N

N

Large deviation results for triangular arrays of
semiexponential random variables
Thierry Klein, Agnes Lagnoux, P Petit

» To cite this version:

Thierry Klein, Agnes Lagnoux, P Petit. Large deviation results for triangular arrays of semiexponential ran-
dom variables. Journal of Applied Probability, 2022, 59 (2), p.399-420. {10.1017/jpr.2021.58). <hal-02968048)

HAL Id: hal-02968048
https://hal.science/hal-02968048v1

Submitted on 16 Oct 2020

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-02968048v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Large deviation results for triangular arrays of
semiexponential random variables

Thierry Klein!, Agnés Lagnoux?, and Pierre Petit?

nstitut de Mathématiques de Toulouse; UMR5H219. Université de Toulouse;

ENAC - Ecole Nationale de I’Aviation Civile , Université de Toulouse, France

Institut de Mathématiques de Toulouse; UMR5219. Université de Toulouse;
CNRS. UT2J, F-31058 Toulouse, France.

SInstitut de Mathématiques de Toulouse; UMR5219. Université de Toulouse;
CNRS. UT3, F-31062 Toulouse, France.

October 15, 2020

Abstract

Asymptotics deviation probabilities of the sum S, = X; + --- + X, of independent
and identically distributed real-valued random variables have been extensively investi-
gated, in particular when X7 is not exponentially integrable. For instance, A.V. Nagaev
formulated exact asymptotics results for P(S,, > x,) when X; has a semiexponential
distribution (see, [16, 17]). In the same setting, the authors of [4] derived deviation
results at logarithmic scale with shorter proofs relying on classical tools of large devia-
tion theory and expliciting the rate function at the transition. In this paper, we exhibit
the same asymptotic behaviour for triangular arrays of semiexponentially distributed
random variables, no more supposed absolutely continuous.

Key words: large deviations, triangular arrays, semiexponential distribution, Weibull-like
distribution, Gartner-Ellis theorem, contraction principle, truncated random variable.

AMS subject classification: 60F10, 60G50.

1 Introduction

Moderate and large deviations of the sum of independent and identically distributed (i.i.d.)
real-valued random variables have been investigated since the beginning of the 20th century.
Kinchin [12] in 1929 was the first to give a result on large deviations of the sum of i.i.d. Bernoulli
distributed random variables. In 1933, Smirnov [23] improved this result and in 1938 Cramér
[5] gave a generalization to sums of i.i.d. random variables satisfying the eponymous Cramér’s
condition which requires the Laplace transform of the common distribution of the random
variables to be finite in a neighborhood of zero. Cramér’s result was extended by Feller [7]
to sequences of non identically distributed bounded random variables. A strengthening of
Feller’s result was given by Petrov in [20, 21] for non identically distributed random variables.
When Cramér’s condition does not hold, an early result is due to Linnik [14] in 1961 and
concerns polynomial-tailed random variables. The case where the tail decreases faster than all
power functions (but not enough for Cramér’s condition to be satisfied) has been considered
by Petrov [20] and by S.V. Nagaev [18]. In [16, 17], A.V. Nagaev studied the case where the
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commom distribution of the i.i.d. random variables is absolutely continuous with respect to
the Lebesgue measure with density p(t) ~ e~I' * as |¢| tends to infinity, with e € (0,1). He
distinguished five exact-asymptotics results corresponding to five types of deviation speeds.
In [2, 3], Borovkov investigated exact asymptotics of the deviations probability for random
variables with semiexponential distribution, also called Weibull-like distribution, i.e. with a
tail writing as e 2 where € € (0,1) and L is a suitably slowly varying function at infinity.
In [4], the authors consider the following setting. Let ¢ € (0,1) and let X be a real-valued
random variable with a density p with respect to the Lebesgue measure verifying:

1—e

p(xr) ~e™ |, as x — +o0. (1)

and
€01 pi=E[XPH] < oo 2)

For all n € N*, let X, X5, ..., X, be i.i.d. copies of X and set S, = X; +---+ X,, and
P,(x) =P(S, > z). According to the asymptotics of x,, three logarithmic asymptotic ranges
then appear. In the sequel, the notation x,, > vy, (resp. =, < Yn, Tn X Yn, and z,, = O(y,))
means that y,/z, — 0 (resp. x,/y, — 0, limsup |z, /y,| < oo, and y,, < T, X Yn) as n — 00.

Maximal jump range [4, Theorem 1] When z,, > n!/(1+¢),

log P, (x,,) ~ logP(max(Xy,...,X,) = x,).

Gaussian range [4, Theorem 2] When z,, < n!/0+9),
log Py () ~ log(1 — gb(n_l/QIn))a
¢ being the cumulative distribution function of the standard Gaussian law.

Transition [4, Theorem 3] The case x,, = ©(n'/(179)) appears to be an interpolation between
the Gaussian range and the maximal jump one.

In the present paper, we exhibit the same asymptotic behaviour for triangular arrays of random
variables (Y,,i)1<i<n, satisfying the following weaker assumption: there exists ¢ > 0 such that,
if y, — o0,

log P(Yy, = yn) ~ —qul ™, (3)

together with similar assumptions on the moments.

The first main contribution of this paper is the generalization of [4, 16, 17] to triangular arrays.
Such a setting appears naturally in some combinatorial problems, such as those presented by
[11], including hashing with linear probing. Since the eighty’s, laws of large numbers have been
established for triangular arrays (see, e.g., [8, 9, 10]). Lindeberg’s condition is standard for the
central limit theorem to hold for triangular arrays (see, e.g., [1, Theorem 27.2]). Dealing with
triangular arrays of light-tailed random variables, Géartner-Ellis theorem provides moderate
and large deviation results. Deviations for sums of heavy-tailed i.i.d. random variables are
studied by several authors (e.g., [2, 3, 4, 14, 16, 17, 19, 20]) and a good survey can be found in
[15]. Here, we focus on the particular case of semiexponential tails (treated in [2, 3, 4, 16, 17]
for sums of i.i.d. random variables) generalizing the results to triangular arrays. See [13] for
an application to hashing with linear probing.

Another contribution is the fact that the random variables are not supposed absolutely con-
tinuous as in [4, 16, 17]. Assumption (3) is analogue to that of [2, 3], but there the transition
at z, = O(nY0+9) is not considered. Hence, up to our knowledge, Theorem 3 is the first
large deviation result at the transition which is explicit.



The paper is organized as follows. In Section 2, we state the main results, the proofs of which
can be found in Section 3. In Section 4, a discussion on the assumptions is proposed. Section
5 is devoted to the study of the model of a truncated random variable which is a natural model
of triangular array. This kind of model appears in many proofs of large deviations. Indeed,
when one wants to deal with a random variable, the Laplace transform of which is not finite,
a classical approach consists in truncating the random variable and in letting the truncation
going to infinity. In this model, we exhibit various rate functions, especially nonconvex rate
functions.

2 Main results

For all n > 1, let Y,, be a centered real-valued random variable, let N,, be a natural number,
and let (Y,.) be a family of i.i.d. random variables distributed as Y,,. Define, for all
ke [1,N,],

1<i<Ny,

To lighten notation, let 1), := T, n,,.
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Theorem 1 (Maximal jump range). Let € € (0,1), ¢ >0, and o > (1 +¢)~". Assume that:

(Hl) Jor all N3* <y, < N, IOgP<Yn > yn) ~ _qy}z_a;
(H2) B[] = of N(+1)

n

Then, for ally > 0,

1
lim ———logP(T,, > N%) = —qy' .

n—00 Ns(lie)
As in [16, 17, 4], the proof of Theorem 1 immediately adapts to show that, if x,, > NT(LH‘E)_1
if, for all 2° < y, < z,(1 + ) for some § > 0, logP(Y,, > y,) ~ —qyl ™, and if Var(Y,)
o(z{1*9) /N,), then

logP(T,, > x,) ~ —qx, .

In this paper (see also Theorems 2 and 3), we have chosen to explicit the deviations in terms
of powers of N,,, as it is now standard in large deviation theory.

In addition, the proof of Theorem 1 immediately adapts to show that, if L is a slowly varying
function such that, for all N°¢/L(N%) < y, < N, logP(Y,, > y.) ~ —L(y,)y.™° and if
assumption (H2) holds, then, for all y > 0,

1
lim ———log (T}, > N%) = —y' .
n=oo [(Ne N9 ( )

The same is true for Theorem 2 below whereas Theorem 3 below requires additional assump-
tions on L to take into account the regularly varying tail assumption.

Moreover, if an analogous assumption as (H1) for the left tail of Y, is also satisfied, then T,
satisfies a large deviation principle at speed N*1~9) with rate function —g |y\1_€ (the same
remark applies to Theorems 2 and 3).

Theorem 2 (Gaussian range). Let € € (0,1), ¢ > 0, and 1/2 < a < (1 +¢)7L. Suppose that
(H1) holds together with:



(H2’) E[Y?] — o2
(H2+4) there exists v € (0, 1] such that E[|Yny2ﬂ] = o( N0y,

Then, for ally > 0,

1
lim -logP(T,, > Nyy) = —

v
n=—00 N2 202"

Theorem 3 (Transition). Let e € (0,1), ¢ >0, and a = (1+¢)~*. Suppose that (H1), (H2’),
and (H2+) hold. Then, for ally >0,

(1— 6)%?

1
lim ey log BT, > N/ 09y) = — inf {g0' 7y~ + = = —I(y). (4)

n—o0 N(l e)/(1+e) 0<6<1

Let us explicit a little the rate function I. Let f(6) = ¢0'y'~¢ + (1 — 0)?y?/(20?). An easy
computation shows that, if y < yo == ((1 — €2)(1 + 1/e)?qo?)/1+4) | f is increasing and its
minimum y?/(20?) is attained at § = 0. If y > yo, f has two local minima, at 0 and at 6(y):
the latter corresponds to the greatest of the two roots in [0, 1] of f/(t) = 0, equation equivalent
to

e (1= £)qo?
(1—-0)0° = e (5)

If yo <y < w1 = (1+¢)(qo?/(2)°)™=, then f(0(y)) = f(0). And if y > y1, f(0(y)) < f(0).
As a consequence, for all y > 0,

y? ify <
7 , Yyx
qe(y)l 6yl ‘+ A-0))’y” 02(0@;2) Y if Y >y

3 Proofs

3.1 Proof of Theorem 1 (Maximal jump regime)

Let us fix y > 0. The result for y = 0 follows by monotony. First, we define

P(T, > Njy) =P(T, 2 Ny, Vi€ [LLN,]  Y,; <NJy)
Y P(T, > Noy, Ji€ [L,N,] Yo, > No%)
=i Ino + Rn,O- (6)

Lemma 4. Under (H1) and (H2), for a > 1/2 and y > 0,

1 1
T}LTQOWloano— —qy °

Proof of Lemma 4. Using (H1),

1 1
limsup —7—log Ry < lim —7— log(N,P(Y,, > N%y)) = —qy*=. (7)
n—o00 N Nn

Let us prove the converse inequality. Let 6 > 0. We have,

Rn,O 2 IEI)(zﬁn > Ns% Yn,l 2 N??y) 2 ]P)(Tn,Nn—l 2 _NS(S) ]P)(Yn 2 N’r?(y + 5))



By Chebyshev’s inequality, observe that

Var(Y},)

]P)(Tn Nn—l a(S) NTW — 1,

using (H2). Finally, by (H1), one gets

s 1 1 o —€
lpninf oty o8 Fino > Jimy iy log PV > N7y + ) = —aly +0)'

We conclude by letting 6 — 0. m

To complete the proof of Theorem 1, it remains to prove that, for a > (1 +¢)7!,

n—o0

' 1 .
lim sup W log Po < —qy °, (8)

and to apply the principle of the largest term (see, e.g., [6, Lemma 1.2.15]). Let ¢’ € (0, q).
Using the fact that 1,59 < e”, we get

’ Ny,
—d' (N&y)l—¢ —2 Y,
P <e Wiy ™R [6“3”5 Ly, <nay

If we prove that
E [ewawf "Ly, <na ] <1+ o(Not=a=1),

then
log Pro < —¢'(Ngy)' ™= + o(N3179)

n

and the conclusion follows by letting ¢ — ¢. Write

/ /

E [G‘Nay)E "1y, <na ] =K [ Wi "y, <(Ngy )6] +E [€<N§y>5 Ynﬂ(Nﬁy)EéYn<N2y] :

First, by a Taylor expansion and (H2), we get

q (q)e” 2)
1 Y, Y2 1y, < vy
( T Wy Ny ) e

n

B [em57 1y ] <

(¢)%e”  E[V]]
2 (Nyy)*
— 1+ o( No=e)=1y,

<1+

To bound above the second expectation, we need the following simple consequence of (H1).
Lemma 5. Under (H1), for all y > 0,
V¢ <q Ing Yn=ng VYue[(Noy)F, Nyl logP(Y, >u) < —qu'".

Proof of Lemma 5. By contrapposition, if the conclusion of the lemma is false, we can con-
struct a sequence (uy),>1 such that, for all n > 1, u,, € [(N2y)°, N2y] and log P(Y,, > u,) >
—q'ul ¢, whence (H1) is not satisfied. O



Now, integrating by parts, we get

’ v, N,'?Lty q/ w
g [e(Nny)E nﬂ(NSy)€<m<N,?y] - / @i P(Y, € du)
(NRy)*
Ny

q/ u " q/

= — |eWNFw)® ]P(Yn > U)} +

[ (veye  (NRy)®

<> )+ gl [ b

X € n = n e (N v)© U
/ (Ney)e Jvgy)e

e(l—e)

/

NZy q "
/ T R(Y,, > u)du
(

Nay)s

< (1+ ¢/ (Ngy)'—5)e ~" )
o(NZ1=97)
for n large enough, using (H1) and Lemma 5 with ¢” € (¢, ¢), and the supremum of u

¢ (N%y)~fu — q"u'~¢ over [(N2y)¢, Ny]. The proof of Theorem 1 is now complete.

3.2 Proof of Theorem 2 (Gaussian regime)

Let us fix y > 0. The result for y = 0 follows by monotony. For all m € [0, N,,], we define
M () = IP’(TM > Vie[Ll—m] Yo < (Noy),
Vie[l—m+1,1 (N <Y< Ngy),

and we denote Iy, ,»(NSy) by 11, ., so that

N,
n Nn
Pn:Pn,0+Rn,0 - Z <m>Hn,m+Rn,0- (9)

m=0

By Lemma 4 and the fact that, for « > (1 +¢)7!, 2a — 1 > a1 —¢), we get

1
lim clog Ry = — (10)

n—00 N2

Lemma 6. Under (H1), (H2’), and (H2+), for 1/2 < a < (1+¢)~! and y > 0,

2

log T, = —%‘2. (11)

lim
n—00 N2

Proof of Lemma 6. For all n > 1, we introduce the variable Y,< distributed as L(Y,, | Y, <
(N2y)®). Let Ty = =N Vs, Where the Y5 are independent random variables distributed as
Y, <. Then

0 =P(T > NYy)P(Y, < (NZy)°)N

On the one hand, P(Y,, < (N%y)*)" — 1 by (H1). On the other hand, in order to apply the
unilateral version of Gértner-Ellis theorem (see [22], and [4] for a modern formulation), we
compute, for u > 0,

e
An(u) = N2 ]og R {eNn ] .

Now, there exists a constant ¢ > 0 such that, for all ¢t < uy®, |e! — (1 +¢+t2/2)| < ]t|2er
whence

B U < u? 2 cut 2+7

e _1_N,1L—°‘Y” _W(Y ) <W| ol (12)




by the definition of Y~ and a(1 +¢) < 1. Now,

u?o? 2
1= Vo N2y i Yo u u 2
E|:€Nn :| — e2Nn < ]El:eNn :| —E[l—i— NTIL_O‘YTL<+W(Y”<) 1
u < U/Z <\2 QNIE?TE@)
+ [E |1+ Nl—aY” + SN (Y,5)?| — e2Mn . (13)
The first term of (13) is bounded above by
cu?t 9 ol

oo = o207, (14)

by assumptions (H1) and (H2+), and an integration by parts. Using a Taylor expansion of
order 2 of the exponential function, the second term of (13) is equal to

u2

gty (B = %) 4 0N 2072, (15)

u

e Bl ]+

By (H1) and the fact that E[Y,] = 0, E[Y,<] is exponentially decreasing, whence E[Y,<] =
o(1/N}=); similarly, by (H1), (H2"), and (H2+), E[(Y,~)?] — ¢?; hence, we get

Ay (u) = 5 +o(1),

and the proof of Lemma 6 is complete. m
Theorem 2 stems from (10), (11) and the fact that, for 1/2 < a < (1 +¢)7,
2

1 Jn (N, y
] R < —
lim sup Nza T log mE:1 <m>Hnm S o5 (16)

n—oo

the proof of which is given now. We adapt the proof in [17, Lemma 5] and focus on the
2
logarithmic scale. Let m,, = [Ne(1=2*20""9"7 " particular, for all m > m,,
m(Nyy) )
2
Lemma 7. Under (H1), for o > 1/2, y > 0, and ¢’ < q,

m(Nay)e(l—a) >

n

+(Noy)' (17)

Nn
lim sup L log Z N IL,m < —qy'c.
Ng‘(l_e) m ’

n—o0 m=mmn+1

Proof. For n large enough, using Lemma 5 and inequality (17),

5 (ene £ (Brracnon v oo

m

m=mpn+1 m=mpn-+1
Ny, N.
—md’ (1—¢)
¢ S (B)emver
m=mn-+1 m

A (N, \1—e Nn Nn _ r(Na,\e(l—g)
< e Q(Nny) Z e mq (Nny) /2

m=mn-+1 m

Nn
< eIVt (1 n e—q'<Nsy>E<1-E>/2>



Here, as (1 —€) > 2a — 1, we conclude that

1 Moo (N,
T}l—{go N2o~1 IOgm:%:H m Il m = —o0. (18)

Now, for m € [1,m,], let us bound above II,, ,,. Let us define

fm(ula e ,Um) = Hanm,O <NSZ/ - ZU1>7

i=1
which is nondecreasing in each variable. For ¢” < ¢’ < ¢ and n large enough,
Hn,m - P(Tn 2 Nf:y, (Ngy)e < Yn,h .. 7Yn,m < Nﬁy, Yn,m-{—lu v 7Yn,n < (N;@ly)e)
— / Fu(un, -+ ) dPy, (w1) - - - APy (1)
[(Ngy)=, Ngy™
= Z v ‘ fm(ul,...,um) d]P)yn(ul)d]P)yn<um)
< DY fmlkrs k) [[P(Y, € (ki — 1K)

< Z fm(kl, ey km>€_q, 2211(]%_1)176
77777 )

</ (ul,..., )e q//zzlz duldum
[(Ngy)e, Ngy+2]™

= I+ Iom,

where, for j € {1,2},

L = /Ajm Fon (U1, oy Ugy) €7 S (tm) oy oy (19)
with
Ay = {(ul, CoUm) € [(NSY)E, NSy + 2]™ f:lu, > Ngy} ,
o= {0 cu) € (V20 Nz 207 3 < N
and
Sm(Uty .oy Upy) 1= iuf‘f.
i=1

Lemma 8. For a > 1/2 and y > 0,

limsupN 5 log Z ( )Ilm <—=q"y" .

n—o0

Proof. Since s, is concave, s, reaches its minimum on A, ,, at the points with all coordinates
equal to (N2y)® except one equal to Ny — (NSy)*(m — 1). Moreover, using the fact that
fm(ui, ... um) < 1in (19), it follows that, for n large enough, for all m € {1,...,m,},

L < (Ngy)me —q"(m=1)(Ngy)= =) —¢"" (Ngy—(m—1)(Ngy)*)' =

NN

(Nay)m —q" (NSy)~ efq”(mfl)((Nﬁy)E(l_s)—1)'



Finally,

T o —& nn Nn a \m —a" (m— a,\e(l—e) _
3 < >]1m q¢"(Ngy)* 3 <m>(N”y) e~ (m=1)((N3y)=1==)—1)
m=1 m=1

m
(N, \1—e X o a,\e(l—e) _ m—1
< e 7' (N2w) Nitey § : (Né*’aye 7" ((N3y) 1)) ’

m=1
and the conclusion follows, since the latter sum is bounded. O
As a1l —€) > 2a — 1, we conclude that
Jin o8 3% (7)1 = o (20

Lemma 9. Under (H2’) and (H2+), for 1/2 < a < (1+¢)7%, y > 0, n large enough, and
me{l,...,m,},

Ly < (Ngy)me " (m= NG eXp< sup cbm(U))

m(Ngy)e<u<NZy

where v e
Sy —u 7 o, \e\1—
m(U) = — — — —1)(NV,
Proof. Here, we use Chebyshev’s exponential inequality to control f,(u1, . .., Un) = Iy, —mo(NSy—
Uy — -+ — Up) in o, Forall [ € N* for all € R, and for all A > 0,

I, o(x) < exp {—)\x +llogE |:€)\Yn]lyn<(]\[ﬁzy)si| } :
Let M > y/o?. There exists ¢ > 0 such that, for all s < M, we have e® < 1+s+5%/2+c|s]*™.
Hence, as soon as A < M/N}~* < M/Ng-,

)\2 )\2 2
E | Ly, cvgye| <1+ SR+ TRV <14 (1 + ca), (21)

where ol
c —v(1—a
o= B[] - o 4 S N O IEY, P = o(1),

n

by (H2’) and (H2+). Thus, for A < M/N!~«
No?

N, —mo(Nyy —u) < exp (—)\(Nﬁ‘y —u)+ (N, —m) (1+ cn)>.

For n large enough and m € {1,...,m,}, the infimum in X\ of the last expression is attained

at
Niy —u M
< )
(N, —m)o?(1+¢,) ~ Nl
and is equal to —(N2y — u)?/(20*(N,, — m)(1 + ¢,)). So, for n large enough:

A=

M, o N3y — ) < exp (— SR ) (22)

Since s,, is concave, s,, reaches its minimum on

Ag o = {(ul, ceUy) € [(NSY)T, Ny + 2]™

iui:u}

i=1

9



)

at the points with all coordinates equal to (NSy)¢ except one equal to u — (m — 1)(N%y)®,

whence, for n large enough and m € {1,...,m,},

(N&y —u)?
N, —m)(1+ cn)

= = )W)

—q"(u—(m—=1)(N7y))'

Iy m < (Nyy)™ sup exp (— 207

m(Ngy)e<u<NZy

(No‘y)m —¢"(m—1)(N&y )5(1—5) eXp( sup ¢m(u)>

m(Ngy) <u<Ngy
O

Now, for 1/2 < a < (1 +¢€)7', n large enough, and m € {1,...,m,}, the function ¢,, is
decreasing on [m(NSy)®, N2y). So,

N — " Ny )E)2
Iy < (N2y)™ exp (—q"m(Nf;‘y)g(l—E) ~ (NVRy —ma(N3y)°) )

2N,0%(1+ ¢,)

It follows that

mn (N _(NRy—mn(Ngy)$)? Mn o Ne(1_e)\ T
Z ( n) Lm<e  2Nno(iten) Z (N;Jro‘ye_q"(N"y)s(1 6))
m

m=1 m=1
Since the latter sum is bounded, we get

2

: Y
limsup ——— N2 - log Z ( )IZm Sy (23)

n—oo
as mp(N2y)? = o(N2) and ¢, = o(1). By (18), (20), and (23), we get the required result.

Remark 10. Notice that, using the contraction principle, one can show that, for all fixed m,

2
logIL,, ., = —y—.

I
im sup =

oo N7(ll—a)/(1+a)

3.3 Proof of Theorem 3 (Transition)

Here, we assume (H1), (H2’), and (H2+), and we deal with the case o = (1 4 ¢)7!, so that
a(l—e) =2a—1=(1—¢)/(1+¢€). Let us fixy > 0. The result for y = 0 follows by monotony.
We still consider the decomposition (9). By Lemmas 4 and 6, and the very definition of [ in
(4), we have

1 ~
Jin ~aars 108 Buo =~y < ~1()
and
1 y?
M, ey g o = —5 5 < —1(y)-

n

To complete the proof of Theorem 3, it remains to prove that

1

lim fnf ey 108 ot = —1(9) (24
1

hgl_igp W log Z ILm < —1(y) (25)

and to apply the principle of the largest term.

10



Proof of (24). For all t € (0,1),

1 1 o . o
W lOan,l 2 W IOgP(Tn’Nn,1 > Nnty, VZ - [[1, Nn — 1]] Yn,i < (Nny>€)

+ ) logIP’(Nﬁf(l —t)y < Yon, < Nﬁy)

N(lfs)/(lJrs

SN _@ _ (1 _ t)l—a l—¢
n—00 202 q Yy !

by Lemma 6 and by (H1). Optimizing in ¢ € (0, 1) provides the conclusion. O

Proof of (25). We follow the same lines as in the proof of (16). By Lemma 7, letting ¢ — ¢,
we get

, 1 I (N, -
11£TLS£P NI log m:%ﬂ (m ) Mm < —qy = < —I(y). (26)

Let n=1-¢"/q € (0,1). By Lemma 8,

. 1 < (Nn e
lim sup —T e log Zl (m)jl’m < "Y' < -1 —n)y). (27)

Now, recall that Lemma 9 provides I, < (Noy)me=d" (m=DWi= = Mn fo1 ) large enough,
where

M, = sup

m(Ngy)s<u<Ngy

(_ (NSy — u)?
20%2(N,, — m)(1 +¢,)

- = 7))

a,\—1+e\ 1—¢
< N(1-9/0+2) sup (_ (1-0)2%* {0 ey <1 _(m=1D(Ngy)~ ) )
" m(Ngy)~1Te<o<1 202(1 + ¢,) 0
For n large enough, for all m € {1,...,m,},
: 1-0% | - (m=DNgy) ™=\ L (=)
f - 01— L > —>=(1-
m(N,%y)1£11+5<9<77 { 20%(1 + ¢,) +4a 7 202 (1=n)
> (1-n)’I(y)
and
1_622 — 1) (N« —14e\ 1—¢€
inf ( ) Y _|_q1/6176 1 — (m )( ny)
n<6<1 | 202(1 +¢,) 6
: (1 — 6)21/2 1nnl—e, 1—
> N TS € 1> _
R A L
> (1—n)*I(y)
So M,, < —N{(=)/(+e)(1 — )31 (y) and
I L g3 ("
s ey 108 2 | ) o
1 o n " — m
(1 —n)3 ; - a, ,—q" (Ngy)=t =2
<= (1—=n)Iy)+ hglj;ip N=/+e) 10ng::1 <m> (Nn ye )
=—(1=n)’I(y). (28)
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Finally, (26), (27), and (28) imply

1 n
li — 1 0,,, < —(1—n)3I(y),
im Sup 7 108 mZ::l , (1—n)"I(y)
and (25) follows, letting ¢ — ¢, i.e. n — 0. O

Remark 11. Notice that, using the contraction principle, one can show that, for all fixed m,

lmsup s

log I, ,,, = —1(y).

4 About the assumptions

Looking into the proof of Theorem 1, one can see that assumption (H1) can be weakened and
one may only assume the two conditions that follow.

Theorem 12. The conclusion of Theorem 1 holds under (H2) and:
(H1a) for all y, = O(Ny), log P(Y, > yn) ~ —qy,
(H1b) for all N <y, < N2, limsupy, =9 log P(Y,, = v,) < —q.
Lemma 13. (Hla) is equivalent to:
(H1a’) for ally > 0, logP(Y, > N%y) ~ —q(N2y)'=.
Proof. It Nf'cy <y, < Ncy, then

—qcy < N7 Nog P(Y,, > y,) < —qc.

First extract a convergent subsequence; then, again extract a subsequence such that N, %y,
is convergent and use (H1a) to show that N *(1=%) logP(Y, > y,) is convergent. O

Lemma 14. (H1b) is equivalent to the conclusion of Lemma 5:
(H1Y) Vy >0 V¢ <q Tng Vn>=ng Yue[(NY), Ny logP(Y, >u) < —qu'~®.
Proof. See the proof of Lemma 5. O]

Theorem 15. The conclusion of Theorem 1 holds under assumptions (Hla), (H1b), and
E[|Y, " )/E[IY. ]2 = o(N7).

Proof. The only modification in the proof is the minoration of R, o:
Rn,U 2 ]P)(Tn,anl 2 O)P<Yn 2 N;:y)
Now Lyapunov’s theorem [1, Theorem 27.3] applies and provides P(T}, n,—1 > 0) — 1/2. [

As for Theorem 2, assumption (H1) can be weakened and one may only assume (H1b), or
even the following weaker assumption.

Theorem 16. The conclusion of Theorem 2 holds under (H2’), (H2+), and:
(Hlc) Vy >0 Jg>0 3ng Vn>=ng Yue|[N2), Ny logP(Y, >u) < —qu'™.

Finally, in Theorem 3, assumption (H1) can be weakened and one may only assume (Hla)
and (H1b).

12



5 Application: truncated random variable

Let us consider a centered real-valued random variable Y, admitting a finite moment of order
2 + v for some v > 0. Set 02 := E[Y?]. Now, let 8 > 0 and ¢ > 0. For all n > 1, let
us introduce the truncated random variable Y,, defined by £(Y;) = L(Y | Y < NFPc¢). Such
truncated random variables naturally appear in proofs of large deviation results.

If Y has a light-tailed distribution, i.e. Ay (\) := logE[e*Y] < oo for some A > 0, then (the
unilateral version of) Géartner-Ellis theorem applies:

o if a € (1/2,1), then
%

1
li logP(T, > N2&y) = — 2
im og P( ) el

n—00 N2

e if « =1, then

lim — logP(T Nyy) = —=Ay(y) == —sup{dy — Ay (A)}.

n—o00 Nn A0

Note that we recover the same asymptotics as for the non truncated random variable Y. In
other words, the truncation does not impact the deviation behaviour.

Now we consider the case where log P(Y > y) ~ —qy' ¢ for some ¢ > 0 and ¢ € (0,1). In this
case, Gartner-Ellis theorem does not apply since all the rate functions are not convex as usual
(as can be seen in Figures 1 to 3). Observe that, as soon as y,, — 00,

1 1
limsup ——log P(Y,, > y,,) = limsup —— <logIP’(yn <Y < NPe) —logP(Y < Nfc)) < —q,

so (H1b) is satisfied. If, moreover, y, < N?¢ with ¢ < ¢, then logP(Y,, > y,) ~ —qy:~%, so
(H1) is satisfied for o < 8. In addition, E[Y,]—E[Y], E[Y;?] —E[Y?] and E[Y,?*"] —E[Y*"7] are
exponentially decreasing to zero. Therefore, our theorems directly apply for o < max (g, (1 +
e)7!), and even for a = (1 +¢)~! < 8. For a > max(3, (1 +¢)7!), the proofs easily adapt to
cover all cases. To expose the results, we separate the three cases 8 > (1+¢)71, B < (1+¢)7?
and = (1 +¢)~! and provide a synthetic diagram at the end of the section (page 18) and
the graphs of the exhibited rate functions (pages 17 and 18).

5.1 Case > (1+¢)7!
Gaussian range When o < (1 +¢)7!, Theorem 2 applies and, for all y > 0,

y2

1
li clogP(T, = Njy) = ———.
i ooy log BT > Niy) = =2

n—00 N2

Transition 1 When o = (1 + €)™, Theorem 3 applies and, for all y > 0,

(1—-0)%? }

1
lim ———————1logP(T,, > NYy) = —I(y) == —I(y) = — inf {q91—5y1—g . —

n— 00 N(l e)/(1+¢) 0<6<1
Maximal jump range When (1 +¢)~! < a < 3, Theorem 1 applies and, for all y > 0,

. 1 o .
AR, el 108 P(T, > Noy) = —qy' .

13



Transition 2 When a = g, for all y > 0,

E&Ng)MﬂU’JWMZ—MM:—NWM&%+@—MMQFﬁ-

Here, as in all cases where o > 3, we adapt the definitions (6) and (9) as:
P(T, > Niy) =P(T, > Ny, Vi € [1,N,] Y,; < Nfc) =: P,y (29)

(Rn0 = 0) and, for all m € [0, N, ],
I, = P(Tn > Noy, Vi € [I,N, —m] Yy, < (NPe),
Vi€ [Ny —m+1,N,] (NPe) < Yos < N,fc). (30)
For all ¢t > 0,
o =P(T, > N, Vie [1,N,] Yn;< (N%)?)

_ a(l—e) —ae
<e tyNy, E{etN” Y"1Yn<(Ngc)e

— o~ tyNa T (1o(1))

:|Nn

(see the proof of Theorem 1), whence Lemma 6 with £(Y,~) = L(Y,, | Y, < Nfc¢) updates into
1

73(1—5) logI1,, o — 0.

So, by the contraction principle, for all fixed m > 0,

1 —00 ifm<y/e—1
_— log L,y —— .
NeO= n=oo | —q(ly/e| =+ (y — |y/c| c)'¢) otherwise,

that provides a minoration of the sum of the II, ,,’s. To obtain a majoration, let us introduce
my = [N®1=92k] where k = |y/c] ¢'¢ 4 (y — |y/c] ¢)'°. Lemma 7 remains unchanged
while Lemmas 8 and 9 requires adjustments. The integration domains defining I, ,,, and I,
become

Al = {(U1, coU) € [(N2e)®, NSe + 2™

zm>w@,
=1
Zui < Nf;‘y} ,
=1

Further, the concave function s,, attains its minimum at points with all coordinates equal to
(N2c)® except |y/cn] coordinates equal to N%¢,, and one coordinate equal to N& (y — |y/cn]cn)—
(N2c)e (m —1—|y/cn]) with ¢, = ¢+ 2N, . Then following the same lines as in the proof
of Lemmas 8 and 9, we get, for j € {1,2},

Ay = {(U1, co ) € [(N2e), NSe + 2™

nlgroloNz logz< > = —q(ly/e) "+ (y = ly/e) ) ).
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Truncated maximal jump range When f < a < f+1landy >0, or =+ 1 and
y < ¢, the proof of Theorem 1 adapts and provides

: 1 a —e
lim N logP(T,, > N&y) = —qyc™°.

n—0o0

As in the previous case, we use the decomposition given by (29) and (30). To upper bound
P, o, we write

Poo < e e N TR [eve N () +1 N"
n,0 X Yy <(NBc)e (NZe)e<Yn<NEc

and follow the same lines as in the proof of Theorem 1. To lower bound P, , we write, for
d <c,

log Py = logP(Vi € [1, [N Py/d] Y= N2C)
~ =N Py(d) r(NF ) e
= —N*Peqy(d)~s,

and we recover the upper bound, when ¢ — c.

Trivial case When o= f+1and y > ¢, or a > S+ 1, we obviously have P(T,, > N%y) = 0.

5.2 Case < (1+¢)7!

Here, Theorem 2 applies for o < (1 + ¢)
extended: it spreads until a < 1 — Se.

~1. The notable fact is that the Gaussian range is

Gaussian range When a < 1 — e, the proof of Theorem 2 adapts and, for all y > 0,

y2

202

1
lim clogP(T,, > Njy) = —

n—00 N2

As we said, the result for a < (1 + ¢)~! is a consequence of Theorem 2. Now, suppose
a > (1+¢)7t > 5. We use the decomposition given by (29) and (30). Lemma 6 works for
o < 1—fe, with L(Y,5) = L(Y,, | Y,, < (NPc)?). Then, we choose m,, = [No~2e+5% 9y <],
We obtain the equivalent of Lemma 7:

N,
li -1 "L, ., < —q'ycC.
1msupN og Z (m) , qyc

n— m=mn-+1

with No~%¢ > N2¢=1  Finally, Lemmas 8 and 9 adapt as well, with
Zui < Ngy} .
i=1

3

A = {(ul, cey Up) € {(foc)a,foch Q}W

0

Ay = {(ul, cey Up) € {(Nfc)a,Ngc%— 2}m

Transition 3 When a = 1 — ¢, the proof of Theorem 3 adapts and, for all y > 0,
li L P(T, > NPy) = —I,(y) := — inf {q(1 —¢ t*y?
Jim o Yog BT > NI7) = —l(y) = = inf {a(1 = Oy + 5 7}

2 .
_ 3 ity <uys
= — 2 2
%_%cgs lfy>y3

—&

with y5 := qo?c
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Truncated maximal jump range When 1 —fe<a <1+ pFandy >0,or a =1+ and
y < ¢, as before, the proof of Theorem 1 adapts and

1 —e
Jim. N log P(T5, > Njy) = —qyc™".

Trivial case When o = f+1and y > ¢, or a > 5+ 1, we obviously have P(T,, > N%y) = 0.

5.3 Case f=(1+¢)!

Gaussian range When o < (1 +¢)7!

= [, Theorem 2 applies and, for all y > 0,

2
lim Y
n—00 N2 a—1 202"

log P(T,, > Njy) = —

Transition Ty As in Section 2 after the statement of Theorem 3, we define 6(y) and y; for
the function f(6) = ¢6'~y'~* + (1 — 0)*%*/(20%). Define (y) := 1,5,,0(y) and notice that 0
is increasing on [y1,00) (and 8(y) — 1 as y — 00). Set co 1= O(y1 )y = (25q0)V/ 0+,

e When v = (1 +¢)~! = § and ¢ < ¢, then

. 1 «a 1—e (y - ]f071(C)C>2
Jim INGlES) log P(T,, > Nyy) = —qkoa(y)e ™ + T o2

n

= —Io1(y)

where

ko1(y) := max ({y—ym(C)J +1, 0) and  yo1(c) = g + go’c®
c

(30,1(c) is the unique solution in y of y§ , — (yo1 — ¢)* = 20°qc' ).
e When a = (1+¢)~! = and ¢ > ¢, then

1 (0% —&
Jim N log P(T,, > Nyy) = —akoa(y)e' ™ + I(y — koa(c)e) = —Ioa(y)

where
ko}g(@/) ‘= Imax (\‘HCOQ(C)J + 1’ O) and y072(c) = c+ (1 _ g)qo.Zcfs

(10.2(c) is the unique solution in y of (y)y = c).

Remark: For all ¢ < ¢, yo1(c) > y1: so the Gaussian range in the nontruncated case (which
stops at y;) is extended. Moreover, yo1(co) = y1 = yo2(co), and, for ¢ = ¢, Ip1 = Iy (since

Li(y) =y*/(20°) for y < y1).

Truncated maximal jump range When (1+¢) ' =8 <a<f+landy > 0,ora=1+4
and y < ¢, as before, the proof of Theorem 1 adapts and

1 (0% —E&
Jim N log P(T,, > Nyy) = —qyc™*.

Trivial case When o= f+1andy > ¢, or a > 5+ 1, we obviously have P(T,, > N%y) = 0.
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Gaussian

ol — ) =7/ (20%)

Maximal jump

— =0

Truncated maximal jump

— fly) = qycl_i

Figure 1: Representation of the rate functions. Here, g = 1, 0> = 2, ¢ = 1/2, and ¢ = 1. Left
- Gaussian range. The typical event corresponds to the case where all the random variables are
small but their sum has a Gaussian contribution. Center - Maximal jump range. The typical
event corresponds to the case where one random variable contributes to the total sum (N2y),
no matter the others. We recover the random variable tail. Right - Truncated maximal jump
range. The typical event corresponds to the case where N®~#y/c variables take the saturation

value N”c, no matter the others.

Transition 1

Figure 2:

Transition 2

Transition 3

Representation of the rate functions. Here, ¢ = 1, 0> = 2, ¢ = 1/2, and ¢ = 1.

Left - Transition 1. The typical event corresponds to the case where one random variable
is large (N20(y)y) and the sum of the others has a Gaussian contribution (two competing
terms). Center - Transition 2. The typical event corresponds to the case where |y/c| random
variables take the saturation value NPc and one completes to get the total sum. Right -
Transition 3. The typical event corresponds to the case where some random variables (a
number of order N}~#0+9)) take the saturation value N”c, and the sum of the others has a
Gaussian contribution (two competing terms).
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Transition Ty (¢ € ¢) Transition Ty, (¢ > ¢)

Y1 Yot L

o 02 04 08 08 1 12 14 18 18 2 22 24 28 28 & az 34 o 05 1 15 2 25 a as 4 as 5

Figure 3: Representation of the rate functions. Here, ¢ = 1, 02 = 2, ¢ = 1/2, and ¢ = 1.
Left - Transition 1- for ¢ < ¢y. The typical event corresponds to the case where k3(c) variables
take the saturation value Nc, and the sum of the others has a Gaussian contribution. Right
- Transition 1- for ¢ > ¢q. The typical event corresponds to the case where ks (c) variables take
the saturation value N°¢, one is also large (N20(y — ko(c)c)(y — ka(c)c)) and the sum of the
others has a Gaussian contribution.
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Figure 4: Rate function transition diagram.
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