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Thermal boundaries in kinetic and
hydrodynamic limits

Tomasz Komorowski and Stefano Olla

Abstract We investigate how a thermal boundary,modelled by a Langevin dynamics,
affect the macroscopic evolution of the energy at different space-time scales.

1 Introduction

Chains of an-harmonic oscillators are commonly used models in non-equilibrium
statistical mechanics, in particular to study macroscopic energy transport. To treat
mathematically non-linear dynamics is a very hard task, even for a small non linear
perturbation of the harmonic chain, see [15]. In the purely harmonic chain the energy
transport is ballistic, see [14]. Numerical evidence, see e.g. [13], shows that non-
linear perturbations can cause the transport in a one-dimensional system to become
diffusive, in case of optical chains and superdiffusive for acoustic chains. Replacing
the non-linearity by a stochastic exchange of momenta between neighboringparticles
makes the problem mathematically treatable (see the review [1] and the references
therein). This stochastic exchange can be modelled in various ways: e.g. for each
pair of the nearest neighbor particles the exchange of their momenta can occur inde-
pendently at an exponential rate (which models their elastic collision). Otherwise,
for each triple of consecutive particles, exchange of momenta can be performed in a
continuous, diffusive fashion, so that its energy and momentum are preserved. The
energy transport proven for such stochastic dynamics is qualitatively similar to the
one expected in the case of the non-linear deterministic dynamics. In particular, for
a one-dimensional acoustic chain it could be proved that the macroscopic thermal
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energy density evolves according to a fractional heat equation corresponding to the
fractional laplacian (−∆)3/4, see [5].

In the recent years we have been interested in the macroscopic effects of a heat
bath in contact with the chain at a point.

In Section 3 we consider first a purely harmonic chain in contact with a stochastic
Langevin thermostat at temperature T , see (6) and (5). In the absence of a thermostat,
its dynamics is completely integrable and the energy of each frequency (the Fourier
mode k) is conserved. Rescaling space-time by the same parameter, the energy of
mode k, localized by Wigner distribution W(t, y, k), evolves according to a linear
transport equation

∂tW + ω̄
′(k)∂yW = 0,

with velocity ω̄′(k) = ω′(k)/2π, where ω(k) is the dispersion relation of the har-
monic chain. We can interpret W(t, y, k) as the energy density of phonons of mode
k at time t in the position y. The presence of a Langevin thermostat results in the
emergence of a boundary (interface) condition at y = 0 ([7]):

W(t, 0+, k) = p−(k)W(t, 0+,−k) + p+(k)W(t, 0−, k) + g(k)T, for k > 0

W(t, 0−, k) = p−(k)W(t, 0−,−k) + p+(k)W(t, 0+, k) + g(k)T, for k < 0.

(1)

The coefficients appearing in the boundary condition correspond to probabilities of
the phonon transmission p+(k), reflection p−(k) and absorption ı(k). These param-
eters are non-negative and satisfy p+(k) + p−(k) + ı(k) = 1. In addition, T ı (k) is
the intensity of the phonon creations. The transmission, reflection and absorption
parameters depend in a quite complicated way on the dispersion relationω(·) and the
strength of the thermostat γ > 0 (cf. (39), (42), (50)). Some of their properties and an
explicit calculation for the nearest-neighbor interactions are presented in Appendix
A (see Section 7, the results contained there are original and are not part of [7]).

It is somewhat surprising that an incident phonon of mode k after scattering, if not
absorbed, can produce only an identical transmitted phonon, or a reflected phonon
of mode −k (at least for a unimodal dispersion relation). This stands in contrast with
what takes place at the microscopic scale. Then, an incident wave of frequency k

scatters and produces waves of all possible frequencies. In the macroscopic limit, all
frequencies producedby the scattering on the thermostat, except those corresponding
to ±k, are damped by oscillations.

In [9] we have considered the same problem after adding the bulk noise that
conserves energy and momentum, see Section 4. The noise is properly rescaled
in such a way that finite total amount of momentum is exchanged locally in the
macroscopic unit time (in analogy to a kinetic limit). The effect of the bulk noise is
to add a macroscopic scattering term to the transport equation :

∂tW + ω̄
′(k)∂yW = γ0

∫

T

R(k, k ′) (W(k ′) − W(k)) dk ′, (2)
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i.e. a phonon of mode k changes to the one of mode k ′, with intensity γ0R(k, k ′),
given by (58). The case when no the heat bath is present, has been studied in [3].
In [9] we prove that the heat bath adds to (2) the same boundary condition (1), see
section 4.

Since in (2) the energies of the different modes are mixed up by the bulk scattering,
we can further rescale space-time in this equation in order to obtain an autonomous
equation for the evolution of the total energy. Without the thermal bath this case has
been studied in [4] and the following results have been obtained:

• For optical chains the velocity of the phonon behaves like ω̄′(k) ∼ k for small
k, while for the total scattering rate R(k) =

∫
R(k, k ′)dk ′ ∼ k2. This means

that phonons of low frequency rarely scatter, but move very slowly so they have
the time to diffuse under an appropriate (diffusive) scaling. The phonons corre-
sponding to other modes also behave diffusively at the respective scales. Con-
sequently, in the optical chain, under diffusive space-time scaling, all modes
homogenize equally, contributing to the macroscopic evolution of the energy
e(t, y), i.e. W(t/δ2, y/δ, k) −→δ→0 e(t, y), that follows the linear heat equation
(∂t − D∂2

y )e(t, y) = 0 with an explicitly given D > 0, see (86).
• In acoustic chains, the bulk scattering rate is the same, but ω̄′(k) ∼ O(1) for

small k. Consequently low frequency phonons scatter rarely but they still move
with velocities of order 1, and the resulting macroscopic limit is superdiffusive.
In particular, in this case the low frequency modes are responsible for the macro-
scopic transport of the energy. The respective superdiffusive space-time scaling
limit W(t/δ3/2, y/δ, k) −→δ→0 e(t, y), described by the solution of a fractional
heat equation (∂t − ĉ |∂2

y |3/4)e(t, y) = 0, with ĉ > 0 given by (94).

The thermal bath adds a boundary condition at y = 0 to the diffusive, or superdif-
fusive equations described above. More precisely the situation is as follows.

• In the optical chain we obtain a Dirichlet boundary condition e(t, 0) = T for the
respective heat equation (see (85)): phonons trajectories behave like Brownian
motions, and since they can cross the boundary infinitely many times, they are
absorbed almost surely. In effect, there is no energy transfer through the boundary
at the macroscopic scale. This is proven in [2] using analytic techniques, see
Section 5.1.

• In the acoustic chain, the long wave phonons, are responsible for the macro-
scopic energy transport. Their trajectories behave in the limit like superdiffusive
symmetric, 3/2–stable Levy processes: they can jump over the boundary on the
macroscopic scale and there is a positive probability of survival, i.e. of energy
macroscopic transmission across the thermal boundary. Since the absorption
probability ı(k) remains strictly positive as k → 0 (as we prove here in ap-
pendix A, at least for the nearest neighbor acoustic chain, see (119)), the thermal
boundary affects the transport. The macroscopic energy evolution is given by a
fractional heat equation with boundary defined by (93) and (87). This is proven
in [8] using probabilistic techniques, see Section 5.2.

In Section 2 we review the results of [7] for the harmonic chain with the ther-
mostat attached at a point. Since the calculations for the transmission and reflection
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scattering of [7] are quite complex, we present their somewhat simplified version
(conveying nevertheless their gist) in Appendix B (Section 8). We hope that the out-
line would help the reader to understand how the macroscopic scattering emerges.

In Section 3 we review the results of [9] in the presence of the conservative
bulk noise. Section 4 contains the review of the diffusive and superdiffusive limits
proven in [2] and [8]. In Section 5 we mention some open problems, in particular
the question of the direct hydrodynamic limit, without passing through the kinetic
limit, in the spirit of [5].

Appendix A (Section 7) contains some original results that are not present in the
discussed articles, concerning the properties of the scattering coefficients and their
behaviour for k → 0.

2 Notation

Given a > 0 by Ta we denote the torus of size a > 0, i.e. the interval [−a/2, a/2]
with identified endpoints. When a = 1 we shall write T := T1 for the unit torus.
Let T± := [k ∈ T : 1/2 > ±k > 0]. We also let R+ := (0,+∞), R∗ := R \ {0} and
T∗ := T \ {0}.

By ℓp(Z), Lp(T), where p ≥ 1, we denote the spaces of all complex valued
sequences ( fx )x∈Z and functions f : T → C that are summable with p-th power,
respectively. The Fourier transform of ( fx )x∈Z ∈ ℓ2(Z) and the inverse Fourier
transform of f̂ ∈ L2(T) are given by

f̂ (k) =
∑

x∈Z
fx exp{−2πixk}, fx =

∫

T

f̂ (k) exp{2πixk}dk, x ∈ Z, k ∈ T. (3)

We use the notation
( f ⋆ g)y =

∑

y′∈Z
fy−y′gy′

for the convolution of two sequences ( fx)x∈Z, (gx)x∈Z ∈ ℓ2(Z) that belong to appro-
priate spaces ℓp(Z). In most cases we shall assume that one of the sequences rapidly
decays, while the other belongs to ℓ2(Z).

For a function G : R × T → C that is either L1, or L2-summable, we denote by
Ĝ : R × T→ C its Fourier transform, in the first variable, defined as

Ĝ(η, k) :=

∫

R

e−2πiηxG(x, k)dx, (η, k) ∈ R × T. (4)

Denote by C0(R × T) the class of functions G that are continuous and satisfy
lim |y |→+∞ supk∈T |G(y, k)| = 0.
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3 Harmonic chain in contact with a Langevin thermostat

We consider the evolution of an infinite particle system governed by the Hamiltonian

H(p,q) :=
1

2

∑

y∈Z
p2
y +

1

2

∑

y,y′∈Z
αy−y′qyqy′ . (5)

Here, the particle label is y ∈ Z, (qy,py) is the position and momentum of the y’s
particle, respectively, and (q,p) = {(qy,py), y ∈ Z} denotes the entire configuration.
The coupling coefficients αy are assumed to have exponential decay and chosen
positive definite such that the energy is positive. We couple the particle with label 0
to a Langevin thermostat at temperature T . Then the evolution equation then writes
as the stochastic differential equations:

Ûqy(t) = py(t),
dpy(t) = −(α ⋆q(t))ydt +

(
− γp0(t)dt +

√
2γTdw(t)

)
δ0,y, y ∈ Z.

(6)

Here, {w(t), t ≥ 0} is a standard Wiener process, while γ > 0 is a coupling parameter
with the thermostat.

Assumptions on the dispersion relation and its basic properties

We assume (cf [3]) that the coupling constants (αx)x∈Z satisfy the following:

a1) they are real valued and there exists C > 0 such that |αx | ≤ Ce−|x |/C for all
x ∈ Z,

a2) α̂(k) = ∑
x∈Z αxe−2πikx is also real valued and α̂(k) > 0 for k , 0 and in case

α̂(0) = 0 we have α̂′′(0) > 0.

The above conditions imply that both functions x 7→ αx and k 7→ α̂(k) are even. In
addition, α̂ ∈ C∞(T) and in case α̂(0) = 0 we have α̂(k) = k2φ(k2) for some strictly
positive φ ∈ C∞(T). The dispersion relation ω : T→ R̄+, given by

ω(k) :=
√
α̂(k), k ∈ T. (7)

is obviously also even. Throughout the paper it is assumed to be unimodal, i.e.
increasing on T̄+ and then, in consequence, decreasing on T̄−. Its unique minimum
and maximum are attained at k = 0, k = 1/2, respectively. They are denoted
by ωmin ≥ 0 and ωmax, correspondingly. Denote the two branches of its inverse
by ω± : [ωmin, ωmax] → T̄±.

In order to avoid technical problems with the definition of the dynamics, we
assume that the initial conditions are random but with finite energy: H(p,q) < ∞.
This property will be conserved in time. For such configurations we can define the
complex wave function
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ψy(t) := (ω̃ ⋆q(t))y + ipy(t) (8)

where
(
ω̃y

)
y∈Z is the inverse Fourier transform of the dispersion relation. We have

H(p(t),q(t)) = ∑
y |ψy(t)|2.

The Fourier transform of the wave function is given by

ψ̂(t, k) := ω(k)q̂(t, k) + ip̂(t, k), k ∈ T, (9)

so that

p̂ (t, k) = 1

2i
[ψ̂(t, k) − ψ̂∗(t,−k)], p0(t) =

∫

T

Im ψ̂(t, k)dk.

Using (6), it is easy to verify that the wave function evolves according to

dψ̂(t, k) =
(
− iω(k)ψ̂(t, k) − iγp0(t)

)
dt + i

√
2γTdw(t). (10)

Introducing a (small) parameter ε ∈ (0, 1), we wish to study the behaviour of
the distribution of the energy at a large space-time scale, i.e. for the wave function
ψ[x/ε](t/ε), (t, x) ∈ R+ × R, when ε → 0. In this scaling limit we would like to
maintain each particle contribution to the total energy to be of order O(1), on the
average, and therefore keep the total energy of the chain to be order ε−1. For this
reason, we choose random initial data that is distributed by probability measures µε
defined on the phase space (p,q), in such a way that

sup
ε∈(0,1)

ε〈H(p,q)〉µε = sup
ε∈(0,1)

∑

y∈Z
ε〈|ψy |2〉µε = sup

ε∈(0,1)
ε〈‖ψ̂‖2

L2(T)〉µε < ∞. (11)

The symbol 〈·〉µε denotes, as usual, the average with respect to measure µε . To
simplify our calculations we will also assume that

〈ψ̂(k)ψ̂(ℓ)〉µε = 0, k, ℓ ∈ T. (12)

This condition is easily satisfied by local Gibbs measures like

∏

y∈Z

e−β
ε

y |ψy |2/2

Zβε
y

dψy (13)

for a proper choice of temperature profiles (βεy )−1 > 0, decaying fast enough to 0, as
|y | → +∞. Here Zβε

y
is the normalizing constant.

Wigner distributions

Wigner distributions provide an effective tool to localize in space energy per fre-
quency, separating microscopic from macroscopic scale. The (averaged) Wigner
distribution (or Wigner transform) is defined by its action on a test function
G ∈ S(R × T) as
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〈G,W (ε)(t)〉 :=
ε

2

∑

y,y′∈Z

∫

T

e2πik(y′−y)
Eε

[
ψy

( t

ε

) (
ψy′

)∗ ( t

ε

)]
G∗

(
ε
y + y

′

2
, k

)
dk.

(14)
The Fourier transform of the Wigner distribution, or the Fourier-Wigner function

is defined as

Ŵε(t, η, k) :=
ε

2
Eε

[
ψ̂∗

( t

ε
, k − εη

2

)
ψ̂

( t

ε
, k +

εη

2

)]
, (t, η, k) ∈ [0,∞)×T2/ε ×T,

(15)
so that

〈G,W (ε)(t)〉 =
∫

T×R
Ŵε(t, η, k)Ĝ∗(η, k)dηdk, G ∈ S(R × T). (16)

Taking G(x, k) := G(x) in (14) we obtain

〈G,W (ε)(t)〉 = ε

2

∑

y∈Z
Eε

[���ψy

( t

ε

)���
2
]

G(εy). (17)

In what follows we assume that the initial data, after averaging, leads to a suf-
ficiently fast decaying (in η) Fourier-Wigner function. More precisely, we suppose
that there exist C, κ > 0 such that

|Ŵε(0, η, k)| ≤ C

(1 + η2)3/2+κ
, (η, k) ∈ T2/ε × T, ε ∈ (0, 1). (18)

In addition, we assume that there exists a distribution W0 ∈ S′(R × T) such that for
any G ∈ S(R × T)

lim
ε→0+

〈G,W (ε)(0)〉 = 〈G,W0〉. (19)

Note that, thanks to (18), distribution W0 is in fact a function that belongs to C0(R×
T) ∩ L2(R × T).

3.1 The thermostat free case: γ = 0

If the thermostat is not present (γ = 0), the equation of motion (10) can be explicitely
solved and the soution is ψ̂(t, k) = ψ̂(k)e−iω(k)t . Defining

δεω(k, η) :=
1

ε

[
ω

(
k +

εη

2

)
− ω

(
k − εη

2

)]
, (20)

we can compute explicitly the Wigner transform:

Ŵε(t, η, k) = e−iδεω(k,η)t/εŴε(0, η, k) −→
ε→0

e−iω
′(k)ηtŴ0(η, k), (21)
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assuming the corresponding convergenceat initial time, see (19). The inverse Fourier
transform gives

W(t, y, k) = W0(y − ω̄′(k)t, k), (22)

where ω̄′(k) := ω′(k)/(2π), i.e. it solves the simple linear transport equation

∂tW(t, y, k) + ω̄′(k)∂yW(t, y, k) = 0, W(0, y, k) = W0(y, k). (23)

We can view this equation as the evolution of the density in independent particles
(phonons), labelled by the frequency mode k ∈ T, and moving with velocity ω̄′(k).

3.2 The evolution with the Langevin thermostat: γ > 0

We use the mild formulation of (10):

ψ̂(t, k) = e−iω(k)t ψ̂(0, k) − iγ

∫ t

0
e−iω(k)(t−s)p0(s)ds + i

√
2γT

∫ t

0
e−iω(k)(t−s)dw(t).

(24)

Integrating both sides in the k-variable and taking the imaginary part in both sides,
we obtain a closed equation for p0(t):

p0(t) = p0
0(t) − γ

∫ t

0
J(t − s)p0(s)ds +

√
2γT

∫ t

0
J(t − s)dw(s), (25)

where

J(t) =
∫

T

cos (ω(k)t) dk, (26)

and

p0
0(t) =

∫

T

Im
(
ψ̂(0, k)e−iω(k)t

)
dk, (27)

is the momentum at y = 0 for the free evolution with γ = 0 (without the thermostat).
Taking the Laplace transform

p̃0(λ) =
∫
+∞

0
e−λtp0(t)dt, Re λ > 0,

in (25) we obtain

p̃0(λ) = g̃(λ)p̃0
0(λ) +

√
2γT g̃(λ)J̃(λ)w̃(λ). (28)

Here, g̃(λ) is given by
g̃(λ) := (1 + γ J̃(λ))−1. (29)

and
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J̃(λ) :=

∫ ∞

0
e−λt J(t)dt =

∫

T

λ

λ2
+ ω2(k)dk, Re λ > 0. (30)

We will show below that g̃(λ) is the Laplace transform of a signed locally finite
measure g(dτ). Then, the term (λ + iω(k))−1

g̃(λ)p̃0
0(λ), that appears in (33), is the

Laplace transform of the convolution

∫ t

0
φ(t − s, k)p0

0(s)ds, (31)

where

φ(t, k) =
∫ t

0
e−iω(k)(t−τ)

g(dτ). (32)

Next, taking the Laplace transform of both sides of (24) and using (28), we arrive at
an explicit formula for the Fourier-Laplace transform of ψy(t):

ψ̃(λ, k) =
ψ̂(0, k) − iγp̃0(λ) + i

√
2γTw̃(λ)

λ + iω(k)

=

ψ̂(0, k) − iγg̃(λ)(p̃0
0(λ) +

√
2γT J̃(λ)w̃(λ)) + i

√
2γT w̃(λ)

λ + iω(k)

=

ψ̂(0, k) − iγg̃(λ)p̃0
0(λ) + ig̃(λ)

√
2γTw̃(λ)

λ + iω(k) .

(33)

The Laplace inversion of (33) yields an explicit expression for ψ̂(t, k):

ψ̂(t, k) =e−iω(k)t ψ̂(0, k) − iγ

∫ t

0
φ(t − s, k)p0

0(s) ds

+ i
√

2γT

∫ t

0
φ(t − s, k) dw(s).

(34)

3.3 Phonon creation by the heat bath

Since the contribution to the energy given by the thermal term and the initial energy
are completely separate, we can assume first that Ŵ0 = 0. In this case ψ̂(0, k) = 0
and (34) reduces to a stochastic convolution:

ψ̂(t, k) = i
√

2γT

∫ t

0
φ(t − s, k) dw(s). (35)

To shorten the notation, denote

φ̃(t, k) =
∫ t

0
eiω(k)τ

g(dτ) = eiω(k)tφ(t, k),
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We can compute directly the Fourier-Wigner function

Ŵε(t, η, k) = γT

∫ t

0
e−iδεω(k,η)s φ̃

(
s/ε, k +

εη

2

)
φ̃∗

(
s/ε, k − εη

2

)
ds.

Taking its Laplace transform we obtain

ŵε(λ, η, k) = γT

∫ ∞

0
dte−λt

∫ t

0
dse−iδεω(k,η)s φ̃

(
ε−1s, k +

εη

2

)
φ̃∗

(
ε−1s, k − εη

2

)

=

γT

λ

∫ ∞

0
dse−(λ+iδεω(k,η))s φ̃

(
ε−1s, k +

εη

2

)
φ̃∗

(
ε−1s, k − εη

2

)
.

(36)

Using the inverse Laplace formula for the product of functions we obtain, for any
c > 0,

ŵε(λ, η, k) = γT

λ

1

2πi
lim
ℓ→∞

∫ c+iℓ

c−iℓ

{
σ (λ + iδεω(k, η) − σ)

}−1

× g̃

(
εσ − iω(k + εη

2
)
)
g̃
∗
(
ε(λ + iδεω(k, η) − σ) − iω(k − εη

2
)
)

dσ.

(37)

Since g̃ is bounded and Reλ > 0, we can take the limit as ε → 0, obtaining

ŵ(λ, η, k) = γT |ν(k)|2
λ (λ + iω′(k)η), (38)

where
ν(k) := lim

ε→0
g̃(ε − iω(k)). (39)

The limit in (39) is well defined everywhere, see Section 7 for details.
The inverse Laplace transform of (38) gives

Ŵ(t, η, k) = 1 − e−iω
′(k)ηt

iω′(k)η γT |ν(k)|2. (40)

Performing the inverse Fourier transform, according to (30), we obtain

W(t, y, k) = T ı (k)1[[0,ω̄′(k)t]](y) (41)

where ω̄(k) = ω(k)/2π,

ı (k) :=
γ |ν(k)|2
|ω̄′(k)| (42)

and

[[0, a]] :=

{
[0, a], if a > 0

[a, 0], if a < 0.
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We can interpret (41) as the energy density of k-phonons that are created at the
interface y = 0 by the heat bath with intensity T ı (k) and then move with velocity
ω̄′(k). The Wigner function W(t, y, k) can be viewed as a formal solution of

∂tW(t, y, k) + ω̄′(k)∂yW(t, y, k) = |ω̄′(k)|T ı (k)δ(y), W(0, y, k) = 0. (43)

3.4 Phonon scattering and absortion by the heat bath

The scattering of incoming waves can be studied at temperature T = 0, by looking
at the deterministic equation

ψ̂(t, k) = e−iω(k)t ψ̂(0, k) − iγ

∫ t

0
φ(t − s, k)p0

0(s) ds, (44)

Proceeding along the lines of the calculation of the previous section we obtain

Ŵε(t, η, k) = Ŵ0
ε(t, η, k) + Ŵ1

ε(t, η, k) + Ŵ2
ε(t, η, k), (45)

where Ŵε(t, η, k) is given by (15),

Ŵ0
ε(t, η, k) := e−iδεω(k,η)t/εŴε(0, η, k),

Ŵ1
ε(t, η, k) := −i

εγ

2

∫ t/ε

0

{
Eε

[
ψ̂

(
0, k − εη

2

)∗
p0

0(s)
]
eiω(k− εη

2 ) t
ε φ

( t

ε
− s, k +

εη

2

)

− Eε
[
ψ̂

(
0, k +

εη

2

)
p0

0(s)
]
e−iω(k+ εη

2 ) t
ε φ

( t

ε
− s, k − εη

2

)∗ }
ds,

Ŵ2
ε(t, η, k) :=

εγ2

2

∫ t/ε

0
ds1

∫ t/ε

0
ds2Eε

[
p

0
0(s1)p0

0(s2)
]

× φ
( t

ε
− s1, k − εη

2

)∗
φ

( t

ε
− s2, k − εη

2

)
.

(46)

The limit behavior of Ŵ0
ε(t, η, k) is already described by (21). The calculations

for the other two terms Ŵ1
ε and Ŵ2

ε are more involved. Their outline is presented in
Section 8 below. We have

lim
ε→0+

Ŵ1
ε(t, η, k) = −γReν(k)e−iω′(k)t

∫

R

1 − e−iω
′(k)(η′−η)t

iω′(k)(η′ − η) Ŵ(0, η′, k)dη′ (47)

and

lim
ε→0+

Ŵ2
ε(t, η, k) = |ν(k)|2

4|ω̄′(k)|
∑

ι=±

∫

R

dη

λ + iω′(k)η

∫

R

Ŵ(0, η′, ιk)dη′
λ + iω′(ιk)η′ . (48)
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Putting together the limits of the solutions for T ≥ 0 and Ŵ0 = 0, given by (41),
and the solution of the deterministic equation for T = 0 and a non-vanishing Ŵ0

obtained by taking the sum of the limits of Ŵ
j
ε(t, η, k), j = 0, 1, 2 we conclude the

formula for the limit as ps → 0, of Wigner function Ŵε(t, η, k), see (15), for φ̂(t, k),
given by (34), equals:

W(t, y, k) = 1[[0,ω̄′(k)t]]c (y)W(0, y − ω̄′(k)t, k)
+ p+(k)1[[0,ω̄′(k)t]](y)W(0, y − ω̄′(k)t, k)
+ p−(k)1[[0,ω̄′(k)t]](y)W(0,−y + ω̄′(k)t,−k) + T ı (k)1[[0,ω̄′(k)t]](y),

(49)

where the coefficient ı(k) is given by (42) and

p+(k) :=

����1 − γν(k)
2|ω̄′(k)|

����
2

, p−(k) :=

(
γ |ν(k)|
2|ω̄′(k)|

)2

. (50)

By a direct inspection we can verify that W(t, y, k), given by (49), solves the
transport equation

∂tW(t, y, k) + ω̄′(k)∂yW(t, y, k) = 0, y , 0, (51)

with the transmission/reflection and phonon creation boundary condition at y = 0:

W(t, 0+, k) = p−(k)W(t, 0+,−k) + p+(k)W(t, 0−, k) + g(k)T, for k ∈ T+

W(t, 0−, k) = p−(k)W(t, 0−,−k) + p+(k)W(t, 0+, k) + g(k)T, for k ∈ T−.

(52)

In Section 7 below we show that

p+(k) + p−(k) + ı(k) = 1. (53)

Coefficients p+(k) and p−(k) can be interpreted therefore as the probabilities of
phonon transmission and reflection, respectively. Since p+(k) + p−(k) = 1 − ı(k),
the coefficient ı(k) is the phonon absorption probability at the interface.

4 Harmonic chain with bulk conservative noise in contact with

Langevin thermostat

4.1 The model and the statement of the result

In [9] we consider a stochastically perturbed chain of harmonic oscillators ther-
mostatted at a fixed temperature T ≥ 0 at x = 0. Its dynamics is described by the
system of Itô stochastic differential equations
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dqx(t) = px(t)dt, x ∈ Z,

dpx(t) =
[
−(α ⋆q(t))x −

εγ0

2
(θ ⋆p(t))x

]
dt

+

√
εγ0

∑

k=−1,0,1

(Yx+kpx(t))dwx+k(t) +
(
−γp0(t)dt +

√
2γTdw(t)

)
δ0,x .

(54)

Here the coupling constants (αx)x∈Z are as in (5),

Yx := (px − px+1)∂px−1 + (px+1 − px−1)∂px + (px−1 − px)∂px+1 (55)

and (wx(t))t≥0, x ∈ Zwith (w(t))t≥0, are i.i.d. one dimensional independent Brownian
motions. In addition,

θx = ∆θ
(0)
x := θ(0)

x+1 + θ
(0)
x−1 − 2θ(0)x

with

θ
(0)
x =




−4, x = 0
−1, x = ±1

0, if otherwise.

Parameters εγ0 > 0, γ describe the strength of the inter-particle and thermostat
noises, respectively. In what follows we shall assume that ε > 0 is small, that
corresponds to the low density hypothesis that results in atoms suffering finitely many
”collisions” in a macroscopic unit of time (the Boltzmann-Grad limit). Although the
noise considered here is continuous we believe that the results extend to other type
of conservative noises, such as e.g. Poisson exchanges of velocities between nearest
neighbor particles.

Since the vector field Yx is orthogonal both to a sphere p2
x−1 + p

2
x + p

2
x+1 ≡ const

and plane px−1 + px + px+1 ≡ const, the inter-particle noise conserves locally the
kinetic energy and momentum. Because these conservation laws are common also
for chaotic hamiltonian system, this model has been used to understand energy
transport in presence of momentum conservation, see [1] and references there.

The case without the Langevin thermostat, i.e. with γ = 0, was studied in [3],
where it is proved that

Wε(t, y, k) −→
ε→0

W(t, y, k) (56)

where W(t, y, k) is the solution of the transport equation

∂tW(t, y, k) + ω̄′(k)∂yW(t, y, k) = γ0

∫

T

R(k, k ′) (W(t, y, k ′) − W(t, y, k)) dk ′, (57)

where

R(k, k ′) = 32 sin2(πk) sin2(πk ′)
{
sin2(πk) cos2(πk ′) + sin2(πk ′) cos2(πk)

}
. (58)

We have therefore
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R(k) =
∫

T

R(k, k ′)dk ′
= 4 sin2(πk)

(
1 + 3 cos2(πk)

)
. (59)

In [9] we have proved the following result.

Theorem 1 Suppose that γ0, γ > 0 and the initial data satisfies (18), Then,

lim
ε→0+

∫
+∞

0
dt

∬

T2/ε×T
Wε(t, y, k)G(t, y, k)dydk

=

∫
+∞

0
dt

∬

R×T
W(t, y, k)G(t, y, k)dydk

(60)

for any G ∈ C∞
0 ([0,+∞) × R × T), where the limiting Wigner W(t, y, k) function

satisfies (57) for (t, y, k) ∈ R+ × R∗ × T∗, with the boundary conditions (52), at the

interface y = 0.

4.2 A sketch of the proof of Theorem 1

Consider the wave function ψ(t) that corresponds to the dynamics (54) via (8) and
ψ̂(t) its Fourier transform. In contrast with the situation described in Section 3.2
(the case γ0 = 0) we no longer have an explicit expression for the solution of the
equation for ψ̂(t), see (24), so we cannot proceed by a direct calculation of the Wigner
distributions as in Sections 3 and 8.

In order to close the dynamics of the Fourier-Wigner function, we shall need all
the components of the full covariance tensor of the Fourier transform of the wave
field. Define therefore the Wigner distribution tensor Wε(t), as a 2×2-matrix tensor,
whose entries are distributions, given by their respective Fourier transforms

Ŵε(t, η, k) :=

[
Ŵε,+(t, η, k) Ŷε,+(t, η, k)
Ŷε,−(t, η, k) Ŵε,−(t, η, k)

]
, (η, k) ∈ T2/ε × T, (61)

with

Ŵε,+(t, η, k) := Ŵε(t, η, k) = ε

2
Eε

[
ψ̂

(
t/ε, k + εη

2

)
ψ̂⋆

(
t/ε, k − εη

2

)]
,

Ŷε,+(t, η, k) :=
ε

2
Eε

[
ψ̂

(
t/ε, k + εη

2

)
ψ̂

(
t/ε,−k +

εη

2

)]
,

Ŷε,−(t, η, k) := Ŷ⋆ε,+(t,−η, k), Ŵε,−(t, η, k) := Ŵε,+(t, η,−k).

By a direct calculation we show that the following energy bound is satisfied, see
Proposition 2.1 of [9]

sup
ε∈(0,1]

ε

2
Eε ‖ψ̂(t/ε)‖2

L2(T) ≤ sup
ε∈(0,1]

ε

2
Eε ‖ψ̂(0)‖2

L2(T) + γTt, t ≥ 0. (62)

The above estimate implies in particular that
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sup
ε∈(0,1]

‖Wε,+‖L∞([0,τ];A′) < +∞, for any τ > 0, (63)

whereA′ is the dual to A - the Banach space obtained by the completion ofS(R×T)
in the norm

‖G‖A :=

∫

R

sup
k∈T

|Ĝ(η, k)|dη, G ∈ S(R × T). (64)

Similar estimates hold also for the remaining entries of Wε(t).
In consequence (Wε(·)) is sequentially⋆-weakly compact in L∞

loc([0,+∞),A′) and
the problem of proving its ⋆-weak convergence reduces to the limit identification.

4.2.1 The case of zero temperature at the thermostat

Suppose first that T = 0. We can treat then the microscopic dynamics (54) as a
small (stochastic) perturbation of the purely deterministic dynamics when all the
terms containing the noises (wx(t)) and (w(t)) are omitted. Denote by φ̂(ε) (t, k) the
Fourier transform of the wave function corresponding to the latter dynamics, cf
(9). We consider then the respective Wigner distribution tensor Wun

ε (t, y, k) whose
Fourier transform is given by an analogue of (61), where the wave function of the
”true” (perturbed) dynamics ψ̂ (t, k) is replaced by φ̂ (t, k), which corresponds to the
deterministic dynamics:

dqx(t) = px(t)dt, x ∈ Z,

dpx(t) =
[
−(α ⋆ q(t))x −

εγ0

2
(θ ⋆p(t))x

]
dt − γp0(t)δ0,xdt.

(65)

Denote by L2,ε the Hilbert space made of the 2 × 2 matrix valued distributions
on R × T, such that the Fourier transforms of their entries belong to L2(T2/ε × T).
The Hilbert norm on L2,ε is defined in an obvious way using the L2 norms of the
Fourier transforms.

Using the equations for the microscopic dynamics of φ̂ (t, k) we conclude that the

tensor Wun
ε (t) can be described by an L2,ε strongly continuous semigroup

(
Wun
ε (t)

)
,

i.e.
Wun

ε (t) = Wun
ε (t)

(
Wun

ε (0)
)
, t ≥ 0. (66)

Using a very similar argument to that used in the case of γ0 = 0 (remember no noise
is present in the unperturbed dynamics) we can prove, see Theorem 5.7 of [9], that

Theorem 2 Under the assumptions on the initial data made in(18) and (19), we have

lim
ε→0+

〈G,Wun
ε (t)〉 = 〈G,Wun(t)〉, t ≥ 0, G ∈ S(R × T)

where

Wun(t, y, k) =
[

Wun
+
(t, y, k) 0
0 Wun

+
(t, y,−k)

]
, (y, k) ∈ R × T,
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and

∂tW
un(t, y, k)+ω̄′(k)∂yWun(t, y, k) = −γ0R(k)Wun(t, y, k), (t, y, k) ∈ R+×R∗×T∗,

(67)
with the interface conditions (52) for T = 0.

Similarly to (51) equation (67) can be solved explicitly and we obtain Wun(t) =
Wun

t (Wun(0)), where Wun(t, y, k) = e−γ0R(k)tW̃un(t, y, k) and W̃un(t, y, k) is given by
(49). Consider a semigroup defined by

Wun
t (Wun(0)) (y, k) := Wun(t, y, k). (68)

One can show that
(
Wun

t

)
t≥0 forms a strongly continuous semigroup of contractions

on any Lp(R × T), 1 ≤ p < +∞.
We can use the semigroupWun

ε (t) to write a Duhamel type equation for

wε(λ) =
[
ŵε,+(λ, η, k) ŷε,+(λ, η, k)
ŷε,−(λ, η, k) ŵε,−(λ, η, k)

]
=

∫
+∞

0
e−λtWε(t)dt

- the Laplace transform of the Wigner tensor of (61) defined for Re λ > λ0 and some
sufficiently large λ0 > 0. It reads

wε(λ) = W̃un
ε (λ)Wε(0) +

γ0

2
W̃un
ε (λ) vε (λ) , Re λ > λ0. (69)

Here

Wun
ε (λ) :=

∫
+∞

0
e−λtWun

ε (t)dt, (70)

and vε (λ) := Rεwε(λ). The operatorRε acts on 2×2 matrix valued w whose entries
belong to L2,ε and whose Fourier transform (in y) is given by

ŵ(η, k) :=

[
ŵ+(η, k) ŷ+(η, k)
ŷ−(η, k) ŵε,−(η, k)

]
, (η, k) ∈ T2/ε × T

as follows. The Fourier transform R̂εw have entries of the form

±
∫

T

r0(k, k ′, εη)
[
ŵε,+(η, k ′) + ŵε,−(η, k ′) − ŷε,+(η, k ′) − ŷε,−(η, k ′)

]
dk ′.

Here r0(k, k ′, εη) is a scattering kernel that satisfies R(k, k ′) = r0(k, k ′, 0) +
r0(k, −k ′, 0), with R(k, k ′) given by (58). Suppose now that we test both sides of
(69) against a 2× 2-matrix valued smooth function G whose entries have compactly
supported Fourier transforms in the y variable, say in the interval [−K,K] for some

K > 0. Denote by
(
Wun
ε (λ)

)∗
and R∗

ε the adjoints of the respective operators in L2,ε .

We already know that from any sequence
(
wεn (λ)

)
, where εn → 0+ we can

choose a subsequence, that will be denoted by the same symbol, converging⋆-weakly
in A′ to some w(λ). Using Theorem 2 and the strong convergence of the sequence
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1[−K,K](η)R∗
εn

(
Wun
εn
(λ)

)∗
G, n → +∞ in L2(R × T) we can prove the following, see

Theorem 5.7 of [9].

Theorem 3 Suppose that W is the ⋆-weak limit of
(
Wεn

)
in

(
L1([0,+∞);A)

) ′
for

some sequence εn → 0+. Then, it has to be of the form

W(t, y, k) =
[

W(t, y, k) 0
0 W(t, y,−k)

]
, (y, k) ∈ L2(R × T), (71)

where W(t, y, k) satisfies the equation

W(t) = Wun
t

(
W(0)

)
+ γ0

∫ t

0
W

un
t−s

(
RWs

)
ds, (72)

and R : L2(R × T) → L2(R × T) is given by

RF(y, k) :=

∫

T

R(k, k ′)F (y, k ′) dk ′, (y, k) ∈ R × T, F ∈ L2(R × T). (73)

The convergence claimed in Theorem 1 is then a direct consequence of Theorems 2
and 3.

It turns out that the microscopic evolution of the Wigner transform given by
(61) allows us to define a strongly continuous semigroup on L2(T2/ε × T) by letting

Wε(t)
(
Wε(0)

)
:=Wε(0). The norms of the semigroups L2(T2/ε × T) stay bounded

with ε ∈ (0, 1], see Corollary 4.2 of [9]. Using Theorems 2 and 3 we can show
therefore that for any G ∈ L1([0,+∞),A) we have

lim
ε→0+

∫
+∞

0
〈Wε(t)Wε(0),G(t)〉dt =

∫
+∞

0
〈WtW(0),G(t)〉dt, (74)

whereWtW(0) :=W(t) is given by (71).

4.2.2 The case of positive temperature at the thermostat

Finally we consider the case T > 0. Suppose that χ ∈ C∞
c (R) is an arbitrary real

valued, even function satisfying

χ(y) =



1, for |y | ≤ 1/2,
0, for |y | ≥ 1,
belongs to [0, 1], if otherwise.

(75)

Then its Fourier transform χ̂ ∈ S(R). Let χ̂ε ∈ C∞(T2/ε) be given by

χ̂ε(η) :=
∑

n∈Z
χ̂

(
η +

2n

ε

)
, η ∈ T2/ε .
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and
V̂ε(t, η, k) := Ŵε(t, η, k) − T χ̂ε(η)I2,

where I2 is the 2 × 2 identity matrix. In fact, Vε(t) is a solution of the equation

Vε(t) = Wε(t)Vε(0) +
∫ t

0
Wε(s)

(
Fε

)
ds, (76)

where

F̂ε(η, k) := − iT χ̂ε(η)
ε

[
ω

(
k +

εη

2

)
− ω

(
k − εη

2

)] [
1 0
0 −1

]
.

Using the convergence of (74) we conclude that

lim
ε→0+

∫
+∞

0
〈Vε(t),G(t)〉dt =

∫
+∞

0
〈V(t),G(t)〉dt, (77)

where

V(t, y, k) =
[

V(t, y, k) 0
0 V(t, y,−k)

]

and

V(t, y, k) := W(t, y, k) + T

∫ t

0
Ws

(
ω̄′(k)χ′(y)

)
ds. (78)

We can identify therefore W(t, y, k) with the solution of the equation

W(t, y, k) := Wt(W̃0)(y, k) +
∫ t

0
Ws(F)(y, k)ds + T χ(y), (t, y, k) ∈ R̄+ × R × T.

(79)
Here

F(y, k) := −T ω̄′(k)χ′(y), W̃0(y, k) := W0(y, k) − T χ(y). (80)

This ends the proof of Theorem 1 for an arbitrary T ≥ 0.

5 Diffusive and Superdiffusive limit from the kinetic equation

with boundary thermostat

We are now interested in the space-time rescaling of the solution of the equation
(57) with the boundary condition (52). We should distinguish here two cases:

• the optical chain, when ω(k) ∼ k2 for small k,
• the acoustic chain, when ω(k) ∼ |k | for small k.

In the optical chain, the long-wave phonons (corresponding to small k) have a small
velocity, consequently even if the bulk scattering rate is small (R(k) ∼ k2), they still
have time to diffuse. In fact, all other phonons (i.e. those corresponding to other k)
have their non-trivial contribution to the diffusive limit.
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In the acoustic chain the long-wave phonons move with the speed that is bounded
away from 0 and rarely scatter. Therefore, they are responsible for a superdiffusion
of the Levy type arising in the macroscopic limit. In the superdiffusive time-scale all
other phonons (corresponding to non-vanishng k) do not yet move, their contribution
to the asymptotic limit is therefore negligible.

5.1 The optical chain: diffusive behavior.

This case was studied in [2]. The diffusive rescaling of the solution of (57) is defined
by

Wδ(t, y, k) = W(t/δ2, y/δ, k), (81)

with an initial condition that varying in the macroscopic space scale

Wδ(0, y, k) = W0(y, k). (82)

We assume here that W0(y, k) = T + W̃0(y, k), with W̃0 ∈ L2(R × T). This rescaled
solution solves

∂tW
δ(t, y, k)+ 1

δ
ω̄′(k)∂yWδ(t, y, k) = γ0

δ2

∫

T

R(k, k ′)
(
Wδ(t, y, k ′) − Wδ(t, y, k)

)
dk ′,

(83)
with the boundary condition (52) in y = 0.

In [2] it is proven that, for any test function ϕ(t, y, k) ∈ C∞
0 ([0,+∞) × R × T),

lim
δ→0

∫
+∞

0
dt

∬

R×T
Wδ(t, y, k)ϕ(t, y, k) dy dk =

∫
+∞

0
dt

∬

R×T
ρ(t, y)ϕ(t, y, k) dy dk,

(84)
where ρ(t, y) is the solution of the heat equation

∂tρ(t, y) = D∂2
y ρ(t, y), y , 0,

ρ(t, 0) = T, ∀t > 0,

ρ(0, y) = ρ0(y) :=

∫

T

W0(y, k)dk.

(85)

The diffusion coefficient is given by

D :=
1

γ0

∫

T

ω̄′(k)2
R(k) dk. (86)

Notice that, under the condition of the optical dispersion relation, D < +∞. The
proof in [2] follows a classical Hilbert expansion method, with a modification needed
to account for the boundary condition.

Intuitively, the result can be explained in the following way: phonons of all
frequencies behave diffusively, under the scaling they converge to Brownian motions
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with diffusion D, that has continuous path. As they get close to the thermostat
boundary, they cross it many times till they get absorbed with probability 1 in
the macroscopic time scale. Consequently there is no (macroscopic) trasmission of
energy from one side to the other. Phonons are created with intensity T, and this
explain the value at the boundary y = 0.

5.2 The acoustic chain: superdiffusive behavior

This limit was studied in [8], while the case without thermostat had been previously
considered in [4]. In a one dimensional acoustic chain, long wave phonons (small k)
move with finite velocities but still scatter very rarely. Consequently these longwaves
phonons on the microscopic scale move ballistically with some rare scattering of
their velocities. Under the superdiffusive rescaling δ−3/2t, δ−1

y they converge to
corresponding Levy processes, generated by the fractional laplacian −|∆|3/4. The
effect of the thermal boundary is more complex than in the diffusive case, as now the
phonons have a positive probability to cross the boundary without absorption and
jump at a macroscopic distance on the other side. This causes a particular boundary
condition for the fractional laplacian at the interface y = 0, that we explain below.
Let us define the fractional laplacian −|∆|3/4, admitting an interface value T , with
absorption g0, transmission p+ and reflection p−, as the L2 closure of the singular
integral operator

Λ3/4F(y) =p.v.

∫

yy′>0
q(y − y

′)[F(y′) − F(y)]dy′

+ g0[T − F(y)]
∫

yy′<0
q(y − y

′)dy′

+ p−

∫

yy′<0
q(y − y

′)[F(−y′) − F(y)]dy′

+ p+

∫

yy′<0
q(y − y

′)[F(y′) − F(y)]dy′, y , 0, F ∈ C∞
0 (R),

(87)

where, cf [12, Theorem 1.1 e)],

q(y) =
c3/4

|y |5/2
, c3/4 =

23/2Γ(5/4)
√
π |Γ(−3/4)|

=

3

25/2√π
. (88)

The first integral appearing in the right hand side of (87) is understood in the principal
value (p.v.) sense. The choice of constant c3/4 is made in such a way that the ”free”
fractional laplacian, defined by the kernel q(·), coincides with the definition using
the ”usual” Fourier symbol, see [12, Theorem 1.1 a)]. To define Λ3/4F(0), note that,
due to the fact that g0 > 0, the finiteness of the second integral forces the condition
F(0) = T on any function belonging to the domain of the generator. We can define
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Λ3/4F(0) using (87) for any continuous function that satisfies F(0) = T , for which
the integrals appearing in the right hand side (without the principal value) converge.

Notice that in the case without thermal interface, g0 = 0, p− = 0, p+ = 1, and
we recover the usual ”free” fractional laplacian on the real line. The absorption,
transmission and reflection coefficients that arise here are given by

g0 = lim
k→0
g(k), p± = lim

k→0
p±(k). (89)

For the nearest neighbor acoustic chain, with the dispersion relation ω(k) :=
ωa | sin(πk)| (cf (111)) it turns out that, see (119),

p+ =

(
ωa

ωa + γ

)2

, p−(k) :=

(
γ

ωa + γ

)2

ı0 =
2γωa

(ωa + γ)2
. (90)

The rescaled solution of the kinetic equation, see (57), is defined now by

Wδ(t, y, k) = W(t/δ3/2, y/δ, k) (91)

In [8] it is proven that for any t > 0 and ϕ ∈ C∞
0 (R × T)

lim
δ→0

∬

R×T
Wδ(t, y, k)ϕ(y, k) dy dk =

∬

R×T
ρ(t, y)ϕ(y, k) dy dk, (92)

where ρ(t, y) is the solution of

∂tρ(t, y) = ĉΛ3/4ρ(t, y), (93)

where

ĉ :=
π2ω

3/2
a

(25γ0)1/2
∫
+∞

0

(1 − cos λ)dλ
λ5/2 =

(
π5ω3

a

6γ0

)1/2

, (94)

cf [6, formula 3.762, 1, p. 437]
The proof of (92), presented in [8], is based on the probabilistic representation of

the phonon trajectory process associated with the kinetic equation (57). It is shown
that superdiffusively scaled trajectories of the process converge in law to those of
a Levy process, with corresponding probabilities to be absorbed, transmitted or
reflected when crossing y = 0, with a creation in the same point (its generator is
given by (87)).

Remark

Notice that the convergence in (92) holds for every time t > 0, while in the diffusive
case it is only weakly in time (cf (84)). The explanation comes from different methods
adopted in the respective proofs. The proof of (92) is of probabilistic nature, and
uses the fact that the corresponding limiting transmitted/reflected/absorbed process
jumps over the thermostat interface only finitely many times before being absorbed.
On the other hand, the proof of (84) is analytic, and it would be difficult to establish,
by a probabilistic method, a result for every time, since the corresponding Brownian
motion crosses the thermostat infinitely many times before being absorbed by it.
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6 Perspectives and open problems

6.1 Direct hydrodynamic limit

The results presented in the previous sections are obtained in the typical two-step
procedure: we first take a kinetic limit (rarefied collisions) and obtain a kinetic
equation with a boundary condition for the thermostat, next we rescale (diffusively
or superdiffusively) this equation getting a diffusive or superdiffusive equation with
an appropriate boundary condition.

It would be interesting to obtain a direct hydrodynamic limit, rescaling diffusively
or superdiffusively the microscopic dynamics, without rarefaction of the random
collision in the bulk. This means considering the evolution equations (54) with
ε = 1, then setting a scale parameter δ (that does not appear in the evolution
equations) and define the Wigner distribution by

〈G,W (δ)(t)〉 :=
δ

2

∑

y,y′∈Z

∫

T

e2πik(y′−y)
E

[
ψy

( t

δα

) (
ψy′

)∗ ( t

δα

)]
G∗

(
δ
y + y

′

2
, k

)
dk.

(95)
with α = 2, or α = 3/2 in the diffusive, or superdiffusive case, respectively. Then
one would like to show that, in some sense,

W (δ)(t, y, k) −→
δ→0

ρ(t, y), (96)

where ρ(t, y) is solution of (85) or (93), depending on the scaling. In absence of a
thermostat, this has been proved in [5].

6.2 More thermostats

In non-equilibrium statistical mechanics it is always interesting to put the system
in contact with a number of heat baths atvarious temperatures. If, in the case of
dynamics defined by (6) or by (54), we add another Langevin thermostat at the
site [ǫ−1

y0] with y0 , 0, at a temperature T1, we expect to obtain the same kinetic
equations with added boundary conditions at the point y0 analogous to (52) but of
course the phonon production rate g(k)T1. The difficulty in constructing the proof,
lies in the fact that we no longer have an explicit formula for a solution in the case
the inter-particle scattering is absent, that has been quite essential in our argument.
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6.3 Poisson thermostat

A different model for a heat bath at temperature T is given by a renewal of the
velocity p0(t) at random times given by a Poisson process of intensity γ: each time
the Poisson clock rings, the velocity is renewed with value chosen with a Gaussian
distribution of variance T , independently of anything else. This mechanism repre-
sents the interaction with an infinitely extended reservoir of independent particles in
equilibrium at temperature T and uniform density.

From a preliminary calculation (cf [10]) it seems that the scattering rates in
the high frequency-kinetic limit are different, implying their dependence on the
microscopic model of the thermostat. Obviously, in the hydrodynamic limit, diffusive
or superdiffusive, we expect that there boundary conditions will not depend anymore
on the microscopic model of the thermostat.

Acknowledgements TK was partially supported by the NCN grant 2016/23/B/ST1/00492, SO by
the French Agence Nationale Recherche grant LSD ANR-15-CE40-0020-01.

7 Appendix A: Properties of the scattering coefficients

7.1 Some properties of the scattering coefficient for a unimodal

dispersion relation

Recall that ν(k) is defined by (39). From (30), we have

lim
ε→0

J̃(ε − iω(k)) = iG
(
ω(k)

)
+ iH

(
ω(k)

)
, for ω(k) , 0

where

G(u) :=

∫

T+

dℓ

u + ω(ℓ), H(u) :=
1

2
lim
ε→0

∫

T

dℓ

iε + u − ω(ℓ) . (97)

If ω(k) = 0, then k = 0 and, according to (30),

lim
ε→0

J̃(ε) = π

|ω′(0+)| . (98)

If the dispersion relation ω(k) is unimodal and ωmin := ω(0), ωmax := ω(1/2),
then we can write H(ω(k)) = Hr (ω(k)) + iHi(ω(k)), with Hr (u), Hi(u) real valued
functions equal

Hr (u) := lim
ε→0

∫ ωmax

ωmin

(u − v)dv
|ω′(ω−1

+
(v))|[ε2

+ (u − v)2]
(99)

and
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Hi(u) := − lim
ε→0

∫ ωmax

ωmin

εdv

|ω′(ω−1
+
(v))|[ε2

+ (u − v)2]
= − π

|ω′(ω−1
+
(u))|

. (100)

Here ω−1
+

: [ωmin, ωmax] → [0, 1/2] is the inverse of the increasing branch of ω(·).
For u ∈ (ωmin, ωmax) we can write

Hr (u) = 1

ω′(ω−1
+
(u))

log
ωmax − u

u − ωmin
+

∫ ωmax

ωmin

[ (
ω−1
+

) ′
(v) −

(
ω−1
+

) ′
(u)

]
dv

u − v
. (101)

According to (29) and (39)

ν(k) =



{1 − γHi(ω(k)) + iγ[G(ω(k)) + Hr (ω(k))]}−1, if ω(k) , 0,

2|ω̄′(0+)|
2|ω̄′(0+)| + γ, if ω(k) = 0.

(102)

Summarizing, from the above argument we conclude the following.

Theorem 4 For a unimodal dispersion relation ω(·) the following are true:

i) we have

|ν(k)| ≤ 2|ω̄′(k)|
γ + 2|ω̄′(k)| , k ∈ T, (103)

ii) if k∗ is such that ω′(k∗) = 0, then

lim
k→k∗

ν(k) = 0 and lim
k→k∗

ı(k) = 0, (104)

iii)

Re ν(k) > 0, for all k ∈ T \ {0, 1/2}, (105)

iv)

p+(k) > 0 and p−(k) < 1 for all k such that ω′(k) , 0 (106)

and

p−(k) > 0 for all k ∈ T \ {0, 1/2}, (107)

v) we have the formula

Re ν(k) =
(
1 +

γ

2|ω̄′(k)|

)
|ν(k)|2, k ∈ T. (108)

Proof Substituting into (102) from (99) and (100) immediately yields (108). Esti-
mate (105) follows directly from (102), formulas (97), (100) and (101).

Statement (109) is a consequence of (100) and (102). Part ii) follows from part i),
cf (42). Estimates (106) follow directly from (109), while (107) is a straightforward
consequence of part iii), cf (50). �

From part v) of Theorem 4 we immediately conclude the following.
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Corollary 1 Suppose that ν(k) , 0 is real valued. Then,

ν(k) = |ω′(k)|
|ω′(k)| + γπ . (109)

7.2 Proof of (53)

To conclude (53) we invoke (50). Then, thanks to (108), we can write

p+(k) + p−(k) + ı(k) = 1 +
γ

|ω̄′(k)|

[
|ν(k)|2

(
1 +

γ

2|ω̄′(k)|

)
− Re ν(k)

]
= 1

and (53) follows.

7.3 An example: scattering coefficient ν(k) for a nearest neighbor

interaction harmonic chain - computation of J̃(λ) using contour

integration

Assume thatω(k) is the dispersion relation of a nearest neighbor interaction harmonic
chain. We let α0 := (ω2

0 +ω
2
a)/2 and α±1 := −ω2

a/4, and ω0 ≥ 0, ωa > 0. Then, see
Section 3,

α̂(k) =
ω2

0 + ω
2
a

2
− ω2

a

4

(
e2πik

+ e−2πik
)
=

ω2
0

2
+ ω2

a sin2(πk) (110)

and, according to (7),

ω(k) :=

√
ω2

0

2
+ ω2

a sin2(πk). (111)

Using the definition of J̃(λ), see (30), and (110) for any λ ∈ C such that Re λ > 0
we can write

J̃(λ) =
∫

T

λdℓ

λ2
+ α̂(ℓ) = − 4λ

ω2
a

∫ 1/2

−1/2

e2πiℓdℓ

e4πiℓ − 2W(λ)e2πiℓ
+ 1

, (112)

where

W(λ) = 1 +

(
ω0

ωa

)2

+ 2

(
λ

ωa

)2

. (113)

Note that W(λ) ∈ C \ [−1, 1], if Re λ > 0.
The expression for J̃(λ) can be rewritten using the contour integral over the unit

circle C(1) on the complex plane oriented counterclockwise and
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J̃(λ) = − 2λ

iπω2
a

∫

C(1)

dζ

ζ2 − 2W(λ)ζ + 1
. (114)

When w ∈ C \ [−1, 1] the equation

z2 − 2wz + 1 = 0

has two roots. They are given by Φ+,Φ−, holomorphic functions on C \ [−1, 1], that
are the inverse branches of the Joukowsky functionJ(z) = 1/2(z+ z−1), z ∈ C taking
values in D̄c and D, respectively. Here D := [z ∈ C : |z| < 1] is the unit disc. We
have

lim
ε→0+

1

2

(
Φ+(a − εi) −Φ−(a − εi)

)
= −i

√
1 − a2, for a ∈ [−1, 1]. (115)

Using the Cauchy formula for contour integrals, from (114) we obtain

J̃(λ) = 2λ

ω2
a

(
Φ+(W(λ)) −Φ−(W(λ))

) . (116)

For the dispersion relation ω(k) given by (111) and ε > 0 we have, cf (113),

W(ε − iω(k)) = cos(2πk) + 2

(
ε

ωa

)2

− 4i
ω(k)ε
ω2

a

.

As a result we get, cf (115) and (116),

lim
ε→0+

J̃(ε − iω(k)) = 2

ω2
a sin(2π |k |)

√
ω2

0

2
+ ω2

a sin2(πk)

and the following result holds.

Theorem 5 For the dispersion relation given by (111) we have

ν(k) = ω2
a sin(2π |k |)



ω2

a sin(2π |k |) + 2γ

√
ω2

0

2
+ ω2

a sin2(πk)



−1

, k ∈ T.

(117)
In particular, if ω0 = 0 (the acoustic case) we have, cf (42) and (50),

ν(k) = ωa cos(πk)
ωa cos(πk) + γ, k ∈ T (118)

and
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p+(k) :=

(
ωa cos(πk)

ωa cos(πk) + γ

)2

, p−(k) :=

(
γ

ωa cos(πk) + γ

)2

ı (k) = 2γωa cos(πk)
(ωa cos(πk) + γ)2 , k ∈ T.

(119)

8 Appendix B: proofs of (47) and (48)

8.1 Proof of (47)

Using (27) and (12) we can write

Ŵ1
ε(t, η, k) = −γ

2

{
I

( t

ε
, η, k

)
+ I∗

( t

ε
,−η, k

)}
, (120)

where

I(t, η, k) :=
ε

2

∫

T

dk ′
Eε

[
ψ̂

(
0, k − εη

2

)∗
ψ̂ (0, k ′)

] ∫ t

0
ei[ω(k− εη

2 )t−ω(k′)s]φ
(
t − s, k +

εη

2

)
ds.

(121)

The Laplace transform of I
(
t
ε
, η, k

)
equals

Ĩε(λ, η, k) :=
ε2

2

∫
+∞

0
e−ελtI (t, η, k) dt

=

ε2

2

∫
+∞

0
eiω(k+ εη

2 )τ
g(dτ)

∫
+∞

τ

ei[ω(k′)−ω(k+ εη

2 )]sds

∫
+∞

s

e−{ελ+i[ω(k′)−ω(k− εη

2 )]}tdt

×
∫

T

dk ′
Eε

[
ψ̂

(
0, k − εη

2

)∗
ψ̂ (0, k ′)

]
.

(122)

Performing the integration over the temporal variables we conclude that

Ĩε(λ, η, k) =
∫

T

Eε

[
ψ̂

(
0, k − εη

2

)∗
ψ̂ (0, k ′)

]

×
g̃

(
λε − iω(k − εη

2 )
)

dk ′

2{λ + iε−1[ω(k − εη

2 ) − ω(k ′)]}{λ + iε−1[ω(k + εη

2 ) − ω(k − εη

2 )]}
.

(123)

Using (39) we conclude that for any test function G ∈ S(R × T)
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∫

R×T
Ĩε(λ, η, k)Ĝ∗(η, k)dηdk

≈
∫

R×T2

Eε

[
ψ̂ (0, k)∗ ψ̂ (0, k ′)

]
Ĝ∗(η, k)ν(k)dηdkdk ′

2{λ + iε−1[ω(k ′) − ω(k)]}{λ + iε−1[ω(k + εη) − ω(k)]} ,
(124)

as ε ≪ 1. Changing variables k := ℓ − εη′/2 and k ′ := ℓ + εη′/2 we obtain that

lim
ε→0+

∫

R×T
Ĩε(λ, η, k)Ĝ∗(η, k)dηdk

=

∫

R2×T

Ŵ(0, η′, ℓ)Ĝ∗(η, ℓ)ν(ℓ)dηdη′dℓ

(λ + iω′(ℓ)η′)(λ + iω′(ℓ)η) .

(125)

The limit of ŵ1
ε(λ, η, k) - the Laplace transform of Ŵ1

ε(t, η, k) - is therefore given by

ŵ
1(λ, η, k) = − γReν(k)

λ + iω′(k)η

∫

R

Ŵ(0, η′, k)dη′
λ + iω′(k)η′ (126)

therefore

lim
ε→0+

Ŵ1
ε(t, η, k) = −γReν(k)e−iω′(k)t

∫

R

1 − e−iω
′(k)(η′−η)t

iω′(k)(η′ − η) Ŵ(0, η′, k)dη′ (127)

and, performing the inverse Fourier transform, (47) follows.

8.2 Proof of (48)

Concerning the term Ŵ2
ε(t, η, k), from the third formula of (46), (12) and (27) we

obtain

Ŵ2
ε(t, η, k) = γ2

2

{
J

( t

ε
, η, k

)
+ R

( t

ε
, η, k

)}
, (128)

where

J(t, η, k) :=
ε

4

∫

[0,t]2
dsds′

∫

T2

dℓdℓ′φ
(
t − s, k − εη

2

)∗
φ

(
t − s′, k +

εη

2

)

× ei[ω(ℓ)s−ω(ℓ′)s′]
Eε

[
ψ̂(0, ℓ)∗ψ̂(0, ℓ′)

]
,

R(t, η, k) :=
ε

4

∫

[0,t]2
dsds′

∫

T2

dℓdℓ′φ
(
t − s, k − εη

2

)∗
φ

(
t − s′, k +

εη

2

)

× e−i[ω(ℓ)s−ω(ℓ′)s′]
Eε

[
ψ̂(0, ℓ)ψ̂(0, ℓ′)∗

]
.

(129)

A simple computation shows that
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J(t, η, k) = ε

4

∫

[0,t]2
dsds′

∫ s

0
g(dτ)g(dτ′)

∫

T2

dℓdℓ′Eε
[
ψ̂(0, ℓ)∗ψ̂(0, ℓ′)

]

× ei[ω(k−εη/2)(s−τ)−ω(k+εη/2)(s′−τ′)]e−i[ω(ℓ′)(t−s′)−ω(ℓ)(t−s)].

(130)

The respective Laplace transform equals

J̃ε(λ, η, k) := ε

∫
+∞

0
e−ελτ0J(τ0, η, k)dτ0

= ε

∫
+∞

0

∫
+∞

0
δ(τ0 − τ′0)e−ελτ0/2e−ελτ

′
0/2J(τ0, η, k)J(τ′0, η, k)dτ0dτ′0

=

ε2

4

∫

R̄4
+
×R̄4
+

dτ0,2g(dτ3)dτ′0,2g(dτ′3)
∫

T2

dℓdℓ′

× δ(τ0 − τ′0)δ
(
τ0 −

3∑

j=1

τj

)
δ

(
τ′0 −

3∑

j=1

τ′j

)
e−ελ

∑3
j=0 τj /4e−ελ

∑3
j=0 τ

′
j
/4

× ei[ω(k−εη/2)τ2+ω(ℓ)τ1]e−i[ω(k+εη/2)τ′2+ω(ℓ′)τ′1]Eε
[
ψ̂(0, ℓ)∗ψ̂(0, ℓ′)

]
.

(131)

Here, for abbreviation sake we write dτ0,3 = dτ0dτ1dτ2 and likewise for the prime
variables. Using the identity δ(t) = (2π)−1

∫
R

eiβtdβ and integrating out the τ and τ′

variables we obtain

J̃ε(λ, η, k) = ε2

25π3

∫

R3

dβ0dβ1dβ′1

∫

T2

dℓdℓ′Eε
[
ψ̂(0, ℓ)∗ψ̂(0, ℓ′)

]

× g̃(ελ/4 + iβ1)
[ελ/4 − i(β0 + β1)][ελ/4 + i(β1 − ω(ℓ))][ελ/4 + i(β1 − ω(k − εη/2))]

×
g̃(ελ/4 + iβ′1)

[ελ/4 + i(β0 − β′1)][ελ/4 + i(β′1 + ω(ℓ′))][ελ/4 + i(β′1 + ω(k + εη/2))]
.

(132)

We integrate β1 and β′1 variables using the Cauchy integral formula

1

2π

∫

R

f (iβ)dβ
z − iβ

= f (z), z ∈ H, (133)

valid for any holomorphic function f on the right half-planeH := [z ∈ C : Re z > 0]
that belongs to the Hardy class Hp(H) for some p ≥ 1, see e.g. [11, p. 113].
Performing the above integration and, subsequently, changing variables εβ′0 :=
β0 + ω(k − εη/2) we get
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J̃ε(λ, η, k) = 1

23πε

∫

R

dβ0

λ/2 − iβ0

∫

T2

dℓdℓ′Eε
[
ψ̂(0, ℓ)∗ψ̂(0, ℓ′)

]

×
|g̃

(
ελ/2 − iεβ0 + iω(k − εη/2)

)
|2

λ/2 − iε−1(ω(ℓ) − ω(k − εη/2)) − iβ0

× 1

λ/2 + iε−1(ω(ℓ′) − ω(k − εη/2)) + iβ0

× 1

λ/2 + iε−1(ω(k + εη/2) − ω(k − εη/2)) + iβ0
.

(134)

Change variables ℓ, ℓ′ according to the formulas ℓ := k ′− εη′/2 and ℓ′ := k ′
+ εη′/2

and use (cf (39))

|g̃
(
ελ/2 − iεβ0 + iω(k − εη/2)

)
|2 ≈ |ν(k)|2, as ε ≪ 1.

We obtain then

J̃ε(λ, η, k) ≈
|ν(k)|2
23πε

∫

R

dβ0

λ/2 − iβ0

∫

R×T
Ŵ(0, η′, k ′)dη′dk ′

× 1

λ/2 − iε−1(ω(k ′ − εη′/2) − ω(k − εη/2)) − iβ0

× 1

λ/2 + iε−1(ω(k ′
+ εη′/2) − ω(k − εη/2)) + iβ0

× 1

λ/2 + iε−1(ω(k + εη/2) − ω(k − εη/2)) + iβ0
.

(135)

Since ω(k) is unimodal we can write

J̃ε(λ, η, k) ≈ |ν(k)|2
23πε

∑

ι=±

∫

R

dβ0

λ/2 − iβ0

∫

R×[ιk−δ,ιk+δ]
Ŵ(0, η′, k ′)dη′dk ′

× 1

λ/2 − iε−1(ω(k ′ − εη′/2) − ω(k − εη/2)) − iβ0

× 1

λ/2 + iε−1(ω(k ′
+ εη′/2) − ω(k − εη/2)) + iβ0

× 1

λ/2 + iε−1(ω(k + εη/2) − ω(k − εη/2)) + iβ0
.

(136)

for a (small) fixed δ > 0. Changing variables k ′
= k + εη′′ and using the approx-

imations ε−1[ω(k + εξ) − ω(k)] ≈ ω′(k)ξ and Ŵ(0, η′, ιk + εη′′) ≈ Ŵ(0, η′, ιk) we
conclude that
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J̃ε(λ, η, k) ≈ |ν(k)|2
23π

∑

ι=±

∫

R

dβ0

λ/2 − iβ0

∫

R2

Ŵ(0, η′, ιk + εη′′)dη′dη′′

× 1

λ/2 − iε−1(ω(ι(k + εη′′) − εη′/2) − ω(k − εη/2)) − iβ0

× 1

λ/2 + iε−1(ω(ι(k + εη′′) + εη′/2) − ω(k − εη/2)) + iβ0

× 1

λ/2 + iε−1(ω(k + εη/2) − ω(k − εη/2)) + iβ0

(137)

≈ |ν(k)|2
23π

∑

ι=±

∫

R

dβ0

(λ/2 − iβ0)(λ/2 + iω′(k)η + iβ0)

∫

R

Ŵ(0, η′, ιk)dη′

×
∫

R

1

λ/2 − iω′(k)(η′′ + η/2 − ιη′/2) − iβ0

× dη′′

λ/2 + iω′(k)(η′′ + η/2 + ιη′/2) + iβ0
.

Integrating, first with respect to η′′ and then β0 variables, using e.g. (133), we get

lim
ε→0+

J̃ε(λ, η, k) = |ν(k)|2
4|ω̄′(k)|

∑

ι=±

∫

R

dη

λ + iω′(k)η

∫

R

Ŵ(0, η′, ιk)dη′
λ + iιω′(k)η′ (138)

From the second equality of (129) we can see that formula for R̃ε(λ, η, k) can be
obtained from (135) by changing ω(ℓ) and ω(ℓ′) to −ω(ℓ) and −ω(ℓ′) respectively
and altering the complex conjugation by the wave functions. It yields

R̃ε(λ, η, k) ≈ |ν(k)|2
23πε

∑

ι=±

∫

R

dβ0

λ/2 − iβ0

∫

R×[ιk−δ,ιk+δ]
Ŵ(0, η′, k ′)dη′dk ′

× 1

λ/2 + iε−1(ω(k ′ − εη′/2) + ω(k − εη/2)) − iβ0

× 1

λ/2 − iε−1(ω(k ′
+ εη′/2) + ω(k − εη/2)) + iβ0

× 1

λ/2 + iε−1(ω(k + εη/2) − ω(k − εη/2)) + iβ0
≈ 0,

(139)

as both the second and third lines are of order ε, while the fourth one is of order 1.
Summarizing, we have shown that (see [7] for a rigorous derivation)

1

2π
lim
ε→0+

∫

R

eiηyŴ2
ε(t, η, k)dη

=

γ2 |ν(k)|2
4|ω̄′(k)|2 1[[0,ω̄′(k)t]](y) (W(0, y − ω̄′(k)t, k) +W(0,−y + ω̄′(k)t,−k))

(140)

and (48) follows.
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