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Abstract

We focus on the estimation of the intensity of a Poisson process in the presence of a
uniform noise. We propose a kernel-based procedure fully calibrated in theory and prac-
tice. We show that our adaptive estimator is optimal from the oracle and minimax points
of view, and provide new lower bounds when the intensity belongs to a Sobolev ball. By
developing the Goldenshluger-Lepski methodology in the case of deconvolution for Pois-
son processes, we propose an optimal data-driven selection of the kernel’s bandwidth, and
we provide a heuristic framework to calibrate the estimator in practice. Our method is
illustrated on the spatial repartition of replication origins along the human genome.

Keywords: Convolution, Poisson process, Adaptive estimation

1 Introduction

Inverse problems for Poisson point processes have focused much attention in the statistical
literature over the last years, mainly because the estimation of a Poisson process intensity in
the presence of additive noise is encountered in many practical situations like tomography,
microscopy, high energy physics. Our work is motivated by an original application field in
high throughput biology, that has been revolutionized by the development of high throughput
sequencing. The applications of such technologies are many, and we focus on the particular
cases where sequencing allows the fine mapping of genomic features along the genome, like
transcription factors of copy-number variations. The spatial repartition of these features can
be modeled by a Poisson process with unknown intensity. Unfortunately, detections are prone
to some errors, which produces data in the form of genomic intervals whose width is linked



to the precision of detection. Since the exact position of the peak is unknown within the
interval, the appropriate error distribution is uniform, the level of noise being given by the
width of the intervals.

In the 2000s, several wavelet methods have been proposed for Poisson intensity estimation
from indirect data (Antoniadis and Bigot, 2006]), as well as B-splines and empirical Bayes
estimation (Kuusela et al) 2015). Other authors turned to variational regularization: see
the survey of [Hohage and Werner| (2016)), which also contains examples of applications and
reconstruction algorithms. From a more theoretical perspective, |[Kroll (2019)) studied the
estimation of the intensity function of a Poisson process from noisy observations in a circular
model. His estimator is based on Fourier series and is not appropriate for uniform noise
(whose Fourier coefficients are zero except the first).

The specificity of uniform noise has rather been studied in the context of density deconvo-
lution. In this case also, classical methods based on the Fourier transform do not work either
in the case of a noise with vanishing characteristic function (Meister, [2009). Nevertheless
several corrected Fourier approaches were introduced (Hall et al., [2001} 2007; |[Meister), [2008;
Feuerverger et al., [2008). In this line, the work of |Delaigle and Meister| (2011) is particu-
larly interesting, even if it is limited to a density to estimate with finite left endpoint. In a
recent work, Belomestny and Goldenshluger| (2019) have shown that the Laplace transform
can perform deconvolution for general measurement errors. Another approach consists in us-
ing Tikhonov regularization for the convolution operator (Carrasco and Florens, 2011} |Trong
et al.l 2014). In the specific case of uniform noise (also called boxcar deconvolution), it is
possible to use ad hoc kernel methods (Groeneboom and Jongbloed, 2003; van Es| 2011)).
In this context of non-parametric estimation, each method depends on a regularization pa-
rameter (such as a resolution level, a regularization parameter or a bandwidth), and only a
good choice of this parameter allows to achieve an optimal reconstruction. This parameter
selection is often named adaption since the point is to adapt the parameter to the features
of the target density. The above cited works (except Delaigle and Meister (2011))) do not
address this adaption issue or only from a practical point of view, although this is central
both from the practical and theoretical points of views.

We propose a kernel estimator to estimate the intensity of a Poisson process in the pres-
ence of a uniform noise. We provide theoretical guarantees of its performance by deriving the
minimax rates of convergence of the integrated squared risk for an intensity belonging to a
Sobolev ball. To ensure the optimality of our procedure, we establish new lower bounds on
this smoothness space. Then we provide an adaptive procedure for bandwidth selection using
the Goldenshluger-Lepski methodology, and we show its optimality in the oracle and minimax
frameworks. From the practical point of view we proprose a framework to tune the hyperpa-
rameters of the method, which is notoriously difficult in the context of Goldenshluger-Lepski
methods. We propose two strategies, the first one aiming at tuning a universal hyperparam-
eter to use the selection procedure in any configuration. Then we combine this procedure
with an additional step based on the data. The empirical performance of our estimator is
then studied by simulations. Finally we provide an illustration of our procedure on experi-
mental data in Genomics, where the purpose is to study the spatial repartition of replication
starting points along chromosomes in humans (Picard et al. 2014). The code is available at
https://github.com/AnnaBonnet/PoissonDeconvolutionl


https://github.com/AnnaBonnet/PoissonDeconvolution

2 Uniform deconvolution model

We consider (X;);, the realization of a Poisson Process on R, denoted by NX, with N, :=
NX(R) the number of occurrences. The uniform convolution model consists in observing
(Y;)i, occurrences of a Poisson process N Y a noisy version of NX corrupted by a uniform
noise, such that:

ViE{l,...,N+}, Y, = X, + ¢, awU[—a;a], (2.1)

where a, assumed to be known, is fixed. The errors (g;); are supposed mutually independent,
and independent of (X;);. Then, we denote by Ax the intensity function of NX, and ux its
mean measure assumed to satisfy px(R) < oo, so that

dux(z) = Ax(x)dz, zeR.

Note that Ny ~ P(ux(R)), where P(0) denotes the Poisson distribution with parameter 6.
Then we further consider that observing NX with intensity Ax is equivalent to observing n
i.i.d. Poisson processes with common intensity fx, with Ax = n x fx. This specification will
be convenient to adopt an asymptotic perspective. As for Ay, the intensity of NY, it can
easily be shown that

ntx Ay =nt x Ax x fo) = fx * fo = fy,

where f. stands for the density of the uniform distribution. The goal of the deconvolution
method is to estimate fx, based on the observation of N¥ on a compact interval [0,T] for
some fixed positive real number T'. In the following, we provide an optimal estimator of fx
in the oracle and minimax settings. Minimax rates of convergence will be studied in the
asymptotic perspective n — +oo and parameters a, T and || fx||; will be viewed as constant.

Notations. We denote by || - [|2,7, || - |1,z and || - ||oo,7 the Lo, L; and sup-norm on [0; 77,
and ||« ||2, ||-]l1, and ||| their analog on R. Notation < means that the inequality is satisfied
up to a constant and a,, = o(b,) means that the ratio a, /b, goes to 0 when n goes to +oc.
Finally, [a;b] denotes the set of integers larger or equal to a and smaller or equal to b.

3 Estimation procedure

3.1 Deconvolution with kernel estimator

To estimate fx based on observations of N, we introduce a kernel estimator which is based
on the following heuristic arguments inspired from [van Es| (2011)) who considered the setting
of uniform deconvolution for density estimation. We observe that fy can be expressed by
using the cumulative distribution of the X;’s:

Fe(@)i= [ fxtdu<|fxl seR



Indeed, for z € R,
fy(z) = / fx(z —u)fe(u)du
R
1 a

= — fx(x —u)du

2a J_,

1

- 2a<FX(gg+a)—FX(x—a)>, (3.1)

from which we deduce:

+o00
Fx(z) = 2any<a: —(2k+ 1)a), x eR.
k=0

Then, from heuristic arguments, we get

+oo
o) =203 i (0 2k 1)a). (32)

k=0

which provides a natural form of our kernel estimate fAy Note that differentiability of fy is
not assumed in the following. Indeed, we consider the kernel estimator of fy such that

fy(x):%/RKG;“)dN{,

with dNY the point measure associated to NY , and K a kernel with bandwidth k2 > 0. Setting

Kp(z) = ;LKCCL),

we can write
~ 1 &
fY(x) = HZIK}L(LL’ — YZ)

Then, if K is differentiable, we propose the following kernel-based estimator of fx

+oo N4
- — (2k —Y;
o) = 2 3o (TSN

k=0 i=1

The proof of subsequent Lemma in Appendix shows that the expectation of fh is a regular-
ization of fx, as typically desired for kernel estimates since we have

E[fa] = Kp,* fx. (3.3)

Then, our objective is to provide an optimal selection procedure for the parameter h.



3.2 Symmetrization of the estimator

Our estimator is based on the inversion and differentiation of Equation (3.1]), which can also
be performed as follows:

—+00

+
8

QCLZ fy(:L’ + (2]€ + 1)(1) = <Fx(x + Q(k + 1)&) - Fx(x + 2ka)> = ”fXHl - Fx(x)
k=0 k=0
and differentiated to obtain:
+oo
fx(x) = —2aZf§/ (a; + (2k + l)a),
k=0

which leads to another estimator

+oo N4
. _ 2a ([ +2k+1)a-Y;
fn(z) = nth;OiZ;K < " :

In the framework of uniform deconvolution for densities, van Es (2011) proposes to use
afn(z) + (1 — a)fu(z), a convex combination of f, and f,, as a combined estimator, to
benefit from the small variance of fy,(z) and fn (z) for large and small values of x respectively.
Unfortunately the combination that minimizes the asymptotic variance of the combined es-
timator is achieved for « = 1 — F'x(x), and thus depends on an unknown quantity. [van Es
(2011) suggested to use a plug-in estimator, but to avoid supplementary technicalities, we
finally consider the following symmetric kernel-based estimator:

e = (7@ + ) = o ¥ Skix'(x‘(%;”“‘”), (3.4

k=—o00 =1

with sy =1if k>0 and s = —1 if kK < 0. Then it is shown in Lemma [I] that
E[fa] = (Kn* fx).

3.3 Risk of the kernel-based estimator

Our objective is to provide a selection procedure to select a bandwidth ﬁ, that only depends
on the data, so that the Lo-risk of f; is smaller than the risk of the best kernel estimate (up
to a constant), namely

E{T— 2}<inf1E[~— 2}.
1f = Fxlzr| S jnf E{1fn = fxlor
Our procedure is based on the bias-variance trade-off of the risk of any estimate fh

B[ = fx113] = 1Bl = fx I3 + B[ — B3]
=: B? + . (3.5)

Then we use the following mild assumption:



Assumption 1. The kernel K is supported on the compact interval [—A, A], with A € R
and K is differentiable on [—A, A].

Then the variance of the estimator is such that:

Lemma 1. For any h € H and any x € [0,T], we have

E[fn(x)] = (Kn * fx)(x).
Under Assumption[1 and if h is small enough so that Ah < a, then

aT|| fx 1| K113

Vp = E[H]?h - E[ﬁl]”%,T} = 2nh3

The expectation of ]?h has the expected expression (derived from ), but Lemma also
provides the exact expression of the variance term vy, of our very specific estimate. Since our
framework is an inverse problem, this variance does not reach the classical (nh)~! bound.
Moreover, vy, depends linearly on || fx||1 but also on 7', which means that the estimation of
fx has to be performed on the compact interval [0, T}, for v; to be finite. This requirement
is due to Expression of our estimate that shows that for any = € R, fj,(z) is different
from 0 almost surely. This dependence of v, on T is a direct consequence of our strategy
not to make any assumption on the support of fx, that can be unknown or non-compact.
Of course, if the support of fx was known to be compact, like [0, 1], then we would force
fn to be null outside [0,1] (for instance by removing large values of |k| in the sum of (3.4)),
and estimation would be performed on the set [0, 1]. Actually, estimating a non-compactly
supported Poisson intensity on the whole real line leads to deterioration of classical non-
parametric rates in general (Reynaud-Bouret and Rivoirard, [2010).

3.4 Bandwidth selection

The objective of our procedure is to choose the bandwidth h, based on the Goldenshluger-
Lepski methodology (Goldenshluger and Lepski, 2013). First, we introduce a finite set H of
bandwidths such that for any h € H, h < a/A, which is in line with assumptions of Lemma
Then, for two bandwidths ¢ and h, we also define

Int = Kp* fi,
a twice regularized estimator, that satisfies the following property (see Lemmain Appendix):
Tt = [t

Now we select the bandwidth as follows:

h = argmin {A(h) + Cm} : (3.6)

heH nh3/2

where
. al
c=(L+n) A+ [KI)IE 21/ 5 (3.7)

for some 1 > 0 and

teH nt3/2

A(h) = maX{Hﬁm — Fillar — Cm} .
+



Finally, we estimate fx with o
f=1Tr (3.8)
Note that A(h) is an estimation of the bias term By, of the estimator f,. Indeed,

By, = |E[fa] — fxllor = | En* fx — fxlor

. . . rs VNt .
and we replace the unknown function fx with the kernel estimate f;. The term & _F in
nt3/2

A(h) controls the fluctuations of Hfht — ﬁHQ,T. Finally, since E[Ny]| = n||fx|1, (3.6) mimics
the bias-variance trade-off (3.5) (up to the squares). In order to fully define the estimation
procedure, it remains to choose the set of bandwidths H. This is specified in Section [4

4 Theoretical results

4.1 Oracle approach

The oracle setting allows us to prove that the bandwidth selection procedure described in
Section is (nearly) optimal among all kernel estimates. Indeed, we obtain the following
result.

Theorem 1. Suppose that Assumption || is verified. We consider the estimate ]7 such that
the finite set of bandwidths H satisfies

1
minH = 5 and maxH =o(1)

for some constant § > 0. Then, for n large enough,

E ||J?ﬁ—fx

. = Co
Sr] <1 int 17— fxlBr] + = (4.1)

where C is a constant only depending on K and n and Cy is a constant depending on || fx||1,
T, a, 6 nand K.

Remark 1. For the condition min’H = %, we can replace én by any polynomial in n.

Theorem (1| shows that our procedure achieves nice performance: Up to the constant C
and the negligible term Cs/n that goes to 0 quickly, our estimate has the smallest risk among
all kernel rules under mild conditions on the set of bandwidths H.

4.2 Minimax approach

The minimax approach is a framework that shows the optimality of an estimate among all
possible estimates. For this purpose, we consider a class of functional spaces for fx, then we
derive the minimax risk associated with each functional space and show that our estimate
achieves this rate. Here, we consider the class of Sobolev balls that can be defined, for
instance, through the Fourier transform of Lo-functions: Given 8 > 0 and L > 0, the Sobolev
ball of smoothness 8 and radius L is

(L) = {g el [ l@PE + 1 s < LQ} ,

—0o0



where g*(£) := [ e®®¢g(z)dz is the Fourier transform of g. From a statistical perspective, the
minimax rate associated with the space S%(L) is

R(B,L):=ipf swp E |2~ fxl3],
n fxeSA(L)

where the infimum is taken over all estimators Z,, of fx based on the observations (Y;)i—1,.. ..
We first derive a lower bound for the minimax risk.

Theorem 2. We assume that L is larger than an absolute constant. There exists a positive
constant Cs only depending on 5, a and T such that, if n is large enough,

8
R(B,L) > C3 [ 750 243, (4.2)

__28
The rate established in (4.2)) is slower than the classical non-parametric rate n= 25+1. It
is the expected rate since our deconvolution problem corresponds to an inverse problem of
order 1, meaning that f’, the characteristic function of the noise, satisfies

IF2EI =07 as € — oo,

Note that the analog of the previous lower bound has been established in the density decon-
volution context, first by [Fan! (1993)), but with supplementary assumption |f*'(£)| = O(£72)
which is not satisfied in our case of uniform noise (see Equation (7.6)). Our proof is rather
inspired by the work of [Meister| (2009), but we face here a Poisson inverse problem, and we
have to control the Lg-norm on [0, 7] instead of R. Furthermore, Theorem 2.14 of |Meister
(2009) only holds for g > 1/2. Consequently, we use different techniques to establish The-
orem [2] which are based on wavelet decompositions of the signal. Specifically, we use the
Meyer wavelets of order 2. ~

We now show that the rate achieved by our estimate f corresponds to the lower bound ,
up to a constant. We have the following corollary, easily derived from Theorem [, and based
on the following assumption.

Assumption 2. The kernel K is of order £ = | 3], meaning that the functions x — 27 K (x),
7=0,1,...,¢ are integrable and satisfy

/K(m)dmzl, /ij(x)dxzo, j=1...,¢
Remark 2. See Proposition 1.8 of |Tsybakov (2008) or Section 3.2 of |Goldenshluger and
Lepski (2014) for the construction of kernels satisfying Assumptions|1| and @

Corollary 1. Suppose that Assumptions and@ are satisfied. We consider the estimate f
such that the set of bandwidths H is

H = {D‘l . De [[logn;én%]]}y

for some constant § > 0. Then, for n large enough,
sup E||If - fxl}r| < CaL#mn mwm,
fx€SB(L)

where Cy only depends on K, B, || fx||1, a and T.



To prove Corollary |1}, we combine the upper bound (4.1]) and the decomposition (3.5) to
obtain for any fx and any h € H,

C C
2 2 2 2
4+ == = B;: + + —.
|2,T} n C1(Bj, + vn) n

E(IFf - fxBz| < CiE |Ifa - fx
Under Assumption [2, we have for any fx € S?(L)
By = || Kp * fx — fx|lar < MLE,

for M a positive constant depending on K and f. Indeed, the space S? (L) is included into
the Nikol’ski ball H(8, L") with L' equal to L up to a constant. We refer the reader to
Proposition 1.5 of [T'sybakov (2008)) and Kerkyacharian et al. (2001) for more details. Now,

we plug h € H of order (L*anl)ﬁ in the previous upper bound to obtain the desired
bound of Corollary [I] thanks to Lemma [T}

Corollary [[|shows that our estimator is adaptive minimax, i.e. it achieves the best possible
rate (up to a constant) and the bandwidth selection does not depend on the spaces parameters
(8, L) on the whole range {0 < § < £+ 1,L > 0}, where ¢ is the order of the chosen kernel.
We have established the optimality of our procedure.

5 Simulation study and numerical tuning

In the following we use numerical simulations to tune the hyperparameters our estimator
and to assess the performance of our deconvolution procedure. We consider different shapes
for the Poisson process intensity to challenge our estimator in different scenarii, by first
generating Poisson processes on [0, 1] based on the Beta probability distribution function,
with funisym = Beta(2,2) (unimodal symmetric), fuisym = 0.5 x Beta(2,6) + 0.5 x Beta(6, 2)
(bimodal symmetric), fpiasym = 0.5 x Beta(2,20) + 0.5 x Beta(2,2) (bimodal assymmetric).
We also generate Poisson processes with Laplace distribution intensity (location 5, scale 0.5)
to consider a sharp form and a different support. In this case, we consider that 7" = 10. We
consider a uniform convolution model with increasing noise (a € {0.05,0.1} for Beta, a €
{0.5,1,2,3} for Laplace) and Poisson processes with increasing number of occurrences (n €
{500,1000}). For each set (fx,n,a), we present the median performance over 30 replicates. In
order to keep a bounded variance of our estimators, we explore different values of h using a grid
denoted by #, with minimum value (a7'/ n)l/ 3 (see Lemma (1| and Corollary . Finally, our
procedure is computed with an Epanechnikov kernel, that is K (u) = 0.75(1 — U2)1\u|§1- Our
estimator is challenged by the oracle estimator, that is the estimator fh*, with A* minimizing
the mean squared error E|| fx — ﬁng 7, with fx the true intensity.

Then our selection procedure for the smoothing parameter h is based on the two-step
method described in Section (3] Using this procedure in practice requires to tune the value of
the hyper-parameter n that is part of the penalty ¢(n):

eln) = (14 M)A+ KTy S 1o

with K the Epanechnikov kernel in our simulations. This penalty is at the core of the two-step
method that consists in computing:

Ayt = ma {1 o — et Y32} 6.)
+
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Figure 1: Mean squared error (square root) obtained on 30 simulations with our estimator
for different values of n and with an oracle estimator (dotted line). The mean squared errors
are computed as mean values on 30 simulations and over all different Beta scenarii (blue line)
and Laplace scenarii (orange line)

followed by

h = argmin {An(h) + c(n) (5.2)

heH

5.1 Universal hyperparameter tuning

We first propose to investigate if we could find a ”universal” value of parameter n that would
be appropriate whatever the form of the intensity function. For a grid of n in [—1;1], we
compare the mean squared errors (MSE) of estimators calibrated with different values of 1 to
the MSE achieved by the oracle estimator that achieves the smallest MSE over the grid .
Figure shows that the optimal choice of 17 depends on the shape of the true intensity (~ —0.5
for Beta,~ —0.9 for Laplace). However, choosing n = —0.6 appears to be a reasonable trade-
off to obtain good performance in most settings. Reconstructions show (Figure [2)) that the
quality of the results strongly depends on the shape of the true intensity, which is over-
smoothed, in particular for the bimodal symmetric Beta intensity with high noise (a = 0.1)
and for the Laplace intensity.

5.2 Going further universal tuning

In order to improve the calibration of our procedure, we propose a tuning method that
depends on the data. Our idea is to balance the estimation of the bias term (A,(h)) with
the penalty constant ¢(n) by estimating a value for the hyperparameter 1 based on the data.
Consequently, instead of calibrating 7 directly, we propose to restate the procedure such that:

h., = argmin (min {An(h) 4 x W}) . (5.3)

heH n nh3/2

10
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Figure 2: Estimated intensity with the tuning method described in Section [5.I]with n = —0.6,
compared with the oracle estimator. The reconstruction is obtained with a generated dataset
that verifies the median MSE over 30 simulations.
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Figure 3: Mean squared error (square root) obtained with our estimator for different values
of v and with an oracle estimator, for different values of n. The mean squared are computed
as mean values on 30 simulations and over all different Beta scenarii (green line) and Laplace
scenarii (orange line).

Our proposition is to introduce a trade-off parameter v that balances the two steps of the
procedure, and to get rid of hyperparameter n by considering the minimum of the penalized
bias Ay (h) over a grid of  values (n €] — 1,1[). This min-step corresponds to the objective
of minimizing an empirical risk. Then we consider different values for v and compare the
estimation risk of fh with the risk of the oracle. Figure [3| shows that there exists a value
v = 0.01 for which the risk of our estimator is close to the best risk, whatever the form of
the true intensity, the noise (a values), and the number of observations (n values). Hence,
in the following, we set v = 0.01. Let us notice that this value of « is very small: however,
we see from Figure |3 that choosing v = 0 substantially increases the mean squared error,
which confirms the necessity of the penalization in . The estimated intensities with this
second tuning method are displayed in Figure |4} we observe that the estimations are closer to
the oracle estimator than with the first tuning approach, which validates the adaptive tuning
procedure. Figure [5| confirms that for all scenarii, the adaptive tuning method provides the
best results.

6 Deconvolution of Genomic data

Next generation sequencing technologies (NGS) has allowed the fine mapping of eukaryotes
replication origins that constitute the starting points of chromosomes duplication. To main-
tain the stability and integrity of genomes, replication origins are under a very strict spatio-
temporal control, and part of their positioning has been shown to be associated with cell
differentiation (Picard et al.l 2014). The spatial organization has become central to bet-
ter understand genomes architecture and regulation. However, the positioning of replication
origins is subject to errors, since any NGS-based high-throughput mapping consists of peak-
calling based on the detection of an exceptional enrichment of short reads Picard et al.| (2014).
Consequently, the true position of the replication starting point is unknown, but rather in-

12
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Figure 4: Estimated intensity with the adaptive tuning method described in Section [5.2

compared with the oracle estimator. The reconstruction is obtained with a generated dataset
that verifies the median MSE over 30 simulations
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the first tuning method with n = —0.6 and ”adaptive” for the second tuning method with
~v = 0.01) and with an oracle estimator over 30 simulations.

14



2.0

15

1.0

0.5

yoR | | Y T {1 8T 1 1 TV
0.25 0.50 0.75 1.00
position on the chromosome 16 (MB)

Figure 6: Estimation of the intensity of human replication origins along chromosome 16, with
our procedure (plain line) that accounts for the uniform noise, and without correction (dashed
line).

ferred from genomic intervals. The spatial control of replication being very strict, the precise
quantification of the density of origins along chromosomes is central, but should account for
this imprecision of the mapping step. If this density is estimated without deconvolution,
Figure [6] shows that the naive estimator does not provide much information regarding the
shape of the origins density along the genome, whereas our calibrated estimator (based on
the second hybrid tuning procedure) perfectly illustrates the inhomogeneous nature of the
replication starting points along the first human chromosome. In this illustration, parameter
a has been estimated as the average length of the genomic intervals.
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7 Proofs

If 0 is a vector of constants (for instance § = (T, a, K)), we denote by [y a positive constant
that only depends on 6 and that may change from line to line.

In the sequel, we use at several places the following property: Setting

Ny

Sk : xb—>ZK;L(m—(2k+1)a—Y;>,

i=1

since Ah < a, S, and Sy have disjoint supports if k # &'.

7.1 Proof of Lemma [

Proof. Considering first ﬁb, we have:

B Z/K< 2k+1)a—u>nfy(u)du

_ 1%/1{’(“”“”“‘“) [Fx(u+a) — Fx(u— a)ldu

2
h —~Jr h
“+oo
1 r —2ka —v z—2k+1)a—v
ZMZ/RK' (h) Fx(U)dU/RK/< ( h ) >FX(v)dv
k=0
1 xr—v
= — K’( >F v)dv
h2 Jy h x(v)

“)hww—mmhmm

The first point is then straightforward by using the definition of fh For the second point,
observe that

,]?h() [fh nh2 Z Sk/K’< 2k+1) > [sz/—nfy(u)du]

Lh(t—u) [dNY—nfy( ) ]

nh
with N
1 X ,(x—(2k+1)a
m@;%28m<}L.

Using the support [—A, A] of K, for each z

1 [ = o= (@k4Da\ )
wmwzm<zsm((;”>>



as soon as Ah < a. We have:

/OT E[(fa(t) — E[fn(1)])*)dt = n;l; /OT Var </R Ln(t - u)ng) dt

o2 (T
= n2h2/0 /RL%L(t—u)nfy(u)dudt

:s};/oT/Rkij)o<K/(t—u—fk‘—!—l)a))ny(u)dudt

2 T o
(e (5
nh 0 R h
_ a4/T/<K,<t—v
th 0 R h

} _ Tl fx]lL K713
2nh3 '

k=—oc0

2
)) (Em Fy —lim Fx)dvdt,

which yields
E[II7a(®) - EFA®]I3r

7.2 Auxiliary lemma

Our procedure needs the following result.

Lemma 2. For any h,t € H, _ _
fht = feh-

Proof. Since Kj (z) = (1/h*)K'(x/h), we can write

+oo N4
K+ fy = Kp (2“22 (Ky)'( 1:(2k+1)aY))

k=0 =1
+ooN+

ZZKh* (Ky) (. — (2k +1)a—Y;)

k=0 i=1

Using that Kj, x (K¢)' = (K, x K¢)' = (Kj)' * Ky, we obtain Kj, * fi =K fr.
In the same way, we can prove Kj,  f; = K; * fp and then Kj, ft K% fh.

7.3 Proof of Theorem [1I

Remember that

~

;= argmin {A(h) + Cm} :

heH nh3/2

with

A(h) —maX{Hft fh,t”ZT_CT:{g?}

17
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For any h € H,

I1fi — fxllor < Ai + Az + As,
with .
P Ai _ ~A CA/ IV 4
Av =Sy, = Sy pller < A(R) + REETR
ra rs ~ C\/N_|_
Ao = ||fn— f;},h’ o < A(h) + ETR
and N
Az = || fn — fxll2,7-
By definition of h, we have:
2¢y/N.
Ar+ Ay < 24(0) + 2V
nh3/2

Therefore, by setting

s 7 = ~ c/N.
Cn(R) == sup {H(ft,h —Elfin]) = (ft = E[feDll2,r — 3/;} 7
teH nt
we have:
x =~ 2cy/N.
Ay + Ag < 20 (h) + 25up |E[fon] — ELf 2 + \/3;
teH nh
2¢cy/N.
< 2Gn(h) + 2sup || Kp * K¢ fx — Ky % fx|l20 + 73/;
teH nh
2¢cy/N.
< 2G(h) + 2| K11l Kn * fx — fxll2r + W/;
Finally, since (a4 8 +7)? < 3a? + 352 + 342,
12¢°E[N.
E[(A1 + A2)?] < 12E[¢A(R)] + 12| K |11 Kn * fx — fxll5r + anEng]
12¢2
< 12E[C(M)] + 12 KK fx — B + el

For the last term, we obtain:

E[A3] = E[|| fr — fx |37
=E || fo — Elfull320| + |1 Kn* fx — fx

aT || x|l [ K[l 2
R + [ Kn * fx — fxllar

2
2,T

Finally, replacing ¢ with its definition, namely

aTl
o= (@ )+ KK oy

18



we obtain: for any h € H,

E(If;, — fxI53] < 2E[(A1 + A2)°] + 2E[4]]

<201+ 12K K fx — P+ Doen Ty oz

< O aBlIfn — fx[3,2] + 24E[G ()], (7.1)

by using Lemma [I| It remains to prove that E[¢2(h)] is bounded by % up to a constant. We
have:

Gu(0) < sup {1~ Elfonllor + 1 ~ B = S5 |

teH
~ ~ cy/ N
< sup { (1T -+ DI~ Bl - Vg |
teH nt

with

$u 1= sup I Bl - L DU IS,
.

\/gnt3/2

For « € (0,1) chosen later, we compute:

An = E[STLN, <(-apnlfxli})-

Recall that (see the proof of Lemma [1)

- a v , o (= (2k+1)a
ft(x)—m/RLt(:L‘—u)dNu, with Lt(x)—k;mskK (t .
Since At < a
+o00 N+ oo 2
Rg=—oo t i=1 k=—o0 t
N+ oo 2
(2k+ 1)a - Y;
SOWMCIC ))
i=1 k=—o00 h
< NY|K'||2,,

which yields

Sp<2 sup 1Fell32 + 28up IEL£13 7

2
—(2k+1
< sup 24/ / Z sp K’ Ja = dNBL/ dx+28up||Kt*fX||g’T
t 1 — t teH

teH T
20*| K| 2, TN} K3 fx]3
< sup o + 2sup — 220
teH n=t teM 13
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Therefore, since t € H =t~ < on,
Ay, < (2882 K |20 + 200]| K3 | fx |2 % PNy < (1= a)nl fxh):

To bound the last term, we use, for instance, Inequality (5.2) of Reynaud-Bouret| (2003) (with
¢ = (2a — a®)n||f|l1 and with the function f = —1), which shows that there exists o/ > 0
only depending on « such that

P(Ny < (1—a)*n[fx]1) < exp(—a'n||fx|h).
This shows that
A I:'T,a,(s,oz,K
n|l fxlh
We now deal with

B := B[Syl (N, >(1-apnlgx )
We take @ = min(n/2,1/4). This implies

I+n1l-a)> 1+Z
and
_g| r3 7 (14 1)|| K'||2v/aTN; 2
Pn = ?25 {Hft B E[ft]HQ’T B V2nt3/2 N 1{N+>(1—a)2anX||1}
[ 2
= =~ 1 4 T||K'

<E |supl ||fi — E[fdll2r — (1 +0/4)VaT||K'||l2v/]1Fx ]

teH ’ \/%t3/2 .

+°° o (L n/AVaT K o/l
< P - E _ d
< /0 sup {nft Filler ciLs o)

- (1 + n/AVaT | K o/ TTfxTh |
<t€ZH/ {Hft — Elfiller — NeTT L 2 X 1}+ >z | dx.

To conclude, it remains to control for any « > 0 the probability inside the integral. For this
purpose, we use the following lemma.

Lemma 3. Let ¢ > 0 and h € H be fized. For any x > 0, with probability larger than
1 —exp(—x),

s ol fxl [l (T + 4a) i )
| a—Elfulllar < () 1K g/ 5 250y | B2 95 20 Loz 2 220

Proof. We set:

“+oo
:# 3 Sk/Kz<t—(2k4];1)a—u> [ANY — nfy (w)du]
7’Lh R
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with

Ly(x) == 7 Z spK' W

k=—o00

1 X <:E—(2k‘+1)a)
Let D a countable dense subset of the unit ball of L1[0,7]. We have:

T
|Ull2.z = sup / o(OU(t)dt
geD JO

= Su u Y—n u Uu
‘Ee%/ﬁ( ) [ANY — nfy (u)du]

with
_a

nh (Lp, * g)(u)

Wy(u): -

T
= nh/o Ly(t —u)g(t)dt

and Ly,(z) = Ly (—x), where the convolution product is computed on [0, T]. We use Corollary 2
of Reynaud-Bouret| (2003)). So, we need to bound E[||U||2,7] and

vg = sup/ \Ilg(u)nfy(u)du.
geD JR

We also have to determine b, a deterministic upper bound for all the ¥,’s. We have already
proved in the proof of Lemma [1] that

_ aT|lfx |l &1

B0 ) = L,

which implies
aT|| fxl
onhd
If we denote I(h,u):={k€Z:—u—Ah —a <2ka < Ah+T — u — a}, then

E[|Ul2,7] < [|K'[|2

Uo(u) = n‘;; (/OT Lp(t - u)g(t)dt>2

(l2 T T
< 2}12/ Li(t—u)dtx/ A1)t
n 0 0

<n§Z4/OT 5 (K,<t—u—22k+1)a)>2dt

kel(hyuw)

a2
n2h3

a2
n2h3

< |K'||3 x card(I(h,u))

<

|K'||3 x (T/(2a) + Ah/a + 1)
and we can set, under the condition on H,

T+ 4a
2a

a
nh3/2

b= [gP
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which is negligible with respect to the upper bound of E[||U||2,r] given in (7.2)). We now deal
with

v =N X sup/R\Ifz(u)fy(u)du

g€D
We have:
a? T 2
vy = sup/ (/ Lh(t—u)g(t)dt> fy(u)du
nh? ;ep Jr \Jo
o2 T T
<4 sup/ (/ |Lh(t—u)\dt/ |Lh(t—u)]gQ(t)dt> fy (u)du
nh? 4ep Jr \Jo 0
Since
T T o
/ th(t—u)\dtglf K’(t al (2k+1)a)‘dt
0 h Jo h
kel (h,u)
< | Ky card(I(h, w)
T + 4a
<
a
we obtain
a? T+4a T +Oo t—u—(2k+1)a
v < ey L4 aup [ / \ () oty wa
nh 0 h
1 t—wv =
/ ! 2
S 2||K\|1(T+4a)sup/0 (/h‘K ( - > kz_:oofy(v—@k—l—l)a)dv)g (t)dt

IN

a T 1 t—wv I fxlx
K'||{(T + 4 Z K’ AT 52
52 (T + 4a) zlelg/o (/ h’ ( ; >'dv> 5o 9 (D)t

< Ifxlh
~ 4nh?

Inequality (5.7) of Reynaud-Bouret| (2003) yields, for any = > 0,

I (T + 4a).

P(|Ull2r > (1 +)E[|U|l27] + V12007 + (1.25 + 326~ )bz) < exp(—=z).
Since

RHS := (1 + &)E[||U]|2.7] + vV12voz + (1.25 + 32~ 1)z

Tl fx|ls | fx |1 (T + 4a) 1 K2 [a(T + 4a)
<(1 K’ a 12z|| K’ LA (1.2 271 .
< (U K 2y =5 g + VIZE| K[l 55 o 4 (125 4+ 325 e i [ =

O
The previous lemma states that for any sequence of weights (wp)ney, setting z = wy, + u,
with u > 0, with probability larger than 1 — exp(—u) ;4 exp(—wp), for all h € H,

T + 4a)

10 — Elfalllor < My, + vV12u|| K'||3 \/Ilfx|4h2

|K"[l2 [a(T + 4a)
nh3/2 2

+(1.25 + 32 u
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with

_ nJeT | fx Il m I (T + 4a) —1y, 1K N2 [a(T + 4a)
My, = (1+¢)|| K2 e + V12w || K'||1 A2 + (1.25 + 32¢ >whnh3/2 5

laT K'||1 VT + 4 1.25 4 32¢71 /T +4
_ HK/HQ a Hf)gul 14+¢e+ \/WH ,Hl +4a + ( + € )’U)h + 4a
2nh K |l2 /24T vl fx|h T
( +n/HVal||K'|l2\/|| fx 1
V2nh3/? ’

for € small enough and for n large enough, by taking wy = h_l/Q\ log h|~! for instance, since
in this case,

wph =o(1) and h~'= O] fx|h).
Therefore,

mey [ P ({17~ &7

2
Mh} > :L') dz.
heH +

By setting u such that

, 2
z = (g(u)? = (ﬁ”[(’” \/W+(1.25+325_1)u”K 2 a(T+4a)> 7

4nh? nh3/? 2

SO

do = 29(u) ( 2 e LTI 5y ey AT Q(T+4a)>du

Anh? nh?/2 2
and
+oo 1(T + 4a) IK'|l2 [a(T + 4a)

< —(wntu) \/”fX| ' ~1 2

B, < Z/o e X 2g(u) x ( \f” "IIh 2 + (1.25 4 32¢ )nh?’/Q 5 du
heH
+o0
<2 Z e Wh / e %(g(u))?udu
heM 0
I fxll 1
< l:|a,,K',T,7] ( n + ﬁ .

Finally, we obtain

U760 1
BIGH0) < (1Tl -+ B3] < (1K +12) (R85 1 0, e, (U4 1Y),

which concludes the proof of the theorem.

7.4 Proof of Theorem 2]

To prove Theorem [2| without loss of generality, we assume that T is a positive integer. We
denote a A b = min(a, b) and a V b = max(a,b). The cardinal of a finite set m is denoted by
m.
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As usual in the proofs of lower bounds, we build a set of intensities ( fy,)mem quite distant
from each other in terms of the Lo-norm, but whose distance between the resulting models
is small. This set of intensities is based on wavelet expansions. More precisely, let ¢ be the
Meyer wavelet built with with C?-conjugate mirror filters (see for instance Section 7.7.2 of
Mallat| (2009)). We shall use in particular that ¢ is C*° and there exists a positive constant
cy such that

L |(x)] < cp(1 + |z])~2 for any z € R,
2. 9* is C? and 9* has support included into [-87/3, —27/3] U [27/3, 87 /3],

where ¢*(€) = [ e®(z)dx is the Fourier transform of 4. Observe that this implies that the
functions

Em (€, Em Yt EmPNOET £ () (©) and € (1) (OET

are bounded by a constant. Without loss of generality, we assume that this constant is cy.

Let
c1

ho) =1
where c; is a positive constant small enough, which is chosen such that f; belongs to S#(L/2).
Indeed, note that

¢} = / T R + 1) = / 7 exp(~20E]) (€2 + 1) < o

so that it is sufficient to choose ¢; = cglL/Z
We recall a combinatorial lemma due to Birgé and Massart (see Lemma 8 in Reynaud-
Bouret| (2003), see also Lemma 2.9 in [Tsybakov (2008))).

Lemma 4. Let D an integer and I' be a finite set with cardinal D. There exist absolute
constants T and o such that there exists Mp C P(I), satisfying log|Mp| > oD and such
that for all distinct sets m and m’ belonging to Mp the symmetric difference of m and m’,
denoted mAm/, satisfies [/mAm'| > 7D.

Here we choose I" := {0,...,D — 1} with D := T2/~! where j is an integer to be chosen
later, and we denote M := Mp given in the previous lemma. Thus log |M| > ¢727~! and
for all m,m’ € M : 772971 < |mAm/| < T2971.

Now, for a; > 0 to be chosen, for m € M, for x € R, we set

fn(@) = fi(@) +a; > (),

kem

where we have denoted, as usual, ¥;,(x) := 21/29p(29 2 — k).
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We compute 97 (§) = 9-3/2¢i€k277 (€277 which gives

J1n = 2P+ )

2

a; 2772 (6279) 3 R (14 ¢)Pde

kEm

14 t222)8qt

t) Z eikt
kem
Z ezkt

< Oy ga32%P /
kem

§ D¢7522j5|m\aj S D¢,5T2j(2’8+1)a§,

3

using Parseval’s theorem and |m| < D = T2/~ We assume from now on that
1212802 < O (4, B) L (7.3)

for C'(¢, B) a constant only depending on  and L small enough, so that (f,, — f1) belongs
to S#(L/2) and then f,, € S#(L).

Let us verify that f,, is non-negative, and then is an intensity of a Poisson process. For
all real z,

fnl) — filz) _

0 i (L4 2%)a;202 Y " (2 — k).

kem
Recall that ¢(z) < ¢y(1 + |z|) 2. Let us now study 3 cases.
1. If 0 < |z| < T+ 1, we have:

—+00
(1+2%) D w2z — k)| < (T*42T+2)cy > (1+[27a—k[) 72 < 204 (T*+2T+2) > 072,
kem kem /=1

and the last upper bound is smaller than a finite constant only depending on 7" and cy.

2. If x> T +1, since |m| < D = T2/~ we have:

Zl/) Wa—k

kem

i—1 j —2 1 14 a?
< T2 (1427 (2=T)) ?(1+2?) < ¢ T2777 sup

(1+22) —,
z>T+1 ( T)2

and the last expression is smaller than a finite constant only depending on 7" and c.

3. Ife<-T -1,

Zw (2 —k

kem

(14 2?) < epTP M1+ 27 (—2)2(1+22) <7277 sup

Finally we obtain that there exists C (T, cy) a constant only depending on T and ¢, such that

|fm(‘r}1(${l($)| <e¢f a]2]/2C(T Cw)
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We take a; such that
o = 1
¢ 1a;20/2C(T, ¢y) < 5 (7.4)

This ensures that f,, > % f1 > 0. Another consequence is that fex f, > % fe* f1. This provides
1 /1 c1 1 C1
* Py [ S T S—
Jex fm(z) 2 2/_a2a1+(:z—t)2 Z 15 (o +aP

1 c1 02_1
> = > ,
T 21+2a%+22%2 7 1+ a2

denoting cz = c2(a, 3, L) = max(4,2 + 4a?) /c;.

Finally, we evaluate the distance between the distributions of the observations NY when
NX has intensity nf,, and nf, . We denote by P, the probability measure associated with
NY, which has intensity g, := f. * n.fm, and we denote by K (P,,,P,,/) the Kullback-Leibler
divergence between P, and P,,. Using Cavalier and Koo| (2002)), we have

e = s (229))

where for any x € R, ¢(z) = exp(xz) — = — 1. Since for any x > —1, log(1 + z) > z/(1 + z),
we have

(gm (@) = g (@))* [ ((Jex fm) (@) = (e * frnr)(2))” X
KB < [t | (for F) (@) o
For m and m’ in M, denote
0(z) = a; ' (fox (fn — ) (@) = D bilfex i) (2)
kemAm/

with by = 1if k € m and b, = —1 if k € m/. Denote also 6*(¢) = [ €¥%0(z)dx its Fourier

transform, and (%) (¢) = [ ize®®®0(z)dz the derivative of §*. Parseval’s theorem gives
613 = 516713, and l26() 1 = 5= 6" I3
27 ’ 27
Thus

| ((fe 5 fo)(@) — (fo % fur)(@)?
K < o # Ju) (@)

C2 * *
<o [ a)()dn < 523 (10713 + 167 13).

do < ea [(U4a)fow (i — fo) ) P

We recall that 7, (£) = 973/2¢1€k277 (€277 which gives

ST nfIOURE) = D bpfr(6)27 2Ry (e27)

kemAm/ kemAm/
= g—j/Qf *(€2” ] Z by ek2™ J
kemAm/
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Thus, remembering that for £ € R,
sin(ag)

1200 = [ 2 1Smin<1,\af|—1>, (7.5)
we have
.2
13 = [ |2 p @) S meit | dg
kemAm/
2
:/ Fru2)gt(u) D b’ du

kemAm/

/mln (1, |a27u|™2)|¢p* (u

Z bkezku du
kemAm/
87/3
S/ min(1, |a2’|~ Z bkelk“ du
—8m/3 kemAm/
using the properties of . Parseval’s theorem gives
) 2
— bret| du = b2 = |mAm/| < T27L,
=[x n >t = man| <
kemAm/ kemAm/

Then ' ‘
16%]15 < 3wl T2 (a™?27% A 1).

Let us now bound ||(6*)||3. First

(5)'(6) = 27392607 (g (€277)ik + () (€279))

then
07)(&) = Z b [(£2) (€)51(8) + F2(E)(W51) (€)]
kemAm/
= 3 b(f2) (€272 Ry (€279) + by f2(€) 27422 (y (€27 )ik + () (€27))
kemAm/
= a1(§) + a2(§) + a3(§)
where
a1(€) = 2772(f) (©r(e277) > byetth
kemAm/
an(€) = 2732 fr(e)yr(e277) 3 ket
kemAm/
ag(§) = 2792 ) (€27) D bt
kemAm/
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Reasoning as before, and using that

cos(af) 1 sin(af) 2
(f2) ()] = -2 X <
§ £ ag €]
we can write
Jaal = [ |2V @2 3 bt
kemAm/
4 2
ik
< [t @r] 3wt
kemAm/
< 4032_2j X 6m|mAm/|
< 12mcT277.
In the same way, using ([7.5)),
2
loall3 =272 [ |f2(u2l)y (w) Y ikbee™| du

kemAm/

<272 /(1 A a2272ju72)|¢*(u)|2

kemAm/
. 2
<3ci27 ¥ (a?27Y A1) / > ikbge'™
T kemAm/
<6re2 V(a2 AL Y K

kemAm/

and we obtain that 4 4
|az|3 < cciT32j (a™227 % A1),

for ¢ an absolute constant. Similarly,

sz = 272 du

fX(u2?) (4 Z betkv

kEmAm

<27% /(1 A @272y %) (4

Z bke

kemAm/

Z bkeiku

kemAm/

2

s
<3ci27 Y (P27 AT / du
—Tr

< 3w T2 (a™?27 A1),

Z ikbyekt

du

du

du

(7.6)

Finally, since a is smaller than an absolute constant and T' is larger than an absolute constant,

we have that ‘ ‘
K(P,,Ppy) < Cczcina§T32](a_22_2J A1),

for C an absolute constant.

Now, let us give the following version of Fano’s lemma, derived from Birgé (2001)).
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Lemma 5. Let (P;)icqo,...1y be a finite family of probability measures defined on the same
measurable space . One sets

I

— 1

K;= i El K(P;,Py).
i—

Then, there exists an absolute constant B (B = 0.71 works) such that if Z is a random
variable on Q with values in {0,...,I}, one has

inf Pj(Z =1i) < max B,L .
0<i<I log(I +1)

We apply this lemma with M instead of {0,...,I}, whose log-cardinal is larger than
T2/~ up to an absolute constant. We take a; such that

CCQCina?T32j(a_22_2j A1) _
log [ M| -

which is satisfied if

(a?2% v 1), (7.7)

with C(¢) a constant only depending on 1 small enough. Thus if Z is a random variable
with values in m, in/fvt P (Z =m) < B. Now,
me

inf sup By |2, - fx|37] > inf sup By, [[|Zn — finll3 7]
" fxeSA(L) Zn meM

1 .
>, nf sup By, [fomr = fmll37] - (7.8)

For the last inequality, we have used that if Z,, is an estimate, we define
! : 2
m’ € arg min E Ly —
gmeM fm [H n fm||2,T]
and for m € M,

Hfm’ - fm

Since fin — frmr = @5 Y pemams Dkjk and (1) is an orthonormal family, we have for m # m/,

2017 < |y — Znllor + | fn — Znllor < 2| fn — Znll27-

| fm — For |3 = a?\mAm'\ > T@?TQj_l, (7.9)

for 7 the absolute constant defined in Lemma [ Furthermore,
0< W= il = U = il = [ () = f @)1y

:a?/( Z bk¢jk(ﬂf))21{\ml>T}dx

kemAm/

< %2‘ by x Z /¢?k($)1{|x>T}dﬂf

kemAm/ kemAm/

< almAm'| x Y /¢?k(ﬂ?)1{x|>T}d$.

kemAm/
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Then, since 0 < k < T2/71,
/¢?k($)1{x|>T}d$ = /¢2(U)1{2j(u+k)|>T}du
<¢ /(1 + [ul) " L2 () >y A

+00 —29T—k
;/ (14 [u])~4du + c,i,/ (1+ [u])~*du
20T —k —0o0

IA
o

2 oo —4
< 2%, (1 + ’LL) du
2i=1T

[\

c2 .. _3
< ¥ (T2

We finally obtain

2c2 . _9
0 < fm = I3 = lfin = fl3 7 < %(TW‘I) x a2

and using ([7.9)), for j large enough depending on T and m # m/,
| fm — fm/H%,T > Cl(ﬂ))a?TQj,

for C'()) a constant only depending on . Finally, applying (7.8 and Lemma [5| we obtain:

. 1 .
inf sup E [HZn - fX”%,T] > 1 ml,felfw S‘eljl\)/l Ef,., [Hfm’ — fm %T]
m

Zn fveSB(L)

C'()a2T27 C'()a?T27
> (¢)4] mlfrelfM sup Pp,(m’ #m) > (¢)4]

(1- B).

Now, we choose a; > 0 as large as possible such that (7.3)), (7.4) and (7.7) are satisfied,
meaning that

2 A -2 j
a;TY = (C(¢,5)L22*215) A (ClTC(Z’ ) ) A (%}QW
2

(a?2% v 1)) .
Since ¢y = max(4,2 + 4a?)/c; and ¢; = cglL/Q, it simplifies in

. . L2J ..
a’T2 =Orypa <L22_2]f3 ANLEA=——(2% Vv 1)) :
n

We assume that L is larger than a constant and we take
9 < (L2n)1/(2ﬁ+3) < 2j+1,
which yields that for n large enough,

inf sup E[[|Zn — fxl3] > Oy, L8 @320/ (25+3)
Zn fxesH(L)

30



References

Antoniadis, A. and Bigot, J. (2006). Poisson inverse problems. Ann. Statist., 34(5):2132-2158.

Belomestny, D. and Goldenshluger, A. (2019). Density deconvolution under general assump-
tions on the distribution of measurement errors. arXiv preprint arXiv:1907.11024.

Birgé, L. (2001). A new look at an old result: Fano’s lemma. Technical report, Université
Pierre et Marie Curie.

Carrasco, M. and Florens, J.-P. (2011). A spectral method for deconvolving a density. Econo-
metric Theory, pages 546-581.

Cavalier, L. and Koo, J.-Y. (2002). Poisson intensity estimation for tomographic data using a
wavelet shrinkage approach. IEEE Transactions on Information Theory, 48(10):2794-2802.

Delaigle, A. and Meister, A. (2011). Nonparametric function estimation under fourier-
oscillating noise. Statistica Sinica, pages 1065-1092.

Fan, J. (1993). Adaptively local one-dimensional subproblems with application to a deconvo-
lution problem. The Annals of Statistics, pages 600—610.

Feuerverger, A., Kim, P. T., and Sun, J. (2008). On optimal uniform deconvolution. Journal
of Statistical Theory and Practice, 2(3):433-451.

Goldenshluger, A. and Lepski, O. (2014). On adaptive minimax density estimation on R<.
Probability Theory and Related Fields, 159(3-4):479-543.

Goldenshluger, A. V. and Lepski, O. V. (2013). General selection rule from a family of linear
estimators. Theory Probab. Appl., 57(2):209-226.

Groeneboom, P. and Jongbloed, G. (2003). Density estimation in the uniform deconvolution
model. Statistica Neerlandica, 57(1):136-157.

Hall, P., Meister, A., et al. (2007). A ridge-parameter approach to deconvolution. The Annals
of Statistics, 35(4):1535-1558.

Hall, P., Ruymgaart, F., van Gaans, O., and van Rooij, A. (2001). Inverting noisy integral
equations using wavelet expansions: a class of irregular convolutions. In State of the art
in probability and statistics (Leiden, 1999), volume 36 of IMS Lecture Notes Monogr. Ser.,
pages 533-546. Inst. Math. Statist., Beachwood, OH.

Hohage, T. and Werner, F. (2016). Inverse problems with Poisson data: statistical regular-
ization theory, applications and algorithms. Inverse Problems, 32(9):093001.

Kerkyacharian, G., Lepski, O., and Picard, D. (2001). Nonlinear estimation in anisotropic
multi-index denoising. Probab. Theory Related Fields, 121(2):137-170.

Kroll, M. (2019). Nonparametric intensity estimation from noisy observations of a Poisson
process under unknown error distribution. Metrika, 82(8):961-990.

31


http://arxiv.org/abs/1907.11024

Kuusela, M., Panaretos, V. M., et al. (2015). Statistical unfolding of elementary particle
spectra: Empirical bayes estimation and bias-corrected uncertainty quantification. The
Annals of Applied Statistics, 9(3):1671-1705.

Mallat, S. (2009). A wavelet tour of signal processing. Elsevier/Academic Press, Amsterdam,
third edition.

Meister, A. (2008). Deconvolution from Fourier-oscillating error densities under decay and
smoothness restrictions. Inverse Problems, 24(1):015003, 14.

Meister, A. (2009). Density deconvolution. In Deconvolution Problems in Nonparametric
Statistics, pages 5—105. Springer.

Picard, F., Cadoret, J.-C., Audit, B., Arneodo, A., Alberti, A., Battail, C., Duret, L., and
Prioleau, M.-N. (2014). The spatiotemporal program of DNA replication is associated with
specific combinations of chromatin marks in human cells. PLoS Genet, 10(5):e1004282.

Reynaud-Bouret, P. (2003). Adaptive estimation of the intensity of inhomogeneous Poisson
processes via concentration inequalities. Probab. Theory Related Fields, 126(1):103-153.

Reynaud-Bouret, P. and Rivoirard, V. (2010). Near optimal thresholding estimation of a
Poisson intensity on the real line. Electron. J. Stat., 4:172-238.

Trong, D. D., Phuong, C. X., Tuyen, T. T., and Thanh, D. N. (2014). Tikhonov’s regular-
ization to the deconvolution problem. Communications in Statistics-Theory and Methods,
43(20):4384-4400.

Tsybakov, A. B. (2008). Introduction to nonparametric estimation. Springer Science & Busi-
ness Media.

van Es, B. (2011). Combining kernel estimators in the uniform deconvolution problem. Stat.
Neerl., 65(3):275-296.

32



	1 Introduction
	2 Uniform deconvolution model
	3 Estimation procedure
	3.1 Deconvolution with kernel estimator
	3.2 Symmetrization of the estimator
	3.3 Risk of the kernel-based estimator
	3.4 Bandwidth selection

	4 Theoretical results
	4.1 Oracle approach
	4.2 Minimax approach

	5 Simulation study and numerical tuning
	5.1 Universal hyperparameter tuning
	5.2 Going further universal tuning

	6 Deconvolution of Genomic data
	7 Proofs
	7.1 Proof of Lemma 1
	7.2 Auxiliary lemma
	7.3 Proof of Theorem 1
	7.4 Proof of Theorem 2


