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Reweighting samples under covariate shift using a
Wasserstein distance criterion

Julien Reygner and Adrien Touboul

ABSTRACT. Considering two random variables with different laws to which we only have
access through finite size iid samples, we address how to reweight the first sample so that
its empirical distribution converges towards the true law of the second sample as the size
of both samples goes to infinity. We study an optimal reweighting that minimizes the
Wasserstein distance between the empirical measures of the two samples, and leads to
an expression of the weights in terms of Nearest Neighbors. The consistency and some
asymptotic convergence rates in terms of expected Wasserstein distance are derived, and
do not need the assumption of absolute continuity of one random variable with respect to
the other. These results have some application in Uncertainty Quantification for decoupled
estimation and in the bound of the generalization error for the Nearest Neighbor Regression
under covariate shift.

1. Introduction

1.1. Covariate shift in UQ. A common task in Uncertainty Quantification (UQ) for Com-

puter Experiments [0, 8] is the evaluation of a quantity of interest QI of the form

QL = E[¢(Y)],
where Y € R€ is a random vector which is typically the output of a numerical simulation
with uncertain inputs and parameters, and ¢ : R® — R is the observable. Generically, the
random vector Y writes

Y = f(X,0),
where X € R? represents the inputs of the numerical simulation, © is the set of parameters
of this simulation (which takes its values in some measurable space ®), and f : R x © —
R€ is the numerical model, which is the function actually evaluated by the computer code.
We denote by px and pe the respective probability distributions of X and © and assume
that these variables are independent. Virtually, if one is able to sample iid realizations
(X1,01),...,(X,,0,) from px ® pe, then QI can be estimated by the direct Monte

Carlo estimator
— 1 &
I = - Xi7 61 .
Q= 53210

The present work is motivated by the study of UQ in complex engineering systems,

where
e the input X can be itself the output of possibly several other “upstream” numerical
simulations,
e cach evaluation of the function f is costly.

This research work has been carried out under the leadership of the Technological Research Institute SystemX,
and therefore granted with public funds within the scope of the French Program “Investissements d’ Avenir”.



2 Julien Reygner and Adrien Touboul

When X is modeled by a deterministic variable, this problem can be treated by the so-
called Collaborative Optimization methods [4, 20] in Multidisciplinary Analysis and Op-
timization. When X is a random variable, the implementation of the direct Monte Carlo
method is impossible because, in practice, the law px is unknown and one cannot wait
for a sample X1,..., X, to be generated by the upstream numerical simulations before
starting running one’s own simulation. In contrast, we however assume that pe is known
and that one is able to sample iid realizations ©1,...,©,, from this distribution. This
naturally leads one to generate a synthetic sample X7, ..., X, according to some user-
chosen probability measure zx- on R?, and evaluate the numerical model f on the sample
(X1,01),...,(X], ,+On.y) to obtain a corresponding set of realizations Y7,... Y, .
during some offline phase. Once actual realizations X, ..., X,  become available in a
subsequent online phase, they have to be used in combination with the synthetic sample
to construct an estimator of QI, but evaluations of the numerical model f are no longer
allowed.

The assumption that the sequence O1,...,0,_, be independent from X7,..., X/

» M Notf Noff

then ensures that for all 2 € R?,
Law(Y'| X' = z) = Law(f(z,0)) = Law(Y|X = z).

This situation is known in the statistical learning literature as a covariate shift [4], [15,
Section 1.4].

1.2. Density ratio estimation. Inspired by the importance sampling technique, an intu-
itive approach to estimate QI from the synthetic sample {(X},©0;;Y/),1 < j < neg}

consists in writing

QI = / 6(f (2, 0))dpx (2)dpio (0)
RIx©®

= x dux x (2!
= [ o ) T @ @) 0)

so that assuming that px is absolutely continuous with respect to px, an unbiased and

consistent (in the n,g — +oco limit) estimator of QI is given by

1 Noff

d
: ZPX,X/(X]/-)QS(Y]-')7 px.x(x') : KX oy
off 7

= x
dux/

n

Of course, the Radon—Nikodym derivative px x- is actually not known in this situation,
and it has to be estimated in the online phase thanks to the sample X1, ..., X, . Observe
that this problem no longer involves neither ©1, ...,0,,, nor Yy,..., Y, .

The theoretical issue of estimating the Radon—Nikodym derivative px x+ from inde-
pendent samples X, = (X1,..., Xy, ) and X}, = (X7,..., X ) is known in the
statistical learning literature as density ratio estimation [16]. A rather generic procedure
consists in fixing some distance-like function d on the set of probability measures on R?,
writing

px,x = argmind (ppx/, px),
p
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—— Support of px
I Support of pux

FIGURE 1. Example in which px is not absolutely continuous with re-
spect to px but its support is included in the support of px:.

and estimating px, x- by

~

PX o X!

Toff

:= argmind (pﬁx;@ ff,ﬁxn(m) )
) o

with the empirical measures

Non Noff

= — ) = — ’.

HXoon Tion Xis HX, ot X
i=1 j=1

Since the quantity which is minimized only depends on p through the measure pfix;

nof

and thus through the values p(X7), ..., p(X], ), the actual output is a vector of weights

Noff

Wy 2= (W1, . . ., W,y ) Which approximate the values of px, x at the points X7,..., X, .

and therefore yield the estimator

Noff

—~ 1 R
(1) anoffynon = Noff Z w-]¢(¥7/)
(0) _]:1

of QL. This approach has been applied with several choices of distance-like functions d,
such as moment/kernel matching, L? distance, Kullback—Leibler divergences; we refer
to [16] for an extensive review supplemented with a detailed list of references. Since the
primary purpose of these methods is the approximation of the density ratio px x/, the
existence of this ratio (and often the existence of positive densities for px and px/ with
respect to the Lebesgue measure, at least on some bounded subset of R?) is almost always
a necessary condition for their theoretical analysis.

However, in the Computer Experiment context in which we are interested, this ratio
need not exist. Indeed, while some prior information on the law px may be known, such
as bounds on its support, mean or dispersion, it may happen for example that some compo-
nents of the vector X be tied to each other by deterministic relations of the form h(X) = 0,
so that the actual support of 1 x might be contained in a low-dimensional manifold and dif-
ficult to determine precisely, see Figure 1.

Therefore, designing a synthetic probability distribution px+ with respect to which px
is absolutely continuous may actually turn out to be impossible. Nevertheless, one may

retain the idea to approximate QI by an estimator of the form (1), where the weights
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/

Mg and are determined by mini-

(W1, ..., Wn,,) only depend on the samples X, and X
mizing some distance between the empirical measure ix, _ and weighted empirical mea-

sures of the form

1 Noff
Wt -
Hx ®" = E :lUj(SX(7 Wi = (wlv---awnoff)'
noff Noff 4 7 J
]:

This idea was for example applied in the UQ context in [1, 2]. Notice that for ﬁ;ﬁ”’“ to be
Toff

a probability measure, the weights (w1, . .., Wy, ) must satisfy
Noff
2) Vi€ [Lnogl, w; >0, and > w; =no.
j=1
In this paper, we follow this approach and study the estimator Q\Inoff,non of QI ob-

tained by minimizing the Wasserstein distance, whose definition is recalled below, between
px,,., and ﬁ;;“f . The main reason for this choice is that, unlike Kullback—Leibler or more
general ¢—diver§£:nces, or LP distances, the Wasserstein distance between two probability
measures on R? is not sensitive to whether these measures have densities with respect to the
Lebesgue measure, or are absolutely continuous with respect to one another. The optimal
weights can be expressed terms of Nearest Neighbor and our estimator can be interpreted
as the Monte Carlo evaluation of a Nearest Neighbor Regression under covariate shift, for

which we bound the error explicitly.

1.3. Organization of the paper. The Wasserstein distance is introduced in Section 2, as
well as the explicit form of the optimal weights and their reformulation in terms of Nearest
Neighbor. Section 3 is devoted to the analysis of the convergence of the weighted empirical
measure to jx, in terms of Wasserstein distance. The consistency is studied in Section 3.1
and we state our main result in Section 3.2, namely the asymptotic rates of convergence.
The link between these results and the estimation of QI is discussed in Sections 4.1, 4.2
and 4.3, with the computation of rates of convergence for Q\Ino non- Some links with
the Nearest Neighbor literature are highlighted in Section 4.4. Numerical experiments are
performed in Section 5, in which the impact of the difference between ux and px- is

investigated.

1.4. Notation. Throughout this paper, we denote by N the set of the natural integers in-
cluding zero and by N* = N\ {0} the set of the positive integers. Given two integers
ny < ng, the set of the integers between n; and ng is written [n1,na] = {n1,...,na}.
For z € R, [z] (resp. |z]) is the unique integer verifying < [z] < z + 1 (resp.
x — 1< |z] < 2z). For (x,y) € R?, we use the join and meet notation z A y = min(x,y)
and z V y = max(z,y). The supremum norm of ¢ : R? — R is denoted by [|¢| =
SUP e [6(2)].

2. Wasserstein distance minimization and Nearest Neighbor Regression

2.1. Optimal weights for Wasserstein distances. We begin by recalling the definition of
the Wasserstein distance. Throughout this article, we fix a norm | - | on R%, which need not

be the Euclidean norm.
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Definition 2.1 (Wasserstein distance). Let P(R?) be the set of probability measures on R?
and, for any q € [1,+00), let

Py (RY) = {y e P(RY): /R |z[7dv(z) < +00}-

The Wasserstein distance of order q between pand v € P, (R9) is defined as

1/q
W) =int{ [l air(ea) iy enun}
R xRd
where TI(u, 1) is the set of probability measures on R? x R? with marginals yu and v.

We refer to [ 19, Section 6] for a general introduction to Wasserstein distances.

This definition allows for an explicit resolution of the minimization problem on w,, .,
which relies on the notion of Nearest Neighbor. For x € R% and k € [1, nog], we denote
by NN;? (z) the k-th Nearest Neighbor (k-NN) of - among the sample X7, ., that is to
say the F-th closest point to 2 among X7y, ..., X _ for the norm | - |. If there are several
such points, we define NNgC,) (x) to be the point X’ with lowest index j. We omit the
superscript notation (k) when rfé:ferrmg to the 1-NN, i.e.

NNx; (z) = NNG) ().

Moff

In the next statement, for any ¢ € [1, no,]] and I € [1, nog], we denote by ]( ) the (lowest)
index j such that X} = NN¥,  (X;).

Moff

o . . . 2
Proposition 2.2 (Optimal vector of weights). Let the k-NN vector of weights w%o)ff =

(wgk) wgz)ff) be defined by, for all j, k € [1,nog],

(k) Noff =
@ ' knmzzﬂ{a ="}

The vector Wgz)ff satisfies (2) and verifies, for all q € [1, +00),

w® Zon . q
4 , ‘X ~NNY (x|
“) Wy (anonaﬂx > ZZ x, (X))

_kn
O =1 1=1

For k = 1, the equality is reached

W(l) 1 Mon q
moff | — L , .
(5) Wy (anon , ux, f> = ;,1 Xi —NNx; (X3)| ,
and the vector is optimal in the sense that for any wy,_,, = (wi,...,Wn,, ) which also

satisfies (2), we have

N _w(
(6) Wy <u Koo > i) ) <W, (uxnm,u)a "“)-

Noff Toff

In other words, for a given j € [1, nog], wg.k) is proportional to the number of points

X; of which X ]’ is one of the first k£ Nearest Neighbors. We refer to [13] for a numerical
illustration of the use of the vector of weights W%{,)ff in the context of classification under

covariate shift.
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Proof. For a general vector of weights w,,_, = (w1, ..., wn_, ) which satisfies (2), the

ff

Wasserstein distance W7 (ﬁxnon , ﬁ§Z° is the solution of the following optimal trans-

off
port problem

Mon Moff

inf ZZ'}%”X X;l7,

(Vid) (i) ell,nonl X 11, nogfl ;1 =1

Noff

Vi € [[1,n0n], Yij = (marginal condition on fix,, ),
" A
Non w
Vi € [1, nog], Z’ym = —.  (marginal condition on ﬁvxv7°ff),
— Noff T off

V(Z,j) S ﬂl,non]] X [[1,7105]], Yi,j = 0,
where ~; ; is the coefficient of the discrete transport plan between dx; and dx/. For the

k-NN vector of weights wgz)ff defined by (3), the transport plan

(k) _
Vi knon Z L=iy

satisfies the two marginal conditions. Reordering the terms in the associated cost gives the
upper bound of Equation (4).

‘We now prove the equality (5) and optimality (6) of w%lo)ff at the same time. For a given
Wi, » if We drop the marginal condition on ux, /o', the values of (7; ;) je[1,n.] fOr a given
i do not constrain the values of (77 ;) je[1,n.:] foffr another i’ # 4. Thus, the optimal values
can be found by minimizing separately the following subproblem for i € [1, 10y]

Noff

inf Z%jp( X},

(% J)]G[[l noff]]

Noff

Z'Yz,j = )

OI]

Vj S [[Lnoffﬂa Yi,j Z Oa

the solution of which is trivially ——|X; — NNx/ . (X;)|4. As a consequence, we get the

estimate

®) Wi (7, i) > (X"

ff

Toff

for any w,,_,, satisfying Equation (2). Taking w,_, = w%lo)ff in the left-hand side and
combining this inequality with (4) for k = 1, we obtain both the equality (5) and optimal-
ity (6). O

w®
. . L (k Wy,
Remark 2.3. In order to alleviate notation, from now on we shall write ug(,) = Jix, "
Toff Toff

2.2. NNR reformulation. With the choice of weights Wgz)ff introduced in Proposition 2.2,

>0 (Vo)

the resulting estimator of QI writes

Non k

—(k) 1 1

Q Noff,Mon
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which makes the method very close to Nearest Neighbor Regression (NNR) [3, Chapter 9],

since it may be reformulated as the following two-step procedure:

(1) define the regression function 1) of ¢(Y') on X by, for any z € RY,

© () :=E[p(Y)|X =z] =E[¢(f(z,0))],
and let the k-NNR estimator of ¢)(x) be given by

1 k
(10) O '_EZ o (Vo) -

where j() () is the (lowest) index j such that X = NN;?, (x);
Toff
(2) approximate the expectation

by the empirical mean

1 & == ()
Z 1/}'2]2)“ ( ) QInoff sMon *

Non

i=1
In this context, the peculiar fact that the law of the evaluation set X1, ..., X,  differs
from the law of the training set X1,..., X, _ is referred to as domain adaptation [15].

From a UQ point of view, the first step may be reinterpreted as the construction, based on

the Nearest Neighbor approach, of a metamodel for the regression function .

3. Convergence analysis

As is evidenced by its reformulation in terms of NNR, the method does not actually
depend on the choice of the observable ¢ o f, and its primary purpose is rather the direct

estimation of the law px by the weighted empirical measure ﬁg? . Rewriting

Toff

QI = E[g(Y)] = / (e)dpx ()

(k) . . .
we observe that estimates on the approximation of QI by QIn enon Which are uniform in
¢ can be obtained from estimates on the approximation of yx by Ng(') . Therefore, we

off
turn our attention to the convergence, when the sizes nog and no, of the two samples go

~(k )

to 0o, of fix to wx . We naturally work with Wasserstein distances.

3.1. C0n51stency. Let us fix ¢ € [1,4+00) and use Jensen’s inequality to write
(11)

E {W; (HX, ch) f)} <207t (E (Wi (nx,ix,,,)] +E [Wq (ux%,uyé’ ff)D :
As soon as there exists s > ¢ such that E[| X'|*] < +oo0, the first term E[W¢ (ux, fix,,., )]
is known to converge to 0 when no, — +00 and explicit rates are available [9], see also
the discussion in Subsection 4.1 below. We therefore focus on the second term and first

observe that, by Proposition 2.2, we have

20 (o7, )] =

1 Ton q
X; —NNx/, (X, ]
(12) Ton ; ot

off

=E[|x - NNy, (X)m ,
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fork =1, and

~ ~(k
E [W; ('ux""“ ’ ,Ltg(/i £f )}

M§

k
’X NN q]
E i — NNy, (Xi)
Noff

knon ‘

1 0 q
“FLE HX W, (]

for k£ > 2. Observe that the right-hand side of both (12) and (13) no longer depend on ngy,.

We now formulate two crucial assumptions and then state our first main result. For all
r € R¥and r > 0, we denote B(z,7) := {2’ € R% : |z — 2’| < r}, and recall that the
support of a probability measure v € P(R?) is defined by

13)

supp(v) := {z € R : Vr > 0,v(B(z,7)) > 0}.
Assumption 3.1 (Support condition). We have supp(ux) C supp(px-).
Assumption 3.2 (Min-integrability). There exists an integer mqy > 1 such that

IE[ min |X]'|] < +o0.
jeﬂlva]]

Theorem 3.3 (Consistency). Letr Assumptions 3.1 and 3.2 hold. For all q € [1,+00) such
that E[| X 9] < 400, and any sequence of positive integers (ky)n>1 such that k,/n — 0

when n — 00, we have

lim E |:W (ﬁxnon , ﬁ;lzlnoff))} = 07

Noff —+00 N off

uniformly in noy.

Remark 3.4 (On Assumption 3.2). Assumption 3.2 is obviously satisfied if X' has a fi-
nite first order moment, but also for some heavy-tailed distributions. It writes under the

equivalent form
/ P(|X'| > r)™dr < +o0,
0

which may be easier to check. An example of a random variable which does not satisfy
this assumption, in dimension d = 1, is X' = exp(1/U) where U is a uniform random

variable on [0, 1].
Theorem 3.3 is proved in Subsection 3.3.

3.2. Rates of convergence. The next step of our study consists in complementing Theo-

rem 3.3 with a rate of convergence. We first discuss the case £ = 1. Following (12), we

]

_E {]E HX —NNX,TLO”(X)WX” :

start by writing

(14) E[qu (ﬁ o T f)} :]EHXfNNX/ (X)

Toff

and observe that for any = € supp(px), |* — NNx, (2)] = minjey . |2 — X[ If

Moff

there is an open set U of R? containing = and such that ux- (- N U) has a density px with
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respect to the Lebesgue measure which is continuous at x, then an elementary computation
shows that, for all » > 0,

lim P (nogl/d min [z — Xj| > r) = exp (—rvapx(2)),

Mot —>=4-00 JE€[Ln0st]

where v, denotes the volume of the unit sphere of R? for the norm | - |. If px+ (z) > 0 then
this indicates that the correct order of convergence in Theorem 3.3 should be nog~9/%. If
px:(x) = 0, or if the measure px/(- N U) is not absolutely continuous with respect to the
Lebesgue measure, it is easy to construct elementary examples yielding different rates of
convergence; see also [3, Chapter 2] for the singular case. We leave these peculiarities apart

and work under the following strengthening of the support condition of Assumption 3.1.

Assumption 3.5 (Strong support condition). There exists an open set U C R which

contains supp(px ) and such that:

(i) the measure px: (- N U) has a density px+ with respect to the Lebesgue measure;
(ii) the density px is continuous and positive on U;
(iii) there exist k € (0, 1] and r., > 0 such that, for any x € U, for any r € [0,r],

P (X’ € B(z,r)) > rspx (z)var?.

Obviously, Assumption 3.5 implies Assumption 3.1 because then supp(ux) C U C
supp(ux-). Part (iii) of Assumption 3.5 was introduced in [10] in the context of Nearest
Neighbor Classification, and called Strong minimal mass assumption there.

Under Assumption 3.5, for all € supp(ux ), a positive random variable Z such that
P(Z > r) = exp(—r?vgpx/(x)) has moments

I'(1+q/d)
(vapx:(x))2/ 4’

where I' denotes Euler’s Gamma function. Therefore, one may expect the normalized

E (29 =

quantity
~ ~(1
w5 0 (.. 74 )
to converge, when nog — 400, to

T(1+ q/d) 1
T )

so that as soon as the expectation in the right-hand side is finite, the rate of convergence
in Theorem 3.3 is nog ~%/?. In order to prove this convergence we shall actually need the

following stronger integrability assumption.

Assumption 3.6 (Moments). Under Assumption 3.5, we have

14+ |X|?
e[ 121X

pX/<X>q/d] < e

Assumptions 3.5 and 3.6 are discussed in more detail below. We now state our second

main result.
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Theorem 3.7 (Convergence rates for k = 1). Let Assumptions 3.2 and 3.5 hold, and let
q € [1, +00) be such that Assumption 3.6 holds. Then we have

: ~ ~ I'(1+q/d) 1
lim nOHQ/dE {Wg (,ux Mgé,) )} = E .
non? X, /d , /d
£f vg DX (X)q

Noff —>+00

Theorem 3.7 is proved in Subsection 3.3.

We now discuss the estimation of fix, by the weighted empirical measure ﬁglg,) for
Toff

an arbitrary k € [1, nog]. By (8), we first observe that we always have

~ ~(k ~ ~(1
Wq (MXnon ) Mg{ioff) Z Wq (MXnon ) :ug(’) ) 3

Toff
so that the estimation of zix, is deteriorated by increasing the number of neighbors.
Still, in the asymptotic regime of Theorem 3.3, a bound of the same order of magnitude as

Theorem 3.7 may be obtained.

Corollary 3.8 (Convergence rates for k-NN). Under the assumptions of Theorem 3.7,
for any nondecreasing sequence of positive integers (ky)n>1 such that k,/n — 0 when

n — 0o, we have

q/d
. Noff . (Fngge) I'(1+ q/d) 1
limsu E{Wq( s Pxer °F )] < cq, E ,
noff‘>+go ( Noff > ¢ \FXonon MX”"H d’q Ug/d bx (X)q/d

with some constant cqq > 1.

Corollary 3.8 is proved in Subsection 3.3, where the explicit expression of the constant
Cd,q 15 also given.

Let us conclude this subsection with some comments on Assumptions 3.5 and 3.6.
When X has a compact support, Assumptions 3.5 and 3.6 are verified as soon as px-
has a continuous density px+ which is bounded from below on U; these results are sim-
ilar to the case pux = px- in [3, Section 2]. It is however interesting to note that these
assumptions also hold in some nontrivial noncompact cases.

An example of a sufficient condition for Assumption 3.5 is given in the next statement,

which is proved in Subsection 3.3.

Lemma 3.9 (Sufficient condition for Assumption 3.5). Let || - || be a norm on RY, not

necessarily identical to | - |, induced by an inner product. If px: has a density px: with
respect to the Lebesgue measure on R, which writes px:(x) = h(||x—xo||) for some zo €
R? and h : [0,+00) — R continuous, positive and nonincreasing, then Assumption 3.5

holds with U = R?,

We also refer to [10, Section 2.4] for a discussion of this assumption.

Assumption 3.6 gives a relationship between p x and px to ensure the convergence. In
essence, it asserts that the tail of © x must be quite lightweight compared to the tail of px-.
For instance, if X and X’ are centered Gaussian vectors with respective covariance 021,
and 0’21, then by Lemma 3.9, Assumption 3.5 is satisfied with U = R¢, and it is easy to
check that for ¢ € [1, +00), Assumption 3.6 holds if and only if 62 > o2¢q/d.
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3.3. Proofs. In this subsection, we present the proofs of Theorems 3.3 and 3.7, Corol-

lary 3.8 and Lemma 3.9.

Proof of Theorem 3.3. We begin our proof with the constant case k,, = 1 for all n and then
extend it to the general case. We recall that by (12),

q .
|:Wq (MXHO",Mg(/)off)} =k HX B NNXiloff (X)‘ } —E [ fun |X - XJ/|q

J€[1,m0e]
By Assumption 3.1, X € supp(ux-) almost surely, so that we deduce from Lemma 2.2
in [3, Chapter 2] that

. a.s
min | X — X§|q — 0.
JE[1, 0] Noff —>+00

Let m be the integer given by Assumption 3.2, we have

min | X — X |7 <29 L <|X|q—|— min |X§|q>.
JE[1, 0] j€[1,m08]

The random variable | X | is integrable by assumption and for nog > [¢q]mo, the inequality

r a/[al

E { min |X§|q] <E min ‘X’qu
JE[L,nos] Li€ll,moe]

_ q/[al

<E| min |XJ/| min |XJ’} min X]{

JG[[l mo] j€[mo+1,2mo] J€l(Tg]1=1)mo+1,[q]mo]

<E| min ’X ’] < +o0
Li€[1,mo]

holds. Then by the dominated convergence theorem,

‘:ﬂl,noff]] Noff —+00

E{ min |X—X§|q] — 0.
J

For the general case k,,/n — 0, we adapt directly the proof of [3, Theorem 2.4] to the

context ux # px. Letus fix I € [1, nog/2] and partition the set { X7, . . } into 21

nff

sets of size nq, ..., ny with, forall j € [1,2[],
o /2] < mnj < |nom/2l] +1

We denote by NN( 7 the 1-NN among the subset j. By the definition of NN%), , there

off
are at least [ subsets j for which

l 1,5
X - NN, (X)] <X - NN ()],

therefore
1 21
X - NN, (X)]7< 730X = NN (X)),

’
Toff T off
] 1

and consequently

E HX ~NNY) (X)m <9E HX NNk (X)m .

Toff
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Finally, we deduce from (13) that, as soon as kn_, < /2,
k

Noff

= [y (. )] < e SB[ o]
" §k2 g HX NN thoff/zu(X)‘q}

<9E HX NNy X) q},

which goes to 0 as a consequence of the first part of the proof when nog/2k,_,, goes to

Lnotr/2kn g |

infinity. 0

Proof of Theorem 3.7. By (12), we have

(16)

E noﬁ»‘Q/de( non,u;? )} =E [E |:Tloﬁ‘q/d min
Toff

JE[L,nos]

il

+oo
= / / P(nog®? min |z — X7 > t)dtdpx (z)
R Jo

JE[L,nog]
—+oo
_ / / P(nos? Yz — X'|9 > t)"e dtdux (x),
R4 JO

by independence of the X J’ The proof consists in computing the pointwise limit of ]P’(noﬁrp/ 4|z —
Y|P > )" for (z,t) € supp(ux) x RT and then establishing the convergence of the
integral via the dominated convergence theorem.

Pointwise convergence. We have
B(no?/ %)z — X1 > 1) = (1= Pz — X'| < 1/ /ng )"
= exp (noff log (1 —-P(lz — X'| < tl/q/nogl/d))) :
By Assumption 3.5, we have
P(lz — X'| < tY9/nog™?) = px(@)vat? ! nog + o(1/n0g),
with vg4 the volume of the unit sphere. Thus
Noft log (1 —P(lz — X'| < tl/q/nogl/d)) = —px/(2)vat?? + o(1),
and we conclude that
P(nog? |z — X'|9 > )"t T OXP (—pxz(ac)vdtd/q) :

Dominated convergence. Let r, > 0 be given by Assumption 3.5. We split the integral
in the right-hand side of (16) and study each term separately

+oo
/ / P(nog? Yz — X'|7 > t)"t dtdpx (x) = 1+ 1T
re Jo

with

rd noff
! ‘/ / Pz — X'| > 99 nggV4)mon dtdpu (z),
Rd

/ / |z — X'| > Y9 nogt/ ) met didp .
R4 Tnnoffq/d
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Convergence of I. For t € [0, 74n,59%), we have t'/9 /nog'/? < r, and thus
P(le — X'| > /4 /nog !/ @)t = (1 —P(jz - X'| < tl/Q/nogl/d)) "

, d/q Mott
< <1 _ px/(x)vart >
Noff
by Assumption 3.5.

Using the elementary inequality (1 — a/n)™ < exp(—a) for a < n, we can write
P(lz — X'| > 19 /nog /)" < exp(—rvapx: ()tY9).

This bound does not depend on neg and the integral
+oo
I'(1+q/d)
— / td/q) dtd :/ ———d
/Rd/o GXP( Kvapx: () px () ra (Kvgpx: ())9/d px ()
~ I'(1+gq/d) E 1
(R4 | pxo(X)e/d ]
is finite by Assumption 3.6. We therefore deduce from the dominated convergence theorem
that

+00 F(l + q/d) 1
I —pxr t49) At px (dz) = E -
T /Rd/o eXP( px/(T)va ) px (dz) vg/d [pX/(X)q/d]

Convergence of I1. Let nog > 2(g+1)my. Using the change of variable r? = t/noﬁrq/d,

we have

—+o0
II= q/ / neg? i P(jx — X'| > r)"etdrdpux (z)
Rd Jr,

+oo
< q/d / Vnoff (:L', T)de,LLX (:L'),
R Th
with

V;

g (T, 1) 1= noff‘J/dIP’(|x - X'l > r,g)""ff_(qﬂ)m"rq_lp(m - X'l > T)(q+1)m0.

As P(lz — X'| > r,) < 1forall z in U, by Assumption 3.5, V,,_.(x,r) is pointwise
convergent to 0 on the support of 11x. We check that V,,_,, (x, r) is bounded from above by
an integrable function which does not depend on n.g. Let us denote nog’ = nog — (¢ +

1)mgo > nom/2 and rewrite

q/d
nog? P(|x — X'| > r,)ett— (@t mo — (LOH,) Nog'VP(|a — X'| > 7)ot
Noff

< 9u/dy,_1ald (1 Pz - X/I| < m)) oft
Noff

< 29y, 514 oxp (—noft"kpx (x)var)

where we have used Assumption 3.5 and the elementary above inequality at the third line.
We deduce that
Cy 24/d

o /Ap(lp—X'| > . nott—(qg+1)mo 1 e 2 o/d —u
Noff (|:C | T ) = px (z)q/d; 1 ([{’l}d’rg)q/d il;}())(’u e ),
so that

A7) Vi) < Vla,r) = — a1y — X| > p)a+mo,

px(x)?/4



14 Julien Reygner and Adrien Touboul

To complete the proof, we verify that V (z, 7) is integrable on U X [r,., +00). We first
fix - € R and estimate the integral of V (z,7) in r. Using the fact that if |z — X'| > r
then | X'| > r — |z|, we first write

+oo —+oo
/ rq_1P(|x _ Xll > r)(q+1)m°dr < / rq_l]P’(|X'| > — |x|)(q+1)m°dr
T 0

K

—+oo
= [l > ey

—lz|
On the interval [—|z|, 0], we have

' ' 2l
/ (r+ |z P(|X!] > r)latDmodr = / (r+ |z))7tdr = —

— || —|z|
On the interval [0, +00), we first rewrite

—+o0

g+1
(r—|—|x|)q11P’( min | X}| > r) dr,
Je[t,mo]

—+o0
[ e e (x> yemear = [
0

0

and recall from Assumption 3.2 that Cy := E[min c[1,m,] | X;|] < oo. As a consequence,
we deduce from Markov’s inequality that the right-hand side in the previous equality is

bounded from above by

|z|V1 400 q—1
gy gant [T L)
[ e rabrareg [ IR

If || < 1 then this expression is bounded from above. If || > 1, then we have

o]
/ (r+ [2)? dr < 297 a]?
0

on the one hand, and

a1 R e
‘ ratl |:c| udtl “

x|

which is bounded from above, on the other hand. Overall, we conclude that there exists a
constant C53 such that

+oo
(18) / rIIP(|z — X > ) aFUmodr < C3(1 + |2|9).

As a consequence, the combination of (17) and (18) yields

T 14X
/]Rd/ V(,T,T)deIU/X (ZC) S CngE [W] s

which by Assumption 3.6 allows to apply the dominated convergence theorem to show that

II goes to 0, and thereby completes the proof. O
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Proof of Corollary 3.8. We start from the second line of Equation (15) and estimate its
right-hand side

knoff
~ (kn_ge) 2 q
q off _ ,
E | Wi (X, x;, " )} S 3 E HX NNx(, . (X)} }
9 En e 2%, I neg q/d q
S E () e ]
knoff =1 Noff knoff 21 Lnogs/21)
() 2 () s
Noff knoff =1 knoff 20

with F(u) = u?/?E[| X — NNx; | (X)|?). Lete > 0. By Theorem 3.7, there exists u, > 0

such that, for all u > wu.,

Py - DO+ 0/d) [ (1 }
P

<e.
vg/d X)q/d

We can remark that for nog € N* and [ € [[1, kp_,, ],

Noff > Noff

2l - 2kn0ff Noff —+00 +OO
Thus, if we take n. such that for all n > n., LﬁJ > u., we have
o I'(1 d 1
F(n_ﬁ‘)i A+g¢/d)p <
20 1 px (X)7

for any nog > ne and ! < k,,_,,. Consequently,

k
1 Toff q/d (1 1
Z ( l ) F(noff) _ ( +/g/d)E[ /d:|
knoff =1 knoff 2l ’Ug pX’(X)q

1 Ko I q/d
S ‘ kn ff Z ( n ff)
O l:1 O
<,
so that
kn,
i 2 fo LN (%et) = L(l+g/d) [ 1
ot >+00 K g =1 K ose 2 b Ug/d pPx (X)q/d 7
where

2q/d+1 kn l q/d
o= lim 3 (_)

n—-4o0o " =

2q/d+1 k l q/d
) if sup,, > kn = k < +o0,

k Z(E

=1

if Sup,,>1 ky, = 400,

concluding the proof. O
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Proof of Lemma 3.9. Obviously, it suffices to check that px satisfies the point (iii) of As-
sumption 3.5. Let us denote by (-, -) and B(z, r) respectively the inner product and the ball
of center x and radius r associated to || - ||. We set 29 = 0 without loss of generality. As h
is positive and nonincreasing, we may fix o > 0 and define

= . Do)
~ h(0)

€ (0,1].

If ||z|| < ro/2, then for all y € B(x,r¢/2), the monotonicity of h ensures that px- (z +
y) > Epx(x). By the equivalence of the norms, there exist C' > ¢ > 0 such that for any
r € R¥and any r > 0, B(z, cr) C B(z,7) C B(x,Cr). Thus

Vr < ro/2c, P (X' € B(z,r)) > P (X' € B(xz,cr)) > (¢/C) vgkpx: (x)re.
If ||z|| > ro/2, let us introduce the half-cone

I_
CmZ{x'eRd:(x’—x,—x)ZH"Ti;Hx”}’

and notice that for all » < r5/2 and 2’ € C,, N B(x, 1),
l2'l1* = 2]l + [l — |* + 2{a” — @, z)
<zl + lla” = 2l* = [|l2” = ]|l
<l + fla” = @lf* — f|2" — =
= [l=[|*.
Thus, forall 2’ € C,NB(z,7), px/(z') > px/(x). For a given r, the sets C, NB(z, r) have

the same volume for all 2, which we denote by avgr? for some o € (0,1/C9). Finally,

we have
¥r<ro/2c,  P(X'€ Ba,r)) 2 P(X' € B(z,er) NC:) 2 actvapx (a)r.

If we take k = (¢/C)¢ min(aC?, &) and r, = 79/2c, we obtain the point (iii) of Assump-
tion 3.5. (]

4. Discussion

Going back to our initial problem, we are now able to compute L9 rates of convergence
of the weighted estimator

Noff

(B gg) 1 (B g ) !
QInoff-,non = @ ;wj " d)(YJ)
to QI = E[¢(Y")]. First, in Section 4.1, we derive the convergence rates of ﬁgf,” o) 1o px in

Toff

terms of Wasserstein distance. Then in Section 4.2, we study the case in which Y = f(X)
and there is no external source of uncertainty, that we call the noiseless case, using the
terminology from statistical Machine Learning regression. The noisy case Y = f(X,©)
is treated in Section 4.3.

Finally, in Section 4.4, we reinterpret Theorem 3.7 under the prism of the Nearest

Neighbor literature.
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4.1. Convergence to ;1x. Let us focus on the speed of convergence of u( o)

to ux
Provided that X has enough moments, namely that there exists s > 2¢ such that E[|X |? ]

400, we have from [9, Theorem 1]

(@) (nonfl/Q) ifqg>d/2,
E (W (ux,1ix,.,)] = 4 O (non 2 log(1 + non)) if g =d/2,
O (non~%/?) if ¢ < d/2.

In dimension d = 1, we deduce from (11) that

E Wy (x| Yo <(nin)l/2q + i"—;)

for any value of ¢ > 1. The right-hand side is minimized for the choice ¢ = 1, in which

case both error terms have the same order of magnitude if the sizes of the offline and online

2
— ( Noff )
on 7 .
k’noff

In dimension d > 2, the minimal upper bound for E[W{ (ux, ix,,., )]/ is achieved for

samples satisfy

g < d/2,in which case, up to the logarithmic correction,

e o ()] =0 (1) 4 (1)),

and both error terms have the same order of magnitude if the sizes of the offline and online

samples satisfy
Noff
k

Non X
Noff

off)
Noff y,No

4.2. Rate of convergence of QI _ in the noiseless case. We assume that Y = f(X)

“Z(k nogs) . . . .
and study the rate of convergence of ano“fflon to QL. When ¢ o f is L-Lipschitz continu-
ous, we can derive the result using the duality formula of the 1; Wasserstein distance [ 19,

Remark 6.5]

a9 Wi (i) = sup { [ oatux@ - [ o °“)(x)}
R4 R4

Moff ‘@‘Lipgl Moff

/¢ F(@)dpix (x /¢o )z ()

SUBCR
~(kn
S LW(;] (HXa,Ug( off)) .

ff

and bound

q q

= (Rngg)
‘QI - QInoffanon

‘We can conclude from Section 4.1.

Proposition 4.1 (Rates of convergence in the noiseless case). Assume that:

(i) the function f does not depend on ©,
(ii) the function ¢ o f is globally Lipschitz continuous,
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and let the assumptions of Corollary 3.8 hold. We have, as soon as q # d/2 and there
exists s > 2q such that E[| X |°] < +o0,

aq1/q 1/d
] -0 (nonfmin(1/2q,1/d)) 10 <knoff) _
Noff

to go to infinity and thus &

= (Rngg)

(20) E HQI = QL

There is no need for k = 1 seems a reasonable choice.

Noff Notf

These computations can be adapted to cases other than ¢ o f Lipschitz continuous. For
instance, if A C R®, ¢(y) = 11 c4y and f is globally Lipschitz continuous, it is possible
to use the margin assumption of [17] to deduce theoretical rates of convergence in the
estimation of QI = P(Y € A).

~(kn
4.3. Noisy case. We now study the convergence of QI;O ff"fflin to Ql whenY = f(X,0).

A first striking result is then that even under the assumptions of Theorem 3.3, the esti-
(1)
MNoff,Mon

mator QI

deterministic and always equal to some xy € R%. Then we have

need not be consistent. Indeed, consider the case where X is actually

5 1 A
QInoffynon = Non Z Qﬁ(y;-/l(l))v
i=1

)

%

where 5./ is the index of the closest Xjf to X;. But since X; = x¢ for all 7, all indices ji(l)
are equal to some ;1) and the estimator rewrites

—(1) / '

QInoff,non = ¢(Yj<1>) = ¢(f(Xj<1> ) @j<1>))-
While Assumption 3.1 ensures that Xjf(l) converges to xop when n.g — +00, in general
the corresponding sequence of © ;1) does not converge.

As is evidenced on this example, the presence of an atom in the law of X makes the
1)
Toff ;Mon

estimator QI

mator to display an averaging behavior with respect to the law of ©. In Proposition 4.2,

depend on a single realization of © and therefore prevents this esti-

we clarify this point by exhibiting a necessary and sufficient condition for the estimator

(1) . o o o=

QL n,, to be consistent, while in Proposition 4.3, we show that replacing QI,,_ ,,
. "\(kno )

with QI "

Moff ,Mon

the estimator consistent, even when g x has atoms. In the latter case, we also provide rates

with &, — +oo allows to recover such an averaging behavior and make

of convergence.

We recall that i (x) = E[¢(f(z, ©))] is defined in Equation (9). In the next statement,
we denote by Ax the set of atoms of px, that is to say the set of € R¢ such that
P(X = z) > 0, and introduce the notation ¥(z) := Var(¢(f(x, ©))).

Proposition 4.2 (Consistency of the 1-NN in the noisy case). Assume that:

(i) the function ¢ is bounded,
(ii) the function 1 is globally Lipschitz continuous,

(iii) the function ¥ is continuous,

and let the assumptions of Theorem 3.3 hold. We have

—~(1
E HQI'Elo)ffﬂlon - QIH 0

Toff ;on —>+00
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if and only if,
Ve € Ax, Var(¢(f(z,0))) =

In particular, under the above assumptions, if the law of X has no atom, i.e. Ay = &,

then QI converges to QI.

Moff,Mon

Proof. Let us write

(1) —(1) ~(1) ~(1)
Q Noff ;Non QI - (anoffynon - QInoffynon) + (anoffynon - QI) ’

with
—~—(1) 1 <X 1)
anoffmon = ﬂ ij w(XJ/)
o =1

Using the Lipschitz continuity of i, the duality formula (19) and Theorem 3. % we get that
—Q
Qlio)fﬁnon QI converges to 0 when Noff, non — 400, in L. Therefore, QIn )fﬁnon —QI

converges to 0 if and only if QI converges to 0.

Noff yMon QInoffanon
Let us rewrite

Noff

(/Q\I’Ello)ffynon @fzt)ff Non noﬁ‘ Z w; @j)) _ ’L/J (le))
i Z (o (s (X5 0,00)) = (X))

introduce the notation
T ={z e Ax : 9(X) > 0},

and denote
1 Mon
e = <1>, 0,m)) — 1/)(X]/-§1))) Ly, gatys
1 Non
aim Z (60 (X0, ©,00) = (X)) L, ety

In Step 1 below, we prove that

Efler]] ————0,

Ton ,Noff —> 100

while in Step 2, we show that if AY # @ then E[|e2|] does not converge to 0, which

(1 ~(1) .
nogtnon — Qlnog.no, does not converge to 0 in L.

In both steps, we shall use the following preliminary remark: given a measurable subset

implies that in this case, QI

A of RY, taking the conditional expectation with respect to (X, , X/
that for ¢ € [1, non],

E (¢(f(X;§l) ) 6@-(1))) - Q/J(X;im))]l{xieA} =0,

and for (il, 'LQ) < [[1, non]]29

noge) 1S €asy to see

B (60 (X 8,0)) = 6(X D, ) (T (X0,

11 ‘711

)) — ’l/)(X]/-(l)))]l{XigeA}

Jiy

=E [11 {jii):jg)}ﬁ(XJ/ﬁ) Mix, eax;,cay
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Therefore,
1 Mon
2
Elle1]*] = o2 Z;E |:19(X;£1))]I{X'L€A;}:| + 275: E {]l{jﬁ)—ji(;)}ﬂ(Xy/ﬁ))]I{XiléfA},XiZ&A}}]
1 / Non — 1 /
= nonE |:19(X]§1))]1{X1€A;}1| + 7,”01] E [1{]§1):j§1)}0(XJ§1))H{X1€A§,X2€A§ i| 5

and a similar expression holds for E[|ez|?].
Step 1. Thanks to the boundedness of ¢, and thus of 14, it is immediate that %E[ﬂ (X' )]l{X1 g AL }]
on 4

converges to 0 when 7, — 400, uniformly in ng. Therefore, to show that E[|e;|?] con-

verges to 0, it suffices to prove that

K ]l{jﬁ”:jé”}ﬂ(Xg/g”)]l{xl &A;,ngv‘\;t}} » 0.

Nogr —+00
In this purpose, let us first write
E ﬂ{jg):jél)}ﬁ(X;g))]l{xl QA;,XQQA;}} <E []l{NNx,noff (X1)=NNygy ()(2)}79(1\11\IX'Wf (X)L x, QA;}:| ;
and recall that, by Assumption 3.1 and Lemma 2.2 in [3, Chapter 2], NNx;l - (X1) con-
verges to X; and NNx/ o (X2) converges to Xo, almost surely. As a consequence, if
X1 € Ax \ AL then ¥(X;) = 0 and by the continuity of ¥} and the boundedness of ¢, the

dominated convergence theorem shows that

E [x, ey Lo, L Ga=NNyg apd(NNxg, (X D) o

Noff —++00
On the other hand, if X7 ¢ Ax, then almost surely X; # X5, and therefore TNy, (X1)=NNy,  (X2)}
Toff Toff
converges to 0 almost surely. Using the boundedness of ¢ and the dominated convergence

theorem again, we deduce that

E [ﬂ{xl pAx LN () =NN () (NNxg (Xl))} —0,

Noff—++00
which completes the proof of the fact that E[|e1 |?], and thus E[|e; |], converge to 0.

Step 2. Let us now assume that A} is nonempty and show that e5 does not converge to
0in L'. We shall actually prove that e; does not converge to 0 in L?: since ez is bounded
then this prevents the convergence from occuring in L'. From the preliminary remark, we
write

Efle]?] = —

Non — 1

L o0y e ]

and we prove that

Ell o . 9(X )1 }
o (L= X e) xeag xeeagy |

liminf E |:]1{j§1):jél)}19(X;§1))]l{XleA;,XQEA;}} > 0.

Noff —>+00
Letx € A¥. Obviously,

/

E 1{j§1):j§1)}ﬂ(X;§1))H{Xle_A;,XQEA;}} >E |:11{j£1):j;1)}19(XJ§1))1{X1:X2:$}:|

=K |:19(NNx£l0ff (z))ﬂ{X1:X2:z}} .
By Assumption 3.1 and Lemma 2.2 in [3, Chapter 2] again, NNx; (x) converges to
x almost surely, therefore using the continuity and boundedness assumptions on ¥, the

dominated convergence theorem shows that

E ﬁ(NNx;Off ($))]1{X1:X2:z}} — ﬂ(x),ux({:r})2 >0,

Noff —>+00
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which completes the proof.

(Knoge)

Totf,Mon

We now study the estimator QI and show that it is unconditionnally consistent

as soon as k,, — +o00. Besides, we provide L2 convergence rates.

Proposition 4.3 (Rates of convergence in the noisy case). Assume that:

(i) the function ¢ is bounded,
(ii) the function v is globally Lipschitz continuous,
(iii) there exists s > 4 such that E[| X|’] < +oc,

and the assumptions of Corollary 3.8 hold.
- kn,
The estimator QI( ort)

gt moy 18 CONSistent as soon as kn, . goes to infinity. Besides, the L?
rate of convergence is optimal when k, , ~ noi >/ 92 and is, when d # 4,

971/2
E U@uﬁoﬂ) _ Q1 ] -0 (no 7min(1/4,1/d)) 10 (noﬂfl/(dJrQ))
Noff yMon n .

When d = 4, the first term is replaced with ne, ~'/4 log(1 + non)l/Q.

The loss of convergence order with respect to Proposition 4.1 is similar to the NNR, in
which it deteriorates from the rate 1/d in the noiseless case to the rate of 1/(d + 2) in the

noisy case [3, Section 14.6 and Section 15.3].

Proof. We decompose the error as

/\(k’ﬂoff) N(k’ﬂoff) ~—(k

= (Fngg) Tofr)
Q:[noffynon - QI= <Q:[noff7non - Q:[noffynon) + <Q:[noff7non - QI) )

with
(k) 1N (k)
Q nofff:lon = ij o w(XJ/)
Noff =1

As 1 is globally Lipschitz continuous and does not depend on O, we can deduce from
Proposition 4.1 that
1/2
N(k”off) ?
E 1 Qlngerine, — QI

k 1/d
-0 (non—min(1/4,1/d)) +0 Noff
Noff
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when d # 4 and has an additional logarithmic term when d = 4. We write the quadratic

T

error for the first term

( noff) ( ”off)
‘anoff Non QInoff Ton

2
1 Noff
=B | | o> () - o5, ©,))
(0} j:l
1 Noff
=B | > (6(X) — 6(/(X.6,))’
LT =
of —1 K . . ) , , ,
FE [T 3w (w(X) — 0((X5.6,)) (H(X7) — 6(7(X.0))
O G=1,5

Using the fact that Efw| " £(X/,0;)[Xpus Xno] = w' " (X ) by definition and

the independence of the O, the cross terms vanish. The remaining quadratic term is
(21

Noff Toff
Nogr )2 2 o >2
— D (X)) - o(f(X),0,))° | = QZE[ o (X)) — 6 (X, )
Notf ) 2
< QZE[( - °ff)}||¢|%x.
‘We remark that
Notf (k ) nﬁ’ Non Noff
Z(wj "off) — ng Z Z ]l (11) (12)}
j=1 Ton™ iy e i1,i2=111,la=1

and that for some fixed i1,i and [1, there exists exactly one lo € [1, nog] such that j(ll =

]leZ) as (jl(Z))lglgnoff is a permutation of 1, nog]. Therefore, there exists at most one

la € [1, kn,,] verifying this property and, consequently,

Noff 2 Non Noff 2

Z wFror) 2 < Toff Z Z 1 = Doft
J ~ NonZk?2 Tk

j=1 On Mot 4y jo=1 ;=1 Toff

‘We can then bound the second term

57 1/2

4
we (p(X1) — F(X),0,)) < kﬁllaﬁl\oo

Jj=1 Noff

1 Noff

E

Noff
and the triangle inequality gives

271/2 min(1/4,1/d) 1/d
=0 1 + % + L .
Ton TNoff ]{;1/2

Notf

e - @il

This estimator is consistent as soon as ky,_, goes to infinity and k,,_,, /nog goes to 0, even

when (1 x has atoms. The optimal rate of growth is reached at k,,_,, ~ N2 (112 leading
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to

(n o)

E ‘QI - QI’%ff,non

21/
] <0 (nonfmin(l/él,l/d) i noﬂfl/(d+2)) ' 0

4.4. Reformulation of our results in terms of Nearest Neighbors. In this section, we do
not refer to an offline and an online phase. Instead, we consider a sample (X j’) je[t,n] Of 0
iid observation of law 1 x/ and a random variable X ~ px independent of the sample. We
do not distinguish anymore ¢ o f from f in the regression function defined in Equation (9),

that now writes
Y(X) =E[f(X,0)X]

and its Nearest Neighbor approximation of Equation (10) is

W) =

> =
(-

F(X;0(2), O (2))-

~

1

In Section 4.4.1, we study the case px = px and in Section 4.4.2 the case pux # px-.

4.4.1. Convergence of the Nearest Neighbor distance for non compact support. By rewrit-
ing
—~ ~(1
E[W{(fix,,, . fix, )] =E[X - NNx, (X)[]

a off f
in Theorem 3.7, and choosing px = px, we get some asymptotic properties on the

Nearest Neighbor distance
(22) E[|X — NNx, (X)[%],

which has some application in the theoretical study of the Nearest Neighbor regressors and
classifiers [3, Chapter 2]. The previous works on the topic focus mainly on the convergence
when ¢ = 2 and assume that X have a bounded support [3, 7, 12, 14].

Some works [5, 11] consider some random variables X with unbounded support of in

the context of the k-NN regression, i.e. they study the convergence of
E [|ex) - 20|

However, they make the assumption of a bounded regression function ¢ whereas, in Equa-
tion (22), we would like to take ¢)(X) = X and thus these results do not apply. A direct

corollary from Theorem 3.7 is

Corollary 4.4. Let X have a density px for which the strong minimal mass assump-
tion 3.5 (iii) and Assumption 3.6 hold. We have

I'(l+q/d _
B - NN, (0] U [ (et
Ud n

This extends the results of the literature by ensuring the asymptotic equivalence for

some random variables with unbounded support.
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4.4.2. L? convergence rates of the generalization error under covariate shift. The case
ux # px is also of interest in the framework of the Nearest Neighbor regression. The
law of the training sample is px- and is different from the law of the test sample px,
leading to the so-called covariate shift.

Theorem 4.5 (L? generalization error of the k-NN regression under covariate shift). Let
wx (the law of the test sample) and px+ (the law of the training sample) verify the assump-
tions of Theorem 3.7, f be Lipschitz continuous in x of constant L > 0 uniform in ©, and
Var(f(z,0)) = E [|f(:v, 0) -E[f(X, @)]ﬂ < 0?2 < +oo0 for all z in the support of
wx:. When k, ~ n2/(d+2) e have

R 971/2 1 1/2
. 1/(2+d kn _—
lim sup n'/CtIE UZ/J(X)%(L )(X)’ } <o+ CE [px'(X)wd}

n—-+oo

with C a positive constant.

We retrieve essentially the same orders of convergence as in the case without covariate
. . 1/2
shift. The quantity E [1 /px:(X)?/ d] / seems to be the relevant bound of the loss due to
the use of p1x/ instead of px and we expect that the greater this quantity is, the slower the

convergence will be.

Proof. The proof is an adaptation of [3, Theorem 14.5], using the result of Corollary 3.8.
We can decompose the L? error

R 971/2 _ g11/2 _ R g11/2
| [oco - 3o | <z [jee - e[| oo - e cof|

with 9 (2) = = Sk RE[f(NNY) (2), ©)]. The first term can be bounded by

1/2 1/2

B |[o00) - ol | < e {|x - g oof |

and then

Jim sup (i)l/dE [‘w(x) - Jg’wxﬂ

n—-+oo kn

1/2

1 1/2
<L E|———
= o [PX'(X)Q/‘J

by Corollary 3.8. The second term is bounded by

N R 07 1/2 Ko ' . ;112
E[\¢;kn><x>¢$n><xﬂ - E Z(f(NNSéL(Xxeli)E[f(NNééL(X),enX])]
"o Li=1
1
< WU

The optimal rate is k,, ~ n?/(?*9) leading to

971/2 1 1/2
lim supn!/C+IE U X) — k) (X ’ ] <o+ CE {7] )
i sup v () = [ | < L

with C' = Leg.o O
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5. Numerical application
~(1)

5.1. Influence of yx: on the convergence of ji5’. We investigate how the relationship
between px and pxs impacts the convergence of ﬂ;,) presented Section 4.1 . In this

Moff
numerical experiment, we set the dimension d = 2, choose

X=UU), U~U(o,1]),

v () 2( 7))
I Scorr 1

with g = 0.5, 0 = 0.3 and various Sco,y in (—1,1). Intuitively, the closer scoy, is from 1,

and

the closer px- is from px, as illustrated in Figure 2.

-0, -o. -0,
050 025 000 025 050 075 100 125 150 “050 —025 000 025 050 075 100 125 150 050 025 000 025 050 075 100 125 150

(A) Scorr = —0.9 (B) Scorr = 0 (C) Scorr = 0.9

FIGURE 2. Plot of the support of X and 1500 iid realizations of X’ for
different values of s¢orr.

In order to quantify the quality of the reconstruction, we estimate the measure ﬁgé,)
Noff

by Gaussian kernel density estimation [ 18], i.e.

1 Noff 1
Plar,w2) = Kxjixg (21,22) = 2= ;wﬂ n((w1, w2) — X5)

with K, (21, 22) = 525 exp(—(2? + 23)/2h?). Then, we estimate the density of the first

marginal of the conditional distribution of p on the support of X
. plz, )
Plo)(T) = —1= . x€l0,1]
Jo Plu,u)du

and we compute the integrated L? error of this estimation with respect to the theoretical

= ( / (o (@)~ 1)2dw)

we estimate its expectation E[es].

measure pp,1)(z) = 1,z € [0,1]

r= ([ (o) - pu (@) av)

As this quantity depends on X,,_ and X!

Noff *

1/2 1/2

We can see in Figure 3 that the greater Sor i, the better the reconstruction looks
like. This observation is confirmed in Figure 4, illustrating that [E [es] decreases when
Scorr increases, i.e. when the px/ gets closer to px. The important amount error that is
done for negative values of s¢o;r can be explained by Figures 2a and 3. Indeed, when
Scorr 18 low, an observation of X’ has a low probability to be drawn close to the segments
[(0,0), (0.25,0.25)] and [(0.75,0.75), (1, 1)], and thus, some values are “missed”. This
effect is mitigated for greater values of s, in Which some observations are closer to the

segments.
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200

150

125

.00

Elez]

0.50

025
0.5
0.00
00 ———= — —075  —050  —025 000 025 050 075

.75 100 125 150 Scorr

050 —025 000 025 050

FIGURE 4. Estimation of E[es] with re-
spect to Scorr DY @ Monte Carlo estimatio
of size 500 with n.g = nen = 600.

FIGURE 3. Kernel density estimation
Pjo,1)(z) for different values of scory.

(Rrgg)

Moff ,Mon

5.2. Influence of 1 x: on the convergence if QI . We now concentrate on the im-

(Bt )

Moff ;Non

pact on the efficiency Q\I . We keep the framework of Section 5.1, and we try to

estimate the quantity of interest
QI=E[¢(f(X,0))], [f((z1,22),0)=sin(27z;)sin(2mz2)(1+ 6)

with © ~ U([—1,1]) and ¢(y) = y. The L? error
1 1/2
(nesr) ’ ’

—~ kn
8 ‘QInOffanon _QI )

Toff ;Mon

/2
—E ’QAI —0.5

is computed by Monte Carlo estimation. As highlighted in Figure 5, the closeness of px

to pux is an important factor for the efficiency of the estimator.

0.14

012

0.10

0.08

5006

0.0

0.02

—08 06 04 02 00 02 04 06 08

FIGURE 5. Estimation of the L? error with respect to Scorr fOr Mon =
nog = 900 and k,,_,, = 4 by a Monte Carlo experiment of size 2000.
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