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An ergodic theorem for asymptotically periodic time-inhomogeneous
Markov processes, with application to quasi-stationarity with moving
boundaries.

William Ocafrain®
5th April 2022

Abstract

This paper deals with ergodic theorems for particular time-inhomogeneous Markov processes, whose time-
inhomogeneity is asymptotically periodic. Under a Lyapunov/minorization condition, it is shown that, for any
measurable bounded function f, the time average % f Ot f(Xs)ds converges in IL? towards a limiting distribution,
starting from any initial distribution for the process (X¢);>0. This convergence can be improved to an almost
sure convergence under an additional assumption on the initial measure. This result will be then applied to
show the existence of a quasi-ergodic distribution for processes absorbed by an asymptotically periodic moving
boundary, satisfying a conditional Doeblin condition.

Key words: ergodic theorem; law of large numbers; time-inhomogeneous Markov processes; quasi-stationarity;
quasi-ergodic distribution; moving boundaries.

Notation

Throughout we shall use the following notation:

e N={1,2,...,} and Z; = {0} UN.

M (E) denotes the space of the probability measures whose support is included in E.

B(FE) denotes the set of the measurable bounded functions defined on E.

Bi(E): denotes the set of the measurable functions f defined on E such that ||f|l. < 1.

For all 4 € My(FE) and p € N, LP(u) denotes the set of the measurable functions f : E +— R such that
Je 1f(@)Pu(da) < +oo.

e For any p € M;(E) and f € L'(u), denote
w(f) = [ flz)u(dx).

e For any positive function v,

Mi(¥) = {p € My(E) : u(y) < +oo}.

e Id denotes the Identity operator.

1Université de Lorraine, CNRS, Inria, IECL, UMR 7502, F-54000, Nancy, France.
E-mail: w.ocafrain@hotmail.fr



1 Introduction

In general, an ergodic theorem for a Markov process (X;);>o and probability measure 7 refers to the almost sure
convergence

¢ [ reas wn. vreli. (1)

In the time-homogeneous setting, such an ergodic theorem holds for positive Harris recurrent Markov processes
with the limiting distribution 7 corresponding to an invariant measure for the underlying Markov process. For
time-inhomogeneous Markov processes, such a result does not hold in general (in particular the notion of invariant
measure is in general not well-defined), except for specific types of time-inhomogeneity such as periodic time-
inhomogeneous Markov processes, defined as time-inhomogeneous Markov processes for which there exists v > 0
such that, for any s <t, k € Z, and =,

P[X, € | X, = ] = P[Xyhr € | Xuspy = ). 2)

In other words, a time-inhomogeneous Markov process is periodic when the transition law between any times s
and t remains unchanged when the time interval [s, ¢] is shifted by a multiple of the period . In particular, this
implies that, for any s € [0,7), the Markov chain (X,yny)nez, is time-homogeneous. This fact allowed Hépfner
et al. (in [20, 21, 22]) to show that, if the skeleton Markov chain (X, )nez, is Harris recurrent, then the chains
(Xstny)nez,, for all s € [0,7), are also Harris recurrent and

t v

E / f(Xs)ds — 1 ms(f)ds,  almost surely, from any initial measure,
tJo t—oo v Jo

where 7, is the invariant measure for (Xsyny)nez., -

This paper aims to prove a similar result for time-inhomogeneous Markov processes said to be asymptotically
periodic. Roughly speaking (a precise definition of which will be explicitly given later), an asymptotically periodic
Markov process is such that, given a time interval T' > 0, its transition law on the interval [s, s+T] is asymptotically
"close to" the one, on the same interval, of a periodic time-inhomogeneous Markov process called an auziliary
Markov process, when s — oo. This definition is very similar to the notion of asymptotic homogeneization, defined
as follows in [1, Subsection 3.3]: a time-inhomogeneous Markov process (X;);>o is said to be asymptotically
homogeneous if there exists a time-homogeneous Markovian semigroup (Q;);>o such that, for all s > 0,

Jm sup [[PLXe s € [ Xe = 2] = 0, Qsll 7y =0, (3)

where, for two positive measures with finite mass p; and pe, ||p1 — pel|7v is the total variation distance between
pa and fig:

lpr = p2llrv := sup |pa(f) — p2(f)I- (4)

feBi(E)
In particular, it is well-known (see [1, Theorem 3.11]) that, under this suitable additional conditions, an asymp-
totically homogeneous Markov process converges towards a probability measure which is invariant for (Q¢)>o.
It is similarly expected that an asymptotically periodic process has the same asymptotic properties as a periodic
Markov process; in particular an ergodic theorem holds for the asymptotically periodic process.
The main result of this paper provides for an asymptotically periodic Markov process to satisfy

1 rt L2(Po,) 1 [7
2 [ reeods =5 2 [ apds, vr e BE) e M(E) (5)
tJo t—o00 v Jo

whereby Py, is a probability measure under which Xy ~ p, and where 3, is the limiting distribution of the

skeleton Markov chain (Xsin~y)nez, , if it satisfies a Lyapunov-type condition, a local Doeblin condition (defined

further in Section 2), and is such that its auxiliary process satisfies a Lyapunov/minorization condition.
Furthermore, this convergence result holds almost surely if a Lyapunov function of the process (X;):>0, denoted

by 1, is integrable with respect to the initial measure:

1 [t Po,,—almost surely 1 [
n —_— — )
¢ /0 f(Xs)dS oo ~ Jo Bs(f)ds7 V,u c Ml(’(/})



This will be more precisely stated and proved in Section 2.

The main motivation of this paper is then to deal with quasi-stationarity with moving boundaries, that is the
study of asymptotic properties for the process X, conditioned not to reach some moving subset of the state space.
In particular, such a study is motivated by models such as those presented in [3], studying Brownian particles
absorbed by cells whose volume may vary over time.

Quasi-stationarity with moving boundaries has been studied in particular in [24, 25], where a "conditional
ergodic theorem" (see further the definition of a quasi-ergodic distribution) has been shown when the absorbing
boundaries move periodically. In this paper, we show that a similar result holds when the boundary is asymptot-
ically periodic, assuming that the process satisfies a conditional Doeblin condition (see Assumption (A’)). This
will be dealt with in Section 3.

The paper will be concluded by using these results in two examples: an ergodic theorem for an asymptotically
periodic Ornstein-Uhlenbeck process, and the existence of a unique quasi-ergodic distribution for a Brownian
motion confined between two symmetric asymptotically periodic functions.

2 Ergodic theorem for asymptotically periodic time-inhomogeneous
semigroup.
Asymptotic periodicity: the definition.

Let (E, &) be a measurable space. Consider {(E¢, £t)i>0, (Ps,t)s<¢} a Markovian time-inhomogeneous semigroup,
giving a family of measurable subspaces of (E, £), denoted by (E¢, & )>0, and a family of linear operator (Ps ;)s<t,
with Py, : B(E;) — B(E,), satisfying for any r < s <*t,

Ps,s = Id7 Ps.,tILEt = ]]-Esy Pr,sps,t = Pr,t-

In particular, associated to {(E¢, & )i>0, (Ps,t)s<t} is a Markov process (X¢):>0 and a family of probability meas-
ures (Ps 3)s>0,2¢ck, such that, for any s <t, z € E; and A € &,

IP)s m[Xt € A] st]lA( )

We denote P, ,, := [, P g, Ps, oi(dx) for any probability measure p supported on Es. We also denote by E; , and
Es . the expectations assomated to P, and P, ,, respectively. Finally, the following notation will be used for
e Mi(Ey), s<tand f € B(E),

,U/Ps,tf = Es,u[f(Xt)]7 MPs,t = Ps,u[Xt S ]

The periodicity of a time-inhomogeneous semigroup is defined as follows. We say a semigroup {(F}, F1)¢>0, (@s.t)s<t }
is y-periodic (for v > 0), if, for any s < ¢,

(Fi, Fi) = (Figkny, Feaky)s  Qsit = Qoihyiirky, VEEZy.

It is now possible to define an asymptotically periodic semigroup.

Definition 1 (Asymptotically periodic semigroups). A time-inhomogeneous semigroup {(E;, &;)i>0, (Ps.t)s<t} IS
said to be asymptotically periodic if (for some v > 0) there exists a y-periodic semigroup {(F}, F¢)t>0, (Qs,¢)s<t}
and two families of functions (1s)s>0 and (s)s>0 such that ¢,y = v, for all s > 0, and for any s € [0, y):

L UrZo Misk Bty N Fs # 0;

2. there exists 25 € Upey (Ni>x Es+iy N Fs such that, for any n € Z.,

”51'5Ps+k7,s+(k+n)7[¢s+(k+n)7 x ] - 5w3Qs,s+n7[1;s X ']”TV k:z 0. (6)

The semigroup {(Fy, Fi)e>0, (@s,t)s<t} is then called the auziliary semigroup of (Pst)s<t-



When ¢, = 1), = 1 for all s > 0, we say that the semigroup (Ps,t)s<t is asymptotically periodic in total
variation. By extension, we will say that the process (X;);>¢ is asymptotically periodic (in total variation) if the
associated semigroup {(Ey, & )i>0, (Ps,t)s<t} is asymptotically periodic (in total variation).

In what follows, the functions (¢s)s>0 and (77/;3)56[077) will play the role of Lyapunov functions (that is to
say satisfying Assumption 1 (ii) below) for the semigroups (Ps)s<: and (Qs ¢)s<: respectively. The introduction
of these functions in the definition of asymptotically periodic semigroups will allow us to establish an ergodic
theorem for processes satisfying the Lyapunov/minorization conditions written below.

Lyapunov/minorization conditions.

The main assumption of Theorem 1, which will be provided later, will be that the asymptotically periodic Markov
process satisfies the following assumption.

Assumption 1. There exist t1 > 0, ng € N, ¢ > 0, 0 € (0,1), a family of measurable sets (K¢)i>o0 such that
Ky C E; for allt >0, a family of probability measures (Vs) ~q on (Ks)s>o, and a family of functions (1s)s>0, all
lower-bounded by 1, such that: B

(i) For any s >0, x € K and n > ng,
5zPs,s+nt1 Z Cys+nt1~

(i) For any s > 0,
Ps,s+t1¢s+t1 S 9¢5 + CV]l-KS

(iii) For any s > 0 and t € [0,t1),
PS,s+tws+t < C¢s~

When a semigroup (Ps;)s<¢ satisfies Assumption 1 as stated above, we will say that the family of functions
(1s)s>0 are Lyapunov functions for the semigroup (Ps¢)s<¢. In particular, under (i¢) and (ii%), it is easy to prove
that for any s <t,

c
Py < C <1 + 1_9> Ps. (7)
We remark in particular that Assumption 1 implies an exponential weak ergodicity in 1,-distance, that is we
have the existence of two constants C' > 0 and x > 0 such that, for all s < ¢ and for all probability measures
B, p2 € Ml(ES)v
po < O () + pa(hs))e "7, (8)

whereby, for a given function v, || — v||y is the ¢-distance defined to be

||/141Ps,t - /~L2Ps,t

le = vlly := sup |p(f) —v(f)l,  Vu,v e M),
IfI<e

In particular, when ¢ = 1 for all ¢ > 0, the t-distance is the total variation distance. If we have weak ergodicity
(8) in the time-homogeneous setting (see in particular [15]), the proof of [15, Theorem 1.3.] can be adapted to a
general time-inhomogeneous framework (see for example [6, Subsection 9.5] ).

The main theorem and proof.

The main result of this paper is the following.

Theorem 1. Let {(Et, £1)i>0, (Ps,t)s<ts (X1)1>0, (Ps,z)s>0,0eE, ; be an asymptotically y-periodic time-inhomogeneous
Markov process, with v > 0, and denote by {(Fy, Ft)t>0, (Qs,t)s<t} its periodic auziliary semigroup. Also, denote

by (¥s)s>0 and (¥s)s>o0 the two families of functions as defined in Definition 1. Assume moreover that:

1. The semigroups (Ps ;)s<i and (Qs)s<t satisfy Assumption 1, with (¥s)s>o0 and (1/35)520 as Lyapunov func-
tions respectively.

2. For any s € [0,7), (Vstny)necz, converges pointwisely to Vs.



Then, for any p € M1 (Ey) such that p(1g) < oo,

v tjoo, (9)

1 1 )
Ht/o MPO,S[ws X }dS — ;/0 ﬁ’)’QO,s[ws X ]dS

whereby B, € M1(Fp) is the unique invariant probability measure of the skeleton semigroup (Qo n~)nez, Ssatisfying
By (o) < +00. Moreover, for any f € B(E) we have:

1. For any p € M1(Ey),

1 [t 1 [
Eo., ‘t /0 Fexas -1 /0 8, Q0.0 fds

2
2. If moreover (o) < +oo, then
I I
7/ f(Xs)ds — 7/ B4Qo,sfds,  Po, — almost surely. (11)
tJo t—oo v Jo

Remark 1. When Assumption 1 hold for Ky = Ey for any s, then the condition (i) in Assumption 1 implies
Doeblin condition.

Doeblin condition. There exists to > 0, ¢ > 0 and a family of probability measure (v4)i>0 on (Ei)i>o0 such that,
for any s >0 and x € E;,
6IPS,S+t0 2 Clstty- (12)

In fact, if we assume that Assumption 1 (i) holds for K = E, Doeblin condition holds by setting tg := noty.
Conversely, the Doeblin condition implies the conditions (i)-(ii)-(iii) with Ks = Es and ¢, = 1g_ for all s > 0,
so that these conditions are equivalent. In fact, (ii) and (iii) straightforwardly hold true for (Ks)s>0 = (Es)s>o,
(¥s)s>0 = (1g,)s>0, C =1, any 0 € (0,1) and any t; > 0. Setting t; = ¢¢ and ng = 1, the Doeblin condition
entails that, for any s € [0,11),

63:Ps,s+t1 > Clsttq, Yz € Es.

Integrating this inequality over u € M;(Ejs), one obtains
/’LPS,s-ﬁ-tl Z Clsttq, Vs € [07t1)7v/f5 € Ml(Es)
Then, by the Markov property, for all s € [0,¢1), € E; and n € N, we have

6$Ps,s+nt1 = (5rps,s+(n—1)t1)Ps-l—(n—l)tl,s—i-ntl 2 CVsynty

which is (i).
Theorem 1 then entails the following corollary.

Corollary 1. Let (X;);>0 be asymptotically vy-periodic in total variation distance. If (X;)i>0 and its auziliary
semigroup satisfy a Doeblin condition, then the convergence (10) is improved to

1/ 1 [
2| raas—2 [ 8.0

sup sup Eg,
HEM 1 (Eo) fEB1(E)

2
] — 0.
t—o00

Moreover, the almost sure convergence (11) holds for any initial measure .

Remark 2. We also note that, if the convergence (6) holds for all z € (J;— ;>4 Es+iy N Fs, then this implies (6)
and therefore the pointwise convergence of (Y5 4ny)nez, to ¥, (by taking n = 0 in (6)).

Proof of Theorem 1. The proof is divided into five steps.

First step. Since the auxiliary semigroup (Qs,¢)s<¢ satisfies Assumption 1 with (1/35)520 as Lyapunov functions,
the time-homogeneous semigroup (Qo,ny)nez, satisfies assumptions 1 and 2 of [15], which we now recall (using
our notation).



Assumption 2 (Assumption 1, [15]). There exists V : Fy — [0,+00), n1 € N and constants K > 0 and x € (0,1)
such that
Qo,nwV <kKV 4+ K.

Assumption 3 (Assumption 2, [15]). There exists a constant o € (0,1) and a probability measure v such that

inf 0,Qo,n,y > av(:),
z€CR

with Cr := {a& € Fy : V(x) < R} for some R > 2K/(1 — k), whereby n1, K and k are the constants from
Assumption 2.

In fact, since (Qs,+)s<¢ satisfies (ii) and (iii) of Assumption 1, there exists C' > 0, 0 € (0,1), ¢; > 0 and (K5)s>0
such that ~ ~
Qs,s-&-tlws-&-tl S Gws + C]lev Vs Z Oa (13)

and 3 5
Qs,s+t¢s+t § C'l/is, VS Z O,Vt e [O,tl).

We let ny € N be such that §™2C(1 + %) < 1. By (13) and recalling that t; = z/;th for all ¢ > 0, one has for
any s > 0 and n € N,

~ ~ C
Qs,s—&-ntlws-i-ntl S en'(/)e + m (14)
Thus, for all ny > [”%Ytﬂ,
. . s . c c . C
QO,nyﬂ/’O = QO,m'y—natl in'y—ngtl,nwd’nl'y < 0 QO,nl'y—nztl ¢n1'y—n2t1 =+ m < 0 C(l + 1 — 9)7/’0 + 1-6’

where we successively used the property of semigroup of (Qs,+)s<t, (14) and (7) applied to (Qs,+)s<¢. Hence one

has Assumption 2 by setting V = g, k := 0"2C(1 + 1TC¢9) and K := 1TC¢9"

We now prove Assumption 3. To this end, we introduce a Markov process (Y;);>0 and a family of probability

A

measures (Ps ;)s>0,zcr, such that

A

P, (Y € A) = Qs 1a(x), Vs<t,xeF;,AecF.

In what follows, for all s > 0 and = € F§, we will use the notation IAEsyx for the expectation associated to ﬁ”s,x.
Moreover, we define
TK = mf{n € Z+ : Yntl € Knt1}~

Then, using (13) recursively, for all £ € N, R > 0 and = € Cr (recalling that Cg is defined in the statement of
Assumption 3) we have

Eo,z[qﬁktl (Yt ) Lrpesi] = ]EO,:I:[]]-TK>k71fE(k—1)t1,Y(k,1)t1 (Vrty Vit ) 1 s 1)]
< OEo o [Pe—1)6 (Y1), ) L1 sh—1] < 0F9o () < RO,

Since @ktl > 1forall k € Z,, then for all x € Cg, for all k € Z,
Po..(Ty > k) < RO*.

In particular, there exists kg > ng such that, for all k£ > kg — ny,

Py (Tk > k) <

DN | =



Hence, for all x € Cg,

kof’no
590Q0,k0t1 = PO,x(Ykotl S ) > Z E07$(]]‘Tk=i]1)itl7xit1 (Ykoh € ))
1=0
ko—’no
>c Z Eo,z (L7 =i) X Vot
=0
= Py (T < ko — 10)Viyt,
C

Z iykgtl'

Hence, for all ny > fkovtl], for all x € Cpg,

C
02Q0,kots Qrot1,n1y = §l/kot1QkUt1,wm~

Thus, Assumption 3 is satisfied taking ny := f"QTtl] v (k‘jfﬂ, a:=§ and v(-) 1= Vrot, Qroty nivy-

Then, by [15, Theorem 1.2], Assumptions 2 and 3 imply that Qo n,, admits a unique invariant probability
measure 3,. Furthermore, there exists constants C' > 0 and 0 € (0, 1) such that, for all u € M;(Fp),

11Q0.mm1v — Byl s, < Craltho)s™. (15)

Since 3, is the unique invariant probability measure of Qo ,~ and noting that 3,Qo  is invariant for Qo n,~, we
deduce that /3, is the unique invariant probability measure for Q ., and, by (15), for all u such that p(1g) < 400,

[1Qo,ny — ﬂw”i;o — 0.

n— oo

Now, for any s > 0, note that 5sz,[§]«,¢0 < 400 for all € Fy (this is a consequence of (7) applied to the
semigroup (Qs,¢)s<t), and therefore, taking p = 5IQS,[%M in the above convergence,

”fszstn'Y - 57“1[10 n:; 0

for all x € F;. Hence, since Qm,mﬂiﬁs <C(l+ %)&m by (7), we conclude from the above convergence that

C
5. < OO+ =28 Qumy = B5lg, = 0. (16)

n— oo

||6$QS,S+’N/‘/ - BvQO,s

Moreover, Bv(z/;o) < +00.
Second step. The first part of this step (until the equality (20)) is inspired by the proof of [1, Theorem 3.11].
We fix s € [0,7]. Without loss of generality, we assume that (), Est1y N Fs # 0. Then, by Definition 1,
there exists x4 € ﬂl>0 Es11y N Fy such that for any n > 0,

||6$5P8+k'y,5+(k+n)'y[wer(kJrn)'y X ] - 69;5Qs,s+nry[1;8 X ']”TV k:}@ O7
which implies by (16) that
nhﬁnc}o kli)Holo ||§rg Ps+k'y,s+(k+n)'y[ws+(k+n)'y X } - ﬂ’yQO,s[J}s X ’]”TV =0. (17)

Then, by the Markov property, (8), and (7), one obtains that, for any k,n € N and z € ﬂlzo Eiiy,

Yot (ktn)y | (6@’P8’8+’W) P5+k'y7s+(k+n)'v - 5mPs+k%s+(k+n)"f| Pst(k4n)vy

< O'Pustn Yot () + Yot (@)™ < Oy () + wsm(x)(]e_ﬁ”,
18

||5IPS,S+(]€+TL)"Y - 5IPs+k'y,s+(k+n)fy|



whereby C" := C’ (C (1 + %) Y 1). Then, for any k,n € N,

||6I§PS s+(k+n)"/[¢s+(k+n ] ﬂnyO s["l)e ]”TV
< C" s (@) + Ysthy (2)]e ™ 4 (100, Poy kst (btnyy [Vt (hmyy X ) — ByQos[Ps x llrv,  (19)

which by (17) and the pointwise convergence of (151 )rez, implies that

h—?go ||6JL’S Ps,s+n'y W}ern'y X ] _B'yQO,s [’(st X ] ||TV = nh—{go hlrcn sup ||6a:5 Ps,s+(k+n)'y [¢s+(k+n)’y X ']_5'}/Q0,5 w}s X ] ||TV =0.
— 00

(20)
The weak ergodicity (8) implies therefore that the previous convergence actually holds for any initial distribution
€ My (Ey) satisfying p(tg) < 400, so that

||HPO,s+n’y[¢s+n'y X ] - ﬂ'yQO,s[J)s ||TV —> 0. (21)

Since || 1Py sty [Vsiny X ] — ByQo.s[ths x J||l7v < 2 for all u € My(Ep), s >0 and n € Z,, (21) and Lebesgue’s
dominated convergence theorem implies that

1 [ -

7/ ||,UP0,s+1’w[ws+n'y X ] - %Qo,s[% X ]HTVdS — 07

Y 0 n—o00
which implies that

— 0.

TV n—r oo

1 [ 1 [ ~
H/ UP07s+nv[ws+n7 X -]ds — */ 67Q0,S[ws x -]ds
Y Y Jo

0

By Cesaro’s lemma, this allows us to conclude that, for any pu € My (Ep) such that u(vg) < 400,

1/t 1 )
Ht/o NPO,s[ws X -lds — ;/0 ﬂ’yQO,sW)s x -]ds
1 (=

TV

z
< g | [ sty <cdis= 3 [ p@uatictas| 5[ arteocdas] 2o
74 k=0 g v
which concludes the proof of (9).
Third step. In the same manner, we now prove that, for any u € M;j(Fp) such that p(¢p) < +o0,
I I
Ht/o wPy sds — ;/0 B~Qo,sds - = 0. (22)

In fact, for any function f bounded by 1 and p € M1(Ep) such that u(ig) < 400,

:| - ﬂ'yQO,s |:'l/~)s X '(/{”

‘NPO,s+n'y |:7/)s+n'y X
"/’s-&-nv s

< ‘MPO,S-&-n'y |:ws+n'y X f :| ﬂ’yQO s |:1/)s f :|

wern'y 'l/}ern'y

+ B'YQO,S |:7;s X wsin’yil — 67Q0,S |:’L;s X zgs:H

fol_ G 4
¢s+n’v} 57620‘5 [ws . 7L H '

S

< HNPO,s+n'y[’(/}s+n'y X ] - ﬁ‘yQO,s[’(st X .}HTV + ﬁ’yQO,s |:1/;s X

We now remark that, since ¥s4pny > 1 for any s and n € Z,, one has that
s

ws+n’y

4g1+¢y



Since (Ystny)nez, converges pointwisely towards s and B’yQO,sd}s < +00, Lebesgue’s dominated convergence
theorem implies
f f

ws-l-rw} - ﬂYQO’s [155 8 72]

S

— 0.

sup
n—oo

feBL(E)

8.Q0.s {zz?s .

Then, using (21), one has
H/LPO,ern'y - ﬂ'yQO,SHTV n:zo 0,

which allows us to conclude (22), using the same argument as in the first step.

Fourth step. In order to show the L2-ergodic theorem, we let f € B(E). For any x € FEy and t > 0,

: /0 ' f(X.)ds — o, [1 /0 t f(Xst} 2]

= | 0l (X))~ Bl (X)IEa, F(X.)]) duds

2 t t
=z /O / Eo, [f(Xs) (f(Xu) — Eoo[f(Xy)])] duds
- / / Eo.x [£(Xa) (Eax, [F (X)) = Eug py [F(X.)])] duds,

whereby the Markov property was used on the last line. By (8) (weak ergodicity) and (7), one obtains for any
s < t,

Box, [f(X0)] = Bs s, p [F(XO]] < C[[ fllooltos(Xs) + tho(2)]e "), Py, — almost surely, (23)

whereby C” was defined in the first part. As a result, for any x € Fy and ¢ > 0,

1/t 1/t 2C"(1 £ loo (e
E/0 f(Xs)ds — Eg [t/o f(XS)ds} ] “f” / / Vs (Xo)+10o(2)))e =) duds
20" o t _ ,—~kt
- lf”/ o o[£ (X)| (s (X)) s
C// - 20// o —kt t
2O s, [1 [ 701000 + wayas] 2= [ om0 0 ol
Then, by (9), there exists a constant C' > 0 such that, for any = € Ey, when t — oo,

1 [t 1/t 1 C1fllw 1
‘t/() f(Xb)dS - ]EO,J; |:t/0 f(Xs)d3:| Hf”% / ﬁ'yQO s ‘f|ws]d8 +o ( ) (24)

Since f € B(FE) and by definition of the total variation distance, (22) implies that, for all € Ey,

1/ 1
YRR I

Then, using (22), one deduces that, for any = € Ey and bounded function f,

1 1 [ ?
¢ [ reas =2 [ 5. ris ]

o[} )

— 0.

TV t—o0

I [
S ||f||oo E 0 5IPO,SdS_; 0 B’yQO,st

1 [ 1 [ 2
+‘t/OPO,sf(m)_,y/0 6’)’@0,3de >t—>—>0




The convergence for any probability measure p € M (Ep) comes from Lebesgue’s dominated convergence theorem.

Fifth step. We now fix non-negative f € B(F), and pu € M;(Ep) satisfying u(vg) < +oo. The following proof
is inspired by the proof of [26, Theorem 12].
Since p(t)g) < 400, the inequality (24) entails that there exists a finite constant C,, € (0, 00) such that, for

t large enough,
I Lt
3 e g [7 [ roxa]
t O ’ t O

2
Cf,u.

EOM t

<

Then, for n large enough,
1 1 I ¢

I

]EO,,U, E/O f(Xs)dS — EO,H [MA f(Xs)dS] | S F

Then, by Chebyshev’s inequality and the Borel-Cantelli lemma, this last inequality implies that

L f(Xst]

One thereby obtains by the convergence (22) that

— 0, Pp,, — almost surely.
n—oo

1
ﬁ/o f(Xs)ds —Eq,

2
1 Mm 1 [
ﬁ/ f(Xs)ds — f/ ByQo,sfds,  Po, — almost surely. (25)
0 0

n—r oo

Since the nonnegativity of f is assumed, this implies that for any ¢t > 0 we have

[Vt)? t [Vt]?
Xg)ds < X)ds < X,)ds.
/0 f()s</0f()8</o FX.)ds

These inequalities and (25) then give that

I I
E/ f(Xs)ds = ;/ ByQo,sfds, Py, — almost surely.
0 0

In order to conclude that the result holds for any bounded measurable function f, it is enough to decompose
f=fr—f- with fy := fv0and f_ = (—f) V0 and apply the above convergence to fy and f_. This concludes
the proof of Theorem 1. O

Proof of Corollary 1. We remark as in the previous proof that, if ||f|lc < 1 and ¥ = 1, an upper-bound for

the inequality (24) can be obtained, which does not depend on f and x. Likewise, the convergence (21) holds
uniformly in the initial measure due to (23). O

Remark 3. The proof of Theorem 1, as written above, does not allow to deal with semigroups satisfying a Doeblin
condition with time-dependent constant cg, that is such that there exists t5 > 0 and a family of probability
measure (14)>0 on (Ey;);>o such that, for all s > 0 and z € Ej,

02 Ps s 4to = CsttoVstto-

In fact, under the condition written above, we can show (see for example the proof of the formula (2.7) of [9,
Theorem 2.1]) that, for all s < ¢ and p1, ue € My (Es),

| %]
||:U’1Ps,t - ,U2Ps,t||TV <2 H (1 = Cr—piy)-
k=1

10



Hence, by this last inequality with py = 0, Ps s1ky, fl2 = 04, replacing s by s + kv and t by s+ (k + n)7y, one
obtains
B
||5:L’Ps,s+(k+n)'y - 6mPs+k'y,s+(k+n)'y||TV S 2 H (1 - Cs+(k+n)’yflto)a
1=1
replacing therefore the inequality (18) in the proof of Theorem 1. Plugging therefore this last inequality into the
formula (19), one obtains

3
12

55

||5IPS,S+(k'+n)’y - ﬁnyO,sHTV <2 (1 - Cs+(k+n)’y—lto) + ||5xps+k'y,s+(k+n)'y - ﬂ'yQO,sHT\%
=1

o
(=}

Hence, we see that we cannot conclude a similar result when ¢, — 0, as s — +oo since, for n fixed,

55

lim sup H (1- Cs+(k+n)y—lt0) =1

k—o0 I—1

3 Application to quasi-stationarity with moving boundaries

In this section, (X¢);>0 is assumed as being a time-homogeneous Markov process. We consider a family of
measurable subsets (A:)i>0 of F, and denote the hitting time

T4 :=1inf{t > 0: X; € A}

For all s < t, denote by F;; the o-field generated by the family (X,)s<y<; and F; := Fo . Assume that 74 is a
stopping time with respect to the filtration (F;);>0. Assume also that for any x ¢ Ay,

Py x[1Ta < +x] =1 and Py x[Ta >t] >0, Vt>0.

We will be interested in a notion of quasi-stationarity with moving boundaries, which studies the asymptotic
behavior of the Markov process (X¢):>0 conditioned not to hit (A;)¢>0 up to the time ¢. For non-moving boundaries
(A: = Ap for any t > 0), the quasi-limiting distribution is defined as a probability measure « such that, for at
least one initial measure p and for all measurable subsets A C F,

IFDO,,u,[)(t S A|TA > t] tI)o O[(A)

Such a definition is equivalent (still in the non-moving framework) to the notion of quasi-stationary distribution
defined as a probability measure « such that, for any ¢ > 0,

Poo[X: € |74 > t] = (26)

If quasi-limiting and quasi-stationary distributions are in general well-defined for time-homogeneous Markov
processes and non-moving boundaries (see [11, 23] for a general overview on the theory of quasi-stationarity),
these notions could be not well-defined for time-inhomogeneous Markov processes or moving boundaries and are
not equivalent anymore. In particular, under reasonable assumptions on irreducibility, it was shown in [24] that
the notion of quasi-stationary distribution as defined by (26) is not well-defined for time-homogeneous Markov
processes absorbed by moving boundaries.

Another asymptotic notion to study is the quasi-ergodic distribution, related to a conditional version of the
ergodic theorem and usually defined as follows.

Definition 2. A probability measure § is a quasi-ergodic distribution if, for some initial measure p € My (E\ Ao)
and for any bounded continuous function f,

Eo,, E/o f(Xs)ds|Ta > t} = B(f).

11



In the time-homogeneous setting (in particular for non-moving boundaries), this notion has been extensively
studied (see for example [2, 8, 10, 12, 13, 16, 17, 18, 24]). In the "moving boundaries" framework, the existence
of quasi-ergodic distributions has been dealt with in [24] for Markov chains on finite state spaces absorbed by
periodic boundaries, and in [25] for processes satisfying a Champagnat-Villemonais condition (see Assumption
(A’) set later) absorbed by converging or periodic boundaries. In this last paper, the existence of the quasi-ergodic
distribution is dealt with through the following inequality (see [25, Theorem 1]), holding for any initial state z,
s <t and for some constant C,~ > 0 independent of z, s and ¢:

IPo(Xs € |Ta>1) — Qou(Xs € )|lrv < 0677“75)7
where the family of probability measure (Qs 5)s>0,z¢ck, is defined by
Qs [I'] := Tlim Poo[L|Ta >T], Vs<t,xeE\A,T € Fs,.
— 00

Moreover, [9, Proposition 3.1], there exists a family of positive bounded functions (1;);>0 defined in such that,
for all s <t and x € Ej,

By o (m(Xe)Lri>e) = ns(2).
Then, we can show (this is actually shown in [9]) that
ne(Xt)
ns(x)

@s,x(r) = ]Es,z(]]-F,TA>t )

and that, for all p € My (Eyp),

”]Po,,u(Xs € |lta >t)— QO,WO*#(XS € Nlrv < Ce—V(t=5)

where 1o * p(dz) := %. By triangular inequality, one has
I I C
7/ Py [ Xs € |74 > t]lds — 7/ Qo,nosplXs € ]ds < —, Vt>0, (27)
t Jo tJo v At

In particular, the inequality (27) implies that there exists a quasi-ergodic distribution § for the process (X;):>0

absorbed by (A;);>¢ if and only if there exist some probability measures u € M7 (Ep) such that % fot Qo,nosulXs €

‘|ds converges weakly to 3, when ¢ goes to infinity. In other terms, under Assumption (A’), the existence of a

quasi-ergodic distribution for the absorbed process is equivalent to the law of large number for its Q-process.
Assumption (A’) is now set.

Assumption (A’). There ezists a family of probability measures (v¢)i>0, defined on E\ Ay for each t, such that:
(A’1) There exists to > 0 and ¢1 > 0 such that

Ps o[ Xstio € |74 > s+ to] > C1Vsti,, Vs >0,Vr e EN\ A,

(A’2) There exists ca > 0 such that
Py, [Ta > t] > 2P, s[ta > t], Vs<tVzeE\A,.

In what follows, we say that the couple {(X;)i>0, (Ai)i>0} satisfies Assumption (A’) when it holds for the
Markov process (X;);>o considered as absorbed by the moving boundary (A)¢>o.

The condition (A’l) is a conditional version of the Doeblin condition (12) and (A’2) is a Harnack-like inequality
on the probabilities of surviving, necessary to deal with the conditioning. They are equivalent to the set of
conditions presented in [1, Definition 2.2], when the non-conservative semigroup is sub-Markovian. In the time-
homogeneous framework, we obtain the Champagnat-Villemonais condition defined in [5] (see Assumption (A)),
shown as being equivalent to the exponential uniform convergence to quasi-stationarity in total variation.

In [25], the existence of a unique quasi-ergodic distribution has been only proved for converging or periodic
boundaries. However, we can expect such a result of existence (and uniqueness) for other kinds of movement for
the boundary. Hence, the aim of this section is to extend the results on the existence of quasi-ergodic distributions
obtained in [25] for Markov processes absorbed by asymptotically periodic moving boundaries.

Now, let us state the following theorem.

12



Theorem 2. Assume that there exists a y-periodic sequence of subsets (By)i>o such that, for any s € [0,7),

E[:=E\ () |JAsu UB. #0

kEZy 1>k
and there exists x5 € FEs such that, for anyn < N,

Pstrros [ Kot (hanyy € 574 > 8+ (K + N)Y = Po o, [Xotny €75 > s + N7lllrv — 0. (28)

Assume also that Assumption (A’) is satisfied by the couples {(X¢)i>0, (At)i>0} and {(X¢)i>0, (Bt)t>0}-
Then there exists a probability measure § € My (E) such that

2

sup sup Eo, Ui/o f(Xs)ds — B(f)

nEM(E\Ap) fEB1(E)

Ta > t] — 0. (29)
t—o00

Remark 4. Remark that the condition (28) implies that, for any n € Z,
Potiyz.[ma > s+ (E+n)y] — Pog [t > s+ ny].
k—o0

Under the additional condition B; C A; for all ¢ > 0, these two conditions are equivalent, since for all n < N,

||P5+k7,zs [Xs+(k+n)’y €74 > 5+ (k + N)’Y] —Ps s, [Xs+n7 €T > S+ NV]HTV
= |Pstky,as [Xst(htn)yy € 578 < s+ (k+ N)y < 7alllrv
< Pstbvyz B < s+ (k+N)y < 74]
= |Psithnyw.[Ta > s+ (k+ N)y] =P, o, [TB > s+ N7,

where we used the periodicity of (B;);>o, writing that P, . [Xeiny € 7B > 5 + NY| = Poipy . [ KXot (hn)y €
7 > s+ (k+ N)~] for all k € Z. This implies the following corollary.

Corollary 2. Assume that there exists a y-periodic sequence of subsets (By)i>o, with By C A for allt > 0, such
that, for any s € [0,7), there exists x5 € E~. such that, for any n < N,

Psibry,z.[Ta > s+ (K +n)y] k::o P, o [T > s+ nyl.

Assume also that Assumption (A’) is satisfied by {(X1)e>0, (At)i>0} and {(Xi)i>0, (Bt)i>o0}-
Then there exists 8 € M1(E) such that (29) holds.

Proof of Theorem 2. Since {(X)i>0, (Bt)i>0} satisfies Assumption (A’) and (By);>0 is a periodic boundary, we
already know by [25, Theorem 2] that, for any initial distribution u, ¢ — % fot Po,u[Xs € |7 > t]ds converges
weakly to a quasi-ergodic distribution 3.

The main idea of this proof is to apply Corollary 1. Since {(X)i>0, (At)i>0} and {(Xi)i>0, (Bi)i>o} satisfy
Assumption (A’), [25, Theorem 1] implies that there exist two families of probability measures (Qém)szo,xe B\A.,
and (Qfm)szo,er\Bs such that, for any s <t,z € E\ A;,y € E\ Bs and I' € F 4,

2.0 = lim P,,[T|ra > 7], and QF, ] = lim P, [T|rp > T].

’ T—o00 7 T—o0
In particular, the quasi-ergodic distribution 3 is the limit of ¢ — % fg Qg u[Xs € ]ds, when t goes to infinity (see
[25, Theorem 5]). Also, by [25, Theorem 1], there exists a constant C' > 0 and & > 0 such that, for any s <¢ < T,

for any x € E '\ As,
Q21X € ] = PoulXe € |ra > Tlllzy < Ce ™0,

and for any z € E'\ B,
1QF,[X: € ] = Pyo[ Xy € |75 > T|lpv < Ce "0,

13



Moreover, for any s <t < T and z € E,

||Ps,w[Xt < '|TA > T} — ]P)s7z[Xt S "TB > T]HTV

|| Pse[Xe € 5ma >T] Py o[Xy €78 > T]
- Poolta>T] Pyl >T)] v
- Pso(t >T) P o[ X € .74 >T]) Psu[Xy €78 >T)
T Pep(ra>T) Pl >T]  Poujrp > T v
- Pso(tp > T)Psa[Xi € .74 >T]  Psa[Xi €74 >T]
- P&x(TA >T) Ps [t > T Ps [t > T ™V

n Psa[Xe € 74 >T]  Psa[Xi €75 > T

P, o[t > T P, . [t8 > T v
Pso(t5 >T) — Py u(1a > T)| N IPs[ Xt € ,7a >T] —Ps o[ Xt € -,78 > T|l1v
- ]P)SJ;(TB > T) Ps,a:[TB > T}
<9 |Ps (Xt € .74 >T| — Py [ Xy € -,75 > T]HTV’ (30)
Ps,z[TB > T]

since |Ps (78 > T) —Ps »(1a > T)| < ||Pso[Xt € -, 74 > T] — P, o[ Xy € -,78 > T]||rv. Then, we obtain for any
s<t<TandzeF,

HPS,I[Xt €, TaA > T} — PS@[Xt €, TB > T]HTV

A B —k(T—t)
X, €] — X; € - <2C 2
HQ [ t € ] S,w[ t € ]HTV = € + ]P)s,z[TB > T]

s,z

(31)
The condition (28) implies the existence of x5 € Fy such that, for any n < N, for all k € Z,

m [Py, [ Xt (htn)y € 574 > 5+ (k+ N)y| =Py o [Xsiny €78 > s+ N9llry =0,

k— o0

which implies by (31) that, for any n < N,
hirfn SUP [|Q%Y 4y, [ Xt (ktmyy € ] = Q2 y o, Xt (ki) € Jllv < 20N =),
—0o0

Now, letting N — oo, for any n € Z

. A B . A B
kli}H;O ||Qs+k'y,;v5 [Xs+(k+n)'y S ']_Qs+k'y,x5 [Xer(kJrn)’y € ']”TV = klingo ||Qs+k'y,ws (Xer(kJrn)’Y € ')_ 5, (XS+7V‘/ € ')HTV =0.

In other words, the semigroup (Q%,)s<; defined by

A f(@) =EZ (F(X)), Vs<t¥feB(E\A)VzeE\A,

is asymptotically periodic (according to the Definition 1, with ¢ = s = 1 for all s > 0), associated to the
auxiliary semigroup (QZ,)s<; defined by

B f(x) :=E2,(f(X,), Vs<t,VfeB(E\B)VzeE\B,.

Moreover, assumptions (A’) satisfied for {(X;)¢>0, (A¢)t>0} and {(Xy)i>0, (Bi)i>0} imply that Doeblin condition
holds for these two Q-processes. As a matter of fact, by the Markov property, for all s <t <T and z € E'\ Ag,

Pt,Xt(TA > T):|

L P&H(TA > T)

_E I ]lXtG-,‘rA>t Pt,X,,(TA >T) :|
S Pea(Ta > 1) Prg, (u)(Ta > T)

I ant (TA > T)

S Prpe (50 (Ta > T)

]P)s,:c(Xt € "TA > T) - Es,z ]]-Xte-,'rA>t

= Es,z ]]-X

TA > t] . (32)
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y (A}), forall s >0, T > s+t and z € E\ A,,
Pstto, X, (Ta >1T)
Pt (6:) (T4 >T)

that is to say by (32) that

Ps+to,y(TA > T)

E,. |1x 7
sttordatig«(8,)(Ta > T)

TA > S+ 1

s+tg €

> /Vs+to (dy)P

]P)S-i-t()ay(TA > T)
Pstto,6ere.0(80)(Ta > T)

Ps,w(Xs—l-to € 'ITA > T) e /V5+t0(dy)

Letting T'— oo in this last inequality and using [9, Proposition 3.1], for all s > 0 and z € E'\ A,

A / e Dsrto(y)
Qs,ac( s+to < )Z & .V( +t0( y) ¢s+to,s(5m)(ns+to)

Nt (9) is then a positive measure whose the mass is lower-bounded by ¢y by

The measure f~V3+t0(dy)—¢s+z0,s(6z)(ns+m)
(A%), since for all s > 0 and T > s + to,

Pt I(TA > T) >
l/S to ]P T Co.
E\Aqsie b (6,)(Ta >T)

This proves therefore a Doeblin condition for the semigroup (Q?,t)sgt- The same reasoning applies to show also
a Doeblin condition for the semigroup (th)sgt- Then, using (27) then Corollary 1,

i L i L [ on

im - ; Pou[Xs € |74 > tlds = Jim ; Q0. (Xs € )ds = hm (@0 s Xs € lds = B,

t—o00

where the limits refer to the convergence in total variation and hold umformly in the initial measure.
For any p € My(E\ Ay), f € B1(F) and t > 0,

1 rt 2 9 ot ot

’t/ f(Xs)dS TA > t‘| = ﬁ/ / EO,u[f(Xs)f(Xu)lTA > t]dUdS'
0 0 Js

Then, by [25, Theorem 1], for any s < u < t, for any u € M1 (E \ Ap) and f € B(E),

‘EO,H[f(Xs)f(Xu”TA >t — ]Egno*u[f(Xs)f(Xu)]‘ < O||f[lsoe "W,

where the expectation O
f€Bi(E)and t >0,

0.0+ 18 associated to the probability measure Qé‘,no* - Hence, for any € My (E\ Ap),

1 [t 2
Eo s Uf | 1x0as =8| |ra > 1| =58, U / F(X)ds = B(F) ] < / / =0 guds
C(1—e™")
= Kt K212

Moreover, since (Qét)sgt is asymptotically periodic in total variation and satisfies the Doeblin condition, like
(QSBJ)SQ, Corollary 1 implies that

sup sup EOno*u U /f )ds — B(f)

HEM(E\Ao) fEB1(E

]HO.

t—o0

Then

HEM(E\Ap) fEB1(E)

‘ 2
sup sup Eo, Ui/o f(Xs)ds — B(f)

TA>t] — 0.
t—o0
O

Remark 5. Tt seems that Assumption (A’) can be weaken by a conditional version of Assumption 1. In particular,
such conditions can be derived from the Assumption (F) presented in [6], as it will be shown later by the preprint
[4] in preparation.
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4 Examples

4.1 Asymptotically periodic Ornstein-Uhlenbeck processes

Let (X):>0 be a time-inhomogeneous diffusion process on R satisfying the following stochastic differential equation
dXy = dWy — A(t) X, dt,

where (W});>0 is a one-dimensional Brownian motion and A : [0,00) — [0,00) is a function such that

sup |A(t)] < +oo
>0

and such that there exists v > 0 such that
s+y
inf/ Au)du > 0.
s>0 J4

By 1t6’s lemma, for any s < ¢,
t u
X, = [ AGw)du [X +/ A ] .

In particular, denoting (Ps+)s<: the semigroup associated to (X;)i>o, for any f € B(R), ¢ > 0 and z € R,

Pof(@) =E | [ e [0, 4 o= ] ">d“\// 12O g N0, 1) ] |

where A/(0,1) denotes a standard Gaussian variable.

Theorem 3. Assume that there exists a y-periodic function g, bounded on R, such that A\ ~; . g. Then the
assumptions of Theorem 1 hold.

Proof. In our case, the auxiliary semigroup (Qs,:)s<¢ of Definition 1 will be defined as follows: for any f € B(R),
t>0and z € R,

t t t u
Quute) - [ (s o v [ w0 s

In particular, the semigroup (Qs,:)s<: is associated to the process (¥;)¢>o following
dYy = dW; — g(t)Y,dt.

We first remark that the function v : @ — 1+ 22 is a Lyapunov function for (Ps;)s<; and (Qs.)s<¢. In fact, for
any s > 0 and x € R,

st s+ s+ u
Py siap(x) =1+ e’ f> A(u)duxQ + e 2 fs A(U)du/ ¢ fs A(”)dvdu

sty sty sty sty u
6_2 fs A(u)dud)(z) +1— e—2fs A(u)du + 6_2 fs /\(u)du/ 62 fs A('u)dvdu

< ey (a) + C,

where C' € (0,+00) and cinf := infy>o = ft i A(u)du > 0. Taking 6 € (e=27¢nf 1), there exists a compact set K
such that, for any s > 0,

Py sy (x) < 09(z) + Clg(2).

Moreover, for any s > 0 and ¢ € [0,), the function Ps 441/t is upper-bounded uniformly in s and ¢. It remains
therefore to prove Assumption 1 (i) for (P ;)s<¢, which is a consequence of the following lemma.
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Lemma 1. For any a,b_,by > 0, define the subset C(a,b_,by) C M1(R) as
Cla,b_,by) :={N(m,o): m € [—a,al,0 € [b_,bi]}.

Then, for any a,b_,by > 0, there exists a probability measure v and a constant ¢ > 0 such that, for any
[IAS C(a7b—7b+)7
> cu.

The proof of this lemma is postponed after the end of this proof.
Since A ~;, o ¢ and these two functions are bounded on Ry, Lebesgue’s dominated convergence theorem

implies that, for all s <,
t+ky t
/ Alw)du — / g(u)du
s+kvy s

t+ky u t “

2 A(v)d

/ e ferk‘y (v) Y du , e fs g(v)dvdu.
stk k— o0

— 0.
k—o0

In the same way, for all s < ¢,

S

Hence, for any s < t,

t+ky t
e Jsthy Aw)du k—) e fs g(u)du,
—o0
and
t+ky t+ky u t t u
€ Jorny AW / lesHm XD g s e g(u)du\// 2 9w g,

s+ky k—o0 s
Using [14, Theorem 1.3.], for any = € R,

190 Pty kg = 02Qsthy p iy llTv —= 0- (33)

To deduce the convergence in -distance, we will inspire from the proof of [19, Lemma 3.1]. Since the variances
are uniformly bounded in k (for s < ¢ fixed), there exists H > 0 such that, for any k € N and s <,

59:Ps+k'y,t+k'y [¢2} < H and 595@3,15[1;[}2] <H. (34)

Since lim|g| o0 121’2((?) = 0, for any ¢ > 0, there exists [, > 0 such that, for any function f such that |f| < ¢ and

for any |z| > I,

G
< .
() < 2
This implies with (34) that, denoting K := [, ], for any k € Z,, f such that |f| < and =z € R,

6rPs+k’y,t+k’y[f]]-K§] <e and 6rQs,t[f]lK§] <e

Then, for any k € Z; and f such that |f| <,

|00 Pt byt ky S = 02Qs,tf| < 26 + |00 Py tiy [fLi. ] — 62Qs e [f1K.] (35)
<26+ (1 + 12100 Ptk stk — 02 Qs tll7v (36)
Hence, (33) implies that, for k large enough, for any f bounded by %,
100 Pst iy t4ky f — 02Qs,t f] < 3¢, (37)
implying that
102 P4k, t+ky — 02Qs ¢l e 0.
O
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We now prove Lemma 1.

Proof of Lemma 1. Defining
_ (.7:—(1,;2 _ (m+ag2
fu(x) =e 7 Ae - s

we conclude easily that, for any m € [—a,a] and o > b_, for any z € R,

_ (177n)2

e 22 > f,(x).

Imposing moreover that ¢ < b, one has

1 _ (m—wzl)2 S 1 f ( )
e 20 — fu(2),
V2mo T V2mby
which concludes the proof. O

4.2 Quasi-ergodic distribution for Brownian motion absorbed by an asymptotically
periodic moving boundary

Let (W;);>0 be a one-dimensional Brownian motion and h be a C!-function such that

Bmin := inf h(t) > 0, and  Apmax = sup h(t) < +oc.
t>0 >0

We assume also that
—oo < inf I/ (t) < suph/(t) < +oo.
t>0 t>0

Denote by
Th = 1inf{t > 0 : |Wy| > h(t)}.

Since h is continuous, the hitting time 7, is a stopping time with respect to the natural filtration of (Wy);>o.
Moreover, since sup;q h(t) < +oo and inf;>o h(t) > 0,

Po [t <400l =1 and Psglm >t >0, Vs<tVze[-h(s),h(s)]

The main assumption on the function h is the existence of a y-periodic function g such that h(t) < g(t), for any
t > 0, and such that
h~i o g, and R~ oo g’.

Similarly to 73, denote
Tg == 1inf{t > 0: |Wy| = g(¢)}.

Finally, let us assume that there exists ng € N such that, for any s > 0,

inf{u > s: h(u) = %1215 h(t)} — s < ngy. (38)

This condition says that there exists ng € N such that, for any time s > 0, the infimum of the function h on the
domain [s,+00) is reached on the subset [s, s + ng7].

We first show the following proposition.
Proposition 1. The Markov process (W;)i>0, considered as absorbed by h or by g, satisfies Assumption (A’).

Proof. In what follows, Assumption (A’) w.r.t. the absorbing function h will be shown. The following proof could
easily be adapted for the function g.
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e Proof of (A’1). Denote T := {s > 0: h(s) = inf;>5 h(¢)}. The condition (38) implies that this set contains
an infinity of times.

In what follows, the following notation is needed: for any z € R, define 7, as
T, = inf{t > 0: |W;| = z}.

Also, let us state that, since the Brownian motion absorbed at {—1,1} satisfies Assumption (A) of [5] at
any time (see [7]), it follows that, for a given ¢y > 0, there exists ¢ > 0 and v € M;((—1, 1)) such that, for
any z € (—1,1),

20
2

max

PO@ |:Wh2t0 Ato € |T1 >

ma

A to] > cv. (39)
Moreover, regarding the proof of [7, Section 5.1], the probability measure v can be expressed as

1
V= 5 (Po,l—E[WtQ c '|7'1 > tQ] + P07_1+€[Wt2 S '|T1 > tg]), (40)

for some 0 < t9 < h§° Ato and € € (0,1).

nax

The following lemma is very important for the following.

Lemma 2. For all z € [hmin, Pmaz),
Py [Wy € |12 > u]l > cv,,  Va € (—z,2),Yu > to,

where ty was evoked before, ¢ > 0 is the same constant as in (39) and

)= [ semta)

with v € M;((—1,1)) defined in (40).

The proof of this lemma is postponed after the current proof.
Let s € T. Then, for all z € (—h(s),h(s)) and t > 0,

Ps,z[Th(s) > s+ t]

Ps o [Weiy € |t > s+ t] >
@[ Wate €m0 > s +1] Py o[mh > 5 +1]

Ps,z[Ws+t S '|Th(s) > s+ t],

By Lemma 2, for all z € (—h(s),h(s)) and t > to,
Ps,x[WS—i-t S 'lTh(s) > s+ t] > CVh(s),
which implies therefore that, for any ¢ € [to, to + 107],

Ps,x[Th(s) > s+t

Py .[mh > s+ 1] Vh(s)
S Py 2 [Th(s) > s+ to + no7]
- ]P)SJ[T}L > S—‘y—to]

Py x[Wstt € <|Th > s+ 1]

Y]

CVh(s)- (41)

Let us introduce the process X" defined by, for all ¢ > 0,
h._ Wi

X =

By It6’s formula, for any t > 0,

bdw, LR (s)
Xh:Xh+/ 57/ Xhds.
N A TO R A TO R
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Denote by (Mth)tzo = (fot ﬁdWS)DO. By the Dubins-Schwarz theorem, it is well-known that the process

M" has the same law as (Wfﬁ y ) . Then, denoting I"(s) := fos h%(u)du and, for any s < t and for
0 hZ(s) t>0
any trajectory w,

t

W (1 ()2 — [h(u)h’(umduD 7
(42)

elutw) = [0 exp (= [FOMOUR ) - W + [

Girsanov theorem implies that, for all x € (—h(s), h(s)),

PSJ[Th > s+ to] = Eﬂ"(‘“%ﬁ |:5£L78+t0 (W)]l7_1>fs+tn 1 d'u,:| . (43)
0

h2 (u)

On the event {r; > fOHtO h%(u)du}, and since h and h’ are bounded on R, the random variable €£S+to (W)

is almost surely bounded by a constant C' > 0, uniformly in s, such that for all z € (—h(s), h(s)),

s+to 1
h
EI’L(SLﬁ {gs,s+to (W)1T1>f03+f0 h21(u)d“:| < Opo,ﬁ |:7'1 > /; hQ(u)du} . (44)

Since h(t) > h(s) for all t > s (since s € T), I"(s +tg) — I"(s) < h(t;’)2. By the scaling property of the

Brownian motion and by Markov property, one has for all © € (—h(s), h(s)),

Py 2 [Th(s) > 5+ to] = Po.z[Th(s) > to]
. "
= Po,% -7'1 > hz(s)]

- tO s+to 1
= Eo’h?s) ]].Tl>fss+to h21<u)duIPO,Wfs+to g |:7—1 > hT(g) 7/5 hQ(s)dS:|

h2(u)

s+to 1 to s+to 1
=Pos |1 >/s h2(u) du] PO’¢1’l<s+to>—1h<s>(5m) [Tl = h2(s) _/S h2(u) du} ’

where, for any initial distribution p and any t > 0,

O (p) == Po , [Wy € |11 > t].

The family (¢¢)¢>0 satisfies the equality ¢ o ¢ps = ¢pys for all s,¢ > 0. By this property, and using that

Ih(s+tg) — I"(s) > hﬁ" for any s > 0, the minorization (39) implies that, for all s > 0 and = € (-1, 1),

¢I}L(S+t0)_1h(s) (5x) Z CV.

Hence, by this minorization, and using that h is upper-bounded and lower-bounded positively on R, one
has for all z € (—1,1),

to st , to st
e e o R A R G e R MmO

that is to say,

Py o[Thes) > s+t stto
ol > sth] [ﬁ > mf{ T / EIO] duH'
IPO . |:7_1 N fStho 1 du] s>0 | h (S) s h (u)

o) s h2(u)

20



In other words, we just showed that, for all x € (—h(s), h(s)),

P, z[Th(s) > S+t0] to stto 1
. IF’ v f — —d . 4
Poufrn>stty Z 0" [“”“ {h2<> / EO (45)

Moreover, by Lemma 2 and the scaling property of the Brownian motion, for all z € (—h(s), h(s)),

Ps,:p[Th(s) > s+ tO + no’Y] _
]Ps,m[Th(s) > s+ to]

0.Po. o [Weg €7 (s >t0) [Th(s) > T07]
> cPo,u, . [This) > N0l

= C/ v(dy)Phs)y[Th(s) > 107
(=1,1)

> Py, {71 > ] > 0. (46)

no”Y
h2

min

Thus, gathering (41), (45) and (46), for any = € (—h(s), h(s)) and any t € [tg, tg + no7],

Ps,m[Ws+t S '|Th > s+ t} Z clyh(s)a (47)

sty 1
c1:=cPo, |:T1 > h?z::j OIP’OV |:T1 > 1nf {h;( ) —/S 7}12(“) duH c.

We recall that the Doeblin condition (47) is, for now, only obtained for s € 7. Consider now s & T. Then,
by the condition (38), there exists s; € T such that s < s; < s+ ngy. Markov property and (47) implies
therefore that, for any « € (—h(s), h(s)),

where

Py o[Wettotnoy € -|Th > s+ to + 10| = Psh%l‘s[WHtﬁnw € |t > s +to +n0Y] = C1Vi(sy),
where, for all s <t and u € Mi((—h(s),h(s))),
br,s(p) =Py, [Wy € |3, > t].
This concludes the proof of (A’1).
e Proof of (A’2). Since (W});>¢ is a Brownian motion, note that, for any s <,

sup ]P)s,:r[Th > t] = PS,O[Th > t}.
ze(—1,1)

Also, for any a € (0, h(s)),
inf]IP’s,w[Th > t] =Py o[ > t].

[—a.a

Thus, by Markov property, and using that the function s — P, ¢[7, > t] is non-decreasing on [0,t] (for all
t > 0), one has for any s < t,

Psalth > t] > Eg o[Lrg<sty<r Pro,0lmh > t]] > Psa[t0 < s+ v < m]Psolmhn > t]. (48)

Denoting a := ;L““‘“ by Lemma 2 and taking s; := inf{u > s: u € T}, one obtains that, for all s < ¢,

Psayh(sl)[Th > t] = \/( | (dx) s,h sl)a:[Th > t]
—-1,1

v([=a, a))Ps nisy)almh > t]

v([—a, a])Po i [T0 < 7 < Th) sup Py [hn > t].
z€(—h(s),h(s))

>
2

This concludes the proof since, using (40), one has v([—a,a]) > 0.
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We now prove Lemma 2.

Proof of Lemma 2. This result comes from the scaling property of a Brownian motion. In fact, for any z €
[Amin, Pmax), © € (—2,2) and ¢t > 0, and for any measurable bounded function f,

1
]Eoﬂ;[f(Wt”Tz > t] = E()’x |:f (Z X ZWZ2t2) Ty > t:|
t
:Eo,ﬂ |:f(ZXWt) T]_>2:| .
z 22 z
Then, the minorization (39) implies that, for any x € (—1,1),
to >
Po Wh?t.oax € \m > h12nax > cv.
This inequality holds for any time greater than hto In particular, for any z € [Amin, imax] and z € (=1, 1),

max

Po,x [Wt% c -

to
> = > cv.
z

Then, for any z € [a,b], f positive and measurable, and z € (—z, z),

]EO,:I:[f(th”Tz > tO] Z CVy (f) )

where v, (f) == [, f r f(z x 2)v(dr). This completes the proof of Lemma 2.

The section is now concluded by stating and proving the following result.

Theorem 4. For any s <t,n € N and any x € R,

< .
Ps+k’y,m[7—h ~ t -+ k"}/ < Tg} kjo 0
In particular, Corollary 2 holds for (Wy)i>o absorbed by h.
Proof. Reminding (42), by Markov property for the Brownian motion, one has for any k,n € N and any z € R,
Poitkyalth >t +ky] = mEo,x [GXP < As (W )) Lo s 1n (t4ky) =17 (s k)
where, for any trajectory w = (wy)u>0,
A?tk(w) = h'(t+ ky)h(t + k’}/)w?h(t+k'y)flh(s+k'y) — W' (s + kvy)h(s + ky)w

t—s
+ /O Win g s g ky)— 10 (s ko) (B (0 4 5+ B7))? = [B(u+ s + k)R (u + s + k)] ]du.

h(t+ky) g(t)
s+l<:'y k—)oo (s)

For the same reasons, and using that the function h is bounded on [s 4+ kv,t + k7] for all s < t, Lebesgue’s
dominated convergence theorem implies that

Since h ~¢_00 g, One has for any s,t € |

It + ky) = 1"(s + ky) — 19(t) = 1(s)
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for all s <t € [0,7]. Moreover, since h ~;_,o g and b’ ~;_ o ¢, one has for all trajectories w = (wy)y>0 and
s<tel0,9],

k—o0

A (w0) = 8O0 1oy~ o D9(6)0d + [l (@)* = o’ ()] o

Since the random variable exp (—%A27t7k(W)> L > 1n(t4ky)— 17 (s+k~) 1S Dounded almost surely, Lebesgue’s dom-
inated convergence theorem implies that

]P’SJF;C%I[T}I >t+ k'y] k;)o Ps,m[Tg > t},

which concludes the proof. O
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