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The Siamese twins of the Zeta function zeroes

1.Context.

The mathematical literature is abundant with evidence of favour of the Riemann hypothesis [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF]. One of the most important is the proof by André Weil in the 1940s of an analogue of this hypothesis for curves over a finite field [START_REF] Hindry | La preuve par André Weil de l'hypothèse pour une courbe sur un corps fini[END_REF]. We start here also from an analogy between two sets of mathematical objects, but even closer related, namely that of the sharing of the same equations by two collections of mathematical objects : the zeros of Riemann on one side and a second infinite list of imaginary numbers with peculiar real part on the other. Indeed, we are staging here the Siamese twins of Riemann's zeros. The most convincing echo of Riemann's hypothesis is for us the mere existence of these imitators having constant real value up to infinity. The research in the mathematical literature for some existing designation of these objects was unsuccessful. Wanting to answer to a name by another name, we named them Schaetzel zeros subject to a blatant lack of imagination, being very sorry for that.

2.Objectives.

The first objective of this article is to show that any non-trivial Riemann zero (or Schaetzel zero) is a solution of the set of equations The second objective is then to show that any solution s of one or the other of these families admits no distinct symmetric solution to the real axis 1/2. The Riemann hypothesis is then true.

Note 1 : It is not necessary to get a proof for the second point for the two families of equations and only the first set is investigated. Note 2: Some conditions, little restrictive for your purpose and targets, apply to the function F for the FG1 ∞ (s) or FG2 ∞ (s) sums to be actually null. They will be specified later on.

The second objective is only achieved summarily hereby, although all the steps necessary for the demonstration will be laid out. It is not up to us to decide whether what is said is enough or not.

The hereby method of investigation is simple. We seek the (Schaetzel) Siamese zeros properties and we verify the equivalent for the Riemann zeros. It is so and it will result in numerous illustrations.

3.The zeros of the Riemann Zeta function and of the Dirichlet Eta function.

Let us have thus s = a + i.b, a complex number. Subsequently when necessary, we index a and b by r (for Riemann) or s (for Siamese or Schaetzel). We will also use, whenever necessary, s = s 0 to designate a zero, that is a root of the given equation and s ≠ s 0 to designate a different number than this zero. A point s in the neighbourhood of a zero s 0 is denoted by s ≈ s 0 . When this sign is used, the said neighbourhood is taken small enough so that the stated property applies, without be reduced to s 0 to the right or to the left. Signs may be cumulative. Thus s ≈ s 0 and s ≠ s 0 is a point in the neighbourhood of s 0 different of this point. In addition, for graphics represented versus axis b, we will call b the abscissa (although ordinate would possibly be more appropriate).Thus at a zero, we talk about Riemann abscissa or Schaetzel abscissa. Let us have also Ln(x) the natural logarithm of x.

The Riemann Zeta function is defined for Re(s) > 1 by the series ∞ ζ(s) = ∑ 1

(3) m s m = 1 For Re(s) > 0, it admits an analytic extension based on Dirichlet Eta series η(s).

η(s) = (1-2 1-s ).ζ(s) (4) 
To find of the Riemann Zeta function zeros is therefore essentially to find of the Dirichlet Eta function zeros. The zeros of 1-2 1-s are the previously mentioned zeros, Siamese brothers of Riemann zeros. Hence we have the sets of solutions :

{Dirichlet zeros} ≡ {Riemann zeros} U {Schaetzel zeros} (5)

This being done, we still have to identify the list of common equations. We will however take necessary time for this.

4.Fundamental theorems.

These are general results of the theory of entire functions that we will not prove again here.
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Theorem 1 (principle of isolated zeros)

Let us have f an analytic function in a field U, cancelling in a. Then, or f is identically zero, or there is a disk D of centre a, for which f(s) is non-zero, in any s in D other than a. [6] This theorem is inferred from the principle of the analytic continuation It is also called the principle of isolated zeros.

Theorem 2

The none-constant function f(a,b), represented according the a-axis, with b constant, is not constant on any interval Inverting a and b, the same applies. This is a simple corollary of theorem 1. We express by this that the function is not constant if a varies alone and is not constant if b varies alone. Simultaneous variations allow, of course, by continuity, to find a contradictory path.

This theorem will be used constantly in this article, most of the time without mentioning it.

5.Study at the boundaries of the critical strip.

5.1.Upper boundary of the critical strip.

We are taking of Re(s) = 1.

Theorem 3

ζ(s) admits no zero such as Re(s) = 1.

This is a historic result that we will just set out without rewriting any proof. In 1896, Hadamard and De La Vallée-Poussin independently proved that no zero could lie on the line Re(s) = 1, and therefore that all non-trivial zeros should lie inside the critical strip 0 < Re(s) < 1. This was to be a key result in the first full demonstration of the theorem of prime numbers [5].

The zeros of η (s) are those of ζ (s), but also those of 1-2 1-s . Further digital illustration shows moreover that these solutions are appropriate. The zeros of 1-2 1-s are equal to

s = 1+i.2π.k/Ln(2) ( 6 
)
where k is any relative integer. ζ(s) is not defined at s = 1, the zero corresponding to the value k = 0 should therefore be dismissed. The first zero approximate value thus obtained is bs 1 = 9,0647 and corresponds indeed to :

Hence

bs 1 = 2π/Ln(2) ( 13 
)
The regularity of the other solutions is obvious, what we proved with (3) and we write for other zeros :

bs k = 2π.k/Ln(2) (14) 
We call these imaginary numbers the Schaetzel zeros as announced earlier. They are solutions of η(s) without being solutions of ζ(s) according to theorem 3.

The following formulas are the result of the previous basic arguments :

 k Є Z* ∞ ∑ (-1) m-1 = 0 (15) m 1+i.2π.k/Ln(2) m = 1 or ∞ ∑ (-1) m-1 .cos(2π.k.Ln(m)/Ln(2)) = 0 (16) m m = 1 and p 5/52 ∞ ∑ (-1) m-1 .sin(2π.k.Ln(m)/Ln(2)) = 0 (17) m m = 1
From trigonometric identity cos(x+φ) = cos(x).cos(φ) -sin(x).sin(φ), we draw more generally, for any constant φ argument :

∞ TC ∞ (1,b,φ) = ∑ (-1) m-1 .cos(2π.k.Ln(m)/Ln(2)+φ)/m = 0 (18) m = 1
For k = 0, we refer to the particular case of

∞ Ln(1+x) = ∑ (-1) m-1 .x m /m (19) m = 1 taking x = 1, thus having immediately TC ∞ (1,0) = Ln(2) and TC ∞ (1,b,φ) = cos(φ).Ln(2).

5.2.Lower boundary of the critical strip.

Because of the functional equation ζ(s) = 2 π .π s-1 .sin(π.s/2).Γ(1-s).ζ(1-s) established by Riemann, which the reader will find for example in [START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF], we may expect a certain analogy between the cases Re(s) = 1 and Re(s) = 0, especially for zeros. It is not so, as it is the 1-2 1-s factor which has an impact on zeros at Re(s) = 1 and this term does not vanish for s a pure imaginary. To indicate the positions of the Schaetzel zeros in addition to the Riemann zeros allows to isolate a unique and systematic rising wave between two zeros, hardly visible when zeros are close.

6.First steps among the non-trivial zeros.

6.2.Proximity of zeros.

Considering the imaginary parts only, there is a Riemann zero arbitrary close to a Schaetzel zero.

Argument

The gap between two zeros of Schaetzel is constant (and equal to 2π/ln (2)). It is a well-known fact [5] that the average difference between zeros of Riemann tends towards 2π/ln (b), b being the imaginary value of current zero. This average tends towards 0 when b increases and therefore the smallest gap between zeros of Riemann tends towards 0. For a "random" distribution, one will find imaginary values of the Riemann zeros, in average, closer and closer to a Schaetzel zero.

We will take the time to show that they cannot be the same (uniqueness of a for given b).

7.Synthesis of cosine and sine curves in a single equation.

7.1.Convergence and cancellation.

The cancellation equation ( 15) is written in a single equivalent equation using squares :

∞ ∞ T ∞ (s) = T ∞ (a+i.b) = ( ∑ m -a .(-1) m-1 .cos(b.Ln(m))) 2 + ( ∑ m -a .(-1) m-1 .sin(b.Ln(m))) 2 = 0 (20) m = 1 m = 1
For the first square, one gets so one term in cosine brought to the square and two terms otherwise, which are cos(b.Ln(r).cos(b.Ln(s))) and cos(b.Ln(s).cos(b.Ln(r)). We can therefore sum up by choosing r > s and adding a multiplicative factor of 2.

Using the remarkable identities cos(r-s) = cos(r)cos(s)+sin(r)sin(s) and cos 2 (m)+sin 2 (m) = 1, the truncated development at step n is :

n i n i T n (s) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.(Ln(i)-Ln(j))).if(i=j,1,2) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).if(i=j,1,2) (21) i = 1 j = 1 i = 1 j = 1
This is not exactly a double sum, the second depending of the first one, but we will use regularly this term later on. In the same time, we note that this let us free of problems of summability for double sums.

We will also use the shortcut of writing :

or(1,2) = if(i=j,1,2) (22) 
which means if i = j then take 1, otherwise take 2 Then we have : p 7/52 n i T n (s) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF] (23) i = 1 j = 1 Alternatively, the other unambiguous expression is obtained by isolating the terms for which i = j :

n n i-1 T n (s) = H n (s) + A n (s) = ∑ i -2a + 2 ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)) (24) i = 1 i = 1 j = 1
This last presentation of the formula highlights the special case a = 1/2 and a = 1. Indeed, a = 1/2 is the radius of convergence of H ∞ (s), which is the harmonic series when a = 1/2. To pass from H ∞ (s)' convergence to H ∞ (s)' divergence certainly has a particular impact on the whole of the term T n (s). For a = 1, H ∞ (s) converges, but the harmonic series is present to some extent in the second term by the (i.j) -a term when choosing i = 1 and j = 2, 3, 4..., that is 1/2, 1/3, 1/4, 1/5... by failing to see the other fractions. However, the possibility of a particular impact is more questionable. Amazingly, even if the harmonic series is here much better hidden when a = 1 than when a = 1/2, in fact, we fully know the zeros of T ∞ (s) in the first case (Schaetzel zeros), while the second case remains the subject of speculations at this point (Riemann zeros).

We represent graphically, for three different values of the pair (a,b), the evolution of the term T n (s) when n increases. In the sample, we are located near the first (non-trivial) zero of the Eta function.

Evolution of the truncated sum as a function of n Evolution of the truncated sum as a function of n

The first series of curves stopping at n = 150 allows to see figures of interference resulting from the trigonometric functions present in T n (s). The second series stopping at n = 1500 shows the same thing but detail is no more perceived with this backwards step.

We observe two types of behaviours on curves :

In the case of a curve taken at (a,b) corresponding to a zero (here a = 0.5 and b ≈ 14.134725141), the curve representing T n (s) becomes smooth (without any interference pattern).

For the case of a curve (a,b) not corresponding to a zero, the curve fluctuates and form bellies and knots of interference. Then, we can consider two situations :

The first situation is that interferences occur to infinity without depreciate completely and in this case the T ∞ (a,b) expression would oscillate indefinitely. There would be no convergence towards a constant number, so there would be no convergence towards zero either. This loophole would obviously confirm the Riemann guess.

The second situation is a progressive damping (even if clearly very slowly) of oscillations and convergence towards a given constant value. In this case, the tangent of T n (a,b) tends towards 0 when n → +∞. Even if it then no longer allows to conclude immediately to what concerns us here (that the Riemann hypothesis is true), this is certainly the usual situation since the general term of the series converges.

It is worth noting that these descriptive aspects do not interfere in the upcoming demonstrations.

We have charted the evolution of T n=1500 (a, b) in the critical strip for b < 100 and a number of values a (with the same colour code as above, also systematically used afterwards), as follows :

One Zero One Zero p 8/52
As T ∞ (a, b) is a square, the whole set presents above the y = 0 axis, the axis being reached for the Riemann zeros (for a = 1/2 in the studied area) and for the Schaetzel zeros (for a = 1).

The overall look is given by the two examples below :

Schaetzel zero Riemann zero

Curves order decreasing with a Curves order reversing at a = 1/2 (along vertical)

Let us see the case, however, when zeros are relatively close, which requires a zoom in the neighbourhood of the zeros.

This highlights the reversal of the two configurations (Riemann zero and Schaetzel zero). The inversion at a = 1/2 for the Riemann zeros is a simple scaling of what occurs in the same way for the Schaetzel zeros at a = 1. The fact is that things are not as simple as that as we will see later on. Note: The graphics are based on approximate calculations that explain sometimes less stringent alignments (last chart).

p 9/52 7.2.Successive derivations.

One can derivate T ∞ (s) with respect to the parameters a or b several times since the function is holomorphic (at a ≠ 1). One yields :

∞ i C ∞ (m,n,s) = ∑ ∑ (i.j) -a .(-1) i+j .(Ln(i.j)) m .(Ln(i/j)) 2n .cos(b.Ln(i/j)).or(1,2) (25) i = 1 j = 1 and ∞ i S ∞ (m,n,s) = ∑ ∑ (i.j) -a .(-1) i+j .(Ln(i.j)) m .(Ln(i/j)) 2n+1 .sin(b.Ln(i/j)).or(1,2) (26) i = 1 j = 1
When one derives versus a, a new factor in Ln(i.j) appears and therefore any full power in m exists. On the other hand, when one derives versus b, one get a new factor in Ln(i/j) at the same time as cosine becomes sine and vice versa, whence exponents 2n and 2n+1 above. Of course, without recourse to the derivation, we can add a factor even or odd in Ln(i/j) respectively in front of sine or cosine. This then gives half n values in C ∞ (m,n,s) et S ∞ (m,n,s).

7.3.Walk upon a.

Let us move stay then to a T ∞ (s) zero (s 0 = a+i.b) and step out an epsilon versus a from this position. We have :

∞ i T ∞ (s) = ∑ ∑ (i.j) -a-ε .(-1) i+j .cos(b.Ln(i/j)).or(1,2) (27) i = 1 j = 1
As ε is small, we have (i.j) -ε = e -ε.Ln(i.j) = 1-ε.Ln(i.j)+ε².ln²(i.j)/2+0(ε²)

Let us replace in the previous equation. It follows :

∞ i ∞ i T ∞ (s) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2) -ε. ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2).Ln(i.j) + 0(ε) (28) i = 1 j = 1 i = 1 j = 1
The first double sum is zero since we located at a zero. We extracted ε from the second double sum since that term is the same for all elements of this sum. The terms in ε², ε 3 … are negligible compared to ε. By construction (sum of two squares), the term T ∞ (s) is positive. Developing up to second order, it comes [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].Ln(i.j) +ε². ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].ln²(i.j)/2 + 0(ε²) (29) i = 1 j = 1 i = 1 j = 1

∞ i ∞ i T ∞ (s) = -ε. ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or
We necessarily have, for the first double sum of the previous equation, a value equal to 0, otherwise we would have reversal of sign of T ∞ (s), for ε an infinitesimal, when ε changes sign (which is impossible since T ∞ (s) is positive by construction). Moreover, the second double sum must be positive or zero for the same reason. The second term is the curvature of the curve T ∞ (s) at a zero. It is necessarily non-null at the immediate neighbourhood of that zero (isolated zero theorem) and so the so-called double sum is non-null.

Hence the two theorems :

Theorem 4

Let us have (a,b) corresponding to a Riemann or Schaetzel zero s 0 , then :

∞ i C ∞ (1,0,s = s 0 ) = ∑ ∑ (i.j) -a .(-1) i+j .Ln(i.j).cos(b.Ln(i/j)).or(1,2) = 0 (30) i = 1 j = 1
The converse is false, since C ∞ (1,0,s) also cancels with each crossing from a Riemann zero to a Schaetzel zero and each crossing from a Schaetzel zero to a Riemann zero (see third graph below). p 10/52 Theorem 5

In the immediate neighbourhood of a Riemann or Schaetzel zero (a, b), we have (including for s = s 0 ) : ∞ i C ∞ (2,0,s ≈ s 0 ) = ∑ ∑ (i.j) -a .(-1) i+j .(Ln(i.j)) 2 .cos(b.Ln(i/j)).or(1,2) > 0 (31) i = 1 j = 1

The curves below give the look of truncated C 1500 (1,0,s) and C 1500 (2,0,s) functions.

Formula (30) illustration

Curves order reversed at a = 1/2 Formula (30) illustration Curves order reversed at a = 1/2

(the curve for a = 1/2 does not join the y = 0 axis on the chart due to numerical approximations)
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The last two graphs illustrate well theorem 5. The C ∞ (2,0,s ≈ s 0 ) expression is positive for a = 1/2 near Riemann abscissas and is positive for a = 1 near Schaetzel abscissas.

We give, in appendix 2, the approximate numeric values of C ∞ (2,0,s) for the first 500 Riemann zeros and the first 500 Schaetzel zeroes. The graphs below show in addition a few thousand of them. These numeric data are certainly not very accurate. What we have to retain here is that, from one zero to another, the values of C ∞ (2,0,s) vary quite much. However, by grouping the results by samples of 50, the average values vary, with a multiplicative factor, as the reverse of the average gaps between zeros of each type. Everything happens as if the mean curvature increases linearly with the lack of space. In addition, the curves' curvatures at the Schaetzel abscissas express somehow their indifference to the Riemann zeros environment, since approximately constant like the gap between Schaetzel zeros (this constant is close to half of the gap between two such zeros, that is π/Ln(2)). More numerous are the Riemann zeros, their relative amount gradually tending towards infinity in between Schaetzel zeros. It is therefore somewhat unrealistic and unnecessary to check the indifference of the curvature at Riemann abscissas towards Schaetzel zeros. We note simply that the values of the curvatures is inverse of the logarithm of br, the imaginary value of Riemann zeros, which can be compared to the gaps between the so-called zeroes.

In the previous graph relating the Schaetzel zeros of (first chart), the lower values correspond certainly to numeric errors caused by sums' truncation.
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We can also compare the evolution of br or bs, imaginary values of one or the other type's zero, compared with r.∑1/C ∞ (2,0,s) by adjusting with a multiplicative coefficient r.

The graphics are shown from the first 1000 zeros.

Only the values near the origin do not fit. The coordinates are logarithmic to better view that. In linear coordinates, the red and blue curves would different little.

Theorem 6

The function C ∞ (1,0,s) below is strictly positive in the immediate neighbourhood of a Riemann or Schaetzel zero (it is null at this zero according to theorem 4).

∞ i C ∞ (1,0,s ≈ s 0 et s ≠ s 0 ) = ∑ ∑ (i.j) -a .(-1) i+j .Ln(i.j).cos(b.Ln(i/j)).or(1,2) > 0 (32) i = 1 j = 1 Proof
We have T ∞ (s) = 0 at a zero and T ∞ (s) > 0 (strictly) in the immediate neighbourhood of a zero by construction. The derivative of T ∞ (s), with respect to the variable a, is C ∞ (1,0,s). We have, according to the relation (29), in the immediate neighbourhood of a zero T ∞ (s) = -ε.C ∞ (1,0,s)+0(ε)

where ε changes sign at the crossing of the said zero (referring to the earlier construction of this expression). In the immediate neighbourhood of a zero, C ∞ (1,0,s) is therefore of same sign before and after the said zero. As C ∞ (1,0,s) is holomorphic (and thus continuous and differentiable), after verification of the sign with one zero, the other neighbourhoods of zeros bearing same sign by the same relation, we conclude that C ∞ (1,0,s) is positive in the neighbourhood of a zero and null at this zero.

Let us place then on C ∞ (1,0,s) which is extremum in a zero. Its derivative, versus b, is thus null at this zero. Let us write this derivative ∞ i -S ∞ (1,0,s) = -∑ ∑ (i.j) -a .(-1) i+j .Ln(i.j).Ln(i/j).sin(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF] (33) i = 1 j = 1 Hence the theorem :

Theorem 7

Upon a Riemann or Schaetzel zero, we have :

∞ i S ∞ (1,0,s = s 0 ) = ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or(1,2).((Ln(i)) 2 -(Ln(j)) 2 ) = 0 (34) i = 1 j = 1
The converse is false, since S ∞ (1,0,s) cancels also for the maxima of T ∞ (s) giving at least an intruder among two. We illustrate these results below. p 13/52

We note effectively the intersections with the horizontal y = 0 axis to the Riemann abscissas for a = 1/2 and Schaetzel abscissas for a = 1.

7.4.Walk upon b.

Let us move again, at a non-trivial Riemann zero (s 0 = a+i.b) and step out an epsilon versus b of this position. We have : ∞ i T ∞ (s) = ∑ ∑ (i.j) -a .(-1) i+j .cos((b+ε).(Ln(i/j))).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF] (35) i = 1 j = 1

Using trigonometric identity, we get : cos((b+ε).Ln(i/j)) = cos(b.Ln(i/j)).cos(ε.Ln(i/j))-sin(b.Ln(i/j)).sin(ε.Ln(i/j))

As ε is an infinitesimal, we have : cos((b+ε).Ln(i/j)) = cos(b.Ln(i/j)).(1-(ε.Ln(i/j))²/2)-sin(b.Ln(i/j)).(ε.Ln(i/j)) + 0(ε²) = cos(b.Ln(i/j))-ε.Ln(i/j).sin(b.Ln(i/j))-(1/2).ε².(Ln(i/j))².cos(b.Ln(i/j)) + 0(ε²)

Replace in equation ( 35), it follows : p 14/52 ∞ i ∞ i T ∞ (s) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2) -ε. ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].Ln(i/j) + 0(ε) (37) i = 1 j = 1 i = 1 j = 1

By the same argument on the positivity of T ∞ (s), with the first term of the equation right member being null, it immediately induces the theorem :

Theorem 8

Let us have (a,b) corresponding to a Riemann or Schaetzel zero, then :

∞ i S ∞ (0,0,s) = ∑ ∑ (i.j) -a .(-1) i+j .Ln(i/j).sin(b.Ln(i/j)).or(1,2) = 0 (38) i = 1 j = 1

The converse is false since the function S ∞ (0,0,s) cancels also for the T ∞ (s) maxima causing the appearance of an intruder every two cases (at least). The curves below give the look of truncated functions.

Formula (38) illustration

Order of curves reversed at a = 1/2 p 15/52 Formula (38) illustration Order of curves reversed at a = 1/2 Formula (38) illustration Order of curves reversed at a = 1/2

Theorem 9

The C ∞ (0,1/2,s) function is negative (or null) in the immediate neighbourhood of a Riemann or Schaetzel zero (as well as at this zero).

∞ i C ∞ (0,1/2,s ≈ s 0 ) = ∑ ∑ (i.j) -a .(-1) i+j .(Ln(i/j)) 2 .cos(b.Ln(i/j)).or(1,2) ≤ 0 (39) i = 1 j = 1 Proof Using the relation (36), we get in the neighbourhood of a zero

T ∞ (s) = C ∞ (0,0,s 0 )-ε.S ∞ (0,0,s 0 )-ε 2 .C ∞ (0,1/2,s 0 )+0(ε 2 ) (40)
As T ∞ (s) is a square, the first two terms C ∞ (0,0,s 0 ) and S ∞ (0,0,s 0 ) being null (by construction for the first term, by theorem 8 for the second term), the third term C ∞ (0,1/2,s 0 ) is necessarily of negative sign, possibly zero, because of the ε 2 square. Equality is certainly strict but this point is not proven here.

8.Global order of curves.

This paragraph has nothing essential but allows understanding the evolutions of the curves. For the moment, we interested in curves near the zeros (Riemann or Schaetzel). We now focus on the evolution of these away from these positions.

8.1.Order of T ∞ (s) curves.

Specifically, we seek to assess the order of the curves T ∞ (s) on all of the critical strip, and beyond to be complete, remaining at constant b = b 0 .

He had previously p 16/52 ∞ i T ∞ (s = a+i.b) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF] (41) i = 1 j = 1 Consider two coordinates (a 1 ,b 0 ) and (a 2 ,b 0 ). The ratio of the general terms (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2) of (41), is equal to (i.j) -(a1-a2) , which is thus independent of b. This multiplicative function, independent of b, acts exponentially on each of the terms in the evolution of T ∞ (s) with a. T ∞ (s) is a holomorphic function. Thus It is infinitely differentiable versus variable a or b (or s). Its derivative with respect to a, which is -S ∞ (0,0,s), is null at a zero as we have demonstrated at theorem 8. Moving away from a zero, the slope becomes steeper and that in an exponential manner. The zero acts as a centre of a "homothety", in the geometric sense, this homothety being of a particular type (exponential and not linear). The term "homothety" reflects the involved phenomenon. It is an illustration and should not be taken in its flat literal sense. At a zero, by continuity, there is necessarily a range on which the order of curves is that of a (which reverses at the said point) with an exponential evolution. The evolution along the abscissa axis above a zero is necessarily alike this origin except some perturbations. We call these perturbations the effects.

The graphs below illustrate this introduction.

8.1.1.Far away zeros. Separated effects.

We first investigate the first ten Riemann zeros and the first ten of Schaetzel zeros.

Schaetzel abscissas

We note that the curves on both sides of a = 1 are in the same order. This is because C ∞ (2,0,s) is the same when approaching from the right or left of a = 1 and the ratio is then held by homothety. However, this similarity is not eternal. Thus, the curves of zero n°2 and zero n°6 do switch in the range of graphics.

The curves on the left tend to infinity. Curves on right tend underneath towards 1 asymptotically.

Drawing the ratios T ∞ (s = a+i.bs) / T ∞ (s = a+i.bsref), where bsref is a chosen reference for bs (here the first zero, then the eighth zero, we get the following paces :
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The peak, somewhat more on left that slightly distinguishes the curve corresponding to zero n°8 from the other zeros on the first chart, comes from the proximity with the 18 th Riemann zero. When this zero is taken in reference, the other curves more or less have their maxima in the same region (with a shift to the right in this case).

Riemann abscissas

The look is similar to the Schaetzel zeros curves with both sides' order more or less respected at remote distance than previously.

The curves on the left tend to infinity. Curves right tend towards 1 asymptotically downwards or upwards.

The look is similar to curves for Schaetzel zeros with both sides' order, less respected at remote distance as previously.

p 18/52 Here, it is zero n°6 that offsets the maxima of curves to the right. It is close (relatively) of the 4 th Schaetzel zero. The ratios at abscissas near a = 0.5 and a = 1 are obtained by unrefined smoothing.

Intermediary abscissas between Riemann and Schaetzel zeros

In this case, we have two centres of homothety. The result is an additive effect on the look of the curves and the distortion may result in two minima de T ∞ (s) between these two zeros (curve in red here). The abscissas between the Riemann zero n°18 (br ≈ 72,0671576744819) and the Schaetzel zero n°8 (bs ≈ 72,5177622692351) perfectly illustrates this point.

Intermediate summary

The first ten examples at Riemann and Schaetzel abscissas show curves with similar looks with the expected minimum at a = 0.5 for the first of them and a = 1 for the latter. We call these "potential well" the attractive effect of zeros.

Nearby zeros. Conjugated effects.

We observe that, when two abscissas of distinct type are close, the two effects combine. The median curve at b = 72,208 shows this at best. This combination of effects exists at any abscissa, intermediate or not. It is only a matter of degree of intensity. The examples below are eloquent.

The first example shows the evolution of effects for a range of values of b between br ≈ 163,030709687 and bs ≈ 163,164965105779. The combined effect is more pronounced here above a = 1 than above a = 0,5. For the second example, the Riemann abscissas br ≈ 716,112396454 and Schaetzel abscissa bs ≈ 716,112902408697 are so close that curves are not distinct at the drawing's scale. Magnification at a = 0.5 and a = 1 would however show the expected order at these abscissas near the y = 0 axis. Under the conditions of the numeric application, the curve corresponding to bs ≈ 716,112902408697 is located under the curve corresponding to br ≈ 716,112396454 everywhere on the range [0.10], except a small interval around a = 0.5 (see underneath data, remembering approximations due to truncations used for compilations). 

General summary

We complete the previous remarks.

The look of T ∞ (s) curves, function of a, is characterized by effects of two kinds :

-the effects related to the poles of the equation, that we can also appoint asymptotic effects, -the effects related to the zeros of the equation, also called zero attractive effect.

The effects are all the more accentuated that actors are close (all zeros and poles interact). The effects are locally exponential (from the fact that a is an exponent) so that trends, once begun, are strong.

The result of this is, following a from -∞ to +∞ : -a brutal decrease from infinity before abscissa ar = 0.5 (assuming the Riemann hypothesis) -a potential well around this abscissa ar, if one has s = ar+i.b with b sufficiently close to a br (imaginary value of a Riemann zero), the axis y = 0 being reached if s = sr = a+i.br where br is one zero Riemann, -a potential well around as = 1, if s = 1+i.b with b sufficiently close to a bs = 2k.π/Ln(2) (a Schaetzel zero imaginary value), axis y = 0 being reached in case of equality -a growth towards y-ordinate 1, possibly exceeded to return back to this axis if the last centre of homothety is strong enough to cause this temporary overflow, -an asymptotic branch y = 1, quickly reached with great precision.

The purpose of all these numerical research is to find the worst scenarios within the a and b choices. The range of values b ≈ 716,112 to 716,113 turns out be such a case and deserves to be examined closely later on.

8.2.Order of curves C ∞ (1,0,s).

We proceed as previously.

The look of the curves is familiar after the previous paragraph.
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Schaetzel abscissas Riemann abscissas

As C ∞ (1,0,s) is not a square as was T ∞ (s), the curves cross the y = 0 axis at a = 0.5 and a = 1 at the zeros abscissas.

p 21/52 8.3.Order of curves C ∞ (2,0,s).

The series is the following ∞ i C ∞ (2,0,s) = ∑ ∑ (i.j) -a .(-1) i+j .or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(i/j)).(Ln(i.j)) 2 > 0 (42) i = 1 j = 1

Schaetzel abscissas

The curves do not through the same point, the multiplicative ratio presented above has no more meaning here.

Riemann abscissas

Now, curves do no more cross axis y = 0 together. Is there another equation extending, beyond the first derivative, such a clustering ?

9.The wall-through

This paragraph prevails over everything else (besides the Riemann hypothesis).

9.1.Remarkable infinite sums.

Let us note first that when the cosine is involved in our infinite sums, we have Ln(i.j) = ln (i)+Ln(j) factor, and that when the sinus occurs, we have Ln(i/j) = ln (i)-Ln(j) factor.

Let us summarize some of our results using the previous specified logarithm development. Let us have (a,b) a Riemann or Schaetzel zero. The referee equation for these zeros is p 22/52 ∞ i ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].(Ln(i)) 0 +(Ln(j)) 0 ) = 0 i = 1 j = 1 and we have trivially ∞ i ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].(Ln(i)) 0 -(Ln(j)) 0 ) = 0 i = 1 j = 1

From theorem 4 ∞ i ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].(Ln(i)) 1 +(Ln(j)) 1 ) = 0 i = 1 j = 1

From theorem 8 ∞ i ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].(

Ln(i)) 1 -(Ln(j)) 1 ) = 0 i = 1 j = 1 From theorem 7 ∞ i ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or(1,2).(Ln(i)) 2 -(Ln(j)) 2 ) = 0 (43) i = 1 j = 1
We propose to succeed : ∞ i ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2).((Ln(i)) 2 +(Ln(j)) 2 ) = 0 (44) i = 1 j = 1

We isolate this relation by circumstantial necessity. Indeed, it appears not as a natural derivative as its sister formula of theorem 7.

Let us first illustrate these two sisters functions noted respectively LS ∞ (2,s) and LC ∞ (2,s).

As hoped, intersections at Riemann and Schaetzel abscissas take place on y = 0 axis for a = 1/2 and a = 1 respectively. It is worth noting however that these are not extrema at these points.

p 23/52 Again, the intersections at Riemann and Schaetzel abscissas take place on y = 0 axis without another remarkable fact.

We take interest below specifically to the values a = 1/2 and a = 1 by placing the two curves LC ∞ (2,s) and LS ∞ (2,s) on the same graphics. These views are reminiscent of the graphs on page (4).
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The intersection with the y = 0 axis take place at the Riemann abscissas for the two curves without so at Schaetzel abscissas.

The intersection with the y = 0 axis take place at the Schaetzel abscissas for the two curves without so at Riemann abscissas.

Let us go back to the relation (44) and to ∞ i C ∞ (2,0,s) = ∑ ∑ (i.j) -a .(-1) i+j .or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(i/j)).(Ln(i)+Ln(j)) 2 (45

) i = 1 j = 1
This expression is reminiscent of C ∞ (0,1/2,s) that can be found in (39) which was negative (or null) for of Riemann or Schaetzel zeros.

∞ i C ∞ (0,1/2,s) = ∑ ∑ (i.j) -a .(-1) i+j .or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(i/j)).(Ln(i)-Ln(j)) 2 (46) i = 1 j = 1 Then let us start from expression p 25/52 ∞ ∞ LN2 ∞ (s) = ( ∑ m -a .(-1) m-1 .cos(b.Ln(m)).Ln(m)) 2 + ( ∑ m -a .(-1) m-1 .sin(b.Ln(m)).Ln(m)) 2 (47) m = 1 m = 1

As the sum of two squares, it is necessarily positive or null. Developing and grouping the terms as we did in (21), we get :

∞ i LN2 ∞ (s) = ∑
∑ (i.j) -a .(-1) i+j .or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(i/j)).Ln(i).Ln(j) ≥ 0 (48) i = 1 j = 1 But (Ln(i.j)) 2 = Ln(i) 2 +2Ln(i).Ln(j)+Ln(j) 2 and (Ln(i/j)) 2 = Ln(i) 2 -2Ln(i).Ln(j)+Ln(j) 2 . Thus ∞ i C ∞ (2,0,s) = 2.LN2 ∞ (s) + ∑ ∑ (i.j) -a .(-1) i+j .or [START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(i/j)).((Ln(i)

) 2 +(Ln(j)) 2 ) (49) i = 1 j = 1 Let us write ∞ i LC ∞ (2,s) = ∑ ∑ (i.j) -a .(-1) i+j .or(1,2).cos(b.Ln(i/j)).((Ln(i)) 2 +((Ln(j)) 2 ) (50) i = 1 j = 1 We then have to summarize C ∞ (2,0,s) = 2.LN2 ∞ (s)+LC ∞ (2,s) (51) -C ∞ (0,1/2,s) = 2.LN2 ∞ (s)-LC ∞ (2,s) (52) 
LN ∞ (2,s) is a square by construction and the positive or negative walks of LC2 ∞ (s) do not interfere with the positivity of C ∞ (2,0,s) or -C ∞ (0,1/2,s) at Riemann or Schaetzel zeros.

Schaetzel abscissas

The chart below is a summary of the evolution of LC ∞ (2,s) as a function of parameter a in the critical strip and beyond a = 1 (only really useful point here). The second chart is a simple zoom along the y axis of the first chart aimed particularly at the area around a = 1.

We observe that the function LC ∞ (2,s) decreases in any interval a = 0 to 1,25 represented here and crosses the y = 0 axis at abscissa a = 1 as announced. Our argument for the Riemann zeros is similar in all respects to that above.

Riemann abscissas

The chart below is a summary of the evolution of LC ∞ (2,s = a+i.b) as a function of a, around a = 1/2 (only really useful point here) for different b values corresponding to the imaginary values of the Riemann and Schaetzel zeros. Again, the second chart is a simple zoom along the y axis of the first chart going beyond a = 1/2.

As previously, numerical applications show that the function crosses through the y = 0 axis at the Riemann abscissas, here for a = 1/2. It decreases in the interval [0, 1/2], continues to decrease beyond, but increases then again.

p 26/52 9.2.The wall-through equations.

It now time to find equations as general as possible with Riemann and Schaetzel zeros as common solutions. One thinks immediately to the L functions (of all types) and in particular those associated with Dirichlet characters. We did not take this axis of research preferring a more simple way which provides us with a range of functions with much smaller requirements.

To start with, we make only some observations based on numerical examples, the theoretical part being postponed somewhat further. Thus we will first affirm theorems that will be demonstrated within the general case later on.

According to our investigations, there are at least two types of general equations.

9.2.1.The first type of general equations.

First generalisation

Let us come back then to our series of expressions. It is natural, the reader will agree, to generalize the relations to the powers 3, 4, etc. and then to intermediate powers.

Thus let us write :

∞ i LC ∞ (r,s) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)).or(1,2).((Ln(i)) r +(Ln(j)) r ) (53

) i = 1 j = 1 ∞ i LS ∞ (r,s) = ∑ ∑ (i.j) -a .(-1) i+j .sin(b.Ln(i/j)).or(1,2).((Ln(i)) r -(Ln(j)) r ) (54) i = 1 j = 1 ∞ i LM ∞ (r,s,φ,θ) = ∑ ∑ (i.j) -a .(-1) i+j .cos(b.Ln(i/j)+φ).or(1,2).((Ln(i)) r +θ.(Ln(j)) r ) (55) i = 1 j = 1
The function LC ∞ (r,s) converges for r = 0 and r = 1 when s = a+i.b is in the critical strip. As, for all r and for all ε > 0, Ln r (x)/x ε → 0 + when x → +∞, we have still the convergence of LC ∞ (r,s) for all r in the critical strip (having removed ln r (1) which as a null contribution). The same holds for LS ∞ (r,s). other articles, term that we have reused here. This was involving Diophantine equations with asymptotic branches where logarithms 'crossed' the integral symbol. In the same way here, the logarithms cross twice somehow the (double) sum sign. However, his wall-through is quite different as it applies not only to logarithms as we will see later on.

Theorem 12

For all real numbers -π/2 ≤ φ ≤ 0 (enabling crossing from cosine to sine) and 0 ≤ r, there exists θ such as :

LM ∞ (r,s,φ,θ) = 0 (58)

Being an intermediate equation between the previous two, by virtue of the continuity of functions, this relation is obvious and there is therefore nothing to prove more than the theorems (10) et (11). The study of variations of θ versus r and φ deserves certainly a longer look. However, numerical applications show a rather difficult to understand behaviour.

We see with some astonishment the possibility of excursion of θ outside the interval [-1,1] (here for Schaetzel zero n°2), even if it is unusual. The order of the curves seems to be respected in the case of Schaetzel zeros (curve above the other for lower r and vice versa). Order seems also respected for Riemann zeros but with a round-trip (analogue to round-trips evoked to solve the Riemann hypothesis). The highest curve change from one zero to another (r ≈ 0 for zero n ° 1, r ≈ 1 for zero n ° 2, r ≈ 2 for zero n ° 18).
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It is to be noted that the connection at (φ,θ) = (0,1) is inaccurate, when r is large (here r = 10). This follows again from the truncation of the functions.

Rewriting with complex numbers

Let us bring together the equations by writing L ∞ (r,s) = LC ∞ (r,s)+i.LS ∞ (r,s) (

Using the imaginary number i, we switch the indices i and j in the double sums for m and n. We get : Let us note besides that the result remains true for negative r.

Generalization

The substitution Ln r (x) → F(x) give a more general turn to the previous equation. We have then : We distinguished the case n = r, but it is easy to reintroduce the term into the sum, so that : The second sum is precisely the Dirichlet Eta function, which cancels at the Riemann and Schaetzel zeros. One can then expect the same for FG1 ∞ (s). However, it is necessary here to consider the respective evolutions of the first and second p 29/52 sums when r and n grow towards infinity. Our product was written somewhat rapidly without taking account of any relationship between r and n when we develop the initial double sum FG1 ∞ (s). It is better to write here :

∞ m FG1 ∞ (s) = ∑ ∑ (m.n) -a .(-1) m+n .or(1,2).((m/n) i.b .F(m)+(m/n) -i..b .F(n)) (62) 
r r FG1 ∞ (s) = lim 2 ∑ (-1) m .(1/m) a-ib .F(m). ∑ (-1) n .(1/n) a+i.b (64) r → ∞ m = 1 n = 1
Thus FG1 ∞ (s) will cancel at the Eta function zeros if and only if the first sum does not diverge too fast while the second sum converge. The divergence effect due to the first sum is instantaneous when F(x) get too large as F(x) is factor of an exponential term (that is (1/m) a-ib ). Hence the product FG1 ∞ (s) either cancels, either diverges. Thus, when we chose to say FG1 ∞ (s) cancels if FG1 ∞ (s) converges, we get free of an explicit determination of F(x) to effectively realize this annulation.

We can nevertheless try to get such a determination. For that, let us consider the dominant terms of each of the sums and let us ignore the factors without effect on the module, here r ib and its opposite. This simplification gives however a speculative turn to what follows. We then have to compare ∑ (-1) n .(1/n) a .F(n) and ∑ (-1) n .(1/n) a . Thus, the divergence of the first sum will be faster than the convergence du second as soon as F(x) ≥ x 2a asymptotically.

In particular, all the terms like F(x) = Ln r (x) will be illegible for convergence (and annulation) of the product.

Splitting of real and imaginary parts

Using cos(x) = (exp(i.x)+(exp(-i.x))/2 and sin(x) = (exp(i.x)-(exp(-i.x))/2, we get the corresponding real and imaginary parts : 

∞ m FC1 ∞ (s) = ∑ ∑ (m.n) -a .( - 

Illustration of LC ∞ (r,s) and LS ∞ (r,s)

We give below a sample of the variations of LC ∞ (r,s) and LS ∞ (r,s) as a function of a when this parameter varies in the interval [0,2] for r values between 0.5 and 5 and for different b values corresponding to Riemann and Schaetzel zeros imaginary values (thus the terminology 'Riemann or Schaetzel abscissas' and 'zeros n°').
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We can observe behaviour on the same pattern but with significant variations from one case to another. It seems difficult to give an a priori estimate of LC ∞ (r,s) apart from those of Riemann or Schaetzel abscissas. As graphics from truncated functions, the reader will not be surprised of vagueness at the intersection with the x-axis. We note the attraction of the centre of homothety at a = 0.5 for the curve corresponding to the Schaetzel zero n°8 which is somewhat bullied by the pole a = -∞, with more pronounced effect as r increases. Strangely enough here, the sine curves have differences between them much more marked than previous cosine curves, even remotely. This feature is certainly not a generality.

To finish with, let us have a look on curves for very marked conjugated effects. Note that this type of curves' look is not uncommon. It is even a general pattern around a Schaetzel zero of high number (anticipating later remarks).
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The curves are identical to a small shift in a. At the Riemann abscissa, the curves intersect (badly) before a = 1 and the Schaetzel abscissa, the curves intersect (badly) beyond 0.5. It is easier to have a good accuracy of graphics, despite truncations, near a = 1 than near a = 0.5 (problem of parallax versus verticals with step Δa = 0.02).

p 35/52 With hindsight, sine curves appear symmetrical to cosine curves versus the x-axis. This symmetry is only a semblance of symmetry. The curves obtained by summing cosine and sine still give curves similar to the previous ones, just being an example of an intermediate curve LM ∞ (r,s,φ,θ) that we summit underneath after the three examples of illustrations.

Illustration of FC1 ∞ (s) and FS1 ∞ (s)

We give underneath a sample of the variations of FC1 ∞ (s) and FS1 ∞ (s), function of a, when this parameter varies in interval [0,2]. We will prove later on that this function admits effectively the Riemann and Schaetzel zeros and remarkable proprieties that are easy to verify. We called it the basic equation as it is common to the two types of equations that we have identified.

If, instead of the preceding substitutions, we had chosen to do F(m) → m a-i.b .F(n) and F(n) → n a-i.b .F(m), we would have the general functions of the type : The proof is the same as that used for FG1 ∞ (s). The terms collected for F(r), r an integer given in advance, when we develop the expression FG2 ∞ (s) are :

∞ 2.(-1) r .F(r).∑ (-1) n .(1/n) a+i.b n = 1
Gathering all terms, we get then :

r r FG2 ∞ (s) = lim 2 ∑ (-1) m .F(m). ∑ (-1) n .(1/n) a+i.b (71) r → ∞ m = 1 n = 1
Again FG1 ∞ (s) cancels for the Eta function zeros if and only if the first sum does not diverge to fast while the second sum converge. The product FG2 ∞ (s) either cancels or diverge. Let us consider then the dominant terms of each of the two sums omitting factors with no effect on the module, that is n -i.b . This is the same as comparing ∑ (-1) n .F(n) and ∑ (-1) n .(1/n) a . Thus, the divergence of the first sum will be superior to the convergence of the second sum as soon as F(x) ≥ x a asymptotically.

Note : If we had chosen the substitutions F(m) → m a-i.b .F(m) and F(n) → n a-i.b .F(n), we would not achieve our goal much further. The formal independence (m and n are obviously linked and it means only independence in a symbolic way) of variables is essential for these artificial assemblies.

Splitting of real and imaginary parts

Splitting real and imaginary part, we get the two expressions : Then we consider the truncated functions for the first and second of these expressions that we note here FTPC m (s) and FTPS m (s). These two relations cancel regularly in a trivial way for m = 2k and n = m, and this even if a ≠ 0,5 and ≠ 1 for all b (thus giving no particular information on b).

∞ m FC2 ∞ (s) = ∑ ∑ (-1) m+n .or(1,2).(F(n).cos(b.Ln(m))/m a +F(m).cos(b.Ln(n))/n a ) (72) m = 1 n = 1 et ∞ m FS2 ∞ (s) = ∑ ∑ ( - 

Proof :

Let us consider the truncations at m = 2k-1 and at m = 2k, meaning here the internal sums (of the double sum) of n = 1 to m for m = 2k-1, respectively m = 2k (k ≥ 1). It suffices to sum up the expressions coef = (-1) m+n .or(1,2) = (-1) m+n .if(m=n, 1, 2) before cos(b.Ln(n))/n a , respectively sin(b.Ln(n))/n a , for some value n given in advance. Let us thus have such n. One has necessarily n ≤ 2k. If 1 ≤ n ≤ 2k-2, there is a unique increment with value n in the truncation 2k-1 and a unique one in the truncation 2k, the values of coef being equal to 2.(-1) 2k-1+n and 2.(-1) 2k+n will annihilate. If n = 2k-1, there are 2k-2 coef of value 2.(-1) 2k-1+r with alternated signs with cancel together (in the truncation 2k-1), 2 coef of value (-1) 2k-1+n (in the truncation 2k-1) and 1 coef of value 2.(-1) 2k+n (in the truncation 2k) annihilating together. If n = 2k, there are 2k-2 coef of value 2.(-1) 2k+r (in the truncation 2k) of alternated signs annihilating together, 1 coef of value 2.(-1) 2k+n-1 (in the truncation 2k) and 2 coef of value (-1) 2k+n (in the truncation 2k) which cancel. This is illustrated in the table underneath making the sum of the values of « coef » for m = r or n = r. The evolutions are similar but the sensibility to the variation of a is very different from one zero to another. The curves for which the « general move » is large are those associated with the cosines. 

  .n) -a .(-1) m+n .if(m = n,1,2).((m/n) i.b .F(m)+(m/n) -i..b .F(n)) = 0 (1) m = 1 n = 1 on one hand,and of the set of equations ∞ m FG2 ∞ (s) = ∑ ∑ (-1) m+n . if(m = n,1,2).((F(n)/m a+i.b )+(F(m)/n a+i.b )

, choosing to waive custody to 1/ 2 ?

 2 , the η(s) function has an infinity of zeros with real value exactly equal to 1 and imaginary values worth 2π.k/Ln(2), perfectly periodic. It also has an infinite number of other zeros, according to the general theory of entire functions [5][6], with the first billions all actually of real value equal to 1/2 in agreement with the Riemann hypothesis. What fly would have stung this function Eta, for suddenly, while indefinitely keeping custody to 1Let us have the truncate function (indispensable to the implementation of the graphics) Eta function for n tending towards +∞ in η n (s). We also have for a sum truncated at step n : n n η n (s) = ∑ m -a .(-1) m-1 .cos(b.Ln(m))+i. ∑ m -a .(-1) m-1 .sin(b.Ln(m)) (8) m = 1 m = 1 To get the zeros of η ∞ (s) means to solve the two equations : sums to step n n TC n (a,b) = ∑ m -a .(-1) m-1 .cos(b.Ln(m)) (11) m = 1 and n TS n (a,b) = ∑ m -a .(-1) m-1 .sin(b.Ln(m)) (12) m = 1 Let us draw the two curves TC n (a,b) and TS n (a,b) for a = 1 according to b for n about 1 000 000 (n = 2 20 -1 in fact) We observe that the TC n (a,b) function basically oscillates in the half plane above the y = 0 axis, exceeding nevertheless this axis regularly. On the other hand, the TS n (a,b) function oscillates around the same y = 0 axis crossing the y = 0 axis regularly at the same time as TC n (a,b).

6. 1 .

 1 The waves' separation. We have given below the approximate curves representing the real and imagined values of the η(s = a+i.b) function, for different values of a, with abscissa the b parameter. More specifically, it is TC 1500 (a,b,0) and TS 1500 (a,b,0) = TC 1500 (a,b,π/2) with successively a = 0 (in light blue), a = 0.125 (in grey), a = 0.25 (in red), a = 0.375 (in blue), a = 0.5 (in pink), a = 0.625 (in black), a = 0.75 (in green), a = 0.875 (in sky blue), a = 1 (in yellow ochre), a = 1.125 (in night blue), a = 1.25 (in purple) and a = 1.5 (in dark grey). The Riemann abscissas are highlighted by a black dashed line and the Schaetzel abscissas by a red dashed line, below and throughout the whole article. The drawings show the relative positions of these curves. p 6/52

  (a, b) be a Riemann or Schaetzel zero. For any real positive or null real number r LC ∞ (r,s) = 0 (56) Theorem 11 Let s = (a, b) be a Riemann or Schaetzel zero. For any real positive or null real number r LS ∞ (r,s) = 0 (57) Everything looks as if logarithms crossed the double sum thus still producing null products when T ∞ (s) is null. One can see the same type of phenomenon with indefinite integrals (instead of infinite sums), what we called wall-through in p 27/52

  r,s) = ∑ ∑ (m.n) -a .(-1) m+n . or(1,2).(exp(i.b.Ln(m/n)).ln r (m))+exp(-i.b.Ln(m/n)).ln r (n)) r,s) = ∑ ∑ (m.n) -a .(-1) m+n .or(1,2).((m/n) i.b .ln r (m)+(m/n) -i..b .ln r (n)) (61) m = 1 n = 1

  Let us have s a Riemann or Schaetzel zero. If FG1 ∞ (s) converge, then FG1 ∞ (s) = 0.ProofLet us make the list of the terms including F(r), r being an integer given in advance, when we develop the expression FG1 ∞ (s). This gives : ∞ r -2a .(-1) 2r .(r/r) i.b .F(r)+r -2a .(-1) 2r .(r/r) -i.b .F(r)+2 ∑ (r.n) -a .(-1) r+n .(r/n) i.b .F(r) n = 1 n ≠ r

∞ 2 .

 2 F(r).∑ (r.n) -a .(-1) r+n .(r/n) i.b n = 1 yielding also ∞ 2.(-1) r . (1/r) a-ib .F(r).∑ (-1) n .(1/n) a+i.b n = 1Getting all terms together, we have then :∞ ∞ FG1 ∞ (s) = 2 ∑ (-1) r .(1/r) a-ib .F(r). ∑ (-1) n .(1/n) a+i.b (63) r = 1 n = 1

  1) m+n .or[START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].cos(b.Ln(m/n)).(F(m)+F(n)) (65) m = 1 n = 1 and ∞ m FS1 ∞ (s) = ∑ ∑ (m.n) -a .(-1) m+n .or(1,2).sin(b.Ln(m/n)).(F(m)-F(n)) Let us have s a Riemann or Schaetzel zero. If FC ∞ (s) and FS ∞ (s) converge, then FC1 ∞ (s) = 0 and FS1 ∞ (s) = 0 simultaneously.

  us check the curves' look for a case of relatively marked conjugated effects.At remote distance, the cosine curves are very close. p 33/52

  F(x) = sin(x).Ln(x)/x p 40/52 Remarks concerning the positions of the curves at a = 0.5 and a = 1 are the same as usually. 9.2.2.The second type of general equations. Formulation Let us go back to the general function (62) : ∞ m FG1 ∞ (s) = ∑ ∑ (m.n) -a .(-1) m+n .or(1,2).((m/n) i.b .F(m)+(m/n) -i..b .F(n)) s) = ∑ ∑ (-1) m+n .or(1,2).((m -a+i.b /n a+i.b ).F(m)+(n -a+i.b /m a+i.b ).F(n)) (68) m = 1 n = 1 Let us choose the particular case of F(x) = x a-i.b : p 41/52 ∞ m FP ∞ (s) = ∑ ∑ (-1) m+n .or(1,2).((1/m a+i.b )+(1/n a+i.b )) (69) m = 1 n = 1

  m+n .or[START_REF] Riemann | Ueber die Anzahl der Primzahlen unter einer gegebenen Grösse[END_REF][START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF].((F(n)/m a+i.b )+(F(m)/n a+i.b )) (70) m = 1 n = 1 It happens that this expression suits to our objectives as we have the theorem.Theorem 15Let us have s a Riemann or Schaetzel zero. If FG2 ∞ (s) converge, then FG2 ∞ (s) = 0.Proof :

  1) m+n .or(1,2).(F(n).sin(b.Ln(m))/m a +F(m).sin(b.Ln(n))/n a ) (73) m = 1 n = 1 For that last equation, unlike the FS1 ∞ (s) case, there is no change of sign in front of F(m). Let us go back to a more precise study. m+n .or(1,2).(1/m a+i.b +1/n a+i.b ) (74) m = 1 n = 1 and the decomposition in real and imaginary parts : ∞ m FPC ∞ (s) = ∑ ∑ (-1) m+n .or(1,2).(cos(b.Ln(m))/m a +cos(b.Ln(n))/n a ) m+n .or(1,2).(sin(b.Ln(m))/m a +sin(b.Ln(n))/n a ) (76) m = 1 n = 1

  -1) m+n .(m,n) -a .or(1-0,0095 0,2708 cos(b.Ln(n))/n a 1 0,7971 0,7971 -0,0095 -0,0095 -0,0095 0,2708 0,2708 0,2708 0,2708 S1 = coef.cos(b.Ln(m))/m 0,0083 0,0957 S2 = coef.cos(b.Ln(n))/n a 1 -0,9479 0,4740 -0,0083 0,0083 -0,0041 -0,1915 0,1915 -0,1915 0done for a = 0.75 and b = 10 without any link to the value of a (Riemann or Schaetzel) zero. The sum S1+S2 returns regularly to 0. However, this does not mean that S1+S2 converge. Let us then consider the truncations, m being fixed : m FTPC ∞ (s,m) = ∑ (-1) m+n .or(1,2).(cos(b.Ln(m))/m a +cos(b.Ln(n))/n a ) (77) n = 1 and m FTPS ∞ (s,m) = ∑ (-1) m+n .or(1,2).(sin(b.Ln(m))/m a +sin(b.Ln(n))/n a ) (78) n = 1 The coefficients before cos(b.Ln(m))/m a and sin(b.Ln(m))/m a are equal to ±2 with alternating signs. The contributions will thus cancel (as m is constant). The terms thus tend, when m tends towards infinity, towards : p 43/52 ∞ FTPC ∞ (s,m → +∞) → 2.(-1) or(0,1) ∑ (-1) n .cos(b.Ln(n))/n a (79) n = 1 and ∞ FTPS ∞ (s,m → +∞) → 2.(-1) or(0,1) ∑ (-1) n .sin(b.Ln(m))/m a (80) n = 1 We came back essentially to the initial equations of η(s) which cancel exclusively at the Riemann (for a = 0,5 a priori) or Schaetzel (for a = 1) zeros. We give the examples underneath of the evolution of the truncated sums FPC m (s) and FPS m (s) as functions of m for and at the vicinity of a Riemann or Schaetzel zero. Riemann zero n°1 Schaetzel zero n°1 a = 0,5, b = b 1 ≈ 14,134725 a = 1, b = b 1 ≈ 9,064720 a = 0,51, b = b 1 ≈ 14,134725 a = 1,002, b = b 1 ≈ 9,064720 a = 0,49, b = b 1 ≈ 14,134725 a = 0,998, b = b 1 ≈ 9,064720

  

  

  

  

  

  

  

  

  

  

Monomial equations

Let us study the case F(x) = x r for the truncated functions : The above represented points correspond to integer truncation, that is a full calculation of a sum inside the double sums FTPC m (s) et FTPS m (s). The graphics show what we named initial and double-up curves. The first title (initial curves) corresponds to odd m and the second title to even m. During the entire process of evolution, initial and double-up curves intersect at y = 0. We remain however very reserved as for the convergence of double sums for-a < r < 0. Indeed, there is well a reduction in the amplitude of the oscillations when calculations are made on whole truncations (comparing the same parity m = 0 mod 2 or m = 1 mod 2), but it does no decrease considering the set of intermediate values (the maximum values are higher and higher). Thus, it is useful and simpler to say: If the function converges, then it converges to 0. 

Theorem 16

For all s ≠ 0 and s ≠ 1, and in particular within the critical strip, we have

This equation has also a more symmetrical form Φ(s) = Φ(1-s) with Φ(s) = π -π/2 .Γ(s/2).ζ(s) as specified in [START_REF] Tenenbaum | Introduction à la théorie analytique et probabiliste des nombres Belin[END_REF]. This means, for what interests us here, that to a possible zero s for (a,b) = (0,5-ε,b), 0 < ε < 1/2, corresponds an another zero s' for (a',b') = (0,5+ε,-b). We can therefore change the sign of ε and b at will. As η(s) = (1-2 1-s ).ζ (s), the previous relationship also applies to η(s), as well as the equivalent relation below. ∞ i ∑ ∑ (i.j) -a-ε .(-1) i+j .cos(b.Ln(i/j)).or(1,2) = 0 i = 1 j = 1 Hence what follows :

that is if ε ≠ 0, there are thus two solutions (instead of one if ε =0).

10.1.Second key : Unicity of the zero

For this end of the article, we are so far obliged to use only the terms of propositions and arguments.

Proposition 1

There are no accidental annulations of the function FG1 ∞ (s, F) for a Riemann or Schaetzel zero.

We mean here that it is impossible that the expression vanishes for an F without peculiar propriety (that is some independent in m and n construction).

Argument

Let us suppose that FG1 ∞ (s, F) vanishes for F(n,m) some function at a Riemann zero. The accidental annulation induces that if one chooses then F(n,m)+ε, where ε is some constant, the position of the zero will move and is no more a zero for the previous equation. However as ε is a constant, one can write FF(m) = ε/2 and FF(n) = ε/2 and FG1 ∞ (s, F+FF) vanishes then still at the said Riemann zero, which is a contradiction. The reasoning hold in the same way for a Schaetzel zero.

Proposition 2

Riemann and Schaetzel zeros cancel exclusively for functions like FG1 ∞ (s,F) and FG2 ∞ (s,F) with F appearing in a sum F(n)+F(m).

Partial argument

The functions are necessarily product of the zeta function by another function to coincide for all of its solutions.

Let us then go back to

We say that there is no b such that the two expressions are null for any F for two distinct values of a (that is for the a = 1/2 et a = 1 pair or for any other pair).

Argument

Otherwise, we would have two a 1 and a 2 values (and some b) such that : FC1 ∞ (s = a 1 +i.b) = 0 (87) and FC1 ∞ (s = a 2 +i.b) = 0 (88) and the same for FS1 ∞ (s).

By subtracting, we have then also (trivially) :

and again, the resulting, none-identically null, function ΔFC ∞ (s) undergoes the cosine and sine's filter. Consequently, there must be a function F (x) such as for any integers m and n :

We have of course a choice among an infinite kind of forms F 1 and F 2 to hope to find a function F which meets conditions. However, a is not equal to a 1 , nor to a 2 , otherwise we would be back to trivial identities. We can then rewrite the preceding expression as :

However, this equality bears its proper contradiction. The (m.n) a-a2 factor is not trivial as a is different from a 2 . We cannot thus find any function F such that the right member of the equation be independently the sum of a function of m and a function of n and thus especially if the said functions are the same F. Hence the proposition :

Proposition 3

At constant b, FG1 ∞ (s = a+i.b) vanishes for a single value a at most.

10.2.The Riemann hypothesis.

Proposition 4

The non-trivial zeros of the Riemann function have real value 1/2.

Argument

There is contradiction, if a ≠ 1/2, between the theorem 17 meaning two solutions and the argument of the unicity of the solution.

Appendix 1