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Hilbert space-valued fractionally integrated autoregressive
moving average processes with long memory operators

Amaury Durand *f Francois Roueff*

October 5, 2022

Abstract

Fractionally integrated autoregressive moving average (FIARMA) processes have been
widely and successfully used to model and predict univariate time series exhibiting long range
dependence. Vector and functional extensions of these processes have also been considered
more recently. Here we study these processes by relying on a spectral domain approach in the
case where the processes are valued in a separable Hilbert space Ho. In this framework, the
usual univariate long memory parameter d is replaced by a long memory operator D acting on
Ho, leading to a class of Ho-valued FIARMA (D, p, q) processes, where p and g are the degrees
of the AR and MA polynomials. When D is a normal operator, we provide a necessary and
sufficient condition for the D-fractional integration of an #Ho-valued ARMA (p,q) process to
be well defined. Then, we derive the best predictor for a class of causal FIARMA processes
and study how this best predictor can be consistently estimated from a finite sample of the
process. To this end, we provide a general result on quadratic functionals of the periodogram,
which incidentally yields a result of independent interest. Namely, for any ergodic stationary
process valued in Ho with a finite second moment, the empirical autocovariance operator
converges, in trace-norm, to the true autocovariance operator almost surely at each lag.
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1 Introduction

Over the past several decades, the study of weakly stationary time series valued in a separable
Hilbert space has been an active field of research. For example, functional ARMA processes
were discussed in [2, 29, 19], a spectral theory was detailed in [24, 23, 30] and several estimation
methods were studied in [16, 17, 15, 18, 20, 1, 21, 31]. However, these references mainly focus
on short memory processes. The study of long memory processes valued in a separable Hilbert
space is a more recent topic as seen in [26, 4, 5, 12, 22]. More specifically, in [22, Section 4],
the fractionally integrated autoregressive moving average (often abbreviated as ARFIMA, but
we prefer to use FIARMA for reasons that will be made explicit in Remark 3.1) processes are
generalized to the case of curve, or functional, time series. In short, the authors consider the
functional case in which the Hilbert space is an L? space of real valued functions defined on
a compact subset of R, say [0, 1], and they introduce the time series (X¢)¢cz valued in this
Hilbert space defined by

- d+
Yt+Z ” j)YH(v% tezvelo1], (L.1)

where —1/2 < d < 1/2 and Y; is a functional ARMA process. As pointed out in [22, Remark
9], taking the same d for all v € [0,1] in (1.1) is highly restrictive compared to other long
memory processes recently introduced. For instance in [4, 5], they consider long memory
processes of the form

ZlJrk ", y(v), tEZ,vEV,
k=0

where (V,V,€) is a o-finite measure space, and (¢;):ez is a white noise valued in L*(V, V, ).
Since the ratio in (1.1) is asymptotically equivalent to (14k) 7% as k — oo, this new process
is, in fact, close to the previous one in the case where n(v) = d—1for allv € V. A formulation
that is not restricted to an L? space was proposed in [12] where the author considers long
memory processes of the form

oo

Xe=> (1+k) New, tel. (1.2)

k=0

Here, (€¢)iez is a white noise valued in a separable Hilbert space Ho and N is a bounded
normal operator on Ho. This suggests defining FIARMA processes in (1.1) with d replaced
by a function d(v), or in the case where it is valued in an arbitrary separable Hilbert space
Ho, by a bounded normal operator D acting on this space.

Therefore, in this paper, we fill this gap by providing a definition of FIARMA processes
valued in a separable Hilbert space Ho with a long memory operator D, taken as a bounded



linear operator on Ho. If D is normal, then we can rely on its singular value decomposition
and find necessary and sufficient conditions to ensure that the Ho-valued FIARMA process
with long memory operator D is well defined. This allows us to compare FIARMA processes
with the processes defined by (1.2) as in [12]. Our definition relies on linear filtering in
the spectral domain. It is a well known fact that linear filtering of real valued time series
in the time domain is equivalent to pointwise multiplication by a transfer function in the
frequency domain. This duality also applies to Hilbert space valued time series using a
proper spectral representation for them. In this context, pointwise multiplication becomes a
pointwise application of an operator-valued transfer function defined on the set of frequencies.
A complete account is provided in [11]. Here, we rely on the spectral approach to define a
D-fractional integration filter acting on a weakly stationary process X valued in Ho. We
provide necessary and sufficient conditions for this filter to be well defined on a X, when X
is a Ho-valued ARMA process and D a normal operator. When the ARMA process is causal,
we derive the best predictor of X; given its past (Xs)s<¢. It is thus of interest to investigate
whether this best predictor can be consistently estimated from a finite sample Xi,..., X,.
We provide a positive answer to this question when the long memory parameter operator D
has a positive definite real part, under mild additional conditions. To this end, we study
quadratic functionals based on the periodogram of Xi,..., X,. A result of this study, which
is of independent interest, and appears to be novel based on our up-to-date-knowledge, is the
following;:

Theorem 1.1. Let Ho be a separable Hilbert space and let (X¢): be an Ho-valued ergodic

stationary process defined on (Q, F,P) and satisfying E [||X0||3_LO} < 0o. Let us define, for all
n>1landl1 <k<n,

e _ ISy
= Xg =~ ZX] . (1.3)
Jj=1
Then, we have, for all h € Z,
.1 c c )
nlgr;o - Z (Xin) ® (X5 ) = Cov (Xn, Xo) inS1(Ho), P-as., (1.4)
1<k,k’/<n

k—k'=h

where S1(Ho) is the space of trace-class operators endowed with the trace-norm.

This paper is organized as follows. We first recall in Section 2 the necessary definitions and
facts on operator theory and linear filtering needed for our purpose. Then, the construction
of FIARMA processes is introduced and discussed in Section 3 with a focus on the case where
the long memory operator is normal. In Section 4, the prediction of FIARMA processes
is studied. To this end, in Section 4.1, we provide general results for parametric contrast
estimation in the spectral domain, based on a finite sample. Then, in Section 4.2, we show
how to apply these results for FIARMA prediction. Finally, proofs are provided in Section 5.
In particular, Theorem 1.1 is proven in Section 5.4.

2 Preliminaries and useful notation

2.1 Operators, measurability and integrals

Throughout this paper, we denote by Ly(Ho, Go) the set of continuous linear operators defined
on the separable (complex) Hilbert space Ho onto the separable (complex) Hilbert space Go.
The operator norm on £Ly(Ho, Go) is denoted by ||-|| .. We denote by Sec(Ho, Go) its subset of
compact operators, and by S1(Ho, Go) and S2(Ho, Go), its subsets of trace-class and Hilbert-
Schmidt operators, respectively, with their respective norms denoted by ||-||; and ||-||,. We
follow the usual convention of omitting Go in the notation of operator spaces when Go = Ho.
We use the notation P for the Hermitian adjoint of an operator P € L,(Ho,Go). An operator
P € Ly(Ho) is said to be normal if PP" = PYP and we denote by N(Ho) the set of normal
bounded operators. We further denote by £ (Ho), Si" (Ho) and S (Ho) the sets of positive,
positive trace-class and positive Hilbert-Schmidt operators. Here positive refers to positive-
semidefinite, that is, P is positive if (Px,x)HO > 0 for all z. For a positive operator P, the
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operator P'/2 is the unique positive operator satisfying (PI/Q) = P. A general and detailed

presentation of operator theory can be found in [32].

We will make extensive use of integrals of functions valued in a Banach space (see [9,
Chapter 1] for details). Given a measure space (A, A, p), a Banach space (E,|||5) and
p € [1,00], we denote by LP(A, A, E, u) the space of functions f : A — E which are Borel-
measurable such that [ || f|% dp (or p-essup || f||, for p = co) is finite. Its quotient space for
the p-a.e. equality is denoted by LP(A, A, E, ). We use the same notation for E = £ (Ho),
S (Ho) or S5 (Ho), in which case LP(A, A, E, ) is a cone subset of the corresponding L*
space.

In the particular case where E = Ly(Ho, Go) for two separable Hilbert spaces Ho, Go, we
also use a weaker notion of measurability. Namely, we say that a function ® : A — L4(Ho, Go)
is simply measurable if for all x € Ho, A — ®(A)x is measurable as a Go-valued function. The
set of simple measurable functions from (A,.A) to L£y(Ho,Go) is denoted by F, (A, A, Ho, Go)
where, again, we ommit Go if Ho = Go. A mapping ® : A — E with £ = S1(Ho,Go) or
E = S2(Ho, Go) is simply measurable if and only if it is Borel measurable (see Lemma 5.1 in
[11]). A useful consequence is that, if ® € L'(A, A, S;"(Ho), i), then the function ®/2 : X —
d(N)Y? is in L2(A, A, S5 (Ho), ).

2.2 Linear filtering of Hilbert space-valued time series in the
spectral domain

This section gathers the spectral theory used for linear filtering of times series valued in a
separable Hilbert space. We refer the reader to [11, Section 4] for details. In the following,
we denote by T the set R/27Z, which can be represented by an interval such as [—m, ).

Let (92, F,P) be a probability space and Hg a separable Hilbert space. We recall that the
expectation of X € L*(Q, F,Ho, P) is the unique vector E[X] € Ho satisfying

(E[X],z)s, =E [(X7 x)HO] , forallz e Ho.

The covariance operator between X,Y € L2*(Q, F,Ho,P) is the unique linear operator
Cov (X,Y) € Ly(Ho) satisfying

(Cov (X,Y) y, )y, = Cov (<X7 )y » (Y, y)HU) , forallz,y € Ho .

A process X := (X¢)iez is said to be an Ho-valued, weakly stationary process if
(i) For all t € Z, X; € L*(Q, F, Ho, P).
(ii) For all t € Z, E[X;] = E[Xo]. We say that X is centered if E [X] = 0.
(iii) For all ¢t,h € Z, Cov (Xyyn, X¢) = Cov (Xn, Xo).
We denote by M(Q, F,Ho,P) the space of all centered random variables in L?(Q, F, Ho, P).
Let H = M(Q, F,Ho,P) and X = (X;)iez € H” be a centered, weakly stationary, Ho-valued

time series. As explained in [11, Section 4], a spectral representation for X amounts to define
a random Gramian-orthogonally scattered measure X on (T, B(T)) such that

X, :/ei“ X(d\) forall teZ. (2.1)

The intensity measure vy : B(T) — S; (Ho) of X is called the spectral operator measure and
is characterized by the identity

Cov (X1, Xo) = /ei“ vx(d\), forallheZ.

The spectral operator measure is a trace-class Positive Operator-Valued Measure (p.o.v.m.)
in the sense that it is a mapping from B(T) to Si"(Ho) which is o-additive for the ||-||,-norm.
Note that, in this case, the mapping ||vx||, : A — [[vx(A)||, is a finite non-negative measure.
Throughout this paper, we use the Radon-Nikodym property of the trace-class p.o.v.m. vx
which is a consequence of Theorem 1 in [8, Chapter III, Section 3]. Namely, for any o-
finite non-negative measure p on (T,B(T)), which dominates |lvx||,, there exists a unique



g € L'(T,B(T),S{ (Ho), ) such that, for all A € B(T), vx(A) = [, gdu. In this case, we
say that g is the spectral operator density of X with respect to u, and we write dvx = gdpu.
In the following, when we say that g is the spectral operator density of X with respect to a
o-finite non-negative measure p, it is implicitly assumed that p dominates ||vx||;.

Let us now briefly introduce the linear filtering in the spectral domain. We only state the
facts that will be useful in the following and refer the reader to [11] for further details. The
spectral representation (2.1) can be extended to define a Gramian-isometric mapping from the
modular spectral domain HX to the modular time domain HX, also denoted as an integral
with respect to X , hamely,

Y:/@(A)X(d)\), yen®, oeHX.

Here, HX is the smallest closed linear subspace of M(Q, F,Ho,P), which contains
{X: : t € Z} and is stable through the left multiplication by any operator of Ly(Ho). The
space HX is its spectral counterpart, a space of operator-valued functions defined on (T, B(T))
which only depends on vx and is stable through the same module action, namely, through
left multiplication by an operator of Ly(#Ho). Conversely, given an operator-valued function
® defined on (T, B(T)), we denote by S&(2, F,P) the class of all centered weakly stationary
processes X such that & € HX. Then, the time-shift invariant linear filter with transfer
operator function ® is the mapping defined on Ss(Q2, F,P) by mapping a centered weakly
stationary process X (the input) to the centered weakly stationary process Y (the output)
defined by

Y, = /ei”@(A) X\, tez,

which we also write . .
Y =Fs(X) or Y(d\)=®N)X(dN). (2.2)
We will use the following result, where we characterize the domain of definition of a filter Fis

in the case where @ is valued in L£4(Ho). It follows by applying [11, Proposition 4.8] with
GIZandQQZ’HQA

Proposition 2.1. Let Ho be a separable Hilbert space, (2, F,P) be a probability space, and
® € F, (T,B(T), Ho). Let X be an Ho-valued centered weakly stationary process admitting gx
as a spectral operator density with respect to a o-finite non-negative measure p on (T, B(T)).
Then, the mapping H<I>gX<I>HH1 is measurable from (T,B(T)) to (R, B(R)), and we have X €
So(Q, F,P) if and only if [ || ®gx®"||, du < oo.

3 Hilbert space-valued FIARMA processes

In this section, we propose a definition of FIARMA processes valued in a separable Hilbert
space thus extending the definition of [22, Section 4] to an operator long memory parameter.
This definition is introduced in Section 3.1 where we also recall known results on the existence
of ARMA processes. We then state the main results, namely 1) Theorem 3.3 where necessary
and sufficient conditions are given for a weakly stationary Ho-valued process X to belong
the domain of definition of the fractional integration operator filter, 2) Theorem 3.4 where
we specify these conditions to the case where X is an ARMA process, thus ensuring the
existence of FIARMA processes, and 3) Proposition 3.6 where we compare the obtained
FIARMA processes to the processes introduced in [12]. The first two points are found in
Section 3.2 and the third in Section 3.3.

3.1 Definition of FIARMA processes

Let Ho be a separable Hilbert space. In the following, for all D € £,(Ho) and z € C\ [1, 00),
we will use

(1—2)P =exp(DIn(1 — 2)) = Z % (DIn(1 - 2))*,
k=0

where In denotes the principal complex logarithm, so that z — In(1 — z) is holomorphic on
C\ [1,00), and so is z + (1 — 2)7, as a Ly (Ho)-valued function (see [13, Chapter 1] for an



overview on the subject). Let us now introduce the fractional integration operator transfer
function.

Definition 3.1 (Fractional integration operator transfer function). Let Ho be a separable
Hilbert space and D € Ly(Ho). We define the D-order fractional integration operator transfer
function Flp by

(1-eM77 ifa#0,

0 otherwise.

FIp(\) = {

Using the properties of z — (1 — z)D recalled previously, we see that FIp is a mapping
from T to L£4(Ho), continuous on T \ {0}. Then, we have FIp € F, (T, B(T), Ho) and we can
define the filter Fr1, as in (2.2) of which the domain of definition are the centered weakly
stationary Ho-valued processes X € Sri, (2, F,P). Since FIp has a singularity at the null
frequency, the domain Srr, (2, F,P) is not obvious. For instance, in the scalar case, it is
well known that if X has a positive and continuous spectral density at the null frequency,
then Frr,(X) is well defined if and only if d < 1/2. We provide a complete description of
Sri, (2, F,P) in Section 3.2 when D is a normal operator.

A fractionally integrated autoregressive moving average (FIARMA) process is simply the
output of the filter in the case where X is an Ho-valued autoregressive moving average
(ARMA) process. Let us first recall a basic result on the existence of weakly stationary
ARMA processes (see [29, Corollary 2.2]).

Theorem 3.1. Let Ho be a separable Hilbert space and p,q be two positive integers. Let
Ai,...,Ap € Ly(Ho), Bi,...,Bq € Lo(Ho) and Z = (Zi)iez be an Ho-valued white noise
(i.e. a centered weakly stationary Ho-valued process with constant spectral density operator).
Suppose that

§(z) :==Idy, — ZAkz is inwertible for all z € U, (3.1)

where U= {z € C : |z| = 1} is the complex unit circle. Then,

p q
Xe =Y AXiw=Ze+ Y BiZiy, t€L, (3.2)
k=1 k=1

admits a unique weakly stationary solution. This solution is called an Ho-valued ARMA (p,q)
process.

Explicit constructions of the solution in the time domain can be found in [2, 29, 19],
under various assumption. Using a spectral approach, with § as in (3.1) and 6(z) := Idy, +

- Byz", the solution is more directly given by

K@) = [be™)] o)z,

using the notation introduced in (2.2). In the following, for any integer d € N, P4(Ho) denotes
the set of polynomials p of degree d with coefficients in £,(Ho), such that p(0) = Idy, and
Pi(Ho) denotes the subset of all p € P4(Ho), which are invertible on U. In particular, (3.1) is
equivalent to saying that ¢ € Pj(Ho). Time domain approaches for defining ARMA processes
are easier to derive when Condition (3.1) is extended on the closed unit disk, that is,

P(z) = Idy, — Z Ayz" is invertible for all z € D, (3.3)

where D:={2€C : |z <1}and D = {z € C : |z| < 1} denote the open and closed complex
unit discs of C, respectively. We do not need Condition (3.3) for defining FIARMA processes.
However, we will assume that ¢ and 0 satisfy such a condition to derive predictors (see
Section 4), as in the well known case of univariate FIARMA processes.

We can now define FIARMA processes as follows.

Definition 3.2 (Hilbert space-valued FIARMA processes). Let Ho be a separable Hilbert
space and p,q be two non-negative integers. Let D € Ly(Ho), 6 € Py(Ho), § € Pp(Ho)
and Z be an Ho-valued centered white noise. Let X be the ARMA((p,q) process defined by



X(dX\) = [pe™™)]76(e ) Z(dN) and suppose that X € Srip, (Q, F,P). Then, the process
defined by Y = Fr1,(X), that is, with spectral representation given by

Y (dA) = FIp(\)[§(e™)] 7 0(e ™) Z(dN) , (3.4)

is called a FIARMA process of order (p,q) with long memory operator D, abbreviated as
FIARMA(D,p,q).

Remark 3.1. Definition 8.2 extends the usual definition of univariate (C or R-valued)
ARFIMA (p,d,q) processes to the Hilbert space-valued case. In the general case, we use the
acronym FIARMA to indicate the order of the operators in the definition (3.4), where the
fractional integration operator appears on the left of the autoregressive operator, which then is
on the left of the moving average operator. We also respected this order in the list of param-
eters (D, p,q). Following this convention, an ARFIMA(p,D,q) process is, in turn, defined
as the solution of (3.2), with Z defined as a FIARMA(O, D, q) process. Having this con-
vention in mind is important since the ARFIMA(p, D, q) process does not coincide with the
FIARMA(D, p, q) process, except in highly unique instances such as the univariate case where
all operators commute.

Definition 3.2 extends the definition of ARFIMA curve time series proposed in [22] where
it is restricted to the case where D is a scalar operator, that is D : f — d X f for a constant
—1/2 < d < 1/2. In this particular case, it is rather straightforward to show that X €
Sri, (2, F,P) for any ARMA process X by directly making use of Proposition 2.1, However,
in Remark 3.2(5), it will be obtained as a special case of Theorem 3.4.

3.2 Existence of FIARMA processes

In this section, we provide a necessary and sufficient condition for the existence of FIARMA
processes as defined in Definition 3.2 in the case where D is a normal operator. In this case, we
can rely on the singular value decomposition of D (see [6, Theorem 9.4.6, Proposition 9.4.7]).
Namely, if D € N (Ho), then there exists a o-finite measure space (V, V), £), a unitary operator
U:Ho— L*(V,V,€) and d € L°°(V, V, £), such that

UDU" = My, (3.5)

where My denotes the pointwise multiplicative operator on L*(V,V, €) associated to d, that
is Mg : f — d x f. We say that D has a singular value function d on L*(V,V,¢) with a
decomposition operator U. Using the decomposition operator, we can rely on the process
UX = (UXt)tez valued in Gy := LQ(V,V,ﬁ)A Note that Go is separable because it is iso-
metrically isomorphic to Ho through the unitary operator U. It is straightforward to check
that, if gx is the spectral operator density of X with respect to a non-negative measure p on
(T, B(T)), then the function gux € L*(T, B(T),S; (Go), 1) defined by gux(\) = Ugx (\)U",
for all A € T, is the spectral operator density of UX with respect to u. Note that we can
always find a function h € L*(T, B(T), S2(Go), 1) such that gux(A) = h(A)[h(A\)]? for p-a.e.
A €T (take e.g. h = g,lj/;). Then, [32, Theorem 6.11] gives that, for all A € T, the operator
h(X) can be written as an integral operator with a kernel (-, -; A) in L2(VZ, V%2 £%2). In the
following, we need the measurability of % on (V? x T, V®? @ B(T)) as given by the following
lemma.

Lemma 3.2. Let (V,V,§) be a o-finite measure space and suppose that the Hilbert space Go =
L2(V,V,€) is separable. Let K be a measurable function from (A, A) to (S2(Go), B(S2(Go))).
Then, there exists a function F : (v,v',\) = F(v,v"; \) measurable from (V? x A, V®? @ A)
to (C,B(C)) such that, for all X € A, f € Ho and v €V,

(KA fl(v) = /«75(@7 v A) () §(dv) (3.6)

Moreover, if K € L2(A, A, S2(Go), 1) for some non-negative measure p on (A, A), then I €
LAV2 X A VP2 @ A 69 @ p).

Based on this lemma, for all A € A, the identity (3.6) defines (v,v") — F (v,v’; \) uniquely
over V2 up to a £€®2-null set. This allows us to introduce the following definition.



Definition 3.3 (Joint kernel of Sp-valued functions). Under the assumptions of Lemma 3.2,
we call K the A-joint kernel of K.

Assuming that D is normal allows us to characterize the domain of definition of the D-
order fractional integration operator filter, as shown in the following result, which may be of
independent interest.

Theorem 3.3. Let Ho be a separable Hilbert space and X = (Xt)iez be a centered Ho-valued
weakly stationary time series defined on (Q, F,P) with spectral operator density gx with respect
to a non-negative measure p on (T,B(T)). Let D be in N (Ho) with singular value function
d on Go := L*(V,V,€) and decomposition operator U. Let h € L*(T, B(T),S2(Go), 1) be such
that X — h(A\)[R(M)]™ is the spectral operator density of UX = (UX;)iez with respect to u,
that is, () [AN" = U gx(\)U"  for p-a.e. X\ € T . Let % denote the T-joint kernel function
of h. Then, the following assertions are equivalent.
(i) We have X € Sr1,(Q, F,P).

(i3) There exists n € (0,7) such that
/\/2x<<—n,m\{o}) AT [ (0,0 )] €(dv)é(d)u(d) < oo
(i4i) We have
/\/2X((_WJ)\{O}) |A|—2%+(d(v)) |fi(v71/; )\)‘2 () )u(dN) < oo 57

where, for all z € C, Ry (z) = max (0, (z 4+ 2)/2) denotes the non-negative real part of z.

In the following theorem, we specify Theorem 3.3 in the case where X is an ARMA process,
as in [22], but we let D be any normal operator and not necessarily a scalar one. Our necessary
and sufficient condition relies on the following definition:

P, (6,6) = {[[}] ' 6] oexp} ™ (0), neN,peP; beP,, (3.8)

where the exponent (™) here denotes the n-th derivative of the mapping z — [§(e*)] ™! B(e),
which is infinitely differentiable in a neighborhood of z = 0 as a L£,(Ho)-valued function, since
¢ € Py (Ho). In fact we have

Po (§,6) = (1] '8(1) and P, (§.0)=> b.x (1176 (1), n>1,

k=1

where b, ; are known positive rational coefficients obtained by taking the exponential Bell
n-order Bell polynomial at (1,...,1).
We have the following result.
Theorem 3.4. Let Ho be a separable Hilbert space. Let X be an Ho-valued ARMA (p,q)
process defined by X(d\) = [c{b(e_i’\)]fl B(e™ M Z(dN) with 8 € Py(Ho), § € Pi(Ho) and
Z a white noise with covariance operator ¥ defined on (0, F,P). Let D € N(Ho), with
singular value function d on Go := L*(V,V,€) and decomposition operator U. Let o, : v
(E [|Wn(v,o)|2])1/2 where W, = UP, (§,8) Zy is seen as a C-valued function defined on
V x Q. Then, the two following assertions are equivalent:
(i) We have X € Sr1,(Q, F,P).

(ii) For alln € N, we have R(d) < n+1/2, -a.e. on {on > 0} and

7a(v)
/{afe(d)<n+1/2} 1+ 2n — 2R(d(v)) §(dv) < oo (3.9)

Note that there is a slight abuse of notation in the definition of o, since the definition of
measurability for a L2(V, V, £)-valued random variable does not necessarily ensure measura-
bility of Wy (v,-) as a C-valued random variable. This abuse of notation is common in the
literature on functional data analysis and is harmless because we can always find a version of
W which is jointly measurable on (V X ©,V ® F), see Proposition B.1 in Appendix B.



Remark 3.2. Let us briefly comment on Theorem 3.4.

(1) First, by definition of Wy and on, we have on, € L*(V,V,€) and thus Assertion (ii)
always holds for n large enough, namely, for all n > sup(R(d)) — 1/2 (recall that the
singular value function of a normal operator is bounded).

(2) If 6 = § is the unit polynomial, the ARMA process X equals the white noise process Z,
Pn(9,6) = Idw,, and on = oo for all n € N, so that Condition (ii) only needs to be
verified for n = 0.

(8) In the N-dimensional case with n finite, we have V.= {1,...,N}, £ is the counting
measure on V, and U can be interpreted as a n X n unitary matriz, and d and o, as
N-dimensional vectors. Condition (ii) then says that R(d(k)) < n+1/2 for alln € N
and k € {1,..., N} such that o, (k) > 0.

(4) For the real univariate case (N = 1, D = d € R in (8)), Condition (ii) says that
d < mo + 1/2, where ng is the smallest n such that o5, > 0. Ruling out the case where Z
is the null process (in which case ¥ =0 and o, =0 for alln € N), one can see that ng
equals 0 if B(1) # 0 and no equals the order of multiplicity of 1 as a root of © otherwise
(in other words, it corresponds to the difference operator largest order contained in the
MA operator). In particular, we find the usual d < 1/2 condition for the existence of a
weakly stationary ARFIMA(p,d,q) model in the case where the underlying ARMA (p,q)
process is canonical (§ and @ do not vanish on the unit disk). If no > 1, the usual
convention is to include the difference operator as a negative exponent of the fractional
integration operator hence leading to an ARFIMA(p,d — no,q — no) with d —ng < 1/2.

(5) We already mentioned in (1.1) the case treated in [22, Section 4]. In the setting of
Theorem 3.4, it corresponds to the case where D = d x Idw, s a scalar operator on
Ho = Go = L*(V,B(V),&) for a compact subset V of R, & being the Lebesgue measure
onV and —1/2 < d < 1/2 (thus d(v) = d and U = Idy, ). Under this assumption,
Condition (3) trivially holds since 1+2n—2d > 0 and o € L*(V, B(V),€) for alln € N.

3.3 Other long memory processes

Several non-equivalent definitions of long rang dependence, or long memory, are available in
the literature for time series. Some approaches focus on the behavior of the autocovariance
function at large lags, others on the spectral density at low frequencies (see [25, Section 2.1]
and the references therein). Separating short range from long range dependence is often made
more natural within a particular class of models. For instance, for a Hilbert space-valued
process Y = (Yz)iez, one may rely on a causal linear representation, namely

V=Y Prerx, t€Z, (3.10)
k=0

where € = (€t)tez is a centered white noise valued in the separable Hilbert space Ho and
(Pr)rez is a sequence of Ly(Ho) operators. A sufficient condition for convergence of this
series in M(Q, F, Ho, P) is that Y oo [|Px|l,, < 0o, and this assumption is referred to as the
short range dependence (or short memory) case, in contrast to long range dependence (long
memory) case, for which > 72 (||Pkll,, = 0o, under which the convergence in (3.10) is no
longer granted. The case where Py, = (k + 1)~ for some N € N (Ho) is investigated in [12].
More precisely, let n and U be the singular value function and decomposition operator of N
on Gy := L? (V,V,€). Assume that

2
h > % &-a.e. and /\/2}?(2/7)(1}_)1 &(dv) < o0, (3.11)

where h : v = R(n(v)) and o3y : s — E [|[W (v, )|2] with W = Ueg. Then, using the arguments
of the proof of [12, Lemma A.1], one can show that, for all ¢ € Z,

[e')

V=Y (k+1) Ve (3.12)

k=0

converges in M(Q, F, Ho, P).



In [12, Theorem 2.1], the author also studies the partial sums of the process (3.12) and
exhibits asymptotic properties which naturally extend the usual behavior observed for uni-
variate long memory processes. In the following, we explain how the process (3.12) can be
related to a FIARMA (D,0,0) process. First, we prove that Condition (3.11) also implies the
existence of this FIARMA process.

Lemma 3.5. Condition (8.11) implies € € Sr1,, (2, F,P) with D = Idy, — N.

We can now state a result which shows that the process defined by (3.12) is closely related
to a FIARMA process up to a bounded operator C and to an additive short memory process.

Proposition 3.6. Assume that (3.11) holds and define Y = (Yi)icz by (3.12). Then, there
evists C € Ly(Ho) and (Ax)ren € Lo(Ho)" with 325° ) || Ak, < oo such that
Fri,(e)=CY + Z,

where Z is the short memory process defined, for allt € Z, by Zs = >~ Ar€r—k.

4 Prediction and estimation

4.1 Main assumptions and preliminary result

We denote by Lebr the Lebesgue measure on (T, B(T)) divided by 2, so that for any locally
integrable 27-periodic function g,

/g dLebr = (2m) ! /Tg(:v) de = (2m) ™" /_:g(:v) dz .

Let Ho be a separable Hilbert space, X = (Xt)iez be a process defined on (Q, F,P), and
valued in Ho, and consider the following assumptions.

(A-1) The process X is stationary and ergodic.
(A-2) The process X is weakly stationary.

Under (A-2), we always denote by vx the spectral operator measure of X. Denote the discrete
Fourier coefficients of X1,..., X, by

dX(2) = %Zxke*“’“, AET, (4.1)
k=1

and the periodogram by

X)) =dh(N)@dy(\), AeT.
If X is not a centered process, one can use the empirical mean to center it, that is, in (4.1),
replace X% by X, . as defined in (1.3), in which case we denote the corresponding discrete

Fourier coefficients and the corresponding periodogram by dfﬁ and Iy 27 respectively.
The periodogram is related to the empirical covariance estimators through the following

identity, for all s,t € Z,
~ c (s 1
Th(s—1t) = /[i(n (\)e (s—t) A Lebr(dX) = - Z chx,k ® be’k/ . (4.2)

1<k,k’<n
k—k/=(s—t)
The integral in this equation can be interpreted as a sesquilinear functional QIX% applied to

exponential functions A — ¢! ** on the left and A — e'** on the right, where, for any operator

functions L, g and R defined on T, we set
Q,(L,R) = / LgR" dLebr . (4.3)
Similarly, if v is a trace-class p.o.v.m. defined on (T, B(T)) and valued in S; (Ho), we set

Q.(L,R) = / LdvR". (4.4)
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To ensure that these integrals are well defined, we assume that L and R are measurable
bounded functions valued in Ly(Ho,Go), with Go an additional separable Hilbert space.
Namely, for any Banach space (&,]-[|¢), we further denote, by Fy (T, B(T),&) the set of
bounded measurable functions from (T, B(T)) to (£, B(£)), and we endow Fy, (T, B(T), £) with
the sup norm, which, for all L € F,, (T, B(T), £), we denote by

sup (L) = sup || L(A)][ -
AET

Then, for all g valued in Si1(Ho) and L, R € Fy (T, B(T), Ls(Ho,Go)), we have Q4(L, R) €
S1(Go) with

Q4L ), < sup(L) sup(R) [ gl dLebr (@5)
and similarly, for a trace-class p.o.v.m. v valued in S;"(Ho), we have Q, (L, R) € S1(Go) with
Qv (L; R)|l; < sup(L) sup(R) [l (T) . (4.6)

We denote by Fyu(Ho,Go) the product vector space Fy (T,B(T), Ls(Ho,Go)) X
Fy, (T, B(T), Ls(Ho, Go)), endowed with the max norm defined by

(L, R, ,, := max(sup(L),sup(R)) for all (L,R) € Fyy(Ho,Go) -

For any two metric spaces (€1,d1) and (€2,d2), C (€1,E2) denotes the space of continuous
functions from &; to &. If F and F, are in C (£1,&2) for all n € N and

lim sup ds (Fi(z), F(z)) =0,

n— o0 15681

we say that (Fp)nen converges to F uniformly in C (&1, ).

Using these definitions, immediate properties of the quadratic functionals Qlfg and Q.
are summarized in the following proposition.
Proposition 4.1. For any Xi,..., X, in Ho, the mapping Qlf% is well defined and belongs
to C(Fo6(Ho, Go),S1(Go)). If (A-2) holds, we also have Q. € C(Fyp(Ho,Go),S1(Go)).
Proof. Observe that, under the given assumptions, Xy 1,..., X5, all are in Ho, and so is

e
|

d»™ (). Moreover, o

n ()\)H is bounded independently of A. Consequently, Iy " is valued
Ho

in S*(Ho) and its trace-norm is integrable over T. The result on Q xg thus follows from (4.5).

Under (A-2), vx is a trace-class p.o.v.m. v valued in S (Ho), with ||v||,(T) =E [HXOHiU] <
co. The result on Q,, thus follows from (4.6). a

Our next result only exploits (A-1) and (A-2), and is thus of independent interest. It
is a uniform convergence result for integral quadratic functionals based on the periodogram.
It applies to a parameterized pair of bounded operators functions defined on (T, B(T)) and
valued in Ly(Ho, Go). More precisely, for L and R in C (0 x T, Ly(Ho, Go)), for all n > 1, we

define Qi@? 10 Q xz (L(6,), R(6,)). We also define oL 9 Q,, (L(6,-),R(6,-)),

with le:ci and Q. as in Proposition 4.1.
We can now state a first result on the convergence of the periodogram quadratic functional,
in the case where the left and right operator functions’ arrival spaces are finite-dimensional.

Theorem 4.2. Let Ho be a separable Hilbert space and Go be a finite dimensional space. Let
X = (Xt)tez be a process defined on (0, F,P) and valued in Ho satisfying (A-1) and (A-2)
and let (©,A) be a compact metric space. Let L and R in C(© X T, Ly(Ho,Go)). Then, we
have

lim Qi@;) = Q=R uniformly in  C (0,81 (Go)) , P-as. (4.7)

n— o0 VX
We now consider the case where Go = Ho and Ho is an infinite-dimensional separable
Hilbert space. In order to obtain the convergence in Si(Ho), we will rely on an additional
assumption in this case. To this end, for any sequence s = (sx)ren € [1,00)Y and any
orthonormal sequence (¢x),cy of Ho, we set

He = {xemﬂo (6r.k EN) : > si ‘@7%)%‘2 <oo} . (4.8)

keN
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A typical example of such spaces are the Sobolev spaces with index o > 0 where (¢x), ¢y is
a well chosen Hilbert basis (i.e. orthonormal and complete in Ho) and sp = (1 + k)®. The
space Hg is a subspace of Ho and is itself a separable Hilbert space endowed with the inner
product
(z, y)%g = Zsi (z, ¢’€>Ho (v, ¢k>7-t0 : (4.9)
keN

Setting & = s;, " ¢x for all k € N, we note that (€k)pen is a Hilbert basis of Hg.

Using the space H{ that we have just introduced, we have the following result for the
infinite-dimensional case.

Theorem 4.3. Let Ho be an infinite-dimensional separable Hilbert space. Let X = (X¢)tez
be a process defined on (Q, F,P) and valued in Ho satisfying (A-1) and (A-2) and let (©,A)
be a compact metric space. Let L and R in C (0 x T, Ly,(Ho)). Let s = (sk)ren € [1,00)N and
(¢r)ken be an orthonormal sequence of Ho. Define the Hilbert space Hi by (4.8) and (4.9).
We suppose that the three following assertions hold.

(i) The sequence s = (sx)ren € [1,00)" is non-decreasing and goes to cc.
(i) We have Xo € Hj P-a.s. with E [HX()H?{S} < 0.
9]

(i) Defining Ls and Rs by Ls(0,)\) = L(0, )5 and Rs(0,\) = R(0, ) for all (0,)) €
O x T, we have Ls and Rs in C(© x T, Ly (H3)).

Then, the following convergence holds.

lim Qgif) = Q,E?(’R) uniformly in  C (0,81 (Ho)) , P-as. (4.10)

n—o00 n

In fact, as shown by Lemma 5.7 in Section 5.3, Assumptions (A-1) and (A-2) imply
Conditions (i) and (ii) of Theorem 4.3 for a well chosen s. This fact is useful to prove in
Theorem 1.1, by applying Theorem 4.3 for a specific choice of L and R, for which (iii) holds
for any sequence s, see the proof of Theorem 1.1 in Section 5.4.

4.2 FIARMA prediction and estimation

A common tool for M-estimation for finite dimensional time series is the Whittle contrast,
which relies on a Gaussian approximation of d2X as n — oo, hence suggesting to use a Gaussian
likelihood contrast for d2 , based on its asymptotic covariance operator. We still have such an
approximation for time series valued in a Hilbert space, see [3, Theorem 1]. However, using
the Whittle approach directly in infinite dimension does not seem to be directly applicable.
Indeed, Gaussian distributions are generally singular to each other in infinite dimension. In
particular, the log determinant term of the noise covariance matrix appearing in the Whittle
contrast (for example, see the first term in Ly on Page 344 of [10]), is not well defined when
this matrix is replaced by an infinite dimensional covariance operator.

There are two possible ways of circumventing this issue. The first one is to project the
data on some finite-dimensional subspace for statistical inference and then study the behavior
of estimators as the dimension of this subspace diverges. The second one is to work on a least
square criterion, which does not include the optimization of the noise covariance operator.
Here we investigate this second approach. We first derive the best one-step ahead predictor
of a FTARMA process (see Theorem 4.4). We then show that, under some condition, such a
predictor can be estimated from the data (see Theorem 4.6).

Recall that, for any integer d € N, Pq(Ho) denotes the set of polynomials p of degree d
with coefficients in £5(#Ho), and such that p(0) = Idw,. In the following, we further denote
by P} (#o), the set of all p € Pa(Ho), which are invertible on the closed unit disk D.

Theorem 4.4. Let Ho be a separable Hilbert space and p,q be two non-negative integers.
Let Y be an Ho-valued FIARMA process, as in Definition 3.2, with long-memory operator
D € N(Ho), MA polynomial 6 € P}(Ho), AR polynomial § € P} (Ho) and an Ho-valued
centered white noise Z. Define, for all z € C\ [1, 00),

®f g (2) = 1wy — {0(2)} 7" (=) (1 - 2)" . (4.11)
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Then, \ — @g’@’D (e'i’\) belongs to 7:ly, and, for allt € Z, the best linear predictor of Y; given
its past {Ys : s <t—1} is given by

proj (Vi H!1) = / Aol (e7) VAN, (4.12)
T

where proj (Yt| 7—[2:1) denotes the orthogonal projection of Y: onto the closed space

M(Q,F,Ho,P)

MY, = Span (PYs,s=t—1,t—2,..., P e Ly(Ho)) -

We now derive the best predictor among a collection of FIARMA predictors from a finite
sample X1,...,X,. We will consider ARMA predictors or positive long memory FIARMA
predictors. More precisely, Define

NT(Ho) := {D € N(Ho) : R(D) is invertible} , (4.13)

where R(D) = (D + D")/2 denote the real part of D. As a subset of Ly(Ho), we endow
NT(Ho) with the topology inherited from the operator norm ||-||__. Our main assumption on
the FIARMA parameters is the following.

(A-3) The FIARMA parameters X = (D, §o,09) e are valued in N (Ho) x PJ(Ho) x PJ(Ho)
for some p,q € N2 and'indexed by a compact metric space (©,A). Moreover, the
mappings (6, A) — §o (e7*) and (6,A) — 09 (e7*) belong to C (© x T, Ls(Ho)) and one

of the following two assertions hold.
(i) For all # € ©, Dy = 0.
(ii) The mapping 6 — Dy belongs to C (@,./\fJr (Ho)).

In (A-3), Condition (i) corresponds to using an ARMA predictor. Therefore, we will call
N an ARMA predictor model in this case. Condition (ii) corresponds to using a FIARMA
predictor with positive long-memory. Therefore, we will call X a positive FIARMA predictor
model in this case.

Our goal is now to derive, based on a finite sample Xi,...,X,, an approximation of
the best possible N-prediction of a weakly stationary process X taken among the ARMA or
FIARMA predictors defined by a collection XN satisfying (A-3). We precise what we mean by
this best prediction in the following result, for a centered weakly stationary process Y. We
treat both the case where the model is well specified and the case where it is not. Recall that
we say that the model X of (A-3) is well-specified for Y when Y is indeed a FIARMA process
with a FIARMA parameter (6, §, D) among X.

Proposition 4.5 (Definition of N-best prediction). Let Ho be an infinite-dimensional sepa-
rable Hilbert space and p,q be two non-negative integers. Let Y = (Yi)iez be a centered weakly
stationary process defined on (Q, F,P) and valued in Ho and let X be a model satisfying (A-3).
Then, we have the following facts and definitions.

(i) For all 6 € O, there exists an absolutely summable Ly(Ho)-valued sequence (PL (0))
such that, for all X € T\ {0},

k>1

F1(0,0) i= Ids, — ipz (6) e F = [@e(e*“)]fl dole™) (1~ e*“)DQ L (414)

(#) For allt € Z and 0 € O, we can define

Vo) = S OPLO) Vi € HE s (4.15)

k=1

(i4i) The best R-prediction quadratic risk of Y is defined as

B (V,N) = jnf B [\mff@(e)

’ ] . (4.16)

Ho

which does not depend on t by weak stationarity of Y.
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(iv) The inf in (4.16) is attained in © (hence is a minimum) and we call the argmin set the
set of best N-predictors for Y, denoted by

Y; — Yi(0)

ey = {0 €O:E “ : } = E (KN)} (4.17)

Ho
Then, ©F is a compact subset of ©.

(v) If there ewists Y € HY | such that the subset {th(ﬂ) NS @’{/} of Hi_1 reduces to
the singleton Yt*, we call f’ﬁ the best N-predictor of Y;. Otherwise we say that the best

N-predictor of Y: is not well defined.

(vi) When the best N-predictor of Yi is well defined for one t it is well defined for all t.
Moreover, in this case, there exists a set of probability one on which, for allt € Z and
0 €0y, Yy =Y:(0).

(vii) In the well-specified case, the best W-predictor Yt* is always well defined and coincides
with the best predictor in Hy_1, that is,

2 . 2
E (Y,N)fveljrig:lIE [||Y; VHHU] , (4.18)
¥ = proj (thtil) 4 (4.19)

The next results shows how to estimate a predictor which converges to the best predictor
that we have just introduced. We now introduce our estimation procedure.

Using FZ defined by (4.14) and the periodogram I,)ffl defined in Section 4.1, we consider
a sequence of estimators (0, )nen satisfying

lim sup (An (On) — 911612) An (9)) =0, (4.20)

n—oo

where, for all n € N and 0 € ©,
~ c H
An(6) :=Tr <Q§§;FT>(9)) = Tr (/ FH (0, ) 157 (\) (FT(G,)\)) dLebT) . (4.21)

Let Y be the centered version of X, Y = X —E [X,]. Using that [,)f’cl approximates vx = vy,

. 2
with (4.14) and (4.15), A, () can be seen as an approximation of E “ Y; — Y,g(@)HH }, and
0

0, as an attempt to minimize this risk in 6, mimicking what is done in (4.16). Then, to take
onto account the unknown mean of X and since we can only use the observations X, ..., X,
to predict X,41, we truncate the series defining the predictor in (4.15) to keep its n first
terms only, apply it to the empirically centered observations (Xfl’n+1_k)1<k<n and add the
empirical mean to approximate E [Xo]. This lead us to define the predictor of X, 41 from the
sample X1, ..., X, associated to the estimator én by

. 1< n R
Knirn = =3 Xe+ > P (an) X ion (4.22)
k=1 k=1
where PL (0) is defined in Proposition 4.5. Note that the predictor Xn+1,n can be written as
m+ Y PL(0) (Xpy1-k—m) (4.23)
k=1

by taking m € Ho and 6 € © equal to %Zzzl X}, and 0, respectively. In the following
theorem, defining, for all n > 1, m € Ho and 6 € O, the quadratic prediction risk of a
predictor of this form by
2

, (4.24)

EX.n (m,0) =E HXW - <m +D PLO) (Xnt1-k — m))
k=1 Ho

we show that, as a predictor of X, 11, Xn+1,n asymptotically achieves the same prediction
risk as the optimal risk for predicting the centered process Y = X — E [Xo] from its past.
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Theorem 4.6. Let Ho be an infinite-dimensional separable Hilbert space and p,q be two
non-negative integers. Let X = (X¢)tez be a process defined on (2, F,P) and valued in Ho
satisfying (A-1) and (A-2). Let X be a model satisfying (A-3) with compact parameter metric
space (0,A). Let s = (si)ren € [1,00)Y and (¢r)ren be an orthonormal sequence of Ho.
Define the Hilbert space Hy by (4.8) and (4.9). We suppose that (i) and (ii) of Theorem 4.3
hold as well as the following condition.
(ii1) Defining, for all z € C, §o,s(2) = §o(2) g and Bo,s(2) = B (2) 3, we have that (0,A) —
o.s (e7) and (0,X) = Bg,s (e™) belong to D (© x T, Lu(H5)). Under (A-8)(ii), defin-
ing Do,s = Dg|wg, assume, in addition, that & — Dy, s belongs to C (@7/\/'T (7—[8))

Finally, let (0r)nen be a sequence of estimators satisfying (4.20). Then, we have

lim A (ém@;) —0, P-as., (4.25)
n— 00
. 1 < -
lim_ EX.n (ﬁ ;;—1: Xk,0n> =E*(Y,R) , P-as.. (4.26)

where Y = (Yz)iez denotes the centered process defined by Y = X; — E [X¢], OV is defined
in (4.17), Ex., in (4.24), and E* (Y,R) in (4.16).
Moreover, if Y;* is well defined (as in Proposition 4.5 (v)), we further have

~ 2

limsupE |:HXn+1 — Xn+1n

n— o0

|<zow. (1.27)

Ho
where s Xnﬂm defined by (4.22).
Let us briefly comment the conclusions of Theorem 4.6. Equation (4.25) says that 0,
is consistent for estimating the optimal 6 up to the equivalence relationship 0 ~ 6 defined
. 2 . 2
by E U Y, — )Q(H)H } =E U Y, —Yt(a')H } Equation (4.26) says that the rsik of an
Ho Ho

estimator of the form (4.23) for predicting X,41 is asymptotically minimal with m and 6
replaced by the empirical mean and 6,. Finally , while (4.25) and (4.26) hold in the P-a.s.
sense, Equation (4.27) says that the prediction risk directly defined with the predictor X, 41.n,
that is, in contrast to (4.26), with the empirical mean and 0,, inside the expectation, is indeed
asymptotically optimal.

5 Postponed proofs

5.1 Proofs of Section 3.2
5.1.1 Proofs of Lemma 3.2 and Theorem 3.3
Lemma 3.2 is used to introduce the definition of joint kernels as in Definition 3.3.

Proof of Lemma 3.2. Let (¢;)o<i<n denote a Hilbert basis of L*(V,V,¢), assumed to be
of dimension N € {1,2,...,00}. Define #y : (v,v";)) = 3o, i,y HK(\)¢; ¢i(v)g;(v') on

V2T and, for all € > 0, N : A inf {n SN Y0 e KN G[* < E} on T. Note that,

for all A € T, Ne(A) is well defined and finite since 3, .y |¢ZHK()\)¢J'|2 = [[K(N)], < oo.
Now let us define, for all v,v" € Vand A € T, & (v,v"; \) := limn— oo Q%Nrn(,\)(vw/; A) when-
ever this limit exists in C and set % (v,v’;\) = 0 otherwise. Since (¢ ® &k’)ogk,k’<N is a
Hilbert basis of L?(V?, V%2 ¢9?) we immediately have that, for any A € A, ‘%NTTL(A)(V 5 A)
converges in the sense of this L? space to 2 0<ij<N MK (N o; ¢i @ ¢, and thus, this limit
must be equal to F (-, ), £¥2-a.e. Tt follows that, that for any A € A, for all 4,5 € N,
[ H (0,05 0)$i(v) ¢ (v) &(dv)é(dv’) = ¢F K (N)¢; , which gives that K(\) is an integral op-
erator associated to the kernel F(-,-;A). Since (v,v’,A) — F(v,v’;\) is measurable by
definition, this concludes the proof of the existence of the A-joint kernel of K. If, moreover,
K € L2(A, A, S2(Ho), 1), then F,, converges in L?(V? x A, V2 @ A, £%? ® u) and the limit
must be equal to &, £€¥? ® p-a.e. since for each A € A, Fn(-,;\) converges to F(-,-;\) in
LA(V?, V%2 ¢92) Hence, we get that & € L2(V2 x A, V®2 ® A, (%2 @ p). |
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We now prove Theorem 3.3.

Proof of Theorem 3.3. We assume without loss of generality that p({0}) = 0 (since it
affects none of the given assertions). By Proposition 2.1, Assertion (i) is equivalent to

/

Using the singular values decomposition (3.5), and since U is unitary from Ho to
LAV, V,€), we get that, for all X € T\ {0}, ‘(1—e_i’\)_DgX()\) [(1—e =PI =
1

HUHM(l_e,u),dUgX()\)UHM(Hl_e,M),dUul = || My _o-53)-ah(A)||. Hence (5.1) holds if and

u(dX) < oo . (5.1)

1

(- ™) Pax(3) [1 e 7]

only if /HM(lfe*i)‘)*dh()‘)”z,u'(d)‘) < o0, which, using the T-joint kernel % of h, reads
T

/ ‘(1 —e ™M) (0,075 N)

since d is a p-essentially bounded function, we get that Assertion (i) is equivalent to

£(dv)é(dv”) u(dX) < oco. Applying Lemma A.1 to z = —d(v),

‘ 2

/ |A| 72D |7 (v, v )\)‘2 E(dv)é(dv)p(dN) < oo . (5.2)
V2 x (—m,m)
Using that |A[?®~®) is bounded over A € (—m, 7] and that

[ 10,050 g@veautan = [ IR0 u( < oo,

Condition (5.2) is equivalent to Assertion (iii). Using that, for any n € (0,7), |A|72%d®)
is bounded independently of v on A € (—m, x| \ (—n,n), we also get that Condition (5.2) is
equivalent to Assertion (ii). a

5.1.2 Proof of Theorem 3.4

We start with a useful result on ARMA processes.

Ler{lma 5.1. Le? Ho be a §epgrable Hilbert space and X be an ARMA (p,q) process defined
by X (dX) = [f(e™™)]710(e ™) Z(dN) with 8 € Pg(Ho), § € Py (Ho) and Z an Ho-valued white
noise with covariance operator ¥. Then, there exists n € (0,7) such that

nn
> IPa @B <o, (5.3)
neN
where Py, (§,0) is defined in (3.8). Moreover, for Leb-a.e. A € (—n,n), we have
(="

——Pn (4,6) /2, (5.4)

gx(X) =h\) [RW)]" with k(X)) =

neN

where h can be seen as a power series valued in Sz(Ho) with a convergence radius at least
equal to n.

Proof. Since z — [§(z)] "' 8(z) is holomorphic in an open ring containing U and the exponen-
tial function is holomorphic on C, by [13, Theorem 1.8.5], there exists n > 0 such that (5.3)
holds and [§(e*)] ™! B(e*) coincides with the L£,(Ho)-valued power series > o0 | Py, (§,6) 2" /n!
on the set {z € C : |z| < n}.

Finally, we observe that gx = hh™ with h(\) = [p(e™)]71 0(e~*) B'/2 and the given
expression of h in (5.4) follows from (5.3) and the usual bound

This concludes the proof. O

P, (§,6) =/

S 1P @8, =

L= IP2 (0.0 15117 -
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Proof of Theorem 3.4. Before proving the claimed implications, we start with some pre-
liminary facts that follow from Lemma 5.1, Lemma B.2 and Theorem 3.3. First ob-
serve that the process UX = (UX¢)iez is the Go-valued ARMA(p,q) process defined by
UX(dA) = [fe™™)] 71 8(e ) UZ(dN), where 6 := UBU" € Py(Go) and § := USU™ € P (Go),
and UZ = (UZ;)tez is a Go-valued white noise. Then, applying Lemma 5.1 with p as the
Lebesgue measure, we get that, for some 1 > 0, vyx has density h(A)[A(A)]" on (—n,n) with
h a power series valued in S2(Go) with radius of convergence at least n > 0,

=3 C e, g w2 or. (5.5)

neN
Now, define, for any 7’ € (0,7),
/ —2R(d(v)) gy |2 ndA
I(n) = Al |7(v,0"; M)|” €(dv)é(dv )5
VZX(*”I/JI/) i

where % is the T-joint kernel of h in (5.5). By Theorem 3.3, Assertion (i) holds if, and only
if, there exists i’ € (0,7) such that I(n’) < oo which is itself equivalent to having I(n’) < co
for all n € (0,7). Using (5.5), we have

—2R(d
1) = | AR
V2x(=n'n")

where %, denotes the kernel of UP, (§,6) Z/2U" € S2(Gy). In particular we have by
Lemma B.2 that

> EV )| e@ge@ns, 66)

neN

on(v) = (E [[Wa(0,)*])""* = [1£n(v,) g, - (5.7)
Denote

I.(n) = A2 2REA@) e o 2 ¢(d av’ @7 58

(77) /\/2><(7n/,n’)| | ‘ (U Y )‘ 6( U)g( v )27r ( )

d=sup(R(d)) and m:=inf{meN: m>d-1/2} .

Note that d and 7 are finite since d is bounded. Defining, moreover,

2

— _ v —i\)" dA
)= | e | s CT )] guean) 2
V2><(*”I/777/) 0<nemm n: ™
Zoo L2 ()
/ o n
and R('I’]) = _7T 5

and applying the Minkowski inequality in (5.6), for any " € (0,7), we have that, if R(n’) < oo,
IM)<ocoeIn)<oo.

Let us pick n" € (0,1 An). Then, for all A € (—n’,n') and n € N, we have |/\|2n—28?(d(v)) <
[A[*"~24 and thus, for all n > 7,
1(14+2n—2d)
m(1+2n —2d)
/(1+2n72a)

[ ] e@nean)

2
_ "7_“13” (4,6) 21/2H .
(1 + 2n — 2d) >
Using that HPn (4,0) V2| < ||P. (4, (B)HDOHZH}/2 and the bound (5.3) of Lemma 5.1, we
2

get that R(n') < oco. We thus conclude that Assertion (i) is equivalent to have, for some
n € (0,1An),

I(n) < oco. (5.9)

Next, we show that, for any i’ € (0,1), Condition (ii) is, in fact, equivalent to have

I,() < oo forall neN. (5.10)
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Indeed, integrating w.r.t. v’ and X in the definition of I,(n) in (5.8), we have that, for all
n €N,
I ( /) / n/ (142n—2R(d(v))) o_i (U) f(d’l})
n)= ,
! R@eniijz 1+ 20— 2R(d(v) 7

if R(d) < n+1/2 &-a.e. on {on > 0}, or is equal to co otherwise. Since d is bounded on V,
s0 is i/ AF2n=2R(d) o 4 € V and we conclude that Condition (ii) is equivalent to (5.10).
We are now ready to prove each implication of the claimed equivalence successively.
Proof of (i)«<=(ii). This is now trivial, since applying the Minkowski inequality in the integral
defining T in (5.9) and the definition of I,, in (5.8), we immediately see that Condition (5.9)
is implied by (5.10).
Proof of (i)=-(ii). The proof of this implication is a bit more complex. The first step is to
prove that Assertion (i) implies

forall neN, R(d)<n+1/2 &ae on {op,>0}. (5.11)

Then, we show that it must also imply (3.9) for all n € N in a second and last step.

Step 1. Suppose that (5.11) does not hold; let us show that Assertion (i) cannot hold. Since
it is equivalent to (5.9), it is sufficient to show that T(n’) = co for any arbitrary n’ > 0. Let
m be the smallest n € N for which £ ({R(d) > n+ 1/2} N {on > 0}) > 0. Note that by their
mere definitions, we have m < m. In addition, for all 0 < n < m, we have

E{R(d) 2 m+1/2} N{on > 0}) <E{R(d) 2 n+1/2} N{on >0}) =0.

Hence, #%n(v,v") = 0 for ¢%%ae. (v,v') € {R(d) >m +1/2} x V. Now we have, using the
definition of I(n’) in (5.9) and what we just deduced,

10> [ Ao | S E 00| e(ane(an) 2
{(R(d)2mA1/2) xVx (=’ ') vnem 2m

2
_ v —iA)" ndA
= / e | s ER G ) E(dv)E(dv) 3= -
{R(d)2m+1/2} xVx (=n’,n") m<n<m 4

Note that, for all (v,v') € V? and X € R, we have

2

\\n 12
N Z (—iN) Fn(v,0)| = [APRRE) <M+O(1)> 7

| N2

where o-term tends to 0 as A — 0. We get that, for all (v,v") € ({R(d) > m+ 1/2} x V)N
{|’€m|2 >0} and ' >0,

2

—2R(d(v)) (—i)\)n / d_)‘ _
[ > E k)| =

m<n<m

With the previous lower bound on T(n'), we deduce that I(n') = oo if
22 (({R(d) > m+1/2} x V) N {|An|* > 0}) > 0.

By definition of oy, in (5.7), we have, for all v € V,

g(v) :== /\/1{|)€m(1’7“,)|2>0} £(dv) >0 om(v) >0.

Hence,
€ (R = m+1/2) x V) {4l > 0}) = [ g de
{R(d)>m+1/2}
is positive if and only if £ ({R(d) > m + 1/2} N {om > 0}) > 0, which is true by definition of
m. This concludes the first step.
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Step 2. Suppose now that (5.11) does hold but (3.9) does not hold for all n € N and let
us show again that Assertion (i) cannot hold. Let us define m as the smallest n € N such
that (3.9) does not hold. Again by definition of 72, we must have m < m, since (3.9) holds
for n = m by definition of M. Take now an arbitrary " € (0,1 An). We have shown in the
preamble of the proof that if (5.11) is satisfied, then (3.9) is equivalent to I,,(n") < co. Hence,
we can also see 1 as the smallest n € N such that I,(n') = co. Thus, we have I;(n’) < oo for
all 0 < k < m and I7(n') = co. It follows that Assertion (i) is not only equivalent to having
T(n') < oo as in (5.9) but also to the condition

2
I() = / |A|72RE@D) Z & fon(v,0") §(dv)§(dv/)(21—)\ <oo. (5.12)
V2x(—n'n’) << n: ™

Now, we observe that

e | s B 00| gaean)

n! 2w

I(n') > /

{R(d)<im+1/2} xVx (=1 ") I
Therefore, to conclude that I(n') = oo (implying that Assertion (i) does not hold), by the
Minkowski inequality, it is sufficient to show that

In(n') =00 and, for all n>m, I.(n')<oo, (5.13)

where, for all n € N, we denoted

In(n') =

/ dA
{R(d)<m+1/2}xVx(=n'.n")

|>\|2n—23?(d(v)) |ﬁn(v7v/)‘2 6((11})6((11/)2—
Y

For all n > m we have, as in the previous computation of I,, that

an(v)
I,(n) < 0o & / iz
(R()<mt1/2y 1+ 2n —2R(d(v))
For an integer n > m, we have 1+ 2n — 2R(d(v)) > 2 on {R(d) < m + 1/2}, hence the right-

hand side of (5.13) follows as a consequence of fai d¢ < oo. For n = m, the left-hand side
of (5.13) follows as a consequence of (3.9) not being satisfied for n = 7 by definition of . O

&(dv) < o0 .

5.2 Proofs of Section 3.3

Proof of Lemma 3.5. Since ¢ is a white noise, as explained in Remark 3.2 (2), Assertion (ii)
of Theorem 3.4 only needs to be checked for n = 0. The result follows since this case precisely
corresponds to the conditions in (3.11) with D = Idx, — N. a

The proof of Proposition 3.6 relies on the following lemma where we recall that the open
and closed complex unit discs of C are denoted by D and D, respectively. This lemma will
also be useful in the proofs of Section 4.2.

Lemma 5.2. Let Ho be a separable Hilbert space and N be in N'(Ho). Let o and s such that
0< inf{(?}%(N)x,:c)Ho s weHo, ||z, = 1} <IN <s, (5.14)

where R(N) = (N" 4 N)/2. Then, there exist Q € Ly(Ho) and (P})ren € Lo(Ho)™ such that,
forall z € D,

oo

1-—2)V"1=qQ <Z(k + 1)%’“) +y Pret, (5.15)

k=0

where the two infinite sums on the right-hand side are Ly,(Ho)-valued power series with a
convergence radius at least equal to 1.
There further exist Cs,Cy, > 0 only depending on ¢ and o respectively such that

1Qll, <Cc and, for allk >0, |[Pill., < C.Co(k+1)""72. (5.16)

Moreover, if o > 0, then (5.15) continues to hold for all z € D\ {1} with the two infinite sums
converging in Ly(Ho).
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Proof. In the following, we denote by n the singular value function of IV, defined on Gy :=
L3V, V,¢) with decomposition operator U. Then, Condition (5.14) car be rewritten as

o < &-essinf R(n(v)) < g-essup |n(v)| << . (5.17)
veV veV

We now proceed in three steps. We first show Relation_(5.15) for all z € D, then that the
bounds (5.16) hold, and, finally, we extend (5.15) to z € D\ {1} when ¢ > 0.
Step 1. Let z € D, then

k
_ N
1—2)V M =1d+ Y Npz¥ with N, = (Idf—,>, forall k> 1. 5.18
(1-2) ; K k Ul ; > (5.18)
> i=
Define the integer ko > 1 by the condition ¢ < ko < ¢+ 1. Then, for all j > ko, Id — % =
exp (ln (Id — %)) = exp (7 Zzzl %) and therefore, for all £ > ko,

ko—1 ¢ k
Ne= ] (Idfg)exp 72% Z]ie

j=1 1 j=ko
ko—1 k ¢k
N 1 N 1
1 (10-F) oo vt en[-XE XS] 6
j=1 J =k J >2 =k J

Moreover, we have the following asymptotic expansions. For all k > ko,

k ko—1 ko—1
1 1 1 1 a
YRR SER JE SN ST S
Fr At Al il
k oo o
1 1 1 Be ury
Zj_z: Zj_e_ > 7R T o forallfz2,
i=ko i=ko J=k+1 0
where 7. is Euler’s constant, 3, := Zzo:ko (%)e, and (og)rk>1 and (Mk,e)k>1,0>2 are some
universal constants satisfying
sup |ak| < oo and sup M| < oo (5.20)
k>1 k>1,0>2
Also note that
supfBe = B2 < 00 . (5.21)
>2

Using these definitions in (5.19), we obtain, for all k > ko,

_ Non [N N _Nmee
Ni=Q(k+1)"Vexp [ —N = Z(Z—ka—l
£>2
where

ko—1 ko—1 14

N 1 N

Q= H (Id — —) exp <—N <'ye — Z z)) exp —Z <k_> % . (5.22)
j=1 J t=1 >2 N0

Using the previous equations in (5.18), for all z € I, we can write (1 — 2)V ' as

ok N a Ny
k —N _ k _ k., k
Id + E ||<Id——j)z +Q E (k+1)"" exp N_k E =k z° .

k=1 j=1 k>ko >2
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Thus Relation (5.15) follows by setting

P :=1d-Q, (5.23)
b N
P ::H(Id—T)—Q(k—&-l)_N, for 1 <k<ko—1, (5.24)
j=1
Pri=Qk+1)"" |exp [ -NZE > _Nmee Id for k> ko. (5.25)
L P kA -1k = fo-

Step 2. By (5.22), (5.14) and (5.21), first note that ||Q||., can be bounded by a constant
only depending on ¢ (since ko only depends on ¢ as well). Hence, by (5.23) and (5.24), for
k < ko < ¢+ 1 we can again bound ||Py|| by a constant only depending on ¢. Now let k > ko,
defining
Qg Nne
&y = NS DTkt
k Z (=DK1

Relation (5.25) yields
- Py |”
Pille < @il o+ =30 2ele
t>1 :

Using the singular value function n with (5.17), we have

T

M| = [ My, = Eressup (6 4+ 1) 7| < (k4 1)
oo veV
Using the upper bound of operator norm of N in (5.14), we have

(0% §77k2
ol < S5+ 3 e

¢
S _
|| + E 7”k,£+1k1 ¢
0>1

_1
S
+ 1- = :
k <|ak| (k;REEQWk,M) g( ko) >

By (5.20), this bound only depend on ¢ (since ko does as well). Gathering the obtained bounds
we get (5.16).

Step 3. We now assume o > 0 and extend (5.15) to D\ {1}, that is to the case z = e~ for
some A € T\ {0}. For such a A, we already have, for all 0 < a < 1,

(17 71)\ N-—-Id QZ k)+ Nakefl)\k+zp* k 71>\k .

k>0 k>0

El )

| N

Moreover, (1 — e )N = lim,4q(1 — aefiA)Nfld by continuity of z + (1 — 2)¥7 in
D\ {1} and > k>0 Pie TR — limgpy > k>0 Prafe " because 3, -, [|IPill,, < oo. It remains
to show that 3", o (k+ 1)~ "z is well defined on U\ {1} and that, for A € T\ {0}, > sk +
1)"Nake ™ converges to S ook + 1) Ne ik n
applying Lemma A.3 With ak = (k+1)"". We already used in Step 2 that, for all k € N, we
have H (k+1) NH (k+1)7¢. Since p > 0, we get that H(k+ 1)7NHOo — 0 as k — oo.
Hence, to apply Lemma A.3 it only remains to show

as a T 1. We prove these facts at once by

ZH(’HU*N—(’CJﬂ)’NHm <oo. (5.26)

Note that we have, for all k € N,

H(k—i—l)‘”—(k—i—Q)‘NH :«ﬁ-essup‘(k—&-l)_“(”)—(k+2)_"(”) . (5.27)

co veV
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Moreover, for all k € N, and £ — a.e.v € V, since R(n(v)) > ¢ > 0, we have

—n(v —n(v —R(n(v 1
(k+1) ()—(k+2) @) =lk+1] §R(())‘1—exp<—ln<1—|——k+1> n(v))‘

<ca(sin@) (k+1)7¢ In (”ﬁ) ’

1—e”*
z

where, here, we set, for any r > 0, a(r) := sup{

1 2z€CO0< |2 < r}A This leads to
the asymptotic bound, as k — oo, &-essup,,cy ‘(k + 1)) —(k4+2)7 ] =0 (k+1)727h).
O

Hence, with (5.27) and the assumption ¢ > 0, we obtain (5.26).

Proof of Proposition 3.6. The first condition in (3.11) gives that (5.14) holds with o >
1/2. Applying Lemma 5.2, there exists Q € Ly(Ho) and (P})ren € Ly(Ho)Y with IPill. =
O(k™3/%) such that (1 —e )N = QY72 ((k+ 1) Ne ™ £ 30 Pre ™ in L£(Ho) for
all A € T\ {0}, thus concluding the proof.

O

5.3 Proofs of Section 4.1

5.3.1 Preliminary results

In the following, for two separable Hilbert spaces Ho and Zy and a finite non-negative measure
won (T, B(T)), we denote by ||-||, ; the natural norm of the Bochner space LYY (Ho, To, p) ==

L' (T, B(T), S1(Ho, To), i), that is,

v [l

gl

We use the notation
Bua(r,Ho, o, ) = {g € L' (1, B(1), S1(Ho, o), ) + llglly <7}

for the ball of radius r in the Banach space Ll’l(Ho7 Zo, ). As usual, if Zo = Ho, we drop Zo
in the notation, thus writing Ll’l(”Ho,,u) and Bi,1(r, Ho, 1) in this case. Also if 4 = Lebr we
drop the measure in the notation, thus writing Ll’l(Ho,Io) and Bi,1(r,Ho,Zo), or Ll’l(Ho)
and Bi,1(r, Ho) if Zo = Go, in this case.

These definitions and those introduced in Section 4.1 (such as Q and Q) will be useful in
the following. Recall, in particular, that Fy, (T, B(T), £) denotes the set of bounded measurable
functions from (T, B(T)) to (&€, B(£)). We will also need to define Fy ((Ho, Go) , (Zo, Jo)) as
the product vector space Fy, (T, B(T), Ls(Zo, Jo)) x Fy (T, B(T), L(Ho, Go)), endowed with the

max norm
(L, R)||,, = max(sup(L),sup(R)) for all (L,R) € Fpp ((Ho,Go), (Zo,To)) -

This simply extends the definition of Fy(#Ho, Go) already introduced in Section 4.1, which
can be seen as a short-hand notation for Fy , ((Ho, Go) , (Ho, Go)).
We now derive a series of useful lemmas.

Lemma 5.3. Let p be a finite non-negative measure on (T,B(T)) and Ho, Go, Zo and Jo be
four separable Hilbert spaces and g € L**(Ho,To, 11). Then the mapping Qq.,. defined by

QL) = [ Lg R di (5.28)
s a continuous sesquilinear mapping from Fy, (Ho, Go) , (Zo, Jo)) to S1(Go, Jo) satisfying

sup { 1| QoL R) ¢ (L Rl <1} < gl s -

Consequently, for any positive radius v, the set {Qg.,. : g € B1,1(r, Ho,Zo, 1)} is equicontin-
wous i C (Fypp (Ho, Go) , (Zo, Jo)) , S1 (Go, Lo)).
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Proof. For all (L, R) € Fyp, (Ho,Go) , (Zo, Jo)), g € L' (Ho,To) and A € T, we have
1L g BN| < 12 e [
which is thus integrable with respect to u. Moreover, we obtain that

190, (L, R)II; < llglly,y sup(L) sup(R) .
The given claim immediately follows as well as its consequence. O

We also derive the following lemma, which will be useful in the following.

Lemma 5.4. Let Ho, Go and Zy be three separable Hilbert spaces, © be a compact metric space,
and let L and R be two continuous mappings from © x T into Ly(Ho,Go) and Ly(Ho,Zo),

respectively. Then, for any positive radius r, the set R(r {Q(L B g € Bi(r, Ho)} 8
equicontinuous in C (0,81 (Zo, Go)).
Proof. Let r > 0. Since © X T is compact, R and L are uniformly continuous on © X T and we

get that 6 — (L(0,-), R(0,-)) € C(O,Fus ((Ho,Go), (Ho,Zo))). By Lemma 5.3, we get that
R(r) is equicontinuous in C (0,1 (Zo, Go)). |

We next provide four last preliminary lemmas, one about the non-centered periodogoram,
and two dealing with the centering term.

Lemma 5.5. Let Ho and Zo be two separable Hilbert spaces such that Zoy is continuously
embedded in Ho. Assume (A-1) and suppose moreover that Xo € Tp P-a.s. with E [”XOH;-(;] <

00. Then, for alln>1, IX € LYY (Ho,To) P-a.s. and we have

< 00 P-a.s.
1,1

sup
n>1

Proof. Note that, for all n > 1, we have, using the definition of I;X, and then that of d:X,

dLebT

/‘ (A)HH dLeby
< ( ) dLebT) (/e
—<%i|xk|§—_o)m< Zn kn%> ,

where in the right-hand side of the first line ||-||, denotes the S1(Ho,Zo)-norm. By (A-1),
with the Birkhoff ergodic theorem, we get that the right-hand of the previous bound converges

P-a.s. The claim P-a.s.uniform bound of (Hlf H1 1) follows. O
’ n>1

/2

H dLebT)

Lemma 5.6. Recall that I and L)f:‘ denote the periodograms respectively computed from
X1,..., Xn and from X ,..., X5 ., as defined in (1.3). Suppose that Xi,...,Xn € Ho.

Then, IX and Iff:‘ belong to S1(Ho) and we have, for all X\ € T,

2
1 <& 1<
_E X _E .
n =" E 2 n < Xi ‘
j=1 H j=1 Ho

X0 —Iff’g’(A)Hl <

ax|, Eon

Ho

where F,, denotes the Fejér kernel defined by

(5.29)

1
n
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Proof. By (1.3) and (4.1), we have, for all A € T,

c 1 < 1 < )
dnm(N) = dy (M) — <— ZXJ) <— Za'”) :

st vn k=1
Computing e N = an (N ®dyn (A) and using that ||z ® yll, = [|z]l;,, [|yll;, for all 2,y €
Ho, we easily get the result. O

We have the following result on the process X.

Lemma 5.7. Let Ho be a separable Hilbert space. Assume (A-1) and (A-2). Then, the
process X is valued in a finite-dimensional space Go C Ho or, if it is not the case, there
always ezxists an orthonormal sequence (¢r)ren of Ho and a sequence s = (sk)ken € [1, oo)N
such that Conditions (i) and (i) in Theorem 4.3 hold.

Proof. Define © = E [Xo ® Xo]. Since © € Si"(Ho), there exists a finite or countable non-
increasing sequence (0% )<y € (0, 00)™ and an orthonormal sequence (Pr)o<rer € HY such
that - -

Y = Z aiqﬁk@qbk and Z 0'1%<OO.

0<k<K 0<k<K

In particular, we have that P-a.s., Xo is valued in %HO (br, 0<k < K). If K is finite,
then X is valued in the finite-dimensional space Go = Span (¢r, 0 < k < K).

From now on, we take K = oco. By Lemma A.4, we can find s = (s)ren € [1,00)Y,
non-decreasing and going to oo (hence, satisfying Condition (i) in Theorem 4.3), such that
> ken Si0h < co. Defining #{ by (4.8) and its inner product by (4.9), we get that

2 | _ 2 2
E [HXOHHS] = Zskak <00.
keN
We thus have Condition (ii) in Theorem 4.3. a

The following lemma is used to treat the centering term in the next result, and also to
prove Theorem 1.1.

Lemma 5.8. Let Ho be a separable Hilbert space. Assume (A-1) and (A-2). Then,
G ,
Jim — z;Xj =E[Xo] inHo, P-as. (5.30)
iz

Proof. If we can find a finite-dimensional space Go C Ho such that X is valued in Go,
then (5.30) follows straightforwardly from the Birkhoff ergodic theorem. If not, by Lemma 5.7,
we can find an orthonormal sequence (¢r)ren of Ho such that Conditions (i) and (ii) in The-
orem 4.3 hold. As a consequence, by the Birkhoff ergodic theorem, we get that

Ll
Tim. ;;ijnyg =E [IIXolly; | P-as.

Since H% ) XjH’HS < %Z;;l HXJ-HH8 for all n > 1, we get that, P-a.s., there exists r > 0
0

such that sup,,,

%27:1 XjH’HS < r. Using that (sk)ren is going to infinity, we get that
0

the operator }_, s;lqbk ® ¢i belongs to Seo(Ho). Since the image by this operator of the

unit Ho-ball is the unit Hg-ball, we get that all Hg-balls are compact in Ho. In particular,

we have that (% Z;;l Xj) is P-a.s. valued in a compact subset of Ho. Therefore, it only
n>1

remains to show that, P-a.s., the only possible accumulation point of this sequence is E [Xo].
This fact follows by using the Birkhoff ergodic theorem again, which gives us, for all z € Ho,

n—oo

lim <% ZXJ-7$> = lim 1 Z (Xj,x>7_¢0 =E [(Xo,@%o] = (E [Xo] ,x)HO P-a.s.
=1 ”

0

Hence we get the convergence (5.30). a
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We can now state a result which applies both in the context of Theorem 4.2 and Theo-
rem 4.3.

Theorem 5.9. Let Ho and Go be two separable Hilbert spaces. Assume (A-1) and (A-2),
and suppose that (©,A) is a compact metric space. Let L and R in C(© X T, Ly(Ho, Go)).
Moreover, suppose that, P-a.s., there exists, for all 0 € ©, a compact subset B C S1(Go) such
that, for alln > 1 Q%’R)(e) € B. Then, we have

L,R S(L,R . .
nlin;o Q( ) = Q(VX ) umiformly in C (0,81 (Go)) , P-as. (5.31)
Proof. Thanks to the centering (1.3), we can replace all X’s by X, —E [Xo] without modifying
X, i, for any n, k > 1. Hence, without loss of generality, from now on in this proof, we assume
that E [Xo] is zero, that is, the process X is centered.
By Lemma 5.6 and using that f F,, dLebr = 1, first note that for all & € © we have, for
alln > 1,

12,54 (6) = Qux ()] < An (An+ Bu) sup IL(6, N, sup [ R0, -
n 1 0€© 0€O
AT A€T

where we set

(F,)"? dLeby .
0

Iy, and Bn:2/‘
n -
=1 H

By the Cauchy-Schwartz inequality and then the Parseval identity, we have
1/2

2 1/2
B, <2 ‘ dLeb —9 X ,
(el ) s ()

which, by the Birkhoff ergodic theorem and (A-2), converges P-a.s.. On the other hand, using
Lemma 5.8, we have that, P-a.s., lim, . A, = 0. Hence, we finally get that

=0 P-as.

1

lim supHQ le( )

n—oo 0cO

Therefore, to prove (5.31), we can replace I,)ffl by I, that is, it only remains to prove that

lim nggm = QE,?(’R) uniformly in  C (0,81 (Go)) , P-as. (5.32)
n—o0 n

We immediately have from Proposition 4.1 that Q(L ) and Q(L B belong to C (0,81 (Go)).
The rest of the proof is now in three steps. First, we show that, P-a.s., every sequence valued in
{Q(L > 1} admits a subsequence which converges uniformly in C (6, S1 (Go)). Second,
we show that, for all z,y € Go and 6 € ©, we have

nlin;o ! QE%R) Oy =2"0P(0)y, P-as. (5.33)
We then conclude in Step 3 from these two results.

Step 1. By (A-2), we have E [HXOH?_LO] < 00, and we can apply Lemma 5.5 with Zo = Ho
and get that, P-a.s., there exists C such that, for all n € N, ”[7)1(”1,1 < C, where here ||-||;, ;
denotes the norm in L' (Ho). We conclude with Lemma 5.4 that, P-a.s., {Q(L > 1}
equicontinuous in C (©,S1(Go)). Using the last assumption of the theorem, we also have that,
P-a.s., for all § € O, there is a compact subset B of S1(Go) such that {Q(L R)(H) Tn > 1}
included in B. Thus, P-a.s., the Ascoli-Arzela theorem (see [28, Section 7.10]) applies and any
sequence in {Q(L B> 1} admits a uniformly convergent subsequence in C (0,81(Go)),

which concludes the proof of Step 1.
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Step 2. This step is similar to the scalar case and we follow the ideas of [14]. Let z,y € Go,
6 € ©, and denote x = z"L(0,-) and y = 3" R(8, ), so that x and y are continuous functions
from T to H = Ls(Ho, C), and (5.33) can be written as

le Qix (x,¥) = Qux (x,y) , P-as. (5.34)
We can write, for any N € N*,
x=Fnxx+ (x—Fn*Xx),

where * denotes the convolution of locally integrable 2m-periodic functions,
Frg(n /f M) Lebr(d\), A€T,

and Fy is the Fejér kernel defined by (5.29). Using standard properties of Fejér’s kernel and
the fact that A — x()\) is continuous on R, we have, denoting e;(\) = e'** so that (e;)eez is
a Hilbert basis of Lo := L* (T, B(T), Lebr),

N

FN * X = Z ag(N) Cg(x) €y, (5.35)
{=—N

with ae(N)=1-— % and ¢(x) = /x()\)(fwA Lebr(d)) ,

lim sup ||x(A) — Fy #x(N)||, =0. (5.36)

N—o0 )R

Eq (5.36) can be interpreted as saying that Fx * x converges to x in Fy, (T, B(T), Ly(Ho, C)).
The same holds with y replacing x and, applying Lemma 5.3 with Zop = Ho and Go = Jo = C
and p = Lebr, since by Step 1, {Iff Tn > 1} remains in a ball of L*! P-a.s., we have, P-a.s.,

lim sup |Q‘7(FN * X, FN * Y) - Qg(x7 y)' . (537)

N—oo ge{IX :n>1}

Similarly by the continuity of Q. = Qfy . (with fx the density of vx with respect to
i = |lvx||,) established in Lemma 5.3, we have

1\}231 Q’/X (FN * X, FN *y) = QVX (X7 y) . (538)

Next, using (5.35), we have

N
QIX (FN * X, Fn *y Z azl )Ce(X) QI’V)L( (eg,eg/) Cl/(y)H

Z Jaw(N)eo(x) Tt = ) co (), (5.39)

where I';, denotes the empirical covariance defined as in (4.2), but with X;; replaced by X,
that is,

Fo(s—t) = /Iff()\) ¢ 792 Lebp(d)) = % > Xk ® Xp

1<k,k’/<n
k—k'=(s—t)
In particular, we have for any ¢,¢' € {—N,..., N},
=~ 1
ce(3) Fnll = £) cu () = X > e0(%) X XE oy e ()"

" vty ShZna(nte—e)
y (A-1), with the Birkhoff ergodic theorem, we get, for any £,¢' € {—N,..., N}, P-a.s.,
Tim co(x) Da(t =€) co(y) = E [ce (x) Xp_o X e (y)”]
= ¢o(x) Cov (Xo—_er, Xo) cor (y)"
= co(x)Quy (ec,er) cor(y)”
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where we used that X is centered and that vx is the spectral operator measure of X.
From (5.39), using (5.35) again, we get that, P-a.s., for any N > 1,

lim le(FN*x Fnxy) = Quy(FN*xx,Fn*Yy) .

n—oo

This, with (5.37) and (5.38), concludes Step 2.
Step 3. From Step 1, there exists Q' € F with probability 1 such that on ', any sequence

valued in {nggm tn> 1} admits a subsequence uniformly converging in C (©,81(Ho)). To

obtain (5.32), we will exhibit ©” C € with probability one such that, on Q”, O%%™ is the

only possible accumulation point of the sequence (QE,%(’R)) . Let Fy be a countable linearly
n n>1

dense subset of Gg and let (0;);en be a dense sequence in ©, which exists since © is compact.
Then, from Step 2, we have, P-a.s.,

¥j € N,Va,y € Eo, lima"Q%™ y =" Qi y

We can thus take Q' C Q' with probability one, on which the previous display holds. Let
w € Q" and take an accumulation point Q. of (Q i(l?)) in C(©,81(Go)). Then, for all
n>1

j € N, using the previous display and the fact that O must also be an accumulation point
for the weak operator topology, we get that, for all a@y 6 FEo, xHQoo(Hj) =z Q(L R)( 0;)y,
which implies Qoo (8;) = Q(L ™(6;). Since Qu and Q are continuous on ©, and (6;);en
is dense in ©, we get that O and Qix ”’ coincide, which concludes the proof. O

5.3.2 Proof of Theorem 4.2

We can now prove Theorem 4.2 as a direct application of Theorem 5.9.

Proof of Theorem 4.2. Theorem 4.2 directly follows from Theorem 5.9, if we can prove
that, P-a.s., there exists B, a compact subset of S1(Go), such that Q(L R)( f) € Bforalln>1

and 6 € ©. Because G is finite-dimensional, so is S1(Go), and we only need to show that,
P-a.s., there exists C' > 0 such that HQ (L R) H < Cforalln >1and 6 € ©. By Lemma 5.3,

this follows from the fact that, P-a.s., there exists r > 0 such that HIfle <rforaln>1,
which has already been used in the proof of Theorem 5.9 and is a consequence of Lemma 5.5
with (A-2) in the case Ho = Zy. This concludes the proof. O

5.3.3 Proof of Theorem 4.3

The proof of Theorem 4.3 essentially follows the same path as that of Theorem 4.2. However,
in the infinite-dimensional case, we will need an additional result (Proposition 5.11) to prove
the assumption involving the set B in Theorem 5.9. The result relies on the space Hj intro-
duced in Section 4.1. In this section, we will make extensive use of partial isometries as (see
[7, Definition 3.8]). We recall that a partial isometry U on the Hilbert space Ho onto another
Hilbert space Gy is a bounded operator which is an isometry on (ker(U/))*. The subspaces
(ker(U))* and Im(U) are respectively called the initial space and final space of U. We recall
that, if U is a partial isometry, then UMU and UU" are the orthogonal projections onto the
initial and the final space of U respectively.

Let us start with the following lemma, whose proof is straightforward, but which contains
some important definitions

Lemma 5.10. Let Ho be a separable Hilbert space and let (¢r)ren be an orthonormal sequence
in Ho. Let s = (si)ren € [1,00)" and define (7—[8, <"'>HS) by (4.8) and (4.9). Denote by Js
the continuous Hy — Ho-inclusion map defined on Hg onto Ho by x — x. Further denote
by Us the partial isometry with initial space %HO (¢r, k € N) and final space H such that,

for allk €N, Us¢y, = s;," ¢r. Finally, let us set Js = Js Us € L(Ho). Then, for all x € Ho,
we have

Js=> sp' o6 ®dx . (5.40)

keN
Moreover, suppose that s is non-decreasing and going to co. Then, we have Js € Soo (Ho).
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We now have the following result.

Proposition 5.11. Let Ho be a separable Hilbert space and let (¢pr)ren be a an orthonormal
sequence in Ho. Define Js as in Lemma 5.10 for s = (sk)ken € [1, oo)N non-decreasing and

going to co. Define B1 = {P €Si(Ho) : |P|, <1 and (JsP)" :.,]]SP}. Then the set
B1 ={JsP : P €Bi} is compact in S1(Ho).

Proof. Let (Pn)nen be a sequence valued in B; and let us prove that it admits a subsequence
which converges in B;. By definition, we can write, for all n € N, P,, = J, 13n with f’n c B;.
We use that S1(Ho) is isometric to the dual of the space Soo(Ho) (see [7, Theorem 19.1].
Then, by the Banach-Alaoglu Theorem (see Theorem 3.1 in [6, Chapter V]), we get that the
unit ball of S1(Ho) is compact for the weak-star topology, that is the topology generated by
the family of semi-norms {P + |Tr(CP)| : C € Soc(Ho)}. This implies that (Pn)nen admits
a subsequence (Pan)neN converging to an element Q in the unit ball of S; (Ho) in the sense
of the weak-star topology, that is, for all C € So(Ho), we have

lim Tr (CIBGH) =Tr (CQ) .

n—oo
Observe that for all z,y € Ho, the operator C = z ® yJ; is a rank-one (hence compact) linear
operator on Ho onto Ho. The last display thus gives that 15% converges to Q in weak operator

topology (that is, for all z,y € Ho, <P~’anx7y> converges to (Q,y);,). Since Js P., is

~ HO ~
hermitian for all n, we get that Js Q is hermitian as well and we finally get that QQ must be
in Bi. (In fact we have shown that By is compact for the weak-star topology)

Let usset Q=J,Q € By and foralln € N, A, =P, — Q = J,A, with A, =P,, — Q,
and let us summarize our findings so far. We already know that P,,, and Q are in B; (hence
n|| < 2and that (An) converges to zero in S1(Ho)

1

n— oo
for the weak-star topology, which also implies the convergence in weak operator topology. To

conclude, we now proceed in two steps. First, we show that (An)nen converges to 0 for the
strong operator topology. Second, we use the first step to show that lim, 4o [|An|l; = 0.
Step 1. Let « € Ho, then, for all n € N, using (5.40), we have

Zsk <An x,¢k>H0r

Since (An) converges to 0 for the weak operator topology, we have, for all m > 1,

neN
<An x, ¢k>7-10

On the other hand, for all m,n > 1, using the fact that

non-decreasing, we get that

0o 2
Z 537 ‘<An x,¢k> ‘ < Sm

are hermitian and so is A,),

180 230, = D [(An 2, 61)y,

keN

m—1 2

lim =0.
n—r oo
k=0

< 2 and that s is
1

B 2
0 <Anx,¢,€>%\

Ava| <asz?|al?
na,,, < 4n o,

-2
Sm

hence converges to 0 independently of n as m — oo, by assumption on s. With the two
previous displays, we conclude that (A, z),, . converges to 0 in Ho. Hence, (A )nen converges
to 0 for the strong operator topology.

Step 2. Let n € N. Since A, € S1(Ho) and Js € Ly(Ho), we have A,, € S1(Ho). Consider
the polar decomposition of A,, that is A, = V, |A,| where V, is a partial isometry with
initial space ker(A,)* = Im(]A,|) and final space Tm(A,) (see §3.9 in [7]). Since A, is
autoadjoint we have ker(A,)* = Im(A,) and we get that Im(|A,|) = Im(A,) C Im(J,s) =
Span (¢x, k € N). Hence

[An]l = Tr(|An]) = D (| Anl bk, bk)ggy = D (Budk, Vadi) sy, (5.41)

keN keEN
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where the last equality comes from the fact that |A,| = V' A,,.
Now, note that for all m > 1,

Z ‘ n¢k7vn¢k Ho Z n(kaHO )
k=
which converges to zero by Step 1. Thus,
m—1
for all m > 1, nhﬁn;o Z <An¢k7vn¢k>H0 =0. (5.42)
k=0

On the other hand, using the fact that A, is hermitian and (5.40), we have, for all n, k € N,
p— p— A — _1 A
(A, Vadi) sy = (Srs An Vi), = <¢k,JsAnVn¢k>% — 55 <¢k,AnVn¢k>Ho
—1 re
= An 5 Vn
Sk < o ¢k>7~t

0

It follows that, for all m > 1,

1 1|l 5
Z‘ n¢k: n¢kH ‘<sm Z‘ n¢k:7 n¢k> ‘Ssm ‘ n 1

k>m

where we used [7, Corollary 18.12]. Since ‘ An

<1 and s;,;,! converges to 0, we obtain that
1

lim sup Z ‘(An(bk,anSk)HO =0

m—00 pcN Pl

This with (5.41) and (5.42) concludes the second and final step. O
We can now prove Theorem 4.3.

Proof of Theorem 4.3. By the polarization formula we can write Q( %) as a linear com-
bination of Q(WW) with W in {L +R,L—R,L+iR,L — 1R} The same formula holds for

expressing QV ) using qu ) with the same W’s. Hence, to obtain the claimed result, it
suffices to show that, for all W € {L+ R,L — R,L + iR, L — iR}, we have

lim Q(WW) QS,&V’W) uniformly in  C (0,81 (Ho)) , P-as. (5.43)

n— 00 In
So, take W € {L+ R,L — R,L +iR, L — iR}, and let us show (5.43).
By assumption on L and R, we have W € C(© x T, Ly(Ho)) and, using Condition (iii),
Ws € C(O© x T, Lu(Hj)) where W (0,A) = W (0, \) 4 for all (0, 1) € ©xT. By Condition (ii),
we can apply Lemma 5.5 with Zop = Hg, and obtain that, P-a.s.,

there exists 1 > 0 such that {L)f:‘ tn > 1} C Bi,1(r1,Ho, H5) - (5.44)

Now let us define Js, Us and Js as in Lemma 5.10. Applying these definitions carefully and
using the fact that UU" is the orthogonal projection onto Im(Us) = Hj, it straightforwardly
yields that, for all (0,)\) € © x T, and = € H,

Js UM W0, ) 2 =T We(0,\) z = W(0,\) =

Thus, for all n € N, P-a.s., I\ € LY (Ho, H3), and for all § € ©,
QN™(0) =3, 8% (). (5.45)

Observe that W, € C(0© x T, L,(H§)) immediately implies that UH Ws(6,-) € Fy (H§, Ho).
Thus, for all 8, we can apply Lemma 5.3 with Zop = Hj and Go = =Ho, L = UH W(6,-),
R=W,g= Iff and p = Lebr, which, with (5.44), gives us that, P a.s.: for all § € O, there

~ H
exists 7 > 0 such that HQ(US Ws, W) ) H

<7, where, here, ||-||; denotes the trace-class norm
in 81 (Ho). With (5.45) and the fact that Q(W ") (6) is an hermitian operator for all 8, we get

that, P-a.s.: for all 6 € ©, there exists r > 0 such that O WW)(@) belongs to the set B = r By,

with B defined as in Proposition 5.11. Since B is compact by Proposition 5.11, we can apply
Theorem 5.9 with L = R := W and we obtain (5.43), which concludes the proof. O
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5.4 Proof of Theorem 1.1

Hereafter we prove (1.4) by relying on Theorem 4.3. Of course the uniform convergence in 6
does not matter in this case and it could be proven by relying directly on Proposition 5.11, by

mimicking the argument used in the proof of Theorem 4.3 to show that (fn(h)) remains
neN

in a compact subset of S1(#o), P-a.s. (since the convergence of T, (h) to T'(h) = Cov (X4, Xo)
in weak operator topology is obvious under the assumptions of Theorem 1.1).

Proof of Theorem 1.1. Let h be a given lag in Z. The claimed result follows from The-
orem 4.3 with L(#,\) = ¢'"*Id3,, and R(#,\) = Idy,, with 6 being an arbitrary point and
O the corresponding singleton. Indeed, with these definitions, the convergence (1.4) can be
rewritten as (5.31). Thus, we only to show that (X:):ez and the above defined L and R
satisfy the assumptions of Theorem 4.3. Obviously (A-1) and (A-2) are satisfied. As for
Conditions (i) and (ii), they follow from (A-1) and (A-2) by Lemma 5.7, for well chosen s
and (¢x),cy- Now, defining Ls and Rs as in Theorem 4.3 with L and R as above, we get
Ls(6,)) = e””‘Id;.Lg and Rs(0,\) = Idyg, and L, R, Ls and R, obviously satisfy the assump-
tions of the theorem (including Condition (iii)). Hence Theorem 4.3 applies and the proof is
finished. O

5.5 Proofs of Section 4.2

5.5.1 Preliminary results

Lemma 5.12. Let Ho be a separable Hilbert space and p,q be two non-negative integers. Let
D € Ly(Ho), B € P}(Ho) and § € P}(Ho). Define @}, 1, : C\ [1,00) — Ly(Ho) by (4.11).
Then, 671 : z— [B(2)] ", §7 ' : 2z = [§(2)] " and @é’@’D are all holomorphic functions on the
open unit disk D onto Ly(Ho). Moreover 071 and §~' are continuous on the closed unit disk
D and <I>£7@’D is continuous over D\ {1}.

Proof. By holomorphic in Lemma 5.12 we mean the same as in [13, Definition 1.1.1]. Since
$ and 6 are polynomials they are holomorphic in C. Because we assumed that they belong
to 732; (Ho), we further have that they are valued in the space of invertible operators on D
and so the inverted polynomials z ~ [B(z)] ' and z ~— [§(2)]”" are holomorphic on D and
continuous on D. Since the principal logarithmic function is holomorphic on C \ [1, 00), so is
2z (1 — 2)P. The result follows.

Lemma 5.13. Let Ho be a separable Hilbert space and p,q be two non-negative integers. Let
D € N(Ho) 6 € Pi(Ho) and § € Pp(Ho). Define @, p, : C\ [1,00) — Lo(Ho) by (4.11).
Let moreover X € Sri1, (R, F,P) and denote by gx its spectral operator density with respect
to a non-negative measure p on (T,B(T)). We assume that p has no mass at the origin,
1 ({0}) =0. Then, we have

/3
[ s [ 0ax o) (@) < oo (5.46)
/3 0<p<1 1
in the two following cases:
. —D . —D
if U(p,\) = (1 - pe_"\) - (1 - e‘“) . (5.47)
. . . —D
orif W(p,A) = (®lyp (pe™) = @fyp (7)) (1-e7) . (5.48)

Proof. We first consider W(p, \) as in (5.47). In this case, for all 0 < p <1 and A # 0,

2 A\ -D 2
|96 0gx e .0 = w003 (ax )2 <4 sup || (1= pe™) T (ox ()
<p< 2
Thus, the bound (5.46) is implied by
m/3 .\ —D 2
[ s (1) )| @) < oo, (5.49)
—7/3 0<p<1 2
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Since D is assumed to be normal, we can proceed as in the proof of Theorem 3.3 and use its
singular value function d on Go := L?(V, V, ¢) and decomposition operator U so that (5.49) is
implied by

/ sup
V2x (=7 /3,7/3) 0<p<1

where % denote the T-joint kernel function of h such that h(M\)[AN)]" =
Ugx(\)U"  for p-a.e. A € T . Now, by Lemma A.2, using that d is bounded over V, the
previous condition holds if

2

(1-pe) ™ A@a'i3)| Eldv)e(@n () < oo,

/ IAT2EEOD 7 (0,07 0| E(dw)E(do ) u(dA) < oo . (5.50)
V2x(—m/3,7/3)

On the other hand, we assumed that X € Sr1,, (2, F,P), which, by Theorem 3.3 is equivalent
to have (3.7), which implies (5.50) (since p({0}) = 0). We thus proved (5.46) for ¥(p, \) as
in (5.47).

We now consider U(p, A) as in (5.48). By (4.11), for all A € T\ {0} and 0 < p < 1, the
difference <I>;;74}7D (pe_“) - Qé’@’D (e_i’\) can be written as

[Be™)] 7 8™ (1= )P~ [ae™™)] T dloe) (1= pe

By Lemma 5.12, 6~! and § are continuous on I, hence have bounded operator norms over D.
Thus, to get (5.46), it is thus sufficient to show that

/3
/ sup
—7/3 0<p<1

where  W(p, \) := (1 - pefv‘)D (1 - efiA)_D . (5.52)

(o, \gx (N T(p V)| u(d) < o0, (5.51)

Since D is assumed to be normal, we can proceed as in the proof of Theorem 3.3 and use its
singular value function d on Go := L?(V, V, ¢) and decomposition operator U so that (5.51) is

implied by
i d(v)
lfpe i ,
(ﬁ) 7(v, 075 A)

2

/ su E(dv)é(dv)p(dN) < oo . (5.53)
V2x(—m/3,m/3) 0<p<1

Now, by Lemma A.1 and Lemma A.2, we have for all z € C and X\ € [-7/3,7/3] \ {0},

— pemM\ ? R_(2) S
(1 & )’é(%msﬁ)) (m/2)" 72 A7) TS

sup

0<p<1 |\ 1—e

Plugging this bound in (5.53) and using that d is bounded on V, we get that (5.53) is again
implied by (5.50). Hence we proved (5.46) in the case given by (5.48). a

In the following, for any positive integer p, we endow the set of polynomials of degree less
than of equal to p (or any of its subsets P,(Ho), P} (Ho) or Pj(Ho)) with the max of the
||| ,-norms of its Ly(Ho) coefficients. For instance if §i(z) := SF_, Ax2z" we denote

0] = max {[|Ax]|. : k=1,...,p} .

It is straightforward to show that the convergence of a P, (Ho)-valued sequence in the obtained
Banach space is equivalent to the uniform convergence of this sequence in C (U, £y(Ho)). In
particular the continuity of (6, ) — §s (e™**) and (6,\) — 09 (e7**) on © x T onto Ly(Ho)
assumed in (A-3) imply the convergence of 8 — ¢ and 6 — By on © onto Pp(Ho).

We have the following lemma.
Lemma 5.14. Let Ho be a separable Hilbert space and p,q be two non-negative integers. Let
@éﬁ’D be defined by (4.11). Then, for all (8,$, D) € PJ(Ho) x Pp(Ho) x Ly(Ho) and all k € N,

1 ke
P! (8,4, D) := 5 Ofyp(2) 2 da (5.54)
1T Jzec,|z1=p

is well defined as Ly(Ho)-valued Bochner integral for any p € (0,1) and does not depend on
p. Moreover, the following assertions hold.
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(i) For all (8,9, D) € Pi(Ho) x Pp(Ho) x Ls(Ho) and z € D,

6,$,D (Z) = ZPL ((97 4]’7 D) Zk . (555)
k=1

(#) For any k > 1, (6,9, D) — PL (6,8, D) is continuous on PI(Ho) x Pp(Ho) x Ls(Ho)-

(iii) For all (8,4, D) € Pi(Ho) x Pp(Ho) x NT(Ho) and z € D\ {1},

ol

Lep (2)=>_PL(6,§,D) 2" . (5.56)

hgE

=
Il
i

(iv) For any compact subset K C PJ(Ho) x Pp(Ho) x ({0} UNT(Ho)), we have

oo

sup HPL (6, 9, D)H < o0 (5.57)
= 04.D)EK o0

Proof. Recall that @éﬁ’D is defined for all (8, §, D) € PJ(Ho) x Pp(Ho) x Ls(Ho) by (4.11) as a
holomorphic function defined on C\[1, co) onto the Banach space £,(Ho). Using Lemma 5.12,
and [13, Theorem 1.8.5], we can expand (I’Ja,@,D as a power series on the open unit disk D, that
is (5.55) holds with P} (8, ¢, D) (well) defined by (5.54) for any p € (0,1). Note that the sum
in the right-hand side of (5.55) starts at k = 1 because P} (8,§, D) = 0 since, by the Cauchy
Formula (see [13, Theorem 1.5.1]), we have P{ (8,§, D) = éé’@’D(OL which is the null operator
following (4.11) and §(0) = §(0) = 17 = Idy,.

Assertion (ii) follows from (5.54) by dominated convergence, since (z,0,§, D) — @éﬁ’D (2)
is continuous on D x PJ(Ho) x Pp(Ho) x Ly(Ho) by (4.11) and Lemma 5.12.

Let us now prove Assertions (iii) and (iv). In fact, Assertions (ii) and (iv) imply that
the right-hand side of (5.56) is continuous on D. Since, by Lemma 5.12, the left-hand side is
continuous on D\ {1}, with Assertion (i), we conclude that we get both Assertions (iii) and (iv)
by proving the bound (5.57). Let K be a compact subset of P} (Ho) x Pp(Ho) x {0} or of
PI(Ho) x Pp(Ho) x NT(Ho). Then, there exists r > 1 such that for all (6, ¢, D) € K, 6 does not
vanish over the open disk of radius 7. It follows that for all (8,$, D) € K, z — [8(2)] " §(z) is
a power series with a radius of convergence at least equal to r and that, for any p1 € (ril, 1),
there exists ¢1 > 0 such that, for all (6,§, D) € K and z € rD,

[6(2)] " §(2) = Tda, + ZC’“ 25 with ||Crll < e1pf (5.58)

k=1

If K C Pi(Ho) x Pp(Ho) x {0}, we have Pf. (8,§, D) = —C}, and (5.57) follows.

We now consider the case where K C P} (Ho)xPp(Ho) xNT(Ho). Let o be an upper bound
of | D], and p a lower bound of the smallest eigenvalue of (D + D")/2 over (6,4, D) € K.
Then, we have ¢ > 0 by definition of N'T(#) in (4.13) and since K is compact. Then, setting
N = D+1Idy,, Condition (5.14) holds with ¢ = p+1 > 1. and ¢ = o+1. Thus, by Lemma 5.2,
we have, for all z € D\ {1} and D € NT(H,),

oo

(1=2)" = (Qhk+1) 07+ pp) 2*,

k=0

where ||Q|., < C and ||Pi|| < Ck™>7” for some constant C' > 0 only depending on o.
Moreover, note that ||(k + 1)*1‘1”0*DH0o < (k4 1)7'77. By (4.11) and setting Co = Idsy,,
we obtain, for all z € D\ {1},

el £
Pop @) =-2 <Z Coor (QUR+1) M0 ¢ p;;)) o
2



and the previous bounds further yield

sup HPL((BAL H <2016’Zp (k+1)"
(6,4, D)eK

Therefore, we obtain (5.57). a
Finally, the following lemma will be useful.

Lemma 5.15. Let Ho be a separable Hilbert space and X = (Xt),., be an ergodic stationary

process defined on (Q, F,P) valued in Ho such that E [HXH?_[O} < 00. Then we have

2
=0.
Ho

. 1
lim E HE;X,C—IE X

Proof. The assumptions imply that X is weakly stationary. Moreover, the space of shift-
invariant elements in H> (where the shift is defined by X¢ — X;_1) is the null set, otherwise X
would not be ergodic : take V shift-invariant in the sense of %X, then, for all z € Ho, (V, x)HO

is shift-invariant in the PX-a.s. sense. See also Lemma A.5 for a more precise statement in the
centered case (which can be assumed here without loss of generality). Therefore, the result
simply follows from the von Neumann ergodic theorem (see [27, Theorem II.11]). O
5.5.2 Proof of main results

Proof of Theorem 4.4. By Definition 3.2, denoting by ¥ the covarariance operator of Z,
Y admits the spectral density

fr(A) = (1 - eiiA)_D [‘ﬂ’(eiu)]il@(eiu)z <(1 — efv‘)_D [§(e *l)\)] 1@( 1>\))H

with respect to the normalized Lebesgue measure Leby. Let t € Z. We first show that the
right-hand side of (4.12) is well defined, that is, that X —s '** ®{ 6.0.D b (€7*) belongs to H" .
Since this mapping is continuous on T\ {O} onto Ly(Ho), by Proposition 2.1, this is equivalent

to have H
/‘ @é,@,D (e*iA) fy()\)@};’@’D (e—ix)

By definition of fy, we thus have to show that

[t () (=) e oz

2

Lebr(dA) < oo

1

Lebr(dX) < oo . (5.59)
By definition of (I)t];,q},D in (4.11), we have, for all A € T \ {0},

(Id’Ho _ (I)QE,@,D (efu)) (1 _ efu)—D [Ble ™)) 10 ™) = Idy, .

We thus get that, for all A € T\ {0}, (D‘J';’@,D (efiA) (1- e*“)_D [B(e= )]~ 18(e"M)=V/2 can
be expressed as

(1 _ e—i/\)_D e 16(e)zY? — 2V

2
Thus, since HZI/Q .= IX|l, < oo, Condition (5.59) is implied by

2
Lebr(dA) < oo

2

/ H ﬂA [@(efu)]ﬂ@(e*“)glm

On the other hand, the square Sz-norm inside the previous integral is equal to || fy||, which
is Lebr-integrable as a spectral density. We thus get that the right-hand side of (4.12) is well
defined and, in the following, we denote

¥, :/ M len (e77) Yian).

It only remains to show the two following assertions.
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(i) We have Y; € H{_;.
(i) We have Y; — Y L H}_ ;.

Let us first prove Assertion (i). By Assertion (i) in Lemma 5.14, we immediately have that,
for all p € (0,1),

A /ep‘t @g’@’D (pefu) Y(dA) € Hi_y .
To conclude Assertion (i), it is thus sufficient to show that
lim V) =Y, in M(Q,F,Ho,P). (5.60)
By the Kolmogorov Gramian isometric theorem (see [11, Theorem 4.3]), setting
U(p,A) := (bdg,eﬂv,D (Pe_u) - ‘I’cg,@,D (e_u) )

we can write, for any n € (0,7) and p € (0,1),

B[ =5[] | = [ et nm 0900 Lebeiar

Ho

<([imhavens) s e

AET\[=m,7]
n
+/ sup
—n 0<p<1

By Lemma 5.12 the first term of this bound tends to zero as p 1 1 for all n € (0,7). It thus
only remain to check that the second term can be made arbitrarily small as n | 0, which
follows if there exists n > 0 such that

n
sup
—n 0<p<1

By definition of fy, setting X as the ARMA(p, q) process defined by

(o, M) fr (V¥ (p,A)|| Lebr(dr) -

T(p, \) fy (AT (p, )\)Hl Lebr(d)) < 00 .

X(dN) = [ple”™M)] 7 B(e™ ) Z(dN) (5.61)

denoting by fx the density of X with respect to Lebr, the previous condition is equivalent to

n
/ sup
—n 0<p<1
- .\ —D i ) N\ —
where U(p,A) := ¥(p, \) (1 - ef'A) = (Q(E’@’D (peﬂk) — <I>£7@’D (eﬂ)‘)) (1 — eﬂA)
Since X € Sr1, (2, F,P) by definition of Y, Lemma 5.13 gives us that the latter condition

holds, which concludes the proof of (5.60) and thus of Assertion (i).
We now prove Assertion (ii). By definition of Y7, (4.11) and (3.4), we have

A /ei’\t (Id% — L0 (e‘“)) V(N

_ /ei)\t |:(B(e—i>\)]_1 (ﬂ)(efi)\) (1- e—iA)D }A’(d)\)

(o, M) fx V)T (p, )| Lebr(dn) < oo,

= /eiM Z(d\) = Z; .

Since Z is a white noise we have Z; LHZ ;. To prove Assertion (ii), it thus only remains to
show that HY is included in HZ for all s € Z. Since we assumed § € 'P; (Ho), we have that !
is holomorphic in an open domain that includes D and thus can be written as a power series
on the unit circle. It follows that the ARMA process X defined by (5.61) satisfies He C HZ
for all s € Z. To conclude, we now prove that HY C HZX for all s € Z. Observe that, for all

seZ,
Ys = /ei’\s (1 - e_i’\)_D X(d)\) .
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Using that z — (1 — z)fD is holomorphic on C\ [1,00), it can be expanded as a power series
on D and it follows that, for all s € Z and p € (0,1),

. . —-D
Y = /e“s (1 fpeﬂ)‘) X(d)) € HY .

Using the same trick as for the proof of Assertion (i), we write, for any n € (0,7) and p € (0, 1),

E “ Y, — YS(p)Hio] < (/ ||fx||1dLebqr) /\61‘8\1[137 ; (1 _ pe—i/\)_D 3 (1 B e_i,\)—D 2
[ s [ N0 )| Lebr(@y)
—n 0<p<1 1

N\ =D N -
where, here, W(p,\) := (1 - pe_"\) - (1 - e_lA)

D

By continuity of z +— (1 — 2)~" on C\ [1, 00), the first term in the upper bound tends to zero
for all i, while the second bound can be made arbitrarily small as n | 0 as a consequence of
Lemma 5.13. We thus get the claim ) C HZ and the proof is concluded. |

Proof of Proposition 4.5. All the assertions follow straightforwardly from Lemma 5.14
and other previous results. Observe indeed that (4.14) immediately follows from the fact that
FH(6,)) = Idy, — q)TDe,d}e,Ge (e™™). As for the other claimed facts, here are some details.

Moreover, the continuity of (D,§,8) — Pi (8,9, D) (and thus with (A-3), that of 6 —
PL (6), and the bound (5.57) gives us that 6 — Y;(6) is continuous on © onto #)_;, hence
the expectation in the right-hand side of (4.16) is continuous in 6, which shows that the inf
is attained on a compact subset of ©.

When the best predictor f/t* is well defined for one ¢t € Z, by weak stationarity of Y it
must be well defined for all ¢. Then, for all ¢ € Z and all § € O3, we have Y;* = Y;(6), P-a.s..
Of course, since since Z is countable, we can exchange the P-a.s. with the “for all t € Z”.
We can also exchange the P-a.s. with the “for all § € ©3” as claimed in assertion (vi) of the
proposition because the arguments above also give that, P-a.s., § — )A’t(H) is continuous on
© onto Ho, and consequently, is uniquely defined by its value on a dense countable subset of
(the compact set) O3

Finally, in the well-specified case, we apply Theorem 4.4 and notice that, by Asser-
tion (5.56) of Lemma 5.14, Y;() is the right-hand side of (4.12) with (8,§, D) replaced by
(Do, §o,00), which gives (4.19) and, consequently, (4.18). O

Proof of Theorem 4.6. By Lemma 5.14, we have that FT € C(© x T, Ly(Ho)) with FT
defined in (4.14). Similarly, using Assertion (iii) in Theorem 4.6, we also have Fi € C(© x
T, Ly (H3)), with FI(0,)) := FT (0, \)|ng- Hence Assertions (i), (ii) and (iii) of Theorem 4.3
hold with L = R = F'. Applying this theorem, with the fact that the trace is continuous on
S1(Ho), we obtain that, P-a.s.,

lim A, =Tr (Q(FT’FT)) uniformly in C (©,R).

n—o0 VX
2
Ho

lim sup A, (6,,) < lim sup gng An(0) =E* (Y,R) .
€

n—oo n—oo

Now, observe that by (4.14) and (4.15), for all § € ©,

Tr (QQF”(e)) —E [HYO ~ Yo(0)

Therefore, with (4.20) and (4.16), we can write that, P-a.s.,

Thus, P-a.s., all accumulation points 6 of the ©-valued sequence (én)n21 satisty

3 -

} <E?(Y,R) , which implies 6 € 0} .
Ho

Since © is compact, we obtain (4.25).
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We now prove (4.26). Let us define, for all 0 € ©,

Yo — <i Pl () Y_k>

By (4.24) and Minkowski’s inequality, we have, for all (m,0) € Ho x © and n > 1,

(Idao Syr (e)) (E [Xo] — m)

2

Ey o (0) = E (5.62)

Ho

[Ev.00 (0) — Ex,n (m,0)] < [Ev,c0 (0) — Ev,n (0,0)] +

Ho

We further have, for all m € Ho and n > 1,

. 9 1/2
sup |[Ey,eo (0) — Ey,n (0,0)] < sup | E Z P!
) 0€0 st o
0

: <k§—1§gg HPL (H)ch;) (IE [HYOHiLU])l/Q 7

which, by Lemma 5.14, converges to zero as n — co.
On the other hand, we have, for all m € Ho,

<Id4,¢0 - iPL (0)) (E [Xo] — m) <1 + Zsup pr H ) (E [Xo] —m) ,

— 0€0
which, by Lemma 5.14 again, converges to zero as m — E [X]. Consequently, (4.26) follows
if we can show that

sup
C)

lim B} (0,) = E*(Y,R) P-as. (5.63)
n— 00
L
nh—{lgo -~ kg_l X =E[Xo] P-as. (5.64)

Lemma 5.8 gives us (5.64). We now prove (5.63). Observe that, by (5.62) and by continuity
of 0 — 3, PL (0) (see Lemma 5.14), we have that 6 — E3. () is continuous on © onto R.
Now, since © is compact, we have that, P-a.s., ({»), -, is a bounded sequence in R, where we

set, for all n > 1, £, := E%/’Oo(ﬁn)A We now show that, P-a.s., all accumulation points of this
sequence is in fact equal to the right-hand side of (5.63). This follows from the fact that, by
compactness of O, from any increasing sequence (n;);en of positive integers, we can extract
a subsequence (n});en such that én; converges. Furthermore, by (4.25), P-a.s., the limit of
this sequence must belong to ©3.. With the continuity of 6 — IE?OO(G) previously established,
we conclude that, P-a.s., all accumulation points of (£,), -, is of the form E3 () for some
0 € ©%, hence is equal to E? (Y, R) by (4.16) and definition of ©} in (4.17).

Let us show the last assertion of the theorem. To this end, we suppose that f’ﬁ is well
defined and show that (4.27) holds. We first observe that, since X , = Y./,

R n R 1 n
X1 = Xt = Yops — ZP (0n) Yosr-n - <IdHO—ZPL (m)) <E Zn) :
k=1 k=1

Therefore, to obtain (4.27), we only need to show that

2
limsup E ‘ 1 — ZPT( ) ntl—k < E? (Y,N) | (5.65)
n— o0
H
n 1 n ' 2
lim E ||| (1dg, = P! (6, Ny, =0. (5.66)
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Let us start with (5.66). By Lemma 5.14, we have

sup sup
neNoeo

w, ~ > PL0)
k=1

<1+ su HPTQH < 00 .
_ ;eeg k (0) -
Then, we get (5.66) by applying Lemma 5.15.

We now prove (5.65). For all n > 1, the squared norm in the left-hand side’s expectation
of (5.65) can be written as

n n 2
Jnf |[Vars = S"PLO) Ysrowe + Y (PL () — Pl (én)) Yos1ok
€Oy k=1 k=1 Ho
We thus have, for all n > 1,
n 2
E ‘ Yor1 - > P} (én) Vos1—i <E[(An+ Bn)? , (5.67)
k=1 Ho
where we set
An = inf (P; (0) — P} (an)) Yok
0€03 || "
By := sup ||[Yn+1 — ZPL (60) Yoti—k
0co3 =1 o
We are going to show, successively that
lim E[A2] =0, (5.68)
n— o0
lim E [B)] =E*(Y,N) . (5.69)

n— o0

These two facts with (5.67) indeed imply (5.65). First observe that Lemma 5.14 straightfor-
wardly yields

2

PL(0) Y1k
k=n+1

lim E {sup

n—oo 0O

=0. (5.70)

Ho

Thus, to have (5.68) and (5.69), and by stationarity of Y, we can use

Al = inf Pl ()Pl (6,)) Y_
a3 OMCGICES AR IR
B = sup ||y *ZPL (0) Yy ;
0co3 ] o
and prove instead
. 27

lim E[A7] =0, (5.71)
E [B?] =E*(Y,N) . (5.72)

To get Relation (5.72), we observe that, with the assumption that the best R-predictor is
well defined, Assertion (vi) in Proposition 4.5 and (4.15) give that, P-a.s., for all § € 65,

Yo(0) = X°° Pl (6) Y_i = Vi. Hence, P-as., B' = HYO - YOH We thus have (5.72).
We conclude with the proof of (5.71). Note that

A, <2 sup
6co3

> PLO) Yok
k=1

Ho
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Note that the L?-norm of this upper bound satisfies

5 1/2
o [e%S) ; 9 1/2
sup E < E sup Pk(G)H (E [HYOHHOD )
veoy ||z o —ocoy oo

which is finite by Lemma 5.14. Thus, we can apply the dominated convergence theorem,
and (5.71) follows from
lim A, =0 P-as.,

n—oo
which we now prove by contradiction. Suppose that, with positive probability, we can find
n > 0 and an increasing sequence (n;),en of integers such that A;j > n for all j. Then,
by (4.25) and since © is compact, with positive _probability, there also exists a subsequence
(nJ)]EN integers such that A7, > n for all j and 9 » converges to some 0 € O3 as j — co. By

Lemma 5.14, this latter fact 1rnphes that, for this 0

i (PL ) — Pl (énj)) Yoi
k=1

But since § € O3, this contradicts the assumption that yielded A/ >mn > 0 for all j. This
finishes the proof. |

=0.
Ho

lim
Jj—oo

A Technical lemmas

We start with two lemmas on complex analysis.

Lemma A.1. For all z € C and X € [—m, 7]\ {0}, we have

(2/ﬂ_)2§R+(z) |)\|2§R(z) —7|S(2)] < ‘( —i/\)z < (71_/2)28? (2) |>\|28?(z) | (z)\ (Al)

where R(z) = (z+ 2)/2, R4 (z) = max(R(2),0) and R_(z) = max(—R(z),0).
Proof. Let z € C and X € (—m, 7]\ {0}. By definition of the principal logarithm, we have

forall y € C\R_, [|y°|*> = |exp (zIn(y))]* = |y|2%(z) e 230W) (A.2)

where b(y) denotes the argument in the polar form of y in ( 5 2) It follows that e~ ™IS <
280 < oIS Applying (A.2) with y = 1 — e, using that JTF—L < |2sin(N/2)]
|1— e_iA‘ < |A| for all A € (—m,m) and separating the cases where R(z) > 0 and where
R(z) < 0, we get (A.1). |

Lemma A.2. Forall z € C and X € [-7/3,7/3] \ {0}, we have

. 2 2R _(z) -
—1/\)z < (271'/(3\/3)) |>\|—23?,(z) eﬂ\r(z)\ , (AB)

sup
0<p<1

(1—pe

where R(z) = (z + 2)/2, R4 (z) = max(R(z),0) and R_(z) = max(—R(z),0).
Proof. Applying (A.2) with with y = 1 — pe™™* and using that b(y) € (—%, %), we get that

SOE 2 _ia|2R(=) oTIS@N

< sup
0<p<1

sup |(1—pe 1—pe

0<p<1

Let now z € C and A € [—7/3,7/3] \ {0}. It is straightforward to show that, in this case,

sin®(\) = inf

0<p<1

o2 g2
(1fpe71A)’ < sup ’(1fpeﬂ>‘)‘ =1.
0<p<1

Separating the cases where $(z) > 0 and where R(z) < 0, and, in the latter case, using that
[sin(A)| > 3v/3 || /(2n) for |A| < 7/3, we easily get (A.3). a

The next two lemmas involve Banach-space-valued and non-negative series.
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Lemma A.3. Let E be a Banach space and (an)nen € E" such that ||an||; — 0 and the
n— o0

series Y. ||an — an+1||y converges. Then for all zo € D\ {1}, the series > 00, anz§ converges
in E and the mapping z — Y ooy anz"™ is uniformly continuous on [0, zo].

Proof. By assumption on (an), > anz" is a power series valued in E with a convergence
radius at least equal to 1, and hence is uniformly continuous on any compact subset of D.
When |zo| = 1, the result follows using Abel’s transform. |

Lemma A.4. Let (uk)kEN be a non-negative non-increasing sequence such that ZkeN ur <
0o. Then there exists a non-decreasing sequence (vg) going to oo as k — oo such that

ZkEN URVE < 00.

Proof. Let ko = 0, and for all n > 1, define by induction

keN?

oo
kn =ming j > kp_1 : Zuk <47"
k=j

Then (k) is an increasing sequence of integers going to oo as n — oo. Define, for all n > 1,
and for all kn—1 < k < kn, vp = 2". Then (vr)ren is a non-decreasing sequence going to oo
and we have, by definition of (vy), using that (uy) is non-negative and then, by definition of

(kn),

oo oo oo (oo}
Sun=Sr (8 w) s 3 w)eisen.
kEN n=0 Kp—1<k<kn n=0 k=kp_1 n=0
The proof is concluded. O

We end this section with the following lemma which relates the ergodicity of a stationary
process valued in Ho with finite second moment to the behavior of its spectral measure at the
origin.

Lemma A.5. Let Ho-valued be a separable Hilbert space and X := (X¢)iez be a centered
Ho-valued weakly stationary process. Denote by UX the shift operator defined on the modular
time domain HX by UX X Xi+1 and let vx be the spectral operator measure of X. Then
the two following assertions are equivalent and they hold if X is an ergodic stationary process.

(i) For allY € H™, we have UXY =Y if and only if Y = 0.
(i) We have vx ({0}) = 0.

Proof. By the Kolmogorov isomorphism theorem (see [11, Theorem 4.3]), we can represent
anyY e HX as Y = J®dX with @ € HX, Assertion (i) is thus equivalent to saying that for

75 ix|2 2 . . 2
all ® € 71X, we have [ |1 — e H@f}f dllvxll, = 0 if and only if [, H@f}f dllvxll, =
0, where fx = d||duV—XX||1' Since || fx||; = 1 ||vx]|;-a.e., vx({0}) # 0 is equivalent to have

llvx||,({0}) > 0 and we clearly obtain that Assertions (i) and (ii) are equivalent.

Suppose now that X is an ergodic stationary process and let us show that Assertion (i)
holds. The ergodicity of X means that (H3, B(Ho)®%,PX T) is an ergodic measure preserving
dynamical system, where P¥ is the distribution of X = (X¢)tez defined on the canonical space
(H5, B(Ho)®”) and T is the shift operator on H5 defined by (x¢)iez = (Ti41)tez. Now take
Y € HX. Setting Q = H% and F = B(H0)®%, Y can be seen as the equivalence class in
L? (Q, F, Ho, IP’X) of a measurable function h : 2 — Ho. Then hoT belongs to the equivalence
class UXY. To prove Assertion (i), let us suppose that Y = UXY (as elements of #*) and
show that Y = 0 (since the reverse implication is obvious). From what precedes, Y = UXy
implies hoT = h, PX-a.s. Since (”H%, B(Ho)®z, PX, T) is ergodic, this implies that h is constant,
PX-a.s., which in turn implies Y = 0, since all elements in %~ have mean zero. The proof is
concluded. O
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B L%V, V,¢)-valued weakly stationary time series

Within this appendix, we set Ho = L*(V, V, £) for a o-finite measured space (V, V, £) and we
assume that the Hilbert space Ho is separable with dimension N € {1,2,...,00}. This will
allow us to use a Hilbert basis (¢i)o<i<n of Ho.

We first show that we can always find a version of an Ho-valued random variable which is
jointly measurable on V x .

Proposition B.1. Let (V,V,€) be a o-finite measured space. Assume that Ho = L*(V,V, )

is separable and let Y be an Ho-valued random variable defined on (Q, F,P). Then'Y admits
a version (v,w) — Y (v,w) jointly measurable on (V x Q,V ® F).

Proof. Let us define for all 0 < n < N, w € Q, v € V and ¢ > 0, S}:(v,w) =
S0 (Y(w), k) ¢r(v) and NY (w) := inf{n <N : HSZ(-7UJ) 7Y(c,.))HiU < e}. Then it
is straightforward to show that, for all w € Q and € > 0, NY (w) is well defined in

N and that (N),(w))n is a non-decreasing sequence. We now defined ¥ on V x Q by
Y(v,w) = lim Shy () (v, w) if the limit exists in C and 0 otherwise. It follows that, for all
n— oo 2—n

w €, S}\/,;:n (W)(-7 w) converges to Y in Ho and S}\/,;:n (W)(uw) converges to Y (v,w) for &-a.e.

v €V asn — oo and that Y (-,w) = Y (w) (as elements of #o). The result follows since S). is
jointly measurable on V x Q for all n € N and NY is measurable on  for all € > 0. O

Hence, an Ho-valued random variable Y can always be assumed to be represented by a
V x Q@ — C-measurable function Y. If, moreover, Y & L?(Q, F,Ho,P), then, by Fubini’s
theorem, we can see Y as an element of L2(V x Q,V ® F,£ @ P), and we can write Y (v,w) =
> o<ken (Y (W), dr) ¢k (v), where the convergence holds in L*(VxQ, V&F, E&P). As expected,
in this case, the covariance operator Cov(Y) is an integral operator with kernel (v,v') ~
Cov (17(1/, ), Y (W, )) It is tempting to write that Var (17(1;, )) is equal to the kernel of
Cov(Y) on the diagonal {v =12 : (v,v") € V*}. However, because this diagonal set has null
£9%_measure, this “equality” is meaningless. In the following lemma we make this statement
rigorous by relying on a decomposition of the form Cov(Y) = K K" for some K € Sa(Ho). In
particular, this can be used to give a rigorous definition of ow in Theorem 3.4 or (3.11).
Lemma B.2. Let (V,V,€) be a o-finite measured space. Assume that Ho = L*(V,V,€) is
separable and let Y be an Ho-valued random variable defined on (2, F,PP). Let K € S2(Ho)
and denote by K its kernel in L*(V? V%2 ¢92). Suppose that Cov(Y) = KK". Then, we
have, for £-a.e. v €V,

{7 | = [ 1l s = 1., (B.1)

where Y is a version of Y in L*(V x Q,V ® F,£ @ P).

Proof. As explained before the lemma, we have that VY, : (v,w) —

2o<ken (Y (W), Pk)yy, dr(v) converges to Y as n — N in LAV x Q,V ® F,& @ P).
Let us define, for all v,v" € Vand 0 <n < N, Hpn(v,0") = 3 cpop (F (5 0), Gk)gy, Dr(v).
Then, using that & € L*(V?, V%% ¢%?) it is easy to show that %, converges to J
in L2(V2,V®? ¢¥2) as n — N. By the Cauchy-Schwartz inequality, the mappings

(g,h) » [v—E [g(v, Y h(v, )}] and (g, h) — [v — (g(v,+), h(v, "))y, ] sesquilinear continuous
from L*(V x Q,V ® F,£ @ P) to L'(V,V,¢) and from L*(VZ V%% ¢9%) to L'(V,V,¢),

- 2
respectively. This, with the two previous convergence results, shows that v — E [ Ya (v, )‘ }

. 2
and v — H%n(v,)H?_LO both converge in L*(V,V,¢), to E [‘Y(v, )‘ } and ||Z (v, )H?_L07

respectively, that is to the left-hand side and right-hand side of (B.1). Hence, to conclude,
v

| = 1001

. 2 _
Vv, } = E [Socjncn (Vi85 (90 V)og, 65 (0)00 )| =
> 0<jk<n @5 Cov(Y)pr ¢;(v)dr(v). Using the fact that Cov(Y) = KK" and Fubini’s

(B
Y,

we only have to show that, for all v € Vand 0 < n < N, E {

To this end, we write IE{
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theorem, we get ¢ Cov(Y)¢r = [ (F (3 0")s 0500 (F (50"), P) 3, €(dV”). Inserting this in
the previous equation and moving the double sum inside the integral with respect to £(dv”),
this double sum becomes a product of two conjugate sums. Namely, we get that

d

which concludes the proof. O

2

T | = [ 5 oy, 0] @) =101,

0<k<n
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