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ASYMPTOTICS FOR METAMATERIAL CAVITIES AND THEIR
EFFECT ON SCATTERING

CAMILLE CARVALHO AND ZOS MOITIER

ABSTRACT. It is well-known that optical cavities can exhibit localized phenomena
responsible for numerical instabilities in approximating scattering problems. In clas-
sic optical cavities, those localized phenomena concentrate at the inner boundary of
the cavity and are called whispering gallery modes. In this paper we consider cavi-
ties made of Negative-Index Metamaterials (NIM). Those manufactured materials can
exhibit unusual optical properties, leading to the appearance of exotic waves at the in-
terface of metamaterial-dielectric interface, such as surface plasmons. There is a great
interest in controlling and guiding surface plasmons to design the next-generation of
nano-antennas, sensors, and others. Surface plasmons have been usually characterized
in the context of the specific quasi-static case. Using asymptotic analysis, we provide
a systematic mathematical characterization of emerging surface plasmons for general
metamaterial cavities for the full wave problem, and answer the following questions:
can surface plasmons be always excited in scattering problems? Can they create
numerical instabilities? Our asymptotic analysis reveals that the nature of surface
plasmons changes depending on the metamaterial’s properties, leading to different
effects on scattering problems. Numerical results for several metamaterial cavities
are provided.
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1. INTRODUCTION

Optical micro-resonators, commonly involving dielectric cavities, play an important
role in many applications in photonics and others [27]. Optical cavities have been
extensively studied over the past decades as they offer the opportunity to confine
light in small volumes. This is possible in particular when the resonator supports the
so-called Whispering Gallery Modes (WGM) [37]. With the development of metama-
terials, such as the Negative-Index Metamaterials (NIM) which exhibit unusual optical
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properties (for instance a negative effective permittivity ¢ and/or a negative effective
permeability p), there is a great interest in modeling metamaterial cavities to con-
fine and control light. In particular, at optical frequencies, localized surface waves
called surface plasmons can arise at dielectric-metamaterial interfaces (as well for some
dielectric-metal interfaces) [31]. The field of plasmonics is very active as surface plas-
mons offer strong light enhancement, with applications to next-generation sensors,
antennas, high-resolution imaging, cloaking and other [38]. However surface plasmons
are very sensitive to the geometry and therefore challenging to capture, experimentally
and numerically [8, 28].

Mathematically, surface plasmons are solutions of the homogeneous Maxwell’s equa-
tions, they are oscillatory waves along the dielectric-metamaterial interface while expo-
nentially decreasing in the transverse direction. For simple interface geometries their
expression is known explicitly, however in general surface plasmons have been mainly
characterized and investigated in the context of the quasi-static approximation (e.g.
[12, 25, 8, 4, 16, 14, 13]). While the quasi-static case offers valuable insights into
their behavior, the connection with exciting the characterized surface plasmons in the
context of light scattering by metamaterials is less clear.

It is well-known that the approximation of light scattering in dielectric optical micro-
cavities can be drastically affected by WGM, in particular if the excitation wavenumber
of the source is close to a WGM resonance [32, 6].

In the spirit of [6], we carry out in this paper an asymptotic analysis to systematically
characterize surface plasmons arising in general two-dimensional metamaterial cavities
(arbitrary smooth shape, arbitrary permittivity function) for the full wave problem
(time-harmonic Maxwell’s equations in Transverse Magnetic polarization), and we an-
swer the following questions: Can surface plasmons be always excited in scattering
problems? Can we numerically observe surface plasmons in practice? Can they cre-
ate numerical instabilities? Our asymptotic analysis reveals that the spectral nature
of surface plasmons changes depending on the metamaterial’s properties, leading to
different effects on scattering problems. Additionally, this analysis provides guidance
about when surface plasmons can be excited in practice.

The paper is organized as follows. We present the considered scattering problem and
known results in Section 2. Section 3 presents how to characterize surface plasmons
and their effect on scattering problems for the model case of a circular metamaterial
cavity. Section 4 provides the general asymptotic analysis of emerging surface plasmons.
Section 5 presents numerical results based on the asymptotic analysis, and Section 6
presents our concluding remarks. Appendix A provides theoretical results regarding
well-posedness of the scattering problem and Appendix B provides additional results
and proofs needed in Section 4.

2. MATHEMATICAL PROBLEM AND PRELIMINARIES

2.1. Scattering by a metamaterial cavity. We consider a cavity 0 C R?, an open
bounded connected set with smooth boundary I'. The optical cavity €2 is characterized
by a permeability 4 = 1, and a permittivity ¢ := e, < 0 with e € €>(Q). The cavity
is embedded in an homogeneous background characterized by 4 = 1, and ¢ = 1. We
consider the scattering problem of a plane wave by the cavity Q. Let u™ : z s ef @2

the plane wave with wavenumber & > 0 and direction d € S!, be the incident wave.
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The scattering problem writes: Find u € HL (R?) such that u = «™ + u* and

loc
—div (5_1 Vu) — k*u =0 in R?
[ulp=0 and [¢7'0,ul. =0 acrossD (2.1)

v k-outgoing

with Hi (R?) == {u € L} (R?) | Vx € €=,,(R?), xu € HY(R?)}, n: T’ — S! is the unit

loc loc comp
normal vector outward to 2, and the function ¢ € L>®(R?) is given by

e(r) <0 ifreQ
e(z) = S
1 if z € R\ Q
Given X, we denote [ X (v) = lim,_+ X (2) —lim,_,,- X(x), for any v € I, the jump
condition across I'. The jump conditions [u]r = 0 and [¢™! 9, u|r = 0 will be referred to

as the transmission conditions. We say that v is k-outgoing if it satisfies the outgoing
wave condition:

(2.2)

v(r,0) = Z Wy, (r) €™ = Z o HY (1) €m0 (2.3)
mez meZ
with polar coordinates (r,6) such that r > sup,.q |z|, § € R/27Z, H$) the Hankel
function of the first kind of order m, and (¢, )mez € CZ.

Remark 2.1. The condition v is k-outgoing defined in Eq. (2.3) is equivalent to v
satisfying the so-called Sommerfeld raditiation condition, if and only if £ > 0. This
outgoing condition is more general, and will be also used for the associated spectral
problem, where one can have k € C.

In classic scattering problem (i.e. when e(z) > 0, Vo € R?), it is well known that
Problem Eq. (2.1) is well-posed [15, 21]. In our case ¢ defined as Eq. (2.2) is sign-
changing, and the problem may be ill-posed. Using the T-coercivity theory [10, 8, 9],
one can establish the following Lemma (see Appendix A for details):

Lemma 2.2. Problem (2.1) is well-posed if and only if ec|p # —1. Moreover there
exists a constant C(k) > 0 such that

||usc||L2(]D)(O,p)) S C(k) HuinHLZ(D(O,p)) (24)
where D(0, p) D Q is the disk of center 0 and radius p.

2.2. Resonances of a dielectric-metamaterial open cavity. As done for classical
cavities, it is essential to study the spectral problem associated to Problem (2.1) to
identify if resonances appear and study their affect if one chooses k “close” to a reso-
nance [41, 22, 32]. We define the operator P := —div(e~! V) on L*(R?) with domain
D(P) = {u € L*(R?) | div(e ™! Vu) € L?(R?)}. The spectral problem associated to
(2.1) writes: Find £ € C2 and u € Dyo(P), u % 0 such that

Pu = *u in R?

[up=0 and [e7'd,ul. =0 acrossT, (2.5)

u f-outgoing
where C2 = {z € Clarg(z) € (—%, %} } We set the branch cut to be R_, from now
on complex roots are uniquely defined. In order to capture eigenvalues and resonances,
we study Problem (2.5) in an extended framework D..(P) 2 D(P), with

Dioe(P) = {u e 12 (R?) ] Yy € €. (R?), yu € D(P)}.

loc comp
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Remark 2.3. With the chosen branch cut, the outgoing condition gives that u is a
solution of Eq. (2.5) in L2(R?) if, and only if, £ € Ci* := {z € Cz | $(z) > 0}. This is
coming from the fact that, for m € Z, the asymptotic behavior of HY as r — 400 is
given by ‘H%)(ér)‘ ~ Wé“ eS0T We also define C~ = {z € Cz | $(z) < 0}. As
a consequence we have u € D(P) when associated to £ € Ci¥, and u € Dy,c(P) when
associated to ¢ € C'~.

Using T-coercivity arguments [18, 16], one can show that, if | # —1, then the
operator (P, D(P)) is self-adjoint on L?(R?) and its essential spectrum is R, (we refer
o [17] for details). However, contrary to the case with classical cavities [6], P doesn’t
admit a lower bound, it can exhibit negative eigenvalues, as well as interface modes
related to surface plasmons [16]. The rest of the paper is dedicated to: (i) investigate
what types of resonances holds Problem Eq. (2.5) (explicitly or asymptotically), and (ii)
identify if the computations can be deteriorated close to resonances (related to surface
plasmons, or others). We start with a simple case where calculations are explicit.

Remark 2.4. In this paper, we consider the Helmholtz equation case, we do not assume
the quasi-static approximation. The considered spectral problem, where the spectral
parameter is the wavenumber ¢, differs from the quasi-static spectral problem, where
the spectral parameter is the permittivity e [25, 13].

3. CASE OF A CIRCULAR CAVITY

We consider © = D(0, R) the disk of center 0 and radius R > 0. We set ¢ = 1 outside
the cavity, and for simplicity we fix € = e = —n? inside, with constant 7 > 0 (in other

words 7 = \/—&,).

3.1. Scattering by a disk. We take d = (0,1)7. Note that we can get the solution
for a direction d' by doing a rotation that transforms d into d’. In the following, J,,
denotes the Bessel function of the first kind of order m, and |, denotes the modified
Bessel function of the first kind of order m. Taking advantage of the geometry, we look
for solution of Problem FEq. (2.1) of the form:

u(z) = u(r,0) Zum (r,0) Zwm(r) e (3.1)

mEZ meZ
with (r,6) € Ry x R/27Z the polar coordinates corresponding to the Cartesian co-
ordinates z, and wy,(r) = 5= [ T u(r,0) e ™ df, m € Z. Similarly we write u™(z) =

> ez 0 €™ and u(z) = 50, wi(r) €.
Remark 3.1. The Jacobi-Anger expansion [35, Eq. 10.12.1] states that
u"(z) = " = ZJ (kr)e im(0—o+5 ) with d = (cos(¢), sin(¢))T. (3.2)
meZ

The series in (3.2) converges absolutely on every compact set of R?. With d = (0,1)T,
we obtain w" (r) = J,,,(kr), Ym € Z.
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Plugging in Problem Eq. (2.1), we obtain a family of 1D problems indexed by m € Z:
Find w,, € H. (R, rdr) such that

loc
m2
T2 Wm =€ E*w, =0 in (0,R)U (R, +o0)
_ 3.3
- =0 across {R} (3.3)
wy(0) =0 and  w<(r) oc HY (kr) r>R

—%OT (r Opwy,) +

[Win](gy =0 and [e'w

with o« meaning “up to a constant”. For m # 0, the term T—;wm imposes a homogeneous
Dirichlet boundary condition at zero [7]. Since the solution is continuous at r = 0, using
the outgoing wave condition and the transmission conditions at r = R, we write

O lm(mkr) —Jpn(kr) ifr <R
U= 6 HO (k) itr >R

m

sc

W,

(3.4)

with (ayn, Bm) solution of the system M,,,(n, k R)(ctm, Bm)T = (Im(k R), I, (k R))T where
ln(nkR) —HY (K R))
-1y ' .
Lk R) —HY (k R)

Remark 3.2. Since k > 0 and the problem is well-posed for n # 1, coefficients (ay,, fm)
are uniquely defined and det(M,,(n, k R)) # 0, with

det(Myn (1, 2)) == —n "' (n 2) HO (2) — 1, (n 2)HD'(2), vz € C*. (3.6)

Now that we have an explicit expression of u*, we can analyze its behavior for
various wavenumbers k and permittivities e.. For numerical purposes, we define u;, the
approximate solution of Problem Eq. (2.1) associated to the wavenumber k, of order M:
up = M wn(r) €™ and we define the sequence (ug)g == (ull)x+(ui)s. We choose
here M = 32, so that (uy)y converges to order 107'°. We define L2 := L*(ID(0, p)) for
p > R and the function N, , defined by

M (n,k R) = ( (3.5)

| uge ”L2
NE:p(k> in s

B ||“k HL;%.

The function k — N, ,(k) characterizes the well-posedness constant as explained in
Remark A.2. We consider the scattering of a plane wave by the unit disk (R = 1) and
choose p = 2. Figure 1 represents the log plot of V., with respect to k, for various
values of .. One observes that

e For —1 <e. <0, N5 remains bounded.
e For e, < —1, there exists a sequence k,,, such that N.(k,,) peaks and the sequence

(N:2(km))m>1 grows exponentially.

To understand the observed instabilities when . < —1, let us take a closer look
at uy for k = k,,, and k # k,,, for a given m. Figure 2 represents the modulus of
us¢ for k = {kia — 0.01, ky2, k12 + 0.01} and ec = —1.1. One observes for k = k,,, an
intensely localized interface behavior for the scattered field with roughly four orders
of magnitude compared to the amplitude’s field when k # k,,,. Moreover the localized
behavior is oscillatory along the interface contrary to when k # k,,. This localized
behavior indicates the appearance of a surface plasmon.

The above results provide the following:

e Even if the scattering problem is well-posed for all £ > 0, we can have strong insta-
bilities for a sequence of wavenumbers (k).
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10 e =09 10° 7
104 ec=—0.8 10 1
103 ec=—0.7 103 o
102 102

T T T T
2 3 4 5 0 1 2 3

(A) ec € {—0.9,-0.8,-0.7} (B) ec € {~1.3,-1.2,-1.1}

1
Toro T
12 4

(=)
=

FIGURE 1. Log plot of k — N 2(k) with respect to k for ec € {—0.9,—-0.8,—0.7} (left), for
ec € {—1.3,-1.2,—1.1} (right). The value k12 marked on the graphs corresponds to the
reference value used in Figure 2.

30000

20000 1.0

10000 0.5

0.0 0 0.0

k =k —001 ko =3.5905173384492284  k = k12 + 0.01

FIGURE 2. Modulus of the scattered field u* for a disk of radius 1 with ec = —1.1 (n = V1.1),
and k = k12 — 0.01 (left column), k12 (middle), and k12 + 0.01 (right column).

e Those instabilities arise only for e. < —1, and are due to surface plasmons.

Can we characterize the sequence (ky,)m>17 Can we justify that the instabilities are
caused by surface plasmons? In what follows we investigate the associated spectral
problem and use semi-classical analysis to answer those questions.

3.2. Eigenvalues and resonances for the disk. Proceeding similarly as in Sec-
tion 3.1, the spectral problem Eq. (2.5) set on a disk can be rewritten as a family of

1D problems indexed by m € Z: Find (£,w,,) € C2 x HL_(R,,rdr) \ {0}, such that

loc
2

—%ar (r Opwy,) + m

5 W = el*w,, in (0, R) U (R, +00)

[wm](py =0 and (e wl,] (my = 0 across {R} (3.7)
wé)(o) =0 and wy,(r) « H,Si) (br)y r>R
Similarly, we write
m(r) = (1) : (3.8)
Bm H () ifr >R

however this time, the pair (¢, w,,) is solution of Eq. (3.7) if, and only if, there exists
(Qmy Bm)T € ker(M(n,¢R)) \ (0,0)7, with M(n,¢R) defined in Eq. (3.5). The values
¢* € C such that (¢,w,,) is a solution of Eq. (3.7) are called resonances, and wy, is
called the associated resonant mode. To distinguish eigenvalues from resonances, we
will use the fact that a resonant mode associated to an eigenvalue is in HY(R,, rdr).
Given m € Z, and using Eq. (3.6), we define the set of resonances

Rlee, R](m) = {42 eC ‘ det(M,(n, CR) = 0 and / € C%} . (3.9)
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Finally we define the set of resonances of Problem Eq. (2.5)

Rlee, B] = | Rlee, B](m). (3.10)
meZ
Remark 3.3. Given (* € R|ec, R](m), one finds «,,, = c and 3,, = ¢ % with ¢ € C*

since the resonant modes are defined up to some normalization.

Remark 3.4. Since I_,, = I, and H"), = (=1)"H, vm € Z, [35, Eq. 10.27.1 and
10.4.2], by symmetry all the resonances ¢?, corresponding to m # 0, are of multiplicity
2, and the two associated modes are conjugate, given by w,,(r,0) = w,,(r)e=™. It
turns out Rlec, R] = U, ,en Rlec, R](m).

The resonances sets (R[ec, R](m))., defined in Eq. (3.9) cannot be computed analyt-
ically, however one can use contour integration techniques on Eq. (3.6) to compute a
subset Ry(ec, R] == U _, Rlec, R|(m) C Rlec, R] (see [30, 36]). Figure 3 represents the
set Reslec, 1] for the unit disk and for various permittivities .. The color bar indicates
the value of m.

¥ Rout * Rinn + Rpla ¥ Rout * Rinn + Rpla
0= 60 0 60
—200 —200
40 40
g g
—400 - —400 —
20 20
—600 — —600 —
T T Y
T T T | E— 0 T T T ——— 0
—1500 —1000 —500 0 500 —1500 —1000 —500 0 500
(A) ec=—-0.9 (B) ec=—1.1

FIGURE 3. Graph of the sets Re4[—0.9, 1] (left) and Rea[—1.1, 1] (right) in the complex plane
(R(£%),3(£?)), computed using complex contour integration [36] on the analytic function
Eq. (3.6).

In classical cavities, resonances of Problem Eq. (2.5) (at least for ec > 1) [6] are
split into two categories: inner resonances Rinn|ec, R] associated to resonant modes
essentially supported inside the cavity €2, and outer resonances Rout[ec, R] associated
to resonant modes essentially supported in the exterior of the cavity R? \ Q. The
inner resonance category includes the so-called Whispering Gallery Modes (WGM),
associated to resonances fwgy such that —1 < S(lwam) < 0 [19]. In particular the
approximation of FEq. (2.1) can be deteriorated if one chooses k = R({wan), where
those modes can be excited [32, Sec. 6.2]. When . < 0 we split the resonances into
three categories. From Fig. 3, and using Remark 2.3 we conclude:

e The outer resonances Rouec, 1] (represented as triangles in Fig. 3) are resonances
with a negative imaginary part.

e The inner resonances Rinléc, 1] (represented as dots in Fig. 3) are negative real
eigenvalues of the operator P on L*(R?). They contain whispering gallery modes.

e The resonances represented at ‘+’ inside the red rectangles in Fig. 3 are associated to
resonant modes essentially supported on the interface I' (see Fig. 4 for an example).
We refer to those modes as surface plasmons, and we call this family the interface
resonances Ry [ec, 1]. We denote the interface resonances (¢2)),, so that Rypalec, 1] =
{2 | m € N*}.
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0=+ / 1054 /|
/ [

1
1
1
1
1
1
:
10—15 i 10— 15
1
1
1
1
]
0

1
1
i
ec=—1.1 : ec=—1.1
ec=—0.9 : 1 ec=—0.9
10724 I T T T T 10724 } T T T T
1072 10 102 10* 10% 10% 10'C 1072 10 102 10* 10% 108 10'C
(A) Plot of r — |we(r)| (B) Plot of r — |wia(r)]

FIGURE 4. Log-Log plots of the radial component r — wp(r) of the interface resonant
mode (7,0) > U (7,0) = wy (r)e™? for ec € {—1.1,-0.9} and for m = 6 (c), for m = 12 (f).
When . < —1, wm (1) tends to co as r — oo, therefore ug € L. (R?) (¢ € C'~ corresponds
to a resonance). When —1 < & < 0, wg(r) tends to 0 as 7 — oo, therefore ug € L*(R?)
(£s € C™ corresponds to an eigenvalue).

In the end we write Rlec, R] = Routlec; R U Rinnlec, B] U Rpialec, R]. The interface
resonances are quite peculiar as their nature changes depending on .. As illustrated
in Fig. 3, they correspond to negative real eigenvalues when —1 < e. < 0, while
they correspond to complex resonances in C'~ when e, < —1. One observes that the
negative eigenvalues diverge to —oo as m — oo, while the real part of the complex
resonances diverge toward 400 as m — 0o, and their negative imaginary part tends to 0
exponentially fast as m — oco. Additionally, a closer observation gives us that R(¢?) o
m?. Figure 4 represents the behavior of w,,(r) far from the boundary for m = {6, 12},
ec = {—1.1,—-0.9}. One can see that the modes are locally exponentially decreasing
moving away from the interface (and oscillatory along the interface in ¢™?), which is the
mathematical characterization of surface plasmons [31, 8]. Going back to the scattering
problem, it turns out that the dashed blue lines in Fig. 1 correspond to the real part
of the interface resonances: (R(¢,,))m>1 with 2, € Rya[—1.1,1]. In other words, the
instabilities observed in the scattering problems are caused by plasmonic resonances
close to the real axis. In the next section, we characterize this interface resonances
family (¢,,,)m>1 by performing asymptotic expansion as m — oo. In particular we will
confirm that £2, oc m?.

3.3. Interpretation with Schrdinger operator for the disk. From Section 3.2 we
found that the nature of plasmonic resonances changes depending on e, (i.e. ). In this
section we use asymptotic expansions to explain this change of behavior. To do so we
provide an analogy with the Schrdinger operator. One can rewrite Problem Eq. (3.7)
as

) (rdrwy,) + %wi = ek in (0, R) and (R, +o0)
T T
wo(R) =w}(R) and —n 28w (R) = d,wh(R) across {R} . (3.11)

wy ' (0) = 0 and w), € #([R, 400))

with A = m~2¢% the new spectral parameter, w: restrictions of w,, in each material,

and . (Ry) denoting the Schwartz space. We replace the outgoing wave condition
by the Schwartz in order to characterize exponentially decreasing behaviors from both
sides of the interface (a.k.a surface plasmons). To identify this behavior, first we rescale
the problem Eq. (3.11) by £ = r/R — 1 such that r = R corresponds to £ = 0. We then
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define v (€) = wi (R (1 +€)), and rewrite Problem Eq. (3.11) as
—m 2 LuE + Vi = e RPAut in (—1,0) and (1, +o0)
v, (0) = v} (0) and — 52 dev;, (0) = dev;t(0)  across {0} . (3.12)
vy (—1) = 0 and v € S (R,)

where £ (£, 0¢) = l—igag(u + £) O¢) is a positive elliptic operator (Laplacian like) and

V() = ﬁ is a potential. In that sense, the operator v — (—m™2.Z+V)v in (3.12)
can be interpreted as a Schrdinger operator. Consequently, depending on the sign of
A one can find an eigenvalue or a resonance: A < 0 will correspond to an eigenvalue,
and A\ > 0 will correspond to a resonance. Note that the choice to set A= m2?
implies that we look for the leading order only. In other words we look for /2 € R at

leading order. Figure 5 illustrates both situations. To construct localized modes at the

| V | V
RN Py —
-1 |0 3 -1 |0 ¢
R\ — 1 —n?R%\
(A) A<0 (B) A>0

F1GURE 5. Graphs of the potential V' and the spectral parameter X for A <0 (a), for A>0
(b). In case (a) V — R?X > 0 leads to an eigenvalue, in case (b) V(€) — R2A < 0 for £ > &
leads to a resonance.

interface, we consider the principal part of —m?.% + V with its coefficients frozen at
¢ = 0, corresponding to —m—Qag + 1. Tt is then natural to rescale by o = m¢&, and the
leading order behavior of Problem Eq. (3.12) becomes

—Po" + o =P R~ in (—o0,0)

—02¢T + " = R\t i (0.400) gy
0 (0)="(0) and 7 20,0 (0) = Jy(0) across {0}

p* € S (Ry)

with % (o) = vE(€). Note that the condition v, (—1) = ¢~ (—m) = 0 becomes ¢~ €
Z(R_) to keep a localized behavior as m — +o0. Solutions of (3.13) are given by
(A, o) = (R2(1 —n2),e "' I}, where the modes are exponentially decreasing on
both sides of the interface ¢ = 0. Back to the initial problem, the leading behavior
corresponds to

2

2 = % (1—n7%), and w,(r)=exp (—njFlm ‘% - 1‘) . (3.14)
We conclude:
e when . < —1 (1 > 1), surface plasmons are associated to ¢ > 0 (at first order),
which corresponds to a resonance;

e when —1 < &. < 0 (0 < 5 < 1), surface plasmons are associated to £* < 0 (at first
order), which corresponds to an eigenvalue.
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We have then characterized the asymptotic behavior of surface plasmons by building
pairs (£2,,w,,)m>1. The obtained results match the observed behaviors in previous
sections, and provide accurate predictions of the instabilities in the scattering problem
for e, < —1.

The case of the circular cavity with constant ¢. is quite intuitive, and the leading
order computations are explicit. In the next section we generalize the approach, to
any order, for the general case: arbitrary shaped smooth boundary, and varying coef-
ficients e. € €>°(2). To that aim, we will use semi-classical WKB (Wentzel-Kramers—
Brillouin) expansions in a tubular neighborhood of the interface, and matched asymp-
totic expansions along the interface. The higher order terms allow to show a super-
algebraic behavior of the peaks seen in Fig. 1, explaining the exponential increase
asymptotically.

Remark 3.5. In this paper we focus on the construction of the pairs (£2,,w,,)m>1 to
characterize the asymptotic behavior of surface plasmons. The proper justification of
the observed instabilities in the scattering problem (corresponding to the real part of
the resonances ¢,,) is not addressed in this paper. This involves technical details of
spectral theory for problems with sign-changing coefficients, and we refer the reader to
[17] for details. However we discuss the connection between the constructed pairs and
the well-posedness constant N, , in Section 5.

4. ASYMPTOTIC FOR METAMATERIAL CAVITIES

To asymptotically characterize the interface resonances and their different behaviors
in the general case, we construct a sequence of approximate solutions (,,, &,,)m>1 of
Problem Eq. (2.5), called quasi-pair.

Definition 4.1. A quasi-pair for Problem Eq. (2.5) is formed by a sequence (A,,)m>1
of real numbers called quasi-resonances, and a sequence (,,)m>1 of complex valued
functions called quasi-modes that satisfy the following conditions:

(1) For any m > 1, the functions w,, are uniformly compactly supported and
Uy, € D(P), with [[u, |2 @) = 1;
(2) We have the following quasi-pair estimate as m — +o0,
[Pty = A |l 22y = O (M) (4.1)
with the notation a,, = O(m~*°) to indicate that for all N € N, there exists
Cx > 0 such that |a,,| < Cym™, for all m > 1.

4.1. Statement. Recall Q C R? be a cavity of smooth boundary T (see Section 2.1).
Let L be the length of ', and we denote e, = —n? with n := /—e. € €(Q, (0, +0))
a positive smooth function.

Theorem 4.2. If 9| # 1 (ec|p # —1), there exists a quasi-pair (A,,, U, )m>1 0f Prob-
lem Eq. (2.5). Moreover, we have ), < m?, and
e )\, >0, lim )\, =+o0, if n|p > 1;
m—0o0
o)\, <0, lim )\, =—o0, if np <1.
m—o0

Remark 4.3. The proof of Theorem 4.2 relies on \,, being constructed via a function A €

¢>([0,£]) so that A, = (%Tm)2 A (5%), with A (see Lemma 4.6 and Lemma 4.11)
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admitting the Taylor expansion

A(h) :<<

Above, ¢ = +1 is the sign of 1 — 77|1:2 and (- ) is the mean along the interface. From the
above construction, one can easily check the properties from J,, stated in Theorem 4.2.

1 2> +O(h) as h — 0, with (f) ::%/fdl“, Vf e LYT).

- T2
77|F

4.2. Proof. The proof of Theorem 4.2 follows the same structure as the proof of The-
orem 4.A in [6], which asymptotically characterizes quasi-pairs for WGM in classic
cavities. We make use of a different scaling to capture surface plasmons.

4.2.1. Formal expansions. First, we define a tubular neighborhood Vs of the interface
I Let v : T, — I be a counterclockwise curvilinear parameterization of I" with
the notation Ty = R/LZ. Let n = (74, —~;)T be the unit exterior normal to © and
k @ Trp — R be the signed curvature. We define the tubular neighborhood Vs =
{7(s) +&n(s) | (s,€) € Ty x (—=0,9)} [33], see Fig. 6.

F1GURE 6. Tubular neighborhood and notations: s denotes an arclength parametrization of
the curve v, and ¢ is the normal variable.

We now consider the problem:

Pu = \u in QN Vs and (R?\ Q) N Vs
[ulp = 0 and [5‘1 &mh =0 acrossT (4.2)
u=20 on OV

where P = —div(e™! V) with ¢ defined in Eq. (2.2). By Definition 4.1, the quasi-

pairs are compactly supported therefore the outgoing condition does not play a role
in their construction. We replace in particular the outgoing wave condition by an
homogeneous Dirichlet boundary condition in order to construct localized quasi-pairs.
The formal construction relies on: (i) an initialization where we setup the equation and
the expansions in the tubular neighborhood, (ii) the leading order term computation,
and (iii) a recurrence to compute higher order terms.

Initialization. The change of variables from the tubular coordinates (s,§) € T, X
(—0,9) to the Cartesian coordinates = € Vs is a smooth diffeomorphism for 0 < § <
(maxr, |«|)~!. In this tubular coordinate system the operator P becomes

P = —gil diV&g (671 GVS,S) (43)

where g(s,£) =1+ £&k(s) > 0 and G(s,§) = (9(8’05)1 g(so, €)>

For the general case we use a WKB framework [5] in order to provide an asymptotic
expansion of the spectral parameter as the number of oscillations around the interface,
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denoted m in Section 3.3, goes to infinity. We introduce a small parameter A > 0 that
will later be linked to m and the ansatz for the quasi-pair (A, u):

u(s, &) = w(s, &) exp (% Q(s)) and A=h2\ (4.4)

where w : T x (=6,6) — C, 0 : [0,L) — C, and A € C. We add the constrain
s+ en?®) € €°(Ty) so that the function u in Eq. (4.4) is a smooth function in Vs \T.
Following [5] we formally expand the unknowns w, 6, and A as

w(s,§) =Y wa(s,§) B", 0(s) =Y Ou(s) k", and A=) A, " (4.5)
n>0 n>0 n>0

System Fq. (4.2) with the new unknowns Eq. (4.4) becomes
Lyle](w,0) = Aw in T, x ((—6,0) \ {0})

[wp, x(0y = 0 and (7! Oew] Tyxfoy = 0 Aacross T, x {0} (4.6)

w=0 on Ty x {—0,0}

Above, L [e](w, ) = h2 e #% P(wer?), and it can be decomposed as
Ly[e)(w,0) = Lhle](w, 0,0) + Ly [e](w, 0) + Ly[e](w) (4.7)

where £} [¢] are j-linear for j € {1,2,3} and

L3e)(w,0,9) = g 2w 0,0 0,9, (4.8a)
Lrle)(w,0) = —hi(g 2 Oswdb+ g 95 (¢ e wdsh)), (4.8b)
Llel(w) = —h* g~ (9 (g™ Oew) + 05 (g e Osw)) . (4.8¢)

In the above decomposition, only £} [¢] involves derivatives with respect to . Since g
(resp. n = /—&c > 0) is a smooth function on Ty x (—6,0) (resp. T x (—6,0]), then
G is smooth and we write the formal Taylor expansions about & = 0:

oo =1+ 6n(). 00 = 3 T e e g o3 Il g

n!
n>0 n>0

where 1,(s) = 0¢n(s,0). Since g and 1 do not vanish on Ty, x {0}, the formal expansions
of g7, g72, and =2 about £ = 0 can be computed with Eq. (4.9).

Like in Section 3.3, we introduce the scaled variable o = h™1¢ for the normal variable

¢ € (—6,0), and we define

0= (s,0) = w(s, ho) for (s,0) € Ty x Ry. (4.10)
Then with g = g(s, ho) we rewrite
L1E(e) =—97"0, (e gdsp™) —h* g7 05 (e~ g7 Osp™) . (4.11)

Problem Eq. (4.6) becomes the formal problem: Find (¢%),cny € €°(Ty, . (Ry))Y,
(exp(ih™60,))nen € €(TL)Y, and (\,)nen € CN such that

Lale) (3, o B 30, 00 h) = (3, A h™) (2, ¢ b)) in Ty x RY,
Yon@n(s,0) ™ =>" ©f(s,0)Rh" on Ty x {0} . (4.12)
—10(8) 72 32, 0oy, (8,0) B =37 Os0 (5,0) h" on Ty, x {0}
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Note that for simplicity we extend the scaled domain Ty, x (—2 7 h) to the domain T'7, xR
in order to be independent of h in Eq. (4.12), and we replace the homogeneous Dirichlet
boundary condition on T, x {—2, 2} by the conditions o — ¢*(s,0) € . (Ry) for all
s € Tr. One can always multiply the quasi-mode by a cutoff function £ — x (&) to be in
the domain Ty x (—2,2), as done later in Eq. (4.18). With Eq. (4.7) and Eq. (4.9), w
can formally expand the operators £ [—n?] = > om0 L'~ b and £][1] = > 0 L.t h”
where L?* are independent of h, for j € {1,2,3}. From Problem Eq. (4.12) we obtain
the family of problems (P, ),en by identifying powers of h:

3 (0 O ) + > L2 (0 0) + Y LE (05) = Y A e

peNS peN peNZ peN; (4.13)
0 (5,0) = ¢ (5,0) and  —no(s) ™ 0rp;, (5,0) = 0oip;1 (5, 0)

with the notation N¢ = {p € N¢ | p; + -+ +pg = n}.

Leading order terms. From Eq. (4.7) and Eq. (4.9) one obtains

Lemma 4.4. The first terms of the expansions of L3[e], L3[e], and L} €], are given by

Lo (6,0,9) = =12 00,0 0,9, Ly (4,0) =0, Ly (¢) =120, (4.14a)
Lo (¢,0,9) = 60,0 0.0, L2t (0,0) =0, Lyt (¢) =% (4.14b)

Using Lemma 4.4, we rewrite Problem (Py) as: Find o € €°(Ty,.7(R.)), exp(ih~16,) €
€>(Tr), and \g € C such that (¢, ¢g) # (0,0) and

(9205 — (962 +op X0> or =0  inTyxR_

D2t — (962 _ XO) ot =0 in T, xRy (4.15)
o (5,0) = g (s,0) on Ty, x {0}
[ —70(5) 72 0505 (5,0) = D505 (5,0) on Ty, x {0}

Notation 4.5. We recall that 1y = n|. and, we define the scalar ¢ = %1 to be the sign

of 1 — 12, the functions 7 = |1 — 75| 2 and By =

Lemma 4.6. One can choose h = ﬁ for m € N* so that (¢F, 0y, :\0) gien by
¥ S L N
Ao = W, Oo(s) = / To(t)dt, and @5 (s,0) = als)exp (—|o|To(s) no(s)™') ,
0 0
with a € €= (T, C*), is solution of Problem (Py) defined in Fq. (4.15).

The proof is detailed in Appendix B.1.

Remark 4.7. If we unravel the scaling and return to tubular coordinates, for m > 1
and (s,§) € Ty, x R, we formally have a pair (A,,, ,,)

m) —m

b= () Boro ],

2mm . 27r_m ) if £ <0
_ 2 gso(m )] | 90 (5 4
Qm(87§) e L [{900 ( 27rm ) lfé- >0 + (@) (m ) )

which characterize surface plasmons at leading order.
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Remark 4.8. The construction relies on several choices that are not unique.

e One can choose the main phase to satisfy 6, = 7 or 6, = —75. Then one can
construct two modes corresponding to u,, and u,, (see Remark 4.16).

e The function 6, is defined up to a constant c. Then u,, in Remark 4.7 is defined up
to e“7"¢. For simplicity we consider ¢ = 0 as we normalize in the end.

e The functions o3 are defined up to a function « : T;, — C*, which contributes to
the phase of u,, and therefore affects the number of oscillations along the interface.
One can always shift indices so that (),,, %,,)m>1—q., fOr some g, € Z, corresponds

m? =m

to a wave with m oscillations along the interface.

Recurrence. From Eq. (4.13), Lemma 4.4, and Lemma 4.6, for n > 1, we can rewrite
Problem (P,) as: Find o= € €°(T;, ¥ (Ry)), exp(ih"16,) € €°(T), and \, € C
such that

(0200 — 720 om = (2?0 0, + Xn) oo +me S, inT, xR_

O —To 0 on = (2?0 0, — Xn> A in T;, x R, (4.16)
¢, (5,0) =, (s,0) on Ty x {0}

[ —70(5) 72 D07, (5,0) = D075 (5, 0) on Ty, x {0}

where
n—1 n—1
+ By + 1,+ 2,+
S =D iy — 2 L5 () = D Lt (¢ 6p)

p=1 p=0 peNn 1

- Li’i (‘Po »90) Z Lgli (90p27 Ops, Op ) - Li’i (900 ; 0o, 90) (4.17)

pGNn 1

Lemma 4.9. Define (903[,90,5\0) according to Lemma 4.6. For n > 1, there exists
(£, 0,0, M) € €°(TL, S (Ry)) x €°(TL) x C solution of Problem (P,) defined in
Eq. (4.16). In particular, ©F is given by
P (s,0) = P (s,0) exp (=o] To(s) mo(s) ™) .
with polynomials PE € €°°(Ty,P)".
The proof is detailed in Appendix B.2.

Remark 4.10. In addition to Remark 4.8, (0,,)n>0 and (¢, )n>0 are not uniquely defined

at each step of the construction. However, the sequence (S\n)nzg will unique in the
sense of Corollary 4.15.

4.2.2. Quasi pairs. Based on the formal series > o h™, Y 6, k™ and Y, A B
with h = , We now construct qua81 pairs in the sense of Definition 4.1. First we use

Borel’s Lemma [29, Thm. 1.2.6] for A and 6, and a direct generalization on the Fréchet
space €(Ty, . (Ry)) [6, Lem. A.5] for p* to establish the

We denote PP the space of polynomial of a single variable with complex coefficients.
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Lemma 4.11. There ezists ®* € €°([0, ] x Tr,.”(Ry)), © € €>([0, ] x Ty),

2w
and A € €>([0, £]) such that, for N > 1, h € [0, £], s € Ty, and o € Ry, we have
N-1
d*(h;s,0) = Z 0 (s,0) " + N Rx(h; s, 0),
n=0
N-1 N—-1
O(h;s) =Y On(s)h" + WV RY(h;s), and A(h) =Y A, h" + bV Ry (h)
n=0 n=

- Ry € ([0, 32)).-

’ 21

~ O

where Ry € €([0, £] x T1,.(Ry)), RS € €=([0, £] x Ty,
From those functions, we now define the quasi-resonances J,, and the quasi-modes
u,, in the tubular neighborhood as
T 2
A = (*2%)" A (57)

=m 2mm

O (grmis, 72E) HESO 4.18
U (5,€) = x(§) eXp(i%Tm@(ﬁ;s)){ (52;s,22m¢) if € (4.18)

OF (GLps, 2ZmE) i E>0]

where y is a cutoff function, x € €22,,((—6,0)) and x = 1 on [—2, ¢]. In what follows,

comp

we establish that Eq. (4.18) is a quasi-pair. First we have
Lemma 4.12. The pair (),,, W,,)m>1 defined in Eq. (4.18) satisfies the following:

(i) w,, is uniformly compactly supported and smooth in Q and R?\ Q.
(ii) w,, satisfies [u,,]r = O (m™>) and [e7 Opu,,|p = (’1) (m=°). .
(iti) w,, admits the norm expansion ||y, || 2gey = am™2 + O(m~2), a > 0.
(Z'U) Let Em = Pum - Am U, then HEmHLQ(Q) + ”EmHLQ(RQ\ﬁ) =0 (m—oo)
(v) If two quasi-pairs (A, Un)m>1, (1 V)m>1 satisfy (i)-(iv), and the quasi-
modes have the same leading phase 6o(s) = [J 7o(t) dt then:
Jar U T dt = zgm ™' 4+ O(m™2), 29 € C*, and [, u,, v, dz = O(m~).

Remark 4.13. Ttems (iii) and (v) of Lemma 4.12 give us

/ Ui i do =z, +O(m™"), with 2, € C*.
R

2 U2y (1Tmllreme

Proof. Recall that we set h = ﬁ, and to simplify notations we denote xy, : 0 — x(ch),
1 (s,0) = ®F(h;s,0), O 1 s = O(h;s), and Ay, = A(h).
(i) By definition of (u,,)m>1, (i) is satisfied.

(ii) Using Lemma 4.11, one can show that [u,,]r = O(m™™) and [e71 O u,,|r =
O(m™N) for all N > 0, which is the definition of O(m=>°).

(iii) We introduce the weighted L2 semi-norm on Tj x Ry
= [ [, 1fGof b+ s@ondods.  (@19)
Tp JR:N(-2,2)
Form Eq. (4.18), we obtain

; 2
+ HX}ZCI)—’-GE On .
1] " L2 [K]

2
1.2

et P2 ey = [|xnie &
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From Lemma 4.6 and Lemma 4.11 for N = 1, we have
On(s) = /S To(t) dt + 0, (s)h + h* RS (h; s)
(s, 0) = ao(s) exp (—|o|7o(s) no(s)™") + h Ry (h; s,0)
where R € €°°([0, £] x T;) and Ry € ([0, £] x Ty, (Ry)). We deduce that

2
01
L3 [h]

< COfh?

! 2
+ ig —lo|Fond ! i
’HX"Cbheh g HXMG e

2
L3

2
— I:I: I:I: I:I:
Li[h} 1 + 2 + 3

|Oz(8) |2e—2301(s)

]:t — h/ / ’a(s)|2e$2cr?0(s)q70(5)¥1e_2%01(s) dods = h/ S ds,
! Tr JRz T, 270(s)m0(s)F!

=n [ [ (x(onl - Dla(s) e e e 900 doas,
Ty JR4

.. . _ = F1l
for CF some positive constant. We write HXh aelolTong gt

Iy :hZ/ / Ix(oh)a(s)?eT2 oM e=2301() 1 (5)5 do ds.
Ty JR4

One can show that I = O(h*) using Lemma B.1. Since y is bounded and the function
2 = g X
(h;s,0) — |a|?eF27 700 =230 45 is in €>([0, £]x Ty, (Ry)) there exists a constant

Cs such that |IF| < CFh?. Combining the results we get
||Qm”i2(R2) =a’m™ !+ O(m™?)
with

2 2 5 -1
2= (L) = | a(s)P e @) o(5)__ + () ds > 0.

A L Jr, 270(3)

a

(iv) Revisiting the change of variables in tubular coordinates and the scaling, we get

1l ey = 02 e O (Lol 1) = Av) (0 27)

4.20
L (4.20a)

_ ih—1
IRl 2@y = b He PO (Lalel(-, 0n) — An) (xn ©F) L2 [ (4.20b)
+

with Ly[e] defined in Eq. (4.6). Lemma 4.11 with N = 1 and Lemma 4.6 give the
estimation 30, = O(h) so there exists co > 0 such that |e" ©r| < ce. Introducing
the commutator [Ly[e]( -, Opn), xn] of the differential operator ® — L,[e](P, Op) with
the scaled cutoff function x;,, we deduce from Eq. (4.20)

1B lli2o) S coh™ (N +N) and B, [l2gevg) < coh™ (Mo + ML) (4.21)
Where./\/'i = Hxh(ﬁh[e]( . @h) — Ah) (I)f”LQi[h], ./\/l = H[/Ch[g]( ° @h), Xh] (I)iHLi[h]' Let’s
start with NVy. We write for N > 1,

N-1
LLE@E. 00 = 31 (LEA(OF,0,,0,) + LEX(®F,0,) + L (0F)
n=0

+ 1Y (R’ (h; @, O, 04) + Ry (h; @F,0,) + Ry (h; @)
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where Ry (h) are j-linear second order differential operators such that all the coeffi-

cients in xj, R%’ (h) are smooth bounded functions for j € {1,2,3}. We use Lemma 4.11
with dlfferent N for each occurrence of (Pf and Oy, and we obtain

L[e)(P5, ©4) — Ap®F

—hN[Z > LRy (h), Ry, (h), RY, (b)) + Ry®(h; Ry (h), RS (h), Rg(h))  (4.22)

n=0 perg, .,

+ Z_: Y LR (h), RY,(h) + Ry (h; Ry (), RG (1))

n= OpEN

—n

F 3 (L - %) R0+ RE O R () — RAGRS (1)

where we used the relations in Eq. (4.13), giving us that for all ) € N

Z L?ﬁi (@pw ps» 0 Z L 901)27 P3 Z (Lzlﬁi - 5‘171) (‘pfoﬁz) = 0.

pGN‘(‘? p€N3 p€N2Q
The coeflicients in the operator x,Ly[e]( -, ©5) are smooth bounded functions in Tp xR
(see Eq. (4.8a), Eq. (4.8b), Eq. (4.11)). From Eq. (4.22), we get Ny < A HFi(h)HLi[h]
where F* € €°°([0, £] x Ty, (Ry)) so we have No < Cy h" for Cy a constant
independent of h as h — 0. Now, we consider the two commutator norms N.. We
observe that the coefficients of the operators [L[e]( -, ©4), x5 are zero in T, x (—2-, 0)
and Ty, x (0,2). From this observation, we deduce that

' 2h
N2 :/ / |G*(h;5,0)|* do ds
Ty, JIs(h)

where G* € ([0, £] x Ty, ”(Rx)) and Iy (h) are as in Lemma B.1 for p = 3. We
deduce that Ni = O(h>), and we get || R, |l;2¢0) + [ Bl 2@ag) = O (RN=2) for all
N> 1.

(v) Let (0,)n>0 (resp. (Un)n>0) be a sequence of phases constructed for u,, (resp. v,,)
and « (resp. ) the function in Lemma 4.6. A similar computation as in (iii) gives
that [ u,, U, dz = 20 h + O (h*) where

20 = Z/ |91(s) iﬂl(s)/ e:F20'r()(s Yno(s)T dO'dS
T Ry

_ / a(s)ﬁ(s) ei01(8)—im 770(3>7: + 770(3) ds.
Tr, 270(s)
Using Lemma B.2, we get i (s) — id1(s) = —2f(s) — 0 a((t)) + B/(t dt where f is a real
function independent of a and 8. A derivative computation shows that the functions
ae /% = ap € C*, Be 5= [y € C* are constant so 2y = af fTL %{;;}0(5) e 2f() ds #£
0. Denoting R (resp. S) the remainder in the construction of u,, (resp. v,,), we have

/gmymdx:/ F(h;s) € 005 (|
R2 T,
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where

F(h; s) _ eiR?(h;s)+iS?(h;s)
> / Xu(ho)xo(ho)RE(h; 5,0)SE(h; s,0)h(1 + ok(s)h) do.
+ JRs

Note that F' € €°([0, £] x Ty). Since 6) = 7y > 0, 6 is a smooth diffeomorphism
form Ty, to Ty, we perform the change of variable x = ()

/ F(h; s) e T00) s = / (051 () F(h; 05 (2)) €277 da.
TL TL

From the fact that the function (h; z) — (6;") (z) F(h; 05" (x)) € €°°([0, 2] x T,,) and
the Riemann—Lebesgue lemma, we get

/T (0,1 (2) F(h; 65 (2)) €5 A = O(m™),
]

To prove Theorem 4.2, one just needs to establish that w,, satisfies the first condition
in Definition 4.1.

Proof of Theorem J.2. Consider (),,, %,,)m>1 in Eq. (4.18), satisfying Lemma 4.12. We
now define

0 if¢<0
a,,(s,&) = x(é“){

[l oy (5) + &6 (67" Oettn] gy (5) HEE >0

Using Lemma 4.12, we have [|@,,[|;2ge) = O(m™>) therefore u,, — 4, € D(P) and

(P—\,)(u, —a,) = O(m ). We then replace u,, by u,, = —=—2— which now

m - ”ymfgmHLQ(]RQ)

makes (),,, Uy, )m>1 & quasi-pair in the sense of Definition 4.1. O

2moy =m

We finally show uniqueness of the quasi-resonances in the following sense:

Lemma 4.14. Let (A, Uy, )m>1 and (g, 0,,)m>1 two quasi-pairs in the sense of Def-

mition 4.1 corresponding to the same integer m and having the same leading order
phase 6y : s +— Os To(t)dt. Then we have the following estimate

Am—E:O(m_OO).
Proof. Let R,,, S,, be the residuals R,, = Pu,, — A, up,, S,,, = Pv,, —p_v,. By
definition, the residuals satisfy ||R,,[/ 2g2) = O(m™) and ||S,, [l 22y = O(m™>).

Using the symmetry of the operator P, we get

(Am—E> /Rzgmﬂdx:/RZQ_Lmde—/WEmde:O(m_OO).

From Remark 4.13 one can show that there exists zy € C* such that fR2 u,, 0, dr =
20+ O(m™"). Then A, — i = O(m~>) as m — +o0. O

Corollary 4.15. The quasi-resonances (A, )m>1 are real, and unique in the sense that
if (Ap)m>1 and (g )m>1 are two quasi-resonances, A, —p = O(m=>).
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Proof. By applying Lemma 4.14 to (A, Uy,)m>1 and (A, &, )m>1, we get SN, =
O(m~>) which implies that I\, = 0 for all n € N. Then taking (\,,,,,)m>1 and
(1 V) m>1 tWo quasi pairs in the sense of Definition 4.1 having the same leading

phase 6y : s — fo To(t) dt, Lemma 4.14 and the fact that the quasi-resonances are real
gives us A, —p = (9( ). O

Remark 4.16. With Corollary 4.15, given a quasi-pair (A,,, 4,,)m>1, we have a second
quasi-orthogonal quasi-pair (Am,um)mzl with the same quasi-resonance in the sense

that, from (v) in Lemma 4.12,

/ Uy, G, dz =0 (m~>).
R2

The quasi-resonances have an asymptotic multiplicity of 2, related to the chosen sign
of the leading phase 6, (see Remark 4.8).

5. BACK TO THE SCATTERING PROBLEM

Now that we have constructed quasi-pairs characterizing surface plasmons, let’s in-
vestigate their effect on scattering.

5.1. Instabilities and well-posedness. Let ¢,, = /A, € Cz for m > 1. The
following theorem explains the instabilities observed in Section 3.1.

Theorem 5.1. If e|. < —1, there exists mg such that for all m > my, we have
£, > 0. Then along the quasi-resonances (£2)m>m,, constructed in Section /, the
stability constant C'({,,) of Problem (2.1) (see Eq. (A.2)) explodes super-algebraically,
in the sense that for all N > 0, there exists cy > 0 such that

C(L,) > exnm”, Vm > 1.

Remark 5.2. From the definition of the function N., and stability constant C'(k)
we have the estimate N, ,(k) < C(k) < SUPyine 7in\ {0} N, ,(k), where F' = {v €
HY(D(0, p)) | —(A + k2)v = 0},

Proof. From Theorem 4.2, we have —div(e™" Vu,,) — 2w, =r, with the remainder
estimate |1y, || 2ge) = O(m ™). Lemma A.1, with v = 0 and f = 7y, gives us

2|22y < C &) NIrmlleee) -
Since [|,,[l;2gz2) = 1 by definition and for all N > 1, there exists cy > 0 such that
[7mll 2 re) < cym~ N then ¢! mY < C(¢,,), for all m > 1. O

We have now a systematic way to characterize asymptotically where are instabilities
created by surface plasmons. In practice we compute the first order terms of the quasi-
resonances and provide intervals where those instabilities arise. In what follows we
provide several numerical examples using Finite Element Method (FEM) to illustrate
this result.

5.2. Numerical results. Using results from previous sections, we compute the first

three terms of the quasi-resonances expansions, and compute related plasmonic in-

. _ (27mm)\2 2 ¥ L \7 .
tervals. From the expansion ), = (£2)°3" A, (52)", we deduce an expansion

l =/, = %Tm Zi:o Zn (ﬁ)n In the case . < —1, all the coefficients Zn are real

m
and from the expansion of £, , we denote the interval I,,, = [a,,, b,,] centered at £, with

L

2mm’

2mm v 2mm v

Am =

L
€0 + /1 + min (O 252) 5 and b, =

w™m

60 + 0, + max (0 2€2>



20 CAMILLE CARVALHO AND ZOS MOITIER

We consider (0, 1.5) as computational domain and various cavities 2 C ID(0,1.5). We
compute the function k — N, ; 5 from Problem (2.1), for various e, with u'"(z, y) = e/
using FEM, and we check if instabilities can be captured in the intervals (/,,)m>1-
The outgoing condition is imposed using a Dirichlet-to-Neumann map (DtN) [34] that
considers 65 Fourier modes. All FEM computations are done with XLiFE++ [40], we
use finite elements of order 7 on quadrangular structured meshes of order 3 constructed
with GMSH [24], with embedded tubular neighborhood as defined in Section 4.2.1 (see
Fig. 7 for some examples). Note that optimal FEM convergence is guaranteed as long
as the mesh is locally symmetric along the interface I' [9]. We consider three different
cases summarized in Fig. 7:

N N N
/ \ 4 \ / \
/ \ / \ / \
! Vo Vol \
! 1! e Wil ! 1]
\ ! \ ! \ !
\ / \ ! \ 4
N / \ / \ /
N ’ N ’ < ’
\\_ ,/, \\- ,’, \\- a’/
(A) Disk (B) Disk (c) (D) (E)
Peanut Mesh Mesh

Disk Peanut

FIGURE 7. Sketch representing the three considered configurations (a), (b), (c), for the
numerical examples, and associated structured meshes: circular cavity (d), peanut shape
cavity (e).

Case (a). Circular cavity of radius 1 with constant e. as represented in Fig. 7a with
associated mesh in Fig. 7d. For the numerical examples we consider e, = —1.1, a grid
of 239 points for k, and 21736 degree of freedoms (dofs) for the FEM computations.

Case (b). Circular cavity of radius 1 with linearly varying permittivity ezm™ : (z,y) —
mfem 4 SM—emg as represented in Fig. 7b with associated mesh in Fig. 7d. We con-
sider (em,em) = (—1.2,—1.1), a grid of 216 points for k, and 21736 dofs for the FEM
computations.

Case (c). Peanut cavity with constant e. as represented in Fig. 7c with associated
mesh in Fig. 7e. The peanut boundary is parameterized by r(6) = (1 — = cos(20))/L,
0 € [0,27], with L such that I" as length 27. For the numerical examples we consider
ec = —1.1, a grid of 237 points for k, and 27028 dofs for the FEM computations.

Figure 8 represents the function k +— N.;5(k) for the cases (a), (b), and (c) from
left to right. The dotted orange lines correspond to FEM computations, the solid blue
lines correspond to the analytic computation done in Section 3.1 (valid for case (a)).
The purple zones correspond to the intervals (7,,)m>1 and the orange ‘x’ correspond
to local maxima. We observe:

e Figures 8a, 8b, and 8c present, as predicted by Theorem 5.1, instabilities manifested
by sharp peaks where the scattering field is big.

e The observed peaks lie within the intervals I,,, for m sufficiently large (due to the
asymptotic nature of the estimates). In other words, the intervals I, are good
estimates for spotting instabilities due to surface plasmons, for m large enough.

e While FEM captures instabilities, it fails to capture the peak’s intensities: in par-
ticular in Fig. 8a FEM doesn’t match analytic results, and in Fig. 8¢ FEM captures
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sometimes local maxima so small it is not noticeable. In other words, while one
can identify where surface plasmons arise using the intervals I,,,, in practice FEM is
unable to accurately capture them.

The provided asymptotic method allows us to identify regions where surface plasmons
arise (responsible for large stability constants C'(k)) for various metameterial cavi-
ties, and FEM computations confirm expected instabilities. The constructed quasi-
resonances provide guidance in order to avoid those instabilities. In practice, FEM is
enable to accurately compute the emerging surface plasmons, extracting the asymptotic
characterization (quasi-modes) could help the numerical method in that case.

102 102 102

10t 10t 10t

10° 100 100

107! T T II T 1071 T T T II 1071 T T II T
0 1 2 3412 4 5 0 1 2 3 44125 0 1 2 3512 5

(a) (B) (c)

FIGURE 8. Plot of the function k — N¢ 1.5 for the three cases (a), (b), and (c¢). The dotted
orange lines correspond to FEM computations, the solid blue lines correspond to the analytic
computation done in Section 3.1 (valid for case (a)). The purple zones correspond to the
intervals I,, for 1 < m < 12 and we have highlighted I;2. The 'x’ correspond to local
maxima. We consider a uniform grid in k with geometric refinements in the intervals I,
centered at #,,.

6. CONCLUSIONS

Similar to classical optical cavities, the scattering by metamaterial cavities can be
significantly affected by localized waves. Those localized waves correspond here to
emerging surface plasmons, which we have asymptotically characterized for various
cavity properties (shape, permittivity, etc.). This study has been carried out with-
out reducing to the quasi-static case, and the considered spectral parameter is the
wavenumber by opposition to [25, 39, 1, 2]. Our asymptotic analysis revealed that the
spectral nature of surface plasmons depends on whether ec < —1, or not: they are
associated to negative eigenvalues when —1 < ¢, < 0 which can’t be excited in prac-
tice, while they are associated to complex resonances when . > —1. Those resonances
affect the stability constant and are responsible for numerical instabilities (large scat-
tered field). FEM computations confirm that the asymptotic analysis provides good
estimates where surface plasmons emerge, however FEM fails to accurately capture
them. Similar to the singular complement method [20], one could consider extracting
the asymptotic plasmonic behavior from the problem. Our asymptotic characteriza-
tion of emerging surface plasmons can be applied to dispersive materials, namely while
considering permittivity models depending on the wave number £, such as Drude’s or
Lorentz’ model. In that context, our analysis confirms that surface plasmons can be
excited only for frequencies lower than the surface plasmon frequency [31]. Extensions
of the approach to polygonal metamaterial cavities and dispersive materials will be con-
sidered. In the quasi-static case, the spectral analysis for this case reveals hypersingular
plasmonic behaviors and has been well investigated [26, 13]. The proposed approach is
valid for arbitrary negative permittitivity ., one could also consider arbitrary negative
permeability u. and work with the double-negative PDE — div(e ' Vu) — pk*u = 0
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(e.g. [11, 23, 3]). In that case the associated spectral problem becomes difficult be-
cause the operator is no longer self-adjoint. All the derivation has been provided for
two-dimensional problems, one could consider three dimensional cavities. We have
established that the existence of quasi-pairs implies the explosion of the stability con-
stant when ¢. < —1. Ongoing work focuses on proving that those quasi-pairs imply
the existence of resonances close to the real axis via the Black Box Scattering [22].

APPENDIX A. WELL-POSEDNESS OF THE SCATTERING PROBLEM

Let D(0, p) be a disk a radius p such that Q € D(0, p) and f € L*(D(0, p)). Following
[8], we use a Dirichlet-to-Neumann map, denoted S, to rewrite a generalized version
of Problem Eq. (2.1) in D(0, p) (with source f): Find w* € H'(D(0, p)) such that
u = u" 4 v* and

—div (7' Vu) — Ku = f in D(0, p)
[ulp=0 and [e7'd,ul, =0 acrossT (A.1)
Ou — Su = O,u™ — Su™ = g™ across ID(0, p)

Problem Eq. (A.1) with f = 0 is equivalent to Problem Eq. (2.1). The above general
version will be useful in Section 4.

Lemma A.1. Problem (A.1) is well-posed if and only if | # —1. Moreover there
exists a stability constant C(k) > 0 such that

HUSCHLQ(D(O,p) < C(k) <Huin”L2(D(0,p)) + HfHLQ(]D)(O,P))> : (A.2)

Proof. Consider ¢, < 0 constant. It has already been established that Problems
Eq. (2.1)-Eq. (A.1) is well-posed (in Hadamard’s sense) if and only if e # —1 8,
Section 2]. The proof relies on T-coercivity arguments [10, 8, 9]. Consider now
gc € €°°(2) non constant. Lemma 1 in [8] establishes that problem Eq. (A.1) ad-
mits at most one solution in H .(R?). One simply needs to establish that the operator
u + —div (67! Vu) — k?u is Fredholm if and only if e[, # —1 to conclude. Since 952
is a smooth interface, it can always be seen as locally straight with . locally constant,
then Theorems 4.3 and 6.2 in [10] apply and provide the needed results. Moreover,

well-posedness gives us that there exists C'(k) > 0 such that

||U||H1(1D>(o,p)) < C(k) <H9m||L2(D(o,p)) + Hf”LQ(D(Om))) ’
which leads to
||usc||L2(1D>(0,p)) < C(k) <HuinHL2(D(o,p)) + ||f||L2(D(07p))> (A.3)

using properties of the Dirichlet-to-Neumann map and Poincar’s inequality. 0

Remark A.2. Equation (A.3) can also be rewritten as N., = il < C(k). In

lllyz =
Section 3.1 we compute an approximation of N, ,. Computed results are then directly
related to the well-posedness and the stability of the problem.

APPENDIX B. PROOFS AND ADDITIONAL RESULTS FOR THE ASYMPTOTIC
EXPANSIONS

B.1. Proof of Lemma 4.6.
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Proof. We solve Equation (4.15) as ordinary differential equations with s € T, as a
parameter. The conditions (s, ) € .#(R.) give the following restrictions 6}(s)? +
m0(s)2ho € C\ R_ and 0)(s)2 — Ao € C\ R_. If one of the above restrictions is false,
then there are no solutions p*(s,-) in .(Ry). Under those restrictions, there exists

)
a(s),B(s) € R such that a(s)B(s) # 0 and
i (5.0) = als)exp (/o7 + m(5)2h )

o3 (5,0) = B(s) exp (—a\/ezxs)z - io) ,

where the square roots are chosen to be in C:. The first transmission condition
0o (5,0) = ¢ (s,0) implies that a(s) = B(s) # 0. Then the second transmission
condition —ny(s) ™20, (5,0) = d,04 (s, 0) gives us

—1o(s \/9/ 24 no(s 2)\0 = —1/0y(s)* — o,

leading to the eikonal equatlon

Ao
0 (s)? = ——— .
ols) 1 —mo(s)~2

The right-hand side needs to be positive, leading to

- /OS \/XO (1 —no(t)=2)~tdt

and from the condition exp(ih~'6y) € €>°(TL), we deduce that exp(ih '6y(L)) =
exp(ih~10y(0)) which implies that there exists m € N such that

2mm = h_l (90([/) — 90(0)) = h_l /0 \/5\0 (1 — 770(8)72)71 ds.

By choosing h = 5= for m € N*, we get

<\/X0 (1 —ng2)‘1> - <\/5\0g 1 —ng2|‘1> —1

which gives Ay = ¢ (70) % Then with the relation 72 = ¢(1 — n;2)~* we obtain that

VO30 + 10(5)2% = Ro(s) mo(s) > 0 and 1/84(s)2 — X = o) mo(s) ! > 0,
which concludes the proof. O
B.2. Proof of Lemma 4.9.

Proof. For (s,0) € Ty, x Ry, we define e (s, 0) = exp (—|o| To(s) mo(s)™ D). We proceed
by induction on n. For n = 0, Lemma 4.6 gives (o5, 00, Ao) the solution of (Pp)
defined in Eq. (4.15). Let n > 1, from the deﬁnltlon of S | in Eq. (4.17), there
exists QF | € €>°(T,P) such that ST, = QF ,e* and usmg Lemma A.1 in [6],
there exists P¥ € €°°(Ty,P) such that g = UPjE 2020, —Teni g, =k S,

n—1

(B.1)

and
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o = — ,0) € Ty, x Ry, we obtain

or (s
w() e 0s) | Pris))
() mls) T als) ) (&),

)

£ (5,0) = () ( W o)) + %) & (5,0).

The first transmission condition ¢, (-,0) = ¢} (-,0) is satisfied because ¢=(-,0) = 0.
Using the second transmission condition —7,2 9,05 (+,0) = d,; (-, 0) and the condition
exp(ih"16,) € €>~(T;), we can choose

82%% - ?0 Mo 90

¢n(s,0) = a(s)o (

: An t) Py (t t)3 P (t
o 270()(1 —1mo(t)~2) a(t) (no(t)* — 1)
and with the relation 7o(¢)? (1 — 1, %) = ¢ this give us
< 2 Py (- P (-
U Ly n(,O);Hio w (50) (B.3)
(T0) a(ng—1)
Setting P¥(s,0) = a(s)o <"§£O)(S) F no(s)F10,(s) + %) finishes the proof. O

B.3. Additional results for Schwartz functions.

Lemma B.1. C’onsz’derF (hys,0) = F(h;s,0) in €7([0, ] x Tr, #(Ry)), p >0,

’ 21

and the intervals I_(h) = (—o0, —%) and ]+(h) (£,+00). Then

// F(h;s,0)*dods = O(h™) as h — 0.
Ty JI+(h

Proof. Notice that, for any N > 1, there exists a constant Cy > 0 such that o F(h; s, 0)| <
Cy for all (h;s,0) € [0, L] x T, x Ry. Hence,

Cy L
/ / |F(h;s,0)Pdods < ——oo— h*N 7
Ty JI+(h 2N p

which finishes the proof. O
B.4. Additional results used in Section 4.
Lemma B.2. For s € Ty,

A (mo(t)* = 1) K(t) m(t)
o) = | S0+ e D
() B 1) ()
3 n® -1 am
Proof. This follows from Eq. (4.16) and Eq. (4.17). O
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