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average processes with long memory operators

Amaury Durand *f Francois Roueff*
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Abstract

Fractionally integrated autoregressive moving average processes have been widely and
successfully used to model univariate time series exhibiting long range dependence. Vector
and functional extensions of these processes have also been considered more recently. Here
we rely on a spectral domain approach to extend this class of models in the form of a general
Hilbert valued processes. In this framework, the usual univariate long memory parameter d is
replaced by a long memory operator D acting on the Hilbert space. Our approach is compared
to processes defined in the time domain that were previously introduced for modeling long

range dependence in the context of functional time series.
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1 Introduction

The study of weakly-stationary time series valued in a separable Hilbert space has been an
active field of research in the past decades. For example, ARMA processes have been discussed
in [3, 24, 16], a spectral theory is constructed in [20, 21, 25] and several estimation methods
have been studied in [11, 13, 12, 14, 17, 2, 18, 7]. However, the literature mainly focuses on
short-memory processes and the study of long-memory processes valued in a separable Hilbert
space is a more recent topic, see [23, 4, 5, 9, 19]. In particular, in [19, Section 4], the authors
propose a generalization of the fractionally integrated autoregressive moving average (often
shortened as ARFIMA but we prefer to use the abbreviation FIARMA for reasons that will
be made explicit in Remark 3.1) processes to the case of curve (or functional) time series.
In short, they consider the functional case in which the Hilbert space is an L? space of real
valued functions defined on some compact subset C of R, and they introduce the time series
(X¢)tez valued in this Hilbert space defined by

(1-B)*Xi(v) =Yi(v), teZveC, (1.1)

where —1/2 < d < 1/2, B is the backshift operator on R% and Y; is a functional ARMA
process. As pointed out in [19, Remark 9], taking the same d for all v € C in (1.1) is very
restrictive compared to other long memory processes recently introduced, for instance in [4, 5],
where they consider long-memory processes of the form

Xi()=> (1+k) e k(v), teZ, veV,
k=0

where (V,V, €) is a o-finite measured space and (e;)sez is a white noise valued in L*(V, V, £).
A formulation not restricted to an L? space was proposed in [9] where the author considers
long-memory processes of the form

[e')

Xe=> (1+k) New, tez, (1.2)

k=0

where (€¢)iez is a white noise valued in a separable Hilbert space Ho and N is a bounded
normal operator on Ho. This suggests to define FIARMA processes in (1.1) with d replaced
by a a function d(v), or in the case where it is valued in an arbitrary separable Hilbert space
Ho, by a bounded normal operator D acting on this space.

In this contribution, we fill this gap by providing a definition of FIARMA processes valued
in a separable Hilbert space Ho with a long memory operator D, taken as a bounded linear
operator on Ho. If D is normal, then we can rely on its singular value decomposition and find
necessary and sufficient conditions to ensure that the FIARMA process with long memory
operator D is well defined. This allows us to compare FIARMA processes with the processes
defined by (1.2) as in [9]. Our definition relies on linear filtering in the spectral domain. It
is a well known fact that linear filtering of (i.e. shift-invariant linear transforms on) real
valued time series in the time domain is equivalent to pointwise multiplication by a transfer
function in the frequency domain. This duality also applies to Hilbert valued time series using
a proper spectral representation for them. In this context pointwise multiplication becomes
pointwise application of an operator valued transfer function defined on the set of frequencies.
A complete account on this topic is provided in the survey paper [8]. We recall in Section 2 the
necessary definitions and facts needed for our purpose about operator theory, linear filtering
in the spectral domain and some specific tools for functional time series. The construction of
FIARMA processes is introduced and discussed in Section 3, where the case of a normal long
memory operator is detailed. Proofs are postponed to Section 4 for convenience.

2 Preliminaries and useful notation

2.1 Integration of functions valued in a Banach space

We introduce some notation for useful spaces of functions defined on a measurable space
(A, A) and valued in a separable Banach space (E,||-|| z). In this context a function is said



to be measurable if it is Borel-measurable, i.e. f~'(A) € A for all A € B(E), the Borel
o-field on E. We denote by F(A, A, E) the space of measurable functions from A to E. For
a non-negative measure p on (A, .A) and p € [1,00], we denote by LP(A, A, E, 1) the space
of functions f € F(A, A, E) such that [|f]|% du (or p-essup||f|| for p = oo) is finite and
by LP(A, A, E, u) its quotient space with respect to u-a.e. equality. When F = C, we simply
omit E in the notation of the £P and LP spaces. The corresponding norms are denoted by
Ilo(a,.4,5,,,)- For a simple function f € Span (Laz : A€ A, p(A) < oo, z € E) with range
{a1, -+ ,an}, the integral (often referred to as the Bochner integral) of the E-valued function
f with respect to u is defined by

[ fu=Ya (5 danh) € E. (2.1)
k=1
This integral is extended to L'(A, A, E, 1) by continuity (and thus also to L? if y is finite).

2.2 Banach space valued measure

An E-valued measure is a mapping u : A — F such that for any sequence (A, )nen € A" of
pairwise disjoint sets then p (U, oy An) = 3, cn #(An) where the series converges in E, that

p (U An> =D nlAn)

neN

=0.

lim
N—+oco

E
We denote by M(A, A, E) the set of E-valued measures. For such a measure u, the mapping

|l g + A — sup {Z (Al 5 = (As)ien € AV is a countable partition of A}
ieN

defines a non-negative measure on (A, A) called the variation measure of u. The notation

|lpe|| z will be adapted to the notation chosen for the norm in E. If 4 € M(A, A, E) has finite

variation, then for a simple function f : A — C with range {«a1,...,an}, the integral of f

with respect to p is defined by the same formula as in (2.1) (but this time the ay’s are scalar

and the u’s are E-valued). This definition is extended to L'(A, A, ||u| z) by continuity.

2.3 Operator theory

Let Ho and Go be two separable Hilbert spaces. The inner product and norm, e.g. associated to
Ho, are denoted by (-, '>Ho and HHHU Let L£4(Ho, Go) denote the set of all Ho — Go continuous
operators. We also denote by K(Ho,Go) the set of all compact operators in Ly(Ho,Go) and
for all p € [1,00), Sp(Ho,Go) the Schatten-p class. The space L,(Ho, Go) and the Schatten-p
classes are Banach spaces when respectively endowed with the norms

1/p

IPllzy 60y = sup_IIPallg, and [P, = > o

HI”HOSI oesing(P)

where sing(P) is the set of singular values of P. Following these definitions, we have, for all
1<p<yp
Sp(Ho,G0) C Spr(Ho, Go) C K(Ho,Go) C Ls(Ho, Go) - (2.2)
The space K(Ho, Go) is endowed with the operator norm and the three inclusions in (2.2) are
continuous embeddings. If Go = Ho, we omit the Go in the notations above.
An operator P € Ly(Ho), is said to be positive if for all z € Ho, (Pz,z),, > 0 and we
will use the notations £; (Ho), K1 (Ho), S;f (Ho) for positive, positive compact and positive
Schatten-p operators. If P € [,;r (Ho) then there exists a unique operator of [,: (Ho), denoted

2
by P2, which satisfies P = P1/2> . For any P € £y(Ho, Go) we denote its adjoint by P"

and for P € 81(Ho), we denote its trace by Tr(P). Schatten-1 and Schatten-2 operators are
usually referred to as trace-class and Hilbert-Schmidt operators respectively.

We conclude this section with the singular value decomposition of a bounded normal
operator (see [6, Theorem 9.4.6, Proposition 9.4.7]). Let N € L,(Ho) be a normal operator,



i.e. NN" = N"N, then, there exists a o-finite measure space (V,V,€), a unitary operator
U:Ho— L*(V,V,€) and n € L*(V, V, €), such that

UNU" = M, , (2.3)

where M, denotes the pointwise multiplicative operator on L? (V,V,€) associated to n, that is
M, : f — nx f. Wesay that N has singular value function n on L*(V, V, ¢) with decomposition
operator U.

2.4 Integration of functions valued in an operator space

Let Ho and Go be two separable Hilbert spaces and (A, A, 1) be a measured space. Then, since
all the operator spaces displayed in (2.2) are Banach spaces, the integration theory presented
in Section 2.1 applies. However, we introduce hereafter a weaker notion of measurability.
Definition 2.1 (Simple measurability). A function ® : A — Ly(Ho, Go) is said to be simply
measurable if for all z € Ho, A — ®(N)x is measurable as a Go-valued function. The set of
such functions is denoted by Fs (A, A, Ho, Go) or simply Fs (A, A, Ho) if Go = Ho.

Note that for a Banach space £ which is continuously embedded in Ly(Ho,Go) (e.g.
Sp(Ho,Go) for p > 1 or K(Ho,Go)), we have the inclusion F(A, A, &) C Fs (A, A, Ho, Go).
The reciprocal inclusion holds for & = K(Ho, Go) and for €& = Sp(Ho, Go) with p € {1,2} (see
[8, Lemma 2.1]). From this observation, we derive the following useful result.

Lemma 2.1. Let ® € L'(A, A, S (Ho), ) and define the function ®/% : X+ ®(\)/2. Then
B2 e L2(A, A, S2(Ho), ).

Proof. Simple measurability of ®/2 is given by [15, Lemma 3.4.2] and therefore, by [8,
Lemma 2.1], ®'/2 € F(A, A, S2(Ho)). The fact that ®'/2 € L*(A, A, S2(Ho), 1) then fol-

2
lows from the identity H<1>1/2(/\)H2 = ||2(\N)]|,- a

2.5 Useful normal Hilbert modules

In this section, we briefly recall the notion of normal Hilbert modules and give some useful
examples, see [8, Section 2.3] for details. In short, a normal Hilbert module is a Hilbert space
endowed with a module action and whose scalar product is inherited from a gramian. As
mentioned in [8, Example 2.1(3)] the space S2(Ho, Go) is a normal Hilbert £,(Go)-module with
module action being the composition of operators, FeP = FP, and gramian [P, Q]52(H0,go) =

PQ". In particular we have, for all P,Q € 82(Ho,Go) and F € Ly(Go), FP € S2(Ho,Go) and
PQH € S81(Go), and S2(Ho, Go) is a Hilbert space when endowed with the scalar product

H
(P, Q>S2(H0’g0) := Tr[P, Q]S2(H0’g0) =Tr(PQ") .

Given a measured space (A, A, u) where p is finite and non-negative, we can use the gramian
structure of Sa(Ho, Go) to endow the space L*(A, A, S2(Ho,Go), 1) with a gramian (see [8,
Example 2.1(5)]). Namely, L*(A, A, S2(Ho, Go), i) is a normal Hilbert £;(Go)-module with
module action defined for all P € £,(Go) and & € L*(A, A, S2(Ho,Go), i) by Ped : X —
P®()), and gramian defined for all ®, ¥ € L*(A, A, So(Ho, Go), i) by

H
(D, W] 2 (a, 4,85 (H0.G0) ) = /(I)\II dus.
In particular we have, for all ®, ¥ € L? (A, A, 82(Ho,Go), 1) and P € Ly(Go),
H H
P/‘N’ dpp =PIL, W12 (n 455000600 = [P L2 4,550,600 = /P‘N’ dp s
and L?*(A, A, S2(Ho, Go), 1) endowed with the scalar product
H
(@,9) 200 4.5, (100000 = TE®, U], = /Tr (o") au
is a Hilbert space, whose associated squared norm takes the form

111Z2.n 4,52 0.G0).0) = / Tr (0" dpu = / |oa"| an = / IBlly dp. (2.4)

We extend hereafter such module to the case where p is replaced by a positive operator valued
measure fi.



2.6 Positive Operator Valued Measures (p.o.v.m.)

The notion of Positive Operator Valued Measures is widely used in Quantum Mechanics and
a good study of such measures can be found in [1]. Here we provide useful definitions and
results for our purpose. See [8, Section 2.2] for details.

Definition 2.2 (Trace-class Positive Operator Valued Measures). Let (A,.A) be a measurable
space and Ho be a separable Hilbert space. A trace-class Positive Operator Valued Measure
(p.o.v.m.) on (A, A, Ho) is an S1(Ho)-valued measure (in the sense of Section 2.2) such that
for all A€ A, v(A) € S (Ho). In this cas, v has a finite variation measure denoted by ||v||,.

Trace class p.o.v.m.’s satisfy the Radon-Nikodym’s property which provides a simple rep-
resentation of the p.o.v.m. through the integral of an operator-valued density function with
respect to a finite non-negative measure. The following result, which corresponds to [8, The-
orem 2.4], applies for instance with x4 = ||v||,. It will be used repeatedly in this contribution.

Theorem 2.2. Let (A, A) be a measure space, Ho a separable Hilbert space and v a trace-class
p.o.v.m. on (A, A, Ho). Let p be a finite non-negative measure on (A, A). Then |v||, < p (i.e.
forall A € A, w(A) = 0= |v||,(A) = 0), if and only if there exists g € L* (A, A, S1(Ho), 1)
such that dv = gdu, i.e. for all A € A,

v(A) = /Agd,u. (2.5)

In this case, g is unique and is called the density of v with respect to u and denoted as g = 211_:"

The theorem above implies the existence of some operator-valued density function of a
trace-class p.o.v.m. v with respect to its total variation measure ||v||, thus allowing us to use
the results of Section 2.1 to define left and right integration of operator valued functions with

respect to (the operator valued) v.

Definition 2.3 (Left/right integration of operator valued functions with respect to a
p.o.vam.). Let Ho,Go be separable Hilbert spaces, (A, A) a measurable space, v a trace-class
p.o.v.m. on (A, A, Ho) with density f = d”dT"”l. Let ®,9 € Fs (A, A, Ho,Go), then the pair

(®, V) is said to be v-integrable if ® U™ € L1 (A, A, S1(Go), ||v||,) and in this case we define

/<I>dy\IJH = /<I>f\I/H d|lvl, € S1(Go) - (2.6)

If (®,®) is v-integrable we say that ® is square v-integrable and we denote by
LM, A, Ly(Ho, Go),v) the space of functions in Fs (A, A, Ho,Go) which are square v-
integrable.

Following Definition 2.3, the quotient space
L*(A, A, Ly(Ho, Go),v) := 32(1\7,4,&,(%0790)%)/{@ cof/2 =0 |\1/||1—a.e.} - (27)
is a normal pre-Hilbert £y(Go)-module endowed with the gramian

H
[¢)7‘IJ]L2(A,.A,C17('HU,QU),V) :/(I)dl/‘I/ .

We refer to [8, Definition 2.4 and Proposition 2.8] for details. Here we will principally use that
the trace of gramian defines a scalar product on the (pre-Hilbert) space L?(A, A, Ly(Ho, Go), V)
that will be denoted in the following by

(©,9)» Tr[®, U]

(AA, Ly (Ho,G0),v) “— L2(A,A,L(Ho,G0),v)

with associated norm

1/2
12llc2(a, 4,2, (30,60)) = (@7@LZ(A,A,Lb(Ho,go),u)) :

To check that some ® € F, (A, A, Ho, Go) is square v-integrable in the sense of Definition 2.3,
we can replace ||v||; by an arbitrary dominating measure p (often taken as Lebesgue’s measure,



as in [25]). Namely, by [8, Proposition 2.7], if u is a finite non-negative measure on (A, .A)

which dominates ||v||, and g = g_;]:’ then, for all ® € F, (A, A, Ho, Go), we have

S XQ(A7 -A7 Lb(H07 90)7 V) <~ (I)gq)H € ﬁl(A7 A7 Sl(g0)7 M) <~ q)gl/2 € £2(A7 A7 82(H07 g0)7 /1/) )
(2.8)

and, if ®, ¥ € Z?(A, A, Ly(Ho,Go),v), then (&, T) is v-integrable and

[, 20,4, (340,60)w) :/‘I’dV‘I’H :/%WH du:/(<1>g”2)(‘1191/2)H dp.  (29)

In other words, ® +— ®¢'? is gramian-isometric from the quotient space
L%(A, A, Ly(Ho, Go), v) defined in (2.7) to L*(A, A, S2(Ho, Go), 1t). By (2.4), the squared norm
of ® € L*(A, A, Ly(Ho,Go), v) can thus be computed as

2
) H 1/2
H‘I)HLZ(A,A,Lb(Ho,go),») :/H@g@ Hl du :/Hq)g /

dp . (2.10)

2

2.7 Linear filtering of Hilbert valued time series in the spectral
domain

In the following we denote by T the set R/27Z (which can be represented by an interval
such as [0,27) or [—m,m)). Let (Q,F,P) be a probability space and Ho a separable Hilbert
space. We recall that the expectation of X € L?(2, F, Ho, P) is the unique vector E [X] € Ho
satisfying

(E[X],z)s, =E [(X, x)HU] , forallzeHo.
We denote by M(Q, F,Ho,P) the space of all centered random variables in L?(Q, F, Ho, P).

The covariance operator between X,Y € L2*(Q, F,Ho,P) is the unique linear operator
Cov (X,Y) € Ly(Ho), satisfying

(Cov (X,Y) y,),, = Cov (<X, )y » (Y2 y)HO) , forall 2,y € Ho .

Let H = M(Q, F, Ho,P). Then H is a normal Hilbert £;(?o)-module for the action P e X =
PX, defined for all P € Ly(Ho) and X € H, and the gramian [X,Y],, = Cov (X,Y). See [8,
Section 2.3] for details.
A process X := (X¢)tez is said to be an Ho-valued, weakly-stationary process if
(i) For all t € Z, X; € L*(Q, F, Ho, P).
(ii) For all t € Z, E[X;] = E[Xo]. We say that X is centered if E [X] = 0.
(iii) For all t,h € Z, Cov (Xiyn, X¢) = Cov (Xn, Xo).
This corresponds to [8, Definition 1.3] in the case G = Z.
Let X = (Xt)tez € H” be a centered, weakly-stationary, Ho-valued time series. By

analogy to the univariate case, and taking into account the module structure of H, let us
define the modular time domain of X as the submodule of H generated by the X.’s, that is

HY = SpanH (PXy : PeLy(Ho), teZ) .
Similarly, given another separable Hilbert space Gy, we define
w0 = Spang (PX: : P € Ly(Ho,Go),t €Z)

which is a submodule of G := M(Q, F, Go, P).

As explained in [8, Section 3], a spectral representation for X amounts to define a random
countably additive gramian orthogonally scattered measure (c.a.g.0.s.) X on (T, B(T)) such
that

X, = /ei“ X(d)\) forall teZ. (2.11)

The intensity measure vx of X is a trace-class p-o.v.m. and is called the spectral operator
measure of X. It is the unique regular p.o.v.m. satisfying

Ix(h) = /e“hyx(dx) forall heZ. (2.12)



Moreover, for any separable Hilbert space Go, one can define a a normal Hilbert £;(Go)-module
HX90 of Hy — Go-operator valued functions defined on T, called the spectral domain, which
is gramian-isomorphic with the time domain H**9° through the mapping ® J® dX. The
gramian isomorphism between HX9 and HX9 reads

[@, U] x.00 = /<1>dy\IJH = Cov (/@df(,/xp df() . D, 0 e HN9

A time-shift invariant linear filter with Ho-valued input and Gp-valued output can be defined
through its transfer operator function, which is a Ho — Go—operator valued function ¢ defined
on T. Applying the filter to the input X € H% to produce the output Y € G% can then be
written as

Y= /ei% X\, tez. (2.13)

Note that ® is the spectral representant of Yo, which is well defined if and only if Yo € HX 90,
or, equivalently ® € HX G0,
In the following, we only consider the case where ® € F, (T, B(T), Ho, Go). For such a @,
we have
® e H% if and only if ® € .Z*(T, B(T), Ls(Ho,Go),vx) - (2.14)

For convenience, in the following, we write
X € So(Q,F,P) and Y = Fg(X) (or Y(dA) = ®(A\)X(dN)), (2.15)

for the assertions ® € .Z*(T, B(T), Ls(Ho,Go),vx) and Y = (Y)iez with Y; defined by (2.13).
In this case, the spectral operator measure of Y is related to the one of X by the following
lemma.

Lemma 2.3. Let Ho, Go be two separable Hilbert spaces and ® € Fs (T, B(T), Ho, Go). Assume
that X € S3(Q, F,P) and let Y = Fs(X). Then Y has spectral operator measure defined by
dvy = ddvxdH. Consequently, if vx has operator density gx with respect to some non-
negative measure pu on (T, B(T)), then vy has density ®gx ®" with respect to .

The following result is a simplified version of [8, Proposition 3.3] specified to the case
where the transfer operators are bounded and G = Z. It will be sufficient for our purpose.

Proposition 2.4 (Composition of filters on weakly stationary time series). Let Ho, Go and
To be three separable Hilbert spaces and pick two transfer bounded operator function ® €
F, (T, B(T), Ho,Go) and ¥ € F, (T,B(T), Go,Zo). Let X be a centered weakly stationary Ho-
valued process defined on (0, F,P) with spectral operator measure vx. Suppose that X €
S (Q, F,P). Then, we have X € Sua(Q, F,P) if and only if Fo(X) € Su(Q,F,P), and in
this case, we have

Fy o Fu(X) = Fya(X). (2.16)

2.8 Functional time series

In this section, we consider Ho = L*(V, V, £) for some measure space (V, V, £), and we assume
that £ is non-negative and o-finite and that Ho is separable. We will denote by (¢n)nen
an arbitrary Hilbert basis of Ho. This framework is known as functional (or curve) data
analysis. In this case, it is common to consider an Ho-valued random variable Y defined on a
probability space (£2, F,P) as the realization of some continuous time process {Y (v) : v € V}.
This representation holds in the sense that there always exists a version of Y which is jointly
measurable in V x € as will be stated in Proposition 2.7. This allows us to define a cross-
spectral density function containing the spectral information of the functional time series
evaluated at two points v,v’ € V. In order to get to this point, we need some results on
Hilbert-Schmidt integral operators.

2.8.1 Hilbert-Schmidt integral operators

For % € L*(V?,V%?,¢%%), we define the integral operator with kernel % as the unique
operator K on Ho satisfying

Kf:v— /%(v,v')f(v')&(dv/) , forall feHo.
v



In this case, K € S2(Ho) with ||K|2 = Jye |%|? d¢®? and, through this relation, the spaces
L2(V2, V%2 ¢%2) and S2(Ho) are isometrically isomorphic. In particular, any Hilbert-Schmidt
operator on H, is an integral operator and is associated to a unique kernel in L? (V27 Y2, £®2).
It is easy to check that the kernel associated to K" is the adjoint kernel (v,v’) — F(v', )
and that % € L*(VZ, V%2 ¢9?) is the kernel of a Hilbert-Schmidt operator K if and only if

SK ;= / H(0,0') Bi(0)d5 (v)) E(dv)E(dv) , for all i,j €N .

A special case of interest is when we consider an operator G € S (Ho). In this case,
G is also a Hilbert-Schmidt operator and therefore is also associated to a kernel, say & €
L2(V2, V%2 ¢%2). However, because we can write G = HH" for some well (non-uniquely)
chosen H € S2(Ho), we can be more precise in describing the kernel, as stated in the following
lemma, in which, for instance, one can choose H = H" = G/2.

Lemma 2.5. Let Ho = L2(V, V,€) be a separable Hilbert space, G € Si (Ho) and H € S2(Ho)

such that G = HH". Let ©,% € L*(V?, V%2 ¢92) be the kernels of G and H respectively.
Then for £€%% —a.e. (v,v') € V3,

G (v,v') = /%(v, ") (v 0" E(d”) . (2.17)

Let us now consider an Sz(Ho)-valued function K defined on a measurable space (A,.A).
As explained previously, for any A € A, K () can be seen as an integral operator associated to
a kernel % (-; \) € L*(V2, V%2 ¢%2), However it is useful to consider the mapping (v,v’, \) —
F(v,v'; ) and to make this mapping measurable on (V? x A, V¥? ® A). For convenience, we
introduce the following definition to refer to such a measurable mapping.

Definition 2.4 (Joint kernel function). Let Ho = L*(V,V,£) be a separable Hilbert space,
with (V,V,€) a o-finite measured space. Let K be a measurable function from (A, A) to
(S2(Ho), B(S2(Ho))) and K : (v,v',\) — F(v,v';\) be measurable from (V? x A, V®? ® A)
to (C,B(C)) such that, for all X € A and f € Ho,

KN f:v— /%(v,v/;A) F") €(dv) . (2.18)

Then we call & the A-joint kernel function of K.

In Definition 2.4, the A-joint kernel function of K is unique in the sense two A-joint kernel
functions % and ¥ of the same Sa (Ho)-valued function K must satisfy that, for all A € A,
F () = H(;N), €22 —a.e. The following lemma asserts that a A-joint kernel function of K
always exists and provides additional properties in two special cases that will be of interest.

Proposition 2.6. Let Ho and K be as in Definition 2.4. Then K admits a A-joint kernel
function K. Moreover the two following assertions hold for any non-negative measure p on
(A, A).

(i) If K € L2(A, A, Sa(Ho), 1), then H € L2(V? x A, V22 @ A, %2 @ ).
(i) If K € LY(A, A, Sf (Ho), 1), then K satisfies

/ </ | (v,0'; )\)‘2 f(dv)f(dv')) v p(dA) < +oo . (2.19)

2.8.2 L23(V,V,¢)-valued weakly stationary time series

We first show that we can always find a version of an Ho-valued random variable which is
jointly measurable on V x .

Proposition 2.7. Let Y be an Ho-valued random variable defined on (Q, F,P). Then Y
admits a version (v,w) — Y (v,w) jointly measurable on (V x Q,V & F).

Hence, in the following an Ho-valued random variable Y will always be assumed to be
represented by a V x 2 = C-measurable function Y. If, moreover, Y € L*(Q, F,Ho,P), then,
by Fubini’s theorem, we can see Y as an element of L2 (VxQ,VRF ERQP), and we can write

Y(v,w) =) (Y(w),éx) ¢r(v) ,

keN



where the convergence holds in L*(V xQ, V®F, E®P). As expected, in this case, the covariance
operator Cov(Y') is an integral operator with kernel (v,v") — Cov (?(v, ), Y (W, )) It is then

tempting to write that Var (17(1), )) is equal to the kernel of the integral operator Cov(Y)

on the diagonal {v =2 : (v,0) € V2}. However, because this diagonal set has null £¥2-
measure, this “equality” is meaningless in the framework of Hilbert-Schmidt operators. In
the following lemma we make this statement rigorous by relying on a decomposition of the
form Cov(Y) = KK" for some K € S2(Ho).

Lemma 2.8. LetY be a random variable valued in a separable Hilbert space Ho = L* (V,Vv,¢),
with & a o-finite measure on (V,V). Let K € Sa(Ho) and denote by H its kernel in
LA(V?, V%2 £%2). Suppose that Cov(Y) = KK". Then, we have, for € —a.e.v €V,
. 2
B[ of] = [ el s = jrw. s, (2.20)

where Y is a version of Y in L*(V x Q,V ® F,£ @ P).

Let now X = (X;)tez be an Ho-valued weakly stationary time series defined on (2, F,P)
with spectral operator measure vx and, for each ¢ € Z, denote by X; a version of X; in
L*(V x Q,V @ F,£ @P). Note that, for all n € N, (32,_, (X, ) o1 (v)),, are C-valued
sequences which are (v € V)-jointly weakly stationary. Hence, from what precedes, we get
that there exists a &-full measure set Vo € V such that (Xt(v, -))tez are C-valued sequences
which are (v € Vg)-jointly weakly stationary. The next proposition shows that these time
series admit spectral densities with respect to any non-negative measure that dominates the
spectral measure of X.

Proposition 2.9. Let Ho = L*(V,V,£) be a separable Hilbert space, with & a o-finite mea-
sure on (V,V). Let X = (Xi)iez be an Ho-valued weakly stationary time series defined on
(Q, F,P) with spectral operator measure vx. Suppose that p is a finite non-negative measure
on (T,B(T)) that dominates vx. Let gx = dgf and gx : (v,v",\) = gx(v,v';\) be its T-
%2

joint kernel function as in Definition 2.4. Then for —a.e. (v,0)) € V2, the cross spectral
measure of the time series (X¢(v,-))iez and (X (v',-))tez admits the density A — gx (v,v'; \)
with respect to p.

Proposition 2.9 leads to the following.

Definition 2.5 (Cross-spectral density function). Under the assumptions of Proposition 2.9,
we call g x the cross-spectral density function and with respect to p.

3 Hilbert valued FIARMA processes

In this section, we propose a definition of FIARMA processes valued in a separable Hilbert
space extending the definition of [19, Section 4] to an operator long memory parameter.
First we recall known results on the existence of ARMA processes, then study filtering by
a fractional integration operator transfer function. This naturally leads to the definition of
FIARMA processes which we compare to the processes introduced in [9].

3.1 ARMA processes

Let p be a positive integer and consider the p-order linear recursive equation

p
Vi=Y AYix+e, teZ, (3.1)

k=1
where € = (& )tez is an input sequence valued in Ho and Ai,...,Ap € Ls(Ho). If € is a white

noise (that is, it is centered and weakly stationary with a constant spectral density operator),
then Equation (3.1) is called a (functional) p-order auto-regressive (AR(p)) equation. If ¢ can
be written for some positive integer g as

q
e&=Zi+» BiZix, t€L, (3.2)
k=1



where Z = (Z¢)tez is a centered white noise valued in Ho and By, ..., By € Ly(Ho), then € is
called a (functional) moving average process of order ¢ (MA(gq)) and Eq. (3.1) is called a (func-
tional) (p, g)-order auto-regressive moving average (ARMA(p, q)) equation. Note that (3.2)
can be written as the spectral domain filtering

P
e(dN) =6(e"™)Z(dN) with B(z) =1Idw, + »_ Brz". (3.3)
k=1
Weakly stationary solutions of AR(p) or ARMA(p,q) equations are called AR(p) or
ARMA ((p,q) processes. The existence (and uniqueness) of a weakly stationary solution to
Eq. (3.1) is given by the following result where U = {z € C : |z| = 1} is the complex unit
circle.

Theorem 3.1. Let € = (e:)iez be a centered weakly stationary process valued in Ho and
Aty ..., Ap € Lo(Ho) satisfying the condition

P
§(2) = Idp, — ZAkzk is tnvertible in Ly(Ho) for all z € U. (3.4)
k=1

Then, setting ®(\) = §(e™™) for all A € R, the processes Y = Fg_1(€) is well defined and is
the unique weakly stationary solution Y = (Yi)iez satisfying (3.1). Moreover, the process Y
admits the linear representation

Yi=> Prex, tE€Z, (3.5)
keZ

where (Pr)rez s a sequence valued in Ly(Ho) whose operator norms have exponential decays
at £oo.

Theorem 3.1 is usually proven in the Banach space valued case by constructing the explicit
expansion (3.5) from algebraic arguments (see [24, Corollary 2.2] and the references in the
proof). In Section 4 we provide a very short proof relying on linear filtering in the spectral
domain.

Let us introduce some notation which will be useful in the following.

Definition 3.1 (Polynomial sets Py(Ho) and P} (Ho)). For any integer d € N, let Py(Ho)
denote the set of polynomials p of degree d with coefficients in Ly,(Ho) and such that p(0) =
Idy, . Further denote by Pj(Ho) the subset of all p € Pa(Ho) which are invertible on U (as

bin (3.4)).
An Ho-valued ARMA(p, q) process X can thus be concisely defined as follows.
Definition 3.2 (Hilbert valued ARMA process). Let Ho be a separable Hilbert space, p,q be

non-negative integers, 8 € Py(Ho), § € Py (Ho) and Z be a (centered) Ho-valued white noise.
The Ho-valued weakly stationary time series with spectral representation given by

X(dn) =™ "e(e™™) Z(dN)

where Z is the spectral representation of Z, is called an ARMA(p, q) process.

By Lemma 2.3, in this case, if ¥ denotes the covariance operator of Z, then X admits the

spectral density ' ' ' .
gx(N) = [be™™))7'8(e™ B (e8]

with respect to the Lebesgue measure. The following results will be useful.
Proposition 3.2. Let Ho be a separable Hilbert space and X be an ARMA (p,q) process
defined by X(d\) = [f(e™™)]7'6(e ™) Z(dN\) with B € Py(Ho), & € P;(Ho) and Z an Ho-
valued white noise with covariance operator ¥. Then there exists n € (0,7) and k: (—n,n) —
S2(Ho) continuous and bounded such that, for Leb —a.e. X\ € (—n,n), we have

gx(A) =R\ R with  h(X) = [$(1)]718(1)SY2 + k() . (3.6)

In the case where Ho = L*(V,V,€) for some o-finite measure space (V,V), then the (—n,mn)-
joint kernel function % in L*(V? x (=n,1), V®? @ B(—n,7n), %% ® Leb) associated to k also
satisfies

/ Leb-essup | £(v,v'; )\)’2 £(dv) £(dv) < 400 . (3.7)
v

2 Xe(=n,m)
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The following lemma indicates that an invertible linear transform of an ARMA process

is still an ARMA process. It will be useful in particular in the case where U is an isometry
mapping Ho to a space of the form Go = L*(V, V, €).
Lemma 3.3. Let & be a o-finite measure on (V,V), Ho and Go be two separable Hilbert
spaces. Let X be an ARMA (p,q) process defined by X(d\) = [§(e™)]710(e ™) Z(dN) with
6 € Py(Ho), § € Pp(Ho) and Z an Ho-valued white noise. Then, for any invertible operator
U € Ly(Ho,Go), the process UX = (UXt)iez is the Go-valued ARMA (p,q) process defined
by UX(dN) = [He ™) 1 B(e ) UZ(dN), where & := UBU " € Py(Go) and § := UU " €
Py(Go), and UZ = (UZs)tez is a Go-valued white noise.

3.2 Fractional operator integration of weakly stationary pro-
cesses
In the following, we use the notation (1 — 2z)” for some D € L,(Ho) and z € C\ [1, 00). This

must be understood as

l (DIn(1 — z))k ,

NgE

1- z)D =exp(DIn(l —2)) =

ES
Il

0

where In denotes the principal complex logarithm, so that z — In(1 — 2z) is holomorphic on
C\ [1,00), and so is z = (1 — 2)7, as a L;(Ho)-valued function, see [10, Chapter 1] for an
introduction on this subject.

Definition 3.3 (Fractional integration operator transfer function). Let Ho be a separable
Hilbert space and D € Ly(Ho). We define the D-order fractional integration operator transfer

function Flp by
_ =i D ;
o) = L7 A
0 otherwise.

Using the properties of z — (l—z)D recalled previously, we get that FIp is a mapping from
T to L4(Ho), continuous on T \ {0}. Then we have FIp € F, (T, B(T), Ho) and we can define
the filter Fri, as in (2.15) whose domain of definition are the centered weakly stationary
Ho-valued processes X € Spi,, (2, F,P). Then a fractionaly integrated autoregressive moving
average (FIARMA) process is simply the output of the filter in the case where X is an ARMA
process, as defined in the following.

Definition 3.4 (FIARMA processes). Let Ho be a separable Hilbert space and p, q be two non-
negative integers. Let D € Ly(Ho), 6 € Py(Ho), & € Py (Ho) and Z be an Ho-valued centered
white noise. Let X be the ARMA (p,q) process defined by X (d)\) = [p(e™)]718(e™*) Z(dN)
and suppose that X € Sr1,(Q, F,P). Then the process defined by Y = Fyi,(X), or, in the
spectral domain, by

V(dA) =FIp(\)§ (e ™)Be ™) Z(dN) , (3.8)

is called a FIARMA process of order (p,q) with long memory operator D, shortened as
FIARMA(D,p,q).

Remark 3.1. Definition 8.4 extends the usual definition of univariate (C or R-valued)
ARFIMA (p,d, q) processes to the Hilbert-valued case. In the general case we use the acronym
FIARMA to indicate the order of the operators in the definition (3.8), where the fractional in-
tegration operator appears on the left of the autoregressive operator, itself appearing on the left
of the moving average operator. We also respected this order in the list of parameters (D, p,q).
Of course, one can also define an ARFIMA(p, D, q) process as the solution of (3.1) with € de-
fined as a FIARMA(0, D, q) process but the ARFIMA(p, D, q) process do not coincide with the
FIARMA(p, D, q) process (this is already the case in finite dimension larger than 1). Observe
that in the univariate case all the operators commute and FIARMA and ARFIMA boils down
to the same definition. Note also that Definition 3.4 extends the definition of ARFIMA curve
time series proposed in [19] in the case where Ho is an L*(C,B(C),Leb) for some compact set
C C R and where D is a scalar operator, that is D = My for some constant function d = d
with —1/2 < d < 1/2. We will see below that, in this case, we have X € Sr1, (2, F,P) for
any ARMA process X, see Remark 3.2 below.
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Since FIp has a singularity at the null frequency, we want to provide conditions to ensure
that, given a weakly stationary process X, the filter with transfer function FIp applies to
X, or, as explained in Section 2.7, we look for conditions implying that X € Spi, (Q, F,P).
For instance in the scalar case, it is well known that if X has a positive and continuous
spectral density at the null frequency, then Fyi,(X) is well defined if and only if d < 1/2.
The Hilbert valued case relies on the singular value decomposition of D, which we will assume
to be normal. Based on the spectral decomposition of a normal operator, we derive, in the
following result, a necessary and sufficient condition involving the spectral operator density
of X and the spectral decomposition of D.

Theorem 3.4. Let Ho be a separable Hilbert space, D € Ly(Ho) and X = (Xt)iez be an
Ho-valued weakly stationary time series defined on (2, F,P) with spectral operator measure
vx. Suppose that D is normal, with singular value function d on Go := L*(V,V,€) and
decomposition operator U. Let j1 be a nonnegative measure on (T,B(T)) which dominates vx
and let h € L*(T,B(T),S2(Go), 1t) such that A — h(X\)[R(N)]" is the spectral operator density
function of UX = (UX¢)tez with respect to u, that is,

AW = U gxNUY for p—ae XeT,

where gx = dgj. Let % denote the T-joint kernel function of h. Then the three following

assertions are equivalent.
(i) We have X € Sp1, (Q, F,P).
(ii) There exists n € (0, 7) arbitrarily small such that

/ 2RO 40,75 0) 2 €(dv)é(d')u(dA) < oo (3.9)
V2 x(=n,m)

(ii1) Equation (3.9) holds for all n € (0,m).

Remark 3.2. If the dominating measure p is the Lebesgue measure and if d is a constant

function, d = d for some d < 1/2 then the integral in (3.9) is bounded from above by
opl—2d ) opl—2d
1 Leb-essup/ |7 (v, v ;)\)‘2 E(dv)¢(d’) = 1 Leb-essup ||gx (V)], -
L=2d se(—nm) Jv2 1—=2d xe(-nm)

Thus, in this case, a sufficient condition for X € S, (2, F,P) is to have that ||gx ||, is locally
bounded around the null frequency. This is always the case if X is an ARMA process as in
Definition 3.2.

Theorem 3.5. Let Ho be a separable Hilbert space and D € Ly(Ho). Suppose that X is
an Ho-valued ARMA(p,q) process defined by X(d\) = [@(e_i’\)]_l B(e™ ™) Z(dN) with © €
Pq(Ho), & € Pp(Ho) and Z a white noise with covariance operator ¥. Suppose that D is
normal, with singular value function d on Gy := L? (V,V, &) and decomposition operator U.
. 21\ /2 -
Let ow : v — (IE UW(U,)‘ }) where W is a jointly measurable version of the L? Go-
valued variable W = U[p(1)]7'0(1)Zo. Consider the following assertions.
(i) We have X € Sp1,(Q, F,P).
(i) We have R(d) < 1/2, £ —a.e. on {ow > 0}.

aiv (v)
(1i3) We have /{a?(d)<1/2} T-2R((0)) &(dv) < +o0.

(iv) We have R(d) < 1, € — a.e.
(v) We have §(z) =06(z) =1d for all z € C (i.e. X =Z).
Then (i) implies (i) and (iit). Conversely, if (iv) or (v) hold, then (i) is implied by (ii)
and (i13).
Remark 3.3. If R(d) < 1/2, £ — a.e. then both (ii) and (iv) hold, and (iii) simplifies to

2
/% &(dv) < +o00. Hence, applying our result, we get that (i) is implied by
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(vi) R(d) < 1/2, £ — a.e. and / #((?(v))f(dv) < +o0,

which we think is the most useful consequence of this theorem. However it is important to note
that (vi) is not necessary as our result says that, under assertion (v) (X is a white noise),

only the sufficient conditions (ii) and (i) are necessary (and it is easy to find D and ¥ such
that (i1) and (%) holds but (vi) does not). Observe also that since

[ ot 6@ =B [IWI,] < 8001701, 0 B 120l ] < o0

Condition (ii) is immediately satisfied if R(d) uniformly stay away from 1/2 on {ow > 0},
that is, $(d) < 1/2 —n £ —a.e. on {ow > 0} for some n > 0. In the n-dimensional case with
n finite, we have V = {1,...,n}, £ is the counting measure on V and U can be interpreted as
a nxn unitary matriz, and d and ow as n-dimensional vectors. Condition (i) then says that
R(d(k)) < 1/2 on the components k € {1,...,n} such that ow (k) > 0, and Condition (i)
always follows from (ii). For the real univariate case (n =1, D =d € R), Condition (ii) says
that d < 1/2 or ow = 0 and the latter happens if and only if ¥ = 0 (Z is the null process)
or B(1) = 0 (the MA operator contains a difference operator of order larger than or equal to
1). In particular we find the usual d < 1/2 condition for the existence of a weakly stationary
ARFIMA(p,d,q) model in the case where the underlying ARMA (p,q) process is invertible (®
does not vanish on the unit circle).

3.3 Other long-memory processes

Several non-equivalent definitions of long rang dependence or long memory are available in
the literature for time series. Some approaches focus on the behavior of the auto-covariance
function at large lags, others on the spectral density at low frequencies, see [22, Section 2.1]
and the references therein. Separating short range from long range dependence is often made
more natural within a particular class of models. For instance, for a Hilbert-valued process
Y = (Y%)iez, one may rely on a causal linear representation, namely

Y=Y Prex, t€Z ie Y(d\)= (Z Pke“’“> é(dn) (3.10)
k=0

k=0

where € = (et)iez is a centered white noise valued in the separable Hilbert space Ho
and (Pr)rez is a sequence of Ly(Ho) operators. Then, by isometry, the first infinite
sum appearing in (3.10) converges in M(Q, F, Ho,P) if and only if the second one con-
verges in L?(T,B(T), Ly(Ho),ve). A sufficient condition for these convergences to hold is
> o HP’“HLI,(HU) < 400, and this assumption is referred to as the short-range dependence
(or short memory) case (for example ARMA processes), in contrast to long range depen-
dence (long-memory) case, for which > 2 o [[Pk|l, (3,) = +00, under which the convergences
in (3.10) are no longer granted. In [9], the case where Py = (k + 1)V for some normal
operator N € L,(Ho) is investigated and the following result is obtained.

Lemma 3.6. Let Ho be a separable Hilbert space, N € Ly(Ho) be a normal operator with
singular value function n on Go = L? (V,V, &) and decomposition operator U. Let h : v +—

- 2
R(n(v)). Let € := (et)tez be a white noise in M(Q, F,Ho,P) and o3, : s — E UW(M)’ },

where W is a jointly measurable version of W = Ueg. Suppose that

1 oiv (v)
h > 5 &-a.e. and /v hv) = 1 &(dv) < 400 (3.11)
Then, for allt € Z,
“+oo
Vi=> (k+1) Ve (3.12)
k=0

converges in M(Q, F, Ho,P). If, moreover, (ex)rez is an i.i.d. sequence, then the convergence
also holds a.s.
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In [9, Theorem 2.1], the author also studies the partial sums of the process (3.12) and
exhibits asymptotic properties which naturally extend the usual behavior observed for uni-
variate long-memory processes. In the following, we explain how the process (3.12) can be
related to a FIARMA(D,0,0) process. First we prove the analogous of Lemma 3.6, namely,
that that Condition (3.11) implies the existence of this FIARMA process.

Lemma 3.7. Let N, €, h and ow be as in Lemma 3.6. Set D = Idy, — N. Then Condi-
tion (3.11) implies € € Sr1,(Q, F,P).

We can now state a result which shows that the two process defined by Lemmas 3.6 and 3.7
(3.12) are closely related up to a bounded operator C' and to an additive short-memory process.

Proposition 3.8. Under the assumptions of Lemma 3.6, defining Y = (Yi)iez by (3.12),
there exists C € Ly(Ho) and (Ax)ren € Ly(Ho)™ with S5 1Akl 2, (29) < F00 such that

FFID(E):CY+Z,

where Z is the short-memory process defined, for allt € Z, by Zy =y 72 o Axer—k.

4 Postponed proofs

4.1 Proofs of Section 2.8.1

Proof of Lemma 2.5. We first prove that (v,v) + [#(v,0")%(v/,v") &(dv”) is in
LA(V?, V%2 ¢%2), By the Cauchy-Schwartz 1nequahty7 we have, for all (v, 1/ € V3,

(/‘%(v,v”)ﬁ dv”) (/y% v, 0")|? €(dv”) ) (/\yf v 0" dv”))

and, integrating the right-hand side with respect to £(dv) and £(dv’) and using the fact that
/|?f|2 de®? = ||h||3 we get that

([ @

Hence (v,v') — [ (v,v") F(v',v") £(dv”) is well defined and is in L?(V?, V®? £9?).
Now, for all f € Ho and v € V,

§(dv”)) £(dv') €(dv) < A3 < +oo . (4.1)

(/s 100 e retan)

<15, [ ([ | 707

which is is finite for £ — a.e. v € V by (4.1). Hence, by Fubini’s theorem, for £ —a.e. v € V,

£(dv”))2 (@)

Gf(v)=HH"f(v /?f v, 0" (/% v v )f(dv')) £(dv")

-/(/ %(v,v’vmadv”)) F') v’y

which implies (2.17) by uniqueness of the kernel associated to G. a
Proof of Proposition 2.6. Define, for all v,v" € V and X € T,

Hn (0,05 X) Z K (N o; ¢i(v)d; (V)

0<i,5<n

and, for all € > 0,

N.()\) = inf{n eEN: Y ‘qﬁ?K(/\)qu ‘< e} .
ior j>n
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Note that since }, ’(bli—lK()\)(bj’Q = [[K(N)|l, < 00, Ne(X) is well defined and finite. Now
let us define, for all v,v’ € V and A € T,

H(v,0'50) = nh_}rréo %NTTL(A)(U,U'; A), (4.2)

whenever this limit exists in C and set % (v,v’; A) = 0 otherwise. Since (¢r ® Q_bk’)k,k’eN is a
Hilbert basis of L*(VZ, V%2, £9?), we immediately have that, for any A € A, %szn(A)(‘; A)
converges in the sense of this L? space to 2 ijen HK(N)p; ¢i ® b5, and so this limit must be
equal to (- A) £€9% — a.e.. It follows that, that for any A € A, for all 4, j € N,

/ H (0,0 N (0) 5 (0') E(A0)E() = HTE (N ,

which gives that K(A) is an integral operator associated to the kernel F(-;A). Since
(v,v",\) = F(v,v’;\) is measurable by definition, we get that it is the A-joint kernel of
K as in Definition 2.4. Assertion (i) follows by observing that, if K € £2(A, A, S2(Ho), 1),
then (v,v’, ) = Fy(v,v’; A) converges in L?(V? x A, V®? ® A, ¢%? @ u) and the limit must
be equal to & £€%2 ® p — a.e. since for each A € A, (v,v") = Fn(v,v'; \) converges to F(-; \)
in L2(V2,V®2 ¢82),

It only remains to prove Assertion (ii). Assume that K € L'(A, A, S (Ho), ) as in this
assertion and let H € L?(A, A, S2(Ho), 1) be such that for all A € A, K'(A\) = H(A)H(\)" (for
example, by Lemma 2.1, we can take H(\) = K (\)!/?) . Then by Assertion (i), the A-joint ker-
nel of H satisfies # € L*>(V>xA, VO2®A, ¢¥?@u). Using Lemma 2.5 and the Cauchy-Schwartz
inequality the integral in (2.19) is bounded from above by [ |% (v,v'; \)|> £(dv)é(dv’)u(dN)
which is finite. O

4.2 Proofs of Section 2.8.2
Proof of Proposition 2.7. Decomposing Y on (¢n)nen, we can define Y onVxQ by

- lim SYy (w)(v,w) if the limit exists in C,
Y(v,w) = nooo Tamn

0 otherwise,

where we set, for alln € N, w € Q, v € V and € > 0,

n

Sy (v,w) = Y (Y (w), ék) dx(v) and

k=0

Sn (- w) = Y (w)

v 2
Ne(w):inf{neN:‘ ge}.
Ho
It is easy to show that the following assertions hold for all w € Q:
(i) NY (w) is well defined in N for all € > 0,
(ii) (N, -, (w))n is a non-decreasing sequence,
(-,w) converges to Y in Ho;

Y
ili) asn — o0, S
( ) ’ N;/—n(“’)

(iv) Skv (W)(uw) converges to Y (v,w) for &€ —a.e. v €V,
2-n

(v) Y(,w) =Y (w) (as elements of Ho).

Since SY is jointly measurable on V x Q for all n € N and N is measurable on Q for all
€ > 0, we get the result. O

Proof of Lemma 2.8. As explained before the statement of the lemma, we have that
N

(v,0) = Y (v,w) = Y (Y (@), én) g, $n(v)

n=0

converges to Y as N — oo in LAV xQ,V®F £RP). Let us define, for all v,v" €V,

%N(va,) = Z <‘%(7 vl)7 ¢n>7‘£0 ¢n(1))
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Using that & ¢ L*(V2, V%2 ¢%%) it is easy to show that Hn converges to F in
LA(V2, V%2 ¢92) as N — +o0.

By the Cauchy-Schwartz inequality, the mappings (g,h) — [v — E [g(v,-) h(u-)]] and
(9,h) = [v = (g(v,"), h(v,"))y, ] sesquilinear continuous from LAV x QV®F,EQP) to
LY (V,V,¢) and from L*(VZ, V%2 ¢92) to0 L (V, V, €), respectively. This, with the two previous

- 2
convergence result shows that [v— E ‘YN(U, )‘ ] and [v — ||Fn (v, )Hio] both converge in

- 2
LYV, V,€), to E UY(U, )’ ]] and || (v, )H?_LO, respectively, that is to the left-hand side and
right-hand side of (2.20).
Hence to conclude we only have to show that, for all v € V,

B [T | = 1001, (13

Indeed we can write

E U}}N(U,')’Q] =k [ i (v, ¢n>7-(0 <¢m7Y>HU ¢n(v)¢m—(v)

n 0

= Z oh Cov(Y)pm (V) (v) .

n,m=0

Using Cov(Y) = KK" and Fubini’s theorem leads to

L Cov(¥om = [ (T, 60}, TTC T BTy €07

Inserting this in the previous display, the double sum, put inside the integral in &(dv”),
separates into a product of two conjugate terms and we get

2

N
- 2
|7 | = [ G000, onte)| el
n=0
so that (4.3) is proven, which concludes the proof. O

Proof of Proposition 2.9. For all n,n’ € N and A € T, by the Cauchy-Schwartz inequality
and since [|¢n |5, = [|#n |5, = 1, we have

/!gx(vyv';/\)in(v)%/(v')! §(dv)¢(dv) < (/\gx(vyv';A)\Q €(dv)€(dv')>1/2 :
By Proposition 2.6(ii), we get that
[ 123 (005300000 (0] €d)e(@v)) pld) < oo (4.4)
Therefore we can apply Fubini’s theorem which gives, for all n,n’ € N, and s,t € Z,
/eu(sft) 2x (0,05 \)fn(v) s (v') §(dv)€(dv”) p(dN) = /GM(H) Pngx (\)dnr p(d)
= Cov (qagxs,dil/Xt) .
On the other hand, by Fubini’s theorem, we have that, for all n,n’ € N, and s,t € 7Z,
Cov (11X, 81 2) = [ Cov (X0, Kulw',)) 6 (0)6 () €(d0E(@V)

This is also ¢HCov (Xs, Xt) ¢ and since Cov (X, X¢) is a trace class hence Hilbert Schmidt
operator the previous display says that this operator is associated with the L?(VZ, V%2 ¢®2)

kernel (v,v") — Cov (X’S(v, Y, Xe(v', ))
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The last two displays now imply that, for all n,n’ € N, and s,t € Z,
[ Cov (Re(w. ) £,)) B (00600 ldwg(ar)
= [ g0,/ B (0060 (') ld)E(0') ()

— [ ([ e ) 1)) . (0)ow () sta0)s(a)

where we used Fubini’s theorem (justified by (4.4) as above). Since the kernel (v,v’) —
Cov (f( (v,), Xe (v, -)) is in L2(V2, V22 £92) of which (¢ ® du )i wrcx is a Hilbert basis, the
last display shows that, for all s,t € Z,

Cov (Xu(0,) K@) = [ €07 gx(,0/s0) @) for €2 = ae. (v,0),

which concludes the proof. O

4.3 Proofs of Section 3.1

Proof of Theorem 3.1. Denote ®()\) = §(e™*) for all A € R. As a trigonometric poly-
nomial with £, (Ho)-valued coefficients, ® belongs to Fy(T,B(T), Ls(Ho)). Moreover, (3.4)
directly implies that ®~' € F,(T, B(T), Ls(Ho)). By Proposition 2.4, it follows that

(i) Y = Fg-1(€) satisfies F(Y) = ¢, and thus is a solution of (3.1);
(ii) for any centered weakly stationary process Y such that Fe(Y) = ¢, we have ¥ =
F<I>*1 [¢] F<1>(Y) = F¢71 (6)
We thus conclude that Y = Fg-1(€) is the unique weakly stationary solution of (3.1).

Then the representation (3.5) holds as an immediate consequence of the fact that z —
$(z)~* is Ly(Ho)-valued holomorhic on a ring containing the unit circle, so that

@O = [he™™)] 7 =Y Pre ™,

keZ

where (P)rez are the Laurent series coefficients of §~' (see [10, Theorem 1.9.1], hence the
series in the displayed equation converges absolutely in £,(Ho)) and it can be shown that they
have exponential decay at +oo (as a consequence of Eq. (1.9.4) in [10, Theorem 1.9.1]). O

Proof of Proposition 3.2. Since z ~ [§(z)] "' 6(z) is holomorphic in an open ring con-
taining U, by [10, Theorem 1.8.5], there exists p > 0 and (Pn)nen € Lp(Ho) such that
o P 1Pl s, 34y < o0 and [$(2)]7* 8(2) coincides with the Lj(Ho)-valued power series
> o(z=1)"P, ontheset {z € C : |z — 1| < p}. Let n > Osuch that {e* : X € (-n,m)} C

n=0

{z € C: |z—1| < p}. Then we have, for all X\ € (—n,n),

—ix " —
Do = 1 IPalley a0y < D2 " IPallz, gy < 00 (15)
n=0 n=0

Thus we can write [p(e )72 8(e™) = Po + A ¥(A) by setting ¥(0) = 0 and, for all \ €
(_77777)7

B = oIS e qyrip
0= e R

where the sum is absolutely convergent in Ly (Ho) and where we used the standard convention
(e7*—1)/X = 1for A = 0 (hence ¥(0) = 0). Since Py = [$(1)]'6(1), it follows by Lemma 2.3
that (3.6) holds with k(\) := ¥(A\)X/2. Since ¥ is Ly(Go)-valued, continuous and bounded
on (—7,7n), we get that k is continuous and bounded from (—n,7n) to S2(Ho).

Suppose now that Ho = L*(V,V,€). For all n € N, let %, denote the kernel associated
to the operator k, := P, 2?2 ¢ S2(Ho). Let us introduce the following notation for all
V2 x (—n,n) — C-measureable function f,

1/2
V= </ Leb-cssup (v, v's 1) 5(dv>£(dv’>> :

AE(—m,m)
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which allows to define a Banach space L™ endowed with ||-||, as a norm. Note that, for all n €
N, ([ |£n[2de®?)1/2 = Hpnzm = IPull, () 113 By (45) and since A (7~ 1)" /A
Y on (—n,n), we get that

is bounded by p"~

o]
n=1

(efiA _ 1)n

X Bop(v,0)

(v, v'A) =

2

[e'e) —ix n
= Z Leb-essup ’%‘ HPnZ}l/2

*  p=1 NE(=mym)

—+oo
1/2 n—1
<IBIY2 S 0" Pl gy < 0 -

n=1

To conclude the proof, we observe that L* is continuously embedded in L*(V? x (—n,n), V®?®
B(—n,n), %% ® Leb), which gives that the above series also converges in the latter space to
the (—n,n)-joint kernel function £ of k and satifies (3.7). O

Proof of Lemma 3.3. For any P,Q € Ly(Ho) such that P is invertible, we have that
UP~'Q = [UPUY7[UQU*)U. Thus, we obtain, defining 6 and § as above,

UX(dX) = Ulg(e™)] 7 B(e™™) Z(dA) = [be™™)] 7" Be ™) UZ(dN) .

It is then immediate to check that B € Pq(Go) and 4} € P;(Go), and that UZ = (UZ;)iez is a
Go-valued white noise. 0

4.4 Proofs of Section 3.2

The proof of Theorem 3.4 relies on the following lemma.

Lemma 4.1. For all z € C and X\ € [—7, 7|, we have

(Q/W)Q[ﬂ?(z)br |)\|2§R(z) e—w\%(z)\ < ‘(1 _ e—ik)z 2 < (7T/2)2[§R(z)], |)\|2§R(z) ew\%(z)\ ) (46)

Proof. Let z € C with R(2), then it can be shown that, for all A € (—m, 7]\ {0},

. 2 .y [2R(2) I~ —i
‘(1 - efl)\)z _ ‘1 - e71>\ 672\s(z)b(e ) 7

where b(e™**) denotes the argument of 1 — e~** that belongs to (f%, %) It follows that
e TISEI < 028 ()be™™) < emIS@N

Using that % < sin(A/2)| < % for all A € (—m,7) and separating the cases where $(z) > 0
and where R(z) < 0, we easily get (4.6). a

Proof of Theorem 3.4. Recall that £ is a o-finite measure and L?(V, V, €) is separable since
Ho is by assumption and they are isomorphic. As defined in Section 2.7, X € Spi, (92, F,P)
if and only if FIp € L%(T, B(T), £Ls(Ho), vx), which, by (2.8), is equivalent to have

/

We have, for all A € T \ {0}, since U is unitary from Hg to L*(V,V, €),

(- Pgx(3) [0 -]

p(dA) < +o00 . (4.7)

1

H<1 —e ) Pgx(n) [(1- e_iA)_D]H

_ HU“M(l,e,u),dUgX(A)U“M(”l_e,u),dUH1
1

= HM(I—e*”‘)degX ()\) UHM(HI_Q,M),d

1
B IR

1
= || M _e-ixy-ah(V)][2 .

Hence (4.7) holds if and only if

J My ah O] @) < oo
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which, using the T-joint kernel % of h reads
/ ‘(1 O R ICEPY!

Applying Lemma 4.1 to z = —d(v), since d is a u-essentially bounded function, we get that
Assertion (i) is equivalent to

‘2 £(dv)e(dv’) p(dA) < +oo .

/ 72RO 0,7 )2 E(dv)é(d)u(dA) < oo
V2 X (—m,m)

This of course implies Assertion (iii), which implies Assertion (ii). Now, if Assertion (ii) holds,
since |A|72%€®) is bounded independently of v on A € (—m, 7] \ (=7, 7n) and

/ 14 (0,0 )| E(dv)e(dv’)u(dN) = / IBOV)I2 u(dN) < oo,

we get back the above condition involving an integration over V? x (—m,7]. O

Proof of Theorem 3.5. Before proving the claimed implications, we start with some pre-
liminary facts that are obtained from Lemma 3.3, Proposition 3.2, Lemma 2.8 and Theo-
rem 3.4.

By Lemma 3.3, the process UX = (UX¢)iez is the Go-valued ARMA (p, q) process defined
by UX(dA) = [b(e™™)] 1 8(e ) UZ(dA), where 6 := UBU ™" € Py(Go) and § := UU " €
Pp(Go), and UZ = (UZ;)iez is a Go-valued white noise. Applying Proposition 3.2 with p as
the Lebesgue measure, we get that, for some 1 > 0, vyx has density h(X)[A(N)]" on (—7n,7)
with h valued in S2(Go) satisfying, for all A € (—n,n),

R(A) = D] B (USUMY2 + Xk , (4.8)

where k is continuous from (—7,7) to S2(Go). Moreover, since Go = L*(V,V, €), Proposi-
tion 3.2 also gives that the joint kernel £ of k satisfies (3.7), which implies

/SQ(U)f(dv) < /LAeé)(-esw)p |2 (v, v'; )\)|2 £(dv")E(dv) < +oo (4.9)
—n,n

where we defined, for all v € V,

s(v) = Leb-essup || £ (v, ; \)

llg, -
XE(=n,m) g

Define, for any 7’ € (0,7),

10) = [ AT (0,05 0) [ E(dv)e(a) (4.10)
V2 x(—n’,n") 7S

- / IAZREAOD |0 (0,0) + A A, o V) E(dv)e(de) 2
VZX(*”I/JI/) 271'

where % is the kernel of h in (4.8) and %o is the kernel of ko := U[§(1)]7*6(1)2Y2UM € S2(Go).
Integrating w.r.t. v’, by the Minkowski inequality, we get that

- v 2 dA

1) [ T o)~ N, €0 @)
Vx(=n'"\n") 4

where we used that ow (v) = [[£0(v, )|, for £ —a.e.v € V, which holds as a consequence of

Lemma 2.8 since Cov(W) = kok!. Similarly, using the definition of s above, we can upper
bound I(n’) by

Im) <2(Ii(n')+ I2(n")), where
dA

Ly :/ A TEREAED 52 (1) ¢(dv) == , and
o= W B (0) () 12
N 2—2R(d(v)) .2 dA
L(n') = RY s7(v) £(dv) o -
Vx(=n’,n") n

To conclude these preliminaries, by Theorem 3.4, we have that Assertion (i) of Theorem 3.5
is equivalent to the two following assertions:
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(vii) for all ' € (0,n), we have I(n) < oo;
(viii) there exists n' € (0,7) such that I(n') < oco.
We are now ready to prove the claimed implications.
Proof of (i) =(ii). Let us define, for any n € N,
Ap={ow >2""}n{s<2"}.
Then, if ' € (0,272"7!], we have, for Leb — a.e. A € (—n’,7) and all v € A,,,
AHIA@, s DI < n's(v) <2777 < 27" <ow(v)
which implies that ow (v) — [A| [£(v, s A)llg, > 27" — 27"t = 27"~! and thus, with (4.11),

1) =2 [ AR () D2 (4.13)
Apx(=n'n") 2

Suppose that (i) holds. Then so does (vii) and thus, for all n € N, the integral in (4.13) must

be finite which implies R(d) < 1/2, £ — a.e. on A, (since f(—n’m’) [A|72%d\ = oo for d > 1/2).

On the other hand, we have |J,, An = {ow > 0} U {s < oo} and, by (4.9), s < o0 { — a.e;

hence we get (ii).

Proof of (i) =-(iii). Note that, for all (v,A) € V x (—n,7),

ow (v) = AL £, 5 Mllg, | > o () = 2A 0w () (v, - Nlg, = o (v) =2 [X ow (v) s(v) -

Hgo

and thus, using (4.11), we get that, for all n’ € (0,7),

) _os(d(v 2 dx
10> [ M7 o () = M (0. W)lg, | ()5
{R()<1/2}x (=" ,1) ™
> [ A0, () €(dv) 5
{R(d)<1/2} % (=’ ,0") 2
— 2/ |)\|1_2§R(d(v))aw(v) s(v) {(dv)ﬁ
{(R(d)<1/2} x (—n) 2m
11—2R(d(v)) 2
UW(U)
= &(dv 4.14
/{Wm 2 T 2n(e) S (4.14)
12—2R(d(v))
n aw (v) s(v)
- £(dv) . (4.15)
/{afe(d)<1/2} 27 1 —R(d(v))

Since d is bounded on V, we have that 77/272%@(”)) is upper bounded on v € V and since

(1 —R(d(v)))"* < 1/2 on {R(d) < 1/2}, we get that the integral in (4.15) is bounded from
above, up to a multiplicative constant, by

[ ow)sw) €@ < lowllg, Ilg,
{R(d)<1/2}

which is finite using (4.9) and HUWHéO =E [||W||20} < 00. Using again that d is bounded on

V, we have that 77’1_2%((1(”)) is lower bounded by a positive constant on V. Hence, we finally

get that, if (i) holds, then (vii) holds as well and what precedes yields Assertion (iii).

Proof of (ii) and (iii)=-(i) under (iv) or (v). To obtain (i), it is sufficient to show that
Assertion (viii) holds, which, by (4.12), follows from Ii(') < oo and I2(n’) < oco. Under
Assertion (ii), we have, for all " € (0,7),

{R(d)<1/2} ™ 1 —2R(d(v))

and since d is bounded, this integral is finite under (iii). Thus (ii) and (iii) imply that
Ii(n") < oo for all ' € (0,n). To conclude the proof it only remains to show that I(n’) < co
for some 7’ € (0,7) whenever (iv) or (v) holds. We have in fact I2(n") < oo for all ' € (0,7)
under (iv) by using (4.9) while under (v), we have Iz(n’) = 0 for all ' € (0,7) since in this
case h(\) = h(0) so that, in (4.8), k(A) = 0 for all A € (—n,n) (thus implying s = 0). This
concludes the proof. O
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4.5 Proofs of Section 3.3

Proof of Lemma 3.6. The statement in i.i.d. case is exactly [9, Lemma A.1]. The conver-
gence in M(Q, F,Ho,P) follows from the proof of [9, Lemma A.1], which continues to hold
under the weaker assumption that (ex)rez is a white noise. O

Proof of Lemma 3.7. Since € is a white noise, Assertion (v) of Theorem 3.5 holds. The
result follows since the conditions in (3.11) imply Assertions (ii) and (iii) of Theorem 3.5 with
and D = Idy, — N. O

The proof of Proposition 3.8 relies on the two following lemmas where the open and closed
complex unit discs of C are denoted by D := {z € C : |z| <1} and D = {z € C : |z| <1}
respectively.

Lemma 4.2. Let E be a Banach space and (an)nen € E" such that ||an| o 0 and the
n——+00

oo

series Y ||an — ant1||g converges. Then for all zo € D\ {1}, the series Z anzy converges in
n=0
E and the mapping z — Z anz" is uniformly continuous on [0, zo].
n=0

Proof. By assumption on (an), Y anz™ is a power series valued in E with convergence radius
at least equal to 1, hence is uniformly continuous on the open disk with radius 1. When
|z0| = 1, the result follows using Abel’s transform. |

Lemma 4.3. Let Ho be a separable Hilbert space, N € Ly(Ho) be a normal operator with
singular value function n on Go := L*(V, V,€) and decomposition operator U. Define

o = &-essinf R(n(v)) .

veV

Then there exist C € Ly(Ho) and (Ap)ren € Lo(Ho)™ with 1Akl 2,34y = O (k=79 such
that, for all z € D,

1-xV"1M=cC <i(k + 1)%’“) + iAkzk , (4.16)

where the two infinite sums on the right-hand side are Ly(Ho)-valued power series with con-
vergence radius at least equal to 1. Moreover, if ¢ > 0, then Egq. (4.16) continues to hold for
all z € D\ {1} with the two infinite sums converging in Ly(Ho).

Proof. The proof is three steps. We first show Relation (4.1@ for all z € D, then that
HA’CHLb(HO) =0 (k_l_g) and finally extend the relation to z € D\ {1} when o > 0.
Step 1. Let z € D, then

Q-2)V M =1d+ > Ne2",
k>1

where for all k > 1, Nj, = [ (Id - %). Let ko > 1, such that || N1,

=1 /ko < 1 and take
k > ko, then

Ho)

J
Idf%:exp<ln<ldf%)>:exp p IZ—] ,
j=1

ko—1 ik
N N 1
Ny = I I <Id— _j ) exp | — 2.5 E T

Moreover, we have the following asymptotic expansions,
ko—1 ko—1

do-=> ik )by — Y 4 2

t=ko t=1 t=1 t=1

and therefore,

| =
& | =
& | =
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and for all j > 2,
k “+oo “+oo
L 1 L _ B Mk
Zg* > i > v G-kt
t=kq k=kg k=k+1 0

where . is Euler’s constant and (ax)r>1, (Mk,j)k>1,5>2 such that sup,s, |ax| < +oo and

SUPys1 jo [T | < 400 and B; = >0/ (%)’ satisfies sup;>, 8; < +oo. This gives, for all
k > ko,
3 NjT]k .
Ne=C(k+1)~V S VAL N\
k=Cl+ 1) e | -NTE =D g
Jj>2
where
ko—1 ko—1 j
N 1 N i
C = H (Idf —) exp <N <% — Z ;)) exp fz <k_> &
j=1 J t=1 jo2 N0/
Combining everything, we get
ko—1 k N
Q-2 =1d+ > ] <Id - —,) 2
k=1 j=1 J
Nim. .
k+1)~N S VS L [ M
P e Py
Zko 1=
which leads to Relation (4.16) with
Ag=1d-C,
2 N
Ak:H<Id——,)—C(k+1)_N, 1<k<ko—1,
Jj=1 J
Ap=C(k+1)"" |exp fN%fZM —1Id k>k
g k (G—Dki-? ’ =

[958 ijc,j

Step 2. For all k > ko, denoting by @1 := —NF= — 37, GoDR T We get

1Al 2, ) = [[ O+ DY (e ~1a) |

Ly(Ho)
<|lc k1)~ 12elzyt0) _ 10
<y | B+ D7, S =0 ()
t>1

where we used that

J
ok | HNHL,)(HO)W,J'
Hq)kHCb(Ho) < HNHCb(Ho) k + Z (j— 1)ki-t

Jouk| ”N”Jéb(ﬂo) _1
PRy g i | =0 (k)

= ||NHLb(’H0) k . jkj
j=1
and that |[(k+ 1)_N”Lb(7-¢0) = |[(k+1)7H Ly(Ho) ([ Mg 41)-n Hﬁb(Ho) =
£-essup,,cy ‘(k + 1) = (k4 1)7e.

Step 3. We now assume o > 0 and extend (4.16) to D\ {1}, that is to the case z = e~ for
some A € T\ {0}. For such a A, we already have, for all 0 < a < 1,

(1—ae"MHN M =¢C Z(k +1) NaFe M 4 Z Agafe ™

k>0 k>0
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Moreover, (1 — e_i’\)N_Td = limg1(1 — ae_i’\)N_I'd by continuity of z ~ (1 — 2)V ™ in
D\ {1} and 3+, Ape™ = limgyy k>0 Ara*e™" because 20 1Bk 2, 34y < Ho0. Tt
remains to show that‘ 2ksolk + 1)""V2z is well defined on U\ {1} and that, for A € T\ {0},
S esolk + 1) Nake * converges to 30, o, (k+ 1)"Ve ¥ as a 1 1, which we prove at once
by applying Lemma 4.2. For all k € N, we have

H(k+1)*N‘

— —n(v)| _ —e
= —essup‘kJrl =(k+1 ,
Ly(Ho) ¢ veV ( ) ( )

Since o > 0, we get that H(k + 1)7NHC1,(’HU) — 0 as k — oco. Hence, to apply Lemma 4.2 it
only remains to show

<oo. (4.17)
£4(Ho)

> H(k + 1) —(k +2)*N‘

keN

Note that we have, for all £ € N,

e+ 1) = o +2)7Y|

= ¢-essup |(k + 1)7"®) — (k4 2)72®
Ly (Ho) ¢ veV P ‘( ) ( )

(4.18)

Moreover, for all k € N, and & —a.e.v € V, since R(n(v)) > o > 0, we have

1
= |k+ 1|7£R(n(v)) ‘1 — exp <7 In (1 + k:—Jr1> 1’1(1)))‘

<a(em() (6 + )7 (14 k—iJ ’

|k + )7 = (e 2) 7

where we set ¢ := £-essup |n| and, for any r > 0,

—z

a(r)::sup{‘ :ZG(C0<|2|§1"}.

This leads to the asymptotic bound, as k — oo,

&-essup ‘(k+ 1)—n(v) — (k+ 2)—1\(1;) -0 ((k n 1)_0_1) .

veV

Hence, with (4.18) and the assumption ¢ > 0, we obtain (4.17) and Step 3 is completed. [

Proof of Proposition 3.8. The processes Y and Fri,(€) are well defined by Lemma 3.6
and Lemma 3.7 respectively. Moreover, the first condition in (3.11) gives ¢ > 1/2 in
Lemma 4.3 which therefore implies that there exists C' € Ly(Ho) and (Ax)ren € Lo(Ho)"
with [|Axllz, 20y = O(k=*/?) (in particular % Akl 2, (3,) < +00) such that

1=V =0 (k+1) Ve 4> " Age ™ in Ly(Ho) for all A € T\ {0}, (4.19)
k=0 k=0
thus concluding the proof. O

23



References

(1]

(2]

(11]

(12]

(13]

(14]

Sterling K. Berberian. Notes on spectral theory. Van Nostrand Mathematical Studies,
No. 5. D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1966.

Istvan Berkes, Lajos Horvath, and Gregory Rice. On the asymp-
totic normality of kernel estimators of the long run covariance of func-
tional time series. Journal of Multivariate Analysis, 144:150 — 175, 2016.
ISSN  0047-259X. doi: https://doi.org/10.1016/j.jmva.2015.11.005. URL
http://www.sciencedirect.com/science/article/pii/S0047259X15002730.

D. Bosq. Linear processes in function spaces, volume 149 of Lecture Notes in Statistics.
Springer-Verlag, New York, 2000. ISBN 0-387-95052-4. doi: 10.1007/978-1-4612-1154-9.
URL https://doi.org/10.1007/978-1-4612-11564-9. Theory and applications.

Vaidotas Characiejus and Alfredas Rackauskas. The central limit theorem for a sequence
of random processes with space-varying long memory. Lithuanian mathematical journal,
53(2):149-160, 2013.

Vaidotas Characiejus and Alfredas Rackauskas. Operator self-similar processes and func-
tional central limit theorems. Stochastic Processes and their Applications, 124(8):2605
— 2627, 2014. ISSN 0304-4149. doi: https://doi.org/10.1016/j.spa.2014.03.007. URL
http://www.sciencedirect.com/science/article/pii/S0304414914000581.

J.B. Conway. A Course in Functional Analysis. Graduate Texts in
Mathematics. Springer New York, 1994. ISBN 9780387972459. URL
https://books.google.fr/books?id=ix4P1le6AkeIC.

Anne van Delft. A note on quadratic forms of stationary functional time
series under mild conditions. Stochastic  Processes and their Applications,
2019.  ISSN 0304-4149.  doi: https://doi.org/10.1016/j.spa.2019.12.002. URL
http://www.sciencedirect.com/science/article/pii/S0304414919303680.

Amaury Durand and Francois Roueff. Spectral analysis of weakly stationary processes
valued in a separable Hilbert space. working paper or preprint, July 2020. URL
https://hal.telecom-paris.fr/hal-02318267.

Marie-Christine Diiker. Limit theorems for Hilbert space-valued linear processes un-
der long range dependence. Stochastic Processes and their Applications, 128(5):
1439-1465, May 2018. ISSN 03044149. doi: 10.1016/j.spa.2017.07.015. URL
https://linkinghub.elsevier.com/retrieve/pii/S0304414917301916.

Israel Gohberg and Jiirgen Leiterer. Holomorphic operator functions of one variable and
applications, volume 192 of Operator Theory: Advances and Applications. Birkhauser
Verlag, Basel, 2009. ISBN 978-3-0346-0125-2. doi: 10.1007/978-3-0346-0126-9. URL
https://doi.org/10.1007/978-3-0346-0126-9. Methods from complex analysis in sev-
eral variables.

Siegfried Hormann and P. Kokoszka. Weakly dependent functional data. The annals of
statistics, 38(3):1845-1884, 2010. ISSN 0090-5364. Language of publication: en.

Siegfried Hormann, Lukasz Kidzinski, and Marc Hallin. Dynamic functional principal
components. J. R. Stat. Soc. Ser. B. Stat. Methodol., 77(2):319-348, 2015. ISSN 1369-
7412. doi: 10.1111/rssb.12076. URL https://doi.org/10.1111/rssb.12076.

L. Horvath and P. Kokoszka. Inference for Functional Data with Applications.
Springer Series in Statistics. Springer New York, 2012. ISBN 9781461436553. URL
https://books.google.fr/books?id=0VezLB__ZpYC.

Lajos Horvath, Piotr Kokoszka, and Ron Reeder. Estimation of the
mean of functional time series and a two-sample problem. Jour-
nal of the Royal Statistical Society: Series B (Statistical ~ Methodol-
ogy), 75(1):103-122, 2013. doi: 10.1111/j.1467-9868.2012.01032.x. URL

https://rss.onlinelibrary.wiley.com/doi/abs/10.1111/3j.1467-9868.2012.01032.x.

24


http://www.sciencedirect.com/science/article/pii/S0047259X15002730
https://doi.org/10.1007/978-1-4612-1154-9
http://www.sciencedirect.com/science/article/pii/S0304414914000581
https://books.google.fr/books?id=ix4P1e6AkeIC
http://www.sciencedirect.com/science/article/pii/S0304414919303680
https://hal.telecom-paris.fr/hal-02318267
https://linkinghub.elsevier.com/retrieve/pii/S0304414917301916
https://doi.org/10.1007/978-3-0346-0126-9
https://doi.org/10.1111/rssb.12076
https://books.google.fr/books?id=OVezLB__ZpYC
https://rss.onlinelibrary.wiley.com/doi/abs/10.1111/j.1467-9868.2012.01032.x

(15]

(16]

(17]

(18]

Yiichird  Kakihara. Multidimensional  Second  Order  Stochastic  Pro-
cesses. World  Scientific,  1997. doi: 10.1142/3348. URL
https://www.worldscientific.com/doi/abs/10.1142/3348.

J. Klepsch, C. Klippelberg, and T. Wei. Prediction of functional ARMA pro-
cesses with an application to traffic data.  Econometrics and Statistics, 1:128—
149, January 2017. ISSN 24523062. doi: 10.1016/j.ecosta.2016.10.009. URL
https://linkinghub.elsevier.com/retrieve/pii/S245230621630020X.

Piotr Kokoszka. Dependent functional data. ISRN Probability and Statistics, 2012. doi:
doi:10.5402/2012/958254.

Piotr Kokoszka and Neda Mohammadi Jouzdani. Frequency domain theory for functional
time series: Variance decomposition and an invariance principle. Bernoulli, 26(3):2383—
2399, 08 2020. doi: 10.3150/20-BEJ1199. URL https://doi.org/10.3150/20-BEJ1199.

Degui Li, Peter M. Robinson, and Han Lin Shang. Long-range de-
pendent curve time series. Journal of the American Statistical Associa-
tion, 115(530):957-971, 2020. doi: 10.1080/01621459.2019.1604362. URL

https://doi.org/10.1080/01621459.2019.1604362.

Victor M. Panaretos and Shahin Tavakoli. Fourier analysis of stationary time series
in function space. Ann. Statist., 41(2):568-603, 2013. ISSN 0090-5364. doi: 10.1214/
13-A0S1086. URL https://doi.org/10.1214/13-A051086.

Victor M. Panaretos and Shahin Tavakoli. Cramer-karhunen-loeve representation and
harmonic principal component analysis of functional time series. Stochastic Processes
And Their Applications, 123(7):29. 2779-2807, 2013.

Vladas Pipiras and Murad S. Taqqu. Long-Range Dependence and Self-Similarity. Cam-
bridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press,
2017. doi: 10.1017/CB0O9781139600347.

Alfredas Rackauskas and Charles Suquet. Operator fractional brownian mo-
tion as limit of polygonal lines processes in hilbert space. Stochastics
and Dynamics, 11(01):49-70, 2011. doi:  10.1142/S0219493711003152. URL
https://doi.org/10.1142/50219493711003152.

Felix = Spangenberg. Strictly stationary solutions of ARMA equations
in Banach spaces. Journal of Multivariate Analysis, 121:127-138, Oc-
tober 2013. ISSN  0047259X. doi: 10.1016/j.jmva.2013.06.007. URL

https://linkinghub.elsevier.com/retrieve/pii/S0047259X13001280.

Shahin Tavakoli. Fourier Analysis of Functional Time Series, with Applications to DNA
Dynamics. PhD thesis, MATHAA, EPFL, 2014.

25


https://www.worldscientific.com/doi/abs/10.1142/3348
https://linkinghub.elsevier.com/retrieve/pii/S245230621630020X
https://doi.org/10.3150/20-BEJ1199
https://doi.org/10.1080/01621459.2019.1604362
https://doi.org/10.1214/13-AOS1086
https://doi.org/10.1142/S0219493711003152
https://linkinghub.elsevier.com/retrieve/pii/S0047259X13001280

	Introduction
	Preliminaries and useful notation
	Integration of functions valued in a Banach space
	Banach space valued measure
	Operator theory
	Integration of functions valued in an operator space
	Useful normal Hilbert modules
	Positive Operator Valued Measures (p.o.v.m.)
	Linear filtering of Hilbert valued time series in the spectral domain
	Functional time series
	Hilbert-Schmidt integral operators
	L2(V,V,)-valued weakly stationary time series


	Hilbert valued FIARMA processes
	ARMA processes
	Fractional operator integration of weakly stationary processes
	Other long-memory processes

	Postponed proofs
	Proofs of sec:integral-ope-fiarma
	Proofs of sec:functional-time-series-fiarma
	Proofs of sec:arma-fiarma
	Proofs of sec:hilbert-valued-fiarma
	Proofs of sec:other-long-memory-fiarma


