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INTERNAL CONTROLLABILITY OF NONLOCALIZED SOLUTION
FOR THE KADOMTSEV-PETVIASHVILI IT EQUATION*
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Abstract. The internal control problem for the Kadomtsev—Petviashvili II equation, better
known as KP-II, is the object of study in this paper. The controllability in L?(T?) from a vertical
strip is proved using the Hilbert uniqueness method through the techniques of semiclassical and
microlocal analysis. Additionally, a negative result for the controllability in L?(T?) from a horizontal
strip is also shown.
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1. Introduction. The Kadomtsev—Petviashvili equations, better known as KP,
is

(1.1) 0o (Byu + Pu + udpu) £ Oou = 0,

and they was introduced by Kadomtsev and Petviashvili (see [17]) in 1970 from the
study of transverse stability of the solitary wave solution of the Korteweg—de Vries
(KdV) equation. The KP equations are completely integrable and they can be solved
by inverse scattering transform. Moreover, (1.1) has been studied separately depend-
ing on the sign that is used; with a negative sign it is known as the KP-I equation,
and otherwise it is the KP-II equation. The propagation of the trajectories behaves
very differently from one equation to the other and they do not allow study of them
at the same time. In this paper, we concentrate on the KP-II equation.

Concerning the Cauchy problem, the KP-II equation has been well studied. In
a pioneering work, Bourgain [3] proved the global well-posedness of the KP-II equa-
tion in L?(T?) by using the Fourier restriction norm he introduced in [2]. For the
nonperiodic setting, Takaoka and Tzvetkov in [15] proved local well-posedness in an-
isotropic Sobolev space H*®1»*2(R?) with s; > —% and s, > 0. Hadac, Kerr, and Koch
in [8] proved global well-posedness and scattering for small data in critical functional
space H™2°(R2). Molinet, Saut, and Tzvetkov in [16] showed the local and global
well-posedness for partially periodic data.

We will address the problem of exact controllability for the KP-II equation. Before
getting into this problem, we observe that (1.1) can be written as

O+ O3u + udu + 8;18§u =0,

where the Fourier multiplier 9, ! is defined by

—_— 1

—1 _
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for all distributions with horizontal mean value
v e DY(T?) := {v e D'(T2) : 5(0,1) =0Vl € Z} .

For any s € R, we denote by H§(T?) := H*(T?)ND}(T?) a closed subspace of H*(T?).
In particular, L3(T?) := HJ(T?). Additionally, for an open set w C T?, we denote

C2(T?) := {g € C*(T?) : supp(g) C w}.

When w is of the form (a,b), x T, or T, X (a,b),, the functions in C2%(T?) can be
identified as functions of a single variable, supported in (a,b). In these cases, we will
use the notation C? for short.

The internal control problem that we are interested in this paper is, given 7" > 0
and ug,u; € L, does there exist a control input f € L2((0,T); L*>(T?)), supported
on some open subset w C T2, such that the solution of

3 —-152 _ 9
(1.2) {&u +0;u+ 0, 0ju+udu=f, (tz,y)€RxT?,

uli—o = ug € L3(T?),

satisfies (T, ") = u1?
Additionally, we face the difficulty that the control input f should be localized in
w while keeping the horizontal mean value. However, if the control region w is either
a horizontal strip or a vertical strip, we can define the control operator as follows.
For a vertical control region of the form w = (a,b) x T, we fix a nonnegative
real-valued function g € CZ(T) such that [ g = 1. In this case, we define the control
input Gh, where G is the linear operator:

(13 G(z.9) = g(o) (o)~ [ gt ot )i’ )

If the control region is a horizontal strip of the form w = T X (a,b), we define the
control input as Kb, where K is the operator:

(1.4) Kb, y) = g(y) (h<x,y> - /T g(y’)b(x,y’)dy’> .

Our first result concerns the internal controllability of the linearized KP-II
equation on the vertical region:

3 -192,, _ 2
(1.5) {3t“+ Oyu+ 0, 0ju=Gh, (t,z,y) € Rx T,

u|t:0 =Uug € L%(’]Tz)

THEOREM 1.1. Given T > 0, and ug,u; € L3(T?), there exists h € L*((0,T);
L?(T?)) such that the solution u of (1.5) satisfies u(T) = uy.

For the nonlinear control system,

(1.6) {&u—f—@ﬁu—i—@;lﬁgu—&—u@wuzgh, (t,z,y) € R x T?,

uli—o = ug € L3(T?),

by adapting a pertubative argument, relying on the Cauchy theory for the KP-II
equation, we obtain the following result of the exact controllability in a local sense.
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THEOREM 1.2. Given T > 0, there exists R > 0 such that for any ug,u; €
LE(T?) satisfying |luollr2(r2y < R and |jui|r2r2) < R, there exists a control b
L2((0,T); L*(T?)) such that the solution u of (1.6) with G satisfies u(T) = u;.

Remark 1.3. In [3], Bourgain proved that the KP-II equation is globally well-
posed in HE(T?) for all s > 0. Our results in Theorems 1.1 and 1.2 also hold for any
data in H(T?). The main reason to consider L?(T?) here is that the quantity

/ lu(t, z,y)|*dxdy
T2

is conserved along the KP-II flow (1.1) and hence L?(T?) is a natural functional space
to study the problem of controllability.

On the contrary, for the controllability from the horizontal region
(1.7) pu+ O3u+ 0,1 02u = Kb,  (t,z,y) € R x T?,
. uli=o = up € LF(T?),

we have a negative answer which shows that the exact controllability for the linearized
KP-II equation cannot hold at any time 7" > 0 when the control region is a horizontal
strip.

THEOREM 1.4. Given T > 0 and ug € Li(T?), there exists uy € L?(T?) and
there does not exist h € L2((0,T); L3(T)) such that the solution u of (1.7) satisfies
u(T) = uy.

The proofs of Theorems 1.1 and 1.4 rely on the propagation of singularities for
the KP-II flow. It turns out that the propagation on the horizontal direction is much
stronger than on the vertical direction. The heuristic is that the singularities will
travel into some vertical control region in a very short time; however, for a horizontal
control region the singularities move too slowly to enter. This can be interpreted
physically, since the KP equations describe the regime where the wavelengths in the
transverse direction (in y) are much larger than in the direction of propagation (in ).

The paper is organized as follows. In section 2, some results of well-posedness
are mentioned; they will be important in the proof of the controllability of the full
control system. In section 3, the linear controllability is established by proving the
observability inequality. In section 4, the local controllability of the nonlinear equation
is proved by fixed point arguments. In section 5, we construct a counterexample to
complete the proof of Theorem 1.4.

2. Notation and preliminaries. Throughout this article, we use the identifica-
tion T = R/(27Z) = [, 7]/ Z3. We will adapt the standard convention for constancy
in PDE. The constant C' will denote a positive constant that can change from line to
line and the dependency will be specified if there is any risk of confusion.

We need the following classical inequality of Ingham.

PROPOSITION 2.1 (Proposition 4.3 in [10]). Let (wg)kez be a family of real num-
bers, satisfying the uniform gap condition

= inf - > 0.
Y kllgkg ‘wk’l wk2|

If I C R is a bounded interval of length |I| > 27”, then there exists C, > 0, depending
only on vy and the length |I|, such that for all (ay)rez C I1*(Z), we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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ol < [

7 keZ

E ake’twkt

k€Z

dt < C) Y .

keZ

Next we briefly review the Cauchy theory for KP-II following [16]. The initial
value problem

(2.1) {atu—l—ﬁgu—kt‘?;l@iu—&—u@wu:& (t,z,y) € R x T?,

ult—o = ug € LE(T?),

is proved in [3] by Bourgain to be globally well-posed when uy € Hg(T?) for s > 0.
In [3], Bourgain introduced a Fourier restriction norm

2by
s = [ 3 (2 T’”)>> (oo ks D)5, D) i, b, Dl

(k,l)ez?

where o(r,k,l) = 7 — k3 + L and = /14| 2. For T > 0, the norm in the
localized time interval [0, T is deﬁned by

||uHX;,b,b1 = 1nf{||w|| xs.s.6: : w(t) =u(t)on(0,T)}.

Denoting by S(t) = e~ M@2H0190) the linear semigroup, we have the following
estimate.

PROPOSITION 2.2 (Proposition 2.6 in [3]). Fors >0, —3 <V <0< i <b<
b +1,b €R, and T <1, we have

/t S(t—t)F(t)adt
0

for any F € X;’b/’bl.

The proposition above is false for the end points b’ = f% and b = % However,
for the periodic problem, it seems that we cannot avoid use of these end points. The
way to resolve this issue is to define an auxiliary norm

zev = (@) 72 {(k, D) 02, 1

(k, l)

< CTl_(b‘b/)HF||Xs,w,b1
T

s,b,bq
X7

[[ul
We denote by Z;’S the restricted spaces, defined in the same manner. The analogue

of Proposition 2.2 is as follows.

PROPOSITION 2.3 (Propositions 2.5 and 2.6 in [3]). Under the same conditions
as in Proposition 2.2, we have

HS(t)uo + /Ot St —t"F(t)dt

The proof can be found, for example, in [18]. In order to show that (2.1) is locally
well-posed in the Fourier restriction spaces, we write it in the integral form:

o3
T

< Clluollm= + CIFl oy
T

1
30b1

[N

x° s,
Xr NZr

(2.2) u(t) = S(t)up + /Ot St —t') (udyu)(t')dt'

To use the fixed point argument, the following bilinear estimate is crucial.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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PROPOSITION 2.4 (section 3.3 in [16]). There exist 3 < b1 < 2, C > 0, and
v > 0 such that for all 0 < T < 1,5 > 0, the bilinear estimate

||8$(uv)||X;’7%’blﬁZ;’7 < CT”HuHX

ool ey
501 v Xswgybl

1
2 8y
T T

1
holds for functions u,v € X;’Q’bl satisfying

/u(tw,y)dm = /U(t,m,y)dx =0.
T T

This bilinear estimate is established by Bourgain in [3]. We use the adapted
version of [16], in which the authors dealt with partially periodic data.

3. Linear controllability on vertical strip. In this section, the study of the
internal controllability of linear system (1.5) is addressed by defining a linear operator
in Proposition 3.9, which characterizes the control input of the linear system and drives
the solution from an initial state ug to a final state u;. Notice that by reversibility,
the exact controllability is equivalent to null controllability: given any initial state
ugp € LE, find a function h € L2((0,T) x T?) so that the equation satisfies u(0, ) = ug
and u(T,-) = 0. Hence, we will study the null controllability.

The classical strategy to study the null controllability is to show the observability
inequality for the adjoint system associated to the equation; in the KP-II case, it
matches with the homogeneous linearized KP-II equation:

(3.1) {&u + 8§u + a;lagu =0, (t,z,y)eRx T2,

u|t:0 =1Up € L%(’]IQ)

From the classical Hilbert uniqueness method (HUM), one can deduce that the
null controllability is equivalent to the observability for its adjoint system.

PROPOSITION 3.1 (see [14]). Given T > 0, the system (1.5) is null controllable
at T if and only if given ug € L?(T?), there exists a unique solution u to (3.1) such
that

T
(32) Juolsqeny < Cr [ [ 1Gutt,,y) Pdadydt,
o Jr2
where the constant C > 0 does not depend on ug.
The region where the control will be placed is a vertical strip given by
w:=(a,b) xT

and the operator G is given by (1.3). The region w will allow us to get a reduction
of the KP-II equation (3.1) in one dimension. Indeed, by expanding the solution
u(t,z,y) to (3.1) in Fourier series in the y variable

u(t,z,y) = a(t,z)e’,

IeZ

we find that for each [ € Z, a; satisfies the equation

8tal + 8§CL[ — 12(9;1@[ =0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Therefore, by changing the notation, it is reduced to the study of the following
A-dependent equations:

3, _ \29—1, _
(3.3) {atu—kﬁxu MO, 'u=0, (t,z)eRxT,

U0 = o € L2(T).

3.1. Observability inequality. Due to Proposition 3.1, the proof of Theorem
1.1 is reduced to the proof of (3.2). From the one-dimensional reduction and
Plancherel’s theorem, we can further reduce the observability (3.2) to the following
uniform observability for the family of equations (3.3).

PROPOSITION 3.2. Given T > 0, there exists Cr > 0 such that for all A > 0,

T
0 T

holds for all solution u of (3.3).

The rest of this section is devoted to the proof of Proposition 3.2. The strategy
is as follows. First, we reduce the inequality (3.4) to a weaker one (3.5), which
is the observability for high frequencies and it does not consider the normalization
part which simplifies the operator G. Next, inspired by the work of Lebeau in [12],
we rescale the time to change it to the semiclassical scale. This reduces the weak
observability for system (3.3) to an inequality of the same form but for another semi-
classical system (3.8). The third step is to reduce the inequality in the previous step
to a frequency-localized one. Finally, we use the propagation argument to prove the
frequency-localized semiclassical observability, namely (3.10).

3.1.1. Reduction to weak observability. The weak observability takes the
form, uniformly in A > 0,

(3.5) luoll2s(r) < Cr / / lg(w)u(t, 2)Pdzdt + Clluol -+ x)-

First, we prove a lemma concerning the commutator of a high-frequency cut-off
and the operator G.

LEMMA 3.3. Take x € C*°(R) with supp(x) C {|{| > 1} and x|i¢j>2 = 1. Then
there exist hg > 0,C > 0 such that for all 0 < h < hg, we have

/0 |x(h D), Glu(t, 2yt < Ch2Ju(0)22

with the notation D, := 13@ and the commutator [A, B] := AB — BA.
Proof. We write

T
/0 Ie(h D), Glu(t, )12 mydt < C(1+11),

where

- / / [9(z), x(hD)Jult, z)Pdedt,

o) [ Dttt 0. (s60) [ gte'ute. o)

2

II = dzdt.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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From symbolic calculus,! we have

g (@), x(hDz)lllL2 12 < Ch,

and by conservation of the L? norm, we have
T
1< OF [ ult) eyt = CHT(0) ey
0
For II, we first calculate (to simplify the notation, we omit the variable ¢ here)

(gm / g(x')(x(th)U)(x')dﬂf’) (0) - x(hDy) (g<w> / g(m’)u(w')dw') 0
=9(0) Z (x(hl1) — x(hl)) g(l1)u(ly).

11 #£0
Since |x(hl1) — x(h)] < |IX |z h|ls — 1], we have

II < Ch? Z lg()|? Z |l — Ug(lx)u(ly)

! 11 #£0
<CRY [GOP [ D I =1Pga)l* | | Do la)P
! 11 #£0 1170
< CR?|ullZamy Y 1h = UG Pla@)®
1,110
= Ch?[|ul|Z (),
where we used the fact that g € C%(T). ad

PROPOSITION 3.4. (3.5) implies the following full observability inequality:

T
0 T

Proof. The proof is essentially a unique continuation argument. However, it is
more delicate since we need a uniform estimate with respect to A\. The proof will be
divided into two steps.

The first step is to show that for any fixed A > 0, (3.6) holds with constant
C(A\) > 0 which may depend on A\. We argue by contradiction, assuming that (3.6) is
not true; then we can select a sequence u,, of solutions to (3.3) so that

T
ltn (0) |2 = 1 and lim/ /|Qun(t,x)|2dxdt:O.
0 T

n—oo

Up to a subsequence, we may assume that u,(0) — ug, weakly in L?(T). One can
easily verify that ug € LZ(T). Moreover, from the semigroup property, u,(t) — u(t)
weakly in C([0,7]; L?(T)) and u(t) is the distributional solution to (3.3) with initial
data ug. Since G : L3(T) — L2(T) is a bounded operator, we have that Gu(t,-) = 0 in

IThough g is not assumed to be smooth, the following estimate is still valid.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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L3(T) for a.e. t € [0,7]. This means that u(t, z)|, = C(¢) in D'(w) for a.e. t € [0,T].
Moreover, from the strong continuity of the semigroup on L3(T),

o) = /T g(@ult,z)dz Ve [0,T),

and C(t) is a continuous function in ¢. Therefore we have that
9(x) (u(t,x) — C(t)) = 0, in C([0,T]; L*(T)).

Thus u(t, z)|zew = C(t) in D'(w) for all t € [0,7]. Now, if we rewrite (3.3) as
02 (0pu + 93u) + Au = 0 and evaluate u for x € w, we have that u|, = 0 in D'(w).
Next we claim that u = 0. Indeed, following [1], we consider the following family of
sets (depending on T"):

Nrpoi={ug € L§(T) : S(t)uolw =0 Vte[0,T']}.
For any T" > T'/2, applying inequality (3.5) (with 7'/2), we have that for any ug € N7,

luollz2(my < Clluollg-1(r)-

This implies that the subspace N7 in LZ(T) is finite dimensional. Moreover, N, C
N, if Ty > Ty. Now for § > 0 small, S(8) : Npv C Np/_s is a linear mapping. Since for
T > T/2, dimN7_s < oo, there exists dg > 0 such that for all § < §y, N5 = Np».
Therefore, (S(6) —Id)d~! : Npv — Ny is a linear mapping. Passing § — 0, we
have that (9;S(¢))|t=0 : Nov — Np. Denoting by o and vy any of its eigenvalue
and the corresponding eigenfunction of 9;5(t)|;=o on Ny, since (9;S(t)vo)|t=0 =
(=02 + 220, YYvg, we have

(—85 + )\26;1) Vo = 0.

This implies that vy has only a finite number of nonvanishing Fourier modes. Thus
vp has an analytic extension near the real axis. Therefore, vg|, = 0 yields vy = 0.
Hence N7 = {0}.

Since the weak limit of u, (0) is 0, we have

/g(x)un(t,x)dx — 0 and ||gunlz2(jo,71xT) — 0.
T

Moreover, up to a subsequence, [|u,,(0)||gz-1(1y — 0, due to the Rellich theorem. This
is a contradiction to the assumption that ||, (0)[/z2(m) = 1.

The second step is to prove that (3.6) is uniformly on A. Again, we assume that
(3.6) is not true. Then there exists a sequence of positive numbers A\, > 0 and a
sequence of solutions u, to (3.3) with parameters A,, such that

T
lun(0)||L2(ry =1 and  lim / / |G, (t, ) |Pdxdt = 0.
o Jr

n—0o0

Up to a subsequence, we may assume that A, — Ao € [0,00]. Suppose Ao < 00; a
similar argument as in the first step will lead to a contradiction.
The last possibility is Ao, = co. We write

un(0) = Z amleilz

1#£0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and the corresponding solution of (3.3) is

2
it(lgf%) e
up(t,z) = g an, i€ e’
140

For any ¢y > 0, we set

it(ﬁ—ﬁ)
uﬁf") = E an, 1€ Y el U,(f") = Uy — ul€o),

n
l1>x
0

From Lemma 3.3, we have

T T
/O |G (0)[2 0yt < Ol (020 + C / (Gt ) (1) 2.

Thus, there exists C' > 0 such that for any €y > 0, we have

T
lim sup / 1Gule™) ()12 gyt < C2,

timsup [ |0 ()] oyt < C.
n— 00 0

For any € > 0 small, we can find ¢y > 0 small enough such that

S GoPr<e

1>
0

and then
2

< gl 7z Il Ol 72 -
L2(T)

Hg<w> [ st o

Thus, from (3.5),

||U£f°)(0)||i2(1r) < Ce® + Cej + ||U7(f°)(0)||§171(1r)
<C(E+€)

for n large enough.
On the other hand, direct calculation yields

T (<o) {112 T N A it(l?7?i>
/0 1G5 (8) |72 (pydt = /O SYD @U-h)-g0gh))ans,e V| dt
l

1S|l1‘§1/60

>0 S G- ) - GOGE) Plans,

I 1<|n<1/e0

=C Z Cl1|an,l1‘2

1<[l1|<1/e0

with ¢, = Y, |91 — 1) — g(1)g(l1)|?, by the Ingham inequality (Proposition 2.1),
due to the assumption that A, — oo. Notice that the constant C' can be chosen
independent of n and €g, provided that if n is large enough, then

. 2 A2 21
L+1)P -3z n ‘> >0 and T > 2",
2 |ttt h o h+177 " v

1<|111<1 /eo
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Noting that ¢, > [g(0) — g(11)?|? and g(0) = 1, there exists a constant ¢y > 0,
independent of €y, €, and n, so that ¢, > ¢ for all 1 < |l1] < 1/eg. Thus, for n
sufficiently large,

€ C T €
oSOy < = / 190 ()][2 it < Ce2.
Therefore,
1=t su i (0) 36y = 2 (0) 22y + e O3y < O+ ) < 1.
n o0

which cannot happen. ]
2. Reduction to semiclassical observability. Now, we consider the semi-
classical equation of the following form:
58) {h@tu + (hdp)3u— (hdy) u =0, (t,z) eRxT,
ul—o = ug € LE(T).

PROPOSITION 3.5. Assume that there exist Ty > 0,hg > 0 such that the semi-
classical observability

To
(3.9) [uol| 22 r) SCTO/O /T|9($)u(ta$)|2df€dt+C||U0||§1—1(1r)

holds for any h-dependent solutions u of (3.8) with initial data ug € L3(T), uniformly
for 0 < h < hg. Then for any T > 0, the observability inequality (3.5) holds for the
A-dependent solutions of (3.3), uniformly in X > 0.

Proof. Tt would be sufficient to prove (3.5) when A > 1 is large enough since for
bounded A > 0, (3.3) can be viewed as a pertubation of the linear KdV equation
and the constant C' on the right-hand side of (3.5) can be chosen to be continuously
depended on A. For A > h2’ we write A> = ;% and (3.3) becomes

RO + (h0y)u — (hdy)'u = 0.
Setting w(t,z) = u(h?t, x), it satisfies the equation
hoyw + (hd,)*w — (hd,) 'w = 0.

Now from (3.9), we have

To
[0l <€ [ [ latahote.o)Pdsds + Clu©)F e,
Changing back to u(t, ), it holds that

C h2To
[u(0)[1Z2(zy < 72 /T|9($)u(87$)\2d$d8+C||U(0)H§{71(1r)~

Due to the invariance of the tlme—translation and the conservation of the H® norm of
the linear equation, we have for any M € N,

lu(Mh*To) |22 (x) = IIU( Wiz

(M+1)R2Ty )
<3 fn / lo(e)u(s, 2)Pduds + Clu(MR T 1o
(M+1)R*Ty 2 ,
h2 e |g (s, @)[*dads + Cllu(0)[| -1 (r).-
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Summing for M from 0 to egh~2, with egTp < T, we have

O < & [ [ oot Pasat + o) o,

This completes the proof of Proposition 3.5. ]

3.2.1. Reduction to frequency-localized semiclassical observability. We
use a homogeneous Littlewood—Paley decomposition. Take ¢ € C2°(R) with support
supp(v) C {1/2 < |¢] < 2} and ¢ € C°(R) such that

D otn(§) =1 VEA£0,

kEeZ
where 1y, (€) = ¥(2%¢). We will reduce the proof of the inequality (3.9) to the follow-
ing.
PROPOSITION 3.6. There exist eg > 0, hg > 0, small and Ty > 0, Cy = Co(eg) > 0
such that for all k € 7, with 2"h < €,

To
(310)  [n(AD)u(0)| 2 < Co / / (9(2)or(hD,Yult, z) Pdedt

holds for all solutions u(t,x) of (3.8), uniformly in h € (0, hg).

This proposition will be proved in the next subsection. In fact, from the proof,
we can deduce that if Proposition 3.6 holds true for some ¢y > 0, hg > 0, it is also true
for any other parameters €1, h; such that €; < ¢y and hy; < hy with possible change
in the dependency of constant Cj.

LEMMA 3.7. Proposition 3.6 implies the inequality (3.9).
Indeed, applying Lemma 3.3, we have

g (hD )l ) < 2 (hD) (gu) 2y + 21620 D,), glulZs
< 2 (hD2) (90) 222y + CE B2 |u(®) 22 r),
thus
To
S e Du(O)2e <C Y / e (hD2) (gu(8) |2ce,
k<log,(eo/h) k<log,(eo/h)
0T S @R
k<log,(eo/h)

To
<c / lgu(®)||22zdt + CToe2|[u(0)]|22 r)-

Therefore,

To
lu(O) 2z ry < C/O /T\Q(CE)U(taw)Idedt + CToeg|[w(0) 122 (ry + Cllu(0) 171 (x)-
To complete the proof, we choose €3 < 02T ¢ and (3.9) follows.
In summary, we have shown that in order to prove the uniform observability
inequality (3.6) for all solutions of (3.3), it suffices to prove the observability (3.10)
for all solutions of (3.8), uniformly in 0 < h < 1 and k € Z such that 2¥h < ¢.
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3.2.2. Propagation estimate with parameter dependence symbol. This
section is devoted to the proof of Proposition 3.6. We recall some basic notation
and results about h-pseudodifferential calculus. For m € R, let S™ be the set of
h-dependent functions a(x,&, h) with parameter h € (0,1) such that for any indices
Q, ﬁ7 ~

Cswp 10000a(, 6, R)] < Cap(1+ €)1,

(z,€,h)ER24 % (0,1)
For a € S™, we denote by Opj, (a) the h-pseudodifferential operator acting on Schwartz
functions via

1 i(w—y)-€ ~
Op; (@) i= = | T (o Rrlo)dus
(2mh)d Jr2d

We refer to [19] for symbolic calculus and other basic properties about the h-
pseudodifferential operator. For functions on a compact Riemannian manifold, we
can also define the h-pseudodifferential operator by using local coordinate and parti-
tion of unity.

Now let us consider the following e-dependence symbols:

n9 = ($-€) o, %maz(éﬂ%ﬂx@,

where x € C2°(R) with supp(x) C {a < [¢| < 8} for some 0 < a < 1, 8> 2, and
x = 1 in a neighborhood of {1/2 < [¢| < 2}. Denote P. = Op;,(pc) and Q6 = Oph(qé).
Denote U (t) and V,(t) solutions of the operator equations

(3.11) {U(O)(:)I Uc(t)P. =0,

E =
(3.12) {‘i/fito‘)/e@);r Ve(t)Qe =0,

The flows associated to the vector fields H),_, H,,_ are explicitly given by

et (20,80) = <3«"0 - (Eo +3€o> x(&o)t + (5 50) X’(éo)tﬁo) :

Pe.t(T0,&0) = (ffo - ( + 36450) (o)t + (1 - 6453’) X’(fo)ﬂfo) :
& o

From Egorov’s theorem (see [19]), for any symbol a(z, ) € C°(T*T), we have
U.(—=t)Opy(a)U(t) = Opj(ao ¢ey) + Opzyp2(h),
Ve(=t)Opj(a)Ve(t) = Opj(ac pes) + Opasp2(h).

Moreover, the remainders Or2_, 2 (h) can be written more precisely as some operator
Aj on L*(T) with the operator norm bounded by

147l 2 L2 < Cvh > bl <sup 105 ¢(a o per)| + sup I3§,g(a0¢e,t|>

la|<N (.6)

for some N € N and for some hg > 0, 0 < h < hg. Therefore, we remark that the
bounds Op2_,12(h) are independent of € < 1, due to the explicit formulas of ¢, ; and

(be,t'

Now we prove the following localized observability estimates.
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PROPOSITION 3.8. There exist Co > 0,Ty > 0,hg > 0 such that for all ug €
LA(T), all h < h,

To -
(3.13) 1 (hDa)uol 72 (r) < Co/0 lgUe (£)t (h D uo |2y dt,

~ To .
(3.14) |wmmw@m3@4|mwwwm%m®w

Proof. Here we only prove the first inequality, since the second one follows in the
same manner. Consider the symbol a(z, &) = g(x)%v(€) (strictly speaking, g is not
smooth and we need to approximate it by smoothing functions) and its quantization

Opj,(a) = (9(x))*¥(hD), where 1) is a slight enlargement of ¢ such that 11 = ¢ and
supp ¥ C {a < |¢] < B}. From Egorov’s theorem, we have

Uc(—t)Opj (a)Uc(t) = Opg(a o ¢et) + Or2_,12(h), uniformly in e < 1.

Note that on the support of a, x'(§) = 0, so we have

4
¢€,t(x07£0) = ({EO - (62 + 35(2)> t7§0) .
€0

Notice that \% +3&2| > ¢ > 0, uniformly in €, on the -support of 7:/; Since g > 0

is a nonzero continuous function, for some Ty = Ty(cp) > 0, and ¢; > 0, we have?

To
/ a0 pcrdt > cp > 0.
0

Now we calculate

To -
A\mwwwmw@mﬁ

To - ~
N /0 (gUe(t)i/J(th)umgUe(t)¢(th)¢(th)u°)L2(1r) «

To ~
- /0 (Ue(ft)w(hDr)gzUﬁ(t)uo’d)(th)uo)Lz('ﬂ‘) a

= (Opﬁ(bTOW(EDx)“O’ qp(ﬁDx)uo) L2(T)

with by, (z,&) = fOTO a0 ¢e ¢dt modulo hS°. Thus, from the sharp Garding inequality
(see [19]), we have

(0P (br ¥ (RD2Juo, ¥ (ADL Yo ) |, = S (hD2)uolla(r) = Chlv(hD2Juo I3 r)-

L2(T)

To conclude the proof, we choose 710 < min{7%, 1}. 1]

2This is just the geometric control condition, which is trivially satisfied in the one-dimensional

situation.
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Proof of Proposition 3.6. For fixed h < 1, we analyze the three regimes for k € Z.
Case 1: |k| < Ny for some large natural number Ny. This corresponds to the case
|€] ~ 1. Let ur = ¢x(hDy)u; the equation satisfied by wuy, is (3.8). We can use either
(3.13) or (3.14) with parameter € = 1 to obtain that (note that h = 2¥h ~ h in this

regime)
T

0
Hmmmwmms%Auwwmm@@mw

Case 2: k < —Ny for some large constant Ny. This case corresponds to [£| ~

2% > 1. Defining a new semiclassical parameter Ek = 2kp < 1 and to rescale the
time variable we set wy (¢, z) := 1(hy Dy )u(22t, x) and uy, = 1 (hy D, )u. The equation
satisfied by wy, is

hidywy + (hie0y)Pwy, + 2% (hd,) " wy = 0.

Applying (3.13) to wy, with e = 2% < 1 and h = hy, we obtain

To
mmw@mscA g (8) 2y dt.

From conservation of the L? norm, we apply the inequality above 272 — 1 times and
obtain that

271 (M41)22F T,
/ IO oy

1 C
ﬁ\\uk(o)“%z(m < 5ok Z
M=0
c [P
ot [ gyt

M22ET,

This is exactly

To
MMMMMW@mSCA g (At 2.

Case 3: k > Ny. This case corresponds to |¢| ~ 27% < 1. Define the new small
semiclassical parameter hy = 28h. The E—pseudodifferential calculus applies, by the
restriction 2Fh < ¢y < 1.

Denote by ur, = (hpD,)u and define vy (t,x) = ug(272Ft,2). v solves the
equation _ _ _

hOpvy, + 2‘4’“(hk8m)3vk + (hka)_lvk =0.

Applying (3.14) with h= iNLk, e = 27%, we obtain that

To
mmw@mscA lgoe(8) 22y .

Again by conservation of the L? norm as in the argument of Case 2, we finally
have

To
memﬁmscé lgun (8)]122 oy -

This completes the proof of Proposition 3.6. Hence the proof of Proposition 3.2
and the observability inequality (3.2) for the linearized KP-II equation are also
complete. 0
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As a consequence of Proposition 3.1, the internal controllability for the linear KP
1T is obtained. We conclude this section by summarizing it in the following proposition.

ProprosITION 3.9. Given T > 0, there exists a bounded linear operator
T : (L§(T?))* — L*(0,T; L*(T?))
such that for any ug,u1 € L3(T?), the control defined by b := Y(ug,u1) drives the

solution of

(3.15) {atu—&-(?gu—ké);la;u:gh, (t,z) €R x T2,

u|t:0 = Uo,
to w(T) = uy. Moreover, we have

||T(u07 Ul) ||L2(O,T;L2(11‘2)) < C”(Uo, u1)||(L2(’]1‘2))2~

4. Local controllability of nonlinear equation. For the full KP-II control
system

(41) dyu+ Odu+ 0, ' 0pu+ udyu = Gh,  (t,x) € R x T?,
' uli=o = o, uli=r = u1,

in order to prove the existence of u € L?(0,T; L3(T?)) solving u|;—o = ug, u|i=7 = u1,
we will reduce it to a fixed point problem by a standard argument.

Proof of Theorem 1.2. The solution of (4.1) with control input h is given by

t
u(t) = S(t)ug + v(t, u) + / S(t—t)Gh(t")dt'
0
with .
v(t,u) = / S(t —t" ) ududt’.
0
It must satisfy
T
up = S(T)uo + v(T,u) + / S(T —t')Gy(t')dt.
0

Choosing the control input of the form b = Y (up, w), this implies that

T
S(T)ug + /0 S(T — £)Gh(#)dt' = w.

This indicates that w = u; — v(T, u). In summary, defining the nonlinear map T by

I'(u) = S(t)up + v(t,u) + /0 S(t—t")Gh,(t)dt'
with
By = Y (ug, w1 — v(T,u)),

we need to find a fixed point of T'.

1 1 1 1
We need show that I : X;’z’bl N Z;’z — Xgiz’bl N Z%z is a contraction in a
bounded ball. From Propositions 2.4 and 2.3, we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/06/20 to 134.214.188.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1730 IVONNE RIVAS AND CHENMIN SUN

< € (olaocen + 1990 -y + ol .0, )
< 0 (Fuolagen + lullces + @) Dlsacrs + ol 1., )
T

< € (uollzzce + luallagen + Jul? .0, ).
T

where C' > 0 does not depend on ug. For R > 0, let Bg = Br(0) be the ball centered
at zero with radius R, that is,

Bro=due X2 n 2% . |y , <RV,
T r Xy 2Mnzy 2

<C (||U0||L2(’]I‘2) + HUIHL2(T2) —+ Rz) .

0,361
T
Then

(4.2) 1T (w)]

1 1

0,5.by 0,
2172

T T

Additionally, for u,v € Bg we have

t
) =T oo < €| [ Sle= 0N, - Gh)ar b
+ ’ /t St —t') (udpu — v@xv)dt" . .
0 X;*§~b1ng~§
< C|| Y (ug,ur —v(T, u)) — T(uo,ul—v(T,v))||X;Y%,blmZ;)%
+C ‘ /t St —t') (udpu — v@mv)dt’H . .
0 X;’i'hlngﬁ
< lT) o0 oo
+llu— UHX;‘%’“ [lu+ U”xi’%’bl
< Cllu— v||X;,%,b1 lu + UHX;,%,M
(13) < lu=vl o

by using properties of the bounded linear operator Y. Choose 6 > 0 and R > 0 such
that 2C§ + CR* < R and CR < § with [Jug||z2(r2) < 6 and [Juy||p2(r2) < 8. We can
conclude from (4.2) that the image of Br through T' stays in the ball Br and from
(4.3) that T" is a contraction. The proof of Theorem 1.2 is complete. O

5. Noncontrollability in horizontal strip. In this section, we prove Theorem
1.4 by disproving the observability for the linearized KP-II equation (1.5) on the
horizontal control region. By translation, we may assume that the horizontal control
region is w = (—m, —a) U (e, ] for some 0 < av < 7. Recall that K is defined by (1.4).
By the HUM method, the proof of Theorem 1.4 reduces to prove the following.

PRrOPOSITION 5.1. For any T > 0, there does not exist a finite constant Cp > 0
such that the observability inequality

T
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holds for every solution u € L?((0,T); L4(T?)) of the linearized KP-I1 equation
Opu+ Iu + 8;18§u =0.

The building block for proving Proposition 5.1 is the following lemma for the
one-dimensional semiclassical Schrodinger equation.

LEMMA 5.2. Assume that w = (—m,—a) U (o, 7] for 0 < oo < w. Then for any
T > 0, there exists a sequence of solutions u, to

ih Optiy, + h2 02w, = 0,
(5.2) ? tu_—i— 7 Opl 2
Up|t=0 = un,0 € L*(T),
such that
lim inf [|w, ol L2 (my > 0
n— o0
and

T
lim / |, (t, x)|*dxdt = 0.
0 w

n— oo

Proof. Take G(x) = e% and define G (x) = \/%G(Ei) Denote the Fourier
coefficient of G~ by

e T e e [ ienks
g (k) = 5 /_WG (x)e™""dx = o /_L G(z)e dz.

The coefficient function g (z) satisfies the following estimates:

(53) g™ |z = Oer/*), (g™ I ®) = O(€x/*), [(g)" | oo m) = Oler/?).
Take an even cut-off function ¢ € C°(R) with supp ¢ C [-B, B] with0 < b < B

and 0 < ¢ <1, 9(z) =1, for all |z] <b. We define

uno(@) = Y _ g (k) (hak)e™,

keZ
and then the corresponding solution to (5.2) is given explicitly by
wa(t,2) = 3 g (k) (k)i om0,
keZ

We need to estimate the mass of initial data. First,

G Z2emy = D Lo (R)> ~ 1

kEZ

holds from the Plancherel theorem and the definition of g (k). We next estimate the
mass away from the frequency scale h, !, that is,

DI = k) R < D g k)P

keZ |k|>hntb

DS

|k|>hn'b

2

€n
4m2

/ G(z)e e 2dz
R
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2
€n / I d ke
= G(z)———e " rzdz
kg;nlb 4ar? | Jp —ike,, dz

1 712
< Z m||G”L1(R)

|k|>hntb

By setting €, = v/h, <1, we have ||(1—¢(hn,D3))G" | L2(ry <1 and then ||uy o 2 (T) ~
1. It remains to estimate the term on the right-hand side of observability inequality
(5.1).

Observe that wuy, o is localized by |k| < h% in frequency and by |z| < €, in space

obeying the uncertainty principle (€nh, ! > 1). Since the wave packet of the frequency
scale smaller than Bh,, ! moves at velocity bigger than 2Bh, !, it will remain small
for |t| < T in w. More precisely, we need a decay estimate for |uy,(t,z)| when z € w
and |t] < T. Now we choose B > 0 such that |z —2Bt| > ¢o > 0 mod 27 for all z € w
and [t| < T. Write

Z K(")

kEZ
with
K{7)(2) = g (2 (hn2)e G0,
From the Poisson summation formula, we have
Z K(n) 2m).
mEZ

For fixed m € Z,
27-(-m 9571 h Z lﬁat I(Z)dz

9 (2)(hnz) £2( w"’(z))dz

%\%\

with £ = Wdz and ¢y () = (z — 2mm)z — hy,2%t. By integration by parts, we

m d L d (g7 (2)Y(ha2) ‘
7™ (o :/7 4 i0e(2) gy
t,x ( //Tm) R dz <up;7w<2ﬁ) dz ( 2@27w(3) ‘ )

After tedious calculation, we obtain that

da( 1 4 6“() ( z)
(g)"(hnz) + Zhn( e”) V' (hn2) + " (hn2)ge

have

(,2)°
3((g) Y (hn2) + hat (hn2)g)le g tp(hn2)(0f,)*
(,2)° (h2)* '

From (5.3), we have

Cerl* [llw @
K n) 2mm)| < su n H(R) ]
el )= \hnZII;B |(x — 2~y 2t) — 2rm)|?
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For any x € 2mp+ (=7, —a) U (e, ], |& — 2hy2t| > ¢ > 0 mod 27 with p € Z, it holds
that

1/2
Z |K(") 2mm)| < C Z e
leo — 27 (m — p)|?

mEZ meZ
< Ce}/g.
Therefore,
T
/ / un (t, )| dedt < CeX/*T|w| — 0, as n — oc.
0 w
This completes the proof of Lemma 5.2. O

Now we are ready to prove Proposition 5.1.

Proof of Proposition 5.1. For any T' > 0, we will construct a sequence of solutions
U, to the linearized KP-II equation such that

T
|un(0)||L2¢r2) ~1 and  lim . |Kuy, (t, z,y)|*dedydt = 0.

n—oo 0

Denote by vy, (¢, y) the sequence of solutions to the semiclassical Schrédinger equation
which satisfies the conditions in Lemma 5.2. Define

Un(t,2,y) = vt y)e i e = 37 (k)i y k0t
keZ
Then u,, solves the linearized KP-II equation. Moreover,
l[un(0)[2(r2) = llon(0)[[2(m) ~ 1,

and

T T
/ / [ (t, , y) Pdadydt = / / oy (2, y) |Pdtdy — 0,as n — oo.
0 w 0 —m,o)U (e, 7]

Now we claim that

lim [ g(y)vn(t,y')dy' — 0in L>=([0,T]; L*(T)).

n—oo T

Indeed,

> "GRG (k) (hnk)e ™t

keZ

Do+ D | TRy (k) (ke

[k|<M  |k|>M

/ gy )vn(t,y')dy'
T

1/2

< & Plglpemy M2+ )G |2y | D 19R)I
|k|>M

and the right-hand side tends to 0 as n — oo since we can choose M to be arbitrarily
1arge before taking the limit in n. The wvalidity of the claim implies that

Y) Jr 9y )un(t,z,y')dy’ — 0 in L*([0,T] x T?). This completes the proof of Propo-
SlthIl D. 1 as well as Theorem 1.4. O
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