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Ergodic theorem for asymptotically periodic time-inhomogeneous
Markov processes, with application to quasi-stationarity with moving
boundaries.

William Ocafrain®
12th October 2020

Abstract

This paper deals with ergodic theorems for particular time-inhomogeneous Markov processes, whose the
time-inhomogeneity is asymptotically periodic. Under a Lyapunov/minorization condition, it is shown that,
for any measurable bounded function f, the time average + fo f(Xs)ds converges in L? towards a limiting
distribution, starting from any initial distribution for the process (Xt)tZO- This convergence can be improved
to an almost sure convergence under an additional assumption on the initial measure. This result will be
then applied to show the existence of a quasi-ergodic distribution for processes absorbed by an asymptotically
periodic moving boundary, satisfying a conditional Doeblin’s condition.

Key words: ergodic theorem; law of large numbers; time-inhomogeneous Markov processes; quasi-stationarity;
quasi-ergodic distribution; moving boundaries.

Notation

N={1,2,...,} and Z, = {0} UN.

M (E): Space of the probability measures whose the support is included in E.

B(E): Set of the measurable bounded functions defined on E.
e B1(E): Set of the measurable functions f defined on E such that ||f|lc < 1.

e L”(u): Set of the measurable functions f such that [|f|Pdu < +oc (p € N).

) im /E f(@)u(de

For any p € M;(E) and f € L*(u), denote

Id: Identity operator.

1 Introduction

In a general way, the ergodic theorem (for Markov processes) refers to the almost sure convergence

/f Jds — w(f), Y eLi(m), (1)
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(Xt)t>0 being a Markov process and 7 being a probability measure. In the time-homogeneous setting, the
ergodic theorem holds for positive Harris recurrent Markov processes and the limiting distribution 7 corresponds
to an invariant measure for the underlying Markov process. For time-inhomogeneous Markov processes, such
a result does not hold in general (in particular the notion of invariant measure is not generally well-defined),
except for specific time-inhomogeneity such as for periodic time-inhomogeneous Markov processes, defined as
time-inhomogeneous Markov processes for which there exists v > 0 such that, for any s <, k € Z, and «,

P[X; € -|X, = 2] = P[Xp1hr € | Xopry = 1. (2)

In other words, a time-inhomogeneous Markov process is periodic when the transition law between any times
s and t remains unchanged when the time interval [s, ] is shifted by a multiple of the period 7. In particular,
this implies that, for any s € [0,7), the Markov chain (X iy~ )nez, is time-homogeneous. This fact allowed to
Hépfner et al. (in [20, 21, 22]) to show that, if the skeleton Markov chain (X~ )nez, is Harris recurrent, then
the chains (Xsqny)nez, , for all s € [0,7), are also Harris recurrent and

1 [
/ f(Xs)ds vy ms(f)ds,  almost surely, from any initial measure,
— 00 ")/

where 7, is the invariant measure for (Xsyny)nez., -

This paper aims to prove a similar result for time-inhomogeneous Markov processes said to be asymptotically
periodic. Roughly speaking (the definition will be explicitly given further), an asymptotically periodic Markov
process is such that, given a duration T' > 0, its transition law on the interval [s, s + T is asymptotically "close
to" the one, on the same interval, of a periodic time-inhomogeneous Markov process called auxiliary Markov
process, when s — co. This definition is very similar to the notion of asymptotic homogeneization (when the
approximating semi-group is time-homogeneous), or the notion of asymptotic pseudotrajectories as introduced
in [2]. In particular, it is known that these rapprochements entail that, under suitable additional conditions,
an asymptotically homogeneous Markov process converges towards a probability measure, which is invariant for
the approximating semi-group. In the same way, it is expected that an asymptotically periodic process gets the
same asymptotic properties as a periodic Markov process; in particular that an ergodic theorem holds for the
asymptotically periodic process.

Main result. The main result of this paper states that an asymptotically periodic Markov process satisfying a
Lyapunov-type condition and a local Doeblin’s condition (defined further in Section 2), and such that its auxiliary
process also satisfies a Lyapunov/minorization condition, satisfies

]P’o’u) 1 v
/ f(Xy)ds — = Bs(f)ds,  Vf measurable bounded, VY initial distribution, (3)
< 7YJo

where Py, is a probability measure under which Xy ~ u, and where 3, is the limiting distribution of the skeleton
Markov chain (X1, )nez, . Furthermore, the convergence 3 holds almost surely if the initial measure integrates
the Lyapunov function of the process (X;);>o0:

IP’D Mfalmost surely 1
/ f(X / Bs(f)ds,  Vpu integrating the Lyapunov function.

t—>

This will be more precisely stated and proved in Section 2.

Quasi-stationarity with moving boundaries. One point of interest in this paper is to apply the main
result (3) to the theory of quasi-stationarity with moving boundaries, which refers to the study of asymptotical
behaviors for Markov processes conditioned not to reach a moving subset of the state space. See in particular
[24, 25], where a "conditional ergodic theorem"” (see further the definition of a quasi-ergodic distribution) has been
shown when the absorbing boundaries move periodically. In this paper, one shows that a similar result holds when
the boundary is asymptotically periodic, assuming that the process satisfies a conditional Doeblin’s condition (see
Assumption (A’)). This part will be dealt with in Section 3.

The paper will be concluded by using these results in two examples: an ergodic theorem for an asymptotically
periodic Ornstein-Uhlenbeck process, and the existence of a unique quasi-ergodic distribution for a Brownian
motion confined between two symmetric asymptotically periodic functions.



2 Ergodic theorem for asymptotically periodic time-inhomogeneous
semi-group.
Asymptotic periodicity: the definition.

Let (E, &) be a measurable space. Consider {(Et, & )i>0, (Ps,t)s<t} a Markovian time-inhomogeneous semi-group,
giving a family of measurable subspaces of (E, £), denoted by (Ey, &)>0, and a family of linear operator (Ps¢)s<t,
with Py, : B(E,) — B(E,), satisfying for any r < s <'t,

Ps,s = Id, Ps,t]]-Et = ]]-Esu Pr,sPs,t = Pr,t-

In particular, it is associated to {(Ey, E:)i>0, (Ps,t)s<t} a Markov process (X;);>0 and a family of probability
measure (P ,)s>0,zcr, such that, for any s <t, x € E; and A € &,

]P)SJ[Xt S A] = Ps)t]].A((E).

For any probability measure p supported on E, denote Pg ,, := fE P, o p(dz). Also, denote by E,  and E; ,, the

expectations associated to P, , and P, ,,, respectively. Finally, the following notation will be used for y € M (E),
s<tand f € B(E):
MPS,tf = ES,H[f(Xt)]7 MPS,t = Ps,u[Xt € ]

Respectively to the definition (2), the periodicity of a time-inhomogeneous semi-group can be defined as follows:
a semi-group {(F;, Fi)i>0, (Qs,t)s<t} is said to be y-periodic, with v > 0, if, for any s < ¢,

(F, Ft) = Btk Fraky), Qs = Qsthytihy, Tk €Ly,
Following to this last definition, it is now possible to define an asymptotically periodic semi-group:

Definition 1 (Asymptotical periodicity for semi-groups). A time-inhomogeneous semi-group {(Et, £t)t>0, (Ps,t)s<t }
is said to be asymptotically periodic if there exists a y-periodic semi-group {(F}, Ft)i>0, (Qs,t)s<t } and two families
of functions (¥s)s>0 and (1s)seo,y) such that, for any s € [0,7),

® U;io ﬂlzk Eoriy NFs #0

e and there exists x5 € Uy (>4 Es+iy N Fs such that, for any n € Z,

||6xsps+k'y,s+(k+n)vW)s+(k+n)'y X ] - 6mst,s+n’YW~)s X ']”TV kjo 0, (4)

where, for two positive measures with finite mass 1 and po, |1 — pa||7v is the total variation distance between
p1 and po:

|1 — p2llrv := sup [ (f) — p2(f)]
feEBL(E)

Lyapunov/minorization conditions.

The main assumption of the theorem will be the satisfaction of the following assumptions by the asymptotically
periodic Markov process:

Lyapunov/minorization conditions. There exists t1 > 0, ng € N, ¢ > 0, 6 € (0,1), a family of subsets
(Kt)t>0, a family of probability measure (szn)se[o,tl),neN on (KSJrntl)sE[O,tl),nEN: and a family of Lyapunov func-
tions (Vs)s>0, all lower-bounded by 1, such that

(i) For any s € [0,t1), x € Ky and n > ny,
51Ps,s+nt1 2 Cys,na
(i) For any s >0,
PS,ertﬂ/)ertl < OYs + O]IKS,



(iii) For any s >0, for any t € [0,t1),
Ps75+t¢s+t < C"/’s-

In particular, under (i7) and (4i%), it is easy to prove that, for any s < ¢,

C
P, 1y < C<1+m> Ps. (5)

An important remark is that the Lyapunov/minorisation condition implies an exponential uniform-in-law weak
ergodicity in 1;-distance, i.e. the existence of two constants C’ > 0 and x > 0 such that, for all s < ¢ and for all
probability measures 1, u2 € My (Es),

11 Py = p2Pallp, < O [ () + pa(as)]e ™), (6)

where, for a given function v, ||x — v||y is the y-distance and is defined as

lw—vl|ly = sup |u(f) —v(f)|, Vu,v such that u(yp) < 400 and v(¢)) < +o0.
lf1<v

In particular, when ¢, = 1 for all ¢ > 0, the v¥y-distance is total variation distance. If the weak ergodicity (6)
is well-known in the time-homogeneous setting (see in particular [15]), the proof of [15, Theorem 1.3.] can be
adapted in a general time-inhomogeneous framework (see for example [6, Subsection 9.5] ).

The main theorem and proof.

The main result is then the following:

Theorem 1. Let {(Ey, £t)i>0, (Ps,t)s<t, (Xt)1>0, (Ps,2)s>0.0eE, } be an asymptotically v-periodic time-inhomogeneous
Markov process, with v > 0, and denote by {(Fy, Fi)i>0, (Qs,t)s<t} its periodic auziliary semi-group. Also, denote
by (¥s)s>0 and (Vs)seo,y) the two families of functions as defined in Definition 1. Assume moreover that

o the semi-groups (Ps1)s<t and (Qs.¢)s<t satisfy a Lyapunov/minorisation condition, with (1s)s>0 and (1/35)56[077)
as Lyapunov functions respectively,

o and, for any s € [0,7), (Vstny)nez, converges pointwisely to z/;s.

Then, for any p € M1(Ey) such that p(io) < oo,

1 [t 1 }
H¥~/O MPO,S["/JS X ]dS — ;‘/O B'YQO,S[ws ~ ]dS

TV t—o0

where B, € My(Fy) is the unique invariant of the skeleton semi-group (Qo,ny)nez, satisfying 57(1/;0) < +o00.
Moreover, for any f € B(E),

o for any p € M1(Eyp),

1t 1 [ ?
Eou | |7 /0 FOX)ds =~ /0 8,Qu.fds| | — 0. (8)
o If moreover pu(y) < 400, then
I I
—/ f(Xs)ds — —/ B4Qo,sfds,  Po, — almost surely. (9)
t Jo t—oo v Jo

Remark 1. Also note that, if the Lyapunov/minorization conditions hold for s = 1 and K, = E; for any s, then
these conditions are boiled down to the Doeblin’s condition:



Doeblin’s condition. there exists to > 0, ¢ > 0 and a family of probability measure (v;)i>0 on (Ey)i>0 such
that, for any s > 0 and x € Fs,
6mP575+t0 Z ClVsttg- (10)

Then, Theorem 1 entails the following corollary:

Corollary 1. Let (Xi)i>0 be asymptotically y-periodic in total variation distance (i.e. s = s = 1 in the
Definition 1, for all s > 0). If (Xt)i>o0 and its auxiliary semi-group satisfy a Doeblin’s condition, then the

convergence (8) is improved to
1 [
t [ recaas =2 [ 5,00
7 Jo

Moreover, the almost sure convergence (9) holds for all initial measure pu.

sup sup IEO "
HEM1(Eo) fEB1(E

2
] 0
t—o00

Remark 2. Note also that, if the convergence (4) holds actually for all z € |J;—, ﬂle Es114NFy, then this implies
(4), obviously, and the pointwise convergence of (Vs 4n- )nez, to ¥s (taking n = 0 in (4)).

Proof of Theorem 1. The proof is divided into four steps.

First step. For the first part of this step (until the equality (14)), we will inspire from the proof of [1, Theorem
3.11]. Fix s € [0,7]. Since the auxiliary semi-group (Qs)s<: satisfies a Lyapunov/minorization condition with
(1)s>0 as Lyapunov functions, this entails that, for any x € F,

||6sz,s+n'y - ﬂ'yQO,S”@S n:; Oa (11)

recalling that (3, is the unique invariant measure of (Qo ny)nez, satisfying 3, (o) < +00.
Without loss of generality, let us assume that mlzo Eqti1y N Fy # 0. Then, by Definition 1, for any n > 0,

||5IsPs+lw,s+(k+n)'y[7/}s+(k+n)v X ] - 515Qs,s+n’vw~)s X ']HTV k:;o 0.,
which entails using (11) that

lHm Hm sup |0z, Py oy, (kbn)y [Wst (tnyy X -] — BrQo,s[ths x ]ll7v = 0. (12)

n—oo k_)
Now, by Markov property, (6), and using (5), one obtains that, for any k,n € N and « € (5 Es1iv,
||51PS,S+(k+n)'y - 6$P5+k'}’75+(k+n)’)'||ws+(k+n)'y = || (6 Py S+k’Y) Ps+k'y,s+(k+n)'y - 6$P5+k'}’75+(k+n)’)’||ws+(k+n)'y

< C'[Ps shy Pstion (T) + Psprn ()]
< C”[ws(x) + '@[]s-i-kv (‘T)]e_'wn?

where C" := C' (C (1 n ITCQ) A 1). Then, for any k,n € N,

||6msPs,s+(k+n)v[ws-i-(k—i-n)'y X ] - ﬂ’yQO,S[&s X ']”TV
< Cl/[¢5(x) + "/’s-i—kv (x)]e—mn + ||6CE3PS+k’y,s+(k+n)'y[¢s+(k+n)'y X ] - BWQO,S[Q/JS X ']HTVa (13)

which entails, by (12) and the pointwise convergence of ({54 )rez, , that

lim ||6 Ps ,s+ny [¢s+n'y>< ] /B’YQO,S[’J}S ]HTV = hm hlrcn sup ||515Ps s+(k+n)'y[¢s+ k+n)y ] B’yQO s[ws ]”TV =0.
— 00

n—oo

(14)
The weak ergodicity (6) implies therefore that the following convergence actually holds for any initial distribution
€ M1 (Ey) satisfying u(1pg) < 400, so that

||MPO,s+nv[ws+n'y X ] - ﬁvQO,s[’@[;s ||TV —> 0. (15)



In particular, by Lebesgue’s dominated convergence theorem, for any u satisfying p(1g) < +oo,

— 0.
TV n— o0

1 [ 1 [ ~
H_/ /LPO,ern'y [ws+n'y X ']dS - _/ ﬂ'yQO,SWJS X ']ds
Y Jo Y Jo

By Cesaro’s lemma, this allows to conclude that, for any u € M (Ep) such that p(wg) < +o0,

1/t 1 [ )
H;/O /LPO,SWJS X -]ds — ;/0 ﬂ’)’QO,SW}S x -|ds

TV
4]

t
< ﬁ %/07 PP s nvy Vs ny X -Jds — % /07 By Qo,s[ts % -|ds . + %/LH pPo s[Ys % -]ds P 0,
¥ k=0 v TV
which concludes the proof of (7).
Second step. In the same way, one can show that, for any u € M1(Ep) such that p(ig) < 400,
I I
H;/O uPo sds — ;/0 BQo,sds . = 0. (16)

As a matter of fact, for any function f bounded by 1 and u € M1 (Fy) such that u(ig) < +oo,

}NPO,s-i-n'y |:¢s+nv X %m] - B'yQO,s |:"Es X i:H
<P o ] i L o ] s i
< Hﬂpovs'i‘"Vw}S-i'n’Y x ] - ﬁvQO,sw}S X .]HTV + ﬁvQO,s |:"/~Js X w f ] - B'yQO,s |:"Es X ~i:| ’ .
s+ny ’L/}S
Now, remark that, since ¥s4y,, > 1 for any s and n € Z, one obtains that
Vs .
— -1 1 s
"/Js—i-n'y S + w

Then, since (s4ny)nez, converges pointwisely towards s and B.YQQ“ZJS < +00, Lebesgue’s dominated conver-
gence theorem entails that

f

"/Js—i-n'y

— 0.

n—roo

sup
FEBL(E)

ﬂ’yQO,s |:1/~)s X :| - ﬂ'yQO,s |:1/~)5 X z/;i:|

S

Then, using now (15), one has
HMPO,S-HW - B’YQ‘J,S”TV n:; 0,

which allows to conclude in (16), using the same argument as in the first step.

Third step. In order to show the L2-ergodic theorem, let f € B(E). For any x € Eg and t > 0,

%fﬂ&m—mwﬁfﬂ&mrl

= t%/o / (o2 [f(Xo)f(Xw)] — Eoz[f(X)]Eo . [f(Xu)]) duds

EO,w

2 [ [ Bo lA00) (X0 - BaalF D) duds

=5 | [ B [0 (B [0 = B LX) s,



where Markov property was used at the last line. By the weak ergodicity (6) and (5), one obtains for any s < ¢,

B x, [f(X0)] = Es s, po [ (X0)]] < "I flloo[5 (Xs) + to(@)]e ™™=, Py, — almost surely, (17)

where C” was defined in the first part. As a result, for any x € Ey and ¢ > 0,

U oeods— e 12 T roxcovas] | 201 lx e ) guds

3 st =k [1 [ x| | < [ Eoall s el e dua
=2C'172f'°°/01a0,1[|f< (X + o (o)e” ;d

= 2, [ [ 1000 + v(ais]| 2 ML= [ v, 1700000 el

Then, by (7) and (16), there exists a constant C > 0 such that, for any = € Ey, when ¢t — oo,

H /0 ' F(X.)ds — Bo., [% /0 tf(Xst} 2

20| fll o 1 (7
SMXG / B, Qo.sl fibs]ds

Kt

Isids) +o (1) 18)

Then, using (16), one deduces that, for any z € Ey and bounded function f,

1 1" ?
‘?/o f(XS)ds—;/O B,Qo.s fds ]tio 0.

The convergence for any probability measure p € M (Ey) comes from Lebesgue’s dominated convergence theorem.

Fourth step. Now, let us fix f € B(E), assumed nonnegative on E, and pu € M;(Ey) satisfying p(1o) < +oo.
The following proof is inspired from the proof of [26, Theorem 12].

Since p(1)g) < 400, the inequality (18) entails that there exists a finite constant C,, € (0, 00) such that, for
any t > 0,

_ 2
%/Otf(xs)ds—Ew % /Otf(XS)ds] < %
Then, for any n € N,
1 1 1o
: m/o f(Xs)ds — Eo, ﬁ/o f(Xs)dsl S 2

Then, by Bienayme-Tchebychev’s inequality and Borel-Cantelli’s lemma, this last inequality entails that

2
1 n
— / f(Xs)ds —Eo,, / fX S] — O, , Po,u — almost surely,
n=Jo
and, by the convergence (16), one obtains
1™ 1 [
F/o f(XS)dsn:;;/O B4Qo,sfds, P, — almost surely. (19)

Since the nonnegativity of f is assumed, this entails that, for any ¢ > 0,

[Vt)? t [Vtl?
Xs d >~ Xs ds =~ XS ds.
/0 f()s</0f()</0 F(X)



Then, these inequalities and (19) show that

I I
;/ f(Xs)ds A / B4Qo,sfds,  Po,, — almost surely.
0 - 7 Jo

Then, in order to conclude that the following result holds actually for any bounded measurable function f, it is
enough to say that, for such a function, one has the decomposition f = fy—f_, with f, := fv0and f_ = (—f)VO0
which are positive bounded, and to apply the previous convergence to fi and f_. This concludes the proof of
Theorem 1. O

Proof of Corollary 1. Just remark in the previous proof that, if ||f||cc < 1 and ¢, = 1, an upper-bound for
the inequality (18), which does not depend on f and z, can be obtained. Likewise, the convergence (15) holds
uniformly in the initial measure due to weak ergodicity (17), which becomes uniform-in-law when ¢ = 1. O

Remark 3. It seems that the theorem does not hold if the Doeblin’s constant ¢ depends on the starting time s.
As proof, considering a Markov process satisfying the Doeblin’s condition with time-dependant constants cg, the
weak ergodicity holds as soon as, for any s > 0,

ol
H (1= crkto) =2 0,

k=1

since one has
| %]
|1 Pst — poPs ||y <2 H (1 = ci—kig)-
k=1

Then the line (13) has to be replaced by

3
2

55

||6mps,s+(k+n)'y - B’yQO,sHTV <2 (1 - Cer(kJrn)’yflto) + ||6IPs+k'y,s+(k+n)’y - B'yQO,s”TV'
1

o]

~

This does not allows to conclude in the interesting cases (¢s — 0), since

1%

nh—{I;O llll;ri)sgp =1 (1 - CSJ”(k‘i’n)’Y*ltO) = 1

513

o
(=

In the same way, it seems that the constants § and C' defined in the Lyapunov/minorization condition have also
to be independent on the starting times.
3 Application to quasi-stationarity with moving boundaries
In this section, consider a family of measurable subsets (A¢):>0 of F, and denote the hitting time
T4 :=inf{t > 0: X; € A;}.

Assume that 74 is a stopping time with respect to the natural filtration of the Markov process, denoted by
(Fs,t)s<t- Assume also that for any = ¢ Ay,

Pou[ra <+oo)=1  and  Poglra > 1] >0, Vt>0.

We will be interested in a notion of quasi-stationarity with moving boundaries, which studies the asymptotic
behavior of the Markov process (X;);>o conditioned not to hit (4;);>o up to the time ¢. For non-moving boundaries



(A; = Ap for any t > 0) and time-homogeneous processes, the quasi-limiting distribution is defined as a probability
measure « such that, for at least one initial measure p,

L
Po,u[Xt € -|Ta > 1] A

Such a definition is actually equivalent (still in the non-moving framework) to the notion of the quasi-stationary
distribution defined as a probability measure « such that, for any ¢t > 0,

Po.o[Xt € |74 > t] = . (20)

If quasi-limiting and quasi-stationary distributions are generally well-defined for time-homogeneous Markov pro-
cess and non-moving boundaries (see [11, 23] for a general overview on the topic), these notions could be not
well-defined for time-inhomogeneous Markov processes or moving boundaries and are not equivalent anymore. In
particular, under reasonable assumptions on irreducibility, it was shown in [24] that the notion of quasi-stationary
distribution as defined by (20) is not well-defined for time-homogeneous Markov processes absorbed by moving
boundaries.

In the theory of quasi-stationarity with moving boundaries, another asymptotic notion to study is the quasi-
ergodic distribution, related to a conditional version of the ergodic theorem and usually defined as follows:

Definition 2. A probability measure 5 is a quasi-ergodic distribution if, for some initial measure p € My (E\ Ao)
and for any bounded continuous function f,

t
o |1 | f0)as

TA > t] tjo ﬂ(f)

In the time-homogeneous setting (in particular for non-moving boundaries), this notion has been extensively
studied (see for example [3, 8, 10, 12, 13, 16, 17, 18, 24]). In the "moving boundaries” framework, the existence
of quasi-ergodic distributions has been dealt with in [24] for Markov chains on finite state spaces, and in [25] for
processes satisfying a Champagnat-Villemonais condition (see Assumption (A’) set further). In this last paper,
the existence of the quasi-ergodic distribution is actually obtained through the following inequality holding for
any initial distribution p and for some constant C' > 0 independant on u:

<

c
vt

1t 1t
H?/ Pou[Xs € -|ra > t)ds — ;/ Qomep|Xs € Jds
0 0

. Vt>0, (21)

where

e the family of probability measure (Qs ;)s>0,zck, is defined as follows:

Qs [T == Tlim Ps2[Clta >T], Vs>0,z¢ A;,T' € Fsy,
—00

e 1) is a function on Ej

_ mo(@)u(dn)

e and 7o * pu(dzx) : mem)

In particular, the law of (X;);>0 under (Qs ;)s>0,5¢E,, called Q-process, is a time-inhomogeneous Markov process
and there exists a unique quasi-ergodic distribution for the process (X;);>0 absorbed by (A:):>o if and only if

the probability measures % fg Qo,5o5u|Xs € ‘]ds converge weakly, when ¢ goes to infinity. Hence, if one shows
that the Q-process is asymptotically periodic, according to Definition 1, then Theorem 1 entails the existence of
a quasi-ergodic distribution.

For the following statement, the following assumption is needed:

Assumption (A’). there exists a family of probability measures (vi)i>0, defined on E\ A, for each t, such that

(A’1) there exists to > 0 and ¢1 > 0 such that

P o[Xsito € -|TA > s+ to] > C1Vsts,, Vs> 0,Vr & A,



(A’2) and there exists ca > 0 such that

Psy.[ma > t] > coPs i[ta >t], Vs <it,Vrd A,

These assumptions are the main assumptions on which relies the results of [25] and are an analogous version
of the Doeblin’s condition (10). When these assumptions are written in the time-homogeneous framework, one
obtains the Champagnat-Villemonais condition defined in [5] (see Assumption (A)), shown as being equivalent to
the exponential uniform-in-law convergence to quasi-stationarity in total variation.

Now, let us state the following theorem:

Theorem 2. Assume that there exists a y-periodic sequence of subsets (By)i>o such that, for any s € [0,7),
E{:=E\ (] |JAs1ry UB. #0
kEZy 1>k

and there exists x5 € Eg such that, for any n < N,

IPsbry,z. [Xot(han)y € 5Ta > 8+ (k+ N)y| = Ps o, [Xsiny €78 > s+ N7l|l7v 0 (22)

Assume also that Assumption (A°) are satisfied for the Markov process (X;)i>o considered as absorbed either by
(At)e=0 or by (Bi)izo-
Then there exists a probability measure 8 € M1 (E) such that

2

t
sup sup [Eg, U%/O f(Xs)ds — B(f)

HEM(E\Ao) fEB1(E)

TA > t‘| — 0. (23)
t— o0

Remark 4. Remark that the condition (22) implies that, for any n € Z,
Pothya,[ra > s+ (k+n)y] — Pog[rp > s+ 7.
— 00

However, under the additional condition By C A; for all ¢ > 0, these two conditions are actually equivalent, since
foralln < N,

||Ps+/€%ws[Xs+(k+n)'y €,7TA>5+ (k + N)V] - Ps,ws[Xs-i-nv €T > S+ N7]||TV
< Pstryara > s+ (k+ Ny =P e > s+ N9

This entails the following corollary:

Corollary 2. Assume that there exists a y-periodic sequence of subsets (By)i>o, with By C Ay for allt > 0, such
that, for any s € [0,7), there exists x5 € E., such that, for any n < N,

Pyikr,e.[Ta > s+ (kK +n)7] = P, .. [B > s+ n7].

Assume also that Assumption (A’) are satisfied for the Markov process (Xi)i>o considered as absorbed either by
(At)i>0 or by (Bi)i>o-
Then there exists 8 € M1(E) such that (23) holds.

Proof of Theorem 2. Since (X;);>0 absorbed by (By);>¢ satisfies Assumption (A’), we already know by [25] that,
for any initial distribution u, t +— % f(f Py u[Xs € ‘|78 > t]ds converges in total variation to a quasi-ergodic
distribution f.

The main idea of this proof is to apply Corollary 1. Since (X;);>0, absorbed by A or B, satisfies Assumption
(A’), then [9, Theorem 3.3.] entails that there exist two families of probability measures (QZ,)s>0.0¢4. and
(Qfm)szowng such that, for any s <t,z ¢ A;, y € Bs and I" € Fy 4,

T—o0

Q{,[[ = lim Py [l|ra >T], and QF,[I]= Jim Py [Cfrp > T].
—00
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In particular, the quasi-ergodic distribution § is actually the limit of ¢ +— % fot (@{f u [Xs € ]ds, when t goes to
infinity. Also, by [25, Theorem 1], there exists a constant C' > 0 and x > 0 such that, for any s < ¢ < T, for any
x & As,

Q2L [Xs € -] = Pso[Xs € |74 > Tl|lrv < Ce ™0,

and for any = ¢ By,
”ng[Xt €] —P,.[X: € |t > T)|lry < Ce ™ T—D,

Moreover, for any s <t < T and z € E/,

IPs o[ Xt € |74 > T] =Py o[ Xy € |78 > Tll7v

| Pse[Xe €51 >T]  Pyo[Xy €78 > T]
- Poolta >T]  Py.[rz >T)] v
NPt >T) Py o[ Xt € ;74 >T] Py o[Xi €78 > T
T Peu(ra >T)  Poufrg>T] Pt >T) v
< Pso(tp > T)Psa[Xe € 74 >T]  Psof[Xi €574 > T
T | Psx(ta >T) Ps x5 > T Ps x5 > T v

n Ps [ Xt € -,74 > T] B Ps [ X: € -, > T]

]PS@[TB > T] ]PS@[TB > T] TV

< ‘Ps,x(rg >T) ‘ Pso(ta>T) N IPs o[ Xt € ,7a > T —Ps o[ Xt € 78 > T)|l7v
T |Psp(ta>T) Py (5 >1T) P, o[t > T '

(24)
Then, one obtains, for any s <t < T and z € E,
Q2. [X¢ € 1= Q2 [X: € Jllrv

Psa(rg >T) 1 Py (74 > T) n |Pso[ Xt € ;74 > T =Py o[ Xt € ;78 > T|l7v
Psx(ta >T) P (5 > T) P, .t > T '

<20 HT=1 4 ‘
The condition (22) implies that, for any n < N

Pothya, (T8 > s+ (k+ N)y Psibra. (74 > s+ (k+ N)y)
Potivy,e, (Ta > s+ (k+N)y Potivy,e, (7B > s+ (E+ N)y)
I |“PS+]€’Y7$S[XS+(IC+H)’Y €74 > 5+ (k + N)V] - ]P)s,ws[Xs-i-vw €78 > S+ N7]||TV — 0
Ps ».[TB > s+ N7| k—oo

) _
)

which implies that, for any n < N,

Hin sup H@;4+k'y,xs [Xer(kJrn)'y € ] - @sB+k'y,xs [Xer(kJrn)'y € ']”TV < 206_&7(]\]_")'
—00

Now, letting N — oo, one has for any n € Z4

Hin sup ”Q?Jrk»y,xs[Xer(kJrn)'y € ] - @sB+k'y,xs [Xer(kJrn)'y € ']”TV =0.
—00

In other words, the Markov process {(X¢):>0, (Q2,)s>0,0¢4, } is asymptotically periodic in total variation distance,
with {(X¢)¢>0, (QF,)s>0,2¢B, } as auxiliary Markov process. Moreover, Assumptions (A’) satisfied for (A;)¢>0 and

(Bt)t>0 entail that Doeblin’s conditions hold for these two Q-processes. Then, by Corollary 1 and using (21), one

obtains that .

.1 : t B
lim s Po,u[Xs € |14 > t]ds = tlg]élo/o Qo.oxulXs € -]ds = B,

t—o00
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where the limits refer to the convergence in total variation and hold uniformly in the initial measure. Now, for
any € My(E\ Ag), f € B1(E) and t > 0,

‘%/Otf(Xs)dszTA>t1 //EO# X,)|ma > t]duds.

Then, by [25, Theorem 1], for any s < u < ¢, for any p € M (E \ Ap) and f € B(E),

\Eo,u[ﬂxs)ﬂxu)mw] B el F (X0 F(X0)]| < O fllowe ™,

where the expectation EQ
feBi(E)andt >0,

. U% [ sexais -]

is associated to the probability measure Qéno* .- Hence, for any p € Mi(E '\ Ay),

OWO*M U /f )ds — B(f) 1 // ~t=) duds

1 _ efnt)
= Kkt K2t2 '

On*,u

TA >t

Moreover, Corollary 1 entails that, for any € My (E\ Ap),

[ oo

sup sup U /f )ds — B(f)
GMl(E\AQ)jGBl(E)

sup sup
HEM1(E\Ao) fEB1(E)

QA
Eomo*# t—00

]Ho.

Then, this implies that

TA>t‘| — 0.
t—o0

O

Remark 5. Tt seems that Assumption (A’) can be weaken by a conditional version of the Lyapunov/minorization
conditions. In particular, such conditions can be derived from the Assumption (F) presented in [6], as it will be
shown later by the preprint [4] in preparation.

4 Examples

4.1 Asymptotical periodic Ornstein-Uhlenbeck processes

Let (X¢)t>0 be a time-inhomogeneous diffusion process on R satisfying the following stochastic differential equation
dX; = dWy — \Nt) X, dt,

where (W;);>0 is a one-dimensional Brownian motion and A : [0,00) — [0, 00) is a function such that

0 < inf A(t) < sup A(t) < +o0.
120 t>0

By It6’s formula, one obtains for any s < ¢,
t t u
X, = e fs A(u)du |:Xs +/ GL )x('u)d'uqu:| '

In particular, denoting (Ps ;)s<; the semi-group associated to (X;);>o0, for any f € B(R), t > 0 and = € R,

t t t w
Pouf(@)=E |f e L 2@0g 4 o)) A(“)d“\// 20w g a0,1) )]

where A/(0,1) denotes a standard Gaussian variable.
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Theorem 3. Assume that there exists a y-periodic function g, positive and bounded on R, such that X\ ~i_ g.
Then the assumptions of Theorem 1 hold.

Proof. In our case, the auxiliary semi-group (Qs,;)s<¢ of Definition 1 will be defined as follows: for any f € B(R),
t>0and xz € R,

t t t u
Qsif(z) =E | f e ooy 4 o= )] g(u)d“\// RN RO N(0,1)

In particular, the semi-group (Qs+)s<: is associated to the process (Y;):>o defined as following
dY; = dW; — g(t)Ysdt.

First of all, one remarks that the function ¢ : x — 1 + 22 is a Lyapunov function for (P t)s<t and (Qst)s<t. As
a matter of fact, for any s > 0 and = € R,

s+ s+ +v
Ps,s-i-'yw(l') =1+ 672 fs A(“)d“;EZ + e*2fs )\(u)du/ 2f 'U)d'u

s+ s+ s+ s+ u
672‘[5 )\(u)duw(x) +1— 672‘[5 A(u)du + 672*[3 )\(u)du/ EQL )\(v)dvdu

< e Dmiy(a) + C,

for some constant C' > 0, and where cin¢ := infy>o A(t) > 0. Taking 6 € (e~27nf 1), there exists a compact set K
such that, for any s > 0,
Py siq(z) < 0y(z) + Clg.

Also, it is simple to check that, for any s > 0 and ¢ € [0,7), the function Ps 4441 /4 is upper-bounded uniformly
in s and t. Now, the local Doebhn s condition for (Ps)s<: is actually a consequence of the following lemma:

Lemma 1. For any a,b_,by > 0, define the subset C(a,b_,by) C M1(R) as
C(avbfvbJr) = {N(maa) me [_ava]vg € [bfvbJr]}'

Then, for any a,b_,by > 0, there exists a probability measure v and a constant ¢ > 0 such that, for any
ne C(CL, b*v b+>;
> cu.

The proof of this lemma is postponed after the end of this proof. Note that the condition A ~;_,, g and the
fact that A is bounded on R entails by Lebesgue’s dominated convergence theorem that, for all s < ¢,

t+ky
— 0
00 )

)\(u)du—/ g(u)du =

s+kvy

and, in the same way,

t-‘rk}’y u t u
2 A(v)d
[ gy [l

S+k’7 k— oo s

Then, for any s < t,
_ fH»k’Y )x(u)du _ ft g(u)du

s+ky — e s N
k—o0

t+k'y t-‘rk’y u
)d
s+kw / +kw A(v) Udu —y e S g(u)du / . v)dv
+kry k—o0

13
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Using [14, Theorem 1.3.], one obtains, for any = € R,
102 Pst by, t+hy — 02Qsthytkvy |l TV 2 0. (25)

To deduce the convergence in -distance, we will inspire from the proof of [19, Lemma 3.1]. The variances being
bounded uniformly in k (for s < ¢ fixed), then there exists H > 0 such that, for any k € N,

6xPs+k'y,t+k’y [1/}2] S H, 51Qs,t[1/)2] S H. (26)

Then, since lim|;| o JJ/’Q((?) = 0, for any € > 0, there exists [, > 0 such that, for any function f such that |f] < ¢

and for any |z| > I,

eip(x)?
<
Fla) < 2
This implies with (26) that, denoting K. := [—le, l¢], for any k € Z, f such that |f| < ¢ and z € R,

00 Po by trhy [flre] <€, 0:Qs4[flke] <e

Then, for any k € Z; and f such that |f| <,

|6IPS+/€%t+k'yf - 6wQs,tf| < 2e + |6mPs+k'y,t+kv [f]]-Ke] - 51Qs,t[f]]-K€]| (27)
< 26+ (1 + 12|00 Pog ko tky — 02Qs.tllTv (28)

Hence, (25) entails that, for k large enough, for any f bounded by 1,

|6mPs+k'y,t+kvf - 51Qs,tf| < 367 (29)

which entails that

H5wps+kv,t+lw - 51Qs,t| o — 0.
k— o0
O
Now, let us prove Lemma 1.
Proof of Lemma 1. Defining
_ea)? _ (@+a)?
folz) =e 2% Ne 27,
one concludes easily that, for any m € [—a,a] and o > b_, for any = € R,
_(z=—m)?
€ 2o > fu (‘T)
Imposing moreover that o < b, one has
1 (w—m)? 1
e 202 > (),
V2mo - \/27rb+f (@)
which concludes the proof. o

4.2 Quasi-ergodic distribution for Brownian motion absorbed by an asymptotically
periodic moving boundary

Let (W;)i>0 be a one-dimensional Brownian motion and h be a C!-function such that

Bmin :=inf A(t) >0, and  suph(t) < +oo.
t>0 t>0
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Assume also that

0 < inf A'(t) < sup W' (t) < +oo.
t>0 t>0

Denote by
T :=1nf{t > 0 : |Wy| > h(t)}.

Since h is continuous, the hitting time 73, is a stopping time with respect to the natural filtration of (W;)¢>o.
Moreover, since sup;~q h(t) < +oo and inf;>g h(t) > 0,
Poolmn < 4oo] =1 and Psylm >t >0, Vs<tVre[-h(s),h(s).

The main assumption on the function h is the existence of a y-periodic function g such that h(t) < g(t), for any
t > 0, and such that
h~teo g, and W ~yo0 g

Similarly to 73, denote
Tg ==1nf{t > 0 : |Wy| = g(¢)}.

Finally, let us assume that there exists ng € N such that, for any s > 0,

inf{u > s: h(u) = %Izlg h(t)} — h(s) < ngy. (30)

Then, first of all, let us show the following proposition:

Proposition 1. The Markov process (Wy)i>0, considered as absorbed by h or by g, follows the condition (A’1)-
(A’2).
Proof. In what follows, Assumption (A’) w.r.t. the absorbing function i will be shown. The following proof could
be easily adapt for the function g.
e Proof of (A’1). Denote T := {s > 0: h(s) = inf;>, h(¢)}. The condition (30) entails that this set contains
an infinity of times.

In what follows, the following notation is needed: for any z € R, define 7, as
T, :=inf{t > 0: |[W| = z}.

Also, let us state that, since the Brownian motion absorbed at {—1, 1} satisfies the Champagnat-Villemonais
condition at any time (see [7]), it follows that, for a given ¢ty > 0, there exists ¢ > 0 and v € M;((-1,1))
such that, for any z € (—1,1),

]P)07;E |:Wh2tg Ato (S
max

t
T > h2—0 /\to] > cu. (31)

max

Moreover, regarding the proof of [7, Thereom 3.1.], the probability measure v can be expressed as

1
v = 5 (Po,l—e[th S '|T1 > tg] +P0)_1+€[Wt2 S -|7'1 > tg]), (32)

for some 0 <ty < 42— Atg and € € (0,1).

2
hn]ax

The following lemma is very important for the following:
Lemma 2. For all z € [hmin, hmaz),

Pou[Wy € -2 > u]l > cv,, Vx € (—2,2),Yu > to,
where to was evoked before, ¢ > 0 is the same constant as in (31) and

()= [ s,

with v € M1((—1,1)) defined in (32).
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The proof of this lemma is postponed after the current proof.

At first, let s € T. Then, for any x € (—h(s), h(s)), for any t > 0,
Py 2 [Th(s) > s+ 1]
Py o[mh > s+ 1]

By Lemma 2, for any « € (—h(s), h(s)) and t > 1o,

]P)S@[WSth S '|Th > s+ t] > Ps,x[Wert S '|7'h(5) > s+ t],

Py [Wstt € '|7—h(s) >s+t] > CVh(s)s
which entails that, for any ¢ € [tg, to + no7],

]P)s,ac[Th(s) > s+ t]
]PS@[Th > 5+ t]
< Py 2 [Th(s) > s+ to + no7]

- ]PS@[Th > S—l—to]

Y]

Pso[Wsit € |7 > s +1] CVh(s)

CVh(s)- (33)

Let us introduce the process X" defined by, for any t > 0,
ho_ Wi

X! =

By It6’s formula, one has for any ¢,

h_ vh tdWs_ W (s) s
xe=xt+ [ 5 / ) o

Denote by (M}?) >0 1= (fo ") ) . By Dubin-Schwartz’s theorem, it is well known that the process

0 h2(s)

M" has the same law as <Wft Ly > . Then, denoting I"(s fo h2 du and, for any s < t and for
>0

any trajectory w,

Elutw) = [0 exp (= [OMOUR ) = WO + [ i 002 = i ) )
(3)

Girsanov’s theorem entails therefore that, for any = € (—h(s), h(s)),

]P)s,ac[Th > s+ tO] = Elh(s)vﬁ |:EZS+tD(W)]].T1>fs+tO Ly :| .
0

w2 T

On the event {13 > fSHO

is almost surely bounded by a constant C' > 0, uniformly in s, so that for any = € (—h(s), h(s)),

s+to 1
h
S’hfs) gs’s+t0(W)]]-Tl>fos+t0 1 d'u.:| < C]P)Q h;vs) |:7'1 >/S h2( )du]

h2(u)

h;ku) du}, and since h and k' are bounded on R, the random variable " ., (W)

E

Since h(t) > h(s) for any t > s (recalling that s € T), I"(s + to) — I"(s) < h(t") Then, by the scaling

2
property of the Brownian motion and by Markov property, for any x € (—h(s), h(s)),

Py 2 [Th(s) > 5+ to] = Po,z[Th(s) > to]

_ to
= Poﬁh(ms) T > —hQ(S):|

to stto
R | T [ g W et 4, [ () / n2(s) }

- stto | to stto g
= Po)h(ms) T1 >‘/S h2—(u)du] P07¢1h’(s+t0)71h(s)(61) |:7'1 > h2( ) —/S h2—(u)du] 5
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where, for any initial distribution p and any t > 0,
dr(p) :=Po Wy € |71 > 1]

In particular, the family (¢¢)i>0 is a semi-flow, i.e. ¢ o ¢s = ¢Py4s for all s,t. Hence, by this property of
semi-flow and using that I"(s + tg) — I"(s) > 74— for any s > 0, the minorization (31) entails that, for all

2
s>0and z € (—1,1),

(b]h'(s-l-to)—lh'(s) (6;E) > cv.

Then, by this minorization and using that h is upper-bounded and lower-bounded positively on R, one
has, for any x € (—1,1),

tO s+to 1 ) tO s+to 1
P0,¢zh<s+to)—zh<s>(6m) {7’1 > 12(s) _/S 12 () du] > cPo, {7’1 > ;Eg{hz(s) _/S h2(u) duH 3

that is to say,

Ps,w[Th(s) > s+ to)

/y s+to 1
> cPy,, [7'1 > inf{ 5 —/ 5 duH .
Poﬁhzﬂs) |:7'1 > fs +to h21(u) du} s>0 | h (S) s h (U)

In other words, we just showed that, for any x € (—h(s), h(s)),

Py :c[Th(s) > s+ to] c to stto 1
’ > —_Po, inf ¢ —— — —d 0. 35
Pooim>sttg —C |7 20220 / 2|~ (35)

Moreover, by Lemma 2 and the scaling property of the Brownian motion, for any x € (—h(s), h(s)),

Ps 2 [Th(s) > 5 +to +n07]
]PS@[Th(S) > s+ to]

= P07P01z[WtOE-\Th(S)>tU] [Th(s) > nO’Y]

> C]P)OJ/h’(S) [Th(s) > nOFY]

=c / V(dy)Phsyy[This) > 107
(-1,1)

> Py, {n > ;ﬂ} > 0. (36)

To sum up, gathering (33), (35) and (36), for any = € (—h(s), h(s)), for any ¢ € [to, to + 107/,

Ps,w[Ws-i-t € mp >s+1t] > C1Vh(s)s

S

. +
where ¢1 := Py, {Tl > }%‘ZJ x &Po,u [Tl > infe>q {h%(s) — [ h%(u)du}} c.

Now, consider s > 0. If s & T, there exists s; € T such that s < s; < s+ ngy. Then, Markov property
entails that, for any = € (—h(s), h(s)),

Ps,w[Ws-i-to-i-nov S '|Th > 5+ tO + 7107] = P51,¢51,3[Ws+t0+n07 S '|Th > s+ tO + nO’Y] 2 Clyh(sl)7

where, for any s < ¢t and p € My ((—h(s), h(s))), ¢t,s(1) := Py u,[Ws € -|7, > t]. This concludes the proof of
(A’1).

Proof of (A’2). Since (W});>¢ is a Brownian motion, note that, for any s < ¢,

sup ]P)Sym[Th > t] = Ps,o[Th > t],
ze(—1,1)

and that, for any a € (0, h(s)),
inf Ps,m[Th > t] = ]IDS@[Th > t].

[_a>a]
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Then, by Markov property, and using that the function s — P o[, > t] is non-decreasing on [0, ¢] (for all

t > 0), then one has for any s < t,

Poalth > t] > Ego[Lrg<sty<rnPro,0lmh > t]] > Psa[t0 < s+ v < m]Pso[mh > t].

hmin

hmax ’

Then, denoting a :=

Pon [0 > 1] = /( AP el > 1
11

([=a, a])Ps h(syyaln > 1]

([—a, a))Po,hpin 10 < v < 73] sup Py o[mn > t].
z€(—h(s),h(s))

> v
> v

This concludes the proof since, using (32), one has v([—a, a]) > 0.

by Lemma 2 and taking s; := inf{u > s: u € T}, one obtains for any s < ¢,

Proof of Lemma 2. This result comes from the scaling property of a Brownian motion: as a matter of fact, for

any 2 € [Amin, Pmax), T € (—2,2) and t > 0, and for any measurable bounded function f,

EO,m[f(Wt”Tz > t] = EO@ |:f (Z X %WZ2ZL2)

Ty >t}

Then, the minorization (31) entails that, for any x € (—1,1),

to

2
max

to (S T1 >
h2
max

-

]zcy.

This inequality actually hold for any time greater than h§° In particular, for any z € [hmin, Amax]), ¢ € (—1,1),

max

]P)07;E [W?z (SIS

to
> > cu.
z

Then, for any z € [a,b], f positive measurable and x € (—z, 2),
Eoo[f (Wi, )2 > to] > cv. (f),

where v.(f) = [, f(z x z)v(dx).

Now, the section is concluded by stating and proving the following result:

Theorem 4. For any s <t,n € N and any v € R,

]IDS+]€’Y,JJ[T}L S t+ k’y < Tq] kjo 0.

In particular, Corollary 2 holds for (Wy)i>o absorbed by h.

Proof. Reminding (34) and by Markov property for the Brownian motion, one obtains that, for any k,n € N, for

any = € R,

h(t + kv)

1
)Eo,m [GXP <_§A?,t,k(w)> Lo s 1h (b y) =T (s4k7) | 5

Poihy,zmh >t + kv = (s + )
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where, for any trajectory w,
As t, k( ) - h/(t + k’y)h(t + k/Y)w?h(t-i-kv)—Ih(s-i-k'y) - h/(S + k/Y)h(S + k/Y)wO
t—s
+ / w%*"(querk’y)fIh'(erk'y)[(hl(u +s+ k’y))z - [h(u +s+ k’y)hl(u +s+ lm)]']du
0

First, since h ~;_,00 g, for any s € [0,7] and n € N,

h(t+ky) g(t)
s—i—kw k—»oo (s)

Then, for the same reasons and using that the function % is bounded on [s + kv, t + kv] for any s < ¢, Lebesgue’s
theorem entails that
"t 4+ ky) — I"(s + k) o 1) = 1(s).
—00

Moreover, since h ~;_ .o, g and b/ ~;_,o, g’, one has the following convergence for any trajectory w:

AL k() — g' (g w]o ) 1o(s) — 9'(5)9(s)wh +/ Wi l(9'(w)* = [g(u)g’ ()] )du.

k—o0

Then, since the random variable exp( Ast (W )) L, S 1 (t4ky)—I7 (s+kv) 1S bounded almost surely, by Le-
besgue’s theorem,
Potivy,a[mh >t + k7] P P, o1y > ],
— 00

which concludes the proof. o
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