(cosh2 uy cos® v + sinh? u; sin’ v)%
cosh u; sinh u;
which ends the proof.
O
All solutions of (A + w?eu)u = 0 are of the form
u(x,y,z) = F)G)é(2),
where ¢ satisfies ¢’ (2) + ¢#(z) = 0 and F and G are solutions of
2y —
F(u) + (%p2 cosh 2u — a)F = 0, (15)
” wreu—c ,
G'W)+(a- T'D cos2v)G = 0, (16)

thanks to the transformation of the Helmholtz equation into

[ i + 2 o + o ) + euw?u = 0
oy -— —_— EUW U = U.
072 p*(cosh2u —cos2v) ou? 2 K

The natural choice in our analysis is to consider ¢ = kg. Let U(x,y) = F(u)G(v). For all (a, k3p), there
exists (through Floquet theory, as mentionned in [1], 20.3.1) v(a, k3p) such that g.(v) = e*¥@k0) P, (+v)
is a pair of independent solutions of (16), where P, are periodic functions.

Let a,(ksp) and b,(k3p) be the unique solutions, respectively, of v(a, k3p) = n and v(a, kzp) = —n.

2 .2
Lemma 5. The eigenvalues of the Mathieu operator —% + ]% cos 2v on L*([0, 271]) are ay(k3p), bu(ksp),

and the associated eigenfunctions, with a suitable normalization are denoted by ce,(v, k3p) and se, (v, k3p).

The notation recalling that each of which is closely related to the cosine and sine (namely for k3p = 0,
a,(0) = b,(0) = n? and ce,(v) = cos nv, se,(v) = sinnv).
Let c,(kzp) = an(ksp) forn > 1, ¢, (k3p) = b_,(ksp) forn < —1.

Lemma 6. The equation
2.2

F” = (ca(ksp) — % cosh2u)F =0 (17)
k3p SkSP
[n|

has a pair of canonical solutions, even and odd respectively, denoted by C il Sl - where n positive stands

for c,(ksp) = ay(ksp) and n > 1, ¢, (ksp) = b,(ksp) and n < —1.

Lemma 7. The periodic in v solutions of the Helmholtz equations (A + k%)U = 0in C*(&(A, B)) are

Un(x,y) = (AC + BS)u)g,(v), n € Z.

n| n|

All the items of these Lemma are well known through [1] or through [6]. The item on the growth of the
canonical solutions is a consequence of the positivity of the solutions of ¢” = g(u)¢ with (¢, ¢")(ug) = (1,0)
and (¢, ¢’ )(uo) = (0, 1) when g(u) > 0.



4. Analysis of the asymptotic regimes for cylindrical coordinates

p(?)
dp(k3R)

The aim of this Section is to prove the fundamental result

4.1. Estimates on using asymptotic results.

Proposition 2. There exists a constant K such that

p(3)|

v R, V(k RxN,
re["o’ ]9 (Z’p)e X | p(k’;R) -

The proof of this Proposition is the aim of the next section. We shall use the known behavior of the
Bessel functions to derive an result identical to (2), thanks to precise estimates on Bessel functions. The
precise estimates are listed in Section 4.2, in five cases.

4.2. Bessel functions toolbox

In this subsection, we describe the representations of the Bessel functions that will be used in this paper.
We concentrate mainly on J), +iY), = HE,D and J, —iY, = Hl(,z) . The variables z, 8, a are defined in (29). We
have the representations:

1. In the case of p fixed and of the argument of the Bessel functions large, let x,(Z) = Z - (% p+
%ﬂ'). There exists four functions P*, Q*, R*,S*, where one gets estimates of remainder terms in the
asymptotic expansions, such that

HY(2) = [P (P, 2) +iQ"(p, )1 D (HDY (Z) = 2Z[zR (p,Z) = S*(p, 2)1er@, (18)

and the conjugate solution which is H;,z). We have in addition
P*(p,Z) = 140(Z7%),820"(p,Z) = 4p*~1+0(Z "), R*(p, Z) = 1+O(Z~2),8ZS #(p, Z) = 4p*+3+0(Z7>).

This one was used already in [3] and one notices that all the constants in O(z™?) depend on p. More
precisely, the expansion of P in inverse powers of Z is . 5o Z7%iq j(p), where a;(p) is a polynomial
of degree 2.

2. In the hyperbolic case Reuw? —k2 — ”—22 > 0, let ¥(p, B) = p(tan B —B). From [1], (9.3.15) to (9.3.19),
there exists four functions L, M, N, O depending on p and 8 such that

P yiiv.(—Ly= 2 i P\ ., P ._ . [sin2g .
I s g T s = \/nptan/a(L M T B s = iy o VO, (19)

where L, N, pM, pO have an asymptotic expansion in inverse powers of p> when p large, and L(p, ) =
1+ 0(19‘2) N(p,g) =1+ 0(19;2), PM(p.p) = ap) + O(p™"), pO(p.B) = b(B) + O(p~"), where
ap) = 8tan,6 g PB) = ganp T mans

3. In the elliptic case, namely Reuw? — kz2 - ’;—22 < 0, we use 10.20 in [6]. Note that z and ¢ introduced
in (29) can be extended to z € C. There exists A, B, C, D, continuous functions on £, depending on p,

such that
HO(p2) = 2¢ s( )P 3 Aie pIDAL. p) — pie T AN (¥ piOCIBEL. )] 0)
(HY (p2) ~ (1 =)i[-p ie T Aie™ piOCEC p) + pTiAT (X pIODW. p)),

10



where

+00
Ar(d)
AL =) =5,
=0 P
and similar uniform expansions for B, C, D (the notations for B and C are slightly different to the ones
appearing in10.20 in [6], Ao({) = Do({) = vo, Bo({) = Co({) = uo).

2
First notice that a(p,{) = w is exponentially small as w — +oo when R/ 3 > 0 and that

Bi(p3{)
2
b(p,{) = Z D g exponentially small as w — +oco when ?’\g“ 2 <0.
Ai(p39)
Introduce A B
kep.) = ¢ ptes i AL gt i BED)

Ai A, p)’

— _r¥ —% ¢2i’§’Ai +2 m 2. C,p)
nep0) = =cp e @l g e

which both satisfy uniformly ks = O(p~!), 7. = O(p~!). More precisely one has

ke(p, ) =—p~! °<1+0<p“>> ., p)=-p~ —(1+0<p“))

Estimates (20) yield

Hy (p) = 275 p75 (< fzz)iAi@?é”p%g)A(p, DI+ ke (p. D,

and a similar estimate on H;,z)(pz).
We also observe that

1
Aie® pig) = € ABi(pi (=i + aQ)) = —e FAi(pi O - b)), 2

from which one deduces the behavior of H;,j ) (pz) according to the sign of R¢ 3

A, p)(1 + ks (p, o]Bi(p%{)( i+a()
TSAL, p)(1 + ke (p, O)AI(P3 (1 = ib(Q)),

3)ip
3)ip

H 2”(pz)

(
22
( (22)

w\—- w\'—

1
4
1
3

<
1-72
L
1-

not writing the similar estimate on H;,z)(pz) (one needs to replace k; by k_, and all the conjugate
coefﬁcients) stressing the role of the sign of R¢2: 3. the equivalent of H(l)(pz) for R¢ 3> 0is
—i(t45 z)4p AW p)Bi(p3 ) andlS( )4P A pAi(p3 L) for REE < 0.

Al (p3§) b({) _ B (p;{)

Introducing also a({) = >
Bi'(p30) Ai'(p30)

, one gets

¥ T DE P+ . OB (P O i+ ()
= 2 12y} p)(1 -+ 7 (p DIAT (PR = D)),

(HY (p2) o3

It will be useful as well to obtain the following equalities on Y,(pz) and J,(pz), using (10.20.4) and
(10.20.5) of [6] and the expressions (different from the definitions mentioned) A(Z, p) = v + O(p‘Z),

B, p) = up+ O(p™2), C({, p) = vo + O(p™2), D({, p) = up + O(p™2), up = v = 1:
11



Jp(p2) —( )4p‘§[A(§ PIAI(P3 L) — p~3¢ 2B, PAT (3]

= (3 Z2)410 *A(f p)(1+k(p é))Al(p*f)
Y,(p2) = >4p z[A(g PBi(p30) — p~3{ 2B, p)BI (p30)]

= —(1 )Zp‘fA(é p) +k(p {))Bl(lﬂé) i 24)
J(pz) = (1 z,ﬁ (D, AT (p30) — p 3420(4 PAi(p3 )]

2(1 >4p D p)1 +T(p. O)AY (p%@

Y/ (pz) = §<14§ 3 "[D(g P)Bi' (p3¢) - p—wzC(é P)Bi(p3 )]

= 2(55)ip iDE p)(1 + 7, OB (p32),

where this equality defines &, k1,7 satisfy k({, p) = P+ O™,k p)=-p L +0(p72), t(p, ) =
p L+ 0(p2), #(p,0)) = —p~' + O(p~?), in order to deal with the totally elliptic case. We have

Lemma 8. Let 6. > 0 be arbitrary. For all {, |{| > 1 and |arg({)| < m — 6.

3
o The function Ai(p%{)(p%g“)%e%l’{2 is bounded uniformly,
3
o The function Bl(p*{)(p3§)4e P67 s bounded uniformly,
o The function (p3 4 )2 A—l.’,(pSg“ ) is bounded uniformly,
o The function (p%{ )% %(p%§ ) is bounded uniformly.
All these quantities have an uniform expansion in powers in (p%{ )_%.
All these terms have a finite limit p — +oo.
. In the glancing case (namely Reuw?® — kz2 - f—zz =~ (), there exists four functions P, O, R, S depending
on a, p, defined in 10.19.9 of [6] such that

P(a, p) = Z Pkﬁf)

k=0 P°3

and similar equalities for Q, R, S such that one has the following equalities (and the conjugate ones),
recalling Ai(—X) — iBi(—X) = $e~'3 Ai(e™'3 X) and Ai'(—X) — iBi'(-X) = 1e/3 Ai'(e7'3 X):

1 2
HY(p+apt) = 3(Ai - iBi)(-28a)P + 2 (A7 - iBi')(-23a)Q
p3
A 7r
= 2_31 3Ai(e” 323a)P+ 23 e AT (e” 32?a)Q
1 P | | ' (25)
(HYY(p+ap3) = Z_Z(Al( 23a) — iBi'(~23a)R + Z_Z(Ai(—%a)—iBi(—Zﬁa))S
p3 p3
3 s s 1 s [T
= —Z—Ze ?Ai’(e_l§2%a)R + 2—2@"?Ai(e"§2%a)5.
p3 p3

One has the following asymptotic estimates on P, O, R, S:

4 3, 1
+O0(p 3,8 = 2d* — - +O(p 3.

3 4a
+ O(p _i)Q——a + O(p~ 3)R—1— > 3 5
2

5p

pP=1-

2
5

5p

12



The first case, which is the most classical one, will nevertheless be of less use than the others in this
analysis. It is the case of a fixed p and of k3r large. It relies on the equalities (18), which yield:

dpksr) _ R _jyg-r) €200 Py = iQ )3 ro) (P + 1Q.)(ksr) = (P + iQ.)(kro)(Pe — iQ.)(K3r)

dp(k3R) 1 e 2k R=r0) (P, — Q. )(k3ro)(Ps + iQ.)(k3R) — (P + iQ.)(k3ro) (P — iQ.)(k3R)

As Jks < 0, one has e 2k3(R=10)| = ¢23k3(R=10) < | gpd |e2k3(—10)| < 1, along with lek®-n| < 1. Hence
there exists C(p) such that, for w > 1

dy(k
M| < C(p), Yk, ¥r € [ro, R].

2R =

This bound is not uniform in p, hence this result shall only be able to control 25:0 a p(kz)ei”e in k, in order
to perform an inverse Fourier transform, but cannot be used to obtain a behavior in (p; k;) for the regularity
when (p, k;) — +oo.

We need, for dealing with (p, k;), to consider p AND k; large. In classical situations, this corresponds
to what can be called the high frequency regime, where both k, and € are of order of magnitude w. It is

however necessary to have estimates for all (k;, p) € R X N,
2

2> Reuw? — k2

We rely on the following definition, based on R euw? — k? -2 ;- ’;—22 for all (p, k;), under
0

the condition
Reuw’ > kf : (26)

Definition 2. One has the following classification on (p, k;) (it is a classification on the wave vector or dual
vector)

2
1. One is in the totally elliptic region when 0 > Reuw?* — kg - %.

2
2. One is in the mixed-elliptic-hyperbolic region when R euw?* — kz2 - % > 0> Reuw? - kz2 -,

3. One is in the totally hyperbolic region when Reuw?® — kf - ’;—22 > 0.
0
In cases 2 and 3, one has )
p
k2 + < Cw?. (27)
One denotes by k,, 3k, < 0 (as in the plane layer)
P2
ky = y|euw? — k2 — = (28)

An explanation of the names of the zones is provided below in Section 4.3.
Let us prove (27).

In the case "mixed elliptic hyperbolic’, it is enough to choose C = Rep.

In the case ’totally hyperbolic’, one has

2 Reuw? — k? R?
k2 + p_z <k + S T RR < ‘Reu—zwz,
r r r
0 0 0

13



hence C = ‘Re,u is possible. We will thus introduce the following variables, which replace the variable r

0
in the asymptotic analysis in (w, k;, p):

R+ 5> Repo? s 2= 0= [ V2 [T V=22 g V=2 T2

2

[ Enew? =iz~ 2
= k3r,sinf = —2 RsinB >0 29

k3

2
A 2. 4
ki + 7 < Reuw” : 5P

2
k§+f—2 ~ Reuw? : k3r:p+ap%.

Remark 2. In the hyperbolic, mixed, or elliptic regimes, B3, z, {, when introduced, have a finite limit when
w — +oo. In the glancing regime and 36;1 independent on w, a = O(aﬁ) and we are not in the range of

k2 P2
- rzwz =0.

application of this regime. If 3eu = =, we are in the range a = O(a)ﬁ ) for Reu —

Remark 3. For ?%e,uaﬂ - kz2 - ’;—22 > 0, introduce ay and bg such that ks = ag + ibg, ag(r) and Bo(r) such
that k3 sin 8 = ay(r) + lﬂo(r) and a(r) and b(r) such that sin 8 = a(r) + ib(r).

For %E/sz - k% % <0, introduce p(r), q(r) such that p{2 7 d§ = —(p(r) + iq(r)).

They are uniquely determmed through by < 0, ag(r) > 0 ( condmon crucial for the analysis, coming
from the assumption sinf8 > 0 when eu € R (see [6])) and p(r) > O (choice of the determination of the
square root as indicated in [6]), and one has

2 2
p-Jeuw 0.4(r) = Se,uw

Bolr) = e o) < ()

Proof Let ‘Re,ua)z - k2 - ’:—22 > 0. One has k2 sin® B = k2 k2 cos’f3 = k2 p . k2 Moreover sin’ 8 =

1- W =1- T |4, from which one deduces (imaginary part)
2a(r)pir) = 20000
a(r)b(r) = .

r2lks|*

As 2apby = Jeuw? < 0, one has a(r)b(r) < 0 hence b(r) < 0. Observe then that Ik sin 8 = boa(r) + apb(r),
which yields By = Jks sinf < 0.
2
Let Reuw’ — kz2 — ’r’—z < 0. From pz = ksr, and %g% = le “t‘fz dt, one deduces g%;’_»‘; = _Nl-g2dl _

z dr
_N-2Zk
z p°
One deduces (observe that one uses A Ve = VA2e for all 4 > 0)

’ k2r2 ’ k2r2
|d§ p k3 \/——k2 \/—+k2 €uw?.

pé’z =

Hence 2p(s)q(s) = —Feuw?, which gives the second result.

Let r, > 0 solve

Reuw® — k2 — = =0, (30)



\/ 2
idestr, = %R Fixingn = = and q= R (dimensionless numbers), we observe
R eu — 172
ro= N2HT B
q

Lemma 9. 1. The identity holds true
. 2
i¥(r,) = _gpgz (re).
2. We have ‘R%p{g(re) <0.
3. RiY(B(r)) > 0 for all r > r,, and is an increasing function on r > re,

3 3 ..
4. There exists r— < r, such that %%p{ﬁ = friy p(s)ds forr < r_, and %%{7 >0forr>r_, anditisa
decreasing function of r.

Remark that the point r = r, is the only point where the limit of @ and the limit of { can be computed
simultaneously according to our definitions.

Proof. Let y(r) = Y(B(r)). One has ¢/(r) = Z—lj‘l”(ﬁ(r)) ptan2 B(r). Using — sm,B(r)dﬁ = —-& one

pr?’
gets
W' (r) = k3 sinB(r) = a(r) + iB(r).
Let g(r) = % pl 3 (z(r)). One already obtained
g (r) = =(p(r) + iq(r)).
e For all 7 such that Reuw? — k2 — & > 0, a*(r) — f2(r) = Reuw?® — k2 - 2, 2a/3 Jeuw?, a > 0,

B <0.

e For all  such that ‘Reuwz—kg—’r’—zz <0, p*(N—-qg*(r) = r—22+kZ2—9"\e,uw2, 2pq = —Jeuw?, p > 0,q > 0.
One deduces o — 82 = ¢* — p?, a8 = —pq.

One checks that @%(r,) = ¢>(r.), B2(re) = ¢*(re), 2a(r.)B(r.) = —2p(r.)q(r.), hence, using the sign
conditions, a(r,) = q(r.), B(r.) = —p(re) and i(a(re) + iB(re)) = p(re) + iq(re).

The function ¥ satisfies ¥(0) = 0, hence the complex continuation of ¢ satisfies y(r,) = 0 for r, € C
such that 8(r.) = a(r.) = 0, that is r, given by k3r. = p. One deduces iy(r,) = f r“ (—B(s) + ia(s))ds.
Similarly, the function { satisfies % pl %(1) 0, hence g(r) := 5 p{ 2(z(r)) satisfies g(r.) = 0 (point such that
z = 1id est p = k3r, as well). The equality obtained above shows g(r,) = fr i (p(s) + ig(s))ds. Using the
identity p(s) = —f(s), g(s) = a(s), one obtains

g(re) = _i'vb(re)-

This summarizes as the first item of Lemma 9.

. . _ —Jeuw? 2 3 _ ! \/ﬁ ‘/7
For the second item, introduce o = —W > 0. From £{; = fz ———dt = f Vicia dt, and

one obtains

_idu
2t

f“ Vu 3 \/_(1+lu) .3f‘” Vu .wa u\u
————du=i2 =2 ————du +i2 ———du
o 2(1 —iu) o 2(1+ u2) o 2(1+u?) 2(1 + u?)

where i? and i? are both of negative real part, hence the inequality.
15

denoting by iu = 1 — 12, id est dt =

N\.'.l
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For the expressions of a(r) and S(r), one has

2 2

2 2
P p . P p
@*(r) = f(r) = = = 5.0 () + fA(r) = [iTeuw’® + = — |
Ty r ¥, r

which extends the expression of a(r),B(r) for r < r,, and one observes that, extending also the same
expression for p(r) and g(r),i(a(r) + iB(r)) = p(r) + ig(r). We may thus notice that one could formally
3

deduce the identity i¥Y(8(r)) = —% pl2(z(r)) for all r, by extending the equalities defining p, g, @, 8.

The third item uses Ri¥(r) = Ri¥(r,) — fr g B(s)ds, with B < 0, r > r, and Ri¥(r,) > 0, which implies
that, for all r > r,, Ri¥(r) > Ri¥(r,) > 0.

3 3

For the last item, use ‘R%pﬁ(z(r)) = ‘R%p{ﬁ - frr p(s)ds = ‘R%p{ez + frr” p(s)ds. As there exists 6 > 0

such that 6¢ < sp(s) < 26y for s large enough, fr " p(s)ds — +oco when r — 0, there is a unique solution to
3 T 2 . . . S

‘R% p§e23+ fr “ p(s)ds = 0, that one calls r_. As ‘R%%{ 3 s strictly decreasing, ‘R%‘Rg 3> 0forr < r_and
‘K%‘Rﬁ <Oforr>r_.

Remark 4. We could also have deduced the equalities above, using the fact that {(z) is solution of the ODE

¢, 1-2
(Y =5
which transforms, with z = /% into
d 2 .
pé(d—f)z = f—z + k2 — euw® = (p(r) + iq(r))*.

It is useful to introduce and recall the following notations:

2 k k k
ks = Jeuw? — k2, k, = | euw? — k2 - %,kl = %,cosﬁ* = k—;,sin,&k = é,tanﬁ* = ﬁ (31)

4.3. Eikonal equations.

We rely on the previous asymptotics of the Bessel and Hankel functions in the case where there exists

K > 0 such that kg + f—; < Kw?. Tt is always the case, as it was noticed, when one is in the hyperbolic, top
glancing, bottom glancing, and mixed hyperbolic elliptic regimes on [rg, R], and we enforce it additionnaly

when 1’;—2 + kz2 > Reuw?. This is called the asymptotic regime. The PDO that one considers is
r10,(rd,) + 852 + r_zazz + a)ze,u.

After a change of unknown of the form v = r2u and a change of notation r = R + n, it writes, in the high-
frequency regime, as the action of the operator 622 +R(n,i"'w™'0.,i"'0g) (k. as the dual variable of z and p
as the (discrete) dual variable of 6):

21
Py

(n+R)?

R(n, k;, p) = epw” — kz2 -

16



The eikonal equation associated with this PDE is thus
(0,D)* + (R + 1) 2(0g®)* + euw® — k2 = 0. (32)

In the classical analysis of operators of the form 8i2 + R(n, x,i7'd,), in the case eu € R*, the elliptic
region is characterized as the set of points (xg,&) € T*0Q for which R(0, xg,&y) < 0. In the case of
the Helmholtz equation in cylindrical coordinates, we observe that, considering p as the discrete Fourier

2
variable in 6, this corresponds, when e € R, to eua)z - kz2 - 1% < 0. In a similar fashion, the hyperbolic
2 2
region is characterized by euw? —k% - 1% > 0, and the glancing region is characterized by euw? —kf - 1% =0.

In the latter case, as 9,R(0, k;, p) = ZRL; > 0, we fall in the category of strictly diffractive points (which is
not suprising, because this corresponds to the model problem of the strictly diffractive analysis).

The classical decomposition of the space of (k;, p) into elliptic, hyperbolic, and glancing region respec-
tively for R(0, k,, p) < 0, R(0, k,, p) > 0 and R(0, k;, p) = 0, where n = 0 is equivalent to r = R is valid for a
real principal symbol.

If one assumes that we keep the same division in regions when eu ¢ R is replaced by R(eu), we keep
the same division. We shall study the asymptotics of the Dirichlet to Neumann operator in the three regions
and adopt the terminology ’elliptic-hyperbolic-glancing’ even if it is not mathematically true (except if we
use a limiting absorption principle with Jeu — 0-). _

o Elliptic region: @ < 1. One has thus to study asymptotics of Hz(vj )(pz), where z is defined in (29).
We use the estimates (22) of Section 4.2. The asymptotic solutions use the Airy functions Ai(ei% p%§ ),
associated with the phase

2
G(0,r) = po + igpg%,

where £ is defined in (29).

e Hyperbolic region: we consider 5 defined in (29).

We deduce from the asymptotic expansion of the Hankel functions an equivalent for the Dirichlet to
Neumann operator is a consequence of the analysis of Hl(,l)(k3r) when p and k3 are of the same order.
Following Abramovitz and Stegun [1], one has the following phase for the Bessel functions (estimates (19)
of Section 4.2)

Y(p,p) = p(tan - f).
and the total phase is
@0, r) =¥(p.p) + pb.

Lemma 10. For each (k., p), define r, such that Reuw® — kz2

p2
E.
1. Forr > r,, use (19). The phase @ : (8,r) — Y(p,B) + pb is a solution of the eikonal equation

(0,9(r,0))> + (

0o ®(r, 0
%2(r.9) ))2 = k% = wleu — k2.
. ,

2. Forr <r,, use (22). The phase G : (0,r) — p8 — —%{% is solution of the eikonal equation as well:

0oG(1,6)

r

(0,G(r,0))* + ( Y =k = wleu — k2.

17



3. Forr=r, use(25). The phase h : (6,r) — pf + %(Z%a)%, with ksr = p + ap% solves as well

1
(0:h)* + = (Bgh)* = w’eu — k2.
r

Proof. Consider
O(r,0) = p(0+tanB — B),cos B = kL
214

One has
3,® = pd,Btan’ B, dg® = p.

Using k3r = ﬁ o.f = m}—nﬂaﬁf, hence

9p®(r, )

r

(0,0(r,0))” + ( ) =K.
This is the eikonal equation associated with the PDE. In the case of r = R + n (where the description
corresponds to a circle of radius R and # is the algebraic distance to the circle), one finds

p2

2 _ 12
@007 =K = s

The first eikonal equation is obtained.
Consider now G. One notices

2 5
8,G = iipa,(gg%),ae(; =p

Using pd, = k30, and the expression of %{ %, one obtains

1/1 )
8,G = +iky—— =,
Z
One then obtains
B 1-22 p? »? »
2 2 2_ 12 _ 12 2 _ 12
(0,G) +r (agG) __k32—2+ﬁ_k3+r_2_k3@_k3'
This phase also solves the eikonal equation.
Finally, consider the case where
ksr=p+ ap%,

which corresponds to the glancing case.

2 2
The relation 8,4 = 8,adgh yields 8,k = %9,h, hence one is left with 3 (9,h)% + —2—. As h(a) =
p3 p3 (p+ap3)?
1 2
i%(zm)%, dah(a) = K5(1 + O(a*p™3)). O

Remark 5. One deduces p in terms of a and k3 through Cardan formulae on T = (ﬁ)%.

18



The complex number 7 is a solution of

k k
P+ a(R) it= = New—ntn==.
w w

which leads to

1.1 4a3 i 4a3 |
=(=)3 -t —+ —n?)3 — - — _ —n2)3)],
T (2) [( \/E,u n 27(R )2 €1 —n*) (\/elu n 27(R )2 eu —n-)3)]

. . . 3 .
and with the choice 7> < Reu, one obtains, under 7= << 1, an approximate value for 73 equal to
W

veu — n?, and the inequality

a3

6 2
T — €U+ <D
| w1 S GR?

where D3 depends also on v/eu — n2. In this case a(r) can be introduced such that k37 = p + a(r)p%.
We will continue this section by using the classification of Definition 2. One needs to observe the
following thing

Remark 6. The Dirichlet to Neumann operator uses the asymptotics of the Hankel functions and their
derivatives at r = ro and at r = R. This means that it uses the same phase function at the numerator and at
the denominator, denoted by I(ro, R, k;, p, w), Ril(ro, R, k;, p, w) > 0 and the exact DTN for the mode p is of
the form
n+el —n_e™! Ny = n_e
diel —d_e!  d, —d_e2’

we will thus only take care of the coefficients n., d; in the analysis.

21

4.4. Estimates on the solution

We have the estimate

Proposition 3. Assume Reuw’® > kg. For all M large enough, there exists a constant D such that, for all
w =M, forall p,k,, forall r € [ry, R]

dp(k3r) <D
dp(k3R)

Our aim is to obtain the estimate of Proposition 3. We will use the following equalities of the toolbox:

1. In the hyperbolic case, we use (19) of Section 4.2,

2. In the elliptic case, we use (22) of Section 4.2,

3. In the mixed-elliptic-hyperbolic case, for all r € [ry, R], we use (22) for the behavior at rg, (19) for
the behavior at R.

This proposition 3 is detailed above, so that we can see the different cases that are involved here. We
state two detailed results.

Proposition 4. e For all (p,k;) satisfying Reuw* — kz2 - [;—22 > we are in the totally hyperbolic region.
0
There exists a constant Dy > 0 such that
dp(ksr) W
| d”(k3 B < Doe®F=¥EO) < py (33)
p
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e Forall (p,k;) such that

2 2
‘Re,uwz—kz—p— <0< Reuw” — k> — P
Z R2 Z r2

0

assume that r, does not depend on w. One is in the mixed elliptic-hyperbolic region.

*x Forry <ry <r<r,, there exists a constant K such that

Jp(k3r)Yp(ksro) — Y p(k3r)J p(ksro) <= Ke%pm()%_g(%pg%ﬂ-.y*) <K (34)
Jp(k3R)Y p(k3rog) — Y, (ksR)J ,(k3ro) B
*x For rg < r < ry, there exists a constant Ky such that
3
Jp(k3r)Yp(ksro) = Yp(ksr)Jp(ksro) < Goed PR < g -G v o (35)

Jp(k3R)Y p(k3rg) — Y (k3R)J,(k3ro)

One notes that, as |k§ 2 — p?| > |Beulw?, one is never in the glancing case.

Proof. We consider the totally hyperbolic regime. Recall that Ri(¥(B(r)) — ¥(Bp)) > 0 because Ri¥ is
increasing. For notational simplicity, we write ¥y instead of Y(p, 8(ro)) = Y(p,Bo), Lo, My, L, M, L., M.,
instead of, respectively, L(p, Bo), M(p, So) and so on.

Jp(k3r)Yp(k3r0) - Yp(k3r)‘]p(k3r0) _ l(l{l(ﬂ(r)) ¥,) (L() - lM())(L + lM) (L() + lMO)(L l.M)EZi(\{JO_\P(ﬁ(r)))
Jp(k3R)Yp(k3r()) - Yp(k3R)Jp(k3r0) (LO - lMo)(L +iM, ) (Lo + lMo)(L —iM, )82’(\{10 -¥)’

As [eZFo=PI) < 1, o2 Fo=¥BO)| < |, using precise uniform bounds on L and M, one checks that there
exists a constant Dy > 0, independent on p; k., such that

Jp(k3r)Yp(k3r0) - Yp(k3r)‘]p(k3r0) | < Doeg(\y*_lp(ﬁ)) < Dy.
Jp(ksR)Y ,(k3rg) — Y, (k3R)J 5 (k3rp)

As k, and $ are controlled by w, we get an uniform control of 3, 8y, 8. hence of L, M and other quantities
above.

Let us look now at the elliptic-hyperbolic case.

For rg < r < r,, it is natural to use the previous result (because we use the elhptlc representation at ry

and at r). Assume that ro > r_ first. Note that (' + 5 p§ ) > 0 and recall that ‘R{O <0.

3 3 3 3 3 3 3 3
To(p20)Yp(p2) = Jp(pDYp(p20) €374 43 Jy(pzo)eira Yp(fvz)e_%”“e_%‘m(-‘fo2 N~ I, (p2)edrity, (pzo)e‘%!’fo2
Jp(p20)Y (L) = ()Y (p20) sy _2,00 2 3
! Presp T T eosh TP Ty (proe e — (g e [Yp(pzode” ey ]eﬂ’{o
2,03 2 3 4 3 4% 3 3
Using Jp(sz)ezPé’o Y (pz)e" ,J,,(pz)eil’é“ , Y,(pzo)e”37% bounded, |e37% | < 1, [e"3PR 2| < 1,

one gets, with the equality

nip tan B, P 1 . P, . _ip, nip tan B, p 1 . i, : -
\/ 3 Jp(cosﬁ*)z 5[(L—zM)e‘” +(L+iM)e V<], ,/ > Yp(cosﬁ*): 2—i[(L—zM)e‘F—(L+zM)e Y,

(36)
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dp(k3r)
dp(k3R)

Assume now rg < r < r_,

2 %_%_'\p 2,3 Aga%_y’\z%'\y
|SK|€3P(§O {2)—i *+3é,0|:Ke3P é‘o (31?( +i *)SK

303 ) 3 3y, 303 3 , 3
Jp(pZO)Yp(pz) - Jp(pZ)Yp(pZO) _ 6%[)(»(02 -{2) Jp(pZ0)€§p§02 Yp(pz)e—%P{Z e—gp‘)"\({oz -£2) _ Jp(pz)e§p§2 Yp(pZO)e_jp{OZ
Jp(pZO)Yp(ﬁ) - Jp(cos_ﬁ*)Yp(pZO) ei\P*"'%I’{o%

3 3 3
2,52 4,3 . y 2 3
Tp(p20)e3 0 =3P Y (Eg)e ™™ — Jp (ke ™ Y (pzo)e 3P4

3 3
Use again the estimate (36), the inequality ‘R%{& > 0 (because ry < r), ‘R(g“o2 - %) > 0, we obtain

3 3
dp(k3r)| < Kole—%pgf—i‘{’*l _ Ke—mgpgui%) <K

PR Y

O]

2
Proposition 5 deals with the totally elliptic case (that is kz2 + 1% > Reuw?). It enables to treat the case

2P2

4 2
where w—ZR — 400 when w — +oo.

2
Z - 1% < 0, we are in the totally elliptic region.
Let ro < r < R. There exists a constant Ky such that one has, for w large enough

Proposition 5. For all (p, k.) satisfying Reuw?® — k?

Jp(ksr)Y p(ksro) — Y, (k3r)J,(k3ro) -

Jp(ksR)Y p(k3rg) — Y, (ksR)J,(k3rg)
More precisely, for any 6 > 0 small enough, there exists ws such that there exists Ks such that (37) is
uniformly true for all r € [ry + 0, R].

3 3
e—%p?&(gz —{3)KO < Kp. (37)

Proof. In the totally elliptic regime, introduce the notations z, zg, z. and ¢, {y, i corresponding to pz = ksr,
P20 = k3ro, pz. = k3R.

3
2

. 3
One notices that the functions HI(,’)(pz) contains 3747 as well as e~ 3747 , because it contains Ai( p§§) as

well as Bi(p%§ ). It is then more relevant to distinguish the role of Ai and Bi, and use the Bessel functions as
in (24)

dpksr) _ Jp(P2)Yp(P20) = Jp(P20)Yp(p2) _ Jp(p2) 1-7
dp(k3R) Jp(pZ*)Yp(pZO) - Jp(pZO)Yp(pZ*) Jp(pz*) -7’

where
_ Yp(pZ)Jp(pZO) _ Yp(pz*)Jp(pZO)

T LY, (20 T 1z Ye(pz0)

2 2
BpIOAPT &) ¢ the

i i i i - : : : Ai(p3 0)Bi(p3 {o)
classical estimates for the Airy functions ([6] 9.7(i1)) are valid uniformly in the sector |argz| < 7 — 6., one

concludes that

We use (24) to deduce estimates for 7 and 7. We then have to study estimates for

3 3
Bi(pipe 5 Ai(pi gy

3 3
Ai(p5 )3 Bi(pt g%
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i1s bounded, hence there exists M such that

2 2.3 2 2 3 .2 L2
lBl(ng)e P82 Ai(p3 Lo)e o - |Bl(]?Sf)Al(P3§O)”e_§p(g%_g§)| <M
3t 2 . 2 ’ =
Aip3 013 Bipigeivi  AiPTDBI(pI )
This shows that
PR | PRV
|T| S Me_g‘R({o _42)’ |T*| S Me_§‘R(§o _é; )

303 35
4 2_ 2 4 2 _ 3 .
and one uses Me™ 3 ™M& ~40) < % and Me 3R 02 <« % for r > ry for large w to conclude that there exists

K such that | 11__: | < K forall r, ro < r < R fixed, which imply Proposition 5. The precise statement at the

end of this proposition comes from the fact that for all (p, k;) satisfying Reuw?® — kz2 _ P < 0,p2>Cuw,

R2
7 — 0 exponentially in w.
U

The proof of Proposition 2 is a consequence of the two propositions stated above.

5. The Dirichlet to Neumann operator

The first subsection is devoted to the result stated for the plane layer on the form and the regularity of
the Dirichlet to Neumann operator (which is an operator acting on functions on {z = 0}.

5.1. Proof of the result of the Introduction for the plane boundary

Lemma 11. The Dirichlet to Neumann multiplier is a Fourier multiplier from H(R?) to H"Y(R?), in
particular for s = % whenever ey ¢ R%. It is not defined when ey € R%. However, if eu € R}, for each

(k1, k) given, there exists a sequence (wp( 4 /k% + k%))n of values of w such that the Fourier multiplier is not
defined for w belonging to this sequence. When w does not belong to this sequence, the Fourier multiplier

is well defined.

Proof. Begin with the last item. In the case eu € R*, there exists at least (k;, k;) € R? such that euw? =
kf + k%, hence there exists at least a resonance, hence no uniqueness of the solution. The Dirichlet to
Neumann multiplier is never defined as an operator on S’(R?). This is a consequence of the fact that the
domain is unbounded, hence continuous spectrum exist and, in particular, for all (kj, k;) there exists at

least an associated point of the continuous spectrum. However, for (k;, ko) given, define wj( 4 /kf + k%) =
2,2
2 These are values for which sink,! = 0, hence non uniqueness of the solution. For a fixed

K+i3+2
eu
value of w which is not in this list, there exists a; such that |sin k, I| > a;, which ensures the existence and
uniqueness of the solution of the ODE on [/, 0].

Consider now eu ¢ R and assume uyg € H %(Rz) (that is (1 + k% + k%)%ﬁo(kl,kz) e L*(R?)), introduce
Uk, ky, x3) = S8 0k k). Estimate (59) shows that U € LA(R2 x [, 0]), hence

sink, [

1 sink, (x3 +1) . _—
, X2, X3) = ki, kp)e™ 122 dky dk
u(xy, X2, x3) 02 fRz Sink.] itg(ky, kp)e 1dky
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is a function of L2(R? x [—1,0]). Its Fourier transform solves (58). Hence U is a L? solution of
{ A+ ?en)U =0

U(-1) =0
U(0) = up.

It is straightforward to check that U € H L(R? x [-1,0)).
The trace of the normal derivative is thus given through

cos(k, ) .
- &y )Mo(klykz)
sink, [

aX3 ﬁ(o’ kl s k2) = kJ_

from which one deduces that d.,(0, k1, ky) = ¢ (k1, kp)iig(ky, k) and that |C‘| <M k% + k%. One has thus
(1 4+ k2 +k2) 738,00, k1, ka) < M(1 + k> + k2)3 (k1 , k), hence C is a Fourier multiplier, and @, u(., ., 0) =

Cu(., .,0) where C goes from H%(RZ) to H‘%(]RZ).
O

5.2. The Dirichlet to Neumann operator for the cylindrical layer

Proposition 6. The Dirichlet to Neumann operator C is a Fourier multiplier, which expression is, for each
(p, k;) such that k3 # 0 and k3 is not a resonance of the problem

HY (k3ro)(HYY (k3R) — HY (k3r0)(H') (k3R)

C(p s kz) = k3
HY (k3ro)HY (k3R) — HY) (ksro)HY (k3R)
In the case k3 = 0, one obtains, for T = %
P ™ + 77°P
C(p,k;) = ﬁm-

Proof. Consider a”(k;) € L*(R). Thanks to Proposition 3 and Proposition ??, the formal solution (11)
written in Proposition 1 satisfies

HY (k3ro)H' (ksr) — HY (ksro)H (ks r)
HY (k3ro)H' (k3 R) — HY (ksro)HY (k3 R)

(ky, ) — aP(k;) e L*([ro,R] X R)

and if a’(k;) € H'(Ry,) X h'([0, 2x]),

HY (sr))HY (ksr) — HY (ksro) HS (kar)
() = Py SO S S B i i, 110,261 R
Hp " (ksro)H), " (k3R) — H),"(k3ro)H ;" (k3R)

The derivative in r is indeed in L? thanks to |k3| < |k,|, and one uses k., — k3a’ (k). Similarily, the
derivative in € is in L? thanks to paP(k;) € I2. One can consider d,u(R, .,.), which is a Fourier multiplier
of the corresponding mode of u(R, .,.), which defines the Dirichlet to Neumann operator C from H I(SR) to
L*(Sg).
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This lemma complements the results of (13), (14) of [16] by characterizing the values where (16) is not
fulfilled as resonances of the problem, and by asserting estimates on the solution. Of course, one has also

Y, (k3ro)J(k3R) — J,(k3ro) Y, (k3R)
Cp. k) = k3=~ z 4 L

: . (38)
Yy (k3ro)Jp(k3R) — J,(k3ro)Y p(k3R)
Let us prove finally the result for k3 = O (that is w?eu — k% = 0). The Helmholtz equation reads, for

U(r.0.2) = e P0u(r)
2

1
—0,(ro,u) — p—zu =0.
r r

Solutions of this ODE are u(r) = Ar? + Br P, hence the Dirichlet boundary condition at r = ry yields
u(r) = a(rpr(;p - rgr‘p), hence at r = R one deduces u(R) = ap(RPr(;p - rgR‘p) and 0,u(R) = pap(RP‘l rap +
rg R~P~1), from which one deduces the Dirichlet to Neumann operator as a Fourier multiplier

RPYr P+ R
C(p,k;) =

. . . o
which rewrites, denoting by 7 = o

ptP+17°F
C(p,k;) = I_?m’

and the Dirichlet to Neumann operator is the operator such that

D -P

0w _ ™w+T 0w

§ apetp9+z Vepwz - R 1 § pap—etp9+l \/eya)z‘
p

TP — 177P
p
It is worth noticing that ), |p|a12, < +oo implies . Ipl‘l(pal,,)z(:?_r—ii)2 < 400 hence one checks this

expression sends h%([O, 2r]) onto h‘%([O, 2r)).
O

5.3. High frequency expansion of the DTN Fourier multiplier for a fixed mode in the hyperbolic regime

In this section, for p fixed, we describe a high frequency equivalent (w — +o0, or |k3| — +oo, the latter
being for w fixed and |k,| — +o0) of each mode of the Dirichlet to Neumann operator.

We added ’hyperbolic regime’ through the assumption that in the limit Jeu — 0, k3 € R%.

As it is easier to manipulate the oscillating phases e*'¥ hence we shall use (H(l), Hl(,z)) as the suitable
pair of independent solutions for this analysis and use the equality (18) of Section 4.2. One gets

Proposition 7. Let C > 0 and |p| < M is fixed. Assume I%I < Repu.

o The leading order term, for w — +oo of the Fourier multiplier for the Dirichlet to Neumann oper-

ator is C(p,k;) ~ k3 Z?;,lsll Note that the influence of the Fourier mode has just disappeared in this

equivalent; it is of lower order.

e One has the estimate

1 4p*-1 _ 4p°+3. .
cos k3l + %( ™ 7 sinksl

C(p.k;) = ks (1+O(W™)).

i _ L ApP-l 4p-l
sin k3! % =) cos k3l
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o Inthe case Seu # 0, (Tkz — —oo when w — +0),
o )
C(p, kz) = (lk3 - ﬁ + 0(0.) 1))(1 + 0(6251{31)),

Remark 7. Note that the Item 2 of Proposition 7 shows the dependency of the Fourier multiplier in terms
of the radius of curvature. This dependency is not uniform in p because the remainder temr is not.

Proof. Let us prove first the last item. Using the equivalence cos ksl =~ 5 ekl sinksl ~ %e‘i’“’, thanks to
Rks > 0, Tk < 0, one gets

4p°—1 | 4p*+3

L+ g5 ( ) | 4p—1 4pP+3 i 4pP—1 4p -1
N 8\ 1o R’ . P4 p-to> L ap _ap
C(p,kz)—k3 1(4p21 4p2_1)—1k3(1 ( YR ) 8k3( . R
8k R

hence the result.
For proving the first item, it is enough to replace P by 1 and Q by 0. In this case H, s )(z) eXr@ ,(H), (1)) (2) =
ﬂ%ze”@@, and one has thus

eirtkaro) (_jg=ixpksR)) _ p=ikp(ksro) jgixp(ksR)
C(p,k;) ~ k3

ei/\/[)(kSFO)ie_iXp(]QR) — e_l;\/p(k3r0)el;\/]a(k3R)

that is k(R ) il
Ccos k3(R —rg ., COSK3

C(p,k;) =~ kz— = ikz— ,[=R-rp.

(P, ko) = ks sin k3(R — rg) 3 sin k3l 1o

The expansion at a higher order yields the following term of the expansion in k3, it depends on p. One uses
- . 2 —
HY Uero)(HY (KR) = —Zeltom=inn®(1 4 idy (=i = (1 + 05)
2_
— ﬁelX”(rO)_lX”(R)(—l‘ + i(M’ 1 4p +3) O(kgz)),

as well as the conjugate term H;,z)(kro)(HE,l))’(kR), and

Hy (kro) H (kR) - = e (1 + 148’}( (1 - 425(}1 )(1 + 0(52))
= —2em-in®(1 4 (G4 02,

and its conjugate expression H;z)(kro)Hl(,l) (kR).
Collecting, one deduces

. . 2_ 2 . . 2_ 2
elXp(rO)lep(R)(_H_%(411 1 _4PR+3 ))_e—l)(p(ro)+l)(p(R)(i+ 1 (4]7 1 4[) +3 ))+O(k_2)

Cp,k;) =k .
(p’ Z) 3 "/\’[J(V())_'.Xp(R)(]_F’(417271)( 1 1)) e—l‘/\/p(ro)+l'/yp(R)(1_t(4p2 1)(%_E))+0(k 2)

~2icos ks(ro~R)+ gi (T~ 4” )2 sin k3 (ro—R)+0(k; 2)

2
2i sin ks (ro— R)+21coskz(r0—R)(4gk31) A= p+005)

2
cos kal+ gz (L= 23 Gin ks 1+ O(K)

sink3l—%(f——)cosk3l+0(k 2y

= R3

This proves the second Item of Proposition 7 when p is fixed and w goes to +oo (including the case k, = nw,
neR).
Finally

cosksl _ sekslpemikal L podiksly g .
: =< MR +L_ — +o00.
sinkal Lkl = LT a1 L,w + O]

We shall now study a complete asymptotic regime (p, k;, w going to o).
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5.4. High frequency analysis for the exact solution in cylindrical coordinates in the high frequency regime
in (k;, p): the hyperbolic region.
The case studied in this section is

2

p P2
2>‘Reuw —kz——>0

Reuw?® — k* —
H * R ro

In the high frequency regime we are able to find the equivalent of Proposition 7.

2

Proposition 8. Assume kz =1, Inl < VRew, and w*Reu — k2 — ’:—2 > 0. Let B.,Bo be given by cos B,
0

ks _ Veuw?-k?

2
2_j2_P 2_p2_ 0P
euw*—k; 2 euw*—k; 2

(and a similar definition for By). Denote by ¥, = p(tanf. — B.), Yo

p(tan By — Bo). The Dirichlet to Neumann operator is equal to

(Lo — iMo)(N.. — i0.) + (Lo + iMo)(N,. + iO,)e~¥:=%0)

C . k) = —iky si % 1 :
(P k) = = S0 e Mo L+ iM.) — (Lo + iMo)(Le — iM)e 27— T0)

We interpret easily k, as the (complex) normal transmitted wave number, the tangent waves vectors are
(k;, k), and B, is an angle of incidence.

Proposition 9. The following asymptotic expansions hold:

1. For |p| — +oo (which is equivalent to w — +0)

cos(‘I’ . “O”’ sin(W,. — Wo)
sin(‘P* - ¥ — % cos(¥ —, ¥o)

Y.-¥
C(p.k) = \Jeuw? - kz—ﬁ%%"i

C(p.k;) = (1+0(p™)).

2. One has

euw?—k3 - R2 2
_ (a.—ap) cos~ (V. ‘PO) (ap+b.) sin> (¥.—¥o) -1
p sin (‘P -%¥) + O(w )
3. One has, consequently,
) ) 6/1a)2 kz—— ~
C(p.k;) =liyJepw? -k — &5 — g ———"(a. + b.) + O(w ™ H](1 + O(e” 2 ¥-~1)y)

: 5 - -
= [tk = 3z + 0w O + O(e 2wé*)

Proof. Using Bessel functions toolbox, one obtains

2)\s (D O Q) _»p
Coke) = ks (H, )(Cosﬁ*)H (Cosﬁo)—(H Y (Gosz ) Hp (osy)
T P 2 () — HY (2 HY (L)
COS B cos Bo coS s cos By
sin 28, (™0~ ¥-(Loy — iMy)(N. — i0,) + (N. + i0,) (Lo + iMg)e't-—¥0)

p p tanﬂo

Vg N (€ (Lo = iMO) L, + iM.) = (Lo + iMo)(L. = iM.)e™~1%0)
26
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The expansion in inverse powers of w is given through

Cln.k k M0~ (1= %0 ) (1=12) 4 (1+2) (1415 )e™¥+ %0
(p.ke) = —iks sinB. o= (1- ,“0)(1+l“*) (1+i2)(1- z“*)e”’* o
a0+b*

~ i cos(¥,—¥o)— sin(W.—¥o) 1+ 0(p=2
= k3 sin B, TR ao T )( +O0(p™)).
We then have
_ . cos(W.—¥o) — _k3 sinfs r (ap+b. )sin (¥.—Yo)—(a.—ap) cos (lP o) -1
C(p, k;) — k3 sin B 5=, P Fsin(W.—Wo)(sin(¥,—P0)- "5 cos(¥. ‘*’0))] How, (39)
__k3sing. R () 1
- p [(a: + ) sinz(\h—\yo)] + Ow™).
1 1 l+tan?p, k3 sin B, 1 1 1+tan? B, k3 sin B _
AS a*+b - Z(tanﬁ* tan3ﬁ*) - z tan3ﬁ* one gets T(a*+b*) - F tanﬁ*i tan3ﬁ* hence T(a*-i-b*) -
L 1K

2Rsin’B.  2RKZ°
When Jeu < 0 independent on w, Lemma 9 shows that Ri(¥(B.) — ¥(Bo)) > 0, hence there exists 5y
such that ¢"2(YBI-¥E0) = O(¢2%0) Using

e (Ly — iMo)(N, — i0.) + (N, + i0,)(Lo + iMy)e™* =0

C(p,k;) = —iks sin B, ——
(P ) = =0 I o Ly — iMo) (L + iM.) — (Lo + iMo) (L — M) ¥

one obtains o
C(p,k;) = iks smﬂ*#( 1+ 0(8—25(%—%)»'

L, —IM,
from which one deduces
+) + b(Bs _ _ _
Cp.k) = (iks sin, — ks sinf, “BLTLB) o)1 1 02900y,
p
As b 1 | !
kosing, ST EE) g 1+ —)= ——
p 2ptan S, tan~ S, 2R sin” B,

we get that the leading order term of the Dirichlet to Neumann operator is
. Kooop
iw\[en— — — ——
Ho w2~ R

1 1 euw’ - k2
2Rsin® B 2R g2 g2 - g_i

and that the lower order term is

This can be observed directly in (39) by using the equality

cos(¥, — o) 1+ e2i¥=Y0)
- =i . - -
sin(‘¥, — ¥o) 1 + ¢2i(Y=Yo)

cos2(¥,—¥o) -1
sin?(¥,—¥)
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Remark 8. o Assume ey = Reu + i, o independent of w. The leading order term in p is

cos(¥. — Yo)

Sin(E, ) T O

e Assume again ey = Rep + iZ, o independent of w and 1 := R — rq is small. The leading order term
in p of C(p, k3) is equal to

2 _ p?
euw? — kZ — & ky

T tanlk,
tan [ \/euw? — k2 — &5 +

which is the impedance of the tangent plane approximation and is identical to the result of Theorem

1 of [9], stated in Theorem 2, in the regime lw small.

e Assume | = R — ry, the width of the layer, small. The leading order term of the operator satisfies

euw? — k2 — 2
H 4 R2 2
Co(p, k;, w) = + O(I). (40)

2
tan(l \/euw? — k7 — &

This expression is exactly the expression (6) in the Introduction.

Proof. As the leading order term is Co(p, k;, w) = m,, Assume [ small. From

1
p(¥. = ¥o) = (ptan® B)(B - Bo) + O(1), k%(% — %) = €08fo — cos B, = (sin f.)(B. — o) + o),

one deduces p(W¥. —Wo) = k3 sin 8.l + o) = w?eu — kz2 - fe_il +0(%) = k, 1+ O(I?). This proves the last
item of the Remark. ]

5.5. Dirichlet to Neumann operator for the mixed- hyperbolic-elliptic case

We are in the case 5

212 P’ 2> 52 P
Repw” — k; -2 > 0> Reuw” - k; -5
0
Note that, contrary to the hyperbolic regime, an exponentially growing term appears both in H;,l)(lq ro) and

in prz) (k3rg). This corresponds to the branchs identified in [11] for the decomposition near a turning point
of the solution of a second order ODE.

[S]

Proposition 10. Assume Jeu < 0, independent on w and Reuw? — k2 — 1’;—; > 0> Repw® — k2 -

O‘Nl <

The Dirichlet to Neumann operator is given by

3
Cpoke) = iks sin B, X210 (1 + O 2REF)) (1 + 03724 )
g
2RK>

= (ik, - + 0(]7_2))(1 + O(egpy‘go‘7 N + O(e—ZR(i‘P*)))_




Proof. Use

Hp (PZO)

e~ (H Y (R

(1
o DY GsRH Gsro) — (Y G RO, sr) | T V6B

(D, (2) @)y, (1) H
(H ) (ksR)H ;" (k3ro) — (H), ") (ksR)H,, (ksro) (Hg))'(k3R)Hfl)$ Z; - (H;,Z))’(]QR)
P

C(pa kZ)

We use the expresswns (24) which are more convenient. We assume that .

Assume first that ‘R{O < 0. In this case, Az(p {) is exponentially growing and Bz(p% {) is exponentially
decaying. Through

2 .
HY (p20)  Jp(pz0) = i¥p(p20)
HP (pzo)  Jp(p20) + iYp(p20)

one observes that this term is of order of magnitude 1. Indeed, one observes first that
.2 -1 4 g 2 L2 Al 2 4+ 1B
A(p, o)Ai(p38o) — ¢, * p 3 B(p, {0)Ai (p3 4o) = A(p, {0)Ai(p3 {o)l1 - E(P%o)p 32 Z(p, do)l
and one has —(p, ) =1+0(p7?) and 4L (p% lo)p~ 3{ 2= —p‘l(l +O0(p~")) (the last estimate coming from

the expansion of the Airy function w1th terms of order X~ % ).
Hence

_1 2 2 1
A(p, L0)Ai(p3 Lo) - I~ P73 B(p, LAY (p3L0) = Alp, C0)Ai(pI L)1 + > +0(p )] 41)
In a similar fashion, thanks to %’;(p%{o)p‘%(% =p 1 +0(p™hy),

1 > s 1
A, 0B 0) = & P B d)BY (3 20) = A GBI )1 = + O ), (42)
One deduces, thanks to £ (p3 L) = O(esp‘Réo ),

3
- . 4 2
HY(pz0)  Jp(pzo) = i¥p(pzo) 1+ 5 +0(p7) = iO(e3 ™)

) B ] - 3
H, (pzo)  Jp(P20) +1Yp(pz0) |+ 1_17 +0(p2) + 054

3
=1+ 0% ),

. ; . w H?
(N, —i0.)e™™* + (N, +i0,)e"™" (p])(PZo)
H), " (pzo)

C(p, k;) = —iks sin B,

. : . w HP? ’
(L, + iM)e ¥+ — (L, — iM,)e~1¥ 2220
H),’(pz0)

one obtains the same estimate as before in the case Jeu < 0 independent on w, which is the estimate based
on R(i¥,) > 0:

iks sm/3’*+—(1 ORI (140(PRG ) = ik sin (141 2 L0 2)(1+0(e 2RI (140374 );

a(Bs) + b(Bs)
—iM, p

This ends the proof of Proposition 10. O
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5.6. Dirichlet to Neumann operator in the elliptic region

The case studied in this Section is

2 2
Reuw’ — k> — L ‘Reywz—kz—p— <0
) @2 .

0

One introduces, according to the Bessel functions toolbox:

0= "< = _’g*’go'
p p

Denote by Ag, By the quantities A({p, p), B({o, p), and A., B., C., D, the quantities A({, p), B(¢x, p), C(¢«, p), D(Ls, p).

Proposition 11. 1. The Dirichlet to Neumann operator is

=2 A1+ 7)1+ KA (0 L)Bi(pi ) = AgD.(1 + 7)1+ ko) B (pIE)AIp &)
e T A1+ k(1 + K)AI(pSL)Bi(pi o) — AoDu(1 + K)(1 + ko)Bi(p3£)Ai(p o)

2
Cp, k) = k3z_

2
2. Assume Jeu < 0, independent on w and assume Reuw* — kf - f—z < 0. One has
0

2
2 | \/kZ_|_P_—_Eﬂwz . .
k) = [J%—-W CANETR I - en+ 07 + 0 PRG Ey)

)4
R 7

Proof. Instead of using the Hankel functions in this case, we use the expressions (24). Indeed, the behavior
in the elliptic case is rather an exponentially growing or decaying solution instead of oscillatory representa-

tions. One has
J(pz)Yp(pz0) = Y, (pz:)J p(P20)
J(pz:)Yp(p20) = Yp(pz)Jp(pz0)

Cp,kz) = k3

Assume Jeu < 0 independent on w. We use Lemma 8.
3 3
One has %p‘R({OZ —¢2) > 0 hence Ai(p%@)Bi(p%{O) is the leading term in these equalities, hence
Jp(pz:)Yp(pzo) and J ;,(pz*)Yp(sz) are the two dominant terms, hence
7 Y 1 Y, (pz:)Jp(pzo) 7 . s
p(Pz)Yp(p20) ' T Tpe Y,z p(pz*)(1 + o irra -y,

= R3
Jp(pz*)Yp(pZO) 1- % Jp(PZ*)
P =)L p

C(P’ kz) =k3

One has 1
2C AL

’ oo 2 -2 2
Jpz) 2 1-2 1 D&, p) Al(piL) 1 - P 5 (P

1
= —— )fp 3 - .
Jp(I?Z*) Ze 4L, Al p) Ai(p3Ly) 1 _p—%g;ig%(p%é«*)
We observe that L C Al c Ai
2 = l 2 2 1 l 2
= (pir) = —p N =03 = (p3s,)) = p!
p g“*DAl.,(p &) P (=(p3&s) Al.,(p L)) =p -,

-/

S BAT ey 2 B (e A ey =
PGP = 2 (P m (P = p
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hence

1-pig, szi’l (P§§*)
One has also %(g*, p) =1+ W +0(p™) =1+ 0(p~?). One is thus left with the estimate of
AL (p3¢,), where we use 10.4.59 of [1], which yields

_di—c

2, _1AU 2 dy—c _ _
(P TP = 1= e 0T = 1 & rop,
! (P340
hence ,
Jp(PZ*) B 1—Z§ 1 dy — ¢

= (1 - D1+ 0(p~?
7,0 = )2( » — )( +O(p™)).

One has k3 ———= Nizz

k2 + p — euw?, hence the result of the proposition.
O

Remark 9. Surprisingly, the expression of the lower order term in 1% is not the same for the hyperbolic and
the elliptic regime.

6. Dirichlet to Neumann operator for elliptic layers

6.1. Calderon operator
The last step is solve (rather explicitely) the Dirichlet problem with homogeneous Dirichlet condition

2 , . .
on {; + 2—2 = 1} := 90Q. Using the notation p, uy as above, one gets

Lemma 12. Let C be a bounded open set of R2. Assume that {"2 yi =1}cC, with d(0Q,0C) > 0. Define
p = Va? - b? and uy such that tanhug = Deﬁne uy such that C C {(x,y), ; < 1). The

cosh2 U sinh? u;

function U is a C*(C) solution of the Helmholtz equation which is equal to 0 on the ellipse if and only if
there exists ay,,n € 7 such that

Ux,y) = Z A (Cr (WS 1y (o) = Cj(u0)S 1y (1)) g (v),

nez

. 2. . . i . .
provided that y,, : U — % fo U (x,¥)gn(V)dv is continuous for each n. Note that e)2y s NOT the Fourier
transform of a solution of (A + w?eu)U = 0 because one cannot assert, for the moment, that each term in in
S’ as estimates on a, are not provided.

The first item is a consequence of the continuity (note that the space where U lives is not given here,
and such equalities are only formal if the sum is infinite) of the application vy, for calculation the Dirichlet
boundary condition.

Once all these results are proven, we are ready to study two cases for evaluating the Dirichlet to Neu-
mann multiplier, the first subsection below deals with the case of the cofocal ellipses (where the parameter
p is the same for both ellipses) and the second subsection deals with the case of homothetic ellipses.
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6.2. Dirichlet to Neumann operator for an elliptic-type layer with same focal points for the two boundaries

B. Stupfel [16] already used such an approach to study the following problem: Q is as usual a perfectly
conducting body, supplemented with a layer which is also with an elliptic boundary I'; = {(x, y), 2—?+§ =1},
under the assumption that a% - b% = a®> - b%, a; > a, by > b. This means that the two elliptic boundaries
0Q and I — 1 are ellipses sharing the same focal points. In this set-up, if one denotes by u; such that
tanhu; = Z—i, then {(x,y),ﬁ + % <1}-Q ={up < u < up,v € [0,2r]}. In this case, the result reads
exactly as in the case of the cylinder. It is stated in Section 6 of [16], using expressions (67), (70) and all

expressions that follow. The coefficients of the Calderon operator are given by the results of [16], but we
rephrase it in the language of operators.

Lemma 13. The Dirichlet to Neumann multiplier acts on the orthonormal Hilbert base of L%([0, 27]) {gm}
as:

Cly@1)S 1y (u0)=Coy (uo)S 7, (u1) )
— ] In| 8n
Clk)(U) =2, C\n\(ul)S\nl(”O)_C\nl(MO)Sln\(ul)pvcoshZ 1 sin? vsinh? g cos? v Un
Cl@)S 1y (u0)=Coy (uo)S 1, (1) _
— In| Inl 1
- Z”’m C\nl(”l)S|n\(“0)_cln\(uO)S|n\(ul)p K Ungm(v)
forU =3, U,g,(v), or
| 7 Ut = 3 o0 = Cnl0)3 (1) [ M
w)gm(w)dw = Vg, (V)HdV'.
0 ) " 4= o) (u1)S 1n) (u0) = Cpn (140)S 1y (1) " Jo "

It is a discrete pseudo-differential operator.’

Remark 10. This result is easier to obtain, when one considers the Dirichlet boundary condition on the
inner boundary, when one is able to decompose the solution on periodic modes.

Proof. Let us start by identifying the normal derivative, which is the crucial point of this first result. A
tangent vector to the boundary is ' = (—p cosh u sin v, p sinh u cos v), hence

1 . .
il = (sinh u cos v, cosh u sinv),

Vcosh? usin? v + sinh? u cos2 v

hence |
onf = Ouf.
0 Vcosh? i sin? v + sinh? 1y cos? v
We thus deduce
U = N sin21v+sinh2u1 == Lz @n(Cly n)S i (t0) = Cin (0)S ) (1))gn(¥)
R | ’ ’ gn(v)
= C S -C S
P ZnGZ an( |n|(ul) |n|(u0) |n|(1/t0) |n|(ul )) \/coshz 1 S v ot 1 o2 v
We then define the matrix
PR B n(")gm(v) o
mn —
27 Jo vcosh? u; sin? v + sinh? u; cos? v

3The action of a discrete pseudo-differential operator expresses as Op(a(v, n))(U)(v) = 3, a(v, n)g,(v)U,, by comparison with

Op(a(v.))f(x) = £ [ e™a(v, &) f(£)de.
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and use

gn(V) = Z Knmgm(v)

veosh? uy sin?v + sinh? u; cos2v %5

to obtain the result of Lemma 13.
O

As in the case of the Bessel functions, we have a classification of the regions to be studied. The following
classification applies:

2
1. totally elliptic region if Ra,(ksp) — cosh 2u0 > Ray,(ksp) — & cosh2u 1> 0

2. mixed elliptic-hyperbolic region if ‘Ran(k3p)— %E“ o COSh 2ug > 0 > ‘Ran(k3p)— %6’1 @ cosh 2uq,
3. hyperbolic region if 0 > Ra,(k3p) — cosh 2uy > Ray(k3p) — ~ cosh 2u1,
4. top glancing region if Ra,(k3p) — %E’J < k cosh2ugy ~ 0.

Cl @S 10 (t0)—=Ciyy(u0)S |, (1t1)
Cla1)S 1y (00) = Cryy (u0)S 1y (1)

Proposition 12. The asymptotics of the coefficient M,, =
regime (and wn = k, < \/Reuw)

is, in the hyperbolic

: an(ksp)

T cosh2ug — 22221+ 0(w 7).
prw

i\ay (k3p) \/

Remark 11. We notice that the Helmholtz equation (after Fourier transform in z) writes

Sy o2 — 101+ O(w™)) = +wp \/ o

o P 1 )
[ﬁ a2 (E,UCU — k2)p*(cosh 2u — cos 2v)]u =

and the mode analysis of this equation yields

2
1
[_ + (eua) — k2 )p cosh2u — a,(ksp)]u

which principal symbol leads exactly to +iwp \/ (ert — %) cosh 2u — a”(lzif ),
Remark 12. The coefficient obtained is thus
\/6”2 cosh 2u; — ko) \/6“2 cosh? u; + (45 i a"(k3p)) sinh? u;
prw -4 prw
vcosh? u; sin? v + sinh? u; cos? v Veosh? iy sin? v + sinh? u; cos? v

which shows the influence of the radius of curvature at each point of the boundary (characterized by v).
Proof. We use the asymptotic expansions of the modified Mathieu functions described in Sharples [18],
namely the following UNIFORM asymptotic expansion of

dw;
Wi(u, 0, x), (u@x)

where u, 6, x are defined in [18], and will be recalled here. They are obtained through the modified Mathieu
functions M[(,J)((z, h) described in [6]. Of use will be also the seminal paper of Olver [13], where uniform
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asymptotic expressions for solution of ordinary differential equations with a large parameter are discussed
in the elliptic, hyperbolic or glancing zones.
Collecting the notations of Sharple, the equation (4) is y* = (1 — 2h? cosh 2z)y, which yields u = z,
= ap(kap), h? = *p , that is 7 = 2.
It is said in [17] that the classwal expansion of a,(k3p) when k3p — 0O is n® + F(n, h), where F(n, h) =
O(n~2h*). However, this classical expansion will not be of use here, because |k3p| — +co.
We need for this to use the seminar result of Harrell [8], which studies the band spectrum of the operator

2

,d
Q=€ pr —— +4q(x)

where ¢ is periodic of period 2, symmetric with respect to x = 1, C2, and has 2n as strict minimums
(absolute) on the whole line. The Floquet modes a, and b, are then the edges of the bands for —% +
2scos2v.

The result of [8] is the following Theorem (stated in a sloppy way for the moment)

Theorem 4. For each fixed n, the n-th band of _dd% + K_zq(KX), k% = € concentrates, when € — 0, around
2n + 1, and its width is exponentially decaying in e

Lemma 14. Under the hypothesis k. = wn, n of order of magnitude 1, and Reu — 17 > 0, the Floquet
modes of the Mathieu operator a,(k3p), b,(k3p) have the following approximation for n large:

2.2 202
3P 3P
an(ksp) = -5 + k3p(2n + 1), byy1(k3p) = - + k3p(2n + 1).
2
Proof. The operator considered here is —% %(cos 2v + 1), which transforms into
4 &L kg
—;W - T(COSH’T - 1)
The model problem associated is _ZW + —712 2 which corresponds to E, = k3p(2n + 1), where, for

2
n = 0, the associated mode is el T

To 2n + 1 are associated the two edges of the bands E; E;H,

such that E;  — Ef ~ ¢™/" and E} ~
kzp(2n+1), hence an approximation of a,(k3p) and b, (k3p) by _T +k3p(2n+1), which allows to deduce

that the high frequency regime is n of order of magnitude w. 0

The modified Mathieu equation is thus y”’(z) = [a,(k3p)(1 - cosh 2z)]y. Recall that k3 = euw?—kZ,

which means that

ay (kw)
2n? o euw? -k
an(ksp)  an(ksp) ang?p)

k3p

Van(ksp)
h = |hle, hence kz2 < ‘Re,uwz allows to follow the branch associated with 6 €] — g—r, 0]. One notes that ]%
corresponds exactly to ﬁ introduced for the hyperbolic region for the cylinder.

Sharples treats the case # ¢ R as well, hence the case h = is covered. The angle 6 is defined by
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In the elliptic case, we define the variable & such that

2
de s | 2

= h2u, 43
du anhsp) )

for an asymptotic representation with exponentials e* V&3P where +/a,(k3p)¢ represents the phase solu-
tion of the reduced eikonal equation.
In the hyperbolic case, we define the variable = such that

A=, 2K
—) = cosh2u — 1, (44)
du an(k3p)
In the glancing case, we define { such that
¢, 2h?
(=) =1- cosh 2u, (45)
Cau ankap)

for an asymptotic representation with Airy functions, where (an(kgp))%{ is the argument of the Airy func-
tions considered.
We denote, for simplification, by N = +/a,(k3p). It is NOT an approximation of n, and, in the high

frequency regime, N = w 4/ (2"% \eu — n? (dimension of the inverse of a velocity?or dimensioness?).
In the hyperbolic case, we check that the modified Mathieu equation becomes

d=
"= (N (), (46)
Z

which corresponds in Sharples’analysis to the case & = iN, |h| = |N|, and h = |hle2*?, which yields the
change of variable u = xe 370, leading to hu = iNu = ieielhlu = |h|x.
In the case of the Airy function analysis, W = ( ) 2y solves the equation 4 ) = (N?¢ + f(£))W, which

yields solutions as 52
Wi(N.0.u) = Pi(NIO)P{(N,u) + PANI)Q,(N, )
d
d
where P1(X) = Ai(X), P2(X) = Ai(e‘zélX, P3(X) = Ai(ezélX), P4(X) = Bi(X).
The analysis of the conditions on which one can apply the method of Olver [13] and the results of
Sharples [18], relies on the inequality, for the ODE LF = (W + £(6,z, u))F is essentlally |f(6,z,u) <

dz 2 1+|Z|]+‘r
and additional conditions under the hypothesis that f has an expansion in #~". This is the case when one
introduces k., n of order w, and we transform the modified Mathieu ODE (46) by using = as new variable.
Indeed it writes

Wi(N,6,u) = N3 Pi(n3 O)R;(N, ) + Pi(N30)S j(N, u)

d= d dE dy

N 2
du d= dud_) @ )( )
hence )
d d=_dy d=dy pdE
—(—)—= + ——= = (IN)*"—.
o T T =
Introducing W = (d“)z v, one deduces
2 —
w ) d= -1
e [(GN) +(E) d”z((_) W,
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where the bound on ( )" = (( ) ) is fulfilled (we are on compact sets).
Application of Theorem A of [13] leads to

= ey, VALO), 4 e BB
Wa@on) = 053 200, B = e = S

and we deduce in this case that, with y.(u, N) = ( )‘7 W.(E(u),N),

1 dEdW, E.1d d= 1
EO (W)

—(Y+)(u N) = (—)_7[

which becomes

d d2 _1 g, dE d2 1d d=E __i

— )@, N) = (=) 2e™E[ £ —=iNB*(E,N) + (—)2 — (=) 2)A*(E, N)],

du(y_)(u ) (du) e[ i (E,N) (du) du((du) )JAT(E,N)]
where A* and B* are the coefficients whose expansion in inverse powers of n is uniform for n large enough.
Note that A* =1 + ;ﬂ +ON2),Bt=1x+ % +O(N72), A and B; are given by the expressions of [17].

The evaluation of the Dirichlet to Nemann passes through the computation

Vi (ur)y—(uo) — ¥y~ (u1)y+(uo)
Y+ (u)y—(ug) — y—(u1)y+(uo)

which amounts to, after all the needed simplifications

d: e NEWD=Ew0) B+ (3 VA~ (up) + e~ NEWD=Ew) B~ (1) A* (ug)
(ul)elN(-—(Ml)_H(UO))A‘*'(MI)A (ug) — e~ NEWD-Ew) A~ (u)A*(ug)

In the case J(E(u1) — E(up)) > 0, one has the estimate

Y (u1)y—(uo) — y (ur)y+(uo) _ LN s A B

-2 —2NI(E(u1)-E(up))
Vau)y—(uo) = y_(up)y+(o) ~ du +OWN(1 +e ),

and in the case J(E(u1) — Z(up)) < 0

Yieuy-(uo) = YL ()y+ (o) _ . d= _B . v s
rm l-———+ 0N~ 1 1 0
Ve Guy—G0) =y (s taig) Y a1 O +e )

Using A = By, one gets the estimate.
O

The second case of interest is the case called above mixed-eliiptic-hyperbolic. In this case, the previous
analysis is used at # = uy, while new uniform expansions are used at u = u.

.e . . CloyD)S (o) —=Ciy(uo)S | (1)
Proposition 13. The asymptotics of the coefficient M,, = @S (@0 =Cog(0)S pyan) is, in the mixed elliptic-

hyperbolic regime (and wn = k, < \Reuw)

k3p? 2 €Y —
M, = +iN | ——— cosh 2u; — 1(1 + O(N"2)) = wp

" coshu — (1 + O(N2))
uy — ————s .
2a,(k3p) ' pre?
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Proof. One begins with the analysis of the solutions near u = ug.
In this case, one recalls that one introduced & above, and there exists two solutions, respectively denoted
by E.(u), such that
3

dé 1
E.(¢) = (%)7)’1(”)

solution of

dPE.
& =V HTENE.,
such that A4D)
Es@) =M1+ ) =),

Jjz1

as well as dEg = +Ne*™N(1 + 3 5 B’T@)).

However, the relation between the solutions denoted by W.. in the proof of the previous proposition and
the solutions described above has to be carefully deduced from the branch cuts analysis of the solutions.
The situation was different in the case of the Bessel functions, where the phase analysis either for the Hankel
solutions and for the Bessel solution has been studied before. 0

6.3. Elliptical cylinder with homothetic boundaries

We concentrate in this Section on a slightly different problem, where the two ellipses 0Q and I'j, instead
of having the same focal points, are homothetic: one considers Q as a perfectly conducting body, y = 9Q

and I' := {(x,y), g—zz + 2—22 = 1}, where g = S. We are able to prove a more explicit result than the general
theorem of this Section, but however less explicit than the results stated by Stupfel [16]:
X ¥ < A?

Proposition 14. Assume that {(x,y,z),1 < T+ < S5z € R} is a dielectric material, of dielec-

tric constants € and p. Let k. be a wave number, with the assumption R(euw?®) — kz2 > 0. Denote by

ky = \Jeuw? — kf. We call g, the family of periodic solutions of the Mathieu equation, and (C,,, S ,) the
associated solutions of the modified Mathieu equation.

Ifeu ¢ R, k3 is not a resonance of (7), the Dirichlet to Neumann multiplier is well defined as an operator
on 1>({gm, m € 7)) where this space is the set of limits of Y. ek @m&m» Somex laml> < C, C independent on
K. Its matrix (infinite) is given using (50) below by

Cu = Z Tl DS n(10) — EpmCr(up)].

nez,

where (rnl)n,l(InmSn(MO) - Jnan(MO))n,m = Oum-

Proof. Assume in this proof that p = Va2 — b2, which fixes the system of variables (u, v). The same formal
analysis as before yields U = 3}, @, (Cjy(u)S |n/(u0) = S o) () Ciny(140))gn(v), where the Mathieu and modified
Mathieu functions are associated with k3p. In order to obtain the Dirichlet to Neumann operator, it is needed
to find (@), in terms of U|r, more precisely its expansion on (g,),. Let us call K the application which

yields (217 fozn Ulr(v)g,(v)dv), in terms of @,. One needs to invert K. As we are in an Hilbert separable

space of infinite dimension, it is sufficient to be able to write K (or any operator deduced from K as Id — T,
(@)

L < 1. Hence the choice of
I-

where T satisfies ||T|| < 1. This can be achieved if one can prove sup

coefficients (&), is not the best choice.
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2
1-£5 cos? v
A

2 cosh? 4 cos? 2 inh? 1 sin? o . .
Note that, for (x,y) € I, £-S22 rcos v o7 SV ST Y — | which is equivalent to sinh? u =

A2 B :—Z cos2 v+’;—i sin v’
or
1- i cos? v
tanh?y = — A2
1+ Vi sin® v
BZ
It is easy to see that
2
tanh? uy < > < tanh®u < 1 — %,VV € [0, 2n].
1+ 5
We denote by u#; and u; such that tanh? up = 1p2 , tanh? uy=1- f‘—z, such that uy < u; < uy. Use then the
I+2
estimate (??) and choose u3 > u;. Denote by ’
, , sinh(ky (uo)(u3 — up))
Bn = ankn, kn = (€ (u0)S n(uo) — S, (uo)Cn(uo)) ‘ . 47)
kn(uo)
One has Calt)S n(110) = $ 4 WClt0)
U(p cosh ucos v, p sinh usinv) = Z'B” 2 n Mo =) o ).
n Kn
Define

Kn

1 [ Cn()S n(ug) — S n(w)Cy
() = (5 fo S g1 - L) =S W), o ), ()

One checks that

v,

Kn

Ul = Z'B” Co(W(V))S n(uo) — Sn(lﬁ(V))Cn(uo)gn

and that, denoting by 7~ the operator
T () Brgn) = D Bugn = Ulr,
n n

the coefficients of 7(3., B,g,) on the Mathieu complete orthonormal family (g,,) of L*([0,27]) is T((Bn)n)-
In addition , estimate (??) proves that

21 —
fo (Zﬂngn Uy < |1 - Cn(u)S n(uo) Sn(u)Cn(uo)|oo ZIB’%.

Kn

C(w)S ,(up)—S ,, () C(ug) sinh k,, (1) (uz —ug) . .
- 0 - <1- W)(ui—uﬁ)’ one deduces that 7 satisfies ||77]| < 1, hence its

inverse is ; ,>o(7")”. This proof relies only on modes |n| > no, hence on a subspace of L2([0, 27]) of finite
codimension.
We thus proved that (8,), is known when U|r is known. This yields

Br = Gunttm, Ulc = ) tngn. (48)

As one has 1

Note that one can compute G, for each n by considering the problem (A + k%)U =0,Ulpo = 0,U|r = gn,
which has a unique solution in H'(C - Q).
O
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Assume for now on that k3 does not lead to a resonance of the problem (7). Assume that, on the surface
I" (concentric ellipse), we impose Ur € L*([0,2x]), as a function of ¢ such that x = Acos¢$,y = Bsin¢.
This surface has not a simple expression in terms of u, v. The equation of I' is u = ¥(v) such that

2
1—%00521/

sinhu = Su=yW). (49)

2
P 1 1
B (32 - AZ)pZCOSZV

The trace of u on T is

Ulr=Ur= Z A (Cr (W (W)S 15 (u0) — Cpy(0)S 1) (W () gn(V),

nez

where the variable v describes [0, 27]. Two equivalent possibilities are thus available:

e assume that the expansion of u|r uses Fourier series expansions,

e assume that the expansion of u|r follows Mathieu series expansion.

The 2nogmal derivative on I is 7.V, and as the equation of " writes sinh>u = f(cos?v), where f(X) =
A2-p’X b _ B

ey SRR normal vector is given through sinh 2udu = —sin2v f’(cos2 v)dv, that is N =

(sinh 2u, sin 2v f’(cos? v)), hence the normal outgoing unit vectoris n = (sin2 2u+(f'(cos? v) sin? 2v)‘%N lu=y(v)-
One then uses the following coefficients, from which one deduces a linear transform in ([0, 27]), using
the orthogonality of the Mathieu functions:

2
Lin = 5z 5 Ci@())gn(v)gm(v)dv,
2
Tum = 5= 5 S W 0))gn()gm()dv,
2 - ’ ’
D = 5 [y AO)IC] @ 0)2n (), C (W (m)gr()1gm(v)dv,
2 -2 7 ’
Eun = 5% [y OIS [ W (0)gn(), S (W ()gh () 1gm()av.
These quantities are just diagonal matrices when we have the Bessel functions and the usual Fourier modes
because in this case /(v) does not depend on v (for the cylinder).
Let U be the unique solution of the problem (apart for k3 in the set of resonances of the Dirichlet
problem)

(50)

2 _ 2 2 A2
A+kDU =0,1 <5 + 55 <55,
Vgt =0
Ul 2, =FelL*[0,2n]).(x,y) = 4(ccos 6, bsin6).
2T
One has (denoting C_,, = C,and S_, = §, for all n € N),
U= Z an(Cr(u)S n(uo) — Sn(u)cn(uo»gn(v),
nez

which imply that

1 27

= f Ulrg—m(V)dV = Z (LS n(uo) — JumCn(up)).

2n 0 nez

Let F € L*([0,2n]). As the family g, is a complete family of L?(I), there exists a sequence F,, such that
F =3 ez Fugm. As this system has a unique solution there exists (¥ )n,» such that

a, = § TomF .

meZ
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On the other side,

0,U =i.VUIr = Z anit.[(CL(W)S n(uo) = S, (W)Cr(10))gn(V), Cn()S n(u0) = S () Crn(10))g (W) lu=yv)

nez

which imply

1 27

2_ f Oy Ug-m(v)dv = Z [ DpS n(10) — EpnCr(uo)].
T Jo
nez
Finally, one has
1 27
5‘[ anUg—m(V)dV = Z Tt F1[DymS n(uo) — EpnCr(uo)l,
0

nez,lez.

which imply that, in the basis (g,), the Dirichlet to Neumann multiplier is characterized by the matrix

Cot = ), Tt DS n(110) = EunCo0)]
nez

7. The Calderon operator for a cylindrical layer in 3D for the Maxwell equations

This section is a follow-up of one of the chapters of the thesis of Pierre Payen [15]. Indeed, in Stupfel
[16] the case of a 2D cylindrical layer is thouroughly described, with exact solutions. But, as this was a
2D problem, the case of oblique incidence (id est a wave vector with a non zero z component) was not
accounted for. In Payen [15] a procedure for constructing the Calderon operator is described, but an explicit
formula for this operator has to be deduced from the expressions therein. This is the aim of this Section.

We use there the same set-up as the set-up used in [10]. Denote by

K(r,n, k;) = (

Lemma 15. The system of Maxwell equations is equivalent to

BE, - ik.Ep = iwuH,
Dy, —ik.Hy = —iweE,

dH, dE,
dr = LK E, , “dr =-1tK H, .
14(rHy) | Ho7\ Eg |’\ 14(rEy) <™\ Hy
The functions E, and H, are solution of the Bessel equation (12).

Proof. The system of Maxwell equations writes

DE, —ik.Eg = iwpH,
“H; — ik;Hyp = —iweE,

ikeE, = G = icopiHy (51)
<l (rEg) — inE,] = iwuH,

ik Hy — 95 = —jweE,
114 (rHy) - inH,] = —iweE,
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The two first equations yield H, in terms of (Ey, E;) and E, in terms of (Hy, H;), hence the first result
of Lemma 15. Note that this result decouples the ODE system, allowing it to be written with a matrix

0 LK
( i "“(’) ) Note also that, if one introduces n = f and 6(r) = -, one has

LK:( n8(r) 6#"72)
w? —(eu—17) -no(r) )’

As for the Bessel equations on (E,, H,), it comes from the vectorial Helmholtz equation that £ and H
solve, and we observe that, while the equations on (Ey, E,) on one side and on (Hy, H,) are coupled, the
equation on E; or on H, is a scalar equation.

O

The Calderon operator given by what follows (C(ry, R) X R denoting the infinite cylindrical annulus
between r = rg and r = R, S (r) denoting the surface of the infinite cylinder of radius r, e, is the normal unit
outgoing vector to a point of the boundary S (r) or S (R)):

Theorem 5. If there is no resonance, the problem of Maxwell equations in C(rg,R) X R, supplemented
with Els,) = 0 on S(ro) and with —(E A e,) A erlsr) = ﬁo e L*(S(R), T(S(R)) has a unique solution in
C(ro, R)XR, denoted by E(Eo). One has thus e, /\ﬁs ®) = C(Ey), where C is the interior Calderon operator.

This Theorem is a theorem of [4].

Lemma 16. 1. If the domain is C(ro, R) X R and if sy ¢ RY, there is no resonance.
2. If the domain is C(ro, R) X [0, L], and d,(ksR)(dd,,)’ (k3R) # 0, there is no resonance.

Introduce now, in the case d,,(k3R)dd,(k;R) # 0, the functions

(k3 r0)Yu(ksr) =Y, (k3ro)Ju(ksr)

Sn(k3l”) = J!(k3r0) Y, (kaR)~Y,,(k3ro)J., (k3R)

_ Jn(k3rO)Y,/,(k3r)—Yn(k3r0)J'/l(k3r)

Tu(ksr) = o TR aEsro) T O
(52)

O,(ksr) = Ju(k3ro)Yu(ksr) =Y, (k3ro)Ju(ksr)

Jn(ksro)Yn(ksR)—Yy(ksro)Jn(k3R)

_ T (k3r) Y (ksr)=Y; (k3ro)J; (k3r)
Ru(ksr) = S i GR Y tar) T sR)

We notice that these functions do not depend on the choice of the pair of fundamental solutions of the Bessel
equation considered.

Lemma 17. The Calderon operator for the cylindrical annulus is given by

I ikgl’l2 ik.n
( —Hy ): ~ TR ~ e Su(ksR)] ,q’;_wsn(kﬂ) ( E. )
: JEZMS n(k3R) i’f—;Sn(k3R) Ey

Remark 13. One hoped that the leading order term of this operator is \/E at the first order, which is the
case because the approximation of S ,(ksR) is —ﬁ while the approximation of T,(k3R) is isinf, as it is
stated in Lemma 18.
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Remark 14. The impedance operator, which expresses n A E in terms of —n An A H, is

(_Ee )[ SIS LR = e (TlaR) ™)~ (T s R)) ! ]( HZ)
Bz 7 R o kaR) |\ Ho

At normal incidence it is diagonal and equal to

\/ﬁ i(S n( VeErwR))™! 0
€ 0 —i(T,(\/eiwR)) ™!

Forn = 0 it is also diagonal and equal to

—(So(ksR))™! 0

2
0 ~i % ~ S (To(ksR))™!

One recognizes a classical form for the impedance matrix.

H_
€

Proof. Consider for the moment formal solutions of the Helmholtz equations obtained on E,, H,. After
Fourier transform in z and expanding in Fourier series in 6, one has, for k3 # 0

E. =aJ,(ksr) + bY,(kar)
H, = cJ,(ksr) + dY,(ksr).

We now deduce Hy and Ey4 through the equalities 3 and 5 of (51), after replacing E,, H, using the equalities
1 and 2 of (51) for k3 # O:

dr wer k2 dr k2
_ lw;z dH, ink, _ } iwp dH, = nk;
Ey = [ ] =E

—_—s - = —_— = 2

dr wur %4 T

Hy = lwf[di hen gy | = iwedE: kg
k2

K2 odr iy
that is

Hy = “(aJ; + bYy) - ’;T"(cjn +dY,)
(53)

Ey = “"“ E(edy +dYy) - k;j (aJ, + bYy).

Any solution of the Cauchy problem on (E;, Ey, H;, Hy) stated in Lemma 15, in the case k3 # 0 can be
written

E, Ju(ksr) Y, (ksr) 0 0
. Eq — 2% Ju(ksr) R ) A — 1Y (kar)
Ho= B s, wen (2 o [P g e [ Yadan
H, iwe 11 (kyr) ey (ksr) ~ g dntksr) ~ i Ylhsr)

which defines a fundamental basis of the Cauchy problem.
For one annulus, the boundary conditions Ey(rg) = 0, E (rg) = 0 yield

alty(ksrg) + bY,(k3rg) =0
CJ,;(]QI’()) + dY,;(kgro) =0
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The boundary conditions at r = R yield

cJ!(k3R) + dY/(k3R) = A EO 4 ks g0 — BE + kn poy

2R
K2R

alu(k3R) + bY,(ksR) = E?
k3Rwpu ™~z 7 wu™0

Collecting, we have
aJu(ksro) + bYy(kzrg) = 0
aJu(k3R) + bY,(ksR) = E?
CJ,;(kj,Fo) + dY;l(ky”o) =0
cJj(ksR) + dY;(ksR) = B[ E) + %Eg],
which gives two decoupled systems. Hence, under d,(k3R)(dd,) (k3R) # O there is existence and unique-
ness of a solution of this system. Note that the condition d,(k3R)(dd,)’ (k3R) # 0 do not depend on the
pair of independent solutions of the Bessel equation chosen because there exists, for any pair {f, g} of in-
dependent solutions of Equation (12), a constant C(f, g) such that f(ry)g(R) — f(R)g(ro) = C(f, g)d,. The
condition d,(R)(dd,)’ (R) = 0 was obtained in Pierre Payen’s thesis, as well as the Fourier multiplier (with
an equivalent method).
The solution of the system on (a, b, ¢, d) is:

d =P B )+ %E?].
One deduces )
E(r) = EXS ,(ksr), H.(r) = ”‘—3[";—”152 + EQ1S n(ksr).
Wi k3R

We use then (53) to deduce the two other components. In particular

dE dH. ik ik,n
() =k E{Ty(ksr), —=(r) = w—;[ES - k%RE?]Rn(kzr),
3
which yields ' '
Hy = R EXT,(kar) = 0 B + R EIS k),
Ey = (B + g EXIRy(ksr) = L EL 0 (ks).

Collecting, the electromagnetic fields that were obtained here are

E(r) = Qn<k3r2E2, )
Ey(r) = [E) + 5<EY|R,(ksr) — %Qn(kgr)EQ

K2R
Ho(r) = B (E) + KBS 1 (kar) (53)
Hy(r) = — oo [E) + ,’%’—;EQ]Sn(k3r) + < EOT, (ksr)

As before, these expressions do not depend on the pair of independent solutions of the Bessel equation
chosen.
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Finally,

{HZ(R) D lEQ + GREASu(R)

Hy(R) = — s [E) + SREVIS u(R) + YEET,(R) = W<EO[T,(R) -

( ) ik;n -0
k3wuR k2R z k2R2 2ey = 1 kswuR —0°

which yields the Calderon operator and ends the proof of Lemma 17. O

Lemma 18. Let
F=Y-Y = p(tanB. — B, — tan By + fo).
The following asymptotic expansions hold, under the hypotheses described in Proposition 9 and the notation
F=¥Y-Y
(Lo — iMo)(N — i0)e™'F + (Lo + iMy)(N + iO)e'"
(Lo — iMo)(L + iM)e™F — (Lo + iMo)(L — iM)e'F’

T, (k3R) = —isinf.

or
cos F — “";b sin F )
Tu(k3R) = sin 3. 1+0(p™).
n(k3R) IBSinF—MCOSF( (p™)
Similarly,
S (k R) _ i (N() + lO())(L>s + iM*)e_iF + (NO _ 100)(L* _ iM*)e_iF
mEET sinB, (Ng + iOg)(N, — i0,)e 'F — (Ng — iOg)(N, + i0,)e'f ’
which yields
| cosF + b‘);“ sin F ,
S(k3R) = —— 1+0(p™).
! sinfB. sin F + b*;bo cos F

and its counterpart when Jeu does not depend on w:

Lemma 19. Assume that 3ep < 0 is a constant independent on w. Depending on the sign of 3F, one

obtains, up to terms which are O(e‘zls Fhy.
i
S u(k3R) = + - O(w™!
n(k3R) +sir1,8* (b+a) smﬁ* +0(w™),
T, (ksR) = isings + (b + a) 5P L o).
p

Remark 15. The conditions for existence and uniqueness of a solution for a multi-layer annulus is not the
intersection of the conditions for each layer. It is, for example, for a double layer (detMg)(detMy) # 0,
where Mg, My are given by (56), (57). This condition does not depend, again, on the choice of the pair of
independent solutions of the Bessel equation chosen in each layer.

For example, for two layers of dielectric materials, of dielectric constants (e,u),rg < r < r; and
(€1,11),r1 < r < R, introduce k; = \Jeuiw? - kzz. The condition detMg # O rewrites

(k3) ™ (Julksro)Yo(ksrt) = Ju(ksr) Yu(ksro)) [Jn (3 R) Y (K3 ry) = Y (k3R (k3 r1)]
*
(k3) ™' (Ju(ksro) Y, (ksr1) — J(ksr) Yu(ksro)) [Jn(kyR) Y, (k3 r1) — Y, (k3 R)(k ).
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The proof of Remark 15 comes from the expression of the continuity at the interface r = r; of the fields

(E,, Hy), that is the continuity of (£, %), and the Dirichlet boundary conditions on E; at r = rg and r = R,

leading to the determinant of the matrix M:

Jn(ksro) Yy (k3ro) 0 0
Mp = Jn(ksry) Yn(ksry) —Ju(kyr1) —Y,(k3r1) (56)
T k) k) (k)T Y ks —(k) TN (K r) (k)TN Y (k) |
0 0 Ju(k3R) Ya(kiR)
the system to be solved being
a 0
b | _ ol 0
Mg a =E, 0
by 1
In a similar fashion, the system on (c, d, c1, d;) reads
c I 0 0
d (k3)” o ikn o | O | kn 1 | | 1 0
M = E)+ E +——[—— (a1 J (kxr)+b Y (k ——(aJ (k3r))+bY!(k
LI (ia)ul o iR ) 0 [ [(k§)2(a1 WUk3r1)+b1 Y, (k3r1)) k%(a w(kar1)+bY, (ksry)) 1
di 1 ) ) 0
where
J(k3ro) Y, (ksro) 0 0
| i) Yalksr) —Jukyr)  =Y(kgr) 7
H-= %Jﬁ(km) %Yé(km) %Jé(kérl) %Yé(ksrl) '
0 0 J;(k3R) Y, (k}R)

No attempt to solve these systems is to be done here. See [15] for a procedure leading in most cases to the
values of the traces on r = R, even if it does not rely on the global system.

8. Annex

8.1. Pseudodifferential discrete operators

We define in this Section what is a pseudodifferential operator acting on R X [0, 27r]. Consider the usual
algebra of symbols on 7*(R?), and assume this symbol is periodic in 6, of period 2, satisfying the classical
estimates in S, The action of such a symbol a(z, 6,§, n) is, as usual

1
(2m)?

Op(a)f(z,0) = f f a(z, 0, €, ) f(E€, e M dndg

If F is a function in L*(R x [0, 27]), periodic in 6, consider the associated function on R? where F(z,6) :=
F(z,0 - 271[%]). Using the Fourier series of F:

Fz0) = ) Fa@e"
n
one defines directly F(z,0) = 3, Fu(2)e™?, and F € S’(R?), and

FF)Em) =27 ) Ful)on.
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One has thus ~ 1 R -
Op@F(.0) = 57 < X FalE)on, alz,0,&, me+7 >
= Su % < Ful@),a(z,0,,me e >
= T €5 [ a(z. 0,6, m)e = Fy(&)dé).
If, in addition, the symbol does not depend on z (that is the operator does not depend on z, as it will be the
case here)

. | PN
Op@Fe0) = Y, (- [ at0.emeF e

and
1 2

—im = 21 i(n—m iz€
b € MOP@F@ 00 =3, 5 [(5 [y a.£,me " da)e Fy(€)dé

= Y0 5 [ amon& n)e¥ F(€)dé

where a,(&,n) is the p—th Fourier coefficient of a(,&,n). As this definition comes from the classical
definition of pseudodifferential calculus, the pseudodifferential calculus extends to this case.

8.2. Proof of Lemma 2

Proof. Begin by a necessary condition. For this purpose, consider the partial Fourier transform in (xp, x»)
of u € S8'(R?, C*([-1,0])). One has the following ODE problem on it € S’(R?, C*([-,0]))

2 A
(j—xg + wzf,u - k% - k%)u =0
=) =0 (58)
a(0) = do(ky, k2).
All solutions in C*(R) of this problem read
(x3) = ae'* s 4 pemikixs,

It is important to check that, for all K > 0, one has the implication

Y(ki, ko) € R, |al < Kle™ |, |b] < K = |i(x3)| < 2K, -1 <x3 <0

ensuring that the conditions on a and b are sufficient conditions for u being in L™ (R2x[-1,0]) c 8’ (R?, L>([-1,0])),
which is a sufficient condition for showing that i is the Fourier transform of a tempered distribution.
Under such conditions, one gets a + b = i, ae kil 4 petkil = (), from which one gets
i\t() l’/\loe_ZikLl

4= -2k’ T T = ikl

The solution, if it belongs to S’(R?, C%([~1,0])) is then

es) = g — o BT sindu( + D)
3) = o ol il 1T 0T
1 — -2kl ] — p-2ik.l sin(k, )
As 3k, < —apw, we have
. ik0 —ik9 !
sin(k (x3 + D) gy, €50 — gmikinr D2k (54D

sin(k, [) oKV _ =ikl 1+2k} 1
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hence, as —/ < x3 < 0, this expression satisfies the estimate

sin(k, (x3 + 1)) < 2 2

sin(k, ) | T 1—e29kil = ] — g-2a0l’ (59)

and similar estimates hold for #’ and #”’, hence #i(x3) belongs to S’ (R?, C%([—ly, 0])) for all a° € S(R?).
O

Assume now that ey € R.

Proof. Two cases occur only: k; € R* (when E,uw2 - k% - k% > 0) or Rk, = 0 (otherwise).
In the first case, that is for kf + k% < wze,u, the system on (a, b) is a + b = i1, ae *:l 4 petkil = (0, which

yields a(1 — e 2kily = ). The condition (1 — e~2%1ly £ 0 grants uniqueness of the solution. If there exists n

2.2 . . . - A
such that w?eu = k% + k% + %, the function A sin %7 x3 is a non zero solution of the system (58) for itp = 0.

This yields the resonances of the problem. However, this only ensures that the distribution A sin *fx3 in

S'(R?, C?([-1,0])) where A is supported on kf + k% = wre - ”2;2, is a nonzero solution of (58) with uy = 0.
If (k1, k) is such that wzey - k% - k% * "21—2”2, the notation sy imply that

[ [
€{- 22— k2, - 22—k +1).
no {ﬂ\/e,uw 1 5 ﬂ\/e,uw 1 5 }

In this case, for ng even, [ \/euw? — k% - k% — norw > som or (ng + D — [ [euw? — kf - k% > som, hence

sin(l \/epw? — k% - k%) > sinmsg (and similar inequalites for ng odd). This means that

sin(l + x3) \Jeuw? — k? — k2 !

. 2 12 12 _SiniTS()‘
sinl \/epw* — ki — k5

In the case k; = 0, the equation reads (&) = 0, hence @t(x3) = a(ky, kz)x3 + b(ky, kz), the Dirichlet

boundary conditions yields #(x3) = a(ky, k2)(x3 + 1), and 8., 2(0) = a(ky, k2), hence fi(x3) = LAlOX}TH-

In the second case, that is for k% + k% > w?eu, Ik, = \/ —€uw? + kf + k% and the formal® solution is

ki, ko, x3) = a(k)[eSki(x3+l) — ¢ Tkt
and if one computes the value at x3 = 0, one finds a(k)(2 sinh 3k, ) = i(ki, k2, 0). One then deduces

sinh(x3 + )3k,

ki, ko, x5) = ik, ko, 0)—= e

and St
This shows that this formal solution belongs to C%(S'(R?), [-L,0]) hence it was possible to use the Fourier
transform.

This proves the first item of Lemma 2 and explains the term resonance for values of (kq, k2) associated

with n through Lemma 1. O

is increasing, hence the estimate |k, k2, x3)| < |a(ky, ko, 0)l, Y(k1, ka), k2 + k3 > wen.

*because this is not an element of S'(R?) because of the exponential growth in /k? + k3 for at least one term
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