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Univ. Grenoble Alpes, CNRS, Grenoble INP, GIPSA-lab, 38000 Grenoble, France

Abstract

This paper develops a method for estimating the state of deterioration of a friction drive system

and presents its use for predicting and controlling the Remaining Useful Life (RUL) of such a

system. The friction drive system is assumed to be affected by endogenous uncertainties and

exogenous disturbances. The proposed method is intended for on-line estimation of the contact

surface deterioration and it is based on a parameter-varying model that includes both the motion

dynamics and the deterioration dynamics of the device. Since, in the presented setting, the control

actions on the mechanical system play a role on the non-linear deterioration dynamics, an Extended

Kalman Filter is developed for simultaneously estimating both the state of deterioration and its

associated estimation error bounds. A numerical example is presented to illustrate the interest

of such estimations for RUL prognosis and RUL control. The presented example considers the

availability of angular speed measurements and the possibility of re-planing motor torques and/or

re-planing desired angular speeds in order to control RUL based on RUL prognosis.

Keywords: Friction drive systems, remaining useful life, prognosis, condition monitoring,

nonlinear observers, parameter-varying systems.

1. Introduction

When addressing the Prognostics and Health Management (PHM) of a mechatronic system, one

of the main issue concerns the adaptation of the system’s behavior according to its current estimated

reliability and its predicted residual life. These adaptations are intended for increasing the ability of

the system to accomplish a mission, with a high level of performance, low energy consumption, and

for decreasing the operational costs. The latter are directly related to the associated maintenance

costs and lifetime of the system components. Intelligent mechatronic systems often comprise a

controlled system and the controller can be used for modifying their behavior in order to reach a
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predefined lifetime and to trade-off with performance. Such systems can be operated in a reliable-

adaptive way for maintenance planning in order to reduce operational costs, as presented in [1]

[2]. Thus, control-loop adaptations could be part of the solution of a multi-objective optimization

problem concerning both short-term (i.e. performance) and long- term (i.e. lifetime and durability)

objectives, most of them being conflicting objectives, for instance, maximizing productivity and

avoiding premature wearing of the system components.

Within the context of this post-prognosis decision-making issue [3], the prediction of the Re-

maining Useful Life (RUL) of a device is therefore a key issue for solving such multi-objective

optimization and control problem. The information on the predicted RUL is not only necessary

to verify whether the mission goal can be accomplished, but it is also important to aid in online

decision-making activities such as fault mitigation, control reconfiguration [4, 5, 6], mission re-

planning [7, 8][9] and eventually maintenance operations. Mission replanning can be implemented

using for example load-sharing mechanisms at different levels [10], i.e between components within

a multi-component system or between equipments within a fleet, whereas control reconfiguration

can be achieved by a suitable modification of desired control-loop references for the operation of

a component or an item, as stated in [11]. However, eventually, both problems of mission replan-

ning and controller reconfiguration can be considered as a RUL control problem formulated as a

multi-objective optimization problem.

In this paper, we aim at tackling the multi-objective RUL optimization problem as a control

problem. To this aim, it is first necessary to build a model that links the control inputs of the

considered system both to its performance level and to its deterioration behavior, which are often

two antagonistic processes. In [11, 12], it is assumed that the control input is seen as a source of

stress deteriorating the actuator. This assumption is in general accepted by engineers in several

applications. However, there are some works that consider dissipated energy as an image of the

heat and material worn in railway wheel wearing [13].

The dissipated energy producing wear can be related to control-loop decisions, as it is presented

in this work. Mechatronic controlled systems are in general affected by endogenous uncertainties

and exogenous disturbances that make deterioration a random variable, and therefore the RUL

prediction and control become more difficult without the inclusion of a suitable characterization

of the uncertainty on the current deterioration [9]. Such an uncertainty could be a time-varying
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uncertainty ; it is therefore required to track uncertainties in real-time in order to update both the

prediction and the control of the RUL. The role of the online estimation of the current deterioration

is very important within this context and turns out to be a key enabler for the implementation

of the full PHM chain, since these estimations will be used as initial conditions for predicting

RUL. Hence, especially if poorly characterized, a high uncertainty on the state of deterioration will

provide poor RUL predictions and by consequence poor RUL control performances.

Within this context of PHM and post-prognosis decision making for optimal RUL control, the

direct contribution of the paper is twofold:

1. First, we develop a method for estimating the state of deterioration of a mechanical system

using external measurements only, with application to a friction drive system. The deteri-

oration estimation and its uncertainties are then used for predicting the Remaining Useful

Life (RUL) of the considered system. The friction drive system is assumed to be affected

by endogenous uncertainties (e.g. unknown and possible time-varying parameters) and ex-

ogenous disturbances (e.g. the system load, the operating point changes, sensor noise and

unpredictable input disturbances). The proposed method is intended for on-line estimation

of contact surface deterioration and it is based on a parameter-varying model that includes

both the motion dynamics and the deterioration dynamics of the device. The deterioration

is modeled here as a function of the energy losses (at the contact level) during the system

operation and this explicit physics-based modeling of the deterioration permits the estima-

tion of the deterioration using the measurements of physical variables. One of the difficulty

within a PHM context comes from the fact that such a deterioration cannot be measured

directly and has to be estimated on-line using external measurements only, [14, 15]. To this

aim, we propose a generic approach (i.e. valid not only for friction drive system) relying on

an extended model developped to jointly capture the process’ own dynamics and the effects

of the deterioration on it. The links between deterioration and process dynamics can be iden-

tified by the physics of the phenomena involved. The deterioration changes the dynamics of

the process, and thanks to this extended model, it becomes possible to build an estimator

of deterioration, using only external, readily available measurements. An Extended Kalman

Filter is thus developed and implemented for estimating both the state of deterioration and

its associated estimation error bounds, under the assumption that the only available mea-
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surements are the angular speeds. The advantage of this proposed method over more classical

approaches to deterioration estimation is that we do not assume that a measurement directly

or indirectly correlated to the deterioration is readily available, and we develop a modelling

approach (as explained above) making it possible to estimate the deterioration online, using

external measurements only, simple to implement.

2. Second, we propose an architecture for RUL prognosis and control, that elaborates the control

decision using the online estimated deterioration with its associated uncertainties. Thanks to

the used physics-based deterioration model, the approach for the RUL control is based on the

possibility of acting on physical variables (e.g. re-configuring motor torques and/or making

adjustments to the reference inputs, i.e. desired angular speed) to modify the deterioration

behavior, which in turn allows to control indirectly the RUL in closed-loop, based on RUL

prognosis information, [5]. Very often, in PHM approaches, one seeks to make decisions (e.g.

maintenance decisions) to adapt at best to the estimated RUL, and does not try to control it.

The originality of our proposed architecture is to seek to control this RUL by modifying the

way the system is operated, which opens new perspectives in post-prognosis decision-making.

Beyond these direct contributions, the framework proposed in this paper can also be seen as first

methodological step towards the development of an integrative scheme for deterioration estimation,

RUL prognosis and RUL control, based on “external”, directly and easily available monitoring

information, i.e., in the present case, angular speeds. These two contributions (procedure for the

estimation of the deterioration and architecture for RUL prediction and control) constitute together

an original example of an integrated scheme for the synthesis of a health-aware controlled system.

Because it does not rely on the -often oversimplifying- assumption that the system deterioration can

be directly measured, the proposed scheme gains in applicability. As such, the main contribution

of the model is the proposed methodological framework and integrative scheme, rather than the

resulting model itself, developed for the special case of a friction drive system.

This paper is organized as follows: Section 2 presents some preliminaries and working assump-

tions concerning the description of the friction drive system and the modeling of its deterioration

dynamics. Section 3 states the tackled problem in terms of deterioration estimation, and RUL

prediction and control. Section 4 presents the proposed method for deterioration estimation based

on an extended model and using an Extended Kalman Filter. Section 5 presents an architecture
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for predicting and controlling the RUL based on the previous proposed deterioration estimator.

In Section 6, a numerical example is presented, which illustrates the proposed methodology. Fi-

nally, Section 7 draws the main conclusions of this work and gives some perspective for future

developments.

Acronyms & Notations

PHM prognostics and health management

EKF extended Kalman filter

RUL remaining useful life

EoL end of life (of the system)

A, B, D matrices of the state-space representation of the system dynamics

α contact quality coefficient

B1 viscous damping coefficient of the driver device

B2 viscous damping coefficient of the driven device

D contact surface deterioration

Dmax
a maximal admissible value of deterioration

ε unknown input used in the deterioration process model (Gaussian process

noise)

η1 (resp. η2) measurement noise for sensor 1 (resp. 2)

F Jacobian of the function H(x)

Fc contact force

H(x),B,E(x),C matrices of the non-linear state space representation of the augmented

system

J1 moment of inertia of the driver device

J2 moment of inertia of the driven device

K Kalman gain

L objective cost function

m coefficient of the linear model used for α

ω1 angular speeds of the driver device

ω2 angular speeds of the driven device
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Pc dissipated power at the contact level

P estimation error covariance matrix

Q covariance matrix of the process Gaussian noise ε

R covariance matrix of the measurement Gaussian noise η

r1 radius of the driver device

r2 radius of the driven device

S innovation covariance matrix

θ decision vector

Tm motor torque

TL load torque seen from the driver side

TS source of torque observed from the driven side

ts sampling period

u system input

x state vector of the augmented system x = [ω1(t) ω2(t) α(t) m(t) D(t)]>

y system output

2. Preliminaries

2.1. Description of the studied friction drive system & modelling assumptions

In this paper, the studied system concerns a roller-on-tire actuator, as it is depicted in Fig. 1.

This is a friction drive system composed by a driver device (a dc motor) and a driven device (a

wheel).

Both devices are affected by a contact force, denoted Fc, that is produced by the driver device

and causes a torque which drives the driven device. Because the studied system concerns a rolling

friction process, it is assumed that the contact force only depends on the tangential speeds of both

devices (i.e. neglecting the pre-sliding friction and the Stribeck effect, but keeping the viscous

component of friction forces). Thus the contact force Fc(t) will be proportional to the relative

tangential speed at the contact level, as follows:

Fc = α(r1ω1 − r2ω2) (1)

where α ≥ 0 is a scalar named here as the contact quality coefficient, which is considered an

uncertain parameter. The symbols ω1 and ω2 stand for the angular speeds of the driver device and
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Figure 1: Example of a friction drive system : A roller-on-tire actuator for an electrical bike.

driven device, respectively. r1 and r2 are constant values concerning the radius of the driver device

and the driven device, respectively. Contact forces in dynamical friction models for estimation and

control are largely studied into the literature, see for instance [16]. The contact force (1) has been

derived from the LuGre model presented in [17] and [18] by keeping only the viscous dissipation

related terms.

Using Newton’s laws of motion, the friction drive dynamics can be written as follows (see also

[19]):

J1ω̇1 = Tm + TL −B1ω1 (2)

J2ω̇2 = TS −B2ω2 (3)

where Tm is the motor torque. B1ω1 and B2ω2 are torques caused by the viscous damping of the

driver device and the driven device, respectively. J1 and J2 are the moments of inertia of the driver

device and of the driven device, respectively.

TL is a load torque seen from the driver side, whereas TS is a source of torque observed from

the driven side. Both torques can be written in terms of the contact force Fc as follows:

TL(t) =− Fcr1 (4)

TS(t) =Fcr2 (5)
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2.2. Dissipation-energy based model of deterioration

The dissipated power at the contact level can be computed as follows:

Pc(t) = Fc(r1ω1 − r2ω2) = α p(ω) (6)

where p(ω) denotes a non-linear scalar valued function of speeds ω1 and ω2. That is,

p(ω) = (r1ω1 − r2ω2)
2 (7)

In the sequel, ω denotes a column vector whose components are the speeds ω1 and ω2.

In the presented setting, the resulting dissipated energy is considered as an image of the heat

and the material worn at the contact level during traction. This assumption is consistent with

the Archard’s equation that is commonly used in railway industry for wear prediction (see for

instance [20] and [13]). Thus, the contact surface deterioration, denoted D(t), is defined here as

the dissipated energy at the contact level:

D(t) =

∫ t

0
Pc(t) dt =

∫ t

0
α(r1ω1 − r2ω2)

2 dt (8)

Note that, from (8), the time-derivative of D can be written as follows:

Ḋ(t) = Pc(t) = α (r1ω1 − r2ω2)
2 = α p(ω) (9)

which provides a dynamical equation of the deterioration that will be used later.

By considering the system deterioration as a measure of the loss in the actuator ability to

transfer mechanical power to the load device, an additional assumption is that the contact quality

coefficient α(t), with initial value α(0), monotonically decreases as D(t) increases. That is,

α(t) = −mD(t) + α(0) (10)

where α(0) is considered to be an unknown constant parameter, whereas m ≥ 0 could be considered

as an unknown time-varying parameter. When compared to classical phenomenological degrada-

tion processes often considered in reliability, [21], one of the interest of the deterioration model

summarized by Equation (10) is that it provides a physical meaning to the deterioration behavior,

which will allow in turn both to estimate the deterioration (not directly measurable) from external

physical measurements and to identify the possible actions on physical variables within the system

to control the deterioration. This deterioration model is thus one of the key feature allowing to
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develop the integrative scheme “from deterioration estimation to RUL control” mentioned earlier

in the paper. This section focuses on modeling the deterioration dynamics, however Equation (10)

could also describes system improvements, by considering m < 0.

Using (10) one can compute the time-derivative of α, as α̇(t) = −mḊ − ṁD. Now, consider

that

ṁ = ε (11)

which means that the parameter m could change during the lifetime of the system and its changes

are caused for an unknown input denoted ε. Hence:

α̇ = −m p(ω) α+Dε (12)

Remark, from (9) and (10), that the deterioration D ≥ 0 is bounded. In addition, from (10)

its maximal value can be a priori calculated as D = α(0)
m , when α = 0.

2.3. Summary of the considered modeling assumptions

2.3.1. Mechanical model assumptions:

The mechanical model is built based on the main following assumptions :

• it is assumed that the angular speeds of the driver device and driven device are both measured

by noisy sensors ;

• the motor torque is known at any given time. A motion controller uses this torque to control

the driven device speed ;

• it is assumed that the contact force only depends on the tangential speeds of both devices,

i.e. the pre-sliding friction and the Stribeck effect are neglected but the viscous component

of friction forces is kept, as it is considered that only this component of the friction forces

dissipates energy and then produces deterioration. The contact forces depends on a contact

quality coefficient α ≥ 0 ;

• it is considered that there is no available measurement for the contact quality coefficient α.

This parameter decreases when the deterioration increases. α is considered as an uncertain

parameter that has to be estimated.
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2.3.2. Deterioration dynamics assumptions:

The following main assumptions are made on the deterioration dynamics:

• There are no available measurements for m and D. These two variables are used for modeling

the decay of the contact quality coefficient α which starts at α(0) > 0 (as presented in (10)).

The parameter m allows relating the contact quality coefficient α to the deterioration D ;

• the deterioration D has a physical interpretation (i.e. it corresponds to the dissipated energy

at the contact level), and by construction this energy is bounded (i.e. the component can

not deteriorate indefinitely) ;

• the parameter m is here considered as a positive unknown parameter (positive values allow

us for modeling deterioration). This parameter could be a time-varying parameter and its

dynamics is simply modeled as ṁ = ε, which ε could be a random input, such that m remains

positive but can exhibit random behaviors ;

• finally, it is considered that speed-sensors noises are more important than deterioration mod-

eling errors.

3. Problem statement

Before stating the problem in terms of deterioration estimation, RUL prediction and RUL con-

trol, two important definitions are first presented below.

Definition 1. The system deterioration is defined as the loss in the actuator ability to transfer

mechanical power to the driven device. A deterioration value D = 0 means that there is no dete-

rioration of the contact surface, whereas D = Da, Da > 0, means that deterioration has reached a

deterioration value equal to Da.

Definition 2. The Remaining Useful Life (RUL) is defined as a prediction of the remaining time

that the actuator is able to function in admissible conditions for transmitting mechanical power to

the driven load. Hereinafter, RUL will be the remaining time to reach one of the following con-

ditions: i) the parameter α reaches the value α = 0 or ii) the deterioration D reaches a value

10



D = Dmax
a , where Dmax

a stands for a maximal admissible value of deterioration.

A system is considered as completely deteriorated when one of the following situations is

achieved: the deterioration D reaches a given maximal admissible value and/or the parameter

α reaches its minimal possible value (which is equal to zero). The former case concerns a prema-

ture wear of the contact surface because α = 0 and D < Dmax
a .

Now, let us represent the friction drive dynamics as an uncertain linear system in the state

space representation:

ω̇1

ω̇2

 =

−αr21−B1

J1
αr1r2
J1

αr2r1
J2

−αr22−B2

J2

ω1

ω2

+

 1
J1

0

Tm (13)

where α concerns an unknown physical time-varying parameter characterizing the deterioration.

Using (9), (12) and (11) it is possible to rewrite the deterioration dynamics as follows:
α̇

ṁ

Ḋ

 =


−mα

0

α

 p(ω) +


D

1

0

 ε (14)

Clearly, the deterioration dynamics could be driven by the input p(ω) defined in (7). Consider-

ing system (13) as a controllable one (i.e. under the assumption that α 6= 0 and its time-derivatives

are very slow), the signal p(ω) can be governed by the motion controller. However, the dynamics

(14) is a function of the uncertain parameters α and m.

In this work, we suppose the availability of sensors that measure the physical states ω. That

is,

y = ω + η (15)

where η is a column vector whose components are the measurement noises η1 and η2 for sensor 1

and sensor 2, respectively. In addition, we suppose that those noises are random signals with zero

mean and known covariance matrix R.

Therefore, an estimation of the current deterioration level can be performed by using the avail-

able sensors, the information about the manipulable variables and a deterioration model. Now, we
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are ready to state the first problem. The deterioration estimation problem can be stated as follows:

Problem 1. Deterioration estimation problem: At every time instant, estimate the states of

the extended system described by dynamics (13)-(14) and, characterize the uncertainties of such

estimations, by using the current motor torque Tm and the measurements y.

Remark that, one of the originality of the paper concerns the estimation of the deterioration

dynamics by using an extended dynamical model, equations (13)-(14). This extended dynamical

model is suitable for estimation because it is assumed that there are no measurements available

for α, m and D. In particular, D can not be measured directly, but the extended model would

allow its estimation. In addition, the model (14) can be used for predicting the future values of

such states if initial conditions of the states and future trajectories of p(ω) are available. Thus, the

RUL prediction problem can be stated as follows:

Problem 2. RUL prediction problem: perform a prediction of possible trajectories of α, m

and D, by using dynamics (14), which will be reached for a set of estimated current values of the

deterioration states, provided by a deterioration estimator (solution of Problem 1), and future oper-

ation conditions, provided by a decision maker system (e.g. expected values of p(ω)). Subsequently,

compute a set of possible reachable RULs (e.g. mean and variance) from the predicted trajectories

of D and α.

Remark that the RUL prediction will be affected by the uncertainties on the initial conditions of

the deterioration level D, the uncertainties on the parameters α and m, as well as the uncertainties

on the future operation conditions (characterized by the expected values of p(ω)). The RUL

prediction considered here focuses on estimating the uncertain distribution of RUL and not on

predicting a simple point value.

By considering again the deterioration dynamics (14), the RUL control problem can be stated

as follows:
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Problem 3. RUL control problem: At every time instant, find a control decision, denoted θ∗

(i.e. θ∗ could be any decision variable, for instance ω∗ and/or p(ω∗) that drives the deterioration

dynamics (14)), such that for a given set of current possible deterioration conditions α, m and D,

the predicted RUL satisfy the (desired) requirements despite the presence of uncertainties on the

current states, uncertainties on the deterioration dynamics (14) and its parameters.

In this paper, Problem 1 will be solved by using an Extended Kalman Filter which allows us to

estimate the current deterioration state and its uncertainties. For the solution of Problem 2, we will

use those estimations as initial conditions for predicting the RUL, and according to this prediction,

for re-planning the trajectories of the driven device by choosing a more suitable trajectories for

ω∗, by solving the Problem 3.

This paper focuses on the proposition and the development of a methodological solution for

Problem 1, and shows how this solution can then be used to solve Problem 2. Bu we will also show

how Problem 3 can be solved by using the proposed solution of Problems 1 and 2 and we propose

an overall architecture for its solution. The proposed solutions are finally illustrated through a

numerical example.

4. Deterioration estimation of the friction drive

4.1. Extended system model for deterioration estimation

Consider the following augmented system, obtained from dynamics (13) and (14):

ω̇ = A(α) ω +B u (16)

α̇ = −m p(ω) α+D ε (17)

ṁ = ε (18)

Ḋ = p(ω) α (19)

with:

A(α) :=

(−αr21 −B1

)
/J1 αr1r2/J1

αr2r1/J2
(
−αr22 −B2

)
/J2

 , (20)

B =

1/J1

0

 (21)
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The input u concerns the motor torque Tm and the input ε stands for unknown endogenous dis-

turbances producing changes on m. It is assumed that the only available measurements are the

physical variables (drive speeds ω). That is

y =

 ω1

ω2

+

 η1

η2

 (22)

A nonlinear state-space representation of the model can be written in a compact form as follows:

ẋ = H(x)x+Bu+E(x) ε (23)

y = Cx+ η (24)

with

H(x) =



(−αr21−B1)
J1

αr1r2
J1

0 0 0

αr2r1
J2

(−αr22−B2)
J2

0 0 0

0 0 0 −p(ω)α 0

0 0 0 0 0

0 0 p(ω) 0 0


, (25)

B =



1/J1

0

0

0

0


, C =

1 0 0 0 0

0 1 0 0 0

 , (26)

and

E(x) =



0

0

D

1

0


, (27)

where the state vector of the augmented system is now x := [ω1(t) ω2(t) α(t) m(t) D(t)]> and

u = Tm(t) is the known system input.
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The nonlinear system (23)-(24) can be observed by using an Extended Kalman Filter (EKF).

In this work, we adopt this technique for providing both the state estimation and a metrics of its

uncertainties (e.g. the error covariance matrix, denoted P k|k in Fig. 4). Recent techniques for

which metrics on the estimation uncertainty are provided could be used instead of the EKF, see

for instance [22], where censored measurements and parameter uncertainties are considered.

4.2. Synthesis of an Extended Kalman Filter

Consider the system (23)-(24) where ε and η are assumed to be Gaussian process noise and

measurement noise respectively, with zero mean and covariance matrices Q and R respectively.

Matrix Q must to take into account neglected and/or unmodelled dynamics. Here, it is assumed

that modeling errors are mainly due to poor knowledge of the m dynamics. Matrix R represents

the assumption that both speed sensors are affected by measurement noise ; it is assumed that this

noises are more important than modeling errors.

Assuming the availability of discrete-time measurements at every time-instant, with a sample

time ts, the a priori prediction of the state estimate can be calculated by using the following

discrete-time model:

x̂k|k−1 =
(
In + ts ·H(x̂k−1|k−1)

)
x̂k−1|k−1 +B uk−1 (28)

The prediction of the a priori error covariance matrix P ∈ R5 is calculated at every time

instant as:

P k|k−1 = F k−1P k−1|k−1F
>
k−1 +Q (29)

where F k−1 is the Jacobian of the function H(x) := f(x)x in discrete time. That is, F k−1 =

In + ts · F , with

F =
∂f(x)

∂x

∣∣∣∣
x̂k|k−1

(30)

calculated as:

∂f(x)

∂x
=



F11 F12 F13 0 0

F21 F22 F23 0 0

F31 F32 F33 F34 0

0 0 0 0 0

F51 F52 F53 0 0


(31)
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where F11 = −(αr21 +B1)/J1, F12 = (αr1r2)/J1, F13 = (r1r2w2 − r21w1)/J1, F21 = (αr1r2)/J2,

F22 = −(αr22+B2)/J2, F23 = (r1r2w1−r22w2)/J2, F31 = −2αmr1(r1w1−r2w2), F32 = 2αmr2(r1w1−

r2w2), F33 = −m(r1w1 − r2w2)
2, F34 = −α(r1w1 − r2w2)

2, F51 = 2αr1(r1w1 − r2w2), F52 =

−2αr2(r1w1 − r2w2) and F53 = (r1w1 − r2w2)
2.

The innovation covariance, denoted S ∈ R2, is obtained as follows:

Sk = CP k|k−1C
> +R (32)

and the Kalman Gain as:

Kk = P k|k−1C
>S−1k (33)

The updating of the state estimate is then:

x̂k|k = x̂k|k−1 +Kk(yk −Cx̂k|k−1) (34)

Finally, the a posteriori covariance matrix can be updated with

P k|k = (I −KkC)P k|k−1 (35)

Then, the estimation process re-starts again (at every sampling time ts), by considering all the

updated and estimated state vectors and covariance matrices. The estimation process requires the

initialization of the estimated state at instant k = 0, and an initial a priori covariance matrix P 0|0.

Let us define the state estimation error as

x̃k|k := xk − x̂k|k (36)

Considering that the expected value of x̃k|k ∈ R5 is equal to zero, its covariance equal to P k|k and

c > 0 any real number, one can use the multidimensional Chebyshev’s inequality stated in [23] :

Pr
(
x̃Tk|kP

−1
k|kx̃k|k > c

2
)
≤ n

c2
(37)

This inequality is very useful because it can be applied to any probability distribution of the

estimation error x̃k|k in which the mean and variance are defined. In this paper, we propose to

use the inequality (37) to obtain an adequate initial a priori covariance matrix P 0|0, as well as to

obtain stochastic intervals for every state estimation over time. That is, at any instant, one can
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use (37) to establish an interval of possible values of the state xk with a given probability.

Using geometrical properties of the ellipsoids, as proposed in [24], bounds on the estimation

error x̃k|k, denoted xk, can be obtained as follows1:

xk = diag
(
P

1/2
k|k

)
c (38)

and then, at any instant k, the actual state will belong to those intervals with a probability

defined by the scalar c. For instance, the following inequalities are met:

x̂k|k(1)− xk(1) ≤ ω1 ≤ x̂k|k(1) + xk(1) (39)

x̂k|k(2)− xk(2) ≤ ω2 ≤ x̂k|k(2) + xk(2) (40)

x̂k|k(3)− xk(3) ≤ αk ≤ x̂k|k(3) + xk(3) (41)

x̂k|k(4)− xk(4) ≤ mk ≤ x̂k|k(4) + xk(4) (42)

x̂k|k(5)− xk(5) ≤ Dk ≤ x̂k|k(5) + xk(5) (43)

with a probability greater than 1 − (n/c2). Here n = 5 because x ∈ R5. That means that with

c = 10 one can expect that the real value is within the previous intervals with a probability higher

than 95%. In the context of an EKF, this conclusion is true only if there are no modeling errors

and the disturbances are properly characterized into the matrices Q and R. The latter can be

verified by checking the consistence of the innovations. This point will be discussed in the next

subsection.

Remark that for a given expected initial bounds x0 and scalar c, an a priori initial covariance

matrix P 0|0 can be computed using (38). That is, the matrix P 0|0 could be a diagonal matrix

which verifies:

x0 = diag
(
P

1/2
0|0

)
c (44)

4.3. Checking the consistence of the innovations

In practice one can not measure the performance of the observer with respect to the state error

measures, since there is no knowledge of the true values of the states. Hence, one can check if the

observer is performing correctly in terms of the innovation covariance S.

1In this paper, for any symmetric positive definite matrix M ∈ Rn×n, the matrix M1/2 ∈ Rn×n is the elementwise

square-roots of matrix M . The function diag(M) provides the diagonal of a square matrix M .
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x̂, P k|k RUL

θ∗

Figure 2: RUL predictor system. The inputs are the estimated deterioration state, its uncertainties and a decision

vector θ∗ concerning desired (or expected) future operation conditions. The output concerns the predicted RUL

distribution.

It is known that if the observer is working correctly then ẽk := yk−Cx̂k|k−1 is a white noise with

zero mean and a covariance Sk. Thus, one can verify that the observer is consistent by applying

the following two procedures: i) check that the innovations are consistent with their covariance,

and ii) check that the innovations are unbiased and white noise.

Because it is assumed that the measurement noise covariance matrix R is well known, the only

degree of freedom for tuning the EKF becomes the matrix Q. This matrix has to be chosen in such

a way that the consistence of the innovation are verified. That is, the computed variance of every

element of ẽk has to be smaller than those estimated by the innovation covariance matrix S.

5. Prediction and control of the Remaining Useful Life

5.1. Prediction of the Remaining Useful Life

Consider the decision vector θ∗, as depicted in Fig. 2. Vector θ∗ stands for a (possible)

sequence of proposed motion characteristics influencing ω, and then p(ω). We suppose that the

sequence θ∗ will be optimally generated by a RUL controller. From Fig. 2, remark that one of the

important inputs of the RUL predictor concerns the estimated state (angular velocities and the

deterioration states) and a measure of their uncertainties. This means that the RUL prediction is

mainly subject to the estimated state and the corresponding co-variance matrix estimation coming

from a state estimator. The precision of the prediction clearly depends on the precision of the

state estimation, as it is depicted in the conceptual Fig. 3. As shown in this figure, for the RUL

prediction, the current state of deterioration and its uncertainties are used for creating several
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realizations of the deterioration trajectories by performing Monte Carlo simulations: at the time

of prediction, realizations of the deterioration level and of the deterioration model parameter are

drawn randomly within the estimation uncertainty interval (according to the estimated normal

law) and a deterioration trajectory starting from each deterioration level realization is propagated

until the failure. These trajectories and the corresponding failure times allow us to obtain an

expected RUL distribution, that can be used in turn for control purposes.

Suppose now that the operation conditions are a priori planned as a function of one of the

physical states. For instance, consider a motion control problem concerning the speed of the driven

device ω2. Note that the original function p(ω) could be written, from (3) and (5), in terms of the

mechanical trajectories on ω2 and the state of the contact surfaces α. That is,

p(ω) ≡ p(ω2, ω̇2, α) =

(
B2ω2 + J2ω̇2

αr2

)2

(45)

This parameterization simplifies the proposed deterioration model and can be used during the

prediction stage. Then, the RUL predictor will perform predictions by considering the desired

mechanical trajectories on ω2, denoted ω∗2, by using (45) and the deterioration model (14). Thus,

the proposed RUL predictor performs simulations based on the following dynamics:
α̇

ṁ

Ḋ

 =


−mα

0

α

 p(ω∗2, α) +


D

1

0

 ε (46)

For controlling the ratio of deterioration and consequently controlling RUL, the decision variable

θ∗ could be a vector including optimal “future” positive or negative increments on ω∗2. This is

because the ratio of deterioration (see the dynamics of D in (46)), monotonically increases or

decreases for positive or negative increments on ω∗2. For instance, into the numerical example, we

will perform positive or negative increments on ω∗2 by using a scalar decision variable θ∗ = θ∗ as

follows:

ω∗2(θ) = ωref2 + θ∗ (47)

where ωref2 will concern the exogenous wheel speed reference used as an input of the motion

controller. Hence, in this paper, RUL prediction will be performed by using model (46) affected

by the input (47).
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Figure 3: State of deterioration and its corresponding predicted trajectories for obtaining expected RUL distribution

by using Monte Carlo simulation.

5.2. A control principle of the Remaining Useful Life

The proposed control architecture, depicted in Fig. 4, includes a standard motion controller

and a RUL controller based on the solution of an iterative optimization problem. The motion

controller is intended for respecting motion requirements, whereas the RUL controller is designed

for solving a stochastic optimisation problem due to the random nature of the RUL. That RUL

controller provides decisions using θ∗ that properly modify the motion references (used for the

motion controller) to ensure a desired RUL. The RUL controller is based on RUL predictions and

has to ensure compliance with the motion requirements but also with the desired RUL. Thus, θ∗

could concern a parameter of the motion controller as it is proposed in [25]. In [25] the control

architecture allows controlling the RUL by suitable filtering the desired motor torques but without

considering the motion controller. In this work, we assume that the motion controller can be written

as a function of the mechanical states, the motion references (considered as a known exogenous

input) but also the RUL control decision variable θ∗. That is, the motor torque can be written as

follows:

Tm = Tm(ω, ωref , θ
∗) (48)

For instance, into the numerical example, the motor torque provided by the motion controller at

the instant k will be the following standard proportional-integral motion controller:

Tm(k) = −c1(ω2 − ωref2 − θ∗)− c2
∫ t

0
(ω2 − ωref2 − θ∗)dt (49)

20



where θ∗ explicitly appears into the motion control law and can be interpreted as a dynamical

adaptation of the speed references. The constants c1 and c2 are suitable designed for respecting

motion tracking requirements. Now, due to the fact that the predicted RUL is a random variable,

the RUL controller design problem can be stated as a stochastic optimization problem. That is,

given the state estimations x̂k|k and a measure of their uncertainties P k|k, coming from the state

estimator at a time-instant k, find θ∗ that minimizes an objective cost function L, i.e. such that

θ∗ := arg min
θ∈R

L(θ) (50)

subject to

Pr
(
RUL(x̂k|k,P k|k, θ) ≤ RULref

)
≤ η̄ (51)

where η̄ and RULref concerns desired (decision) parameters.

The function L(θ) could include all functions characterizing the desired motion requirements.

For instance, if we are interested in a speed tracking problem this function could be:

L(θ) := L
(
ω(θ)− ωref

)
=

1

2

(
ω∗2(θ)− ωref2

)2
=

1

2
θ2 (52)

which penalizes the size of the positive or negative increments on the desired wheel speed, ω∗2(θ),

defined in (47). Therefore, the optimization problem is now to find the smallest positive or negative

increments which guarantee the respect of the constraint (51).

As presented in [26], this kind of stochastic optimization problems, (50)-(51), can be re-stated

in a more tractable one by enumerating a finite number of admissible solutions θ and solving the

problem using randomized methods, see for instance [27]. In the next section, due to the fact that

the predicted RUL monotonically increases or decreases with θ, the numerical example is performed

by considering the following iterative optimization:

θ∗(s+ 1) := θ∗(s) +K(RUL−RULref ) (53)

whereK(RUL−RULref ) is a function which provides positive or negative increments by considering

the difference between the predicted RUL and the desired one. The value θ∗(s) concerns the current

decision, and the θ∗(s+ 1) the successor decision, at a time-instant s.

The location of the proposed deterioration estimator, for predicting and controlling RUL of a

friction drive system, is depicted on the control architecture in Fig. 4.
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Tm ω x̂, P k|k

ω̂

RUL

θ∗

Sref

ωref

RULref

Figure 4: Control architecture for controlling actuator motion and RUL.

Table 1: Constant parameters of the Friction drive system

Symbol Value Units

r1 0.0315 [m]

r2 0.35 [m]

B1 6.36e-3 [Kgm2/s]

B2 0.6250 [Kgm2/s]

J1 9.9225e-04 [Kgm2]

J2 12.25 [Kgm2]

In Fig. 4, the decision vector θ∗ will be imposed to the motion controller in order to guarantee

a desired behavior for ω given ωref . The input Sref is used here in order to explicitly include any

motion satisfaction criteria and/or to capture desired trade-offs for the multi-objective optimization

problem that has to be solved by the RUL controller.

6. A numerical example

In this section, an example of a friction drive system described by equations (13) and (14),

with parameters given in Table 1, is considered. An Extended Kalman Filter is used as a state

estimator including deterioration estimation as proposed in Section 4. The chosen matrix R is:
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R =

 33.33 0

0 0.33

 , (54)

which assumes that the sensor noise variances are known and equal to 33.33 and 0.33, for

sensor 1 and 2 respectively. The matrix Q has been chosen such that consistence of innovations is

obtained, as explained in Section 4.3, which supposes the availability of data from the estimation

process that can be used for re-tuning matrix Q. This re-tuning can be performed during the first

sample times, as recently proposed in [28]. Remember that, in order to reach the consistence of

innovations, the actual innovation variances have to be smaller or equal to those provided by the

estimated innovation covariance matrix computed using 32.

The matrix Q has been selected as follows, which provides consistence of innovations:

Q =



0.1 0 0 0 0

0 0.001 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


, (55)

In this example, we assume that the initial conditions of system states are unknown but

bounded, and the corresponding bounds are known. Thus, the initial conditions are assumed

to be bounded as follows:

x̂0|0 − x̄0 ≤ x0 ≤ x̂0|0 + x̄0 (56)

with

x̂0|0 =



0

0

11

1.1e− 6

0


, x̄0 =



23

2

5

1e− 6

5e5


, (57)

23



and then, the initial matrix P 0|0, computed using (44 ) with c = 10, will be

P 0|0 =



5.29 0 0 0 0

0 0.04 0 0 0

0 0 0.25 0 0

0 0 0 1e− 14 0

0 0 0 0 2.5e− 9


, (58)

The EKF performs state estimations as illustrated in Figures 5, 6 and 7. As described in Section

4.2, for any probability distribution law of each estimate, the parameter c = 10 allows us to conclude

that there exists a possibility that the actual state is outside the intervals with a probability smaller

or equal to 5%, see inequality (37).

In this example, the motor torque provided by the motion controller is:

Tm(t) = −0.0048(ω2 − ωref2 − θ∗)− 0.0048

∫ t

0
(ω2 − ωref2 − θ∗)dt (59)

6.1. Estimation scenario : description and analysis

In order to illustrate the relevance of the proposed EKF for estimating the deterioration states

and the parameter of the deterioration model, the following scenario concerning the mechanical

states trajectories has been considered.

Estimation Scenario: The motion controller sets a torque such that the driven device follows

a reference speed ωref2 = 20rad/s (for θ∗ = 0, nominally). During the whole useful life of the

actuator this reference speed is maintained constant. The parameter m has been modeled as

a constant parameter during the EKF design, however this parameter changes abruptly from

m = 1e− 6 to m = 2e− 6 at time t = 4 hours, increasing the speed of deterioration.

Figures 5, 6 and 7 depict the obtained results for the considered estimation scenario. Due to

the deterioration, ω2 = 0 (which corresponds to a complete deterioration) has been reached before

8 hours of system life. From Figure 5, it is possible to remark that the motion controller increases

the speed ω1 in order to maintain the driven device speed ω2 around 20rad/s as much as possible.

Remark also that before reaching the complete deterioration, and without the use of a deterioration

model and an associated filtering procedure, it is almost impossible to ascertain the presence of
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deterioration, looking directly at the behavior of ω1 and/or ω2. This is because, in one hand ω2

remains constant and follows the desired reference, and on the other hand, the increments on the

speed ω1 could be interpreted ”in practice” as increments due to a possible augmentation of the

mechanical loads at the driven side.

Regarding the deterioration model parameter and deterioration states estimated from the pro-

posed EKF, the parameters α and m are properly estimated, even if the estimations are provided

with different levels of precision (size of intervals). The uncertainties on α and m decrease as more

data is available in time. Note also that the obtained estimations clearly highlight the presence of

deterioration. The parameter α decreases and D increases in such a way that it can be concluded

that the parameter m is constant. However, after 4 hours of system life, an abrupt change appears

on m. The EKF cannot follow this change because m is considered as a constant parameter within

the used model. The EKF instead provides a value of the estimated m that deviates from the

previously calculated mean value.

Re-starting the EKF. In order to complement the proposed estimation procedure with a capacity to

track changes in the parameter of the deterioration model, let suppose that there exists a supervisor

system able to determine that the behavior of the estimated m is not consistent with the assumption

on that parameter. The EKF can be re-started by considering a change on the expected bounds on

α and m due to the detected model error. This is achieved through a re-initialization of the matrix

P k|k by a matrix which satisfies (38) under the novel system conditions. Figure 6 illustrates such

a re-initialization and re-starting of the EKF and its effect on the estimation of α and m. The

re-initialization is performed at around 4.3 hours of the system life, after a delay for the detection

of the abrupt change that occurred at 4 hours.

6.2. Prediction scenarios : description and analysis

In order to gain a better insight into the behavior of the proposed RUL prediction scheme

based on the estimated deterioration, several ”prediction scenarios” are explored : scenarios with

and without re-starting the EKF after the detection of an abrupt change of the m parameter, a

scenario with an example of RUL control and finally a scenario where m is taken random.
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Figure 5: Estimation scenario: the angular speeds ω1 and ω2 (in rad/s) are estimated along the whole useful life

of a given friction drive by using noisy measurements. The system lifetime is less than 8 hours, and ω2 = 0 after

reaching the maximal deterioration.
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Figure 6: Estimation scenario: the parameters α, m and their associated uncertainty intervals are estimated along

the whole useful life of a given friction drive. After detection of an abrupt change on m, which is not considered

within the initial model, the EKF observer is re-started with a new matrix P 0|0 at around 4.3 hours.
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Figure 7: Estimation scenario: the deterioration level D and its uncertainty interval are estimated along the whole

useful life of a given friction drive.

Prediction Scenario 1 (without re-starting the EKF). The state estimator performs esti-

mations as described in the estimation scenario presented in Section 6.1. However, just before

a time equal to 4.3 hours a RUL prediction is performed without considering that estimations

of parameters m and α are no longer true, as depicted in Figures 8 and 9. In particular, RUL

predictions do not consider that assumptions concerning m (i.e. ṁ = 0) are not longer met. Due

to this difference between the assumed model on the evolution of m and its actual behavior, the

obtained mean for the predicted end of life of the system (EoL) is around 9.09 hours, whereas the

real value is less than 8 hours, as shown in Figure 9.

Prediction Scenario 2 (with re-starting the EKF). The state estimator performs estimations

as described in the estimation scenario presented in Section 6.1. Just after a time equal to 5.0 hours

a RUL prediction is performed. The RUL predictor considers the new estimated values concerning

the parameter m, and performs predictions based on the assumption that ṁ = 0. However, the

RUL controller has not yet updated the optimal value of θ∗, and consequently the speed ω2 is

maintained around 20rad/s. Figures 10 and 11 illustrate this scenario. The mean of the predicted

system EoL is now around 7.55 hours which corresponds to a more accurate prediction, thanks to

the re-starting procedure of the EKF.
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Prediction Scenario 3 (with re-starting the EKF and performing RUL control). The

state estimator performs estimations as described in the estimation scenario presented in Section

6.1. Just after a time equal to 5.0 hours a RUL prediction is performed. The RUL predictor

considers the new estimated values concerning the parameter m, and performs predictions based

on the assumption that ṁ = 0. The RUL controller has updated the optimal value of θ∗, and then

the speed ω2 is constrained to follow a value around 16rad/s. This modification of θ∗ and of the

desired speed ω2 leads to a modification of the deterioration behavior, which in turn modify the

system lifetime. The updated EKF integrating the new value of θ∗ is able to provide a new EoL

estimation which corresponds to the desired one (e.g. respecting condition (51)). Figures 12 and

13 illustrate this scenario : they show how a suitable change in the value of the decision variable

θ∗ provides EoL values that satisfy the given specifications, and how this new controlled EoL can

be predicted by the updated EKF. The mean of the controlled EoL is around 9.0 hours and most

of the trajectories present a total useful life that is more than 8.0 hours.

Prediction Scenario 4 (with re-starting the EKF and random parameter m). The state

estimator performs estimations as it is described in the estimation scenario. However, here it is

considered that the actual parameter m is a random variable with a normal distribution. The

proposed deterioration estimator follows the behavior of this parameters despite its noisy behavior.

Remark that the model used for the observer synthesis remains unchanged. Figure 14 illustrates

the behavior of the obtained estimations on m. Hence, the deterioration model (14) is general

enough to integrate different sources of randomness. The Figure 15 illustrates the behavior of the

predictions on α and D, which remain accurate.
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Figure 8: Prediction scenario 1: estimation of α (left) and m (right) without correction of the estimation process.
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Figure 9: Prediction scenario 1: mean and histogram of the predicted system end of life (EoL) without correction

of the estimation process.
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Figure 10: Prediction scenario 2: estimation of α (left) and m (right) with correction of the estimation process.
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Figure 11: Prediction scenario 2: mean and histogram of the predicted system end of life (EoL) with correction

of the estimation process.
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Figure 12: Prediction scenario 3: Evolution of α and m (controlled vs. non controlled, estimated and predicted)

- With correction of the estimation process.
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Figure 13: Prediction scenario 3: mean and histogram of the predicted and controlled system end of life (EoL) -

With correction of the estimation process.
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Figure 14: Prediction scenario 4: Estimated and predicted trajectories of parameter m when taken as random

following a normal distribution with mean into the estimated uncertainty interval (only 10 predicted trajectories of

m are shown for a better readability)

7. Conclusions

Within this paper a method has been presented for performing an online deterioration estima-

tion a friction drive system, which can be used in turn for prediction and control of the Remaining

Useful Life of the system. In the absence of the possibility of a direct (or even indirect measure-

ment) of the deterioration (or of a covariate correlated with it), the originality of the approach is

to resort to an extended dynamical system model, including both system motion and deterioration

dynamics, for estimating the current deterioration state based on external measurements of phys-

ical quantities (here the angular speeds) that are easily accessible. Due to the non-linear nature

of the system dynamics, an Extended Kalman Filter (EKF) has been proposed for obtaining both

an estimation of the state vector and its associated uncertainties. Within this work an integrated

architecture for RUL prognosis and control is also proposed, in which the control decision is elabo-

rated using the online estimated deterioration with its associated uncertainties. Thanks to the used

physics-based deterioration model, the approach for the RUL control is based on the possibility of

acting on physical variables (e.g. re-configuring motor torques and/or making adjustments to the

reference inputs, i.e. desired angular speed) to modify the deterioration behavior, which in turn

allows to control indirectly the RUL in closed-loop, based on RUL prognosis information. The

implementation and the performance of the deterioration estimator have been illustrated through

a numerical example which includes different scenarios of prediction and control of the Remaining
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Figure 15: Prediction scenario 4: Deterioration (α and D) with correction of the estimation process when m is

taken as random following a normal distribution with mean into the estimated uncertainty interval (only 10 predicted

trajectories of m are shown for a better readability)

Useful Life for such devices ; these numerical experiments have shown specifically how the predic-

tion and the control of RUL could be improved by a suitable re-starting the EKF, allowing to use

the knowledge about the system functioning and the available real-time data coming from sensors

and actuators.

The framework proposed in this paper can be seen as a first methodological step towards the

development of an integrative scheme for deterioration estimation, RUL prognosis and RUL control,

based on “external”, directly and easily available monitoring information. Our future research work

will be to further investigate control algorithms aiming to adapt the operation of the system to its

online estimated deterioration and reliability so as to better control its lifetime balancing it with

its performance level, hence developing a reliability-aware control system.
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