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GLOBAL DISSIPATIVE SOLUTIONS OF THE DEFOCUSING ISOTHERMAL
EULER-LANGEVIN-KORTEWEG EQUATIONS

QUENTIN CHAULEUR

ABsTrACT. We construct global dissipative solutions on the torus of dimension at most three
of the defocusing isothermal Euler-Langevin-Korteweg system, which corresponds to the Euler-
Korteweg system of compressible quantum fluids with an isothermal pressure law and a linear
drag term with respect to the velocity. In particular, the isothermal feature prevents the energy
and the BD-entropy from being positive. Adapting standard approximation arguments we first
show the existence of global weak solutions to the defocusing isothermal Navier-Stokes-Langevin-
Korteweg system. Introducing a relative entropy function satisfying a Gronwall-type inequality
we then perform the inviscid limit to obtain the existence of dissipative solutions of the Euler-
Langevin-Korteweg system.
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1. INTRODUCTION

The aim of this paper is to give a proper notion of solution and to prove the global existence
of such solutions of the isothermal Euler-Langevin-Korteweg system of equations (denoted ELK in
the following for reader convenience):

(1.1a) Op + div(pu) =0,

h? A
(1.1b) O (pu) + div (pu ® u) + AVp + ppu = —pV <ﬁ>,
2"\ "Up
where ¢ € [0,7] for a fixed T > 0. The unknown functions are the density p : [0,7[ x T¢ — R,
and the velocity field u : [0, 7] x T? — R? of the fluid, with the initial condition p(0,x) = po(z)
and u(0,2) = ug(z) for all z € T¢, where T¢ denotes the d-dimensional torus with 1 < d < 3. We
1



2 QUENTIN CHAULEUR

also denote A > 0 the pressure constant, p > 0 the dissipation constant and & > 0 the renormalized
Planck constant. Using the Madelung transform ¢ = \/ﬁeis/ € or in a more rigorous way the change
of unknown p = |¢|? and pu = hIm(x)* V), this system is directly linked with the Schrédinger-
Langevin equation:

2
(1.2) ihOgh + %Aw = M log(|v|?) + %uw log (f) .

This equation first appears in Nassar’s paper [20] as a possible way to give a stochastic inter-
pretation of quantum mechanics in the context of Bohmian mechanics. It had a recent renewed
interest in the physics community, in particular in quantum mechanics in order to describe the con-
tinuous measurement of the position of a quantum particle (see for example [21], [23] or [19]) and in
cosmology and statistical mechanics (see [I1], [I2] or [I3]). Note that in its physical interpretation,
A = 2kpT/h corresponds to a quantum friction coefficient, so both positive and negative signs could
be of interest (kp and % denotes respectively the Boltzmann and the normalized Planck constant,
and 7 is an effective temperature), unlike the real friction coefficient p which is taken positive
(see [II]). In the mathematics community, this equation has not seen much interest yet, despite
the presence of unusual nonlinear effects. In [10], the author has shown that in the focusing case
(A < 0) every well-prepared density function of the solution of equation on R? converges to a
Gaussian function weakly in L'(R?), whose mass and center are uniquely determined by its initial
data pg and wug, whereas in the defocusing case (A > 0) every solution disperses to 0, with a slower
dispersion rate than usual directly affected by the nonlinear Langevin potential 2% log (v /4*). Still
in the defocusing case, up to a space-time rescaling incorporating dispersive effects, the density p
of every rescaled solution of equation on R? also converges to a Gaussian function weakly in
L'(R9), a phenomenon which is reminiscent of the defocusing logarithmic Schrédinger equation [9]

(corresponding to the case p =0 in ([1.2))).

The question of the existence of solutions to this kind of quantum system is already dealt with
in the case of barotropic pressure of the form P(p) = Ap” in [2], where v > 1 (and p = 0). However,
the proof is based on the link with the power-like Schrédinger equation

2
(1.3) RO+ o A = Al

and the use of Strichartz estimates which do not seem to be helpful for the logarithmic nonlinear-
ity. In fact, rather than estimate V(1[)771|), we have to deal with the quantity V(v log(|1|?))
which becomes unbounded when the wave function v vanishes to 0, preventing us from applying
the fractional steps method of [2]. In the second part of [§], the authors have shown the existence
of solutions to the isothermal Euler-Korteweg system (which corresponds to the case = 0 in the
system ), but again their proof is strongly based on the link with the logarithmic Schrédinger
equation, which does not seem to be useful in our case due to the ill-posed nonlinear Langevin
potential 5-log (¢//1*). In a more regular framework, note that in the recent work [I5], the author
shows the local existence in time of solutions to the Euler-Korteweg system satisfying some analytic
regularity, which may be extended to the Euler-Langevin-Korteweg equations.

Unlike the Navier-Stokes-Korteweg system of equations (which corresponds to system (|L.1))
adding the viscous term vdiv (pDu) on the right hand side of (L.Ib), see [16] or the system
below), the lack of viscous term in the Euler-Korteweg system prevents us from adding some smooth-
ing terms in the equations and then make these terms tend to 0. However, in the recent paper [6],
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the authors manage to pass to the viscous limit » — 0 for a specific notion of weak solution called
dissipative solution. We will base our proof of existence on this approach, with the specificity of
taking an isothermal pressure law Ap (which leads to the use of energy with no definite sign, see
below) and adding a dissipation term ppu. Note that in the recent paper [7] the authors have
shown the exponential decay to equilibrium of global weak solutions of the Navier-Stokes-Korteweg
system with such a dissipation term and for both barotropic and isothermal pressure laws.

Dissipative solutions were introduced by Lions [18], and were recently used in fluid models in
order to give a rigorous justification of some viscous singular limits (see [14]). They are based on
the use of some particular functionals called relative entropies, namely

EUIV): X xY — Ry,
where X denotes a Banach space of weak solutions U, and Y C X denotes a Banach space of strong
solutions V embedded into our space of weak solutions of the fluid system
d

%U(t) =A(t,U(t)), t >0, U(0) = Uy,

where A is a (nonlinear) generator. A relative entropy has to enjoy the following three properties:

e Distance property. For every (U,V) € X x Y,
EUIV)>0 and EU|V)=0onlyifU=1V.

e Lyapounov functional. If V is an equilibrium solution, namely A(t,V(t)) = 0 for all
t>0,then V €Y and

d

—EWUV) <L0.

ZEWIV) <

e Gronwall inequality. For every (U,V) € X x Y, for a.a. t > 0,
t
EUIV)(t) — E(U|V)(0) S/ E(UIV)(s)ds.
0
The presence of the nonlinear quantum viscous term h?pV (A\/ﬁ/ \/p), usually called Bohm po-

tential, makes difficult to define a relative entropy for the ELK system (1.1]). In order to circumvent
this difficulty, we denote v = %V log p and introduce the augmented ELK system:

(1.4a) Op + div(pu) =0,
h
(1.4Db) O¢(pu) + div (pu ® u) + AVp + ppu = §div(pVi),
h
(1.4c) O (pv) + div (pv @ u) + §div (pVu') =o0.

Note that this augmented formulation was first introduced in [3] as a numerical tool in order to
compute quantum fluid systems, and is based on the identity

B2 AP\ R,

Formally differentiating in space equation (|1.1a)), we see that a solution of the ELK system ([1.1]) also
stands as a solution of (1.4)) (see Remark|1.2]below). We also define the functional H(p) = plog p—p,
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so we can introduce the following relative entropy entropy functional for our system:

Epric(pu IR U V() = ¢ / pllE VP o+ Ju = U) 4+ 2 / CH(pIR) + 4 / / phu—UP,
where
H(p|R) = H(p) — H(R) — H'(R)(p - R).

Note that here (p, u,?) stands as a weak solution of (1.4)), where (R, U, V) has to be seen as a strong
solution of this system. We will also use the convention

SELK(% u, 6) = gELK(pa U,EH, 07 0)

We now introduce the concept of dissipative solution, which is induced by the Gronwall inequality
of our relative entropy functional as follows:

Definition 1.1. Let 7' > 0 and (po, ug, g = ngong) such that Egrk (po, o, Tp) < co. We say
that (p,u,v) is a dissipative solution of the augmented ELK system (T.4)) in [0,7] x T¢ with
initial data (pg,u, Do) if the following holds:

t
Epri(p,u,T|R, U, V)(t) < Epric(p,u, TR, U V)(0)e” + bprr(t) + C/ b (s)e” ) ds,
0

o) = [ [ L) W -

for all smooth function U and (R, V, &) defined respectively through the initial condition

/ RO - / Po,
Td

for a.e. ¢t € [0, 7], where

and the system

(1.5a) O¢R + div(RU) = 0,
— h
(1.5b) V= §V10g R,
(1.5¢) S(R,U) = R(OU + U - VU) + A\VR + uRU — gdiv(RVV),

and C = C(h, R,U,V) is a constant uniformly bounded on R, x T<.

Remark 1.2. As we are unable to have the existence of strong solutions to the system (|1.4), we
have to introduce the function & (R, U) which has to be understood as an error function. In fact, if
&(R,U) = 0 then we recover a strong solution of ([1.4) through the system (L.5)) by differentiating
in space the mass equation (|1.5a]), which gives
VR + Vdiv(RU) = 9; VR + div(V(RU) ") =
that could be written
VR +div(RVlog R U) + div(V(RU)" — RVIogR® U) = 0

in order to show that V fulfills equation 1.401 . Of course, we have to take into account this error
term in the Gronwall inequality of Definition [I.1] through the function bk, whose expression will
make sense with the calculations of the proof of Proposition [3.6]
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Remark 1.3. We have to state at this stage that the positivity of our entropy functional Egpk is
unclear due to the presence of the logarithmic function in the isothermal contribution A [, H(p|R).
In order to get positivity, we have to invoke the Csiszar-Kullback inequality (see e.g. [1]) which
tells that for f,g > 0 such that [ f = [ g, we have

— g||? <2 / 1 f@) dx.
IIf gHLl(’Ed) < 2[[fllzr(a) o f(z)log 9(z) T
Recalling that [ro = [ po and using the continuity equations (1.5a]) and (I.4a]) that ensures that
vt € [0.70, |p(E)]l13re) = |R(®)] 12 ra). we get that
p
H(p|R) = / (plogp —p— (RlogR — R) —log R(p — R)) = / plog (E) > 0.

Td Td Td
Under the assumption A > 0, we then recover the positivity of Egp i, which will be crucial in
the proof of Theorem [3.7] Note that in the focusing case A < 0, Csiszar-Kullback inequality does
not ensure positivity on our relative entropy anymore, hence we cannot define a proper notion of
dissipative solution in the focusing case and apply the results from Section 3. However, all the
results from Section 2 are still valid in the case A < 0 (see Remark below).

We can now state the main result of this paper:

Theorem 1.4. (Global existence for the augmented isothermal ELK).
Let T > 0 and (po,uo,Tp = %Vlogpo) such that Egpi (po, v, Vo) < 00, then there exists a dis-
sipative solution of the augmented ELK system (1.4) in [0,T[ x T¢ with initial data (po,uo, o).

The rest of this paper is devoted to the proof of Theorem and is organized as follows.
In Section 2, we introduce several regularizing viscous terms in the ELK system which enable
us to construct a solution of our regularized system. Letting these several viscosity terms one
by one go to zero, we recover the existence of a weak solution to the Navier-Stokes-Langevin-
Korteweg equation, which corresponds to the ELK system with an additional term vdiv (pDu) in
the momentum equation. Section 3 is then dedicated to the inviscid limit ¥ — 0, where we have to
introduce augmented formulation for both ELK and NSLK systems. Finally we give in Appendix
the definition of the operators and some technical lemmas which will be used all along this paper.

2. THE ISOTHERMAL NAVIER-STOKES-LANGEVIN-KORTEWEG SYSTEM

We look at the Navier-Stokes-Langevin-Korteweg system (denoted NSLK in the following for
reader convenience), namely:

(2.1a) Op + div(pu) = 0,

h? A
(2.1b) O(pu) + div (pu ® u) + AVp + ppu = ?pv <\/\gﬁ> + vdiv (pDu) ,

where Du = (Vu + Vu')/2. This system formally enjoys the following energy estimate:

(2.2) Emmmmw+ADmmmM@@s&,
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with
1
(23) Bysuc(pn) = 3 [ (ol + 193 +A [ Hp)
(2.4) Dysuic(pn) = [ ol +v [ pDul
T4 Te

Remark 2.1. Similarly to Remark in order to use (2.2) to get some regular bounds on our
solutions, we need to show that Exgrx is also bounded from below, which is not obvious due to
the presence of the logarithmic term A [, H(p). Denoting E(t) + A||po| 1 = E*(t) — E~(t), with

1
B0 = [, (gl + #1952 Yasa [ plogpz0,
Td 2 p>1

1
E’(t):*)\/ plogp:/\/ plog () >0,
p<1 p<1 P

we remark that E~(t) is controlled by

1 - _
/ plog () 5/ p' = < Cllpoll1:°
p<1 P Td

by the Holder inequality on the compact set T¢ with € > 0 small enough, hence E~(¢) and E*(t) €
L, so the energy Engsrk is indeed bounded from below.

The BD-entropy of a quantum fluid system, firstly introduced in [4] and [5], is now a classical
tool in order to get further regularity bounds on our solution. This system also enjoys a BD-entropy
estimate:

t
(2.5) Ensii(pu)(t) + / Duvsric(p,u)(s)ds < &,
0
with
1 v 2 2 2 /
(2.6) Ensr(pw) =5 [ (plut 2V10gpl2 + 12V yE2) + N | Hp),
2 Td 2 ']I‘d

v vh?
1) Dvsxlpw=p [ pluP+ 5 [ olaaP+ - [ v lons? v [ 19V
Td Td Td Td

where \' := X\ — pv and Au = (Vu — Vu')/2. We now give the notion of weak solution induced by
these quantities:

Definition 2.2. Let T > 0 and (pg, ug) such that Ensri(po,us) < co. We say that (p,u) is a
weak solution of the NSLK system in [0,7[ x T? with initial data (pg,uo), if there exists
locally integrable functions ,/p, \/pu such that, by defining p := \/52 and pu := ,/p\/pu, the
following holds:

(i) The global regularity:
Vb e L=(0,T[; HY(TY), /pu € L((0,T[; L*(T%)),
with the compatibility condition
VP >0ae. on (0,00) x T \/pu=0a.e. on {p=0}.
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(ii) For any test function n € C§°([0,T[ x T%),

T
(2.8) / / (pOsn + pu - Vn)dxdt + / pon(0)dz = 0,
0 Td Td

and for any test function ¢ € C§°([0,T[ x T%; T4),

T
(2.9) /0 /m‘d (pu- 8¢+ /pu @ /pu : VE + Apdiv(() — ppu - ¢+ 1V /p@ Vy/p: V(
2

—%pAdivC —v/pSy(u) - V(j) dxdt +/ poupC(0)dz = 0,
Td

with Sy(u) = (Tx(u) + Tx(u)")/2, where Ty (u) is defined through the compatibility
condition
Ve T (u) = V(y/py/pu) — 2y/pu @ V/p.

(iii) For any test function ¢ € C§°(T4),

i [ ot a)é@do = [ po(t.0)g(o)ds,

t—0 Ja Td
im [ p(t, z)u(t, 2)é(x)de = / polt, 2)uo(t, 2)& () da
t—0 Jpd Td

Remark 2.3. The tensor valued function Ty (u) has to be understood as /pVu. Of course, we can
not define this term properly, so we use the algebraic identity given in the previous definition, which
makes sense in the distribution sense in view of the regularity assumption.

Remark 2.4. Note that we have used in the momentum equation (2.9)) the identity

2 2
Zp<i%> EAVp h2div(V/p @ V/p).

The aim of this section is now to prove the following theorem:

Theorem 2.5. (Global existence for the isothermal NSLK).

Let T > O v > 0 and (po,ug) such that Enspi(po,up) < oo, then there exists a weak solution
of system )-(2.1b) in [0,T] x T¢ with initial data (po,uo). Furthermore, for almost every
te0,T], equatzons (12.2) and . holds.

Remark 2.6. Note that Theorem [2.5] still holds in the focusing case A < 0. In fact, to adapt the
proof, we just have to show that Engrk is bounded from below similarly to Remark 2.I] Writing
Enspi(t) = ET(t) — E~(t), where
1
B0 = [ (Gl 4 #I9VEE = a)datr [ progp=o
Td 2 p<l

ETﬂ:*{/ plogp >0,
p>1
and using the conservation of mass ||p(¢)||L1 = ||pollL1, we get that

/ plogp's / VI < Il G e el B = e vyl
p>
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by the Gagliardo-Nirenberg inequality with « = 1/2—1/(2+¢), for £ > 0 small enough (see Lemma
A.4). Finally,

E*(t) < FEo+E~(t) < Eo + CET(t)°
with § < 1, inducing that Et(¢t) € L> and so E~(t). Unfortunately, we are unable to define a

positive relative entropy functional in the focusing case, so we can’t make the viscous limit v — 0
in this case.

2.1. Regularized NSLK system. Following [22], we first aim at proving the existence of a solu-
tion to the following regularized NSLK system:

(2.10a) Op + div(pu) = 61 Ap,

. . B (A .
O(pu) + div (pu ® u) + AVp + ppu + rou + riplul“u = ?pv W + vdiv (pDu)

+62A%u — 61(Vp - V)u+mVp~ @ + nopVA2Tp,

(2.10Db)

where the regularization parameters verify 0 < d&1,02,71,72,70,71 < 1 and a > 0, s € N* are
chosen sufficiently large (to be fixed later on). Integrating equation (2.10al) in space, we get the
conservation of mass, namely for all ¢ > 0,

(2.11) /jT plt,a)ds = /T pola)da.

Then, multiplying formally equation (2.10b)) with u and combining it with equation (2.10al) we
get the energy estimate, for almost all ¢t > O:

¢
(2.12) Ereg(p,u)(t) —|—/ Dreg(p,u)(s)ds < Ey,
0
where
1 2 2 2 i —a 2 s 12
(213)  Erglp,u) == [ (plul>+1*Vy/p|?) + X | H(p)+ p+ = [ |[VA®p]?,
2 Jpa Td a+1 Jra 2 Jpd

(2.14)  Dicg(p,u) =u/ plU|2+V/ pIDu|2+62/ IAu\2+5mz/ |AsHLp|?
Td Td Td Td

o, 401m —a/2|2 2 4, 0l 2 2
+46y | IVVpIP A+ —— | [Vp PP g [ JulP [ oplult 4+ —— [ p|VZlogp|®.
Td o Td Td Td 2 Td

Definition 2.7. Let T > 0. We say that (p, u) is a weak solution of the regularized NSLK system
(2.10)) in [0, T[ x T? with initial data (pg,uo) € L*(T%) x L?(T9), if the following holds:

(i) The global regularity:
p € H'([0,T[; H(T?) nCO([0, T[; H**(T%)) n L*([0, ¢[; H****(T7)),
1/p € C°([0,T[ x T%),

u € L*([0,T[; L*(T%)) N L2([0, T[; H*(TY)).
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(ii) For any test function n € C§°([0,T[ x T%),

T
(2.15) / / (pon + pu - Vn + 61 pAn)dxdt + / pon(0)dxz = 0,
o Jrd Td

and for any test function ¢ € C§°([0,T[ x T%; T4),

T 2
(2.16) /0 /Td (pu O+ pu@u: VE+ Apdiv(¢) — ppu - ¢+ RV \/p @ V/p: V( — %pAdiv(

—vpDu : V¢ —rou - ¢ — riplul®u- ¢ — 61Vu: Vp @ ¢ — 5aAu - 6¢ — m1p~*dive

—m AT pA® [Vp - ( + pdive]) dadt + / pouoC(0)dx = 0.
Td

Proposition 2.8. Let T > 0 and
(2.17) po € C(TY),  wug € L*(T?), inf po(x) >0 >0,
€T
then there exists a weak solution (p,u) of system in [0, T[ x T¢ with initial data (po,uo) which
satisfies moreover the conservation of mass (2.11)) and the energy estimate (2.12)).

Remark 2.9. We note that the conservation mass (2.11)) and the energy estimate (2.13)) induce the
following uniform bounds with respect to E(pg, uo):

p(1+ [logp|) € L2((0,T[; L' (1), /pu € L=([0,T[; L
vy/pVu € L2([0,T[; L*(T9)), hV\/p € L>=([0,T[; L
Vrou € LA([0, T[; LA(TY)),  /ripiu € LY(0,T[; L

VormVp % € L2(0,T[ LA(TY),  VopA™pe L2(0,T[; L
V62 Au € L([0,T[; L

Also, combining the energy estimate with Lemma ensures that
VuRAVR/p € LA([0,T[; LA(T?), (vh*)iVpi € L*((0,T[; L*(T?)).

Finally, combining these bounds with Lemma [A75] we obtain that there exists a positive constant
C(Ereg (PO; Uo), 1,72, 0) such that

11/pll o= (0, 71x14) < C(Ereg(po,u0),n1,1m2,0).

Proof. In all the convergences mentioned in the following proof, we have to extract subsequences
that we do not relabel for conciseness.

Step 1: Faedo-Galerkin approximation. Following [I6] and [22], we denote (ej)ken an
orthonormal basis of L?(T¢) (which is also an orthogonal basis of H!(T¢)) and we introduce the
finite-dimensional space X = span{ey,...,en}. Then the classical theory of parabolic equation
gives us the existence of a function

pn € CO([0,T[; H*T(T?))
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satisfying equation on [0, T[x T?, and the maximum principle provides some lower and upper
bounds on the density py. In particular, since we assumed that pg > 6 > 0, we get that py is
strictly positive. Then, by a fixed point argument, the standard theory for systems of ordinary
differential equations provides the existence of a unique classical solution

uy € CU([0,T[; Xn)

satisfying equation (2.16) (taking p = pn) on [0, T[x X . Furthermore, integrating equation ([2.10al)
on space, we get the conservation of mass of py (2.11), and multiplying equation (2.10b)) with uy

and combining with equation (2.10a]) we get the energy estimate (2.12)) for (pn, un).

Step 2: Uniform estimates on the approximate solutions. We note that px(0,.) = pg
and pyun(0,.) = Py [pouo), where Py denotes the L?(T%)-projection onto X . In particular, since
by assumption poug € L?(T9), we have that

Ereg(pNa U'N)(O) S Ereg(ﬁOv u0)7
and so with the energy inequality (2.12) satisfied by (pn,un) we get that, for all N € N*,
T
(2.18) iUETEreg(ﬂNqu)(t) +/ Dreg(pn, un)(s)ds < C(Ereg(po, uo))-
0<t< 0

From this inequality we get several uniform bounds on (py,uy) with respect to N, in particular
we get the existence of some functions p and V such that

pn — p weakly in L°°([0, T[; H**1(T?)),
Vonun — V weakly in L>([0,T[; L*(T)).
Using the bounds

pn € L=(0, 71 H=H1(T%) and  —— e L=([0,T[; L(T%))

PN
together with Lemma we get that there exists a constant C(Eyeg(p0,%0), 71,72, 8, T) such that
(219) P Z C(Ereg(p07u0)7nlan270aT) > 07

and we may set u = V/,/p.

Step 3: The limit N — oo. In order to pass to the limit N — oo into equations ([2.15)
and ([2.16)), we need the convergence of our functions py and uy in a stronger sense. As (pn,un)
satisfies the energy inequality (2.12), it also gets the uniform bounds of Remark in particular:

pn € L=([0,T[; H***1(T) N L2([0,T[; H***2(T7)),
1/py € L=([0,T[ x T%), un € L*([0,T[; H*(T)),

and from the continuity equation (2.10a)) satisfied by py we know that 9;py is bounded in L2([0, T[; H!(T4)).

By classical weak-convergence results and Ascoli-Arzela type argument we get that
pn — p strongly in CO([0, T[; H?*(T?)),
pn — p weakly in L2([0,T[; H**T2(T4)),
pn — p weakly in H'([0,T[; H'(T)),
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and from the bound from below on py (2.19) we also get that
1/pn — 1/p strongly in C°([0, T x T).

Furthermore, given the uniform bounds for py and uy, and since (ey)y is orthogonal for the H?2-
scalar product, we can get that (Px [pyun])n and (pnun)y both converge in L2([0,T[; H'(T?))
(see [8] for the details). Together with the fact that (1/pn)n is uniformly bounded, we get that

un — u strongly in L2([0, T[; H*(T4)).

Note that the uniform estimates satisfied by (pn,un) also entail that ux (and so u) is bounded
in L>°([0, T[; L*(T¢)) N L%([0,T[; H*(T?)). The only remaining problematic term in is
ripy|un|?uy. However as uy is bounded in L% ([0,7[; L?(T%)) and in L2([0,T[; H*(T%)), we
get by interpolation that uy is also bounded in L*([0, T'[; L3(T%)).

As each term in and is now handle by the previous regularities of py and uy, we can
pass to the limit N — oo into these equations, so finally (p,u) is a weak solution of the regularized
NSLK system in [0, T[ x T¢ with initial data (pg, u). O

In order to pass into the limits d1, d2, 71,72 — 0, we will need further estimates on our solution
(p,u). A common way to get other estimates is to introduce the following BD-entropy:

1
220) Euslpn) = 5 [ (plu+v¥hogp? + w9 5P) + X [ ()
Td Td
1 —a 12 s 12
— A — 1
+a+1/wp + 2/WIV ol ro/w 0g p,

81h2
220) Duglp) = [ o+ [ plhaf + (Vﬁ2+5w2+1> [, oIv* 108 o

2

46 [e]3
+4(y+51)/ Va2 4 (Y 2 /\vp*ﬂ?
Td 4 10 Td

) [ 18R b [ 8 e [P [t
T4 Te T4 Te

Proposition 2.10. Let T > 0 and assume (po,uo) satisfies the reqularity (2.17). We denote (p,u)
the weak solution of (2.10) constructed in Proposition . Then there exists constants Cy and Co
with dependencies mentioned in parentheses, such that:

T

(222) SEdp [greg(pa u) (t) +/ Dreg(pv u)(s)ds <y (Ereg(o)) + (61 + 52)02(7“077“17771a 2, Ereg(o))~
telo,T 0

Proof. The proof of this identity is mostly technical, and we refer to [8] for the details (as the new

dissipation term ppu is essentially harmless in the calculation). The idea is to differentiate and
multiply by 2 the continuity equation (2.10al), which gives

v2(9,(pV log p) + div(pVlog p @ u) + div(pV "u) — 6;AVp) = 0,

and we also take ( = (¥Vlogp)¢, where ¢ € C5°([0,T[ x T4 T9), as a test function in the weak
formulation of the momentum equation (2.16). We then combine these two equations and integrate
in time. The technical part is then to prove that each term appearing in this equation is well defined,

and using some classical inequality from functional analysis (namely Holder or Young inequalities
and Sobolev embedding) we finally get (2.22)). O
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Remark 2.11. Note that the presence of the term —rg de log p in &eg(p, u) prevents this quantity
from being positive, however as for the logarithmic energy term we can get a lower bound for this
term by controlling his negative part

—7“0/ logp > —To/ pz —To/ p = —7ollpoll L1 (Tay
p>1 p>1 Td

as p satisfies the mass conservation (2.11). Hence we can properly get some new uniform bounds
on (p,u) using equation ([2.22)).

2.2. NSLK with drag forces. We are now going to prove the existence of a weak solution to the
following system, which will be called NSLK system with drag forces:

(2.23a) (O + div(pu) =0,

h? A
(223) | Bhlpw) + div (pu @ ) + XVp + ppu -+ rou -+ 71 plu®u = "o ¥ (Q?) + vy (aDv).
We define the energy of this system and its corresponding dissipation from the ones of the previous
regularized system,
Edrag(p, u) = Ereg (P, u)‘51,52,7717772:0 and Ddrag(p7 u) = Dreg(p7 u)|517527771,772:0’

as well as the BD-entropy and its corresponding flux,

Edrag(pv u) = Sreg(pg u)|51,52,n1,n2:0 and Ddrag(p7 u) = Dreg(pa u)|51,62m1m2:0'
Definition 2.12. Let 7" > 0. We say that (p,u) is a weak solution of the NSLK system with
drag forces (2.23)) in [0, T[ x T¢ with initial data (pg,uo) € L*(T?) x L%(T), if the following holds:

(i) The global regularity:
VP eCO(0,T[;HY(TY),  V2/p e L*([0,T[; L*(T)),
u € L*([0,T[; L*(T9)), /pu € C°([0,T[; L*(T%)).
(ii) For any test function n € C§°([0,T[ x T¢), equation (2.15) holds, and for any test function
¢ €C([0,T] x T4, T?), equation (2.16) holds, taking d1, da,71,72 = 0 for both equations.

Remark 2.13. As in [§], remark that in presence of drag forces ro,71 > 0, u is well defined as
function, Vu as a distribution and ,/pDu is also well defined, unlike in the original system
without drag forces where the regularity induced by the energy estimate is insufficient to
define v and so /pDu has to be understood as Sy (u).

Proposition 2.14. Let T > 0 and assume (po,uo) satisfies the regularity (2.17)) such that

Edrag(pa u)(O) = Edrag(ﬂOy“O) <oo and gdrag(pv u)(O) = 5drag(,00,uo) < 00.

Then there erists a weak solution of the NSLK system with drag forces (2.10) in [0, T[ x T with
initial data (po,up). Furthermore, there exists constants Cq1 and Co with dependencies mentioned
in parentheses, such that

T
(2.24) S[UP [Edrag(pa “)(t) +/ Ddrag(p7 u)(s)ds <Cy (Edrag(o))a
te[0,T 0

and

T
(2.25) o Eaaelp1)(0) + | Dasas(pr0)(5)ds < Col Einas(0): a0
te[0,T 0
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Proof. The proof is the exact same as the one appearing in [8], where the authors first let d1,d2 — 0
and then perform the limit 7;,72 — 0, so we refer to it for the details. O

2.3. The limit ro,r; — 0. In [I7], in order to pass to the limit ro,7;1 — 0, the authors have
to introduce a new type of solutions to the Navier-Stokes-Korteweg system called renormalised
solutions. In our framework these solutions are defined as follows:

Definition 2.15. Let T' > 0. We say that (p,u) is a renormalised weak solution of the NSLK
system with drag forces in [0, T[ x T¢ with initial data (y/po, (v/pu)o) € H'(T%) x L*(T?), if
there exists locally integrable functions ,/p, /pu such that, by defining p := \//32 and u := \/pu/\/p,
the following holds:

(i) The global regularity:

VP € L=([0,T[; HY(TY), /pu € L=([0,T[; L*(T%),
W2 /p e L2(0,T; L*(T%),  Tw(u) € L2([0,T[; L*(T%),
VRVt e L0, T[; LX(T), 1y p"*u e LA([0, T[; L(TY)),

ro/*u € L3([0,T[; L*(T), rologp € L=((0,T[; H'(T)),
where Ty (u) is defined as in Definition and with the compatibility condition
VP >0ae on [0,T[x T /pu=0ae on {p=0}.
(ii) For any function p € W2°°(R?), there exists two measures f,,, g, € M(]0,T[ x T?) with

I follamqo.rixray + 190 llmgo.rixmay < CIVZQ| oo (Ra)s

where the constant C' depends only on the solution (p,u) such that for any test function
n € Cg°([0, T = T?),

T
(2.26) / / (pOsn + pu - Vn)dxdt + / pon(0)dz =0,
o Jrd Td

and for any test function ¢ € C§°([0,T[ x T%; T4),

T
(2.27) /0 /w (pp(u) - 0:C + pp(u)u : VC + [Apdiv(¢) — ppu - ¢ — rou — riplul*u
2

HEVVBE VY55 VG = T pAdG — vy () V] ¢'(0) ) dodt + [ pouac(0)ds = (£,

with Sy (u) = (Tnx(u)+Tx(u)")/2 and where T (u) is defined through the compatibility
condition

VP @) (Tx(u)jk = 0;(pei(w)ur) = 2¢/purdin/p + gp, Vi gk €{1,....d}.

(iii) For any test function ¢ € C5°(T?),

lim [ p(t, z)é(x)de = /Td po(t, z)é(x)dx,

t—0 Ja

lim [ p(t, z)u(t,z)é(x)de = /Td po(t, )ug(t, )€(x)dz.

t—=0 Jpd
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Note that renormalized solutions allow us to obtain some stability on our weak solutions, since
the notion avoid the problem of concentration. In fact, in [I7], the authors have proved the following
lemma:

Lemma 2.16. Let T > 0, then:
o Forrg, r1 >0, any renormalised weak solution of the NSLK system with drag forces (2.23))
is also a weak solution (in the sense of Deﬁnition if 7o, T1 > 0 or Definition s 70,
r = 0)
e Forrg, r1 > 0, the two notions are equivalent: any weak solution of the NSLK system with
drag forces (2.23)) is also a renormalized solution of the same system.

Thanks to Lemma [2.16 and Proposition [2.14] we have constructed a renormalized solution of the
NSLK system with drag forces (2.23)). In order to prove Theorem the only remaining step is
to prove the compactness of this renormalized solution in terms of the parameters ry and rq.

Proof of Theorem . In this proof, we will denote r = (rg,71) and (p, u, ), the sequence of weak
solutions to the NSLK system with drag forces (2.23) constructed in Proposition Again, all
the convergences below are made up to extraction that we do not relabel for conciseness.

We are first going to pass into the limit in the continuity equation only using a pri-
ori estimates (i) from Definition which do not depend on 7. From the continuous embed-
ding H*(T%) — L%(T%) as d < 3, we get that \/p, € L>([0,T[; L%(T%)), so combined with the
fact that \/pru, € L>([0,T[; L*(T?)) we get by Lemma that p,u, is uniformly bounded in
L>=([0,T[; L3/2(T%)). Moreover, using the continuity equation we get that J¢p, is uniformly
bounded in L*°([0, T[; W~13/2(T4)). Writing Vp, = 2,/p,V/pr, and recalling that V,/p, €
L>=([0,T[; L*(T9)), we get that Vp, is also uniformly bounded in L>([0,T[; L3/2(T%)), hence by
Aubin-Lions lemma we get that

pr — p strongly in C°([0, T[; LP(T%)), for 1 <p < 3.
From (2.27)) we get that d(p,u,.) is uniformly bounded in L?([0, T'[; H ™ (T%)) for a N large enough,
and from the identity
v(pTuT) = \/pir\/pirvur + Vp'r CUp = \//TTTN(U) + 2V\/ITT : \/pirur

and the a priori estimates (i) from Definition we get that V(p,u,) is uniformly bounded in
L?([0,T[; L?/?(T%)). As we already know that p,u, is uniformly bounded in L>°([0, T[; L3/%(T¢)),
we get from Aubin-Lions lemma that

Prtty — pu weakly in CO([O,T[;LB/Q(Td)), for 1 <p<3.
prity — pu strongly in LP([0,T[; L9(T9)), for1<p<ocand1<gq< ;

In particular, (p,), and (p,u,), are uniformly bounded in C°([0, T[; L' (T%)), so we can pass to the
limit r — 0 in the continuity equation (2.26), and we also get part (iii) of Definition 2.15]

We are now going to pass to pass to the limit in the momentum equation . Using the pre-
vious convergences and the estimates independent of r on VQ\/pT and Ty, that ensures some weak
convergence of these quantities in L2([0, T[; L?(T%)), we can pass to the limit 7 — 0 in the left hand
side of equation (2.27). Indeed, as in [I7] and [8], introducing u = pu/ply,~oy We can show with
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the previous convergences that p, — p and u, — u a.e., and consequently that p¥¢d(u,) — p®d(u)
in L?([0,T[ x T¢) for any bounded ¢ : R — R? with a < 6 and p < 6/a. For the right hand
side of equation , we remark that the sequence (fy,,), is uniformly bounded in measures, so
it converges to a measure fy with the same bound. Note that we can similarly pass to the limit in
the renormalized compatibility condition for T, and obtain the renormalized condition for Ty (u).

Hence (p,u) defines a renormalized weak solution of the NSLK system (2.1) in the sense of
Definition taking rg = r1 = 0, which also stands as a weak solution of the NSLK system ([2.1)).
By Fatou’s lemma, we then get that (p,u) satisfies (2.2), which completes the proof of Theorem
2.9l (]

Remark 2.17. Defining
5(/)7 ’U,) = gdrag(p; u)|r0,'r1:0 and D(pa U) = Ddrag (/L u)‘ro,n:Oa

and as

*To/ logp > —rollpollpr(rey and 0 < *7“0/ log p < Co(Earag(0), Earag(0)) + 7ol poll L1 14y
p>1 p<1

from respectively Remark and equation (2.25)), which implies that

—7’0/ logp — 0,
Td

ro—0

we also gets from the previous proof that (p,u) satisfies the following BD-entropy estimate (which
will be useful in the following section):

T
(2.28) sup_ & (p,u)(t) + / D(p,u)(s)ds < C(E(0),£(0)).
te[0,T[ 0

3. THE ISOTHERMAL EULER-LANGEVIN-KORTEWEG SYSTEM

Following [6], by denoting w = u + 5§V logp and v = log p, we consider the augmented Navier-
Stokes-Langevin-Korteweg system of equations:

(3.1a) Op + div(pu) =0,

T,
(3.1b) O (pw) + div (pw @ u) + N'Vp + ppw = ?div(va) + gdiv(pr),
(3.1c) 9 (pv) +div (pv ® u) + div (pVu') = 0.

where)we denote h = h* —v* > 0 and X' = X\ — &2 > 0 (as we are letting v — 0, cf Remark
below).

Remark 3.1. Note that here the isothermal pressure term AVp can absorb the contribution of the
dissipative Langevin term, through the identity

AVp + ppu = AVp + pp(w — gVIng) =(\- %)Vp + ppw.

As we assume that A > 0 and as we are going to let ¥ — 0 in this section, we can take v small
enough such that A = A — £ > 0, which will be crucial in the following. In fact the compatibility
of these two terms is a special feature of the isothermal pressure and the Langevin potential, which
may not work for other pressure laws (for example the classical barotropic pressure Ap?, v > 1),
and reinforce the link between these two quantities.
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By denoting v = h,v/2, we also rewrite the associated BD entropy estimate (2.5 in terms of p,
w and v, which stands as the energy estimate of the augmented system ([3.1)):

t
Ensri(t) +/ Dnsri(s)ds < Ey,
0
where

1 1
vsix(prw.m) = [ (Golol + golnl + X)),
'[[‘d

7 _ anN
DNSLK([),’U},’U) = 5/,1 (p|Vw2 +p|Vv|2 + h2p7}|2> +/J//d p‘UI|2
T v T

We also introduce the relative entropy entropy functional of the augmented NSLK system:

_ 1 _
5NSLK(p,’w,@|R,VV7V)(t) = B /Td p(w— V|2 + |U) — W|2) + N /Td H(p|R)
+ ‘TN(U)) _VW

S Lo (B or] oo ) en [ oo

where Ty (7) and Ty (w) are defined through the compatibility conditions

VTN (@) = V(V/pypD) — 2(/pi @ Vy/p and  /pTn(w) = V(/py/pw) — 2¢/pw @ V/p.

We now introduce the definitions of weak and strong solutions to the augmented NSLK system:

Definition 3.2. Let T > 0 and (pg, wo,Tg = 2V1og po) such that Enxsri (po, uo, Vo) < co. We say
that (p,w,?) is a weak solution of the augmented system in [0,7] x T¢ with initial data
(po,wo, Tg), if there exists locally integrable functions \/p, /pu such that, by defining p := \/,52,
pu = \/p/pu, v =1log p and w = u + 5 Vv, the following holds:
(i) The global regularity (i) of Definition [2.2{on /p and |/pu is verified.
(ii) For any test function n € C§°([0,T[ x T%), p and pu verify equation (2.8), for any test
function ¢ € C§°([0, T[ x T%; T?),

T
[ [ w0+ pw e you: D¢+ XivQ) = o €+ VFTN(E) V¢

+%\/ETN(”LU) : VC) dxdt + /Td pouoC(0)dz = 0,

and for any test function & € C5°([0, T[ x T%; T9),

T
/ /d (pv - 9&y/pv ® \/pu : VE + VTN (u)" V&) dxdt + /d povoé(0)dz = 0.
o Jr T
(iii) The compatibility condition (iii) of Definition [2.2]on p and pu is satisfied.

Remark 3.3. Let us remark here that weak solutions of the NSLK system (2.1) are also weak
solutions of the augmented NSLK system (3.1). In fact, taking the gradient of equation ([2.1a))
(which is satisfied in the distribution sense), we get that

Oy Vp +div(V(pu) ") = 0,
so by definition of /pTx and expression of v we can write
A(pv) + div(pv @ u) + div(y/pTx(u) ") = 0.
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Definition 3.4. Let T > 0 and (Ro, Wy, Vo = %VlogRo) such that Exsrx(Ro, Wo, Vo) < oo.
We say that (R, W,V) is a strong solution of the augmented system (3.1) in [0,7[ x T¢ with
initial data (Rg, Wy, V), if the following holds:

(i) The global regularity:

0< inf R<R<Z sup R<oo
10,7[x T 10,7 [x T

VR e L*([0,T[; L°(T%)) n LY ([0, T[; W>°(T9))
W,V € L=([0, T[; W>(T%)) n W"([0,T[; L= (T*))
OH'(R), VH'(R) € L*([0,T[; L°°(T%)).
(ii) The function R,V and W satisfies, for a.a. (t,x) € [0,7T] x T¢,

(3.2a) &R + div(RU) =0,
hy _

(3.2b) R(O,W + VWU) + NVR + pRW = Zdiv(RVV) + Zdiv(RVW),

(3-2¢) R(Q,V + VVU) +div (RVU ") =0,

where U =W — £V, and V = V.

3.1. A Gronwall inequality. We are going to mimic the steps of the proof given in [6], giving a
special attention to the isothermal pressure law A p and to the new dissipation term:

t
u//plw*WIQ-
0 Td

Proposition 3.5. Let (p,w,v) be a weak solution of the augmented system (3.1), and let
ReCY[0,T] x T, R>0, W,V ecC*[0,T]xT).
Then we have the following inequality:

Ensi(p,w, 0| R,W,V)(t) < Ensri (p,w, 0| R, W,V)(0)
+/0 /Wp(atv (V —5)+ (VVu) - (V — 7))
+/0 /po(atW-(W—w)+(VWu)~(W—w))
Y / / (O(H'(R))(p — R) + pV(H'(R)) - u + pdivIV)
0 Td

t t
—2yx/0 /T \v\/m?w/o /T (PIW]? = pw- W) + I,

where

I = 5/0 /jT (V7| + VW) — VB(T(D) : V7 + T(w) : VIV)

ﬂ%/ JAT(®) : YW — (T(w))" : V).
0 JTd
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Proof. As we know that (p 7w, ) is a solution of (3.1)), we can use (2.2)), and using the fact that for
any function f € WH1([0,T[; LY(T%)) we have

» f(t, x)dx — /Td f(0,z)dx = /0 » O f (s, x)dxds,

we get that

evsuict) — ensic0) < [ [ 0 (3P = oVl = pur 1w
+7 / [, P9V VW) = 20/3(0@) : 97 + T(w) : W)
—A’/t 0, (H(R) + H'(R)(p - R))—zux// vVl
+u// (AW = 2pw-W).

We are now going to use equations from the augmented system ({3.1)) in order to develop the terms
in the previous inequality. Using equation (3.1al), we get that

| [omsm@e-r= [ [ @ @ars o m)e- R+ H R - )
0 JTd o J1d

= [ [ @y - R - 1 (R)div(ow)

- / [ (O () (o= )+ g9 (1 (R) - ).
Then using respectively equations (3.1b]) and ( -, we have

O (pw - W) = 9(pw) - W + pw - O W

. hy .. W, Vo
= (—div (pw ® U)_)\/vp_up’lU‘f'?le(\/ﬁT(U))‘i_§dlv(\/ﬁ’]r(w>)|W>W72,1(Td)XW2,oo(Td)+pw-atW
and

d(pv- V) = d:(pv) - V + pv - 9,V

- hy . v B =
= (—div(pv @ u) — ?dw(\/ﬁ'ﬂ‘(w)—r) + idlv(\/ﬁT(U)‘V>W—2,1(Td)xwz,oo(']rd) +pv- 0,V
Finally, we develop the quantities

1 — 1, — = o 1 1
3t(§P|V|2) = §3tP|V|2 +pV -0V, at(§K’|W|2) = 53t0|W|2 + pW - O W,
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and since Vv, VV are symmetric matrices (recall that v and V are gradient of functions), we get
from (3.1a)) and integration by parts:

Ensii(t) — Ensric(0) s/ot/w p@tV-(V—v)—l—/Ot/po(VVu)~(V—v)
+/Ot[rdpatw~<Ww>+/Ot [ oW v =)
w5 [ [ AT+ VW) 25T : 7 T s VW)
—X/t O,(H'(R))(p — R) — x/ /poVH’
Y / |19V / L, W =20 )
o /Wpdivww/o [

/ Vo(T@) : VV + T(w) : VIV)
‘Td

—V v): - w)) " .
e [ [ e oW (m) T )

The result follows from simplifying the previous expression. (|

Proposition 3.6. Let (R, W,V) be a strong solution of (3.1)), then any weak solution (p,w,v) of
the augmented system (3.1)) satisfies:

Ensri(t) — EnsL(0 / /Td V(u—-U -(V—v)+/0t/wp(VW(u—U))~(W—w)
+>\’h—y/0 /Td(pV(H’(R))-(v—V)—pdivV)—QuX/Ot /WW*/'E'Q

v /t %(div(RVV) (V=) + div(RYW) - (W — w))
0 Td

+ /0 /T L(AVRVY) - (W = w) — div(RYWT) - (V =) + L.

Proof. Multiplying equation (3.2a)) by £ (W —w) and equation (3.2c|) by %(Vfﬁ), and integrating
with respect to time and space, we can replace the terms p(0;W - (W —w)) and p(d;V - (V — 7)) in
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the inequality of Proposition [3.5] which gives:

Enspi(t) — Enspi(0 _2// L 4iv(RVV) - (V -7 _7// L giv(RVWT) - (V — )
Td '[[*d

+//Wp<v7<ufv>>-<vf@>+/ [ AOW (= 0)- W — )

// L div(RYW) - (W — w+—// L 4iv(RVV) - (W — w)
Td Td

721/>\// /d|v\/p|2+11+X12,
0 JT

where
t
12:_/ VR (W —w) / (Ou(H'(R))(p = R) + pV(H'(R)) - u)
0 ']I‘d Td

+/ H'(R) 8tR—|—/ (RAivU — pdivWV).
0 Jra Td

Note that the dissipation term in g has disappeared from the expression. In fact, by multiplying
by £ (W — w), the contribution of (3.2a)) in the previous inequality is

—u/ot/w]’;(W—w)ﬂwz—u/ot/w(p|W2—pw-W),

which is exactly the opposite of the one in the expression of Proposition Using equation ((3.2al)
H'(R)OR + H'(R)div(rU) = 0, and as RV(H'(R)) = VR, we get by integration by parts that

0= / / R)O,R — RV(H'(R / / R)O,R + RdivU).
Td Td

Observing that
0(H'(R)) = —divU — H'(R)VR-U = —divU — V(H'(R)) - U,
we get by integration by parts that

12:/0 /poV(H/(R))~(7W+w+U7u)+/O /T (divU(p — R) — RV(H'(R)) - U — pdiviV)

t
X [ [ oV @) o= 7) - pan D),
hl/ 0 Td
recalling that U = W — 2V and V= %V, which gives the result. ]

We can now state the main theorem of this section:

Theorem 3.7. Let (R,W,V) be a strong solution of (3.1) and assume X' > 0, then any weak
solution (p,w,T) of the augmented system (3.1) satisfies:

(3.3) Ensilt) — Enspi(0) < C (1 ; h”) /0 Exsir(s)ds

where C = C(R, W, V) denotes a constant independent of \, u, v and h.
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Proof. The idea is to bound every term on the right hand side of the inequality of Proposition

by a multiple of fot Ensri- Recalling that W,V € L>([0,T[; W2°°(T%)) n Who°([0, T[; L*°(T%)),
we immediately get by Cauchy-Schwarz inequality that

/ /pWwaU»%Vf®+/ (VW (u— 1)) - (W — w)
0 Td 0 Td

t
SC//p(|u—U|2+|ﬁ—V|2+|w—W|2).
0 Td

For the second term of the inequality of Proposition as V(H'(R)) = Vlog R =V, we get by
integration by parts that

t
Vi [ ) - 7) - i) - X//4w2
v Jo JTd Td
v t _ o v t —
:—X*// (pV-(V—@)—XpV-E)——//p|5|2:—)\'—//p|V—E\2.
hl/ 0 Td hy 0 Td FLV 0 Td

For the third and fourth lines of the inequality of Proposition [3.6] we can also show in the same
way that

v /Ot /T %(div(RVV) (V= 0) + div(RVW) - (W — w))

+ 2 / | /T L(AV(RVV) - (W = w) = div(RYWT) - (V = 7)) + I

/ / [VV(V =) + VW (W — w)]
Td
+ / / VV(W w) — VWV - @)} :
Td
hence we get the result by bounding these integrals like the first term. ([

3.2. The viscous limit v — 0.

Theorem 3.8. Let T > 0, N > 0 and (po, ug, Vg = ngogpo) such that Eprx(po, o, Tp) < 00.
Let (p”,u”, 0" = ”Vlogp ) be a weak solution to the augmented NSLK system (3.1)) in [0,T[ x T4

with z'm'tial data (po, uo,0g). Let (p,u,v) be the weak limit of (p¥,u”,v") when v tends to 0 in the
sense

p” — p weakly in L>([0,T[; L'(T%)),
Vprw” — /pu weakly in L*°([0, T[; L*(T%)),
VprT” — /pt weakly in L>([0,T[; L*(T?)),

with pv = %Vp. Then (p,u,D) is a dissipative solution of the augmented ELK system (1.4) in
[0, T[ x T with initial data (po,uo, Vo).

Proof. Let U be a smooth enough function such that, defining (R, V, &) through (1.5) and

V= nggR and WY =U + gv,
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we have the global regularity (i) of Definition on (R, W’CV”) and the compatibility condition
J Ro = | po. We also define

&Y(R,U) = R(OU + U - VU) + AVR + ppU — diiv(R]D)U) - g(div(RVV)),

such that
EY(R,U) = &(R,U) — vdiv(RDU).
Using equation (T.5al), we can easily check that (R, W",V") satisfies (3.2d) and that

hy .. —
&Y(R,U) = ROW +U - VW) + NVR + uRW — gdiv(RVW) ~ S div(RVV).

As &¥(R,U) is not necessarily equal to 0, (R, W", V") fails to be a strong solution of the augmented
system ({3.1) in the sense of Definition however we can show in the exact same way as for the
proof of Theorem [3.7] that

t
Ensri(t) —EnsLr(0) < CV/ Ensrr(s)ds + brgp i (t),
0
where ,
busr(t) = / p*(@m/(R, U) - (WY —w")) and C”=C (1 + V) .
o Jre R h,

By Gronwall lemma, we get that

(3.4) Ensei(t) < EnsLr(0 / Wospr(s)e T ds + b g (1)

By definition, we have

1 — ! —v

5 [ ooVl WEeX [ HGIR b [ [ o= WP < Ewsicls? 0 0" |RW"T)0),
2 Td Td 0 Td

so (3.4) gives

1 — ¢
f/ Ry |2+\w”fvv”|2>+x/ H(ﬂ”IR)+u/ / plw — W2
2 T4 Td 0 T4

t

< Ensrr(p”,w”, 5| R, WY, V") (0)eC™ + C”/ Vosnr(s)e T ds + b g (1)
0

We are now going to pass to the limit v — 0 in the previous inequality. By the lower semi-continuity
of the term Engsri (p¥, w”, v |R, WY, Vy), the left hand-side is not smaller than

3 Lot -Tr sy [ a6 [ [ ou-oP

which corresponds to Egp i (p, u, B|R, U, V)(t). On the right-hand side, as b, g7 x(t) tends to
bELK / / P g — u)
’]Td
for all + > 0, and by the direct limit of Exsrr(p”, w”,v"|R, WY,V )(0), we conclude that

t
Eprr(t) < Eprr(0)eCt + b (t) + C/ berr(s)eCt=ds,
0

which shows that (p,u,?) is indeed a dissipative solution in the sense of Definition |
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APPENDIX A. DEFINITION OF THE OPERATORS AND TECHNICAL LEMMAS

We recall here all the definitions of the operators used in this article. We denote u, v two vectors
and o = (04;)1<ij<d, T = (Tij)1<i,j<a two tensor fields defined on © C R? smooth enough. First,
denoting by u1,...,uq the coordinates of u, we respectively call divergence, gradient and laplacian
of u the following functions:

. o, Oou;
div(u) = L, Vu= < z) and Au = div(Vu).
= O 0 ) 1< j<a

We also call tensor product of u and v the tensor given by:
u®v = (uivj)1<i,j<d-

Then, we call divergence of o the vector given by:

A Y
. o ij
div(o) = (g oz, >1<‘ '<d.
<ij<

=1

Finally, we call scalar product of o and 7 the real function:

g:T= E 0i5Tij-

1<i,j<d

Note that by definition we have o : 7 =o' : 7", and the norm associated to this scalar product is

simply denoted by | - | in such a way that |¢]|> = o : ¢. We now give some useful properties from
differential calculus:

Proposition A.1. Let p be a scalar and u, v, w be three vectors smooth enough on (), then the
following holds:

(u®@v)w = (v-w)u,

diviu ®@ v) = (div v)u + (v - V)u,

div(pu) = Vp-u+ p div u,

div(pu ®@v) = (Vp-v)u+ p(v- V)u + p div(v)u.

We now state some technical lemmas which are used throughout this paper.

Lemma A.2. Let T >0 and p,q > 1, g € L>=(0,T; LY(T%)), and assume o := 2L > 1. Then,

p+q —
o € L*0,T;LP(T?) = fg € L*(0,T; L*(T?)),
o [ €L®0,T; LP(T%) = fg € L=(0,T; L*(T%)).

For a proof of the following lemma, see [I6]:

Lemma A.3. We have the following inequalities :
/ p|V?2log p|>dx > md/ |V2/p|*dx
Td Td
with ko = 7/8 and k3 = 11/15, and

/ p|VZ%log p|*dx > m/ \V /p|*dz,
Td Td

with k > 0.
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mma A.4. (Gagliardo-Nirenberg inequality).

Let 1 < p,q,r < oo and let j, m be two integers, 0 < j < m. If

L (tomy 1za
p_d @ T d q

for some a € [j/m,1] (a<1ifr>1andm—j—d/r=0), then there exists C = C(d,m,j,a,q,r)
such that

(1-a)

D7l Lo (ray < CID?ullfripay el paray

for all w € W™J(T4) N LI(T9).

Le

For a proof of the following lemma, see [8]:
mma A.5. Forn € N*, there holds
IV (F Wzzeray S @4 1 paeray + 15 2o )™ L+ 1 F | e (ay)”

with o > n+d/2.
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