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Long time behavior of solutions for a damped
Benjamin-Ono equation.

Louise Gassot

Abstract

We consider the Benjamin-Ono equation on the torus with an additional damping term
on the smallest Fourier modes (cos and sin). We first prove global well-posedness of this
equation in L%}O (T). Then, we describe the weak limit points of the trajectories in L%O(T)
when time goes to infinity, and show that these weak limit points are strong limit points.
Finally, we prove the boundedness of higher-order Sobolev norms for this equation. Our
key tool is the Birkhoff map for the Benjamin-Ono equation, that we use as an adapted
nonlinear Fourier transform.
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1 Introduction
In this paper, we consider the Benjamin-Ono equation on the torus [5], [38]
Opu = HOppu — 9, (u?) (BO)

with an additional weak damping term on the smallest Fourier modes defined as follows.
Fix a parameter o > 0, the damped Benjamin-Ono equation writes

dru + a(u|cos) cos +(ulsin) sin) = Hdpzu — Oy (u?). (BO-a)
The operator H is the Hilbert transform

—~ . R ) . o '
Hi(@) =Y —iss(m)fm)e™, f=3 fme™, fny=o- [ flayeids,

o 271' 0
neL neZ

with the convention that sgn(£n) = £1 if n > 1, and sgn(0) = 0.

Our aim is to investigate how this damping can affect the long-time behavior of trajec-
tories. Note that our choice of damping breaks both the Hamiltonian and the integrable
structures of the Benjamin-Ono equation, moreover, the damping term is not a small per-
turbation of the Benjamin-Ono equation. For a general damping term with such properties,
the problem seems out of the scope of usual techniques.

Our main tool is the construction and study of a Birkhoff map for the Benjamin-
Ono equation by Gérard, Kappeler and Topalov in [23-25] (see Gérard [20] for a recent
survey of these results), implying that the Benjamin-Ono equation is integrable in the
strongest possible sense. This transformation should be seen as a nonlinear Fourier trans-
form adapted to the Benjamin-Ono equation. The classical Fourier transform has proven
to be a powerful tool for studying nonlinear partial differential equations, for instance with
the development of pseudodifferential and paradifferential calculus. In the same spirit, we
will see that the Birkhoff map transforms the damped equation (BO-«) into a system
of ODEs on the nonlinear Fourier coefficients (¢, (u))n>1, which enables us to study the
qualitative properties of the solutions in infinite time.

The Birkhoff map writes

1
©:u€ L7(T) = (Calu))nz1 € hZ, (1)
where L%,O(T) is the space of real-valued functions in L?(T) with zero mean, and

“+oo

B2 = {C = (Calum1 € TV IS = D mlGul< +o0}.

2
h¥ n=1

This map provides a system of coordinates in which the Benjamin-Ono equation can be
solved by quadrature. Indeed, if u is a solution to the Benjamin-Ono equation with initial
data ug, then there exist frequencies wy, (ug) = n? — 2 > k>1 min(k, n)[Cx (ug)|?, n > 1, such
that for t € R and n > 1, ‘

Gu(u(t)) = Guluo)e™ ("

2



1.1 Main results

First, we establish the global well-posedness of the damped Benjamin-Ono equation (BO-«)
in L%O(T), and the weak sequential continuity of the solution map.

Theorem 1.1 (Global well-posedness). For all T > 0 and ug € L2,(T), there ewists
a unique solution of equation (BO-«) in the distribution sense in C([O,T],Lgvo(T)) with
mitial data ug.

Moreover, the solution map is continuous and weakly sequentially continuous from

L72“,0(T) to C([07 T]v L%,O(T))
The solutions are global thanks a Lyapunov functional controlling the L? norm

d

SOy +2al(w(@)]e)[*= 0. (2)

In order to establish global well-posedness of equation (BO-) in L7 (T), one could
also apply the techniques used for the Benjamin-Ono equation from Molinet [35] and
Molinet, Pilod [36]. However, their techniques do not lead to the weak sequential continu-
ity of the flow map, which is needed for describing the weak limit points of u(t) as t — 4o0.

Then, we show that the weak limit points of trajectories as time goes to infinity follow
the LaSalle principle. Moreover, we prove that the trajectories are relatively compact in
L72~,0 (T), in other words, all weak limit points are strong limit points.

Theorem 1.2 (Weak limit points). Let u be a solution to the damped Benjamin-Ono
equation (BO-a) in L%’O(T). Let vg be a limit point of the sequence (u(t))i>o for the weak
topology in L%O(']T) as t — +00. Then we have the following results.

1. The solution v to the Benjamin-Ono equation (BO) with initial data v satisfies:
VteR, (v(t)|e®) =0. (3)

Moreover, condition (3) is equivalent to the fact that the weak limit point vy does not
have two consecutive nonzero Birkhoff coordinates:

Vn eN, (i (v9)Cnt1(vo) =0,

with the convention (o(vg) = 1.

2. Given a solution wu, all the limit points for u have the same actions: there exists a
sequence (5°)p>1 such that for all limit point vy assoctated to u, for alln > 1,

[Ca(vo) = 77

3. The convergence is strong in LE,O(T) cif vg is a weak limit point associated to the
sequence (u(ty))k, then
i) — — 0.
Ju(te) = voll 2, —

Gérard, Kappeler and Topalov proved that the trajectories of the undamped Benjamin-
Ono equation (BO) are almost-periodic in H; ((T) for all s > —3 (see [23], Theorem 1.3
and [21], Theorem 3 and Corollary 8). As a consequence, the solutions are recurrent
(see [23], Remark 1.4 (ii)): for all solutions u with initial data ug € L?(T), there exists
a sequence t, — 400 such that u(t,) tends to ug in L?;(T). Both properties do not hold
for the damped equation (BO-a) because of characterization (3).



In [15,16,43-46], the authors build a sequence (i), of gaussian measures on L?(T),
invariant by the flow of the periodic Benjamin-Ono equation (BO), and associated to the

conservation laws for this equation. Each measure p, is concentrated on H*(T) for s <
1

29
law H, as a renormalization of the formula du, = e () du. Sy [42] extends this
construction to get a measure concentrated on C*°(T). With this approach, it was already
possible to prove that with probability 1 with respect to the corresponding measure, the
solutions of (BO) display the recurrence property mentionned above (see [15], Corollary 1.3
and [12], Corollary 1.2).

An equation similar to (BO-«) has been introduced and studied by Gérard and Grellier
in [22] starting from the Szegs equation. For o > 0, the damped Szegs equation on the
torus writes

n and satisfies p,(H "_%(T)) = 0. Formally, it is defined from the n-th conservation

i0pu 4 io(u|1) = TI(|u|?u), (Sz-a)
where II is the Szegd projector from L?(T) onto the space
L3(T) = {u € L*(T) | ¥n < 0,(n) = 0}.

Characterization (3) is then similar for (BO-«) and (Sz-«). Indeed, let vy be a weak limit
point of a solution (u(t))cr of (Sz-a) for the weak topology of the natural energy space

1

HZ(T) := H(H% (T)), then the solution v to the cubic Szegs equation with initial data vg

satisfies (v(t)|1) = 0 for all times. As a consequence, the trajectories of (Sz-a) cannot be
1

almost-periodic in H(T), whereas almost-periodicity holds for the Szegs equation [21],
similarly as the Benjamin-Ono case.

However, our result implies that the trajectories for (BO-«) are relatively compact
in L%O(T), whereas many initial data for (Sz-a) lead to trajectories which are not rela-

1
tively compact in the natural energy space Hf_ (T) (this fact is a consequence of the proof
of Theorem 3.1 in [22]). One can also note that in the study of (Sz-«), the authors strongly
use the fact that one of the two known Lax pairs for the Szegé equation still holds, whereas
there is no known Lax pair for (BO-a).

The last part of our paper is devoted to the boundedness for higher-order Sobolev
norms. For the Benjamin-Ono equation on the torus (BO), the infinite number conserva-
tion laws from Nakamura [37] and Bock, Kruskal [8] provide bounds on all the Sobolev
norms H? s > 0. We prove that the H® Sobolev norms also stay bounded when 0 < s < %
for the damped Benjamin-Ono equation (BO-a).

Theorem 1.3 (Higher-order Sobolev norms). Fiz 0 < s < 3. Let u be a solution to the
damped equation (BO-«) in L%O(T) such that the initial data ug belongs to H5(T). Then
there exists some constant Cs(||uo | gs(ry) > 0 such that for allt € Ry,

[l s () < Cs([lwoll ms(m))-

The proof of Theorem 1.3 could be adapted to show that there is no growth of Sobolev
norms in H,,(T) for any s > 0. However, our method becomes more and more technical
as the exponent s increases, this is why we chose to stop at s = % See Remark 5.6 for
more details.

The higher-order Sobolev norms for the Benjamin-Ono equation with and without
damping have the same behavior, which is in contrast with the Szegs equation. Indeed,

Gérard and Grellier proved in [22] that for the damped Szegs equation (Sz-«), there exists
1

a non empty open subset of H7?(T) for which every solution v with initial data in H*(T),

s > %, has an exploding orbit in H*(T):

Hu(t)HHS('ﬂ‘)t_:éo +00.

4



However, the undamped Szegs equation exhibits weak turbulence [21], in the sense that
there exists a dense G subset of initial data in L2+ N C* such that for every s > %, the
solution u satisfies lim supy ||u(t)|| grs(1y= +00, whereas lim inf||u(t) || gs ()< +oo0.

In order to prove Theorem 1.3, we introduce Lyapunov functionals controlling the
higher-order Sobolev norms in Birkhoff coordinates. Note that from [25], Proposition 5
in Appendix A, the Birkhoff map ® and its inverse map bounded subsets of the Sobolev
space H(T) to bounded subsets of sequences in

l.s s
BT = {0= Gz € €Ly = D0t IGP< oo},
+ n

This leads us to consider higher-order Lyapunov functionals in Birkhoff coordinates of the

form
Ps(u) = Z wn’Yn(“)v

n>1

where we choose weights w,, satisfying w,, ~ n'*t2%. The strategy of introducing Lyapunov

functionals controlling higher-order Sobolev norms has been implemented for instance in |2]
and [3] for various equations describing free surface flows in fluid dynamics. In our paper,
this strategy is implemented for the first time using the Birkhoff coordinates of a close
integrable system.

1.2 Long-time behavior for equations of Benjamin-Ono type

As a comparison, let us now recall how the long-time dynamics for the Benjamin-Ono
equation would be affected by the change of geometry, the introduction of a perturbation
or the addition of a diffusive damping term. We refer to Saut [10] for a general survey on
the Benjamin-Ono equation.

Benjamin-Ono equation on the real line On the real line, one expects the dis-
persion to change the behavior of Benjamin-Ono solutions. Ifrim and Tataru [29] proved
that for small localized initial data, there holds linear dispersive decay for large time scales.
It is also conjectured that a solution associated to small initial data either is dispersive, or
decomposes into the sum of a soliton and a dispersive part (soliton resolution conjecture).

The Benjamin-Ono equation on the line is also integrable. The Lax pair formulation
is the same as on the torus, however, the inverse spectral theory, formally described in
Ablowitz, Fokas [19], is only performed for sufficiently small and decaying initial data [13].
Wu [18] studied the spectrum of the Lax operator for the Benjamin-Ono equation, then
solved the direct scattering problem for arbitrary sufficiently decaying initial data [19].
The recent construction of the Birkhoff map for multisolitons by Sun [!1]| constitutes a
first step towards the soliton resolution conjecture.

Perturbations of the Benjamin-Ono equation on the torus Thanks to ex-
tensions of the KAM theory, one can investigate if the periodic, quasi periodic or almost
periodic nature of trajectories is preserved by perturbation of an integrable equation. This
kind of studies goes back to Kuksin [31] and Wayne [17], we refer to Craig [1] and Berti [7]
for a detailed survey.

Concerning perturbations of the Benjamin-Ono equation in the neighborhood of the ori-
gin, we mention the following results. In [32], Liu and Yuan consider a class of unbounded
Hamiltonian perturbations of the periodic Benjamin-Ono equation (BO), construct KAM
tori and deduce that there exist quasi-periodic trajectories. Mi and Zhang [31] extend this
result to more general unbounded quasi-periodic Hamiltonian perturbations. In |1], Baldi



proves that there exist periodic solutions for some non Hamiltonian reversible perturba-
tions of a nonlinear cubic Benjamin-Ono equation

Opu + HOppu 4 9,(u®) = 0.
For generalized Benjamin-Ono equations of the form
Opu + HOppu + 05 (f(u)) =0,

Bernier and Grébert [6] establish approximations of trajectories on large time scales for
generic initial data close to the origin.

In order to investigate further Hamiltonian perturbations of the Benjamin-Ono equa-
tion through the KAM theory and tackle trajectories which are not necessarily close to
the origin, it would be useful to prove that the Birkhoff map ® is real analytic. As a first
step, Gérard, Kappeler et Topalov prove in [24] that the action map u +— (|¢,(u)]?), is
real analytic from Sobolev spaces H; ((T) onto weighted 0 spaces.

Damped Benjamin-Ono equations Adding a damping of diffusive type can lead to
a decay of solutions or the existence of a global attractor. A global attractor is a compact
set, invariant by the flow of the equation, and attracting all trajectories uniformly on
bounded sets of initial data.

Several physical damping terms can be chosen depending on the nature of dissipation,
in the same way as for the Korteweg-de Vries equation, see Ott and Sudan [39]. Grimshaw,
Smyth and Stepanyants (see [27] and references inside) introduce and study numerically
a general model of dispersive equations under the form

Ou + audyu + BHOyzu + 6Dlu)| = 0,

where D(u) is a Fourier multiplier. For instance, the operator D can describe the Rayleigh
dissipation Du = u, the Reynolds dissipation Du = —0,,u leading to the Benjamin-Ono-
Burgers equation, the Landau damping Du = H0J,u, the dissipation of internal solitary
waves over a rough bottom Du = |u|u [20], etc.

The decay to zero and an asymptotic profile of solutions as t — +oo can be found
in Dix [17] for Reynolds dissipation, and Bona, Luo [10] for generalized Benjamin-Ono-
Burgers equations (see also [33] for dispersive shockwaves when the damping is small). For
a fractional dissipation Du = |D|%u, ¢ > 0, the asymptotic behavior and the existence of
global attractors is investigated in Dix [18] and Alarcon [!]. Guo and Huo [28] prove the
existence of a global attractor in L?(RR), compact in H3(R), for generalized weakly-damped
KdV-Benjamin-Ono equations, under the form

Oyt + aHOppth + BOrzztt + Oyt + Au 4+ udpu = f.

The existence of a global attractor in H'(R) for the weakly-damped Benjamin-Ono equa-
tion had already been proven in [9].

We also mention the works of Burqg, Raugel and Schlag [11], [12] concerning weakly-
damped Klein-Gordon equations.

Note that in equation (BO-«), the damping term is weaker than the ones mentioned
above. Indeed, there are many trajectories which do not go to zero as time goes to infinity,
for instance, this is the case for the solutions satisfying condition (3) since the L? norm
of these solutions is preserved. Numerical simulations implemented by Klein [30] tend to
suggest that there are many other trajectories which do not go to zero, and that a global
attractor may not exist (see related open questions in part 1.4).



1.3 Equation in Birkhoff coordinates

In the study of the damped Benjamin-Ono equation (BO-«), our general strategy consists
in applying the Birkhoff map ® and transform this equation into a system of ODEs on the
Birkhoff coordinates

%Cn(u(t)) = twn (C(u(t)))Cn(u(t)) — a ((u(t)|cos) d¢, [u(t)]. cos +(u(t)|sin) d(, [u(t)]. sin) ,

(1)
where we recall that w,(¢) = n? — 23", -, min(k, n)|(x|? for n > 1.

Our key result is a simplification of the right-hand side of equation (4), in particular
the terms d¢,[u(t)]. cos and d(,[u(t)].sin, as a function of the Birkhoff coordinates ¢ =
(Ca)n>1, and of their actions v = (|¢4|?)n>1. Before stating the theorem, we introduce
some notation for the spaces at stake. If u € L%O(T), then the Birkhoff coordinates ¢

1
belong to h$ C K%F , where Eﬁ denotes the space of complex sequences

= {z= (z)nz1 € CV [ [l2][fy = D lenl?< +oc}.

n>1
In particular, the actions v belong to the space E}k.

Theorem 1.4 (Structure of the vector field). There exist functions py,, qy, A} . and B} .
such that for all u € L%O(T), if ¢ = ®(u), then

dGalu]. cos = pi(1)Cam1 + G5 (7)Cnsr + (ZA VGGt + Bhry )<k<k+1> G

k=0

with the convention (o = 1 and the notation v = (|¢a|*)n>1. The terms pk, ¢, A* K and
B! ok GT€ C! functions of the actions v € 8 , they are uniformly bounded and szschztz on
ﬁnzte balls: for all v € 1 satisfying ][7\\41+§ R, for all n,k >0,

Pn (Nl an (N A7 (N By ()< C(R),

moreover, for all h € (%,
| dpr, (7)-Al+[dgy, (v)- k4] dA;, x(7).Bl+[dBy  (7)-hl< C(R)|[ Al -

The same holds for d{,[u].sin, which also writes under the form

dplul. sin = py (V)Cn—1 + 45 (7)Crt1 + (ZA V)CkCh1 + By k(v )CkaH) Cns

with similar estimates for the new terms py,, qy, Ay . and B} .

Precise formulas for p¥ and ¢ in the case of d(,[u].cos are given by equalities (12)
and (13) below.

Similarly, as proven in [25]|, Lemma 13, there exist functions aj of the actions, which
are uniformly bounded and Lipschitz on finite balls of % | such that

(u|cos) — i(ulsin) = Zak )CrCrr1- (5)

k>0

The decomposition of the vector field into blocks of the form

Z AL (7)CkCrrs (6)

k>0



where Aj are functions of the actions only, enables us to get bounds and Lipschitz estimates
on finite balls, so that one can apply the Cauchy-Lipschitz theorem for ODEs. Thanks to
this, we avoid going back and forth from u to ¢ in the equation, and we do not need to
use analicity results on the Birkhoff map (see [24] for results in this direction).

We now explain the main idea in the study of the long time asymptotics. Functions of
the actions v are slowly varying, indeed, we will establish in inequality (24) below that if
|uoll2(r)< R, then for all ¢t > 0,

>

n>1

jt%(t)‘ < C(R)[(u(t)]e™)],

where the right-hand side is square integrable over time thanks to the Lyapunov func-
tional (2). However, the Birkhoff coordinates ¢ are highly oscillating over time, because
of the phase factor iw, ()¢, ~ in?(, appearing in the formula (4) of its time derivative.
Moreover, interactions of different modes under the form (xCry1(nCus1, k # n, are also
highly oscillating over time, again because of the phase factor

i(—wr(¢) + wit1(¢) + wn(¢) — wns1(€)) hCrr1Cnlnrr = 2i(k — 1) GCrr1Cnlns1

in the time derivative. By analogy with usual Fourier coefficients, such highly oscillating
terms have a small time integral. We retrieve this fact here by performing an integration
by parts.

Using these remarks, we start from the observation that |(u|e is integrable over
time, and expand the square modulus of formula (5). By discarding the interactions of
different modes CxCry1(nCns1, k # n, we deduce that

w>|2

+o0 10
| e < +oo
0 n=0

(see Proposition 4.3 for more details). Successive integration by parts allow us to go even
further and prove that for higher and higher exponents s,

400 +00
/ Z N2~ () g1 (t) dt < +oo.
0 n=0

Those latter integrals enable us to control the time evolution of our candidate higher-order
Lyapunov functionals.

1.4 Open questions

Let us now mention some open questions about equation (BO-«).
First, thanks to the Lyapunov functional (2) and Theorem 1.2, one knows that the
map
uo € L2o(T) = lim [[u(®)|%z€ Ry

t—4o00

is well-defined, upper semi-continuous, and that for every weak limit point u., of the se-
quence (u(t))s>0 as t — +00, one has limy—4oo|[u(t) |3 2= [Jucs |7 2. It would be interesting
to have more information about this map, for instance, one could ask whether it is possi-
ble to have us, = 0 for some nonzero initial data ug. According to numerical simulations
implemented by Klein [30], there exist families of initial data which seem not to decay
to zero as time goes to infinity. For instance, this seems to be the case for a family of



potentials with only one nonzero gap 71 at index 1, given for some r € [0, 1] by (see 23],
Appendix B)

_ 1—r2

T 1—2cos(z)r +r2

uo(z)

Finally, one knows from Theorem 1.2, point 2, that given an initial data ug, all weak
limit points us have the same actions (75°),, so that these limit points belong to the
same Benjamin-Ono torus. One could ask if for some initial data ug, it is possible to
provide a precise description of the limiting torus. Again, the numerical simulations from
Klein [30] suggest that even for potentials with only one nonzero gap v at index 1, the
weak limits could have more than one gap. This is linked to the structure of the equation
in Theorem 1.4, since the terms p} and ¢ given by formulas (12) and (13) are nonzero
and lead to the emergence of new modes in the time evolution. As a consequence, finite
gap manifolds are not invariant by the flow of equation (BO-«), whereas as a comparison,
there exist finite dimensional invariant manifolds for equation (Sz-«) (see [22]).

1.5 Plan of the paper

First, in section 2, we write the damped Benjamin-Ono equation (BO-«) in Birkhoff coor-
dinates as a system of ODEs, in particular, we prove Theorem 1.4 about the decomposition
of the terms d(,[u].cos and d(,[u]. sin.

Then, in section 3, we establish the global well-posedness of the damped Benjamin-Ono
equation (BO-«) and the weak sequential continuity of the solution map (Theorem 1.1).

Section 4 is devoted to the characterization of the weak limit points for the trajectories
according to the LaSalle principle, and the fact that the convergence is actually strong
in L%O(’]I‘) (Theorem 1.2).

Finally, we bound the higher-order Sobolev norms in section 5 by studying correspond-
ing Lyapunov functionals in Birkhoff coordinates (Theorem 1.3).

Acknowledgments The author would like to thank her PhD advisor Patrick Gérard
who introduced her to this problem and provided generous advice and encouragement. She
also warmly thanks Christian Klein for valuable discussions and numerical simulations.

2 Structure of the equation

Let us consider the flow map for the damped Benjamin-Ono equation (BO-«) in Birkhoff
coordinates. Fix n > 1, then the time derivative of the n-th Birkhoff coordinate (, is

d
on(u®)) = dGa[u(t)].Opu(t).

Using the partial differential equation (BO-«) satisfied by w, this time derivative be-
comes (4)

d
dt

with wy,(¢) = n? — 2 Zkzl min(k,n)|Cx|?
In this section, we simplify the different terms of the right-hand side of this equation,

then study their Lipschitz properties. Part 2.1 is devoted to the study of the terms which
only depend on the actions 7, = |¢,|?, n > 1, for which we establish bounds and Lipschitz

Gou(t)) = i (C(u(t)))Ca(u(t)) — @ ((u(t) cos) dGy [u(®)]. cos +(u(t)sin) dG, [u(t)]. sin)



properties on balls of finite radius in K}F. In part 2.2, we observe that blocks under the
form (6)

AQ) =D A () CkCr1,

k>0

where A7 is a function of the actions «y only, are also bounded and Lipschitz on finite balls
as soon as the A} are. This is for instance the case for (u|cos) — i(u[sin), which can be
expressed under this form. In part 2.3, we establish a formula for the differential d(,[u].h
of the n-th Birkhoff coordinate at u € L%O(’]I‘) applied to h € L%O(’]I‘). Finally, in part 2.4,
we simplify this formula when h = cos, sin and prove Theorem 1.4. Since d(,[u].cos and
d(,[u]. sin have an expression based on blocks of the above type (6), we deduce bounds
and Lipschitz properties on finite balls for these terms.

2.1 Functions of the actions

In this part, we consider some spectral parameters which will appear all along our study
of the damped Benjamin-Ono equation (BO-«). These parameters are functions of the
actions, defined for n > 1 as v, (u) = | (u) %

First, let us recall some links between the Lax operator for the Benjamin-Ono equation
(see [37], [3]) and the actions. With the notation from [23], Appendix A, the Lax operator
L, writes L, = D —T,, where D = —i0,,, and T, is the Toeplitz operator

T, :h € L3(T) ~ I(uh) € L3(T).
defined from the Szeg6 projector II : L*(T) — L% (T), where
L2(T) = {h € L*(T) | ¥n <0, h(n)=0}.
The eigenvalues (A, )n>0 of L, satisfy (see identity (3.13) in [23])

“+o00

An(u) =n — Z Yi(u), n>0.

k=n+1
Therefore, for all n,p € N, we have the inequalities
lp—n|< [Ap = A< [P — nH’Z’Yk-
k>1

We now define the spectral parameters ,, and p,, as in Corollary 3.4 and formula (4.9)
from [23].

Definition 2.1. Let u € L%O(']I‘). We define

rolu) = ﬁo (1 - /\p7_19>\0>

=1

and forn > 1,




The parameters x, and pu, are bounded above and below.

Lemma 2.2. For all R > 0, there exists C(R) > 0 such that for all u € L%yo(']l‘) satisfying
||fy(u)\|&§ R the following holds: for all n € N,

__ - kn(u) < C(R)
C(RY(n+1) = ™7 ~n+1’
moreover, for alln > 1,
1

o < pn(u) < C(R).

Proof. e As a first step, we prove that for all n € N,

Zlm<1—A v ) < C(R).
p;ﬁn

Let us first show that the sum of logarithms has a lower bound. For p < n, since A, < Ay,

we have —In(1— /\p'f’/\n) < 0. Consequently, we discard the negative terms in the following

sum:
Tp
—Zln(l— A) S 1n<1_Ap_An>.
p>n+1

p#n

For p > n + 1, since by assumption v, € [0, R],

o<W W o R
A=A T 149 T 14+R

therefore one can use that In is C'(R)-Lipschitz on [H%’ 1] to get

-y ln<1— v ><C(R) 3 Ap’ipAn

p>n+1 n p>n+1
< C(R)R.

Similarly, we find an upper bound for the sum of logarithms. We first discard the
negative terms in the sum

Yp Yo
E In{1-— < E In{1+ .
n( )\p—)\n>_ n< /\n—)\p>
p<n—1

p#n
Then, since 0 < (R)-Lipschitz on [1, R + 1], we
get
> I <1+ ) g A
p<n—1 p<n 1
< C(R)R.

e Now, we prove the inequalities for k,, n € N. For n > 1, we have

_ . _ Yp
In(A, — Xo) +In(kn)| = | > In (1 X —M)
p#n P

11



where |\, — Ao —n|< C(R). Similarly,

(ko) = |3 In (1 - A,ﬁxo)

p>1
< C(R).

The proof is the same for pu,, n > 1. O

Since the formulas for k, and u, only depend on the sequence of actions ~y(u) =
(|¢a(w)[*)n, one can also consider these parameters as functions of the variable v € ¢}
only. In order to avoid confusion, we will denote x%(v) and p(7y) in this case. For all
u € L%O(T), we therefore have the link

Fp V(1)) = fin(u) and g (y(w) = pn(w).

We now estimate the differential of the spectral parameters x;, and pu,, with respect to
the action variables.

Lemma 2.3. Let R > 0 Then there exists C(R) > 0 such that for all v € (1 satisfying
1Yl < R and for all h € (L,

| dIn(ky,)[Y]-AI< C(R) Al , 720

and
[din(u) Al CR)Rls, > 1,

Proof. For instance in the case n > 1, the differential of In(k}) at 7 is given by

bl - ARk
An — Ao

1 dX3[y].h — dAE [y R h
2T ( RSV W R —p)\>’
pEn - A=A P n P n

din(r) )b =

where h = (hy)p>1 € €. We write d\% in order to specify that we differentiate the
eigenvalue A, =n—» ;- | Y as a function of 7. In particular, for all v, h € %, we have

| AN [)-AI< (ll

The conclusion follows. We proceed similarly for In(x§) and for In(u};), n > 1. O

2.2 Lipschitz properties of blocks

In this part, we start from bounds and Lipschitz properties on finite balls for general blocks
of the form (6)

A(Q) = Z A5 (1) Gt

k>0

We then prove that the terms (u|cos) and (u|sin) can be written under this form, then
deduce bounds and Lipschitz estimates on finite balls.

12



Proposition 2.4. Let A}, k > 0, be uniformly bounded and Lipschitz functions on finite
balls ofﬁl+ o for all R > 0, there exists Co(R) > 0 such that for all A IRMCIN= E}r satisfying
Wl < R and [Pl < R, then for all k >0,

AL+ AL (P)I< Co(R)

and

[4:(/D) = AL ()< Co(R) Iy =A@

For ¢ € (2 we write v = (|¢a]*)n>1 and adopt the convention (o = 1. Let us consider

= A(NGCk1.

k>0

Then A is a bounded Lipschitz function of ¢ on balls of finite radius in ﬁi: there exists
C(R) > 0 such that for all ¢V, ¢®?) ¢ % satisfying HC(UHEQ < R and ||C(2)H?2 < R, there
holds ' '

A+ ACP) < C(R)

and

[AC) = A< CR)ICY = Pz -

The proof is quite direct and omitted here.

We now establish a formula of the above form (6) for (u|cos) and (u|sin).

Let (fp)p>0 be the orthonormal basis of eigenfunctions for the Lax operator L, asso-
ciated to the Benjamin-Ono equation in L%,O(T) uniquely determined by the additional
conditions (1|fo) > 0 and (fp|Sfp—1) > 0 for p > 1 (see Definition 2.8 in [23]|). The for-
mula for (u|cos) and (u|sin) depends on the matrix M of the adjoint operator S* = T,—ix
of the shift operator S : h € L%(T) + e¢h € L2 (T).

Definition 2.5. For alln,p > 0, let

Mpp = {fplSfn)
_{ e <fp‘1><fn+1|]l>)\p An—1 if Gt 5&0.
)

Kn41

p,n+1 if <n+1 =0

In other words, since y, = <f/|£—:>, forn >0, (see equality (4.1) in [23]), we have

M d Vs Gyt v Up#En+l
np — . :
VHn+1 ifp=n+1

Lemma 2.6. Let u € L%O(T). Then

K
u|e Z CnCnJrl A/ z V Hn41
n>0 Rnt1

with the convention (y = 1.

This formula for (u|cos) and (u|sin) was already proven in [25], Lemma 13, in the
special case when 7, (u) # 0 for all n. We justify here how the proof stays valid in the
general case.

13



Proof. We note that (u|e®®) = (ITu|e’®), then decompose ITu and €** in the orthonormal
basis (fp)p>0

(ule') = (Tl fo)(fple™).

p=0

We now remark that (f,|e™®) = (S* f,|1), and decompose S* f, and 1 along the orthonormal
basis (fn)n>0

(Fple™) =D (S* fol fud (ful 1)

n>0
=3 Mop(fall)
n>0
= > M fp|]1><fn+1’]l>/1\n_1(fn\]l>.
’Ynn:‘r>12é0

From the identity (ITu|f,) = —A,(1|fp), we get

e = - -M{alh) Y0 LG e D (i)

p>0 n>0 An
"/n+17é0
V1 A 1)2
- > Mn+1tﬁJ1Mfﬁ+|1> AP¥V§|E}1~
n>3é . Fn+1 p>0 7P n
In+1

Recall the definition of the generating function #Hy for A € C (formula (3.2) in [23])
Z ’ ]l’fp ‘2
Ap+ A7
then if v,11 # 0, we have the identity

fol1)[? (fol1)]
Ap‘f)\p’ >_’1 (An +1) ZA p’ +Z| Fpl1)]?
p=0 p>0

= (An + 1)7-[7)\7171(1”’) +1

Moreover, the formula from [23] (see Proposition 3.1 (i))

+o0o
1 T
i) = ———— T (1 - — 22—
Hosma(u) )\n+1—/\0pl;Il< Ap—An—1>

implies that #_»,_1(u) = 0 because of the term appearing in the product when p = n+1.

Using that ¢, = 11/|f7:)’ we conclude the proof of the lemma. O

Let us write

(ule™) = 3~ a3 (1)Cuos 1,

n>0
where
a(7) = \fri ey () L) )
Rl (7)

14



Thanks to part 2.1, we know that if ||7||£‘1"§ R, then there exists C(R) > 0 such that for
alln >0,

Gl ) < Ow) )
and for h € ¢!,
' | dag [y]-hl< C(R)[|A]l o1 - (9)

1 1
Proposition 2.4 implies that the maps ¢ € h2 — (®71(()|cos) and ¢ € h2 — (@7(()]sin)
are bounded and Lipschitz on finite balls of Ea_.

Corollary 2.7. Fiz R > 0. Then there exists C(R) > 0 such that for all ¢ ¢@ ep
satisfying HC(U”eig R and ||C(2)||g§r§ R, writing u) = &~1(¢W) and u® = »-1(¢@
we have

—+ o=

~—

7

[(u®cos) |+ (u® [sin) [+ (u® |cos) |+ (u® |sin) | < C(R)

and
(M |cos) — (u?|cos)|+| (uV]sin) — (u[sin)|< C(R)[|¢MV) - C(2)Hzi-

2.3 Formula for the differential of the Birkhoff map

In this part, we establish a formula for the differential of the normalized Birkhoff coordi-
nates ¢, (with (o = 1), which are linked to the unnormalized Birkhoff coordinates (1|f,)
through the formulas (see equality (4.1) in [23])

1
o = i) S
vV En
These coordinates are known to admit a differential thanks to Lemma 3.4 in [23]. The

differential of ¢, at u € L?}O(T) therefore satisfies: for all h € L72~,0 (T),

1
Vv En

We prove the following decomposition of the differential of the unnormalized Birkhoff map.

ACaful-h = A(L|f) ] h—e — %Cndln(/ﬁn)[u].h. (10)

Proposition 2.8 (Differential of the unnormalized Birkhoff map). Let u,h € L%O(T),
then for all n >0, d(1|f,)[u].h writes

d(W|fu)lu]-h = 0y (1| fn) + 6L (L] fn),

where B
5H<]l|fn> = _iIm(<§n|h>)<]l|fn>7
R S L P N
&= T 22— 2 T T
AL (SElfa) . —
@Z)n—pzx] )\p_)\n fnfp s /\p_)\n—lfnilfp
pFEN p#n—1
and _
511y = S el g
p>0 P
p#N

15



Proof. For n > 0, since d(1|f,)[u].h = (1|df,[u].h), we decompose the two terms inside
the brackets along the orthonormal basis (fp),>0 and get

AL ) [u] b =D (L] f) (ol dfunfu] B).
p=>0

We now compute (dfy,[u].h|fp) for n,p > 0.

For n > 0, recall that f,, is the L?-normalized eigenfunction of L, = D — T}, associated
to the eigenvalue )\, and that the family (f,), is uniquely determined by the additional
conditions (1|fy) > 0 and (f,|S fn—1) > 0 for n > 1. Therefore, we get by differentiating

(Lu - )\n) dfn[u]h = d)‘n[u]hfn + T fn.
For p # n, f, is orthogonal to f, and therefore

(fnfoll)
Ap — An

(dfnlul-hlfp) =

This gives the formula for §, (1]f,).
For p = n, we see that (df,[u].h|f,) is purely imaginary because ||fn\|%2(,ﬂ,): 1. More-
over, the conditions (fp|1) > 0 and (f,|Sfn—1) > 0 for n > 1 imply that

m((dfolu].h|1)) =

and
m((dfplul.h|S fno1) + (fnlS dfn-1[u].h)) =0, n>1.

Decomposing 1 in the orthonormal basis (fp)y>0, we get for n =0

p=1

+oo
0=Im (<df0[u]-hfo><fo]l> + Z<df0[u}-hfp><fp]1>)

= Im (<df0[ 1.kl fo) (fol1) +Z &Tfp|h> fp]l>)

or

o) 2
= ilm((Gol)):

Similarly, for n > 1, decomposing Sf,,—1 and S*f,, in the orthonormal basis (fp)p>0, we
have

+0o0
<dfo[u].hfo>um( ! Z<f°fp‘h fpn)

0=Im (Z<dfn[u].hfp><fp5fn1> (S Fal Fo (ol dfnl[u]-m) ,

p=0

and by isolating the index p = n in the first term and p = n — 1 in the second term, we
get the formula

(fulS fa—)Im((dfn[u].h| fr) = (dfn-1[u]l.h|fn-1))
= —Im (Z(dfn[U]-hfp><fp5fn1> - > (fnSfp><dfn1[U]-hfp>) ,

p#n p#n—1

16



leading to

<fn|5fnfl>lm(< dfn[u]h|fn> - <dfn71[u]h|fnfl>)

<fnfp‘h> <fn71f7p‘h>
=-1 E ~———(fplSfn-1) — E Sfolfn)~—-—
m = )\p — )\n <fp| f 1> p;én_1< fp|f >)\p _ >\n71
We retrieve the expression of &) (1| fy). O

2.4 Decomposition for d(,[u].cos and d(,[u].sin

In this part, we establish Theorem 1.4: we decompose d(,[u].cos and d(,[u].sin using
blocks of the form (6) > ;4 Af (7)CkCr+1, where Af are functions of the actions only.

Let us now give the organization of this part. Recall that since ¢, = @f{%% we have

equality (10)

1
Vv En

where d(1|fy)[u].h decomposes from Proposition 2.8 as

A h = AL o)) h—= — 3G dInrn [l

d(M|fu)lu]-h = 6y (1| fn) + L (T fn)-

This leads us to study successively each part of the decomposition: dIn(xp)[u].h, o) (1| fy)
and ) (1|f,), in the particular cases h = cos and h = sin. Then, in subpart 2.4.4, we use
part 2.2 in order to deduce that d¢,[u].cos and d(,[u].sin are bounded and Lipschitz on
balls of finite radius.

2.4.1 The case of dlIn(k,)[u].h
For ¢ € h%, we denote u = ®~1 (¢) and define
0kn(€) := dln(ky)[u]. cos —i dIn(ky,)[u].sin, n € N.

To avoid confusion, we shall precise that In(k,) is a function of u € L%O(T), and that
dIn(ky,)[u]. cos denotes its differential with respect to the variable u applied to cos. How-
ever, 0k, is a function of the Birkhoff coordinates ¢, since u = ®~1({) in the definition.

Lemma 2.9. There exist functions Ay, € C'((2,R), n,k € N, such that for all n > 0,
1
for all { € b2,
0kn(Q) =Y An k(N GCri1.

k>0

Moreover, for all R > 0, there exists C(R) > 0 such that for all v € £% satisfying ||7||53r§
R, for alln,k > 0,
AL k(]S C(R)

and for all h € (%,
| dA;, 1 (7)-hI< C(R)[[Allg, -

Proof. We first compute the differential of the eigenvalues A,,, n € N, with respect to the
variable u and applied to h = cos and h = sin. From [23], Corollary 5.3, we know that

daful.h = —(| ful?|R),  h € L7(T),

17



which leads to a formula for the differential of the moments v, = A\, = Ap_1 —1forn >1

dyn[ul-h = (| fa-1P=|ful?|R), h € L7o(T). (11)
We now simplify
doyn [u]. cos —i dyp[u]. sin = <|fn—1‘2_|fn‘2|€m>
= Vn—-1n-1— Mn,n‘
We denote o
mp, = Myn = —ay, (7)CnCnr1s
where we recall that a; is a function of vy defined as
Y o U
= ——.
n n+ /rn+1

In the rest of the proof, we drop the star exponent for a;, A%, 7 and ;) in order to avoid
heaviness. With this notation, we have

dyp [u]. cos —i dyy, [u]. sin = my,—1 — my,

and
dAp[u]. cos —i d\, [u]. sin = —my,.

We are now ready to study the differential of In(k,). Recall that for n > 1,

—+o00
. 1 Tp
fin(u) = A — Ao 11 (1 Ap—An>

p=1
p#n

and

We get that for n > 1,

My, — My 1
Okpy = ——7+ =
An = Ao :l; I

p#n

and similarly,

1 mg —m Mp_1 — M
dko = < Loy — —2 p).
2 By A

For n > 1, one can therefore write dx,(¢) = >, A;k(y)@(m, where for k ¢ {0;n},

() = 1 ag g n 1 ag
CLAE e Y5 VD W 2L D VR i AL S == N Vi W

Ak—An k+1—An
for k =n,
an 1 —an 1 an,
A =— + V| T ’
n,n('y) A — Ao ];Z 1— )\k’ﬁv)\n ()\k — )\n)2 1-— )\n’ln;r_lAn Al — An

18



and for k =0,
ag 1 ag

/\n—)\0+ — A

;,0(7) =

In the case n = 0, we have for k > 1,

1 af ag > 1 af
Al = _ +
0 (7) 1— 52 <()\k 02 T N — ey M — Ao

and for k =0,

1 —ap 1 ap
App(y) = Y | + :
’ ; 1-— )\k’y,k)\o (/\k - >\0)2 1- )\1’11/\0 >\1 - )\0

We have seen in (8) and (9) that if H’yHQS R, then there exists C'(R) > 0 such that
for all n € N,

and for all h € ﬁ}k,
| dan(7).h|< C(R)|[A]g -

Moreover, the estimate |dA!(v).h|< [|A]] o holds for the differential of A\ with respect
to v. We deduce that for all n, k € N,

[An k(M| C(R)

and for all h € ¢,
| dAS x(7)-h] < C(R)[[R]l -

2.4.2 The case of 0| (1]|f,)

We now study, for h = cos and h = sin, the term

Sy(LLfn) = —im((&al ) (L fn),

where we recall that

—+00 n

(L1f,) !
. forﬂZA o= 2 TR

and T ISf (SFol i)
P =y it k v 2SR g F
;;J N — Z pW v Lt
p#k p;ék 1

Lemma 2.10. For alln > 0, denote

C7:|L: = <§n‘e:tix>’

1
then for n,k > 0, there exists Ai[k € Cl(é},_,R), such that for alln >0, for all ( € h2,

ZA V)Crlhr1  and ¢, ZAM )CrChs1-
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Moreover, for all R > 0, there exists C(R) > 0 such that for all v € £} satisfying ||'}’||g_l'_§
R,
AT (IS C(R)

and for all h € 0,
A%, () ] < C)hll

Proof. e By definition of My, ,, = (fp|Sfn), we have

1 "1 .
z VAL YA o
Ap —>\0 =
and
; My, My
1T — 7pM _ D, M .
(k™) Z)\ — 5, Mk > Ny Mkt

p#k P p#k—1

We replace the terms M, , by their expressions (see Definition 2.5), and make use of
colors to emphasize the oscillating terms (of the form (311 or (xCrr1). Since (o = 1, we
have

- +oo n
+ [k GG

H1 — mp?pgp B 1 i
ko 1+m * Kok1 ot 1;2 (Ap = A0)(Xp — Ao — 1) Z m<¢k|€ )-

k=1

Moreover, by isolating the indices p = kK — 1 and p = k — 2 in the first and second sum
respectively in the formula for (1y|e™®), we get

i K
(rle®) = T [5G

?p(p+1
Yao Y \/IW\/»)\ V3T F W VY s v e

p#k—1k

HE—1 Kk -—
+ CkCr—1
I+ 1) X+ + Y—1) V K1

— GGt Y, Hph kL Cpr1Cpst
- P pr1 (A = Aem1) (A = Ap = 1) (A1 = Ap — 1)

pF#k—2,k—1

One can therefore write ¢} = +°° An e 1Ck 1Ck, with

[ 1K1 / KpTp
AT =1
k=1 k=l 1+ 7 KoK1 Z )\ *)\0 )\p*/\()*l)

+]11<k<"(1\—/i—/7*];k

+ Hi—1 K

Ve +%-1) (1 + 7% + Y%—1) | KE-1

_ Z Hp+1 VEERE-1 Vp+1 )
Vik Epr1(Ap = Ak—1) (A — Ap — 1) (Ag—1 — Ap — 1)

pF#k—2,k—1

+
Z \ﬁ\/>)\k 1= ) (A 1*)\11*1)()\1 Ag—1— 1)

1<i<n
k—1A41—1,
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e We now prove bounds and Lipschitz estimates on finite balls of El .
We know that for p # k and for p # k + 1,

pp < C(R) and k) < i(ﬁ).

The first term is therefore bounded as

400
H1k1 KpYp < e
V' ko 1+71 \/;Z A — 20)(Ap 404)—0(3) L+ mpy | C(R).

p=2

=1 < 1. Moreover,

» o=kl /\k\—lp k[ P >\

Then, for 1 < k < n, we have

1+%\/ \ﬁ + Vi 1)(1+’Yk+’7k 1)\/ <0®

and since the following estimate can be obtained by comparing (k — 1) to &

EERE_1 <c R)# < C'(R),
i1 g — A1) Klp— (k= 1)
we get
o vV EERE-1 v,
> T M — 1) O — A 1p11 To[SO® 2 wa
pihah1 VHE Kpr1(Ap = Ae—1) (A = Ap = D) (A1 — Ap — 1) ootk a1
< C'(R)
Finally,
< C(R
1<l<n \/ )\k 1= A\) (A= 1—)\11—1)()\1 Ag—1—1) = (B) 12;1 n
k—1#£1-1,1 k—1#£1-1,
< C'(R).
We conclude that
A< C(R).

We finally check that for all h € ¢,
|44, (7).8] < CR)l

This is a consequence of the formulas, and the fact that for all n € N, the spectral
parameters, seen as functions of the actions =, satisfy | dA!(v).h|< Hh\|€1+, | duk (v).h|<

C(R)[Ihllg and |(n+1)dry(v)-hI< C(R)|[All o if [[7]lp < R.

e Similarly, we write the formula for ¢

1 X /G L .
Myo— ) —=(Prle™™),
Z Ap—Xo D l; NI
where
—xr Mk*l: M 7k
<¢l~c|€ ) = A _ Ap N2 Z _p)\ Mk—Lp
pk F prk—1 P kL
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Using the expression of M, ,, we get

"1

/ C;)Cp+1 —iz

=1

where we isolate the terms p = k 4+ 1 and p = k in the first and second term respectively
in the formula for (Y |e™**)

vV Bk RE+1 Rk415—
Ck+1Ck

(Wrle™) = (L4 Year + )L+ 7041) Vi
. o5
+<k<k+1p%;+lm T On =) O — Mo — DOy — M 1)
\/W
] (kaH
+% V Kk
Cp+1<p
Gl Y \/W\/;)\ M)A = A — DAy = Aoy — 1)

p#k—1,k

One can therefore write ¢, = >, A~} (xCry1, With

AT =1, U;
ok k#()m\/:ﬂ()\k —Xo)( Ao — A — 1)

vV HE+1 Kk+1
+li<k<n
(T +e1 +96) (L +%41) VA

+
p#;ﬂ \/ATH\/W(/\,, =) Ap = M1 — DAy — A — 1)

\/Mk+1 KK
1 + v\ fik+1

Z s \/ K1 (A — N—1) (N — )\kfl)(/\k*)\l 1—1)

1<i<n
kAl—1,1
The proof of the estimates
[Anpl< C(R)
and
|dA, ,(v)-h| < C(R)|[Al|
are similar to the terms A, . O

2.4.3 The case of ¢, (1|f,)
Finally, we focus on the term
fofulh
suaif) = Y AR
p#£n "
when h = cos and h = sin.

Lemma 2.11. Forn > 0, let us write

FRPE==4
o= 30 BRI
p#n P "
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1
Then there ezist py,, B, 1, a5, € Cl(ﬁr,R), n,k € N, such that for alln € N, for all € h?,

" = ¢, (V)Cnt1

and

b,
i = PG+ (ZB ckom) G-

The terms py,, BZ,k and q;, are uniformly bounded and Lipschitz on finite balls: for all
R > 0, there exists C(R) > 0 such that for all v € (% satisfying H’YHQS R, for all
n,k > 0, we have

Pn(N1+B5 k(Y +an (7)< C(R)

and for all h € ¢,

| dpn(7)-hl+[dBg  (7)-hl+]dg, (7). k< C(R)||All g -

Proof. We first simplify the formulas for b} and b, : on the one hand,

=Y VR
pFEN
v En+1 1 K _
:\/Nn+1<n+1 * + - CpCp ’

T+Y41 VEntl N ——_l (Ap = An)(Ap = An — 1)

and on the other hand,

Z Ap — )\ VG
p#N
s N o
— 14 ———— -1 + VEnln p;énzm_l Oy — M) — Ay 1) /‘ipil CpCp+1-
We now define i
% Hnr/Kn—1
= 12
P =~ (12)
vV k41 K

B* S
n k() = Liznn Ok — 2) O — Mo — 1)V Rpan

and

% VHn+1 [ /et 1 KpTp
an\7v) = + . 13
( ) vV En 1+ Yn+1 VvV En+1 p;énz7;+1 (>\p - An)()\p o 1) ( )

The estimates on py, and By, follow from their definitions. Note that in order to bound
the sum on the right in the express1on of ¢y, we use the inequality |\, — A\,|> |p — n| and

the estimate
1 C
Z < 1’
Siplp—nl ~n+

pFn

which can be obtained when comparing p to 3. O
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Proof of Theorem 1.4. Starting from the expression (10) of d¢,[u]. cos and d(,[u]. sin, we
have the formulas

~ n(ky)[ul. cos + -
d¢,[u]. cos = ¢, <_ﬂm(<§n|cos>) _ dIn(kn)[u] > n by + b,

2 2./kn
and dl i bt —b-
d¢p[u]. sin = ¢, <—iIm(<5~n|Sin>) - n(’an) Mjm) B g’i\_/li: ’
The proof is now a direct consequence of Lemmas 2.9, 2.10 and 2.11. 0

2.4.4 Lipschitz properties

We now deduce from Theorem 1.4 that the terms d¢,[u].cos and d(,[u].sin are bounded
and Lipschitz functions of ¢ on finite balls for the norms

1, = 1
hi = {(Cn)nzl € (CN | Zn1_2s|(:n|2< +oo}’ 0<s< 5

n=1

Corollary 2.12 (Bounds and Lipschitz properties). Fiz R > 0. There exists C(R) > 0
such that the following holds.
1

Let s < —%. If( € h? and Hg”zig R, then writing u = ®~1((),

I(dGalul-co8)all g, (A6 ful:sin)all o< CCRC o

+

1
Moreover, for all (M), (®) € h% satisfying (V]| 4., [ICP]| o< R if u® = @7H(CW)
+ +

and u® = =1(¢?), then

(G [u).cos) — (A [u].cos)al 3., < CRICY ~ P 3.

+

and
(G [utD]. sin)y — (G [u®)]. sin)al] 3. < C(R)I¢M —¢@|

1 .
s+s
2

+ h¥

1
Proof. Let ¢ € h} such that |\§Hﬁ§ R. We write

+00
d¢n[u]. cos = p (7)Gn—1 + (Z A (VGG + BZ,k(V)CkaH) G+ @ (V) Gt 1,
k=0

where the terms pJ, ¢, A;;k and B;;’k are bounded and Lipschitz on balls of finite radius
in 01, and v = (|¢a]*)n € 1. We have ||'y||€3r§ R?, therefore there exists C(R) > 0 such
that

1P (V) Flan (V) + A7k (VIH] B (V)< C(R)

and for all h € ¢},
| dpy, (7)-hl+1dgy (7)-hl+| dAG, . (7)-hl+[ A B, 1, (7)-h[< C(R)[[Al]g -
We deduce that for all n > 1,

| d¢n[u]. cos|< C(R)(|Cn—1]+Cnl+[Cn1])-
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Let s > —1 and assume ||C||Zi§ R, a summation leads to

+00 o
>t cosPs CR) S n i P= CRIGIE ..
=1 n=1 +

1
Now, define, for ¢ € h2,
Sn(€) = dCu[@71(Q)]. cos.
1 S
We prove that the differential of 5, is bounded on balls of finite radius of hi+ for s > —%.

Fix h € (% and denote H = (H,)n>1 the differential of the map ¢ € /2 — (|¢a|*)n>1 € £}
at ¢ applied to h. For all n > 1, we have H,, = (,hy, + (,hy, therefore H is in Z},_ and

1E s < 20l 1l
The differential of S, at ¢ applied to A now writes

dSn(¢)-h =dp,(v)-HCn—1 + dg,(7) - HGur1 + pr(7) hn-1 + ¢ (7) hnta

(Z dA}, (7). H 1 + dB;, 1 (v )'HCka—i—l> Cn

<Z AL () (hieCrr + Cehie1) + By, o (7) (hieGogr + Ckhkﬂ)) Cn

(ZA V)CkCet1 + By (v )CkaH) h

< R, a summation leads to

When []] 1.<
+
+oo
an 1dSn(C).h? < CR)H | +C(R) Y 0| ?
ORIy,
These arguments are also valid in the case of d(,[u]. sin. O

3 Flow map

In this section, we prove global well-posedness for equation (BO-«a) and establish the weak
sequential continuity of the flow map.

Thanks to Theorem 1.4, we have simplified the system of ODEs satisfied by the Birkhoff
coordinates {. In order for the vector field to be Lipschitz along the second variable, we
need to remove the oscillatory part in the frequencies w, = n? — 23", o, min(k, n)|(x|?.

Therefore, we introduce a change of functions z,(t) = e~™*¢,(t), n > 1: the new coordi-
nates z = (2p)n>1 are solution to an ODE

2 (t) = F(t,2(t)). (14)
The vector field F' = (F},)p>1 is defined as

Fo(t,z) = e~ (mn(z)em ton — aZn(t, )) : (15)
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where w,, are the new frequencies

+oo
wn(z) = -2 Z min(k, n)| 2|

k=1

and B
Zn(t,z) = Zp(C(t, 2)) := (u|cos) Ay [u]. cos +(ulsin) d(, [u]. sin, (16)
with
Ca(t,2) = ey, n>1

and

u(t,z) = @71 (¢(t,2)) -

We apply the Cauchy-Lipschitz theorem for ordinary differential equations in part 3.1
to get local well-posedness for equation (BO-«). In part 3.2, global well-posedness follows
from the existence of a Lyapunov functional controlling the L? norm of the solution and a
compactness argument. Finally, we prove the weak sequential continuity of the flow map
in part 3.3.

3.1 Local well-posedness

In this part, we prove that the vector field F' is locally Lipschitz with respect to the second
variable and apply the Cauchy-Lipschitz theorem for ODEs.

Theorem 3.1. The map F is bounded and Lipschitz on finite balls in the following sense.
Let R > 0. Then there exists C(R) > 0 such that if Hz(l)Hh%g R and ||z(2)||h%§ R, then
¥ ¥

for allt € R,

IIF(t,Z(I))Hh%JrHF(t,2(2))” < C(R),
+

%
hi
and

(2)y _ (1 @ _ (1
I, =) = P20y < COIED =20y
Moreover, F' 1s weakly sequentially continuous with respect to the second variable.

Proof. We start from the definition of F' from (15):
F,(t,z) = e in’t (i@n(z)einztzn — aZn(t, z)) :

We consider the terms iwy(2)z, and Zn separately.
1 1
e First, the part (t,2z) € R x h3 + (iW,(2)2n)n>1 € k7 is bounded and Lipschitz on

1 1
finite balls with respect to the variable z. Indeed, fix z(1), 2(2) ¢ h3 bounded by R in hZ.
We have

400
|Dn(z)|= 2 Zmin(k‘, n)\z,(gl)\Q < 2R?%,
k=1

so that

Moreover, thanks to Cauchy-Schwarz’ inequality,

<2 2 1
> min(k,n) (127121 F)
k=1

< CR)D =20 .

G (1)) = Bn(z)] = 2

+

26



so that
@a ()21 = @a 2Dzl 3 < C (R = 20 .
¥ ¥

Let us now establish the weak sequential continuity. Let z(¥), k > 1, be a sequence

1 1
of elements of h} weakly convergent to some z € hi. By compactness, this sequence is
strongly convergent in the space Zi. Therefore, for all n > 1,

+oo
Ba(z®) = Ba(2)|< 203|120 2|2,
p=1

(k)

converges to zero as k goes to infinity. We conclude that the sequence (@, (2*))z, Jn>1 18
1

weakly convergent to (Wn(2)2,)n>1 in h3 as k goes to infinity.

e We now prove that Z = (Z,),, defines a bounded and Lipschitz map on finite balls

1 1
from h3 * to itself for all s € [0, %) The introduction of a variable Sobolev space h} *in
the Lipschitz properties will be useful when considering the weak sequential continuity.
1 1

From Corollary 2.7, we know that ¢ € h3 — (u|cos) € R and ¢ € h} — (ulsin) € R,
where u = ®~1(({), define real-valued maps which are bounded by C(R), and Lipschitz
with respect to the ¢2 norm: if HC(l)HziS R and HC(Q)H,&S R, then

[(u®cos) |+ (u [sin) [+ (u® |cos) |+ (u® |sin) | < C(R)

and

[(u®]cos) — (u®[eos) [+ (u®Jsin) — (u|sin)|< C(R)[[¢Y = Pz

From Corollary 2.12, we also know that the terms d(,[u]. cos and d(,[u].sin, when
restricted to a ball of radius R, are bounded by C(R) and Lipschitz with respect to the

15
h2 " norm for all s € [0, 3): if Hg(l)Hh%ﬂg R and HC(Q)H}L%,SS R, then
¥ T

(A [u ™). COS)th%ferll(an[u(l)]' sin)n|| 3-.< C(R),
+

+

(A [u]. COS)th%_sHI(an[U(Q)]- sin)a|| 3-.< C(R),

+ +

[(dGa[utV]. cos)n — (dalu®]-cos)a]l 3 < CR)ICY =P -,

and
I (aGa[u™)-sim)n = (da[u®].sin)a]l )< CR)ICY =P 4.
h2 h3
1
We deduce that Z = (Zy),, is bounded and Lipschitz with respect to the h3 * norm
when s € [0, 3): if |yg<1>||h%§ R and ||¢?)| 1< R, then
+

e

12D -+ ZCP)] .2 OR)
and
12(¢M) - Z(C@))Hh%_sé CR)ICM —¢@ ..

58
+ hi

1
Now, fix ¢ € R and 2(1),2(2) € 12 such that |2()]| 1< R and 12| 1< R. Then by
hZ h2

definition of ¢ and ¢®? as Q(Lk) (t,2) = ei”Qtzﬁbk), forn > 1 and k = 1,2, we see that
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1691, 3= 1201 3 moreover, for 5 € [0,3), 1600 = ¢ = 200 = 2] . We

+
have therefore proven that

IZGO) - +HIZEO) < OR)
+ F
and N B
1Z(z10) = Z(z)|| ,_ < @)W -2, _.. (17)
h2 h?

We now prove that Z is weakly sequentially continuous with respect to z. Indeed let

2k > 1, be a sequence of elements of h2 Weakly Convergent to some z € h2 We fix
s € (0, f) and use the fact that the embeddlng h2 — h2 "~ is compact: from the Rellich
theorem, z(%) is strongly convergent to z in hi ~°. But inequality (17) now implies that
Z () is strongly convergent to Z (z) in h_%_s, and therefore weakly convergent in hi O]

We deduce from the Cauchy-Lipschitz theorem for ODEs that the initial value problem
for the damped Benjamin-Ono equation in Birkhoff coordinates (14) is locally well-posed
1

in hZ.
1
Corollary 3.2. For all 2(0) € hZ, there exists T > 0 such that equation (14)

2(t) = F(t, 2(t))

1
with initial data 2(0) admits a unique solution z € C*([0,T], h2). Moreover, the solution

1 1
map is continuous from h% to C*([0,T],h2).
Applying the inverse of the Birkhoff map, we conclude that the damped Benjamin-Ono
equation (BO-a) is locally well-posed L%O (T): for all initial data ug € L%O(T), there exists
T > 0 such that equation (BO-a) admits a unique solution u € C([0,T], L?(T)) with

initial data ug in the distribution sense; moreover, the solution map is continuous. Indeed,
thanks to formula (4.5) in Lemma 4.2 in [23], one can prove that the inverse Birkhoff map
1

is admits a differential from h2 to L2 (T).

3.2 Global well-posedness

Thanks to a Lyapunov functional controlling the L? norm, we now establish global well-
posedness for the damped Benjamin-Ono equation (BO-«) in L%,O(T).

Proposition 3.3 (Lyapunov functional). Let ug € L%O(T), and ([0,7%),u) be the corre-
sponding mazimal solution. Then for allt € [0,T%),

d T
)32+ 20 (] = 0.

Moreover,
T*
20 [ (Ol at < fuolFagr

and if T* = +o0, then |{u(t)|e™®)| tends to 0 as t goes to +0o.
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Proof. Using the equation,

0322y = 2Re [{Oyulu(0)]

= —2a(|(u(t)|cos>|2—|—|<u(t)|sin>|2) + 2Re [(833(H8xu — u2)|u(t)>]
= —2al(u(®)le) 2

It remains to show that |(u(t)|e®®)| tends to 0 as t goes to +oo. Taking the derivative,

% (u(t)|cos)|?= 2Re [(Dsu|cos) (cos|u(t))]
= —2aRe [((u(t)|cos)(cos|cos) + (u(t)|sin) (sin|cos)) (cos|u(t))]
+ 2Re [(HOyzu — 05 (u?)|cos) {cos|u(t))]

= —a(u(t)|cos)|*+2Re [(—(u(t)|HOyq cos) + (u*(t)|0, cos)){cos|u(t))] .

Since H cos = sin, we deduce that

% (u(t)|cos)|? = —a|(u(t)|cos)|*+2Re [((u(t)]sin) — (uQ(t)\sin>)<cos|u(t))] .
But
[(u(t)]cos)|< [Jull L2¢m) < [Juoll L2y,
[ (u(t) sin) |< [Juol| L2(T)
and

(2 Olsin)] < el zcay < lluollZ2(m.

therefore %\(u(t)\cos)]2 is bounded, and the same can be proven for %](u(t)|sin)|2. This
observation combined with the fact that |(u(t)|e’®)| is square integrable implies that
[{(u(t)|e"*)| tends to zero as time goes to infinity if 7% = 4o0. O

1 1
Proposition 3.4. For all z(0) € h3, the mazimal solution t — z(t) € h3 is global.

1
The proof of this proposition relies on the fact that, given an initial condition z(0) € hZ,
it is possible to construct a weighted space ¢(w) which contains z(0) and which compactly

1
embeds into 3. With a Gronwall type argument, we then prove that the maximal solution

1
t — z(t) is bounded in £(w). Because of the compactness of the embedding /(w) < h3 and
the local well-posedness of the Cauchy problem, this ensures that the maximal solution is
global.

Lemma 3.5. Let (2,)n>1 € (Ry)N be a sequence of non-negative real numbers such that
the series with general term x, is convergent: Enzl T, < +00. Then there exist positive
weights (wy)n>1 such that w, — 400 and

Z Wy Ty < +00.
n>1

Moreover, one can assume that for alln>1,1< % < 2.

Proof. Let ry, :=)_ _ x, and define

p>n
B 1
S 2 + T+ 4/Tn—1 ‘
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Then w, — 400, and

Tn—1—"Tn
27+ VTn +4/Tn—1
<\VTn1— T

The general term of the upper bound defines a telescopic sum, so that the series ) - wpay,
is convergent. B

We now need to ensure that for allm > 1, 1 < w;—:l < 2. Let wy := wg and define by
induction

WnpTn =

Wy, := min(wy, 2Wyp—1), n > 1.
We check that w,, satisfies the required assumptions.
e Since wy, < wy,, we know that ) 4 w,x, < +00.

e By definition, the sequence (wy, ), is increasing, therefore
Wy, > min(wn—l) 21En—1) > Wp—1.

Moreover, the other side of the inequality is immediate w;,, < 2wy,_1: we have proven
that 1 < 2¥n_ < 2.

Wn—1 —

e We now prove that (wy), tends to infinity. Let (nj)r>1 be the increasing sequence
of indexes n for which w,, = w,, (this sequence might be finite).

If (ng)g>1 is finite, then there exists /N such that for all n > N,
{En = 2{1771—1~

The weights being positive, this implies that (w,), tends to infinity.

Otherwise, since the sequence (wy,)y, goes to infinity, so does the sequence (wp, )i as
k goes to infinity. The sequence (wy), being increasing, we deduce that (wy,), also
goes to infinity.

O

We now fix a sequence of positive weights w = (wy,)n>1 and define the weighted space
1
lw) = {z €hi | Hz||§(w): ann|zn|2< +oo}.
n>1

Lemma 3.6. Assume that w, — +oo and 1 < =2 <2 for alln > 1. Fiz 2(0) € ((w).
1

Then the mazimal solution t — z(t) € h3 is global.

Proof. Let I be the maximal time interval on which the solution ¢ +— z(t) is defined. On

this interval, we consider the functional f : ¢ +— Hz(t)H?(w).
We prove that f stays bounded on the interval I. Indeed,

d d
n>1
For n > 1, the time derivative of -, is

() = (]

d
—a(u(t)|cos) dy,[u(t)]. cos —a(u(t)|sin) dy,[u(t)]. sin.
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From the expression (11) of the differential of -, we have

dyn[u(t)]. cos = Re((]fn_1|2—]fn|2\em))

and

dynfu(t)].sin = =Im((| 1>~ fu[*[€™)),
where

UeaP=A01e) =~y Bt E it Vi \ﬁcncnﬂ.

Since iy, (R), we see that actually

d .

| < CORIIP GG (18)

so that

d

dtf(t)' < C(R) ()™)Y nwn (|Ga-1GalH-1Ganal) -

n>1

Using Cauchy-Schwarz’ inequality, we deduce that

M=

d A
10| = cOviule) | X monle
n>1
annanl‘Q + annKnJrl’Q
n>1 n>1

For all n > 1, because 1 < wg—zl < 2, we have 1 < % < 4. Hence there exists
C(R) > 0 such that for all ¢t € I,

3710)] < cnureise.

Now, Gronwall’s lemma implies that for all £ € I,
FO)I< £(0)[eC Solulemiar
Applying Proposition 3.3, we deduce that
FOI £ OV,

To conclude, for all T > 0, f stays on a bounded subset of {(w) on the time interval
1
([0,7*) N [0,T]. Since the embedding ¢(w) < h? is compact because of the condition

1
wy, — +00, the solution ¢ — z(t) stays in a compact set of h7. This implies that there
cannot be finite time blowup: [0,7) C [0,7), therefore the solution is global. O

1
Proof of Proposition 3.4. Let z(0) € hi. Thanks to Lemma 3.5, we construct a sequence
(wn)n>1 of positive weights such that z(0) € (w), w, — 400 and 1 < =25 < 2 for
all n > 1. Now Lemma 3.6 with the weights (w,,), ensures that the maximal solution

1
t— z(t) € h is global. O
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3.3 Weak sequential continuity of the flow map

In this part, we prove that the flow map for the damped Benjamin-Ono equation (BO-«) is
weakly sequentially continuous. Note that in view of the weak sequential continuity of the
Birkhoff map and its inverse, it is equivalent to establish the weak sequential continuity
of the flow map for the damped Benjamin-Ono equation in Birkhoff coordinates (14).

Proposition 3.7. The flow map for the damped Benjamin-Ono equation (BO-«) is weakly
sequentially continuous.
More precisely, let u® (0) — u(0) in LE’O(']I‘). Then for all T > 0, the sequence of

solutions u'®) associated to the initial data u® (0) converges to the solution u associated
to the initial data ug in Cy([0,T], L2 o(T)) (with the weak topology).

Proof. We consider a sequence u*) (0) weakly convergent to u(0) in Lz’o(’]I‘).

For k € N, denote z(*)(0) := ®(u®)(0)). By weak sequential continuity of the Birkhoff
map @ (see [25], Remark 6 (iii)), we have 2(¥)(0) — 2(0) := ®(u(0)) in h_%, therefore this
sequence is bounded in hJ%r by some R > 0. But the solutions of the damped Benjamin-

Ono equation have a decreasing norm in L%’O (T) (Proposition 3.3) and from the Parseval
formula HuH%Q(T): 23 0> n|¢a|? (Remark 1.2 (i) in [23]), their Birkhoff coordinates have

1
a decreasing norm in h3. Therefore for all £ > 0, the sequence (2 (1)) is also bounded
1
in h? by R.
Recall from Theorem 3.1 that there exists C'(R) > 0 such that for all ¢t > 0,

dz)(t)
— | 1= ||F(t, 2P @) 1< .
I 2= 1P =00, < o
1
We conclude that the sequence || dz(gz ® ||h 1+ k €N, is bounded in h} uniformly in time.

+
Fix T > 0. From Ascoli’s theorem, we know that up to a subsequence, z(¥) converges in

1
Cw([0,T], h2) (with the weak topology) to a function Z. In particular, since @' is weakly
sequentially continuous , for all ¢ € [0,T7], the sequence u®)(t) = ®~1(2(F)(t)) is weakly

convergent to u(t) := ®~1(Z(t)). But F is sequentially weakly continuous with respect
to the second variable (see Theorem 3.1), therefore F(t,z*)(t)) is weakly convergent to
F(t,2(1)).

Passing to the limit in the equation, we conclude that Z is a solution on [0, 7] to the
original equation (14) in the distribution sense with initial data z(0). By uniqueness of
such solutions (see Corollary 3.2), we deduce that z = z. O

4 Long time asymptotics

In this section, we describe the weak limit points for the flow map (point 1 of Theorem 1.2)
in part 4.1, and prove that the convergence to these weak limit points is actually strong in
L%O (T) (points 2 and 3 of Theorem 1.2) in part 4.3. In order to get the strong convergence,

we show that the integral f0+°o S n(t)Ynt1(t) dt is finite in part 4.2.
4.1 Weak limit points of trajectories as t — +00

Using the LaSalle principle, we study the limit points of (u(t))er for the weak topology
in L?(T) as t goes to 400 and prove Theorem 1.2,
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Proposition 4.1. Let u be a solution of the damped equation (BO-«) with initial data
up € L%’O(T). Then any weak limit vy of the sequence (u(t))ier in L%O(T) ast goes to +00
defines a solution v to the Benjamin-Ono equation (BO) such that for all t > 0,

(v(t)]e™) = 0.

Proof. Let vy be a weak limit of some sequence (u(ty))ren in L7 o(T), where ¢ — +00, and
let v be the solution to the damped Benjamin-Ono equation (BO-«) with initial data vg.
By weak sequential continuity of the flow in Lf}o(']T) (Proposition 3.7), for all t € R, we
have

u(t+tr) — o(t)

k—+o0

and in particular . '
{ult +t)e™) —— (v(t)]e").

—+00

However, from Proposition 3.3, (u(t + t)|e’®) tends to 0 as k goes to +oo. We deduce
that (v(t)]e*®) = 0 for all t € R. O

Proposition 4.2. An initial data vy € L%O(T) defines a solution v to the Benjamin-Ono
equation such that for all t € R, '
(v(t)]e") =0

if and only if vo does not have two consecutive nonzero gaps:

Vn €N, Cn(UO)CnJrl(UO) =0.

Proof. Assume that v is a solution to the Benjamin-Ono equation with initial data wy.
Then the Birkhoff coordinates evolve as

Cn(v(t)) = eiwn(vo)tgn(UO)a

where
—+o0

wa(vg) =n® =2 " min(p, n)7p,
p=1

Applying Lemma 2.6, we have

(v(t)|e") = Z My e @n(vo)=wni1(vo))t
n>0

where m,, is constant along the flow of the Benjamin-Ono equation:

M = My = —Ca(00)Cs (v0) 1| =20 ).

Kn+1 (UO)

One can see that if the condition ¢, (vg)(n+1(vo) = 0 is satisfied for all n € N, then all
the coefficients m,,, n € N, vanish, therefore (v(t)|e’®) = 0 for all ¢ € R.
Conversely, assume that (v(t)|e’®) = 0 for all + € R. Since

+oo

wWn+1(v0) —wn(vo) =2n+1—2 Z Vps
p=n-+1
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the sequence (wy11(vg) — wn(vo))nen is strictly increasing. Fix n € N, and choose T' > 0.
Then

/ z(wn+1 vo)—wn (vo))t < ( )|eza:> dt

ei(wn+1(vo)—wn (vo)+wp(vo) —wpt1(v0))T _ |
o, L Z m, p P

i(wWn+1(v0) — wn(vo) + wp(vo) — wpr1(vo))

psﬁn
Taking T' — 400 in this equality, we deduce that m, = 0. Note that k, > 0, kK41 > 0
and fin4+1 > 0, therefore, we have (,(vo)(nt1(vo) = 0. O

4.2 Time integrability for products of two consecutive modes

Let u € C(Ry, L7 1(T)) be a solution to the damped Benjamin-Ono equation (BO-«). We
denote vy (t) := vn(u(t)) for all n > 1 and ¢ € Ry (with the convention yo(¢) = 1).

Proposition 4.3. Let R := |lug||z2(r). Then there exists C(R) > 0 such that

+oo T
/0 > ) nsa(t) dt < C(R).
n=0

Moreover, there exists a map &, such that e,(T') — 0 as T — +oo and the following holds.
For alln € N, fir a, € C'(Ry,C) satisfying:
Vi >0, |ap(t)|<1 and an (1)< [(u(t)]e)]. (19)

Then for all T > 0, we have
2
dt < ey (T).

+oo

[

n=0

()Gn ()Gt (t)

Remark 4.4. Note that by homogeneity, if the maps a, € C*(Ry,C) satisfy:

620, lan(®l< and. (D] < K|(u(t)]e)],

n+1
then for all T > 0,
2

(OGO (B)] dt < K2e,(T).

+o0 |+
JA

Let 0 < T < T" < +00. We denote

T/ +0
I(T, T : / > () ne (t) dt.
n=0

For a family a = (a,), of maps satisfying assumption (19) of Proposition 4.3, we also
define

Jo(T, T’ /T Zan ap Cn( )Gt (t )Cp( )C}H—l( )dt
n;ép

The integrals I(T,T") and J,(T, T") are well defined since for allt € Ry, >, nv,(t) < R%/2
thanks to the Lyapunov functional (see Proposition 3.3) and the Parseval formula (see |23],
Remark 1.2(1)).

The key step in the proof of Proposition 4.3 is the following estimation of J,(T,T")
depending on I(T,T").
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Lemma 4.5. Let R = |[lug||p2(ry. There exist C(R) > 0 and a map &, with £,(T) — 0
as T — 400 such that the following holds. For all0 < T < T' < 400 and for all family
a = (ap)n of maps satisfying assumption (19) of Proposition 4.3,

[Ja(T,T")|< eu(T)(1 + VI(T, T")).
Moreover, for T =0, one has |e,(0)|< C(R).

Given Lemma 4.5, the strategy of proof for Proposition 4.3 will be the following. We
observe that for the choice of family a* = (a}),, given by (7)

P ki (1(1))
an(t) - Mn+1(7(t)) K’ZJA(’Y( ))7

we have thanks to the Lyapunov functional (Proposition 3.3)
I(Ov T,) < C(R) + C(R)|Ja* (Oa T/)|

We deduce from Lemma 4.5 that 1(0,7”) is bounded independently of T'. As a conse-
quence, a new application of Lemma 4.5 implies that for all family a = (a,), satisfy-
ing (19), Jo(7T,T") is bounded by some &,(T), where this upper bound is independent
of T" and of the choice of a.

Proof of Lemma 4.5. For n,p > 0, n # p, we denote 7, := C?Cn+1cpgp+1.
Fix a family a = (ay,), of elements of C'(R,, C) satisfying assumption (19). Since for
all t € Ry, Y, nyn(t) < R%/2, there exists C(R) > 0 such that for all ¢ € R,

Y lan(t)ay(t)nn,(t)|< C(R).
=

Therefore, one can exchange the summation sign with the time integral:

Tl
J(TTY =Y / i (£)atp (£)m p () I, (20)
n,p T
n#p
For each term in the series over the indexes n and p, we perform an integration by parts

by using the differential equation satisfied by 7, ,, which we will now establish.
Recall from (4) that the time derivative of (, is

d .
S (0) = iwn()Gn(t) — aZn(?)
with
“+o0o
wn(t) =n?—2 Z min(k, n)yx(t)
k=1

and Z,, defined in (16) as
Zn(t) = (u(t)|cos) d¢pu(t)]. cos +(u(t)|sin) d¢, [u(t)]. sin.

Therefore, the time derivative of 7, = (uCnt1(pCpr1 Writes

(1) = €20 (1) — 0By (1) (21)
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where
Qpp = —wn + wWni1 +wp — Wpt1

)

and

Frp = (ZnCos1 + CaZnt1) Glprt + (ZpCpr1 + GpZpt1) Cnlnsi (22)

Note that
Qup=2|(n—p) Z%-I—Z’Yk ,
E>n+1 k>p+l

hence for n # p,
|, p|> 2|0 — p|> 0.

When n # p, we can therefore divide the differential equation satisfied by 7,, by the
factor i€}, ;, and get

/T' an (£)ap(t)imnp(t) dt = /T' an(t)ay(t) (dnnmwpn,p(t)) "

T T ZQn’p(t) dt

An integration by parts now leads to

T i n,p( ) T T ZQnP( )
an(t)ap(t)
+a/T Q0 7p() Fop(t)dt. (23)

In order to determine an upper bound for , n¢p|f;/ an(t)ay(t)nn p(t) dt|, we consider
the three terms in the right-hand side of this equality separately.

1. For all t > 0, we have

D

n)p7
n#p

—+00 2
Wnn,p(t)‘ < (Z%(ﬂ) <R,
mp n=0

/

therefore the series with general term >, ., [%nn,p( )} . is absolutely con-
vergent and bounded by some constant C'(R) > 0 independent of T and T”.

Moreover, for N € N, one can cut the sum between the indexes n < N and the
indexes n > N to deduce

an(t)ap(t) an(t)ap(t) an(t)ap(t)
n#p n<N,p<N n>N or p>N
N 2 +oo “+o00
< <Z 'Yn(t)'Yn—&-l(t)) +2 ( Z ’V"(t)> (Z (1)
n=0 n=N+1 p=0
Let € > 0. Since
+oo +00 +oo oo
( > vn<t>) > b)) < g ( > mn<t>> va@)) < B
n=N+1 p=0 n=N-+1 p=0



we know that there exists N = N(g) € N such that for all t € R,

+o0 +oo
( > vn(t)>  wt) | <e.
p=0

n=N+1

Besides, for all n, we have 7, (t)yn+1(t) — 0 as t — 400 by weak sequential conti-
nuity of the Birkhoff map and the description of the weak limit points in Birkhoff
coordinates (see the first point of Theorem 1.2). Therefore, there exists Ty = Tp(e)
such that for all ¢ > Tp,

N 2
<Z V Vn(t)7n+1 (t)>
n=0

We conclude that there exists €, such that £,(T) — 0as T'— +oo and for all T < T”,

an(t)ay(t) r
;; [Mw%)nn’p(t)]T < eu(T),
n#p

moreover &, is independent of the choice of family a.
2. Next, we develop the time derivative
i an(t)ap(t) _ aﬁ(t)ap(t) + an(t)dp(t) _ an(t)ap(t)Qn,p(t)
dt \ i p(t) i p(t) i p(1)? )

From the definition of €2, ;,, we know that
€0 p(8)[< 2[5 () [l -
However, the time derivative of v, is bounded from inequality (18) as

[ (B)]1< C(R){u(®)]e)|(|Cn-16nl+[GnCnral)

so that '
@)l < CR)[(u@)|e)], (24)
and therefore . ‘
[€20n,p(1)|< 2C(R)[(u(t)[e™)].
Using the assumptions (19) on a,, this implies that there exists C'(R) > 0 such that
T T
L (Y no| e < o [ e 2 Ola 2
Applying the Cauchy-Schwarz’ inequality, we deduce

-
3 Jap(t)
nsﬁp/

i (e st

2

=

r 2 (b r
W[ wenrpTaa ] |3 [ sa@unpawa
— 1| np /T
n;ﬁp n#p
But there exists C' > 0 such that for all n, Zp, ptn ﬁ < C, moreover, for all
t >0, we have Y v, (t) < R?/2. We obtain

> [ (a0 ol av< o ([ +°°r<u<t>re“>|2dt)% 1T,
nsép

dt ( € p(t)

37



3. Finally, we prove that
n#p

Note that from the definition of Z,, = (u(t)|cos) d(,[u(t)]. cos +(u(t)|sin) d¢, [u(t)]. sin
in formula (16), and from Corollary 2.12 about the bounds on d{,[u(t)].cos and
d¢,[u(t)]. sin, we have

,p<t>] arscm ( +°o|<u<t>\e“>|2dt>; T, T).

anp

Y nlZu(t)P< C(R)|(u(t)|e) .

n>0

One can apply Cauchy-Schwarz’ inequality to deduce

>hf

zQ ol "Z )Cn41(t)Gp(t) Gpa (1) dt

|
NI

T/
dt / Yrt17pYp+1 A
’” p|2 T ;
%

n#p n#p

(R) |< ()Iem>\2dt) I(T,T").

Q

Using the same strategy to the three other terms composing F), ,, (up to exchanging
the roles of n and n + 1 and the roles of n and p), we get the desired inequality.

To conclude, we use the square integrability in time of |[(u(t)|e*®)| (Proposition 3.3) to
get

“+o0
o ar s w2

We have therefore proven that there exists ¢, satisfying ,(7') — 0 as T — +oo, and such
that for all family a = (ay,), satisfying the assumptions in (19),

2

n?p
np

.
| ety 0) ] < ()14 VITT)

T

moreover, one has |g,(0)|< C(R). Plugging this into equality (20), we deduce that

| Jo(T, TS eu(T) (1 + A/ I(T, T"))

O

Proof of Proposition 4.3. We first establish a bound of 1(0,7”"). We start from the formula
for (u(t)|e’®) from Lemma 2.6:

“+oo

(u()e) = = an()Cu(t)Cara(t),

n=0

) = Vim0

where




Now, we expand

Z O s 1)+ Re | 320 (0650600601 (0G0
nip
and since a, ﬁ (see inequality (8)), we deduce that

QZ% Tnt1(t) < [{u(t)]e®)*~Re Za (#)10n.(t)
n#p

In particular, if we denote a* = (a},)n, an integration in time leads to the inequality

7
1(0,77) S/O [(ult)|e™)[* dt + [Jo= (0, T")|< C(R) + |Jax (0, T")]. (26)

We now use Lemma 4.5 applied to the family a*. In only remains to check that up to
division by some constant C(R), this family satisfies assumption (19) of Proposition 4.3.
Using inequalities (8) and (9), we have

|ay(t)|< C(R)
and
a5, ()< CR)F(B)lle
so that from inequality (24), there exists C(R) > 0 such that

| (D)< CR)[(u(t)]e™)].

Now, Remark 4.4 following Lemma 4.5 implies that

| Jox (0, T")|< C1(R)(1 + 1/1(0,T7)).

Therefore, one can use the inequality 22y < x? 4+ 42 on the second term of the right-hand
side to get

[Jar (0,7)|< Co(R) + 51(0,T).

Plugging this into inequality (26), we deduce an inequality of the form
1
1(0,T") < C3(R) + §I(O,T').

We conclude that I(0,7”) is bounded by some constant 2C5(R) independent of 7”. In
particular, one can pass to the limit 77 — +o00 and deduce that for some C(R) > 0,

400 00
/0 > () mga(t) dt < C(R).
n=0

To conclude, fix family a satisfying assumption (19). From Lemma 4.5 and the bound
I(T,T") < C(R), we deduce that there exists a map €, independent of a such that &,(7T") —
OasT — +ooand forall 0 < T < T" < +o0,

| Jo(T, T")| < eu(T).
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Finally, expanding

[l

T' +00
() Cn () Cni1 (1) dt</ Z|an(t)|27n(t)7n+1 )dt + |Re(Jo (T, T"))|

<[TT’)+\J (T, 7"
Sgu(T)7

we see that this integral is bounded independently of 77 and a, and the bound &, (T") goes
to 0 as T'— 4+o0o. We deduce the second part of the proposition. O

4.3 Strong relative compactness of trajectories as t — +oo

In this part, we prove points 2 and 3 of Theorem 1.2: let u be a solution to the damped
Benjamin-Ono equation (BO-a), then there exists a sequence (v°),>1 € ¢4 such that
for every weak limit ue in L?o(T) of (u(t))i>0 as t = 400, and for all n > 1, we have
Tn(Uoo) = 5°; moreover, if us is a weak limit associated to a subsequence (u(ty))ren with
t — 400, then the convergence of (u(tx))ren t0 Uoo is strong in L2 o(T).

We start with the proof of point 2. Fix n > 1 and recall inequality (18)

(B < CR)(u(t)]e)|([Gn-16nl+1CnCara) -

Since |(u(t)|e®®)|€ L?(Ry) (see Proposition 3.3) and [(,—1(s|€ L*(Ry) (see Proposi-
tion 4.3), we get that 4, € L'(Ry). Therefore, there exists v3° such that ~,(t) — 72°
as t — +o0o. Let now us be a weak limit in L%}O(T) of a subsequence (u(tx))gen With
tr — +o0o. By weak sequential continuity of the Birkhoff map, we get that for all n,
’Vn(u(tk)) - 'Vn(uoo)a and therefore ’Vn(uoo) = /Y?LO'

We now prove that [|u(t)[|r2(r)— |[tcollr2(T) @8 t — +00, so that the convergence of
(u(tr))ken to teo is strong in L2 (T). In order to do so, we consider the generating function

+oo
_§
n=0 )\n Th
The strategy is as follows. Let R = [|C(uo)|| ;. Using the differential equation satisfied by
h

+
t — H,(u(t)), we prove that there exists a map e, such that £,(t) — 0 as t = 400 and

for any weak limit o, for all p > R% + 1,

Eul(t)
G
Then, for fixed ¢ € R4, we compare the asymptotic expansion of H,(u(t)) as p — 400
with the norm [[u()|[z2(r). Finally, we combine these two steps to get the convergence of
lu()ll z2¢ry to ||tcoll2(r) When & — +o00.
Fix g > R?+ 1. For all t > 0, ||§(t)||h%§ R, we have p+ \o(t) > u — R? > 0, there-

2
fore H,,(u(t)) is well-defined. Moreover, by weak sequential continuity of the generating

function v € L2 (T) = H,(v) € R (see [25], Lemma 7), we have H,(u(tr)) = Hp(uco) as
k — +00. We now quantify the rate of convergence of H, (u(tx)) to H,(us) by estimating
the time derivative of H,(u(t)).

[Hyu(u(t)) = Hpluoo)|< C(R)

Lemma 4.6. Let R = |[((uo)| 1. Then there exists a map e, with e, (T') = 0 as T — 400,
h+

such that the following holds. For all T > 0 and for all p > R? + 1, we have

/;OO ‘i?—[“(u(t))' at < m.
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Proof. Using the expression H,(u) = ((L, + pId)"'1|1), the time derivative of ¢
H,(u(t)) writes
d u u
i (ult)) = (Topu(w))wi®),

where we denote wﬁ(t) = (Ly@ + plId)~11. Since 1 € Li, one can remove the projector II
in the expression of Tj,,, so that

d

 Hu(u®) = O wiOlu).

Write dyu = 0, VH(u) — aPi(u), where H(u) is the Hamiltonian for the Benjamin-Ono
equation without damping (BO) and

Py (u) = (u|cos) cos +(ulsin) sin .

Then

(0T H(w(t)) - wlO ) = -LH, (0(1),

where v is the global solution to (BO) satisfying v(t) = wu(t) at time t. Since the map
t' — H,(v(t')) is constant, we deduce (0, VH (u(t)) - wz(t)|w,7f(t)> = 0. Therefore,

d

a?—[”(u(t)) = —a(Py(u(t))wi® [wild)).

We factor (P (u)wy|wy) by using complex numbers

(Pr(u)wy|wy) = (u[cos)(cos wy|w;) + (ulsin) (sin wy, |wy;)

= Re((u\eix)(eixwmwm).

In order to complete the proof, it is now enough to show that (e wi|wfi) € L*(Ry),
and that there holds an estimate of the form

(" emomzen” )" < 2B o

T

with £,(T) — 0 as T' — +o0.

First, note that for all ¢ > 0, since wﬁ(t) = (Lyp) + pld)™'1 € L%, we have the
cancellation <eme(t)|]l> = 0. Therefore one can write <emwﬁ\wﬁ> = (eixwmwﬁ —1/u).
Then, let us decompose wy; and wy; — 1 /1 along the basis of eigenfunctions (fy,), of Ly to
get,

(e wplwp) = (eTwylwy —1/p)

= > (wilfa)wi = 1/ulfp) e fal fy)

n,peN

By definition of w}; as wy = (L, + pId) =11, we have

I
_ (L] fn) _ VFEnGn
A+ A+ p’

(wp] fn)

and
. _ AU G
(= uldo) = = ) = Oy )
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From the formula (€ f,,|f,) = M, , and Definition 2.5 of M, ,, we conclude

_ iw, g, u\ KpApy/Kn v Nn+1Cn?pCpCTH

p#n+1

Z \/m)\n—i-l\/mgngﬁ-l
(A 4 1) (Ang1 + )

Let us consider the two sums separately.
On the one hand, the Cauchy-Schwarz’ inequality on the sums over indexes n implies

3 KpApy/Fon VHnr16nCpCplnt1
VEnrt (Ap = An = 1) (An + 1) (Np + 1)

n,p, p£n+1

1
l 2

KpYpA 1
Z )\p :ilu <27n7n+1> Z ()\p ", — 1)2(/\71 +N)2

n,n#p—1

For all p € N, we have ) < C, moreover, for all n € N,

1
n, n;ﬁp—l ()\p*Anfl)2

1 1
<
An + B R?
and finally,
Z ﬁp’Yp (R)
Ap + 1 ,u R?’
Therefore,
. l
Z KpApy/En V16 CpCpCnit ny S
n In+ )
np.pn+1 v En+1 ()\p —An — 1)()‘TL + ,u)()‘p + :u) :u R2
so that
- 2
/+oo Z ,Lgp/\p, /Kn, \/ll«n-i-lCnCpCan-&-l dt
T nppinil Vv Rn+1 ()\p — A= 1A + N)()‘p + 1)
C(R) /+oo
_— () Yno1(t) dt.
<o ()

n

On the other hand, let us denote

b — \/Hnﬁn—l-l)\n—l—l\/,u«n—l-l
" (An + 1) (Ant1 + ) ‘

Then, there exists C(R) > 0 such that for all n € N,

and



As a consequence, Remark 4.4 following Proposition 4.3, applied to the family b = (by, )y,
implies

mAn+1MCn<n+l ()
/T Z (An 4 1) (Ang1 + ) R

To conclude, we have proven the existence of €,(1") — 0 as T' — +o0 such that for all
p>R?+1,
cu(T)

(u R
This completes the proof of inequality (27), and therefore of the lemma. O

+oo
/ ‘M(ewwu |w >‘ dt <
T

We now study the asymptotic expansion of H,,(u) when p — +o0.

Lemma 4.7. Let u € L%’O(T). Then we have the following asymptotic expansion at order
3 of the generating function when p — +00:

R T, 1
Halw) =+ + gslullbo ().

Proof. By using the identity H% =1—-z+ lﬁ_—zx, we have
+oo +o00 2
K)n’}/n 1 1 )‘n
— —— ) ApEpYn + — ~— = KnVn-
Remark that
+o0 “+o00
Z’{n’Yn = Z’<1|fn>|2: 1
n=0 n=0
and

“+o0o +oo
Y Ankntn = Y Aal(L]fa)P= —(lulL) = 0.
n=0 n=0

Consequently, the asymptotic development simplifies as

For p > —2\g(u), we have \g/pu+1 > %, so that for all n < 2)2. Moreover,

’)\/+1

+o0 1
D Antintn = (MulTlu) = = ul|Zz(q,
n=0

Therefore, one can pass to the limit 4 — 400 in the summation sum and deduce

1 1 1
Halw) = 1+ sl o (1)
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We apply this lemma to

and

Note that all the possible weak limits us, have the same norm in L?»,o (T), indeed, we know
from point 2 in Theorem 1.2 that for all n > 1, v, (uso) = ¥5°.
In light of Lemma 4.6, we deduce that for fixed T' > 0,

u 22 — || U0 22
(D)) — () = [ 20~ “m+w(?

2u3

We now consider the limit g — 400 and get

1T 2yt 22| < 220(T).

Taking the limit 7" — +oo in this inequality, we conclude that ||u(T)[|z2(r)y— [|teoll £2(T)-
We have proven that for any weak limit us, of a subsequence (u(tg))r in L%O(T), the
convergence is strong in L2 o(T).

5 Higher-order Sobolev norms

In this section, we consider a solution with higher regularity: we assume that the initial
data ug belongs to H, (T) for some exponent s > 0. The Birkhoff transformation and

1
its inverse transformation map bounded subsets of H;((T) to bounded subsets of hfrs
(see [24], Proposition 5 in Appendix A). Therefore, it is equivalent to study the image
of the H® norm by this transformation and consider Y .,n'*?*y,. This leads us to

1425 "in order

introduce a Lyapunov functional of the form P; = Zn WnVn, Where w, = n
to prove Theorem 1.3.
Note that the Cauchy problem for (BO-«) is locally well-posed in H; ((T), s > 0, by a

simple adaptation of the proof in part 3.1 and by using Corollary 2.12.

5.1 Formula for the derivative of Sobolev norms

Proposition 5.1. Fiz s > 0, and let u be a solution to the damped Benjamin-Ono equa-

tion (BO-a) with initial data ug € H;y(T). Define c, := n?® with co = 0, wy, := Z;% Ch»
142s
so that we have "g < wy, < Cn'*t?, and denote

Py(t) == an%(t).

n>1
Then
dpw=-a io enty (02 (D1 (8) = 5 D (e + cp)an(an () (1),
dt = " 2 ";f;%o neep ’

with the notation a; = | /'U/n+1\/% and M p = C:Cn+1<p§p+1-
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Proof. We have already seen in the proof of Lemma 3.6 that the time derivative of ~, is

d

E'yn(u(t)) = —a ((u(t)|cos) dy, [u(t)]. cos +(u(t)|sin) dy,[u(t)]. sin) ,

where
dyn[u(t)]. cos —i dy, [u(t)]. sin = my,—1 — my,
and

N
mp = — Mn—i—linCnCn—l—l-

vV Kn41

Moreover, from Lemma 2.6, the following formula holds

(u(t)|cos) — i(u(t)|sin) = Z mp.

p>0
Therefore, we have

d

E'yn(u(t)) = —a | Re(my—1 —my)Re Zmp + Im(my—1 — my,)Im Zmp

p=>0 p=>0

= —aRe [ (mp-1 — mn)z my

p=>0

In particular, a summation leads to

d -
EPs(t) = —aRe an(mn,l — mn)z my,

n>1 p>0
We rewrite
Z Wy (Mp—1 —My) = Z CnMp,
n>1 n>0
with
Cn = Wpy1 — Wy = 2.
Then
iPs(t) = —aRe Z CnMy Ty
dt Pl
n,p>0
and taking the real part leads to the formula. O

We now consider the decomposition

d o
- =—a Z Cnay, (O rm41(t) = 5 > (en + ep)ar(t)ap(t)mnp(t).
n,p>0
n#p
We establish an improvement of Lemma 4.5 so as to see the second term in the right-hand
side as a remainder term compared to the first term in the right-hand side.
In what follows, we drop the star exponent to the term a; because we are only going

to consider the only family a, = \/iint1 . . For T' > 0, let us define

T
:/0 Z(Cn + ¢p)an () ap(t)nnp(t) dt.
nitp
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Assume that for all ¢ € Ry, we have 3 cpy,(t) < C(R) (in particular, we already know

that this condition is always satisfied if s < 3). Then one can see that J*(T') is well-defined
for all T > 0.
Our aim is to estimate J*(T") depending on

T +0o0
P [ a0
n=0

In the following lemma, we show that provided some upper bound on J*(7T') is satisfied
(assumption (28) below), then the higher-order Lyapunov functional Ps is bounded.

Lemma 5.2. Fiz s > 0. Assume that for some R > 0, and for all t > 0, the Birkhoff
coordinates of the solution are bounded in h? :

Z Cn'Yn(ﬂ <R

(the constant R depends on the choice of s since ¢, = n?®). Also assume that for all € > 0,
there exists Cs(R,e) > 0 such that for all t > 0,

J(t) < Cy(R, &) + Cs(R, &) /T (1) + eI*(t). (28)

Iy
If the initial data belongs to h?;r , i.e. if Ps(0) is finite, then Ps is bounded: there exists
CL(R) such that for all t >0,

Py(t) < C4(R) + P4(0),
moreover,

+o0 +00
/O S curm(t) st (t) dt < CL(R) + Py(0).
n=0

Proof. We use the formula for the time derivative of P

d = o}
EPS(t) =—o Z Cnn ()Y (E) Y1 (1) — b) Z (en =+ cp)an(t)ap(t)mp(t).
n=0 n,p>0
n#p
Since for all n, a,(t) > ﬁ, an integration in time leads to
Py(T) = Po(0) < =i I (1) + S 1J°(D)]
° T CO(R)? 2 ‘
We fix ¢ := W. Using that by assumption,
1
S < S S
() < CulRee) + Cul R + 55 (D)
1
<C —I(T
we deduce that o o
P,(T I3(T) < P, LR, ).
(T)+ 5acma!"(T) < P0) + 5CUR.2)
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5.2 The case s < %

In the parts that follow, we prove that assumption (28) on J¥(7T') is satisfied. In this
purpose, we first remove the part of J*(T') that can be bounded with the same strategy
as the proof of Lemma 4.5. In the case s < %, we obtain a bound on J*(T') itself, and we
deduce that if ug € H;((T), then the solution u stays bounded in H(T).

Lemma 5.3. Let s > 0. We assume that for all t > 0, >, ~gcamm(t) < R (where
cn, =n?%). Then there exists C(R) > 0 such that the following holds. For all T > 0,

[J3(T) = aK*(T)| < C(R),

where

Z/ ’Lan Cp (mgﬁ-l( )+ Cn( ) n+1( )) Cp(t)m
nip

+ en (260610 + G Zpr1 (D) GDua(®)) b (29)

and from (16),
Zy, = (ulcos) d(,[u]. cos +(u|sin) d¢, [u]. sin .

Moreover, if s < 5, there exists Cs(R) > 0 such that
|J°(T)| < Cs(R) + Cs(R)\/I5(T).

Proof. We follow the strategy of proof of Lemma 4.5. For n,p > 0, n # p, recall the
notation 7y, = (Cn+1¢pCpr1. Since for all t > 0, > ¢y yn(t) < R, there exists C'(R) > 0
such that for all t € R,

> len + cp)an(t)ay(t)mnp(t)|< CO(R).
nitp

Therefore, one can exchange the summation sign with the time integral:
T
1) =3 [ (ent can(Baglt)mn(t)
np 70
nF#p

For each term in the series over the indexes n and p, we use equality (23) from the proof
of Lemma 4.5, which came from the differential equation (21) satisfied by 7y, p:

[ gt = [0, o))" [T (w00,

i p (1) 0
T an(t)ap(t)
ta /0 (1) .

with
Frp = ZnCat1 + 6aZns1) Gt + (ZpCp1 + (pZpt1) Cnlntt-

We now consider the three terms in the right-hand side separately.
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1. For all t > 0, we have

+o0
0| < O (ch% ) va < C'(R).
n=0

The upper bound is independent of ¢ by assumption. Since n and p play symmetric

an(t)ap(t) (t )‘ < C'(R).

roles, we also have the estimate ) @) op

n,p,n#p P
T .

is abso-
0

an(t)ap(t) np(t)

Therefore, the series with general term 3, . (cn +¢p) [ 0 (0)

lutely convergent and bounded by some constant C”(R).

2. Next, recall from inequality (25) that

/OTd<an<t> CICTICAPNE ‘dtw /| sl g

dt i€y, p( ) —p|

Since n and p play symmetric roles in the above upper bound, we only estimate

il mn,fz% o8]

m(X [ 1001 ) (3 [ avunortinmo)
n;«ép

n;ép

nip

But there exists C' > 0 such that for all n, }°, ., ﬁ < C and moreover, by
assumption, ) cpvn(t) < R. We conclude that

(e o] e < com ([t ar)” VD,

n;ép

3. Finally, we prove that

Sef

n#p

an(t)ap(t)

"47)

260+ Gl0211(0) G (0G0

< Cy(R) (/O+Oo|<u(t)|em>2dt> * JIO(T).

By symmetry, we would also get

Sof |
naﬁp

ZQM 21 (D) + (O Zpir(6)) Ga s (¢ )‘ at

< Cy(R) (/0+oo|<u(t)|e”>2dt)é I9(T).

In this purpose, We use Corollary 2.12: if for all t > 0, we have ) c,yn(t) < R
(recall that ¢, = n?*), then for all ¢ > 0,

|dGn[u]. coslns +[|dCnlu]. sin||ps < C(R).
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We deduce that Z,, = (u|cos) d(,[u]. cos +(u|sin) d(,[u]. sin satisfies

Y calZa()P< CR)[(u(t)]e) . (30)

n>0

Applying Cauchy-Schwarz’ inequality, we conclude

T an(t)ap(t) —— —
e [ | et 2 (0600
n#p

D=

1
2
calZn(t)? /T
de CnYnt17p Vp+1 dt
w| [ S eEGE ] | [ e
n#p #

n#£p
+o0 ) %
<o) ([ lenrEa) Vi,
0
One can apply the same strategy to the other term (involving C:Zn+1CpCp+1) and get
the desired inequality.

To conclude, since f0+°o|<u(t) |ef®)|? dt < R?, we have proven that there exists C'(R) > 0
such that for all T' > 0,

[7°(T) — aK*(T)|< C(R) + C(R)VI(T) < C'(R).

For s < %, we copy the proof of point 3. and show that actually

Z (cn+cp)/0T

n,p, NFEp

an(t)ap(t) .

i) el )‘ dt < Cs(R) </O+OOI<U(t)|6”>I2dt>; I3(T).

Indeed, applying Cauchy-Schwarz’ inequality, we have

Z (cn—i-cp)/T

n,p, NFEp 0

an

ot 20 0 G

=

1
(en +cp)|Zy
/ Z P | ( )| dt / Z Cp + Cp)')’n+17p'7p+1 dt

2
n,p, NFEp ]n p\ n,p, NFEp

Since s < %, we have an estimate of the form
This leads to

Z (cn+cp)/T

n,p, NFEP 0

p, p#n |n p|2 < Cscy, by comparing n to

an

Zﬂp‘ 120641 (DG ()G (1) dt

< Cy(R) (/(]Jroo\(u(t)\e”)lzdt); (7).

One can apply the same strategy to the three other terms composing F;, , (see the defini-
tion (22) of F}, ) and get the desired result.
O
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5.3 The case % §s<%

We now consider the part left to study when s > %, which has been defined in (29):

Z/ ZQTLP Cp (ﬁ(ﬂ@m )+ G0 Zn1 (1) GG (1)
nsép

+ en (2061 + (0 Zp1 (D) GaDGnsa (1)) dt.

In order to find an upper bound for K*(T"), we apply Theorem 1.4 and get a decomposition
for the term Z,, = (u|cos) d(,[u]. cos +(u|sin) d(,[u]. sin. We can therefore write K°(T') as

a sum of terms of the form
Z / a”ap G ,dt,

where up to exchanging the roles of n and p, Gn,p is in one of the following two cases.
e In the first case, we take the terms corresponding to p;: or ¢ from Theorem 1.4
Grp = (ulho)rnCtoCnt1GpCpts
where o € {—1,1}, hg = € or e, and r,, satisfies the estimates
ral< C(R) and  |r|< C(R)|(ule™)],
up to exchanging the roles of the indexes n, n + 1, p and p + 1: we can also have

Gnyp = <u ’ h0>rn§<n+1+UCp@'

¢ In the second case, we consider the terms corresponding to Ay , or B . from Theo-
rem 1.4

Gy = (ulho) > AnkCilir1CnCnt1Gplpit,
k

or

Gn,p = <u’h0> Z An,k@Ck—l—lCingn-i-le@v
k

where hg = €™ or e™**, and A, i, satisfies the estimates
|Ank|< C(R) and  |Ap|< C(R)|(ule™)],
up to replacing A, 1 by A, 41k, Bnk or Byt k, which satisfy the same estimates.

For the sake of simplicity, we only treat the first expression of G, ; for each situation and
assume that hg = €*®

e cither
Gnﬁﬂ = <u‘ezz>rn<n+zf<n+l<p<p+1

Gn,p = <u|€zx> Z An,kaCk+1<nCn+1Cp@7
k

but the other cases are similar.
In both cases, we decompose (u|ho) thanks to the formula from Lemma 2.6

- Z aq?q(q—&-l
q

(for treating the case hg = e~ we would need to take the conjugate of this expression).
Then the strategy follows the proof of Lemma 4.5, where 7y, 5, is replaced by a longer expres-
sion, typically a product 7y , . of three or four of terms of the form (4Cg+1Gn+oCn+1¢pCp+1

or ?ng+1§kfk+1cngn+1cp§p+1. In particular, we use the differential equation satisfied by
the oscillating part and integrate by parts.
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5.3.1 Border terms

Lemma 5.4. We consider a term in the first situation

Gnp = Z aqTnCqCq+1CnroCnr1$pCpt
q

such that o € {—1,1}, and for all t > 0, |r,(t)|< C(R)| and |7, (t)|< C(R)[{u(t)|e®)].
Assume that % <s< % and for allt >0, > cpn(t) < R (where ¢, = n?%). Then for all
e > 0, there exists Cs(R,e) such that for all T > 0,

T
3 cp/o I G pdt| < Cu(R,€) + Cs(R, €)/T5(T) + eI*(T).
n?p

€ p
nF#p

Proof. The idea is to decompose Gy, between a part which has a small time derivative,
and a part which oscillates rapidly for which we establish a differential equation. We have

anay - Z AnApagtn o
A~  Yn,p — - A~
ZQn,p P /LQ’H,JJ n,p,q°

where
Ug,p,q = Cqu+1Cn+0<n+ICp<p+1

(for the other possible forms for Gy, , we would have a similar formula up to placing the
o elsewhere in the product or taking the conjugate of (;(g+1).
The oscillating part 7y , . satisfies the differential equation

d

Eng,p,q = —aHy (31)

N4 g
ZQn,p,qnn,p,q n,p,q’

where

Hn,ﬁl)vq = (ZC(H-I + ?qu—i—l)Cn—l—aCn—l-leCp—&-l + ?ng-l-l(zn-l-agn—&—l + Cn+0Zn+1)<pCp+1
+ Cqu-i—lCn-i-JCn-i-l(ZpCp-i,-l + Cpr_H),

and
Z,p,q = —Wq t We+1 — Wnto + Wnt1 +Wp — Wpt1
=2((1-on+q-—p)+1-0"=2 > %
k>q+1
+2 Z min(k,n + o)y — 2 Z min(k,n + 1)y + 2 Z Vi
k>n+o0+1 k>n+2 k>p+1
We write

g =2 ((1 —o)n+qg—p+ Qg,p,q) ’

with \ngp’q\g Co(R) and \%ng,qyg Co(R)|{(ule’®)|. For all n,p,q such that [(1 — o)n +
q — p|> Co(R) + 1, one has QF , - # 0, so that one can divide by Q , . in the differential

equation satisfied by 7y , ..
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We split

T T
anap ApApgTy 4
E Cp G pdt = E Cp —a hpg d¢
0 ZQn D 0 ’LQn D
n,p, NFEp ’ n,p,q, NFEP ’
|(1=0)n+q—p|>Co(R)+1
T
AnapQgTn o
+ E c _— dt.
P 0 iQnp "h.p,q
n,p,q, nF£p

|(1—0)n+q—p|<Co(R)+1

e We first show that for all € > 0, there exists Cs(R, ¢) such that the part with indexes
n, p, q satisfying |(1 — o)n + ¢ — p|< Co(R) + 1 is bounded by £I°(T') + Cs(R,e)+/I5(T).
Indeed, since |anapaqry|< C(R), we have from the Cauchy-Schwarz’ inequality

T
AnGpQqTn
Z p /0 "h.p,q dt

102
n,p,q, nF£p P
|(1=0)n+q—p|<Co(R)+1

T
< C(R) /0 Z CpYgVg+1 Vnto dt

n,p,q, NF£P
|(1=0)n+q—p|<Co(R)+1

N

T e
T g n+r 11 Al
D

n,p,q, NF£p
[(1—o)n+q—p|<Co(R)+1

For fixed n and ¢, the possible indexes p in the sum belong to an interval of length C'(R).
Moreover, since p < C(R) + 4n + ¢, we have ¢, < C(R) max(cp, ¢q) < C(R)cncy, so that

Z Vg Vg+1Y¥n+o < C(R) Z CnYnto Z CqVqVg+1 = C/(R) Z CqVqVq+15
n q q

n,p,q, nEp
|(1—0)n+q—p|<Co(R)+1

and

T
/ S e dt < C(R)(T).

n,p,q, NF£p
[(1—0)n+q—p|<Co(R)+1

Now, fix € > 0. Then there exists No = No(e) such that for all t >0, >° <y, yn41(t) < e
(recall that by assumption, for all t > 0, ", n?*v,(t) < R). Moreover, up to increasing
Ny, we also have

Tn+1 1
< - <.
Z n—pP = C(R) Z n—p2 = €

n, [n—p|=No n, [n—p|=No

In the two cases n > Ny or |n — p|> Ny, we deduce

c c
4 P
§ : 5 Tn+1 Y+ < C(R) E T3 Tnt17p Vp+1
In — p| In — pl
n,p,q, NF£P n,p, NFEp
n>Ny or |n—p|>No n>Ng or |[n—p|>Ng

[(1—0)n+g—p|<Co(R)+1
<eC'(R) Z CpVpVp+1-
p
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Otherwise, we have n < Ny and |n — p|< Ny, therefore

C

c
P D
> T3 1t < C(R) > T3 Y1 Yp Vp+1
In — pl In — pl
n,p,q, NFEp n,p, NEp
n<Np and |[n—p|<Np n<Np and |[n—p|<Np

[(1=0)n+q—p|<Co(R)+1
< C,(R)NOQS Z TpVp+1-

p

Since fOT > W p+1dt < C(R) (see Proposition 4.3), we deduce that for any € > 0, there
exists Cs(R,€) such that

T
c
/ g —r 5 Vnt+17pYp+1 dt < eC(R)I*(T) + Cs(R,e).
0 |” - P\
n,p,q, nEp
|(1—0)n+q—p|<Co(R)+1

Therefore we conclude that

2 Z

n,p,q, NF£p
[(1—0)n+q—p|<Co(R)+1

T ApQpQqTn
7ﬁ—wmﬂt3am¢mﬁ¢wmﬂwwum&@
0 n,p

In other words, for all € > 0, there exists Cs(R,¢) such that

2 &

n,p,q, NFEP
|(1=0)n+q—p|<Co(R)+1

T
/ Qndt‘ < eI (T) + (R, )T (1),
0 Winp

e We now tackle the indexes n, p and ¢ such that n # p and |(1—0)n+q¢—p|> Co(R)+1
(so that Q7 ,  # 0). We use the differential equation (31) satisfied by 77, , ,, and get that

T T
Anap QnGpQgTn d , -
S Gpdt = — [ SR (g el ) dt
/0 iQup " /0 Q0 pQ <dt”n:p,q n,p,q>

We perform an integration by parts for the first term in the right-hand side of this equality:

T T T
anay AnGpagTn d [ anapagrn \
Gppdt = |——————— — | ——— dt
A iy P [ Q22 %%40+A dt@%@w )”WW

’I’L,p n,p,q n,p,q
U anaptqtn
@ Q QU n,p,q :
0 P "n,p,q

It remains to study the summability properties for each of those three terms.

1. First, we see that since ) ¢,7p(t) < R for all t > 0, then

E: p

n,p,q, NFEP
|(1—o)n+q—p|>Co(R)+1

QO o nn,p,q

T
[_ AnGplgTn ]
n,an,p7q

0

< C(R) Z oV Va1 Tt o Va1 7pTp+1 < C'(R).
n7p7q
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2. Then, we apply Cauchy-Schwarz’ inequality to the second term

Z . /T i AnApQgTy o
P Jo [t \ Q0 ) M

n,p,q, nEp Py
|(1—o)n+q—p|>Co(R)+1

dt

d [ apapa,rn 2
| InEpet dt
dt \ Q,, ,°

P n,p,q

T
<C(R) /O > CpVpInto

n,p,q, nFEp
|(1—o)n+q—p|>Co(R)+1

[NIES

T
/ Z CpYp+1Yn+1YqVg+1 dt
0

n,p,q, NFEP
|(1—=o)n+q—p|>Co(R)+1

On the one hand, we have

T
/ Z CpVp+1Yn+1YgVg+1 At < C(R)IO(T).
0

n7p’q
On the other hand, we establish a bound for ‘% <5”Z”%> ‘ We have already seen
n, n,p,q
that ,
d (%‘lpaq>’ < C(R) [{ule™)|
dt \ i€ p ||
Since we also have 4
%] < ORI
and by assumption,

‘ d

Sra| < C(R)l(ule™)],

we deduce
T 2 T

d [ anapagry, > ' / CpVpYnto -
c nto |— | =———— dt < C(R —— " {(ule")|* dt.

/() pVpIn+ dt <ananq ( ) 0 ’anQU7pq’2|< ‘ >|

1> 2(](1 —o)n+q—p|—Co(R)) > 1, we can use that

> o LI C(R),

o ’2 —
q n,p,q
|(1—o)n+q—p|>Co(R)+1

But since Q7 ,

and we get that the following series is convergent and bounded by C(R):

M W hnto e (R).
p% |20 ’anpq Z In—p> —
|(1—0)n+q— p|>Co(R)+1 n;ép
We deduce
T
d [ anapagry ) '
CpVpIn+o < - dt < C(R)
/0 Z dt Q, Qn%q

n,p,q, nF£p
|(1—=0)n+q—p|>Co(R)+1

To conclude, we have proven that

> af

n,p,q, NF£p
|(1—=o)n+q—p|>Co(R)+1

d [ anapaqry o
dt anQaM Th,p,q
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3. Finally, recall that

npa = (ZqSq1 + CaZa+1)Cntobna1GpGp1 + CaCar1(ZnoCnrt + Crto Znt1) Gplp+1
+ CqCq+1Cn+0Cnt1(ZpCp1 + (pZpy1)-

We estimate for instance the term

T
AnpGgTy — . —— E—
Z Cp WZqu+ICn+UCn+1CpCp+I di
n,p,q, NF#p 0 mpitnpg
|(1=0)n+q—p|>Co(R)+1
3
T
< C(R) Z / CpYp Vp+1Yg+1 Vnto At
n,p,q, NFEP 0

[(1—o)n+q—p|>Co(R)+1

NG

T
& 1
Y| o
n,D0,q4, NFp 0 HPTInpyg
|(1—o)n+q—p|>Co(R)+1

On the one hand,

T
Z /0 CoVpVp+1Yg+1Vn+o dt < C(R)IS(T)~

n,p,q, NF£p
[(1=0)n+q—p|>Co(R)+1

On the other hand, we first estimate the sum over indexes p:

2 T
o 2

p, p£n ‘QTL:PQn,p,q‘

|(1—o)n+q—p|>Co(R)+1

2s

p
< .
e e ([ e R ]

|[(1—o)n+q—p|>Co(R)+1

When p > 2n and p > 2((1 — o)n + q), the general term of the series is bounded
2s
by CS]Z?T’ and this defines a convergent series since s < 3. Otherwise, p?* <

2
Csmax(n, q)* and the series > W is convergent. We deduce that

D,p£N

C
2 IO

2
P, p#n. e
[(1—0)n+q—p|>Co(R)+1

< Cs max(n, q)QS,

so that

CpYn+1
Y iz P O max(ng) e |
P np n,Pp""n,p,q n,q

|(1=0)n+q—p|>Co(R)+1

But by assumption, >, n*7, < R, moreover, we have seen in (30) that

>l ZiP< O(R)[(ule™) .
k
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Therefore, we get an estimate for this second term

T
> Gtz gy < 0u(R).
0 |Qn pQg 2174 = s
nvP:‘]»n#p P P,q
|(1=0)n+q—p|>Co(R)+1
To conclude, have proven that
T
U Gy Qg Ty ——
Z Cp/ K;’?#ZquHCnJrJCnHCpCpH dt| < Cy(R)/I5(T).

0 ,P""n,p,q

n,p,q, NFEP
|(1—0)n+q—p|>Co(R)+1

This proof also works when exchanging the roles of n and ¢ and with a small variant
when exchanging the roles of n and p.

O

5.3.2 Central terms

Lemma 5.5. Let us consider a term in the second situation

Gn, = aqAy, kM k>
p q 9 7p7q7
a,k

with

and such that for allt >0, |A, x(t)|< C(R) and |A, x(t)|< C(R)|{ule®®)|. Fiz 1<s< 3,
and assume that for allt >0, Y. cpyn(t) < R (where ¢, = n*®). Then for all e > 0, there
exists Cs(R,e) such that for all T >0,

T
Se /0 L G ] < Cu(R,2) + Co(R,£)y/T(T) + <1°(T).
n,p n,p
n#p

Proof. The proof follows the proof in the above part 5.3.1. We first compute the differential
equation satisfied by 1, p 4.

d .
ann@q,k = i p.gkMnpgk — CHnpgk, (32)
where
Qppgk = —Wq + Wat1 + Wk — W1 — Wn + Wnt1 + wp — Wy
=2g—k+n-p) =23 M+2 D u-2> u+2 > %

I>g+1 1>k+1 I>n+1 I>p+1
=2((g—k+n—p)+Qpar),

where |§n7p7q,k|§ Co(R), |%§n,p7q7k < Co(R)|(ule™)|, and

Hypak = (ZaCar1 4 CqZa+1) GGt 16nCnt16pCor1 + CaCat1 (ZrChat + o Zot1) CnCnr1 Gplpat
+ CoCa18kCk+1(ZnCnr1 4 CaZns1)GpCpr1 + CoCar1CkCht16nCnr1(ZpCpr1 + pZpr1)-

For all n,p, ¢, k such that |¢ — k+n —p|—Co(R) > 1, one has €, , ;1 # 0, so that one can
divide by €2, , ¢ in the differential equation satisfied by 7, 5 g.%-
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We split

T T
An Gy anapann,k

E :Cp/ 0 Grpdt = E , Cp/ Q Tn,p,g,k At

0 UWinp 0 LWinyp
n.p ’ n,p,q,k, n#p ’
n#p lg—k-+n—p|>Co(R)+1

T
AnGpagAn j
n,p,q,k, n#p 0 P

lg—k4+n—p|<Co(R)+1

e We first show that the part with indexes n,p, ¢ and k such that n # p and |¢ — k +
n — p|< Co(R) + 1 is bounded by eI*(T) + Cs(R,)+/T*(T). Indeed, we have

T
AnQpag A
Z Cp / e n7k77n,p7q,k dt'
0

n,p,q,k, n#p ZQ”’p
|g—k+n—p|<Co(R)+1
T
c
< C(R) Z i _pp’ / VY Va1 7k V41V Yt 17p Vp+1 A,
n,p,q,k, n#£p 0

lg—k+n—p|<Co(R)+1

so that from the Cauchy-Schwarz’ inequality,

T

AnQpag A

Z p / e n7k77n,p,q,k dt'
0

102
n,p,q,k, n#p P
|g—k+n—p|<Co(R)+1

T
< C(R) /O Z Cp Vg Vq+1VkVn Al

n,p,q,k, n#p
|g—k+n—p|<Co(R)+1

T C
/0 Z —F 5 Vk-+1Vn+1YpVp+1 db

n J—
n,p,q,k, n#p | p|
lg—k+n—p|<Co(R)+1

For fixed n, g and k, the possible indexes p lie in an interval of length C(R). Moreover,
since p < C(R) 4+ g + k + n, we have ¢, < C(R) max(cp, cq, ;) < C(R)cncqcy, so that

Z cpVqVg+1 7Y < C(R) Z CkVk Z CnYn Z CqVqVg+1
n,p,q,k, n#p k n q
lg—k-+n—p|<Co(R)+1
and
T
/ S o < CRIPT).
0 n,p,q,k, n#p

|g—k+n—p|<Co(R)+1

Moreover, fix £ > 0. Then there exists Ny = Ny(e) such that for all ¢ > 0,

Z Yar1(t) < e

n>Ng

Yn+41 1
< C(R — <e.
Z n—pP = (R) Z ’n_p‘Q—E

n, [n—p|=No n, [n—p|=No

and
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In the two cases n > Ny or |n — p|> Ny, we deduce

C

c
P P
Z T I+ 1Yk 170+ < C(R) Z T 9 In+17pVp+1
In — pl In — pl
n,p,q,k, n#p n,p, NFEP
n>Ny or |n—p|>No n>Ny or |n—p|>No
lg—k+n—p|<Co(R)+1
<eC(R) Z CpTpVp+1-
P
Otherwise,
c c
P P
Z T It 1Yk < C(R) Z o 2 In 1 p+
In — pl In — pl
n,p,q,k, n#p n,p, NFEP
n<Np and |[n—p|<Np n<Np and |[n—p|<Ny

lg—k+n—p|<Co(R)+1
< C/(R)Ngs Z TpVp+1-

p

Since fOT > W p+1dt < C(R), we deduce that for any € > 0, there exists Cs(R, ) such
that

T
C
/ Z ﬁ7n+17k+17p7p+1 dt <eC(R)I*(T) + Cs(R,¢).
0 n,p,q,k, n#p
|g—k+n—p|<Co(R)+1

We conclude that for all € > 0, there exists Cs(R, ¢) such that for all T' > 0,

E: p

n,p,q,k, n#p
|g—k+n—p|<Co(R)+1

T A
[ty ] < <P () 4 R,V
0 n,p

e We now tackle the indexes n, p, ¢ and k such that |¢ — k + n — p|> Co(R) + 1, so
that €, 41 7 0. We use the differential equation (32) satisfied by 1, , 4.1, and get that if
g — k+mn—p|>Co(R)+ 1, then

T T
anayp nGpagAn < d
G w:—/" —npa + Hp o | dt.
/0 /I/Qnyp n,p 0 QnprnJ)’q’k dtnn’p7Q7 n,p,q,

We perform an integration by parts for the first term in the right-hand side of this equality:

T
/T anay, Gt — [_ anapann’/yg?7 k] N /T i (anapann,k> . L dt
0 ZQnJ) n,p QTL’an’p’q’k n,p,q, O 0 dt QnJJQn’p’q’k n,p,q,

T

anapann,kH d

-« Q Q n7p7Q7k t'
0 n,p*n,p,q,k

It remains to study the summability properties for each of those three terms.

1. First, we see that thanks to the assumption > ¢,y < C(R), we have

T

2. @

n,p,q,k
lg—k+n—p|>Co(R)+1

[_ AnApag Ay
Qn;an,p,q,k

77n,p7q7k]
0

<C(R) D o Aglari T i1 < C'(R).
n,p,q;k

o8



2. Then, we apply Cauchy-Schwarz’ inequality to the second term:

Z . /T d <anapann,k> .

P At n,p,q,k
np.ak o | dt \2npQnpgr
lg—k+n—p|>Co(R)+1

dt

N

T d (anapagAn 2
<C(R) Z CppVETn xw\a o . di
0 npa.k ¢ n,p*en,p,q.k
|g—k+n—p|>Co(R)+1
2
T
/0 Z CpVp+1Vk+1VYn+1VgVg+1 dt

n,p,q,k
|g—k+n—p|>Co(R)+1
On the one hand, we have
/ Z CpVp+1Vk4+1Vn+1Yg Vg+1 dE < C(R)I°(T).
n,p,q

On the other hand, we know that

i (anapann,k> ‘ C(R) |<u|€lz>| .
dt Qn,an,nq,k o ‘Qn,an,p,q,H

: 1
But using that 320 1g_k 1n—pl>Co(R)+1 0,007 =
series is convergent and bounded by C(R):

2 : CpVpYETn Cp’Yp’Yk’Yn ( R)
e |Q ,anquP <CR) 3. n—p =

\P,q,k, n#p n,pk
lg—k~+n—p|>Co(R)+ n#p

We deduce

dt < C(R)\/IO(T).

T q (anapann,k>
TIn,p,q,k
de Qn,an,p,q,k‘

Z CP/O

n.p,q,k, n#p
|g—k+n—p|>Co(R)+1

3. Finally, recall that

Hypak = (ZaCor1 + CZa+1) GG 1 Cnlnt1 Gplpr
+ CoCat1(ZkCrr1 + G Zi41)Cnlnt1GpCpi1
+ ?ng+1CkCTH(7nCn+l =+ aZn+l)Cp@
+ CoCat1Gh i1 Gnlnt1 (ZpGprt + G Zpr1)-

99

< C(R), we get that the following



We estimate for instance the term

T
Uy, ApaA, A
Z Cp/ # ng—‘!‘leCk—HCnCn—I—lngp-&-l dt
0 *fnp3inpqk

n,p,q,k, n#p
lg—k4n—p|>Co(R)+1

< C(R) Z / CpVpYp+17Vg+1Vk+17n A

n,p,q,k, n#p
|g—k+n—p|>Co(R)+1

=

CpIn+17k 2
E Z, |7 dt
/ |Q ,pQ ,qu|2‘ ‘

n,p,q,k n;ﬁp
lg—k+n— p\>Co

On the one hand,

Z / o YVp Vp+1Vg+1 k1Y At < C(R)I°(T).

n,p,q,k, n#p
lg—k+n—p|>Co(R)+1

On the other hand, we first estimate the sum over indexes p:

> TS I
|Qn,PQn,p,q,k |2

P, p#EN
|g—k+n—p|>Co(R)+1

2s

p
< E .
< CR) In —pl2(1+|¢ — k+n—p|)?

s PFN
|g—k+n—p|>Co(R)+1
When p > 2n and p > 2(q — k + n), the general term inside the summation term is
bounded by CSI;T:, and this defines a convergent series since s < 3 Otherwise, we

have p?* < max(n, ¢, k)?* and the series =t is convergent We deduce that

D.P#N |n— p

@
L gt = O a b
n,p="n,p,q,

P, pEN
lg—k+n—p|>Co(R)+1
so that
CpIn+17k
> iz Y ma(ng bl
ot pSin,p,q.k n,q,k

|g—k+n—p|>Co(R)+1

Since >, 125y, < C(R), and since from inequality (30) we have
> PIZiP< C(R) (ule™)
!

we get the bound

Z / CP%HW |Z,* dt < Cs(R).

‘2
n,p,q,k, nsﬁp ’p npig:k
|g—k+n—p|>Co(R
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To conclude, we have proven that

T A - -
Z c]p/0 MZqu+1Cka+1CnCn+1CpCp+1 dt| < C5(R)/T*(T).

Q2
n,p,q,k, n#p n,pSin,p,q.k
lg—k+n—p|>Co(R)+1

This proof also works when exchanging the roles of n and ¢, and with a small variant
when exchanging the roles of n and p.

O

Remark 5.6. We have proven that ), 25y, is bounded for exponents s satisfying
s < % To increase the range of exponents s, we would need to further decompose the term
Zq appearing in point 3 of subparts 5.5.1 and 5.5.2. This would lead us to consider finite
products of the following form. Let ho = cos or hg = sin, N = (ny,...,nk) be a finite set
of indexes, and ¥ = (01,...,0%) be a finite set of indexes bounded by some finite constant
c(k). Then we would have to study

GN,Z = <u|h0>AN,E€TL1Cn1+U1 s ang’nk-i-O'ku
provided the uniform estimates
|Ans|< C(R) and |Ays|< C(R)|(ule™)].

In particular, we should use the differential equation satisfied by this term and integrate by
parts in the same way as before, following the idea of proof from Lemma 4.5.

References

[1] E. A. Alarcon. Existence and finite dimensionality of the global attractor for a class of
nonlinear dissipative equations. Proceedings of the Royal Society of Edinburgh Section
A: Mathematics, 123(5):893-916, 1993.

[2] T. Alazard and D. Bresch. Functional inequalities and strong Lyapunov functionals
for free surface flows in fluid dynamics. arXiv preprint arXiv:2004.03440, 2020.

[3] T. Alazard, N. Meunier, and D. Smets. Lyapounov functions, Identities and the
Cauchy problem for the Hele-Shaw equation. Communications in Mathematical
Physics, 377:1421-1459, 2020.

[4] P. Baldi. Periodic solutions of fully nonlinear autonomous equations of Benjamin—Ono
type. Annales de I'THP Analyse non linéaire, 30(1):33-77, 2013.

[5] T. B. Benjamin. Internal waves of permanent form in fluids of great depth. Journal
of Fluid Mechanics, 29(3):559-592, 1967.

[6] J. Bernier and B. Grébert. Long time dynamics for generalized Korteweg-de Vries
and Benjamin-Ono equations. arXiv preprint arXiv:2006.04397, 2020.

[7] M. Berti et al. KAM theory for partial differential equations. Anal. Theory Appl,
35(3):235-267, 2019.

[8] T. Bock and M. Kruskal. A two-parameter Miura transformation of the Benjamin-
Ono equation. Physics Letters A, 74(3-4):173-176, 1979.

[9] G. Boling and W. Yonghui. Remarks on the global attractor of the weakly dissipative
Benjamin—-Ono equation. Northeast. Math. J., 11(4):489-496, 1995.

61



[10]

[11]

12]
13]
14
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

J. L. Bona and L. Luo. Large-time asymptotics of the generalized Benjamin-Ono-
Burgers equation. Discrete & Continuous Dynamical Systems-S, 4(1):15, 2011.

N. Burq, G. Raugel, and W. Schlag. Long time dynamics for damped Klein-Gordon
equations. Annales scientifiques de [’Ecole Normale Supérieure, 50(6):1447-1498,
2017.

N. Burq, G. Raugel, and W. Schlag. Long time dynamics for weakly damped nonlinear
klein-gordon equations. arXiv preprint arXiv:1801.06735, 2018.

R. R. Coifman and M. V. Wickerhauser. The scattering transform for the Benjamin-
Ono equation. Inverse Problems, 6(5):825, 1990.

W. Craig. Problémes de petits diviseurs dans les équations aux derivées partielles.
Panoramas et syntheses, 9, 2000.

Y. Deng. Invariance of the Gibbs measure for the Benjamin—-Ono equation. Journal
of the European Mathematical Society, 17(5):1107-1198, 2015.

Y. Deng, N. Tzvetkov, and N. Visciglia. Invariant measures and long time behaviour
for the Benjamin-Ono equation III. Communications in Mathematical Physics,
339(3):815-857, 2015.

D. B. Dix. Temporal asymptotic behavior of solutions of the Benjamin-Ono-Burgers
equation. Journal of differential equations, 90(2):238-287, 1991.

D. B. Dix. The dissipation of nonlinear dispersive waves: the case of asymptotically
weak nonlinearity. Communications in partial differential equations, 17(9-10):1665—
1693, 1992.

A. Fokas and M. Ablowitz. The inverse scattering transform for the Benjamin-Ono
equation—a pivot to multidimensional problems. Studies in Applied Mathematics,
68(1):1-10, 1983.

P. Gérard. A nonlinear Fourier transform for the Benjamin—Ono equation on the
torus and applications. Séminaire Laurent Schwartz—FEDP et applications, pages
1-19, 2019-2020.

P. Gérard and S. Grellier. The cubic Szegé equation and Hankel operators. Astérisque,
Société mathématique de France, Paris, 389, 2017.

P. Gérard and S. Grellier. On a Damped Szegd Equation (With an Appendix in
Collaboration With Christian Klein). SIAM Journal on Mathematical Analysis,
52(5):4391-4420, 2020.

P. Gérard and T. Kappeler. On the Integrability of the Benjamin-Ono
Equation on the Torus. Communications on Pure and Applied Mathematics,
https://doi.org/10.1002/cpa.21896, 2020.

P. Gérard, T. Kappeler, and P. Topalov. On the spectrum of the Lax operator of the
Benjamin-Ono equation on the torus. Journal of Functional Analysis, 279(12):108762,
2020.

P. Gérard, T. Kappeler, and P. Topalov. Sharp well-posedness results of the Benjamin-
Ono equation in H*(T,R) and qualitative properties of its solution. arXiv preprint
arXiw:2004.04857, 2020.

R. Grimshaw. Internal solitary waves. In Environmental stratified flows, pages 1-27.
Springer, 2003.

R. H. Grimshaw, N. F. Smyth, and Y. A. Stepanyants. Decay of Benjamin—Ono
solitons under the influence of dissipation. Wave Motion, 78:98-115, 2018.

62



28]

[29]

[30]
[31]

[32]

[33]

[34]

[35]
[36]
[37]
[38]
[39]

[40]

[41]
[42]
[43]

[44]

[45]

B. Guo and Z. Huo. The global attractor of the damped, forced generalized Korteweg
de Vries-Benjamin-Ono equation in L?. Discrete & Continuous Dynamical Systems-A,
16(1):121, 2006.

M. Ifrim and D. Tataru. Well-posedness and dispersive decay of small data solutions
for the Benjamin-Ono equation. Annales scientifiques de I’Ecole Normale Supérieure,
52(2):297-335, 2019.

C. Klein. Private communication. 2020.

S. B. Kuksin. Hamiltonian perturbations of infinite-dimensional linear systems with
an imaginary spectrum. Functional Analysis and Its Applications, 21(3):192-205,
1987.

J. Liu and X. Yuan. A KAM theorem for Hamiltonian partial differential equations
with unbounded perturbations. Communications in mathematical physics, 307(3):629,
2011.

Y. Matsuno, V. Shchesnovich, A. Kamchatnov, and R. A. Kraenkel. Whitham method
for the Benjamin-Ono-Burgers equation and dispersive shocks. Physical Review E,
75(1):016307, 2007.

L. Mi and K. Zhang. Invariant tori for Benjamin-Ono equation with unbounded
quasi-periodically forced perturbation. Discrete & Continuous Dynamical Systems-
A, 34(2):689, 2014.

L. Molinet. Global well-posedness in L? for the periodic Benjamin-Ono equation.
American journal of mathematics, 130(3):635-683, 2008.

L. Molinet and D. Pilod. The Cauchy problem for the Benjamin-Ono equation in L?
revisited. Analysis & PDE, 5(2):365-395, 2012.

A. Nakamura. Bécklund transform and conservation laws of the Benjamin-Ono equa-
tion. Journal of the Physical Society of Japan, 47(4):1335-1340, 1979.

H. Ono. Algebraic solitary waves in stratified fluids. Journal of the Physical Society
of Japan, 39(4):1082-1091, 1975.

E. Ott and R. Sudan. Damping of solitary waves. The Physics of fluids, 13(6):1432—
1434, 1970.

J.-C. Saut. Benjamin-Ono and intermediate long wave equations: Modeling, IST and
PDE. In Nonlinear Dispersive Partial Differential Equations and Inverse Scattering,
pages 95-160. Springer, 2019.

R. Sun. Complete integrability of the Benjamin—Ono equation on the multi-soliton
manifolds. arXiv preprint arXiv:2004.10007, 2020.

M. Sy. Invariant measure and long time behavior of regular solutions of the Benjamin—
Ono equation. Analysis & PDE, 11(8):1841-1879, 2018.

N. Tzvetkov. Construction of a Gibbs measure associated to the periodic Benjamin—
Ono equation. Probability theory and related fields, 146(3-4):481, 2010.

N. Tzvetkov and N. Visciglia. Gaussian measures associated to the higher order
conservation laws of the Benjamin-Ono equation. Annales scientifiques de ’Ecole
Normale Supérieure, 46(2):249-299, 2013.

N. Tzvetkov and N. Visciglia. Invariant Measures and Long-Time Behavior
for the Benjamin—-Ono Equation. International Mathematics Research Notices,

2014(17):4679-4714, 05 2013.

63



[46] N. Tzvetkov and N. Visciglia. Invariant measures and long time behaviour for
the Benjamin—-Ono equation II. Journal de Mathématiques Pures et Appliquées,
103(1):102-141, 2015.

[47] C. E. Wayne. Periodic and quasi-periodic solutions of nonlinear wave equations via
KAM theory. CMaPh, 127(3):479-528, 1990.

[48] Y. Wu. Simplicity and Finiteness of Discrete Spectrum of the Benjamin—-Ono Scat-
tering Operator. SIAM Journal on Mathematical Analysis, 48(2):1348-1367, 2016.

[49] Y. Wu. Jost Solutions and the Direct Scattering Problem of the Benjamin—Ono
Equation. SIAM Journal on Mathematical Analysis, 49(6):5158-5206, 2017.

DEPARTEMENT DE MATHEMATIQUES ET APPLICATIONS, ECOLE NORMALE SUPERIEURE, CNRS,
PSL UNIVERSITY, 75005 PARIS, FRANCE

UNIVERSITE PARIS-SACLAY, CNRS, LABORATOIRE DE MATHEMATIQUES D’ORSAY, 91405 OR-
SAY, FRANCE

E-mail address: louise.gassot@universite-paris-saclay.fr

64



	Introduction
	Main results
	Long-time behavior for equations of Benjamin-Ono type
	Equation in Birkhoff coordinates
	Open questions
	Plan of the paper

	Structure of the equation
	Functions of the actions
	Lipschitz properties of blocks
	Formula for the differential of the Birkhoff map
	Decomposition for dzeta.cos and dzeta.sin 
	The case of d ln(kappa_n)
	The case of delta_parallel
	The case of delta_perp
	Lipschitz properties


	Flow map
	Local well-posedness
	Global well-posedness
	Weak sequential continuity of the flow map

	Long time asymptotics
	Weak limit points of trajectories as t tends to infinity
	Time integrability for products of two consecutive modes
	Strong relative compactness of trajectories as t tends to infinity

	Higher-order Sobolev norms
	Formula for the derivative of Sobolev norms
	The case s<1/2
	The case 1/2<=s<3/2
	Border terms
	Central terms



