N

N

On stability of rotational 2D binary Bose-Einstein
condensates
Rémi Carles, Van Duong Dinh, Hichem Hajaiej

» To cite this version:

Rémi Carles, Van Duong Dinh, Hichem Hajaiej. On stability of rotational 2D binary Bose-Einstein
condensates. Annales de la Faculté des Sciences de Toulouse. Mathématiques., 2023, 32 (1), pp.81-124.
10.5802/afst.1730 . hal-02965508v2

HAL Id: hal-02965508
https://hal.science/hal-02965508v2

Submitted on 24 Jan 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02965508v2
https://hal.archives-ouvertes.fr

ON STABILITY OF ROTATIONAL 2D BINARY BOSE-EINSTEIN
CONDENSATES

REMI CARLES, VAN DUONG DINH, AND HICHEM HAJAIEJ

ABSTRACT. We consider a two-dimensional nonlinear Schrédinger equation
proposed in Physics to model rotational binary Bose-Einstein condensates.
The nonlinearity is a logarithmic modification of the usual cubic nonlinearity.
The presence of both the external confining potential and rotating frame makes
it difficult to apply standard techniques to directly construct ground states,
as we explain in an appendix. The goal of the present paper is to analyze
the orbital stability of the set of energy minimizers under mass constraint,
according to the relative strength of the confining potential compared to the
angular frequency. The main novelty concerns the critical case (lowest Landau
Level) where these two effects compensate exactly, and orbital stability is
established by using techniques related to magnetic Schrédinger operators.

1. INTRODUCTION

The formation of self-bound droplets is a well-known macroscopic phenomenon.
Recent experiments with ultracold quantum gases of bosonic atoms revealed a novel
type of quantum liquid: dilute self-bound Bose-Einstein condensate (BEC) having
orders of magnitude lower density than air (see e.g. [25] B35 [19, 20] for Bose gases of
dysprosium and [36] [12] for binary Bose gases of potassium). Since these droplets
form out of a BEC, there is good reason to assume that they have superfluid
properties. One remarkable feature of a superfluid is its response to rotation, in
particular the occurrence of quantized vortices (see [I] for a broad introduction
to these phenomena). In [37], binary BEC droplets carrying angular momentum
were considered. Using weak first-order corrections to the mean field energy, often
referred to as the Lee-Huang-Yang correction [27], a binary BEC droplet with
angular momentum is well described by the wave function 3 : Ry x R? — C
whose evolution is governed by the Gross-Pitaevskii equation (GPE) with angular
momentum

i) + 500 = Vi + [P (WP — il ~ O, (L)

where the scaling invariances have been used to bring the equation into its dimen-
sionless form. Here the external potential V is of the form

2
V(z) = %W + Voe el (1.2)

where v > 0 is the harmonic trap frequency and Vj > 0 is the amplitude of the
Gaussian. The parameter K3 > 0 is the rate of three-body losses. The angular
momentum operator L, is of the form

L. =i(220y, — 110y,), == (v1,29) € R? (1.3)
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and > 0 is the rotational speed. The fact that the constants in the harmonic
trap and the Gaussian part of the potential are equal stems from [37], but is not
crucial in our analysis, so we consider more generally

‘2

2
V(z) = %|x|2 + Voe~vol=I” v, v > 0. (1.4)

The main purpose of this paper is to study the existence/nonexistence and or-
bital stability of mass-constraint standing waves for (I.Il). We consider the Cauchy
problem for (II)) with initial data ¢y € X, where

Y:={fe H'(R?), =+ |z|f(z) € L*(R*)}
is equipped with the norm

I£1% = 117 + Nl flZ--
Due to the presence of the harmonic potential, this space is rather natural (see e.g.
[14]). In the case K3 = 0, there are three physical quantities which are formally
conserved along the flow of (L))

M(w(1) = lv(®)lI72 = M (o), (Mass)
L(y(t)) = /R2 O(t, 2)L(t, x)de = L(xy), (Angular momentum)
Ealv(t) = §IV6OIE: + [ V(e o)Pds (Encrgy)

3 /R [(¢,)|* In (%) dz — QL((t)) = Eq(tho).

Here we note that the angular momentum is real-valued, but has no definite sign.
Similarly, the term involving the natural logarithm also has no definite sign.
In the case K3 # 0, solutions to (L)) formally satisfy

1d

57 1P O1Le + Ksllv@)llze = 0. (1.5)
This shows that for K3 # 0, the equation is irreversible. This is the reason why,
since K3 > 0, we consider only positive time in the present paper. In the case
K3 = 0, the equation is reversible, and 1(—t, ) solves (LLI): considering the case
t > 0 suffices to describes the dynamics for all time.

When v = V) = K3 = Q = 0, the equation (1)) was recently studied in [I6].
More precisely, the global well-posedness for H! data, the existence and uniqueness
of positive ground state solutions for (ILI]) were shown there, along with the orbital
stability of prescribed mass standing waves.

Our first result is the following global existence for (LTJ).

Theorem 1.1 (Global well-posedness). Let 7,7 > 0, Q@ > 0, V, > 0, K3 > 0,
and o € X. Then there exists a unique global-in-time solution to (LIl) satisfying
w € C(R"r? E) N LIBOC(RJF; LG(R2))
o If K3 =0, the conservation laws of mass, angular momentum, and enerqy
hold.
o If K3 >0, the solution asymptotically vanishes in the sense that

[¥@)]2: = O (t*l/“) as t — oo. (1.6)

The Cauchy problem is addressed by resuming the approach from [3]. In pass-
ing, we fix a small flaw present in this paper regarding dispersive estimates. The
asymptotic extinction (L)) is then established like in [2], thanks to a suitable uni-
form bound which makes it possible to control the L-norm in (LX) from below in
terms of the L2-norm.
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Remark 1.2. The potential V in ([4) is radially symmetric, since it is the model
given in [37]. We will see in the proof of Theorem [[Tlthat the result still holds true
in the more general case of smooth potentials which are at most quadratic (and
thus need not be radial); see Remarks and

In the rest of the introduction, we are interested in the absence of three-body
losses, i.e. K3 = 0. In this case, (II]) admits standing waves, i.e. solutions of the
form

Y(t,x) = e“'o(x), wER, (1.7)

where ¢ solves
— %A¢+V¢+¢|¢|2ln(|¢|2)fQquber(b:O, z € R2. (1.8)

Note that in the case K3 > 0, there is no such solution in view of the asymptotic
extinction (L4).
The existence of standing waves for (L8] can be achieved by several ways. The
first way is to minimize the energy functional
Fo$) = W95+ [ Visae+ st (M2 e —on)
2 R2 2 Ve ’
with prescribed mass constraint, i.e. [|f||?; = p > 0, an strategy which is often
adopted in Physics. In this case, the parameter w in ([L8]) appears as a Lagrange
multiplier associated to the minimization problem. Another way is to look for
critical points of the action functional

Su(f) = Ea(f) +wM(f)
i

1 2 2 2 1/ 4 >
— dz + = 1
IV 1+l Al + [ ViePae g [ 1w (2

with w being given and fixed. However, this approach seems difficult to apply in
the present context. More precisely, (L8) has two features which make it difficult
to characterize the range of w’s allowed to find a non-trivial solution to (LJ]). The
presence of the external potential V' and the rotation L, introduces an z-dependence
which makes it impossible to invoke the results from [9] (the 2D counterpart of [10]),
or even adapt easily the proof. On the other hand, the fact that the nonlinearity
is not homogeneous in ¢ makes it impossible to reproduce the arguments from [34]
(see also [22] in the case of a harmonic potential). In an appendix, we collect some
information regarding the possible range for w in the radial case, where the rotating
term is absent from (L), and explain in more details why minimizing the action
seems difficult here.

)as - or(1)

We therefore consider the following minimization problem: for p > 0,

Io(p) = inf {Eq(f) « feX|flz:=p}. (1.9)

Our next result concerns the existence and stability of prescribed mass standing
waves for (L)) in the case of low rotational speed.

Theorem 1.3. Let K3 =0, 7,7 > 0,V =20 and 0 < Q < ~. Then for any p > 0,
there exists ¢ € ¥ such that Eq(¢) = Io(p) and ||¢||3. = p. Moreover, the set

Ga(p) = {0 €% : Ea(e)=Ia(p),|¢l}> = p}

is orbitally stable under the flow of (LIl in the sense that for any € > 0, there
exists 6 > 0 such that for any initial data ug € 3 satisfying

inf |lug — <9,
#€Gal(p) ” 0 ¢HE
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the corresponding solution to (LT ewxists globally in time and satisfies

su inf  ||u(t) — < €.
AR J B 10—l

The proof of Theorem is based on a standard variational argument using the
following observation (see Lemma B.Tl): for 0 < Q < 7,

IVS1+2 [ VIfPde - 20L(4) = IV £ + s 1

which enables us to use the standard compact embedding ¥ — L"(R?) for all
2 < r < co. We also make use of the log-type inequality

2
Lo (0 ) as| s st + 1 (1.10)

for any € > 0. For more details, we refer to Subsection 3.1.

Next we consider the critical rotational speed 0 = v (lowest Landau level, see
e.g. [1] and references therein), which constitutes the main novelty of this paper.
In this case, the energy functional can be rewritten as

1P

E,y(f) = %HVAJCH%Z + W /]RZ e_’Yo|z|2|f($)|2d.T + % /]R2 |f|41n ( \/E) dx, (1.11)

where V4 := V — iA with A(z) = y(—a2,21). Thanks to this observation, it is
convenient to consider the above functional on the magnetic Sobolev space

HL(R?):= {f € L*(R?) : (9; —iA;)f € L*(R?),5 = 1,2} (1.12)

endowed with the norm

£, = NNz + IV afIZo-

Note that the energy functional (L)) is well-defined on HY (R?) by using (LI0)
and the magnetic Gagliardo-Nirenberg inequality (see e.g., [I8]): for 2 < r < oo,

117 < ColIVafll=2 1172 Vf € HA(R).
We also have ¥ C H(R?). Indeed, for f € 3, we have
£ 17 = 1122 + IV AT + 222 fll7 — W/RZ fL.fdx < C||f3,
where the last inequality follows from

1
LN < Nz fll2l Ve < %vallé + gllwfl\%z-

To show the existence and stability of standing waves to (LI in the critical

rotational case, it is convenient to consider separately two cases: Vp = 0 and
Vo > 0.
When Vj = 0, we denote
L(p) = inf {EJ(f) : f e HAR?),[|Ifl7: = p}, (1.13)
where
I 1 2
EO(f) == 22 —/ fIn (2= )d 1.14
'y(f) 2HvAf||L +2 ]R2|f| n \/E €L, ( )

and the superscript 0 is here to emphasize the assumption V) = 0. Let us first
introduce the cubic ground state, that is, the unique positive, radially symmetric
solution to

- %AQ+Q:Q3, r € R% (1.15)
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By making use of a variant of the celebrated concentration-compactness principle
of Lions adapted to the magnetic Sobolev space H (R?) (see Lemma[3.8]), we prove
the following result.

Theorem 1.4. Let K3 =Vy =0, 0 <7 < 547 and Q =~. Let 0 < p < [|Q||3..
Then there exists ¢ € H)(R?) such that EJ(¢) = I9(p) and ||¢[|7. = p. Moreover,
the set of minimizers for Ig(p) is orbitally stable under the flow of (LI)).

The assumption p < [|@Q||2 is probably technical, due to our argument (see after
(BIR)). The proof also relies on the property I9(p) < 0 (see Proposition[3.5). In the
case K5 =V = v = Q = 0, the latter condition was shown in [I6] for any p > 0. In
our setting, showing that 12 (p) < 0 is more complicated since the scaling argument
used in [I6] does not work because of the presence of magnetic potential. However,
by using a trial function of the form Ae~blzl® with suitable positive constants A
and b, we are able to show (see Lemma [3.10) that both conditions p < ||Q||2. and
I)(p) < 0 are fulfilled by some data f € H}(R?). This also leads to a restriction
on the validity of 7. We refer the reader to Subsection 3.2 for more details.

When V4 > 0, the above-mentioned concentration-compactness argument does
not work due to the lack of spatial translation of the term

/ e 017 £ () P
R2

To overcome the difficulty, we restrict our consideration on H} . 4(R?) the space of

radially symmetric functions of H(R?). Note that this restriction has a drawback
since we no longer see the effect of rotation to the equation as L, f = 0 for a radial
function f. We consider

I’y,rad(p) = lnf {E’Y(f) : f € H}X,rad(R2)7 Hf”%z = p} 9 (116)
where E.(f) is as in (ILII). We have the following result.

Theorem 1.5. Let K3 =0, V5 > 0, v,v > 0, and Q = . Then for any p > 0,
there exists ¢ € H) .,q(R?) such that Ey(¢) = I, raa(p) and [|¢]|7. = p. Moreover,
the set of minimizers for I aa(p) is orbitally stable under the flow of ().

Remark 1.6. As mentioned above that the rotation term vanishes for radially sym-
metric functions, the result in Theorem holds for any © > 0. In particular, it
gives another (radial) solution, besides the one obtained in Theorem [ to (LF]).

The proof of Theorem relies on the following compact embedding
H} oq(R?) 3 f > |f] € L7(R?) (1.17)

for all 2 < r < co. This compact embedding follows from the well-known compact
embedding H} ;(R?) — L"(R?) for all 2 < r < oo and the fact that

H}l,rad(RQ) > f = |f| € Hlad(Rz)

I

is continuous due to the diamagnetic inequality (see e.g. [28])
IVIfI(@)] < [Vaf(z)] ae zeR?

When the rotational speed exceeds the critical value, i.e. € > «, we have the
following nonexistence of minimizers for the constrained variational problem I (p).

Theorem 1.7. Let K3 =0, v,7% >0, Vo = 0, and Q > . Then for any p > 0,
there is no minimizer for Ig(p), i.e., In(p) = —oo.
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The proof of Theorem [[[7]is based on an idea of Bao, Wang, and Markowich [7]
Section 3.2], using the central vortex state with winding number m, namely

m+1 212 .
fm(x) = fr(r,0) =4/ p;:/-m' rmef%e””e, m €N,

where (r,6) are the polar coordinates in R?. Physically, when the angular velocity
of rotation exceeds the trapping frequency, the harmonic potential cannot provide
enough necessary centripetal force that counteracts the centrifugal force caused by
the rotation, and the gas may fly apart. In the classical rotating BEC with purely
power-type nonlinearity, the nonexistence of prescribed mass standing waves was
proved by Bao, Wang, and Markowich [7].

This work is organized as follows. In Section 2] we study the local well-posedness
for (LI) and prove the global existence given in Theorem [l In Section [ we
investigate the existence/nonexistence and the orbital stability of prescribed mass
standing waves for (ILI)) given in Theorems [[3] [[4] [LH and [ Finally, we give
some information on stationary solutions of (I.8)) in the radial case in Appendix [A]
and characterize prescribed mass minimizers in Appendix

2. CAUCHY PROBLEM

In the case K3 = 0, Theorem [[T] is reminiscent of the results from [3] for the
local and global well-posedness. We present an alternative proof, to show that
local solutions are actually global, which simplifies the approach, and yields better
bounds. The asymptotic extinction in the case K3 > 0 is obtained by adapting the
arguments from [4] based on the introduction of a suitable pseudo-energy (see also
[2] for generalizations).

2.1. Local well-posedness. Local well-posedness follows from a fixed point argu-
ment on Duhamel’s formula

t
0lt) = Uty — x| Ut = 9)fa)(s)ds. (21)
0
where here and in the following, we denote
f(2) = z|z|*In(|2)?) — iK3|z|*2, z€C.

The notation U(+) stands for the linear propagator, that is, U(t)1o = tin(t) is the
solution to

} 1
i0¢hin + §A¢1m = V(2)t1in — QL:Y1in,  1in(0,7) = tho. (2.2)
As noticed in [3], U(t) = e=*#(®D2) where

H(z,§) = %Ifl2 + V(z) + Qz1& — 22&1),

enters into the general framework of [26], where the fundamental solution, that is,
the kernel associated to U(-), is constructed. However, this does not yield directly
local in time dispersive properties, since unlike in [21], the solution t(]\%l

Zat/l/} + H(ta €T, 71(91)1/) =0 ; ’l/)|t:O = ¢,

for H = H(t,z,§) smooth, real-valued and at most quadratic in (z,&) (locally in
time), is represented as

U(t)p(a) = / 0T a(t, 2, €)p(€)de,

R2

We do not include here the semi-classical parameter present in 211, 26].
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that is, an oscillatory integral involving the Fourier transform of ¢, and not ¢
directly. Consequently, dispersive L' — L™ estimates cannot be inferred in general,
as shown by the trivial case H = 0: it enters the framework of [26], the above
representation holds with a = constant (whose value depends on the definition of
the Fourier transform), but no Strichartz estimate is available, of course.

In the present case, local dispersive estimates are available though, as we show
by relying on the isotropy of V and L,; this corresponds to the trick presented in
[3] in the 3D case. This alternative approach not only yields dispersive estimates,
but also makes it possible to study the Cauchy problem as if the rotation term was
absent. Define the function ¢ by

o(t,x) = (t, 21 cos(Qt) + z28in(Qt), —x1 sin(Qt) + a2 cos(Qt)) . (2.3)
We check that since V' depends only on |x|? (and is therefore invariant under rota-
tion), ¢ solves (L)) if and only if ¢ solves
. 1 .
i0ip + 5 8¢ = Vo + ol In(l¢l”) — iKslol'e, (@) € Ry x R?,
90(05 ZL') - 7/10,

that is, (LI) with 2 = 0. Now for the perturbed harmonic oscillator H = féAJrV,
local in time dispersive estimates are available: from [21], there exists 6 > 0 such
that

(2.4)

. 1
le™** 4ol S ml\wollu, lt] < . (2.5)

Note that ¢ is necessarily finite, as H possesses eigenvalues (as a consequence from
e.g., [33, Theorem XIII.67]). This implies local in time Strichartz estimates (see
e.g., [I7]) and so, as long as bounded time intervals only are involved, (2] can
be studied like in the case where U(t) = ¢®®. Note that since ([23)) preserves the
Lebesgue norms, we infer

» 1
le™" 2 po]| e S meollLla [t <6, (2.6)

for all Q € R, with é and an implicit multiplicative constant independent of 2.

In the case K3 = 0, the analysis meets essentially the one presented in [16]. In
the general case K3 > 0, f € C*(R?;R?) satisfies f(0) = 0,

[f ()] S [ul*>® + |ul*, Ve>0,
as well as

V)| S (Jul>~ + [ul)[Vul.
We then obtain:

Lemma 2.1 (Local well-posedness). Lety > 0,Q >0, Vy > 0, K5 > 0, and )y € 2.
Then there exist T > 0 and a unique solution

v € C([0,T]; %) N L*((0,T); L°(R?)),

to Z4l). Equivalently, in view of (23]),
¥ € C([0,T); ) N L3((0,T); L°(R?)),

solves ([ILTl). Moreover, it satisfies (LH). Either the solution is global in time,
¢, € C(R1;8) N Lie(Ry; LY(R?)),

or there exists T* < oo such that
li t =1 t = 00.
tlm* ||Vga( )||L2 tlm*va( )||Lz 00

In the case K3 = 0, we also have the conservation laws of mass, angular momentum,
and energy.
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Sketch of the proof. We present the elements of the proof which require a little
modification due to the presence of the damping term (K3 > 0).
We recall that the standard blow-up alternative involves the condition

Jim e(®lls = Jim [9(0)]s = oo

In view of (L), the L?-norm of 1 remains bounded for positive time, and thus, so
does the L2-norm of . On the other hand, we compute

d _
Glop @ = —tm [ |oPpApds - 266 [ JaPlelods
R2 R2

=2Im @c-thdm—QKs/ |$|2|90|6d$-
R2 R2

Using Cauchy—Schwarz and Young’s inequalities, we infer that

d
Zlze®liz < lee®)lliz + 1Ve®llZ:. (2.7)

Therefore, if V¢ remains bounded in L?, then so does the ¥-norm, and the blow-up
criterion can be reduced to the one stated in the lemma.
In the case K3 = 0, the proof of conservation laws follows, for instance, from

[31]. 0

Remark 2.2 (Non-radial potential). The case of a non-radial potential can be
treated along essentially the same lines. Indeed, for a potential V € C°°(R?;R),
which is at most quadratic in the sense of [21], that is,

2%V € L™ (R?), Va €N? |a| > 2,

the function ¢, given by (23], solves
) 1 ~ .
i0ip + 500 = V(b 2)p + plo n(|l*) — iKslel"e,

with V(t,z) = V(x1cos(Qt) + xasin(Qt), —z; sin(Qt) + x5 cos()). The time
dependent potential V is smooth in (t,x), and at most quadratic in space (in
the same sense as above), uniformly in time. It follows from [2I] that [2H) re-
mains valid with e~ replaced by the evolution group U(s + t,s) associated to
H(t) = —1A+ V (t,x), hence ([Z8) holds in this case too. The rest of the proof of
Lemma [2.J] can be repeated exactly then.

2.2. Global well-posedness. In the case K3 = 0, the following energy is inde-
pendent of time,

1 1 o2
Bole) = 31Vl + [ ViePao+ 5 [ et (L)

as well as the mass of p. The positive part of the energy satisfies

Bo(e(t) = 1500l + [ ViewPar+g [ ettt (E25) o

=g [ et (s )

< Bulwo) + % [ lote.o)Pds,

where we have used the easy bound Ina < a for @ > 1. Using the conservation of
mass, this yields

Ei(e(t) S 1,
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and thus global existence (in the past as well, since for K3 = 0, the equation is
reversible), since |||z < E4(p). Note that even the L?-norm of ¢ is controlled by
E,, in view of the uncertainty principle (see e.g., [32], § 3.2])

117 < IVFle2llzfllee,  fex. (2.8)
In particular, there exists C' > 0 such that
[ aPletorar = [ wPlueola<c wzo @9
R2 R2

In the case K3 > 0, following the strategy presented in [4, Section 3.1], we
introduce a pseudo-energy, for k > 0,

E(k,¢) = Eo(p) + El¢llfs-
Adapting slightly the computations from [2], we find:

d . .
— Bk o(1)) :Ks/ lo|* Re (pAp) dw—Sk/ lp[* Im (pAyp) da
R2 R2

—2K3/ V|<p|6dx—2K3/ |<p|81n(|<p|2)dx—6k:K3/ o] da.
R2 R2 R2

Again, following the computations from [4, Section 3.1], we introduce the polar
factor related to ¢,

p(tx) .
O(t,x) = le(t2)l if (t,z) # 0,
0 if o(t,x) =0,

and the above time derivative can be rewritten as

d

B 1) = ~(3 = 68) [ [ol! Voo~ ks [ Jol! Vel do

fﬁk/ |gp|4}Re(9_V<p)—Im(éch)|2d:c—2K3/ V)p|Sda
R2 R2

9K, / of® In(|p|?)di — 6k / o[ 10d.
R2 R2

Picking 0 < k < K3/6, the above relation implies
d 8 1 6
—E (k1)) < 2K3 lpl®In —=dz <2K3 | |p|°dz.
dt lpl<1 ] R2
Since the change of unknown (Z3]) preserves the Lebesgue norms, (LH) yields

2Ky [ 1ol = ~Z el
hence
9B (ko0 + 132) <.
and we conclude like in the case K3 = 0. In particular, ([Z29) holds.

Remark 2.3 (Non-radial potential, continued). For a general potential V' like in
Remark 2] the natural energy associated to ¢ becomes

E, _ 1 V 2 ‘7 2d l 41 |80(t7x)|2 d
o(e(t) = S[IVe(®)llz-+ (t, z)|p(t, 2)|"dz+ lp(t,2)[" In | ———=— ) du,
2 RZ 2 RQ \/E
and even for K3 = 0, it is not constant in time if V is not radial (8,517 Z 0).
However, following either the virial computation from [I3] or the pseudo-energy
argument from [I5], we can easily adapt the above argument and infer that the

global well-posedness in Theorem [T remains valid.
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2.3. Large time extinction in the presence of loss. In view of [2, Lemma 4.1],

3/5 2/5 3/5
lellze S IelZe el 72 S el 76

where we have used (29). This, together with (LH), yields

d

Zle®IlZ: + Cle®llz: <o,
for some uniform C' > 0. Recalling that the (nonnegative) solution of the ODE
-+ Cy® = 0 with y(0) = [|1bo||2, satisfies y(t) = O(t~1/*), this implies

1
@3 S 77

hence the decay announced in Theorem [[1] since ||@(¢)||z2 = ||¢(¢)]| 2. Again, this
conclusion remains true when V satisfies the assumptions of Remark 2.2l and is not
necessarily radial.

3. ORBITAL STABILITY

In this section, we study the existence/nonexistence and stability of constraint
mass standing waves associated to ([8]). Recall that K5 = 0 throughout this
section. We will consider separately three cases: low rotational speed (0 < £ < 7),
critical rotational speed (2 = «), and high rotational speed (£ > 7).

3.1. Low rotational speed. In this subsection, we consider the low rotational
speed 0 < < . Let us start with the following observation, mimicking the proof
of [5l Proposition 2.1] (see also [8, Theorem 7.8]):

Lemma 3.1. Let v,7 >0 and Vo = 0. If 0 < Q < v, then for any f € X,
IVflIZ2 +2 /RQ VIf*dz — 20L(f) ~ [IVFIIZ2 + 1 f|7-- (3.1)

Proof. We first observe that by Cauchy-Schwarz and Young inequalities, we have

for any § > 0,
QL) < Q=1 fllr2ll0ze fll2 + llz2fll 221102, fllL2)

Qzfllz=V £l

QQ
<OV Az + 5l 17 (3-2)

NN

Using ([B2) with 6 = 3, we have
B = IVSI3+2 [ VIfPde —20L(f) (33)
<2AVSIZs + (6 + Ol I3 + Vol 713
< (24 )09+ (24 074 ) hatls

< C1(IVFIIZ: + e flZ2)

where we have used ([Z8) to get the third line. On the other hand, by [B2]), we
have for any § > 0,

02 2
BU) > (1= 20V + (77 = 5 ) el + 2% [ el | ()P

R‘Z
We choose § > 0 so that
9 QQ B 72 o QQ Q2

L §= "
20 2 2102
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It follows that
72 2 -2 2 2 2
B(f) = T +QQ HVfIILz 5 llzflz2 > Ca (IVFlIZ2 + Nz fl72) -

The proof is complete. O

Proof of Theorem [L.3. The proof is divided into two steps.

Step 1. We show the existence of minimizers for In(p). Let p > 0 and f € &
satisty || f[|7. = p.

We first show that Iq(p) is well-defined. We have

1 1 41 |f|2) 1 4n(£)
Ba(f) = SB() + & /|f2>f|f|1 ( 75 ) %3 /fwg'f“ 7)

2
> 1B - Y fPda
If12<ve

where B(f) is as in (83). Here we have used the fact that In(1/\) < 1/X for
0 < A < 1. Using (31)), we see that Ig(p) > —oc.

Next let (fn)n>1 be a minimizing sequence for Io(p). By B4) and B.I), we see
that (fn)n>1 is a bounded sequence in ¥. Thus there exists ¢ € ¥ such that (up to
a subsequence) f, — ¢ weakly in ¥ and strongly in L"(R?) for all 2 < r < oo (see
e.g., [33, Theorem XIIL.67] for the compactness of the embedding ¥ < L"(R?)). It
follows that

16132 = lim [fall32 = . (3.5)

By the strong convergence, Holder’s inequality, and the fact that

4 ﬁ 4 ﬂ - 2 4 2 4
/1" In Ve 9" In e <OIf =gl (FF+1f1P+1gl* +1gY),  (3.6)

we infer that
[otetmn (2 )ae = i [ g (204

Moreover, by the lower semicontinuity of the weak convergence and ([B.1), we have
B(¢) < liminf B(f,).
n—oo

It follows that
Eq(¢) < liminf Eo(f.) = Io(p)

which together with ([B.3) show that ¢ is a minimizer for Ig(p). In view of Lemma[31]
we also have that (up to a subsequence) f,, converges to ¢ strongly in X.

Step 2. We show the orbital stability. We argue by contradiction. Suppose that
Ga(p) is not orbitally stable. There exist ¢ > 0 and ¢¢ € Ga(p) and a sequence
Ug,, € X satisfying

Jim([ug,n = ¢olls =0 (3.7)

and a sequence of time (t,)n>1 C R such that
inf  |u,(t,) — > €, 3.8
St fun(t) = 9l > e (33)

where u,, is the solution to (LII) with initial data u,(0) = ug p.
Since ¢g € Ga(p), we have Eq(¢o) = Io(p). By B1), BI) and Sobolev embed-
ding, we have

l[uo,n |72 vl ollZ2 = p.  Ea(uon) =2 Ealdo) = Ia(p)-
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By the conservation of mass and energy, we get
||un(tn)”%2 — p, Ea(un(tn)) — Ia(p).
n—o0 n—o0

This shows that (un(tn))n>1 is & minimizing sequence for Ig(p). By Step 1, we
see that up to a subsequence, u,(t,) — ¢ strongly in X for some ¢ € Gq(p) which
contradicts (88]). The proof is now complete. O

3.2. Critical rotational speed. In this subsection, we study the existence and
stability of standing waves related to (IL8) with a critical rotational speed Q = ~
(lowest Landau level). To this end, we first collect some basic properties of the
magnetic Sobolev space H}(R?) (see (LIZ)) in the following lemma.

Lemma 3.2 ([I8, 28]). We have:

H (R?) is a Hilbert space.

C5°(R?) is dense in H}(R?).

HY(R?) is continuously embedded in L"(R?) for all 2 < r < <.
H(R?) C Hj o (R?).

Diamagnetic inequality:

IVIfl(x)] < |[Vaf(z)| ae zeR2 (3.9)

Magnetic Gagliardo-Nirenberg inequality. For 2 < r < oo,
£z < CAlVaflz22 1 f1I72, VF € HA(R?). (3.10)

Lemma 3.3. The best constant in BIQ) is the same as the optimal constant in
Gagliardo-Nirenberg inequality for the case A = 0. In particular, when r = 4, the
best constant in (BI0) can be taken as

Ca = [lQIIZ3,

where @ is the cubic (positive, radial) ground state given by (LIH). Moreover, the
equality in BIQ) cannot be attained.

Proof. We recall the standard Gagliardo-Nirenberg inequality
LA = WAL < CENIAIZ= VA2, (3.11)

where CSN stands for the best constant in the “regular” Gagliardo-Nirenberg in-
equality. This best constant was first characterized in [38], in terms of a suitable
ground state solution of some elliptic equation. In particular, CFN is given by

N =llQlz,
where @ is the (only) positive, radially symmetric solution to (LIH) (recall that
unlike in [38], there is a % factor in front of the Laplacian in (IIH), hence a slightly
different formula). As a consequence of the diamagnetic inequality (B3], we infer
ANz < CENNFIIZ2IV afll72.

This shows that (BI0) holds and C, < CSN. To see CSN < C,., we follow the
argument of [I1], Proposition 3.1]. Note that the argument given [I1] does not hold
in two dimensions. Denote A?(z) := cA(ox) with o > 0. By BI0), we have for
any smooth compactly supported function f,

£ < CollVac fI72°1flZ2, Yo > 0.
On the other hand, by the triangle inequality, we have
IVac flie < IV fllLz + 1A% fll 2.
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We estimate

A% (@)1 @) < ( / |A”<x>|2dx> Il
R2 |z|<R
_ (/ |A(;c)|2d:z:> Ifllz= =0 aso—0,
|z|<Ro

where R > 0 is such that supp(f) C {x € R? : |z| < R}. This shows that

1% < Coll VA2 111
hence CSN < C,.

Finally we show that the equality in ([BI0) cannot be achieved. Assume by
contradiction that ([BI0) is attained by some function ¢. By B3) and BIII), we
have

Il = CrlIVadlzz21612: = CENIVISNT2 8122 = ¢l
which implies that

IVadllzz = VIol]l L2
This together with the following estimate of [28, Theorem 7.21]:

'V'¢"‘Re<v¢|¢|>HRe<( ~ i) |;|>‘ (v =24)9)

imply that

) (%)
Im ( (V-4 =0<= A=Im

(v -ia0g ;
In particular, Bis(x) := 01 Az(x) — 02A;1(x) = 0, where A(z) = (Ai(x), Az(x)) =
~v(—x2,21). This is a contradiction since Bya(x) = 2. The proof is complete. O

Note that in view of [23, Lemma 1] (recall again the 1 factor (LIH)),
T <[|QlI7: < mln2. (3.12)

We also have the following useful remark.
Remark 3.4. Let (fn)n>1 be a bounded sequence in H}(R?). Then up to a sub-

sequence fn — ¢ weakly in H}(R?), f, — ¢ a.e. in R? and f,, — ¢ strongly in

LI (R?) for all 2 < r < co. Moreover,

IVafullis = 1Vadliz + IVa(fa = )72 + 0n(1).

We have the following conditional result on the existence and stability of pre-
scribed mass standing waves to (LI)).

Proposition 3.5. Let Ky = Vp = 0,7 > 0 and {2 = . Let 0 < p < ||Q|| , and
assume that I9(p) < 0. Then there exists ¢ € H)(R?) such that ES(¢) = IS( ) and
#ll32 = p. Moreover, the set

G(p) :={¢ € Hy(R?) : ES(¢) = I(p), lI9ll7> = p}

is orbitally stable under the flow of (LIl in the sense that for any € > 0, there
exists 6 > 0 such that for any initial data ug € H}(R?) satisfying

inf ||lug — < 6,
somio || 0= llmy

the corresponding solution to (1)) exists globally in time and satisfies

inf ||u(t) — <e€
R OB

for allt € R.
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Remark 3.6. In the case A =0 and v = 0, it was shown in [16] that I(p) := I{(p) <
0 for any p > 0. This is done by using the scaling f(z) := Af(Az) and taking A > 0
sufficiently small. In our case, showing IS (p) < 0 is more complicated. The above
scaling argument does not work due to the presence of magnetic potential A.

Remark 3.7. The assumption p < [|Q||%. is probably only technical, due to our
argument (see after (B.I8])).

Before giving the proof of Proposition B3 let us recall the following version of
concentration-compactness lemma.

Lemma 3.8 (Concentration-compactness lemma [29,30]). Let (f)n>1 be a bounded
sequence in HY(R?) satisfying

I fallZ> = p
for all n > 1 with some fixed constant p > 0. Then there exists a subsequence —
still denoted by (frn)n>1 — satisfying one of the following three possibilities:

e Vanishing. lim sup / |fu(x)]Pdz =0 for all R > 0.
B(y,R)

n— oo yE]RZ
e Dichotomy. There exista € (0, p) and sequences (gn)n>1, (hn)n>1 bounded
in HY(R?) such that
[fr = gn — hnllLr — 0 as n — oo for all 2 < r < oo,
lonll3s > a, s — p—aas k= oo o1
dist(supp(gn), supp(hy)) — 00 as n — oo, '
lminf, o0 [[Vafall7: = [VagnllZ: = [VahalZ2 > 0.
e Compactness. There exists a sequence (Yn)n>1 C R? such that for all
€ > 0, there exists R(e) > 0 such that for all k > 1,

/ fal@)Pdz > p—e.
B(yn,R(¢))

The proof of this result is very similar to that of [29] [30], see also [I7, Proposi-
tion 1.7.6]. The only difference is the last inequality in ([B.I3) which is proved by
using the fact that

IValerfliz = lorVafull: < CMR™,
where pr(x) = ¢(x/R) with a suitable function ¢ € C>(R?) and M := sup,,>; || full3: -
= A
Remark 3.9. e If vanishing occurs, then we infer that f,, — 0 strongly in

L"(R?) for all 2 < r < oo. Indeed, by the magnetic inequality (B3], we see
that |f,| is a bounded sequence in H'(R?). The result follows by applying

[30, Lemma 1.1] to (|fn])n>1-
e If compactness occurs, then (f,),>1 is relatively compact in L"(R?) for

all 2 < r < oo up to a translation and change of gauge, i.e. there exists
(Yn)n>1 C R? such that up to subsequence

eijnfn(' + yn) — ¢

strongly in L"(R?) for all 2 < r < oo, where A,(z) = A(y,) - * and
¢ € H(R?). In fact, denote

fn(x) = eiA(yn).xfn(x + yn)
We see that
[fa@)| = fal@+yn)l,  (1VafallZe = IVafnll7e:
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It follows that (f,)n>1 is a bounded sequence in HY(R?) satisfying for all
€ > 0, there exists R(e) > 0 such that for all n > 1,

/ | fo ()| dz = / | (2 + yn)|?d < e.
B<(0,R(¢))

B<(0,R(€))
By the standard diagonalization argument and the compact embedding
H}(R?) < L"(B(0,R)) for all R > 0 and all 2 < r < oo, we show that
fn — ¢ strongly in L?(R?), hence strongly in L"(R?) for all 2 < r < oo by
Sobolev embedding.

Proof of Proposition[Z0 The proof is divided into three steps.
Step 1. We first show that for each p > 0, I9(p) is well-defined, i.e. I9(p) > —oo.
Indeed, recalling (ILT4) and arguing as in (4], we have directly

1
(1) > 2IVaflt - Lo (3.14)

for any f € H}(R?) satisfying || f||3. = p.

Step 2. We show the existence of minimizers for L?(p), under the assumption
I9(p) < 0. It is done by using the concentration-compactness argument as in [I8].
Let (fn)n>1 be a minimizing sequence for I9(p). By BId), we see that (fn)n>1 is
a bounded sequence in H(R?) satisfying

IfalZe =p, V=1, ES(fn) — Ig(p) as n — oo.

By Lemma [B.§ there exists a subsequence still denoted by (f,)n>1 satisfying one
of the following three possibilities: vanishing, dichotomy and compactness.

No vanishing. Suppose that vanishing occurs. Passing to a subsequence, we
infer that f,, — 0 strongly in L"(R?) for all 2 < r < oo. Thanks to (ILI0), we infer

that )
[l (2L

12(0) = nlggo E»(y)(fn) = nlggo ”vAfn”%2 20,

which contradicts the assumption I9(p) < 0.

No dichotomy. If dichotomy occurs, then there exist a € (0, p) and sequences
(gn)n>1, (hn)n>1 bounded in HY(R?) such that (FI3) holds. To rule out the
dichotomy, we first claim that there exists § > 0 such that

liminf || f,,||74 =6 > 0. (3.15)
n—o0

>dx*>0,

n—r oo

hence

5(p)

2T

Since EY(fn) — I9(p) < 0, we see that for n sufficiently large, E9(f,) <
follows that
D(p) 1 1
VS BOF)) = =1V A Falle —/ Wt
2> 200 = 319l g [ it (12

BNy
o
S~
IS
)

1
-1 / [faltIn
2 Jifa2<ve

which implies, since 0 < Inz < /z for 2 > 1,

e I (p)
Ifallzs 2 /If ol (|}[|2) do > === >0,
n2< € "

for n sufficiently large. The claim ([BI5) follows from the Holder inequality || f]|3, <
[F17allfllz> and [ full72 = p
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We next claim that
A 0 0 0
h:r_l}gf (ES(fn) — ES(gn) — ES(ha)) = 0. (3.16)

To see this, we consider K(z) = z*In(z?) for z > 0. Using Taylor expansion and
the fact that

|K'(2)] Se [~ + [
for any € > 0, we infer that

N

K| % ZKZJ Sen D Lzl + [P+

j=1 {#k

Applying the above estimate with e = 1, N = 3 and e,, := f, — gn, — hy, We see that

‘/K(fn)dz/K(gn)d:c/K(hn)dz/K(en)dz

S [ lenllonl? +1gul* + nP? + ol )z + [ (gl + onlenl? + lenf o

Using (ILI0), Hélder inequality and the fact that e,, — 0 strongly in L"(R?) for all
2 < r < oo, we have

[ Al 0Py = [ lgul tailn iz = [ il in(ih, Py — o
R2 R2 R2 n—o0
Similarly, we can prove that

It = lgnllEs = Wealfs =20

This shows that

/ [ful*In <M> dz 7/ |gn|* In <M> dx 7/ |hn|* In <|hn|2> dx — 0.
R2 \/E R2 \/E R2 \/E n—oo

Using this and (B.13), we show (BI4]).
Now, let A > 0. We have

2
ESO) = Vsl + 5 / f*In (A?'f')

2 At (N2
= 2 ivarte+ [ it (ML) ar o SO,

P /\2 A n
nE(f) - 2 v g+ 2O )||f||L4,
which implies
B )\— In(\2
() = AU B + SR Vg — 2
Set A\, = % and p, = ”h\/fﬂ. It follows that [|[Angnll22 = [[unhnll2: = p,

0 0 70
hence EJ(Angn), £ (inhn) = I (p). We see that for n sufficiently large,

In(A7)
2

_ 1—),2
E2(9n> = /\n4E2(/\ngn) + 9 HVAQHH%P - HgnH%4
1 =22 lgnllze — In(A3)

20 T, 2 1l

> A () +
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Here we have used the magnetic Gagliardo-Nirenberg inequality (3.I0) and the fact
An = /B >1asn— oco. A similar estimate goes for EY(hy). Thus, we get

1= 22 llgnllze — (A7)

E%(gn) + E2(hn M) I - "
'y(g )+ 'y( ) ( +M ) ( )+ 204 ||gn||2 2 Hg HL4
1 7#712 ”h ||L4 _ 1D(H%)||hn”44_
2Cs  ||hal2, 2 L

Passing n — oo and using ([B.I0]), we obtain

a’?+ (p—a)? 1 1 P ..
D(p) > ——5——1%0p) + <— (— - 1) —In (5)) lim inf g, |7

P C4p
L (_r p . ,
s\ —In ( —— ) | liminf || Ay, || 74
+2 <C4p (p—a > n(p_a)> 1mii 1Al
a’+ (p—a)? 1 o
> %IS(PH 5 min {1, Ko} lminf | f[|74, (3.17)

where

K = ép(—fl)fln(g), IQ;%p( fa 1)1n<p%a). (3.18)

Here K1, K> > 0 as soon as Cyp < 1, which follows from 0 < p < [|Q||3., see
Lemma B3 Using 3I5) and (BI7), we infer that I9(p) > 0 which is a contradic-
tion.

Compactness. Therefore, compactness must occur. In this case, there exist
¢ € HY(R?) and (yp)n>1 C R? such that up to a subsequence,

fo— ¢
strongly in L"(R?) for all 2 < r < oo, where f,(z) := e 4Wn) @ f, (1 41y,). Tt follows
that

161172 = lim [|fullZe = lm | f(+yn)llze = p,
and by (CI0),

o (10PN ay (P 0 iy, (1l
/Rz|¢| ln(%) T = hm/ |ful1 ( ) x—nli)ngo/]R2|fn| ln(\/g)dx

We also have

|Vad)2: < liminf ||V afyl2e = liminf [V fn22.
n—o0 n—00

Thus, we get
EJ(¢) <liminf BY(f,) = I(p).

This shows that ¢ is a minimizer for Ig(p). We also have that fn — ¢ strongly in
HY(R?) as n — oo.
Step 3. The orbital stability of gg(p) follows by the same argument as in
Theorem [[L3l We thus omit the details. The proof is now complete. 0
In the following lemma, we show that the conditions 0 < p < [|Q||7. and I9(p) <
0 are satisfied for some data f € H}(R?).

Lemma 3.10. If0 < v <
p < 1IQII2. and I°(p) < 0.

%ﬁ, then there exists f € H}(R?) satisfying || f||3: =

Proof. We look for a function f € H(R?) satisfying
1f172 = p < 11Ql72  ES(f) <O (3.19)
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To this end, we consider f,(z) = e?1#I° for some b > 0 to be chosen later. A direct

computation shows
2 _ -2l g, — l_
Il = [ e eF o =

We also have
2

IV afol = (72+4b2)/ (af2e=21o 4 — <1+Z_b2>'
RZ

In addition, we have

4 _ —4blz|? ;. T
illgeey = [ do = 35

and
4 | fol? / 2 —abla|? 1/ e m
In{ ~——= |dx =—2b dr — = de = ——.
/Rz Aol e ( Ve ) ! R2 el YT R2 ‘ ! 4b

Let A > 0 to be chosen later. We see that

2 4h? 8b 8b

7T
2

To make |[Afy]|2. < [|Q[2., we need A2 < ZQ|2,. In view of BIZ), this is

granted by the property A% < 2b. Consider

m 2 m ™
IMfoll72 = A2l foll 72 = o222, ESOAMf) = 5 (14 l) A2 — 2+ 2 atn(A?).

2
Fo) == <1 + 7—) 0— 202+ Z02In(0), for 0 <6 < 2b.

2 4b2 8b 8b
We rewrite ) ;
™ 2, .2 .

The condition EY(Afy) < 0 is now reduced to finding 6 € (0,2b] so that G(9) < 0.
We have

G'(0) = bIn(0).
If 2b > 1, we see that G attains its minimum at § = 1, however G(1) = 4b>+~2—b >
0 for 2b > 1. So, we need 2b < 1. In this case, G is strictly decreasing on (0, 2b].
To find @ € (0, 2b] so that G(0) < 0, a necessary condition is

G (2b) < 0 <= 4b* + v — 2b* — 2b°In <2ib> <0.

Consider H(b) := 2b® +~% + 2b?In(2b) for b € (0,1). We compute
H'(b) = 2b(3 + 21n(2b)).

e—3/2

We see that on (0 1), H attains its minimum at by = < % A direct compu-

’ 2
tation shows )

43

Thus, if v < 26%/2, then we have G (2bg) < 0. Therefore, by choosing A > 0 so that
A? < 2bg, we show the existence of a function f € HY(R?) satisfying [3I9). The
proof is complete. O

H(by) =2

Proof of Theorem[I.4} It follows directly from Proposition B.5 and Lemma B.10 O

In the case V{) > 0, the concentration-compactness argument presented above
does not work due to the lack of spatial translation in the new potential term

/ e_WlC”|2|f(ac)|2dx.
R2



ROTATIONAL BINARY BEC 19

More precisely, the sequence (y,)n>1 C R?, which appeared in the compactness,
may tend to infinity, and then

/ el £ (@ 4 ) [Pda — 0.
R? -

n o0
To overcome this difficulty, we restrict our consideration on H 114,rad (R?) the space of
radially symmetric functions of H (R?). Note that this restriction has the drawback
that we no longer see the effect of rotation to the equation since L, f = 0 for a radial
functions f.
Proof of Theorem [L3. We proceed in two steps.

Step 1. We show that there exists a minimizer for I, ;aq(p). Let p > 0 and
fe Hi‘,rad(R2) satisfy HfH%z = p. We have

e 2

_1 41n (ﬁ) d
2 /|f2<\/g|f| | f[? ’

2 2
B, (f) = 3IVafls + Vo [ e |f@)Pda + 3 /ﬂw A (%) da

1 e
S A AY{ P
|fl2<ve
1 e
> 5 IVaflliz - %p- (3.20)

This shows that I, yad(p) > —o0 is well-defined.

Next, let (f)n>1 be a minimizing sequence for I, ;ada(p). By B20), (fn)n>1 is
a bounded sequence in H} . (R?). Since H} ., 4(R?) < L"(R?) is compact for all

2 < r < oo, there exists ¢ € H} ., 4(R?) such that, up to a subsequence, f, — ¢
weakly in H) .,(R?) and strongly in L"(R?) for all 2 < r < co. By the strong
convergence and ([B.0), we see that

4 9] o 4 | fnl?
[otorm (52 ) o=t [ it (L) o

On the other hand, by the weak continuity of the potential energy (see e.g., [28]
Theorem 11.4]), we have

/ =007 | g(2) [2dz = lim / =0l £ (2)2da.
R2 n—o0 R2
Moreover, the lower semicontinuity of the weak convergence implies
IV |2 < liminf ||V afnll 2.
n—oo

Thus we get
E,(¢) < liminf By (fn) = Ly raa(p),

n—oo

which together with
Ill7 = lim || full7z = p
n— oo

implies that ¢ is a minimizer for I, ,aqa(p). In addition, we have that (up to a
subsequence), f, — ¢ strongly in H} . ,(R?).

Step 2. The orbital stability follows from the same argument as in the proof of
Theorem We omit the details. O
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3.3. High rotational speed. In this subsection, we show the nonexistence of
minimizers for Iq(p) given in Theorem [[7
Proof of Theorem [I.7. The proof is inspired by the idea of [7] (see also [6]). We

consider
fm((E) = fm(r, 9) = C(m, 'y)rme_%eimG,

where m € N and C(m,v) > 0 to be determined later. Here (r,6) is the polar
coordinate of x = (71, 72) € R?, i.e.

x1 =rcosf, zo=rsinf, r>0, 6¢c(0,2r].

It is useful to recall the following formulas:
Orxy Opx1\  (cos@ —rsind
Orxa Ogxo) \sin@ rcosf )’

Op,7 Og,r\ [ cos@ sinf
8119 8129 — |\ _siné cosf | -

T T

and

We have
nlrey = [ Fu)Pde =22C(m)? [ 527 rar
0

Let p > 0. We choose C(m,y) so that ||fm|\%2(R2) = p for all m € N. Set

I(y,m) ::/ 7°2me_w27°d7°,
0

and write

[l 22 ma) = 27C(m, 7)*1 (v, m).
Integrating by parts, we see that I(y,m) = %I(%m — 1) which, by induction,
implies I(y,m) = %I(fy, 0), where

> 2 1
I(~,0) = / e "rdr = o
0

Y
Thus we get
m!
The condition || f|7 22y = p is equivalent to
= 9mC(m, ) )2 = 2 3.22
p=2am (mﬁ)WC} (WV)—W (3:22)

We compute

aam fm = arfmazlr + a@fmaame

. 2
= C(m,~)e™ e (mr™ ™ — 4r™ 1) cos 0

. r2
—C(m,7)e™ e "2 imr™ ' sinf
. 2
= C(m,v)e™e "5 ((mr™ ! — 4™+ cos§ — imr™ L sin
Y Y ,
and

afom - arfmaxzr + 80fm8129

. 2
= C(m,7y)e™e "2 (mr™= ! — 4™t ) sin @ + imr™ ' cos 0) .
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It follows that
IV fnl? = 102, fnl® + 10z fon|?
= C(m, 7)26_"”2 [ ((mr™=t —4r™ 1) cos @ — imr™ ' sin 9)2
+ ((mr™= 1 = 4r™ ) sin @ + imr™ " cos 9)2]
= C(m,v)%e -’ (2m2r2(m_1) — 2mAyr®™ 4 727“2(7”"’1)) )
Thus we have
IV lleey =25 [ (94 P
= 21C(m,v)? /OO (2m2r2(m71) 2mye*™ 4+ 42r 2(m+1)) e~ rdr
= 27C(m,v)? (;mQI(%m —1) = 2myI(y,m) + 7?1 (y,m + 1)) )

Thanks to (B21) and [B3:22), we have

m+1 _ | | |
2 _ o P 2 (m—1)! m 2 (m+1)!
IV bl = 22 (2 -

= p(m+1)y.

We next compute

2 . .
/ V| fm|*dz = C(maV)Q/ (ry_|515|2 + Voe ol ) lz>me 12 da
R2

=27C(m 2/ <—7’ + Voe™ 7°T> P2m =
0

2 OO o] 2
=27C(m (% I P L Vo/ r2me= (0T rdr)
0 0

2
=21C(m,v)? (%I(%m +1)+ VOI(’er'yo,m)) ,

which, together with (B.2I]) and ([B:22), implies that

m+1 2 |
oY v (m+1)! m!
V| fm|?dr =2 - Vi
/]R2 |fm|“da = 27 g (2 2ymt2 + 03 0y

m—+1
14 Y
=—-(m+1)y+ Vop.
2( )Y (7+70) op

Moreover, since the rotation operator can be rewritten as L, = —iJy, we have

L(fm) :/ FonLofmdr = 27rC(m,7)2/ mr2me = pdy
R2 0
= 2mmC(m,7)*I(y,m) = ml| finl| 72 (ze) = mp.
Next we compute

| Sogaz) = 22C(m, 7)° / PO = e = 27 C(m, )T (37, 3m)

3
_ o (Bm) ;"N (Bm)!
= 27{'0(7’)@7’7) W =27 < 7Tm! 2(3,7)3771-‘1-1

3'}/_2 (3m)!
72 (3mm!)3’

=
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which tends to zero as m — oo for each p > 0 fixed. By interpolation between L?
and L®, we infer that

Ul sy — 0, ¥ €12,6].
This yields
o (Ul : :
[ttt () | S Ul + ey 2,0

Finally we have

1 1 | fm]?
E m) — & m22 Vm2d _/ m41 AL dr — QL m
alfn) = 5IVFullts + [ VigaPdo+ 5 [ 1f14 (L) do - 01(s)
v m—+1
=pm+ Dy + (——)  Vop+om(l)—Om
p( )y (’Y+70) 0p (1) p
~ m+1
= —mp(Q—7) +py + Vop + om(1),
p(Q =) +py <7+%> op (1)
where 0,,(1) — 0 as m — co. As Q > =, letting m — oo yields Eq(fm) — —oc.
Therefore, for any p > 0, there is no minimizer for Io(p). O

APPENDIX A. GROUND STATES

In this appendix, we collect some information on stationary solutions in the
radial case, where the rotation terms is absent, so (LJ) becomes

—%A¢+w¢+¢|¢|21n(|¢|2)+V¢:0, z €R® (A.1)
Recall that
V(@) = Dlaf? + Ve 0l
We introduce the minimizing problem
o =int {SIVAR+ [ VIFPds - Fesli=1}. (a2
Denoting by

1
H=—ZA+V,

we see that wy, is simply the bottom of the spectrum of H. If V5 = 0, then it is
well-known that wq is attained by the Gaussian

po(x) = \/ievlrl2/27 and  wo =1.
™

Moreover, every minimizer for wy is of the form f(x) = eq(x), where 6 € R.

Lemma A.1. Let Vo > 0. Then wy, is attained and v = wo < wy, < 7+ V_;YWVQ.

Proof. Since Vj > 0, it is obvious that wy, > wy. Also,

<H<P0,<Po)=7+vol/ e~y — 4y Ty
T /R ¥+

2—T1). It remains to show that wy, is attained. Let (f,)n>1 be

Y40
a minimizing sequence for wy,. It follows that (f,,)n>1 is a bounded sequence in X.

Thus, there exists ¢ € ¥ such that (up to a subsequence) f,, — ¢ weakly in 3 and
strongly in L"(R?) for all 2 < r < co. We infer that

hence wy, < v+

el = lim | fulfs = 1.
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By the lower continuity of the weak convergence, we have
1 ,72 ) ) 1 ,72
LIl + Tl < liminf 2193 + 2l sl

We also have from the weak continuity of the potential energy (see e.g., [28, Theo-
rem 11.4]) that

/ e‘”°|I|2|g0(:E)|2dx = lim / e‘”“lz|2|fn($)|2dx. (A.3)
R2 n—oo R2
This implies
1 1
vy < 5I9pl3 + [ VipPdo <limint IV + [ VIaPde =,
]RZ n o] ]RZ
hence ¢ is a minimizer for wy,. The proof is complete. (]

Consider now the Pohozaev identities related to (A.).
Lemma A.2. Let ¢ € X be a solution to (AT)). Then the following identities hold

1
V03 +wllols + [ ViePdo+ [ lof (o =0, (A4)
w||¢|\22+/ V|¢|2d:c+1/ z~VV|¢|2d:c+1/ l¢|* In <W> dr =0, (A5)
L R2 2 R2 2 R2 \/E ’
1 1
SIVOlE + Slollbs = wllols + [ VioPdo+ [ o-VVigPas. (a0

In particular, since Vo = 0, if w > 2%/@ + % or w + wyy > %, then ¢ = 0.

Proof. The identity (A4) follows by multiplying both sides of (AI) with ¢ and
taking the integration over R?. By multiplying both sides of (Al with x - V¢,
integrating over R?, taking the real part and using the fact that

Re ( Agz - Vqﬁdm) =0,
R2

Re (/R Vo - w‘sdx) =— /]R V|g|*dx — %/R x-VV|¢|*dz,

- 1 |6

Re /¢¢21n ¢2$.v¢dx):__/ ¢41n( dr,
([, s mo) 5 [ ol (22

we get (AA). Finally, (A6) follows directly from (A4]) and (A5]).

In view of the formula

1
Viz) + 57 VV(z) =3z + Vo (1 - ’yo|x|2) 6770‘1‘2,

and of the straightforward estimate

sup  (yolz* — 1) e wlel® — sup(r — 1)e™" = =
|z|2>1/~0 r>1 €

(A3) yields
Aol +o? [ latioPar+ 3 [ o (1)
B2 2 Jigl2>ve Ve

Vo
)m e [

DN | =

s
M

A

=

<
S
=)

7

=
o ®

We also compute

sup = (1) =1, (A7)
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hence

2 2 2 2 1 4 |¢|2 1
ol +7* [ laPloPar [ o (190) < (572433 ) bt

It follows that

1 o (92 (1
[ aRlopar 5 [ jorn(190) < (574 8 - ) ol

Since the left hand side is the sum of non-negative terms, if w > 7 + ‘6/2“, then we

must have ¢ = 0.

Similarly, (A4) and (A2) yield
(-t ) 16l + [ lof* In(loP)de <o,
hence

1
(w+wy) 9172 < / |¢|41n< 2> dz < —[|l|72,
l2<1 | e

where we have used (A7) again. This shows that if w 4+ wy, > 1, then we must

have ¢ = 0. The proof is complete. O

Remark A.3. We infer from Lemma [A.2] that non-trivial solutions exist only if

Vi 1

W< ——+ -2 and w+wy, < —. (A.8)
e e

In particular, when V) = 0, the above conditions become

1
w<—= and w+vy< -

2\/e
According to the value of ~, either the first condition or the second one is the more
stringent.

We now explain in more details why finding directly a solution to (A) (that is,
not minimizing the energy under a mass constraint, in which case w corresponds
to the - unknown - Lagrange multiplier) seems intricate. In order to simplify the
computations, we go back to the initial case ([2), that is, we assume 79 = . To
find ground states related to ([(Al), a standard way is to consider the following
minimization problem

my, = 1inf {S,(f) : f e X\{0}, K,(f) =0}, (A.9)

and then show that minimizers for m,, are indeed solutions to (Al), where

R i / f4 |f|
2 2 1 L,

K i= IV S+ 2601112 +2 [ VISPdo+2 [ 1715
Note that

Su(f) =

SW(f) :

1 1 1

SR =5 [ () do = 071 (A.10)
1 1 1 1

= K+ IV + S+ 5 [ VIFPde = ZI1E (A1)

We have the following sufficient condition that ensures the minimizing problem
(A9) is well-defined.
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Lemma A.4. Let v >0 and Vo > 0. If

1
—_— - — A.12
w<2\/g TS (A.12)
then the set

{f e X\{0} : Ku(f) =0}

s not empty.

Proof. Denote fp(z) = e~el® with b > 0. A direct computation shows
T T
13 = 20 lehlie = g5 VAl =, |\fb|\‘z4:—b,
2 Vi
2dr = M Vo / 41 = 7—_
[ v@isera =15+ 20 [ 1A AR

For A > 0 to be chosen later, we have

KuM) = XV il + 20Xl + 202 [ Vififda

SOl + X [ Al (Ao

w ¥ Vo A A2
=N (14 =) +2)2 ““In(=).
n(1+3)+ 7r<8b2+7+2b)+2b n<\/é

It follows that

Ko\ S D U T
Bof) _q w2 Xy (7)

e b Ay r2b 2
Using (A7), we see that the last term takes its maximal negative value at A2

It follows that
2 2Ve 1
(1 T . L (I ) :

Kw()\fb)
A2 b 402 4 +2b  2by/e

o

— 1
/\Zfﬁ

Optimizing the sum of the first and third terms yields b = 7, hence
K,(A 2 1
(2 fo) = ( i + Yo > .
A2 (A2,b)= (% %) Y 0 7\/5

This shows that if w < 7 i %, then
A < 0.
KoMfo)l 32— =(=.3)
By the continuity argument, there exists f € ¥\{0} such that K, (f) = 0.

Remark A.5. The condition (A12) is stronger than (AZ8) since Vp > 0 and wy, <
Vo

By the above remark, from now on, we consider the following condition on w

,wvo<w<2L\/E,7,%, (A.13)
This condition is equivalent to
0<w+twy < + wy, — W—E.
2\/_ 0 2
To make the above inequality is not empty, we need

+VO < !
— —w —.
Y 9 Vo 2\/5
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Note that the left hand side belongs to (0, %) as v < wy, < v+ % So, if

Vo < ﬁ ~ 0.6, then the above condition is satisfied. Note that only the values

Vo =0 and Vy = 0.2 are considered in [37].

To show the existence of minimizers for m,,, we need an estimate showing the
boundedness in ¥ of minimizing sequences for m,,. However due to the interplay
of various nonlinear terms, it is not clear to us how to prove this at the moment.
Below we collect some estimates which may be helpful for future investigation.

Remark A.6. Let w be as in (AT3). Let f € X\{0} be such that K, (f) = 0. Then
there exist positive constants Cy = C1(w) and Cy = C(w) such that

12+ 1F112s < Cr@f s VAR +1F112s < Cr@) 720 1fllze = Caw).
Indeed, since K, (f) =0, we have

2
VA1 + 2l + 2 [ VirPas 2 [ 1t (10 ) o s st —o

hence

f 2
V1 + 26l s +2 [ VISPdo -+ +2 / 1w (22 ) a
R2 [fI2>Ve \/E
:2/ |f|* In <\/;>d:c.
Ifl2<ve | f]
By the definition of wy,, we see that

2 22 44 2 4 w) d < C 33
@+ wv) 1712 + Ll + /f|> S (ﬁ e < ClIfI

which implies

I£1Z2 + 11 £ s < Cw)lIFIIZ-
Another estimate using (A7) yields

2 2 4 1) ﬁ)
vtz [ Vs etz [ it () a

<2(z-w) IfIE: (A.14)

which implies
IVflIZ2 + [1f1zs < C@)IfIIZ2-
By the Gagliardo-Nirenberg inequality, we obtain

1£1lZs < CUVAIZNF Iz < C@)IIFlIZ2 < C@)flLs, (A.15)
hence || f[|3, > ﬁ > 0.

Observation A.7. We have the following useful estimates:

112 < 19 Flloelaflo
\/5 1/2
< Y2195, < / V|f|2d:c)
vy R2

1 /1
g I 2 2d .
L (51901 + [ visiao)

1117 < ”QHQ IV AL F11Z2,

where @ is the unique positive radial solution to (LI5) satisfying [B.12).

and
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In the following remark, we point out another difficulty in finding ground states

related to [(AJ)). More precisely, suppose that there is a minimizer ¢ for my,, we
are not able to show that ¢ is a solution to (A).

Remark A.8. Assume that m,, is attained by a function ¢. Then there exists a
Lagrange multiplier A € R such that S/, (¢) = AK/,(¢) or

—A¢+ 2wp + 2V + 2¢|0|* In(|¢|?) (A.16)
= X\ (200 + 4w + 4V + 89| 6% In(|6[?) + 4¢|6[?) -

We want to show that A = 0 so that ¢ is a solution to ([(AJ). To see this, we first
multiply both sides of (A16]) with ¢ and integrate over R? to get

Kof0) =3 (21901 + wlolfs +4 [ VioPdo+s [ o' m(oR)dz + 4ol )
Since K, (¢) = 0, we infer that
A( [ ot miioyas+ o ) =o.
Suppose that A # 0, then we must have
[ 191t m(oR)da + ol = . (A7)
In particular, as K, (¢) = 0, we have
IVellZ- + 2wz + 2 /R2 Vlg]*dz — 2[|¢l|7 = 0. (A.18)

Moreover, if we multiply both sides of (A1) with = - V@, integrate over R?, and
take the real part, we get

2ololffa+2 [ ViePdo+ [ o ViPdat [ jolt (oo - 51l
(el + 4 [ VioPds+2 [ oo wVIoPds+a [ ot in(op)ac)
which implies
CAX-1)A+(@AX-1)B+ %C =0,
where

A =203 + 2/ V0¢|?dx +/ x - VV|p|*dz,
R2 R2
Bi= [ lol'm(oP)ds, Ci=[ol
From this and (A7), we have
3
2\ — DA+ (5 —4)\) C=0.

However, it is not clear that A = 0, and it is not possible to conclude.
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APPENDIX B. CHARACTERIZATION OF PRESCRIBED MASS MINIMIZERS

In this section, we will characterize the orbit of prescribed mass standing waves
obtained in Section[3] in the absence of the rotational effect, following the strategy
from [24]. Throughout this section, we assume that 2 = 0 and K3 = 0.

Denote

ER:{fGH (R?,R /|z| f2dx<oo}

For f € Xr, we define

EX(f) |Vf|L2 /Vf2d;c+ /f‘%(ﬁ) .

Let z = (f,g) ~ f + ig. We observe that
zEXN < fEXRr, gE€E2p.

For z € ¥, we consider

1 1 z|?
By(2) = 5 V23 + /]R VisPdr + /R 2 In (%) d

Here |- |72 and || - || 2 denote the norms of L?(R? R) and L?*(R?, C), respectively.
For ¢ > 0, we consider the following minimizing problems:

IY,  =inf {EG(f) : feSEY,
Ine:=inf{Ey(z) : z €S},

where

SEi={feSp : |flf2=c},
Sei={z€% : ||z]|].=c}.

We also denote

W.:={fesS;y : EXf)=1Ise f>0},
ZCZ:{ZGSC : E0(2>:onc}.

Theorem B.1. We have the following properties:

(1) For any ¢ > 0,1 . = Ipc.
(2) If z € Z., then |z| € W,.
(3) If z € Z. with z = f +1ig, then
(a) f=0 or f(x)#0 for all x € R2.
(b) g =0 or g(z) #0 for all z € R2.
4) Z.= {ei"go co0eR peE WC}.

Proof. The proof is essentially given in [24]. For the reader’s convenience, we
provide some details.

(1) Let z = (f,g) € Sc be such that Ey(z) = Iy, and set ¢ := |z] = /f? + ¢°.
It follows that ¢ € S® and we have (see [24, Proposition 2.2.]) for i = 1,2,
fOig + g0if

o0={ VP+e

0 otherwise.

if f24 g2 >0,
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We see that
1
Eo(2) = Eq(¢) = 5 (IV2IIZ2 = [Veli)
1
= 5 [ Q9+ 199~ V) ds
RQ
2
1 51 0;
_1 / 3 (f (f0ig = 90.f)° f)? i
2 Jpr4g2>0 i fF+9?
2 0. (B.1)
Thus
Ioe = Bo(2) = Eg(9) > I > loc
which implies that
1(150 = IO,Ca E(])R((p) = IO,C' (BQ)

(2) If z € Z,, then ¢ = |z| satisfies ¢ € S¥ and E§(p) = Iy.. Using regularity
theory and maximum principle, we can deduce that ¢ € C'(R?) and ¢ > 0. In
particular, |z| € W..

(3) We only prove (a) since the one for (b) is treated in a similar manner. Let
2= (f,9) € Z. and ¢ = |z|. By (B and (B2)), we know that

8;9 — 90, f)°
/ Y09 = 900)" 4, _ (B.3)
f24g%2>0 f +9
On the other hand, as Fy(z) = Iy, there exists p € C such that for any £ € X,
E)(2)() = ﬁ/ € + ¢2da,
2 Jre
Putting z = € and using regularity theory, we can deduce that f and g belong to

C1(R?).
Now suppose that f = 0. Denote
5p={xeR*: f(z)=0}.
The continuity of f implies that d¢ is closed. Let us now prove that it is also an
open set of R?. Pick a point zg € §¢. Since ¢(x) > 0, there exists a ball B(xo, p)

centered at xg with radius p > 0 such that g(z) # 0 for all x € B(zg,p). Observe
that for each € B(x p) and i = 1,2,

(foig —g0if)" _ (a. (i))Q g'
2+ g2 ‘\g/) fP+g*

FI‘Om thiS a,nd (m), we ha,\/e
V (_‘)
g

/B(JCOaP)

Hence V (g) = 0 on B(zp,p). This implies that g = C on B(xzg,p) for some

constant C' > 0. As f(xzg) = 0, we infer that C = 0. Hence f(z) = 0 for all
x € B(xo,p) or B(xg,p) C 6y which tells us that d is an open set.

(4) Finally we prove that Z. = {e'7¢p : 0 €R, ¢ € W.}. To this end, we
consider two cases.

First case: If g = 0, then ¢ = |f| > 0 on R%. Thus z = f = ¢ with o = 0 if
f>0,0=mif f<O.

Second case: If g(x) # 0 on R?, then for i = 1,2, we have from (B3) that

(foig—g0if)* [ . (F\"
/Rz 2 +g? dz/uazaz<g> f2+92dz*0'

2 4

f2+ de*()
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It follows that V (5) = 0 on R?. This implies that f = kg for k¥ € R, hence
z=(k+1i)g and

v = |z = |k +illg|.
Let 0 € R be such that k +i = |k +i|e?. We also write g = |g|e’’ with ¥ = 0 if
g>0and ¥ =7if g <0. It follows that

z=(k+i)g = |k+ile?|gle’”’ = pe”, o:=04+9cR.
The proof is complete. O

Remark B.2. The statement of Theorem [B.] would remain true in the presence of
the rotation and the line of attack would be identical provided that we had

[Vazlzz = [Valzlr2 (B.4)
and
[Vaz|zz = [Valz|lr2 = V2|12 = |V|z|| 2.

However, we show that (B4) cannot hold in general. By definition, we have

2
IVasliie =3 [ 10y —id))=fas
j=1

2
= Z /]RZ (|8Jz|2 + z’AjE(’)jz — iAjz(')jE + A?|Z|2) dx.
=1

Applying to z = |z|, we get
VakllEs = [VEIlE: + [ |4PlePds,

In our case A = Q(—x2,21), we have |A]? = Q?|z|? and
Valzlliz = VIzl[Z + Q2 [loz]|Z.-

Let o(z) = e~ 1" and set z,(z) := iAW) Ty (2 + y,,) with some (y,)n C R? to be
chosen later. Observe that

QQ
@) = lela )l IVazalls = Vaglta =7 (14 ).
On the other hand, by choosing |y,| — 0o as n — oo, we have

Valealls > 2 [ lolPloe +a)Pde =9 [ lo =y Plo(o)Pda

n—roo

QQ 2 2
z = lynl lp(2)|"dr — oo.
jol<1

REFERENCES

[1] A. AFTALION, Vortices in Bose-FEinstein condensates, vol. 67 of Progress in Nonlinear Differ-
ential Equations and their Applications, Birkhduser Boston, Inc., Boston, MA, 2006.

[2] P. ANTONELLI, R. CARLES, AND C. SPARBER, On nonlinear Schrédinger-type equations with
nonlinear damping, Int. Math. Res. Not. IMRN, (2015), pp. 740-762.

[3] P. ANTONELLI, D. MARAHRENS, AND C. SPARBER, On the Cauchy problem for nonlinear
Schrédinger equations with rotation, Discrete Contin. Dyn. Syst., 32 (2012), pp. 703-715.

[4] P. ANTONELLI AND C. SPARBER, Global well-posedness for cubic NLS with nonlinear damping,
Comm. Partial Differential Equations, 35 (2010), pp. 2310-2328.

[5] J. ArBUNICH, I. NENCIU, AND C. SPARBER, Stability and instability properties of rotating
Bose-FEinstein condensates, Lett. Math. Phys., 109 (2019), pp. 1415-1432.

[6] W. Bao, Ground states and dynamics of rotating Bose-Einstein condensates, in Transport
phenomena and kinetic theory, Model. Simul. Sci. Eng. Technol., Birkh&duser Boston, Boston,
MA, 2007, pp. 215-255.



[7]

(8]

[9]
(10]
(11]

(12]

(13]
(14]
(15]

(16]

(17]

(18]

(19]

20]

(21]
(22]
23]
(24]

25]

[26]
27]
28]
(29]
(30]
(31]
(32]

(33]

ROTATIONAL BINARY BEC 31

W. Bao, H. WANG, AND P. A. MARKOWICH, Ground, symmetric and central vortex states
in rotating Bose-Einstein condensates, Commun. Math. Sci., 3 (2005), pp. 57-88.

N. BasHAraT, H. Hajaes, Y. Hu, AND S. ZHENG, Threshold for blowup and
stability for mnonlinear Schrodinger equation with rotation. Preprint, archived at
https://arxiv.org/abs/2002.04722, 2020.

H. BERESTYCKI, T. GALLOUET, AND O. KAVIAN, E’quations de champs scalaires euclidiens
non linéaires dans le plan, C. R. Acad. Sci. Paris Sér. I Math., 297 (1983), pp. 307-310.

H. BERESTYCKI AND P.-L. LIONS, Nonlinear scalar field equations. I. Existence of a ground
state, Arch. Rational Mech. Anal., 82 (1983), pp. 313-345.

N. Boussaip, H. HAJAIEJ, S. IBRAHIM, AND M. LAURENT, On the global Cauchy problem for
non-linear Schréidinger equation with magnetic potential. Preprint.

C. R. CABRERA, L. TaNzI, J. SANZ, B. NAYLOR, P. THOMAS, P. CHEINEY, AND L. TARRU-
ELL, Quantum liquid droplets in a mizture of bose-einstein condensates, Science, 359 (2018),
pp. 301-304.

R. CARLES, Nonlinear Schrodinger equation with time dependent potential, Commun. Math.
Sci., 9 (2011), pp. 937-964.

, Sharp weights in the cauchy problem for nonlinear Schréodinger equations with poten-
tial, Z. Angew. Math. Phys., 66 (2015), pp. 2087-2094.

R. CARLES AND J. DRUMOND SILVA, Large time behavior in nonlinear Schréidinger equation
with time dependent potential, Commun. Math. Sci., 13 (2015), pp. 443-460.

R. CArRLEsS AND C. SPARBER, On an intercritical  log-modified — nonlin-
ear Schrédinger equation in  two  spatial dimensions. Preprint, archived at
https://hal.archives-ouvertes.fr/hal-02869491, 2020.

T. CAZENAVE, Semilinear Schrodinger equations, vol. 10 of Courant Lecture Notes in Mathe-
matics, New York University, Courant Institute of Mathematical Sciences, New York; Amer-
ican Mathematical Society, Providence, RI, 2003.

M. J. ESTEBAN AND P.-L. LIONS, Stationary solutions of nonlinear Schrodinger equations
with an external magnetic field, in Partial differential equations and the calculus of variations,
Vol. I, vol. 1 of Progr. Nonlinear Differential Equations Appl., Birkh&duser Boston, Boston,
MA, 1989, pp. 401-449.

I. FERRIER-BARBUT, H. KaDAU, M. ScHMmITT, M. WENZEL, AND T. Prau, Observation of
quantum droplets in a strongly dipolar bose gas, Phys. Rev. Lett., 116 (2016), p. 215301.

I. FERRIER-BARBUT, M. ScHMITT, M. WENZEL, H. KADAU, AND T. PrAU, Liquid quantum
droplets of wultracold magnetic atoms, Journal of Physics B: Atomic, Molecular and Optical
Physics, 49 (2016), p. 214004.

D. FuitwaAra, Remarks on the convergence of the Feynman path integrals, Duke Math. J.,
47 (1980), pp. 559-600.

R. Fukuizuwmi, Stability and instability of standing waves for the nonlinear Schridinger equa-
tion with harmonic potential, Discrete Contin. Dynam. Systems, 7 (2001), pp. 525-544.

Y. GUO AND R. SEIRINGER, On the mass concentration for Bose-FEinstein condensates with
attractive interactions, Lett. Math. Phys., 104 (2014), pp. 141-156.

H. HaJjaies AND C. A. STUART, On the variational approach to the stability of standing waves
for the nonlinear Schrodinger equation, Adv. Nonlinear Stud., 4 (2004), pp. 469-501.

H. Kapau, M. Scumitt, M. WENZEL, C. WINK, T. MAIER, [. FERRIER-BARBUT, AND
T. Prau, Observing the rosensweig instability of a quantum ferrofluid, Nature, 530 (2016),
pp. 194-197.

H. KitADA, On a construction of the fundamental solution for Schrodinger equations, J. Fac.
Sci. Univ. Tokyo Sect. IA Math., 27 (1980), pp. 193-226.

T. D. LEg, K. HuaNG, AND C. N. YANG, Eigenvalues and eigenfunctions of a Bose system
of hard spheres and its low-temperature properties, Phys. Rev., 106 (1957), pp. 1135-1145.
E. H. LiIEB AND M. Loss, Analysis, vol. 14 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, second ed., 2001.

P.-L. LiONS, The concentration-compactness principle in the calculus of variations. The
locally compact case. I, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1 (1984), pp. 109-145.
P.-L. LiONS, The concentration-compactness principle in the calculus of variations. The
locally compact case. II, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1 (1984), pp. 223-283.
T. OzAawA, Remarks on proofs of conservation laws for monlinear Schréidinger equations,
Calc. Var. Partial Differential Equations, 25 (2006), pp. 403-408.

J. RAucH, Partial Differential Equations, vol. 128 of Graduate Texts in Math., Springer-
Verlag, New York, 1991.

M. REED AND B. SIMON, Methods of modern mathematical physics. IV. Analysis of operators,
Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London, 1978.



https://arxiv.org/abs/2002.04722
https://hal.archives-ouvertes.fr/hal-02869491

32

(34]
(35]

(36]

(37]

(38]

R. CARLES, V. D. DINH, AND H. HAJAIEJ

H. A. Rose AND M. I. WEINSTEIN, On the bound states of the nonlinear Schridinger equation
with a linear potential, Phys. D, 30 (1988), pp. 207-218.

M. Scamitt, M. WENZEL, F. BOTTCHER, I. FERRIER-BARBUT, AND T. PrAU, Self-bound
droplets of a dilute magnetic quantum liquid, Nature, 539 (2016), pp. 259-262.

G. SEMEGHINI, G. FERIOLI, L. Masi, C. MAzziNGHI, L. WoLswlk, F. MINARDI, M. MoD-
UGNO, G. MoDUGNO, M. INGUSCIO, AND M. FATTORI, Self-bound quantum droplets of atomic
miztures in free space, Phys. Rev. Lett., 120 (2018), p. 235301.

M. N. TENGSTRAND, P. STURMER, E. O. KARABULUT, AND S. M. REIMANN, Rotating binary
Bose-FEinstein condensates and vortex clusters in quantum droplets, Phys. Rev. Lett., 123
(2019), p. 160405.

M. I. WEINSTEIN, Nonlinear Schrodinger equations and sharp interpolation estimates, Comm.
Math. Phys., 87 (1982/83), pp. 567-576.

(R. Carles) CNRS, IRMAR - UMR 6625, F-35000 RENNES, FRANCE
Email address: Remi.Carles@math.cnrs.fr

(V. D. Dinh) LABORATOIRE PAUL PAINLEVE UMR 8524, UNIVERSITE DE LILLE CNRS, 59655

VILLENEUVE D’ASC, FRANCE AND DEPARTMENT OF MATHEMATICS, HCMC UNIVERSITY OF EDU-
CATION, 280 AN DUoONG VUONG, Ho CHI MINH, VIETNAM

CA

Email address: contact@duongdinh.com

(H. Hajaiej) DEPARTMENT OF MATHEMATICS, CALIFORNIA STATE UNIVERSITY, LOS ANGELES,
90032
Email address: hhajaie@calstatela.edu



	1. Introduction
	2. Cauchy problem
	2.1. Local well-posedness
	2.2. Global well-posedness
	2.3. Large time extinction in the presence of loss

	3. Orbital stability
	3.1. Low rotational speed
	3.2. Critical rotational speed
	3.3. High rotational speed

	Appendix A. Ground states
	Appendix B. Characterization of prescribed mass minimizers
	References

