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CRITICAL POINTS OF THE MOSER-TRUDINGER
FUNCTIONAL ON CLOSED SURFACES

FRANCESCA DE MARCHIS, ANDREA MALCHIODI, LUCA MARTINAZZI,
AND PIERRE-DAMIEN THIZY

ABsTrACT. Given a closed Riemann surface (X, go) and any positive weight
f € C°°(X), we use a minmax scheme together with compactness, quantization
results and with sharp energy estimates to prove the existence of positive
critical points of the functional

P
2—p [ pllull?; )z »
Ipp(u) = N < 25H - ln/; (e"+ — 1) fdvgg ,

for every p € (1,2) and 8 > 0, or for p =1 and S € (0,00) \ 47N. Letting p 1 2
we obtain positive critical points of the Moser-Trudinger functional

F(u) := /Z (6“2 - 1) fdvg,

constrained to £g := {v s.b. ||v||§{1 = ,8} for any 8 > 0.

INTRODUCTION

We consider a smooth, closed Riemann surface (%, gg) (2-dimensional, connected
and without boundary) and a smooth positive function f, and we endow the usual
Sobolev space H! = H'(X) with the standard norm || - || 1 given by

ullZe :/E(\w@oﬂ?) dvg, . 0.1)

Building up on previous works, see e.g. [3, 25, 26, 31, 43, 45, 46, 52|, Yuxiang Li
[35] proved that the following Moser-Trudinger inequality holds

sup / e“2fdvgO <400 & p<Arn, (MT)
b

weH, flull2, =

(see also Remark 0.2) and that there is an extremal function for (MT) even in
the critical case 5 = 47 (see also Remark 5.1). Such an extremal is (up to a sign
change) a positive critical point of

Fu) = / (¢ 1) Fany,. (0.2)
b
constrained to
u€gi={veH st |v||j =B} (0.3)

when 3 € (0,4n]. A positive function w is a critical point of F' constrained to &g if
and only if it satisfies the Euler-Lagrange equation

Agou+u= 2)\fue“2 , u>0in X, (0.4)
1
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where our convention for the Laplacian is with the sign that makes it nonnegative
and where A > 0 is given by

2>\/ w2 fdvg, = B = |[ull% - (0.5)
>

For 8 < 4m, finding critical points of F' constrained to £z reduces to a standard
maximization argument. Finding such critical points for larger 8’s is a more chal-
lenging problem, since upper bounds on the functional fail, and this will be the
main achievement of this paper. Some results in this direction, for planar domains
and in slightly supercritical regimes 0 < 8 — 4w < 1 were obtained in [46] and [32].

In order to do handle the case of general 3’s greater than 4w, we would like to use
a variational method, more precisely a minmax method, to produce a converging
Palais-Smale sequence. The two main analytic difficulties are that the functional F’
does not satisfy the Palais-Smale condition and that its criticality is of borderline
type, which prevents us from using the methods of [32, 46] for 5 large. To overcome
these problems we will introduce a family of subcritical functional I, g, p € [1,2),
that, in some sense, interpolate between a Liouville-type problem and our critical
Moser-Trudinger problem, apply the minmax method to obtain critical points of
I, 3, and then prove new compactness and quantization results for such critical
points.

More precisely, given p € [1,2) and 3 > 0, we let I, 5 be given in H' by

2 2.\*? .
sy = 257 (pgilfz ) o /E (e —1) Fav,. (0.6)

where uy = max{u,0} and we set I, g(u) = +oo if u < 0. By Trudinger’s result
[52], for p € (1,2), I, 5 is finite and of class C! on the subset of H' of functions
with non-trivial positive part, and its critical points are the solutions of

Agou+u=prfuP~te” | u>0in ¥, (0.7)

where the positivity follows from the maximum principle, see Lemma 1.1, and A > 0
is given by the relation

2(p—1)
Ap? (pllullF T P _
ae ( 2BH ) /E(e . 1) fdvg, = B. (0.8)

While I g is not differentiable at functions u vanishing on sets of positive measure,
it is differentiable at any w > 0 a.e., and v > 0 is a critical point if and only if it
solves (0.7)-(0.8) with p = 1. Smoothness follows by standard elliptic theory and
[52], see Lemma 1.1. Now, multiplying (0.7) by v and integrating by parts in ¥,
(0.8) may be rewritten as

2(p—1)

%pQ ( /Z (eup — 1) fdvgo)?;p ( /E uPe” fdvgo> "3, (0.9)

By (MT) and Young’s inequality, I, g is bounded from below for all 5 < 4, and for
B < 4r finding critical points of I,, 3 reduces to a standard minimization argument,
as it happens for the constrained extremization of F: similarly, finding such critical
points for larger 5’s is much more difficult. As we shall discuss, compactness and
quantization (see Corollary 4.1) give that, as p approaches the borderline case
po = 2, the critical points of I, g converge to critical points of the functional F' in
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(0.2) constrained to &g, at least when 3 > 0 is given out of 47N*, where N* denotes
the set of the positive integers.
Our main results read as follows:

Theorem 0.1. Let (X, g0) be a smooth closed surface and f be a smooth positive
function. Let p € (1,2) and B > 0 be given. Then the set Cp 3 of the positive
critical points of I, 3 is not empty and compact. The same is true for p = 1 and
every 3 € (0,00) \ 47N*.

Letting p 1 2 suitably, we will obtain the following result, which according to us
is the most relevant achievement of this paper.

Theorem 0.2. Let (¥, g9) be a smooth closed surface and f be a smooth positive
function. Let B > 0 be given. Then the set Cy 5 of the positive critical points of the
functional F' constrained to Es is not empty and compact in C?.

A notable fact in Theorems 0.1 and 0.2 is that, except for p = 1, the full range
B > 0 is covered and in particular also the case § € 47N*. If fact we will also prove

that the sets
U Cp,5, U Cp,s

Beldm(k—1)+8,4mk] Beldn(k—1)+8,4mk—3]
pPE[1+46,2] pr€E(l,2]

are compact for any § > 0, i.e. blow-up can occur only for 8 | 47N* or for p — 1
and 8 — 4nN*, as we shall see.

Let us explain the strategy of the proofs. We shall start with the existence part
of Theorem 0.1. Here with a minmax scheme based on so called baricenters, as
originally used in [19], we show that given p € (1,2) and 8 € (4m,+00) \ 47N*,
the very low sublevels of I, g are topologically non-trivial, see Proposition 1.1.
This would allow to construct a Palais-Smale sequence at some minmax level, but
it is only with a monotonicity trick introduced by Struwe, see [47], that we are
able to construct Palais-Smale sequences that are bounded for almost every 5 > 0
and for p € (1,2). Then, again using the subcriticality of e*” with respect to
(MT), a H'-bounded subsequence strongly converges to a positive critical point of
I, s, see Proposition 1.3 (see also [9, Thm. 5.1] for counterexamples to the strong
convergence of bounded Palais-Smale sequences when p = 2).

The next step is to extend this result from the existence for a.e. 3 to the existence
for every 8 € (0,00)\ 4wN*. This is done via the crucial compactness Theorem 4.1,
showing that a sequence (uc). of positive critical points of J,_ g, with p. € [1,2)
and B — B € [0,00) can fail to be precompact only if § € 4xN. If fact, as
pe T 2, this also allows to show that the positive critical points of J,_ 3. converge
to positive critical points of F|g, if 8 ¢ 47N, (see Corollary 4.1), hence proving
Theorem 0.2, except for § € 4wN*. This quantization property (5 € 47N* in case
of blow up) can be seen as a no-neck energy result, but not only. Indeed, in the
specific case where p = 2, extending the quantization of [21] to the surface setting,
Yang [53] already proved a no-neck energy result for such sequences, but without
excluding that some nonzero weak limit uy Z 0 appears. We know now that ruling
this situation out, or in other words getting the sharp quantization (4.5) instead
of (4.6), is a very sensitive property, which depends also on the lower-order terms
appearing in the RHS of (0.16) (see for instance [41] for counterexamples with a
perturbed version of the nonlinearity 6“2) and which requires to be more careful
in the way we approach the border case p = 2. In this sense, our Theorem 4.1
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cannot be seen as a perturbation of previous results, but it is a novelty in itself.
We also mention that the proof of Theorem 4.1 never uses the Pohozaev identity,
which is however quite classical in proving such quantization results. Instead, we
first compare in small disks our blow-up solutions with some radially symmetric
functions solving the same PDE, sometimes called "bubbles", and we directly show
that the difference must satisfy some balance condition (see (3.1)). From this
balance condition, we get that the union of these separate disks is large in the sense
that the complementary region cannot contribute in the quantization (4.5). In this
last part of the proof, we also show that our specific family of nonlinearities forces
the Lagrange multipliers to converge appropriately to 0 (see Step 4.2) as blow-up
occurs. One delicate consequence is that each disk only brings the minimal energy
47 in (4.5) (see also Remark 4.1).

Finally, covering the case 5 € 47N* relies on delicate energy expansions of the
blowing-up sequences carried out in Theorem 5.1 below. When § = 47 and p = 2, it
was already observed in a slightly different setting (see [39, 40]) that such expansions
do not clearly depend on the geometric quantities of the problem and that the
energy always converges to 47 from above. In the present paper, we observe that
this is still true at any level 8 € 47N* and for all p € (1,2], so that if we let
B 1 B € 47N* no blow-up occurs, while it could occur for g, | 5 € 47N*. In striking
contrast, the analogous expansions in [5], dealing with an equation qualitatively
similar to the case p = 1 (see Remark 0.2 below), are different in nature: for
instance, the Gauss curvature of the surface appears and compactness is not always
true at critical levels 8 € 47N* (see the discussion below [5, Corollary 1.2]).

We conclude this introduction with some remarks.

Remark 0.1. When ¥ is a non-simply connected bounded domain in R?, in [22]
the authors compute the Leray-Schauder degree of the Euler-Lagrange equation of
the functional F|g,, showing that it is non-zero if ¥ is not simply connected. Even
if we were able to adapt the strategy to the case of a closed manifold 3, when the
genus of X is 0 (i.e. if ¥ is topologically a sphere), the Leray-Schauder degree of the
Euler-Lagrange equation is expected to be 1 for 3 € (0,4x], —1 for 8 € (4, 87| and
0 for 8 > 8m. Hence this topological method fails to completely answer the question
of the existence of critical points of Fl|g, on a closed surface.

In any case, the Leray-Schauder degree does not depend on p € [1,2] by
compactness (except for p =1 and B8 € 47wN*), and coincides with that of the mean
field equation (with the full H'-norm, slightly different from [6] or [37]), namely
(0.12) p = 1. For the case p € (1,2] and B = 4wk the L-S degree is equal to the
degree for 8 € (4n(k — 1),4nk) by Theorem 5.1.

Remark 0.2. It is worth mentioning that, on a surface, there is a Moser-Trudinger
inequality with a zero average constraint, namely

sup/e“2dvgo<+oo & pf<A4m, (MTz)
u€Zg Jy

where Zg = {u € H' s.t. [, |Vul? dvg, =3 and [, u dvg, = 0}. This inequality
was already proven in the original paper of Moser [43], if (X,g) is the standard
2-sphere, and in the general case by Fontana [26], dealing also with the higher
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dimensional case. The functional I, qualitatively related to I, g in (0.6) forp =1,

1
Ig(u) = @/Z|Vu|30dvg0 +/Eu dvg, —ln/ze“dvgo (0.10)

attracted a huge attention in the literature (see [34, 6, 18] and references therein)
and its critical points give rise to the very much studied mean-field equation. As a
remark, for all § < 4w, as (MT) implies that I g is bounded below, we get from
(MTz) that I is bounded below.

Remark 0.3. In the papers [1], [4], [36], [49] some uniqueness results for Liouville
equations in planar domains or on closed surfaces were proved, while in [10], [11]
some multiplicity results as well. It would be worthwhile to consider such issues for
the critical points of the Moser-Trudinger functional as well.

Remark 0.4. Different kinds of bubbling solutions for the Moser-Trudinger in-
equalities on domains and surfaces were built in [13, 15, 24].

PRELIMINARIES

It is convenient to get rid of the smooth weight function f and to reformulate
the problem by introducing the norm || - ||, given by

|2 = /E (1Vul? + hu?) du, (0.11)

where h:=1/f € C*°(X) and where the new metric g is conformal to gy and given
by g = fgo. Keeping then the notation in (0.1), we have |ju||, = ||u||g for all
u € HY(X). Besides, since A, = Ay, = f71A,, by the conformal covariance of
the Laplacian, we obtain that u solves (0.7) if and only if it solves

Agu+ hu = ApuP e | w>0in 2. (0.12)

Then, for all p € [1,2), the aforementioned critical points u of I, 3 solving (0.7)-(0.8)
are exactly those of the functional J, 3 given by

2 — 2\ 7 .
Ip,a(u) = Tp <p||21,té’h> - ln/Z (6“+ - 1) dvg , (0.13)

solving (0.12) with A > 0 given by

2(p—1)
? (pllulli ) wr _

Again, multiplying (0.12) by u and integrating by parts, (0.14) may be rephrased

as
2(p—1)

8= %’2 </2 (e“p - 1) dvg> - (/Z upe“pdvg) T (0.15)

Now, even for p = 2, we have that u € H' solves our problem (0.4)-(0.5), if and
only if we have (0.12) for p = 2, namely

Agu+ hu = 2we”, u>0in 3, (0.16)
with A > 0 given by (0.15).
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Remark 0.5. Working with (0.12) instead of (0.7) will considerably simplify the
choice of constants and the writing of some estimates in the blow-up analysis. Yet, if
one consents to burden the presentation, a straightforward adaptation of our proofs

can handle the case where two independent weights appear, namely for the equation
Agu+ hu = pAfuP~te”.

1. VARIATIONAL PART

The main goal of the section is to prove the following theorem, with J, g as in
(0.13).

Theorem 1.1. Let (3, g) be a closed surface, a positive function h € C*(X) and
let p € (1,2) be given. Then, for almost every 8 > 0, J, 3 possesses a smooth and
positive critical point u, where J, g is as in (0.13).

Asg discussed in introduction, u given by Theorem 1.1 is smooth, positive and
solves (0.12)-(0.14) for some A > 0, as we shall now prove.

Lemma 1.1. Every non-trivial critical point of J, 3, p € (1,2), is a smooth and
positive solution to (0.12). Moreover, for every p € [1,2] every solution to (0.12) is
smooth.

Proof. Assume p € (1,2). One easily verifies that the Euler-Lagrange equation of
Jp’ﬂ is

Au+ hu = )\ui_le“i7 (1.1)

where A > 0. Since ¢“+ € Li(X) for every ¢ € [1,00) thanks to [52], elliptic
estimates imply that u € C?(X).

We first claim that u > 0. Indeed, assume that ¥_ := {&x € ¥ : u(z) < 0} # 0.
Then Au = —hu > 0 in ¥_, violating the weak maximum principle at a point of
minimum.

Now consider ¥y := {z € ¥ : u(x) > 0}. We claim that ¥4 =X, ie. u >0
everywhere. Otherwise 0%, # 0. Let then o € X, be a point satisfying the
interior sphere condition, and let D C ¥, be a disk with x¢ € 9D and such that

Au= P —hu>0 in D.

It is possible to find such D because u(xo) = 0, A > 0, and p < 2. Then, by the
Hopf lemma, see e.g. [27, Lemma 3.4],
ou

5(%) <0,

where v is the outer normal to 9% at x(. This violates the non-negativity of u,
leading to a contradition. Hence u > 0. Going back to (1.1), we can now bootstrap
regularity, hence u € C*°(X).

Also for p = 1, 2 the regularity of solutions to (0.12) follows from elliptic estimates
and [52], which implies that the right-hand side of (0.12) belongs to L?(X) for
q € [1,00). O

In the rest of the section we consider p € (1,2) and the positive function h €
C> (%) fixed. The first tools we shall need in the proof of Theorem 1.1 are improved
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Moser-Trudinger inequalities. Let us first observe that from Young’s inequality

ab < % + bTT applied with ¢ = and r=q %p we obtain, for u #Z 0,
lu| [8 "
= (G5 (e
IIUIIh p 87
22-p ( P\
< 4 Zor <7) )
7T“ H2 + HuHh 2 S

hence with (MT) we get

. . 2—p (pluf2\*7
m/ e’ — 1) do gm/ [l gy, <22 (h +C. 1.2
2< ) g - 2 8 (12)

It follows that

2 o 1\77 1\ =%
Jyp(u) > ?p (pllull) > ((26) - <87r) > -C,

so that J, g is coercive for 3 < 4.

On the other hand, if the density e/*!” —1 is spread into k+1 > 1 disjoint regions
we have the following improved Moser-Trudinger inequality which gives a uniform
lower bound on J, g(u) for each § < 4w(k + 1), see [8] for a related argument.

Lemma 1.2. For any fixred k € N, let Qy,...,Q11 be subsets of ¥ satisfying
dist(;,8;) > 0o for i # j and some 6y > 0. Let also vy € (O, i) 01 €
(0,87(k +1)). Then there ezists a constant C = C(k,do, 01,0, 2) such that

. 2-p pllull; =
1 ul” _q < 2 1.
n/E(e )dvg_ > <8W(k+1)_51 +C (1.3)

for all the functions u € H*(X)\{0} satisfying

fQ (elu‘p - 1) dug
Js (e‘"|p —1) dv,

Proof. Fix u satisfying (1.4). We can find k + 1 functions g1, ..., gr+1 such that

>50, Vie{l,...,k+1}. (1.4)

gi(z) € [ 1] for every x € X;
gi(z) = for every x € QZ, (L5)
gi(x) = 0, if dist(z, ;) > % )

lgiller < Csy 5

For ¢ > 0 small (to be fixed depending on k and §;) using the inequality 2ab <
ea®+e71b? we can find a constant C. 5, (the dependence of the constants on X and
h will be omitted) such that, for any i € {1,...,k+ 1} and v € H'(X) there holds

||giv||%§/gi2|Vv\2dvg+s/ |Vv|2dvg+C5,5o/Zv2dvg. (1.6)

Now let A 5, be an eigenvalue of A, + h such that Ce, 50 < g, where C 5, is as in
(1.6), and write
u = PVE,EOU + PvL{s U =:ui + us,
£,00
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where V. 5, C H'(X) is the direct sum of the eigenspaces of A,+ h with eigenvalues
less than or equal to A 5., and Py_, , PvLé denote the projections onto V; 5, and
: o

VEJ’-(;O respectively.

We now choose 7 such that
/ 92| Vus|?dv, < / g?\VuQdeg for every j € {1,...,k+1}.
by by

Since the functions g1, ..., gr+1 have disjoint supports, (1.6) applied with v = us
gives

1
lgiuz|? < m/z|vu2\2dvg+5/E|Vu2|2dvg+C€)5o/Zu§dvg.

This, together with the inequalities

Ces
Cusy [ 1o < S fugf} < efualf,
P

€,d0
implies
2 1 2 1 2
losual} < (g +22) el < (g +2¢) Il D)

In particular from the Moser-Trudinger inequality (1.2) and (1.7), we have for ¢
small enough, which we now fix depending on §; and k,

D

202\ 2P
In / gl g, < 2P <p<1+s>v||gzu2||m> Lo
. (1.8)

2 8w

P
2-p(_ pllualfn 7T
< C.
- 2 <87r(/€+1)—51 *

Notice also that since V; s, is finite dimensional, we have

ollzee < Cegollvllze < Cegyllvlln,  for v e Ve,

hence
[ut || Lo (@) < Ce ol n-

Now, using the inequality
(a+b)P <C.pa? + (1 +e)bP,
we get

. P P . P
/e\gtu\ dv, < ecg,puuluw/e<1+s>|gm\ dv,,
b b

hence, from (1.4) and (1.8) we deduce

P 1 P
ln/ (elu‘ — 1) dvg <In— + ln/ (elu‘ — 1) dvg
b)) Yo Q;

1 »
<Iln— —|—1n/ elgiul dvg
Yo b

1 »
<In— + O plur |7 + ln/ eltelgiual® gy
o b

2-p pllus|? =
< C
-2 (87r(k+ 1) -6 +Cep

(1.9)

ua [} + €7,
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with Q” = C'(k,d0,01,7%,%). A further application of Young’s inequality to the
term C. pllu1]|} and the inequality a? + b7 < (a + b)? for ¢ > 1 then gives

» 2—p (p(luallF + uallf)\ =7
1 lel” _ < H b
H/E(e ) dey < = ( 8r(k 1 1) — o, +C

with C = C(k, 80,61,7%0, %), and since [us||? + [url|? = ull? we conclude. O

The next lemma, proven in [19, Lemma 2.3], is a criterion which implies the
situation described by condition (1.4).

Lemma 1.3. Let k be a given positive integer, and consider €, > 0. Suppose that
for a non-negative function f € L*(X) with || f||z2 = 1 there holds

/ fdr <1—¢ for every k-tuple x1, ...,z € 3. (1.10)
§=1 Br(xz)

Then there exist € > 0 and 7 > 0, depending only on €, r, k and Q (but not on f),
and k + 1 points 1 ¢,...,ZTp+1,f € X such that

/ fdx>&  forj=1,....k+1,
B

F(ij,f)
and Boy(Z; 5) N Bar(Zj¢) = 0 for i # j.
Lemma 1.2 and Lemma 1.3 then imply the following other result.

Lemma 1.4. If § € (4nk,4nw(k + 1)) with k > 1, the following property holds. For
any € > 0 and any r > 0 there exists a large positive constant L = L(e,r,p, 3) such
that, for every uw € HY(X) with J, 5(u) < —L there exist k points x1,...,7; € ¥
such that l?
fE\ui?:lBT(mi) (el —1) du,
Js (el = 1) dvg
Proof. Fix ¢, r, p, and 3 as in the statement of the lemma and let u € H'(X) be
such that Jp g(u) < —L for some constant L > 0, and assume by that (1.11) fails
for every k-tuple of points x1,...,z;. Then setting
ell” —1
e 1
we have that (1.10) holds. Therefore, by Lemma 1.3 we can find & = &(e, 7, k, X),
7 =7(e,r k,2) and points Z1,...,Tr41 € X such that the assumptions of Lemma
1.2 hold with Q; = B(%;), 70 = € and Jp = 27. Fix also §; = 87 (k+ 1) —23. Then
by Lemma 1.2 there exists a constant C' depending on k, dg, d1, Y9, p and 3, hence
depending on ¢, r, p, 8, k and ¥ such that

upr 2-p (plul2a\T7
ln/z(el‘ —1)dvg§2< QﬁH +C,

hence J, g(u) > —C, and up to choosing L > C we obtain a contradiction, unless
(1.11) holds for a suitable k-tuple xy, ...,z € X. O

(1.11)

Given k € N we introduce the set of formal barycenters of X of order k, namely

k k
Zk:{a:Ztiém:mieZ,tizo,Ztizl},

i=1 i=1
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where 0, is the Dirac mass at x;, see [19], [38].

We will see X as a subset of M(X), the set of all probability Radon measures on

3}, endowed with the distance defined using duality versus Lipschitz functions:
dist(p,v) :=  sup

/ww—/ww7
Il Lipy <11/ )

which receives the name of Kantorovich-Rubinstein distance.

w, v € M(%), (1.12)

Lemma 1.5. For any € > 0 there exist § > 0 and r. > 0 such that, for any
r € (0,7.], if f € LY(X) is a non-negative function such that
fz:\u?: B

1 Br(z4) fdvg
fz fdvg

<9 (1.13)

for some x1,...,x, € X, then

dist fdvg o] <e,
fz fdvg

o fdv
S R T L
i=1 fuj?:lBr(rj) Ffdvg

where

Proof. Consider a function ¢ on ¥ with [|¢)||z;ps) < 1, which we can assume to
have zero average, and let us estimate for fz fdvg =1 (otherwise, we can rescale f
by a constant)

‘/ Jdvy = / Yo = /B (@ )fwdvg - /B,.(:vi) v+ /E\U?lB,.(wi) fdvg).

Since f > 0, with fz f dvg =1, and since ¥ is uniformly bounded by the diameter of
3 (due to the fact that it is 1-Lipschitz and has zero average), by (1.13) we clearly

have that
/ fdug
E\UE_, Br (@)

On the other hand, for the same reason we have that fuk
J

< ddiamgy ().

_Bo(ay) fdvy =1+ 0(9),

which implies that ¢; = (1 4+ O(9)) fB,.(z,-) fdvg and in turn that

/ ’lﬁda’ = ti\IJ(l‘i)
BT(CE,L)
= i d O(9).
Mﬂﬂ%mf%+()

Again from the fact that ¢ is 1-Lipschitz, we get that

/ fdu, = 1/)(:51-)/ fdvg + O(r).
Br(xi) Bv‘(mi)
Since 1 was arbitrary, the conclusion follows from the last four formulas. O

An immediate consequence of Lemma 1.4 and Lemma 1.5 is that the low sublevels
of J, g can be mapped close to Xy, in the sense of the following lemma.
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Lemma 1.6. Given § € (4nk,4dw(k + 1)) with k > 1, € > 0 there ewxists L =
L(e,p,B) such that for every u € H'(X) with J, 3 < —L we have

lul? _
dist ( (e 1) dvy ,Zk> <e.
J o

- (e|“‘p -1)dv

Let us first recall a well known result about Xj, endowed with the topology
induced by dist(-, ).

Lemma 1.7 ([38]). For any k > 1 the set ¥}, is non-contractible.

Our goal is to show that, if 8 € (4nk,4n(k + 1)), Xk can be mapped into very
negative sublevels of J,, g and that this map is non trivial in the sense that it carries
some homology. Then, as a consequence of the previous Lemma we will get the non
contractibility of low sublevels of J, s.

Let us first define the standard bubble ¢. : R? — R for v > 0,

1

e () (- (14 15))

where 7, is chosen so that
Ty =0 (e_'yp) , In (rve'yp) = o(v?), (1.14)

for instance, ., =y~ 'e™7".
Now, given x € ¥ we define the function ¢, . : ¥ — R as

1
2\ p 1 d?
@V’I:<)p’y<1_ln<l+(y27$c)>) .
D 0k Ty 4

Notice that ¢ .(y) > 0 if and only if y € Bs (x), where
2. 2097
65:=r(" —1) =0 asvy— oo. (1.15)

For a barycenter o = Zle ti0z, € X we now want to construct test functions ¢, »
continuous with respect to o (from M(X) into H'(X)) concentrating mass near the
points x;, in the sense that

(e¥%e — 1)du,
s, (€952 — 1) duy
In order to do so, to each ¢ € [0,1] and v > 0 we associate 7 = 7(t,y) such that
Jo (e(w—ﬂi . 1) dz
Jgo (€95 = 1) da

— 0, as~y— oo. (1.16)

=t (1.17)

Sl

Notice that 7 is decreasing with respect to ¢t and that 7(0,v) = (%) ~, 7(1,7) =0

for every v > 0. We will need the following elementary estimate.

Lemma 1.8. For any fized t € (0,1] we have 7(t,7) — 0 as v — oo uniformly for
teltl].
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Proof. Given ~, 7 > 0, consider L > % to be fixed later. We easily see that

/ (e(%_ﬂi — 1) dr < / (e“’g — 1) dzx
{wy<L} {ey<L}

< (eLP — 1) 7r§,2y =0,(1).

(1.18)

Moreover, for v such that
In2\”

(1“) >1+4e>1,
'yp

2
p
B,_(0) for v large, we get

also using that ¢, > L on

/{sz} (eqﬂ; a 1) dz > ~/Bm o (eﬁw(k%)p - 1) "

> / (e(HE)VP - 1) dz (1.19)
2 (0)

> 7TT,2Y (e(H'E)Vp — 1) — 00.

By the Taylor expansion

p(p—1)
2(1—=¢)*»

1
(1—z)’=1—px+ x2§1—px+0px2, nggmgi,

we get for ¢, > L > 27
(g = T4 S b —preb ™ + Cpr2ph™ < b — Crh

up to choosing L > Lo(p) sufficiently large. We then infer

/ (e(%_ﬂi — 1) do < e 571 / e da
{ey>L} {ey>L}

:()L</z (6‘05—1>dx>, as L — oo.
-

Putting (1.18)-(1.20) together it follows that

Jr2 (e(‘“*ﬂi — 1) dx
Jra (97 = 1) dz

for any 7 > 0. This implies that 7(¢,7) = o(1) as v — oo for any ¢ € (0,1] since
otherwise there would be sequences 7. — 0 and 7. € (0,~.] such that 7.(¢,v.) >
7, > 0, and by monotonicity

(1.20)

t(r,v) = =o(l) asy—

0<t=1t(Te,ve) < t(1s,7:) =0(1) ase—0,
a contradiction. Using the monotonicity of 7 with respect to ¢ the conclusion follows
at once. O
Now call 7; = 7(¢;,7), 1 < i < k and define ¢, , by the formula
k

e 13 (dornei 1),

i=1
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or, explicitly

k
907,0 = h’l% (1 + Z (6(80%'” _Ti)i - 1)) . (121)

i=1
Notation. Until the end of the section o(1) (resp. O(1)) will denote a quantity
tending to 0 (resp. a bounded quantity) as v — oo, uniformly with respect to
r €Y and o € Y.

Lemma 1.9. For every x € X2, we have

2\ r
/ IVer 2|* dvy = <> 47y*7P(1 4+ 0(1)), asy — oo.
by p
Proof. By a straightforward computation, for any y € B; (x), we get

2)37 1y T2V (d*(y, 7))

\Y T = -\ = )
Pra(y) (p 1+ 75%d2(y, x)

while Vi, . (y) =0 in X\ Bs_ ().

Using geodesic coordinates centered at x, with an abuse of notation, we identify
the points in ¥ with their pre-image under the exponential map. Using these
coordinates, and recalling that é, — 0 we have that

d(y, ) =y — z|(1+0(1)), |Vy(d®*(y,2))| =2y —z|(1+0o(1)), y € Bs,(x)
hence

Vi aly)] = <2>;W<1 +o(1)

p

2|y — |
Sl LA T Bs_(z). 1.22
T,%+|y_l"2, ye 5»\,(‘%) ( )

Thanks to the change of variable s = r,2y + p?, we are able to conclude that

/2|v§0%x|2 dvg = /B |V<P%x|2 dvg

- (B) oy [ At

B () (15 + 1y —2[?)?

yielding the result. (]

Lemma 1.10. In the above notation we have, uniformly for o € ¥y,

2
2\ r
JC R (p) Lk P (14 o(1)).
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Proof. We compute
k -1 1P
Zz 1(90%931' - Tl)ﬁ e((p%ml Tl)Jrv@%wi

' (14505, (e 1)) (14 Sh, (et 1))

Vyo =

Notice that

O s

5 (1 4 Z;?:l (emwfnu _ 1)) (1 4 Z?ﬂ (emwjfrj)i _ 1))

< @iX{py,0, >}

0<

where
e(ﬁo'y,aci _Ti)i

D Cat i

a; ‘=

hence
|V90’y o(2)] < Z a;(x |VS0'V z; )|X{<,a%mi>n}(x)'

Split now ¥ as a disjoint (up to sets of measure zero) union 7 U- - - U, such that

Ve, ()] = max Vg, ()] for z € 9,

1<i<k

and further split ¥ as ¥ = X, UX_, where

k
Ypi=qzreX: Ze(%'%‘(w)_”)i >y, Y_:=%\X,.
j=1

Notice that
k
Zai(az) <1+o0,(1) forzei,.

Then, with the help of Lemma 1.9 we obtain

k 2
/ |V<Pv al dr < Z/ <Z ailv<p'y,mj> dx
£.NQ;

i=1

< +o<1>>Z R (1.23)

< (1+0(1)) (;) ’ 4rky*P.

We now want to prove that the integral over ¥_ is negligible. Indeed we have

k
ZM(I) <k forzeX_,
i=1
since -—— < k for s > k, and similarly to (1.23) we get

/ Ve, odx < k2Z/ IV or o, |2 da.
>_ J=173-n9;
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In order to estimate the right-hand side, observe that
1< elei@-m)% < v forxeX_.
This implies that
Y_NQ; C Bg,(z;) \ By, (z;) for every j,

where R; and ry are given by the relations

| < e<cpv<1w%1n(1+d2(:7§j)>)*n>p <y O <2

This yields

d2(.’E,(Ej)

r2

P — C’;lijypfl >1In (1 +
3

and

1
p_C— 1. Ap—1 P_C— 1. AP—1_ P—114p
R = (e7 Cp mr" 1) 7“3, ri = (e7 Cp i vy 1> r2

) > 4P — Gyl — P i o,

v

15

We now integrate as in Lemma 1.9, and with the same change of variables s = 7’,2Y+p2

we obtain

TR g g2
/ |v90'y-,f'37’ ‘2dvg =0 (’727217) / 2 *ds
Bry (z)\Bry (z;) . r,%«kr% S

p_c—1l,. p—1
r2e7 = Cp T

<0 (™)
=0 (’yl*p In» 7)
= o(y*7P).

Together with (1.23), we conclude.

Lemma 1.11. We have the following estimates, uniformly for o € ¥y,

/Ehcp,%,a dvy = o(y*7P).

Proof. Let us first evaluate, for z € X, [5, @2 , dv,. Being

/B ( np?w dvg =o(1), ¢y, =0in X\ Bs (z),
oy (@

ds

1
1 _ o, L
r27P—Cp Ty PTl—yP~1lmP 5 g
2
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it is enough to estimate [ )\ 5 ()¢5 AVg-
v Ty ’

Using normal coordinates at x and the change of variables s = 1 + ;—z, we get
v

/ 2 dvy = O( 2)/67 <1 2 (14 Dy 4 L 12(1+7’2))d
ps zdvg = O(vy r{l——1In — )+ —-1n — T
2\B, (@) . P A r

¥ Y

~P

=0(y?) /2 2 (1 — %ln(s) + 7iphﬁ(s)) ds

2 1 e
= 0(727"3) [s - ’77’(_8 +slns) + W(Qs —2slns + sln? s)} )
=0(y"™™)
=o(y*7P).

(1.24)

Splitting ¥ as a disjoint (up to sets of measure zero) union 0 U---UQy, so that

Py (2) = AKX Py, (7) forz €0y,

we have

@2 ()

IN
—
=]
s
Y
(]~
o
€
2
&
&
~—
IN
]~
=
jol}
—
8
S~—
—
=]
k-]
—~
)
€
2T
&
&
~—

IN
[~
—
=
o
Jr
S
2T
B
&
N~——
LN

k
< 0 +0(1)) ¢2, (@),

where in the last inequality we used the convexity of the map ¢ — tr.
As a consequence, since h is bounded,

k
(1.24) _
[ 16 o, =00+ 0 Y [ G2 @), 2 07 ),
b il
as desired. O
Lemma 1.12. We have, uniformly for o € X
» 2 -
ln/ (e%a - 1) dvg > J'y”(l +0(1)), as~vy— .
by p

Proof. Given o = Zle ti6y, € Xy, fix i such that ¢; > % Then, according to
Lemma 1.8 we have 7; = o(1) as v — oo, hence

(pg,a > (‘p%wi - > 7719(1 + 0<1)) on B'r.y (xz)

)
+
Vv
| Do
2
ke
VRS
—
|
—
‘c
[\}
|
[e)
o)
=
N———
+ hej
S 1o
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for « sufficiently large. Then, also using (1.14), it follows

ln/ (e“’zvv — 1) dvg > ln/ (e”gvo — 1) dvg
b} Br’y (xl)

>1n ((1 +o(1)r 36% p(1+0(1)))

2 p
= (p1+0(1))7
= L1 40(1)),

as claimed. O

Lemma 1.13. Given 8 € (4wk,4m(k+ 1)), with k > 1, then as v — +oo we have:
i. Jp p(py,0) = —00 uniformly for o € Ly,

p
e?7:9 —1)dvg

4. dist <j;:(e“’£#’—1)¢1't)s,’o—) —0 umformly fOT‘U € Zk: see (112)

Proof. i. By definition of ¢, , and Lemmas 1.10, 1.11 and 1.12 we have

2— o 2 ﬁ P
Ip.p(Py,0) = 5 P <p||s02'% ”h> — hl/E (e‘pwd — 1) dvg

( 2) a2 p<1+o<1>>>’f” 2y

l47rk 21’2

_2- p’y (47rl<:)
P B
uniformly for o € 3.

1. Let us first collect some simple calculations.
Let 0 = Zf:l t;05, € X: then, since , — 0 when v — +o0,

[ (oot = o) [ (e 1)
Bs, (x2) BE(0)

(1.17) (1+o(1)); /R2 (e%@5 - 1) dz, (1.25)

2P(1+ o1 ))] ~ 2P r(1 4 0(1))

(I14+0(1)) = —o0,

as a consequence

k
/ (5o 1y, 20 [ 3 (el 1)) ay,
U?=1Béw($g‘) Uj lBo-y(xJ)

i=1

k
= (v =% _ 1) d
;/Béw(ri) (6 i ) Vg
U2 (14 o(1)) / (e ~1) de, (1.26)
R2
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where in the second identity we used that ¢, ,, =0 on X\ Bs_(z;). Given € > 0,
we need to show that

dist (fy,0dvg,0) < 2¢ for v sufficiently large,

(o)
Js (ewﬁ.u -1) dvy’
Let 6 > 0 and r. > 0 be the positive constants of the statement of Lemma 1.5.
It is immediate to see that f, , satisfies (1.13), being ¢, = 0in ¥\ UL, B; (z;),
then by Lemma 1.5 (which holds with r = §,, if «y is sufficiently large)
(e‘pg«v —1)duv,

. S 1.27
)(69"%6 —1)dv, ™ (1.27)

uniformly for o € ¥, where

f”/,a =

k

JBs, (a
dist (fy,0,04) <& where o, := Zf Bey (20)
Uk

j=18s, (2
In virtue of (1.25) and (1.26) 0., = Zi:l t;(1+0(1))d,, and so
dist(o.,0) < e for v sufficiently large. (1.28)
The thesis follows from (1.27) and (1.28). O
Let us set for L > 0
Jp_ﬁ ={uec H' (®): J,5(u) < —L}.

Proposition 1.1. Let 3 € (4nk + 6,4n(k + 1) — §), with k > 1 and § € (0,1).
Then, there exist L > 0 and v > 0 sufficiently large depending on p, k and 6, and
a continuous function

Uk — S

such that i) ®(0) == ¢, € J;?}L for every o € Xk, and ii) the map Vod : X — Yy,
is homotopically equivalent to the identity on Y.

Proof. By [2, Proposition 2.2] there exist € > 0 and a continuous retraction
U {oe M) : dist(o, %)) < e} — Zp.
By Lemma 1.6 there exists L = L(e, p, 3) such that for every u € J;g

[ul® _ 1
dist (f(e )dvg ,Ek> <e.

. (elul” — 1) duy

(11" ~1)dv,
T (e P —1)duy (7= 1)
such L the map ¥ : Jp’ﬁ — Y, defined as
W) = @ L 1) A

u) =
fs (el — 1) dvg

is well posed and continuous with respect to the H!(X) topology.
In turn, by Lemma 1.13 there exist v > 0 such that

(6¢2:“ — 1) dvg
Js (e#5e = 1) dvy’

Since the map u — is continuous from .J~ & 5 C H'(Y) into M(X%), for

Pyo €, ;L, dist

o | <e, foranyo e Xy. (1.29)



CRITICAL POINTS OF THE MOSER-TRUDINGER FUNCTIONAL 19

Hence ¥ o ®(0) = ¥(py,s) is well defined and we only need to show that ¥ o & ~
Idy, . Consider the homotopy H : [0,1] x £ — M (X) given by

(6902,071) dvg
)fz (e#%e —1) dvy

H(s,0)=s0+ (1 —s

From (1.29) we infer that
dist(H (s, 0), %) < dist(H(s,0),0) <e for s € [0,1], o € &,
so W is well defined on the image of H and we can then define the homotopy
H:[0,1] x 2 — X
H(s,o) = Vo H(s,o).
Clearly H(0,-) = Vo ® and H(1,-) = Idy,. O
We are now ready to construct a minmax scheme in the spirit of [19]. Given p,
kand 6 >0, fix L >0,v>0and ®:X; — H'(X) as in Proposition 1.1.
Consider the topological cone Ci over X defined as
Ce = (3k x [0,1])/ ~

where (o1,71) ~ (02,72) if and only if r; = ro = 1. We shall also identify X5 x {0}
with ¥,. Set

A = {0 € C°(Cy,, H' (X)) s.t. D[y, = ®},
and call

ag = inf max Ip,5(®(€)) (1.30)

the minmax value.
Lemma 1.14. With the above choice of L and ~, depending on p, k and §, we have

ag > —L, sup sup J,g(®(¢)) < —2L. (1.31)
i)G.Ak £eX,

Proof. The second inequality follows immediately from Proposition 1.1. Assume
by contradiction that ag < —L: then we can find ® € Ay such that

By Proposition 1.1, the map
TVod: Ck — Yk
is well-defined and continuous. Moreover, on the one hand
Vodlg, =Vod~Idy,, (1.32)

and on the other hand ¥ o ® gives a homotopy between W o ®(-,0) = ¥ o @|s, and
the constant map ¥ o ®(-,1). This and (1.32) imply that X is homotopic to a
point, which contradicts Lemma 1.7. ([l

We will now use a well-known monotonocity trick by Struwe to construct bounded
Palais-Smale sequences for J, g at level ag, as defined in (1.30):

Proposition 1.2. For almost every § > 4w the functional Jp 3 admits a bounded
Palais-Smale sequence at level ag, i.e. a sequence (u.) bounded in H'(X) such that

Jppluc) = ag, J,5(us) =0 ask— oo. (1.33)
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Proof. Since for all u € H' 8 +— J,s(u) is monotone decreasing, the function
B — ag is non-increasing, hence it is differentiable almost everywhere. Set

D, :={f € (4m,00) \ 47N : ag is differentiable}.

Take 3 € Dy, fix § € (0, 3) and k € N* such that 8 € (47k + §,47(k + 1) — ), and
choose a sequence . T 3 with . € (47k + 0,47 (k + 1) — J). For every € > 0 let a
function ®. € Ay be given such that

max Jp 5. (2:(¢)) < a5, + (8 = Fe), (1.34)
and let also &, € C, be given such that

Jpﬁ(i)s(gs)) > ag. (1.35)

Notice that the set of (®.,¢.)’s satisfying (1.34)-(1.35) is non-empty thanks to
(1.30) (used with £ and 5.).

Set v, := ®.(£.). Then, posing C), := % (g)ﬁ, we have that

(1
Ip,p. (V) — Jp p(ve) = Cpllvell, < — — 3 | >
68271) ﬂ’é’*p
hence, setting ¢ = 52, af; = %, and writing

B — B = —qB1 (B — B) + o(B: — B),

we bound
I ||2q _ (BB) Ip,p. (V) — Jp p(ve)
lih Cp Bq - Bg

< (Beﬂ)q ag. — Qg + B - /66
= G, B —pe (1.36)
_BT40(1) —ap+1+o(l)
- ¢ qpe!
< Cpp-

2p
In particular [|v.||f~> = O(1) as € — 0 for any sequence v. = ®.(&.), where . and
& satisfy (1.34) and (1.35).
We now proceed similarly to [17]. For every § > 0 (not the same as in Lemma
1.14) consider the set

Nor = {u € H'(Z) : [Jullp < M, |Jpa(u) — ag| < &}

_p=2 _

for M > Cpfg + 1, where C, 3 is as in (1.36). Notice that Ns s is non-empty by
the previous discussion.

Assume that the claim of the proposition is false, so that there exists ¢ > 0 small
such that

I, s(u)llg-1, := sup (J) g(u),v) >256 for u e Ns .
lvlln<1

Since Jp g is of class C' (on the open set of H'(X) where it is finite), we can
construct a locally Lipschitz pseudo-gradient vector field (see e.g. [48, Lemma 3.2])

X :HY(®) — H'(D)
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such that
sup | X(u)lln <1,  sup (J, 5(u), X(u)) < —0.
’U,EN(;YM ’UIEN(;_Jw
We have
= I puﬁ_le“Jrvdvg

< PB U> C ﬁ”u”Hl (u,v)), — (1.37)

Js (e“i - 1) dvg7

p

where (u,v), = [(VuVv + huv)dvy and Cpp = p (%) ™ hence, for any se-
quence . T

3p—2
1 Tp6(w) = Ty 5. (Wlla-10 < (Cpg — Cpp.) lJull, ™ =o(1) ase—0,

uniformly for u € Nj . Then for € small we have

Esup < (u), X(u)> <0.

Ns.ar
We now choose a Lipschitz cut-off function n : H'(X) — [0, 1] such that
n(u) =0if u € H' () \ Ns.ur
and
() =1if u€ Ny o,

and consider the flow ¢; : H'(X) — H!(X) generated by the vector field nX
Assuming with no loss of generality that —2L < ag — J, since ®(Xy) C J_ , it
follows that

¢t © (I)‘Ek = @|Ek = @?

hence
pro® € Ay, forevery ® € A, t>0.
Moreover
d
W <0, forue HY(D), (1.38)
t=0

hence if ®. satisfies (1.34), so does ¢ o ®. for t > 0. Moreover, for & small, given
any ®. € Ay satisfying (1.34)

ag < ?é%)k( Tp,6(0e(®c(€))) = _ max Ip,6(0:(2:(€))), (1.39)

feck3‘b5(§)€N%,M—1

since every & € Cj attaining the maximum of J, 5(¢:(®-(-))) satisfies (1.35), so
(1.39) follows from (1.36) and our choice of M. Therefore, since

pp(ow)|

for u e Ns 4,

dt t=0
we infer
T sup 7, (6,(8.(€))) < 6 for ¢ 20,
dt eec,
which contradicts (1.39). O

Proposition 1.3. Given p € (1,2) and 8 > 0, let (u.) C HY(X) be a bounded
Palais-Smale sequence for Jy, 3. Then up to a subsequence we have u. — ug strongly
in H'(X), where ug > 0 is a positive critical point of J, 5.



22 F. DE MARCHIS, A. MALCHIODI, L. MARTINAZZI, AND P.-D. THIZY

Proof. Up to a subsequence we have u. — ug in L4(X) for every ¢ < oo, almost
everywhere and weakly in H!(X). Moreover, by Young’s inequality and the Moser-
Trudinger inequality we infer

"5+ (| e < C(p, g, |uc|ln) for every ¢ < oo, (1.40)

hence from Vitali’s theorem

/ e“§+dvg — / e“g+dvg as e — 0. (1.41)
b by
From (1.37) we deduce that
(J} p(ue),ue —ug) =o(1) ase— 0.
Using ue — ug as test function in J}, 5(us) — 0, we obtain

o(1) = < ;/;,5(%) - J;/;,B(UO)vue - U0>
ap—4 ap—4
= (el e = ol v = w0
h
Js pug_;leuﬁ (ue — ug)dvy N s puglle“& (ue — up)dug
u? ul '
fz estdug fz e“o+dug

Taking (1.40), (1.41) and the Sobolev embedding into account we notice that the
last two terms sum up to o(1), so that

ap—a ap—a
o(1) = <||ua|h“ e — ol o, e — u>
h
ap—a ) ap-a ap—a
i RN (nugw-p ol F ) (o, 1z — uo),

ap—4
= [Jucll; ™ llue = uolli + o(1),

hence u. — g strongly in H(X).
In order to prove that ug is a critical point of .J, g, for v € H'(X) we write

T2 5(00)(0) = T 5 0)(v) — T 1) (0) + o(1)
ap—a ap—a
= G (el e = ol £ 00,0 )
h

Js p“§lleug+ vdvg [y pug;16u8+ vdvg
Js Ui+ dv, Js U+ dvg
ap—4
= Cpplluoll, ™ (ue —uo,v),,

ap-—a ap—a
n <|us||h“ ol ) (e 00, + (1)

=o(1),

+o(1)

hence J), 5(uo) = 0.
Were ug = 0, with (1.41) we would infer that J, g(us) — oo, which is impossible
since (u.) is a Palais-Smale sequence. Then Lemma 1.1 implies that ug > 0. O

Remark 1.1. The analogue of proposition 1.3 does not hold in the case p = 2 as
proven by Costa-Tintarev (Theorem 5.1 in [9]).
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Proof of Theorem 1.1 (completed). For every § € (0,4r) the functional J, g has a
minimizer, hence a critical point, which can be obtained via direct methods, using
(1.2), (1.40) and (1.41). The existence of critical points for a.e. 5 > 4x follows at
once from Propositions 1.2 and 1.3. [l

2. A FIRST ANALYSIS IN THE RADIALLY SYMMETRIC CASE

Let (py), be any family of numbers in [1,2], and let (u,), be a given family of
positive real numbers. Let A, > 0 be given by

Ayp2y? P2 e =8, (2.1)
and let ¢, %, be defined in R? by

2

ty(z)=1In <1 + |x2> ; ty=t,+1, (2.2)
Hy

for all v > 0 large. In the sequel, for any radially symmetric function f around

0 € R2, since no confusion is then possible, we often make an abuse of notation and

write f(r) instead of f(z) for |z| =r. Let € (0,1) be fixed. Let also (7,), be any

family of positive real numbers such that

lim & =0, (2.3)
Y—+o00 Ty
_ Py
tv(rv) <n W2 ) (2.4)
VP2 = 0(1) (2.5)

for all v > 1 large. Given a positive constant hg > 0, we study in this section the
behavior as v — 400 of a family (B,), of functions solving

AB, + hoB, = Ayp,BYeB

B,(0)=~>0, (2.6)

B, is radially symmetric and positive in Bz (0),
where A = —9,, — d,, denotes the Euclidean Laplace operator in R%. For ~ fixed,
(2.6) reduces to an ODE with respect to the radial variable r = |z|: then we may
assume that B,, defined in [0,s,), is the mazimal positive solution of (2.6) and

it may be checked that it does not blow-up before it vanishes, namely s, < +o0
implies lim__, - B, (r) = 0. Actually, the proof of Proposition 2.1 below shows that

T‘)S,\{

our assumptions (2.4)-(2.5) ensure that B, is well defined and positive in Bz (0)
for all v > 1. Let w, be given by

2t w
B, = 1—- =" 4 7> . 2.7

7 ( PP AP 27
Then we have the following result:

Proposition 2.1. We have B, < 7,

wy =0(""ty), w,=0(H"t,),

Py 8e =2ty ety
Aypy B teP _(1+o( ))
TEY Ty M?Y’Ypﬂ’ilpry ryp’v

and
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uniformly in [0,7,] and for all v > 1 large, where 7 is any fized constant in (1, 1)
and w,, is as in (2.7).

Once Proposition 2.1 is proven, we obtain first
B, (r) = 2z lni—Hn( 2+1%) ) +0 (')
! v PPt l’[’?y th
using (2.4) to handle the remainder term, so that we get from (2.1)
2 1
By(r)=——-1)~v+ In
L (Pv > T ot N2 1)

uniformly in r € [0,7,] and for all v > 1 large. While the principal part of the
expression in (2.8) becomes negative for r > 0 large enough, writing it in its initial
form (2.7), condition (2.4) and the pointwise estimate of w. in Proposition 2.1
clearly ensure its positivity in the considered range r € [0,7,], as claimed in (2.6).

+0 (y'7P)  (2.8)

Proof of Proposition 2.1. Let r, be given by

t
T4 = Sup {r € [0,7,] s.t. Jw,y| < —= in [O,r]} (2.9)
2

for all v. We aim to show that
Ty =Ty (2.10)

for all v > 1. We start by expanding the RHS in the first equation of (2.6) uniformly
in [0,7,] as v — 400, using in a crucial way the control on w, that we have by
(2.9). Fix n; < ny < n3 such that n € (n,1) for all k. When not specified, the
expansions of this proof are uniform in [0,7,] as v — +oo. First, since |w,| = o(t),
we get from (2.7) that B, /v > (1 — ;) in [0,74] for all v > 1 large. First, for all
p € [1,2] and all < 1, we notice that
2
0<(1l—-2)P—-(1-pz)< %mz.

Then, we have

IN

BY 2, — t2
0< ; - (1 _ ppwww> ; (1+40(1)),
yPy yPy Y

so we get from (2.4) that

, t2
exp (BY) = 7" e 2ty ey (1 +0 (fwle"l“)) .

Here and several times in the sequel, we use the elementary inequality

n—1 :
J n
= i || ||
e’ — —| < [
— 41 n!
j=0
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for all x € R and all integers n > 1. Using also (2.1) and (2.9) again, we get that

py—1 B2
Aypy B e

—2t t
:7286 — <1+O( il ))x
,u/,yfyp'y p,Y fyp’v
2 ot 2 (2.11)
v yly Y ot
<1+pﬂ,wﬂ,+0<7pw exp (7%/2))) <1+O<7Pwe 1ty ,

8 e 2t T
=———— 14+ pyw, + O | =™ .
(2P 1p, ( i P

In view of (2.9), to conclude the proof of (2.10), it is sufficient to obtain
|w,| = O (;;J , (2.12)
which we prove next. By (2.9), we have that B, < v in [0,7,] for all 7 > 1. Set
Wy = wy(-/pty). Then, since Ty := In(1 + | - |?) solves
ATy = —4e~2T0 in R?, (2.13)
we get from (2.6) and (2.11) that

(2.14)

6(72+773)T0
Aty =8¢ *0w, + O (u2+%7) + O () ;

v
uniformly in [0, r,/p,] as v — +oo, applying A to (2.7). By integrating (2.14) in
B,.(0) and also by parts, writing merely [w,| < ||/ ||, we get that

—2mr @, (r) = O (r’u2~"7) + O o +0 M
! ol v (L4 72) T )

where ||, || stands for ||@ [/ ([0,r, /u,)) and where @/, = b, so that we get
@7 ()| rit — @ Hoo+71 (2.15)
w(r)] =0 +0 w :
v T2yPy 1+4r2 Y P ’

uniformly in r € [0,7,/p,] as v — +oo, using (2.5) and r, < 7. If [0 [|c =
O(y~P) for all v, (2.12) follows from (2.3), (2.15) and from the fundamental the-
orem of calculus, using again @.,(0) = 0. Then, assume by contradiction that the
complementary case occurs, namely that

lim P[] || oo = +00, (2.16)

y—4o0
maybe after passing to a subsequence. Let p, € [0,7,/u,] be such that [@” (p,)| =
[, [|oc- By (2-3), (2.15) and (2.16), up to a subsequence, p,, — [ and 7 /j, — L as
¥ — +00, for some | € (0,+00), L € (0, +oc], I < L. Setting now w,, := /|0, [|oc,
we then get from (radial) elliptic theory and from (2.14) with (2.3) and (2.5) that,
up to a subsequence, ., — e in CL ([0, L)) as 7 — 400 , where s solves
Aty = 8e~2Toqh, in Br(0),
Weo(0) =0,
Wso is radially symmetric,
i (D] =15

(2.17)
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but by ODE theory, the only function satisfying the first three conditions in (2.17)
is the null function, which gives the expected contradiction. Observe that we get
also a contradiction in the most delicate case where | = L. Indeed, since we
then have L € (0, +00), writing (2.14) in radial coordinates gives in this case that
([l (o, /1)) )y is bounded, so that W/, € C*([0,1]) is well defined at I, so that
the fourth line in (2.17) makes sense and holds true. As explained above, this
concludes the proof of (2.10). Proposition 2.1 clearly follows. O

3. NONRADIAL BLOW-UP ANALYSIS: THE CASE OF A SINGLE BUBBLE

Let (pc). be a sequence of numbers in [1,2], let (u:)e and (7). be sequences of
positive real numbers. Let (u.). be a sequence of functions such that . is smooth
in the closure of Br,(0), where By (0) is the ball of center 0 and radius 7. in the
standard Euclidean space R%2. We assume that

Vu(0) =0 (3.1)
for all € and that
Ve = us(0) = 400 (3.2)
as e — 0. As for (2.1), let (\:): be given by
ApZy2®e e =8 (3.3)
and let t.,1. be given by
P _
tazln<1—|—|2>; te=t.+1
g
for all €. Let n € (0,1) be fixed; assume also that
B — o), (3.4)
€
De
te(r) < nP=, (3.5)
/ utde < C, (3.6)
Br. (0)
for all ¢ < 1 small and for some given C' > 1, and that
.. D _ .
lim 2927 (e = ue(per) = I (L4 ]+ ) in G (R?), (3.7)

up to a subsequence. As we will see in the subsequent blow-up analysis and in
Lemma 4.1, the last two assumptions are indeed natural ones.
Let (ve)e be a sequence of smooth functions solving

Av. + h(0) v, = )\Epsvfflevga in Br_(0),

v:(0) = ¢ (3.8)
ve is radially symmetric around 0 € R?,

for all €, where h is a given smooth positive function on a neighborhood of 0 € R2.
Let (pc)c be a sequence of smooth functions such that

lir% @ (") = o in C? (Bl(O)) and p.(0) =0 (3.9
e—
for all £ small. We assume that wu. solves

Au, = e*%= (—hua + )\Epeugf_le"ga) , ue>0in Bz (0), (3.10)
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for all e. At last, we assume that the following key gradient estimate holds true:
there exists C'¢ > 0 such that

|2]| Ve (2)|uc (z)P=~ < Cg for all = € Br_(0) (3.11)
for all €. Letting w. be given by
Ue = Ve + We , (3.12)
the following proposition holds true:

Proposition 3.1. We have that

C
|we(z)] < Pﬂﬂ for all x € B;_(0), (3.13)
[ S
and that
Co
vasHLw(B;E(o)) < . (3.14)
Ve Te

for all e < 1 small, where Cy is any fized constant greater than (Cg/(1 —n)) + 4,
for Cg as in (3.11) and n as in (3.5). Up to a subsequence, there exists a function
Yo, harmonic in B1(0), such that we have

lim 72 (%) = o in Cloo(B1(0)\{0}) (3.15)
Vipo(0) = 0. (3.16)

In order to make sure that the estimates of Section 2 can be used to control
the v.’s, it will be checked in the proof below that our assumptions of this section
actually imply

V2Perz = 0(1), (3.17)
for all € (see (2.5)). Besides, if we strengthen assumption (3.6) and we assume
/ e de = 0(1), (3.18)
Br. (0)

for all €, again guaranteed by Lemma 4.1, we will also show that (3.17) may be
improven to

1
Iny. =o (111 _) (3.19)
ase — 0.

Proof of Proposition 3.1. We first prove (3.13). By (3.8), we have that v.(0) = 0;
by (3.2) and (3.8), we have that u.(0) = v.(0) and we then find

we(0) = 0 and Vw:(0) =0 (3.20)

for all €, using (3.1) and (3.12). Then, in order to get (3.13), it is sufficient to prove
(3.14). Let 7. be given by

pe—1pl|y |l poo <C )
re =sup r € [0, 7] s.t. ’yi 5 Tl ;UCHL (Br(0)) =0 (3.21)
VTS Fg
for all e, with Cy > (Cg/(1 — 1)) + 4 fixed as in Proposition 3.1 and C as in (3.6).
Then proving (3.14) reduces to show that
re = 7. (3.22)
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for all ¢ < 1. By (3.4) and (3.7), there exist numbers 7. such that pu. = o(7:),
7e < 7. and such that u. = 7.(1 + o(1)) uniformly in Bj_(0): then, we get from
(3.6) that

[ wtde = w2 o) < C
B (0)

and that y2P=72 < 2C /7 for all ¢ < 1. Then, we may use Proposition 2.1 in Bz_(0),
with assumption (2.5), to get that

. Pe - .

lim 2927 (e = ve(pe)) = In(1 + |- 2) in Cjpe(R?),

e—0 2
which implies with (3.7) that 72¢ ™! pc||Vwe || g (g, (0)) = 0(1) as € — 0, for all
given R > 1. Summarizing, both conditions in (3.21) give that . = o(r.) ase — 0
and we may now apply Proposition 2.1 in B,_(0): we have that

sup p—gfyfg_ls|v;(s)| <2+ 0(1) (3.23)
s€[0,r:] 2

for all e <« 1. Using w.(0) = 0, we get from the first condition in (3.21) that
lwe| < Coy27P= so that ue = v +O (y27P) in B,_(0) for all ¢ < 1. Independently,
we get from Proposition 2.1 and from (3.5) that

Ve > 7:(1 —=n+o0(1)) in [0,7], (3.24)

for all ¢ <« 1. Then, writing |Vw,| < |Vue| + |Vu,|, using first (3.11) and (3.23),

and then (3.24) together with p. € [1,2], we get that
1+0(1) < Ca ) Co

Vwe|| L= < +4) < —= 3.25

|| EHL (0B (0)) ’Ygsilrs (1 _ 77);05—1 ( )

for all ¢ < 1, using our assumption on Cy. Independently, Proposition 2.1 gives
that v.(r)’ = O (r~1y277¢), so we first get that

2r,
Ue = ve(r:) + O <%}—p5 In T|> , (3.26)

4
r r

uniformly in r € (0, 7], and at last, with (3.6), that

then, with (3.24), that also

uE(r)4 = vs(r5)4

e ()2 (1 + 0(1)) = / ulde < C
B (0)
summarizing, the second inequality in (3.21) is strict at 7 = r. for all ¢ <« 1, using
(3.24) again. However by (3.25), the first inequality in (3.21) is strict as well at
r = 1, which concludes the proof of (3.22) by continuity and then, as discussed
above, those of (3.13) and (3.14). Since p. < 2, we get at the same time from (3.21)
that (3.17) holds true, so that we may apply Proposition 2.1 from now on to estimate
the v.’s in Br_(0). We turn now to the proofs of (3.15) and (3.16). First, using
(3.24) and that v. < 7. by Proposition 2.1, since |w.| = O (y277¢) by (3.13), we
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may first write uPe = vPs +p.vPe"lw. (1+0(1)) and uPs =1 = vP= =1 (1 + O (|Jwe|/7e)),
then

u’s’fle“?

= ol (1 +pevls T we {1 +0 (I:I “55_”“’5')} o (':'))
e €

= ol he T (L el hwe [1+ 0 (98 Huwe|) + 0 (4279)])
and, observing also e??= = 1+ O(| - |) by (3.9), |w.| = O (y277=| - |/7.) by (3.13),
and using (3.8) and (3.10), we may write at last
Aw, = — €2¢Ewa +0 (‘ : |’U€)
. . 1 (3.27)
+ AepovPeTtevt <pgv‘£_”51w‘E {1 +0 <L| + ez )] +0(] - |)>

€ S

uniformly in Bj_(0) and for all ¢ < 1. Setting now @, = vfffl%wg(ug) and given
any R > 1, we get from Proposition 2.1 and (3.27) that

—2Ty
Ave =0 + 0 (i) + 22 (1 06|

Ve

<p5755_1u~)5 [1 +0 (/;6 + Wg_pE)} +0 (’yff_lr5)>

€
uniformly in Bgy,_(0), for all e. Then, by (3.4), (3.14), (3.17), the first assertion in
(3.20) and elliptic theory, we get that, up to a subsequence,

lim . = wp in C},(R?), (3.28)

e—0

where wg satisfies

3.29

|U}0|§CO||1HR2 ( )
By the second assertion in (3.20) and (3.28), we have Vwy(0) = 0. According to the
classification result stated by Chen-Lin [5, Lemma 2.3] and also in the generality
on the growth assumption that we need here by Laurain [33, Lemma C.1], this last
property and (3.29) imply

{ Awy = 8exp(—2Tp)wp in R?,

wp =0. (3.30)

In order to conclude the proofs of (3.15) and (3.16), we establish now the following
key estimate:

lim 3277 |V (we — (1 = 62(0))) e =0, (3.31)

where || - [|oo,c denotes || - || L (p,_(0)) and where 1. is given by

{ Av. = 0in B;_(0),

Y. = we on 0Br_(0), (3.32)

for all . Let G®) be the Green’s function of A in Bj_(0) with zero Dirichlet
boundary conditions (for an explicit formula for G(*), see for instance Han-Lin |28,
Proposition 1.22]). Then (see also for instance [23, Appendix B]), there exists C' > 0
such that

C

VGYE) (2)] < ,
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for all z,y € B7.(0), z # y and all e. Let (y.). be any sequence such that y. €
Br_(0) for all e. By the Green’s representation formula, we may write

V.~ = [ G A @

for all e. Then, using also (3.9), (3.27), Proposition 2.1 and the first assertion in
(3.20), we get that

|V (we = 1e) (ye)]

_0 / (IVwe|lso,e + ve)|z|d
Br. (0) |ye — (3.33)

o / |2|e(=2FMt @) (| Vwe||oo,c +727P¢) da
Br. (0) ’

p2lye — x|
for all e, where 7 is some given constant in (7, 1). By the change of variable x = 7.y,
we first deduce
d
/ lelde__ (72) .
B

w (0) 19 — | -
If we have |y.| = O(uc), we get that
(_2+ﬁ)ts(z)d
/ |x|e i x o()
Br.(0)  HElYe — 7
for all e, by the change of variable z = u.y; otherwise, up to a subsequence, we
have fi. = o(|y.|) and

|| e(=24Mte () gy 1 1 ly|dy ~
2 = = PRy = O (fie)
BFE(O) lu’€|y5 - x| B;E/WE‘(O) He <1 + m) |y€ - y|
a2

for all ¢ < 1, by the change of variable = |y.|y, where §. = y./|y:| has norm 1
and fic = pe/|ye|. Plugging these estimates in (3.33), we get in any case

[V (we — (e — 1(0)))(ye)|

1 p—
= O ((IVtelos e +76)72) + O <|y| (IVwelloo.e + 2 p5)> ,
I+ (3.34)

He
1 1
= —— 0 +o(1)
W 14 el

for all . The last line in (3.34) uses (3.14) and (3.17). We claim now that (v.).
from (3.32) satisfies

1
Ve [loo,e = O (7,,1_) : (3.35)

Te

Writing Vi) = Vwe + V(1. — w.), using (3.34) which gives

1
V00~ 0l =0 ()

Ve Te

we indeed get (3.35) from (3.14). Thus, we find from (3.35) and elliptic theory that
Jim A7 (e (rer) = 2(0)) = ¢ in Cloo(B (0)) (3.36)
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up to a subsequence, where 1y is harmonic in B;(0), and we obtain at last
. 1 Te .
lim 271 = (e () — ¥=(0)) = (Veo(0), ) in Gl (R?), (3.37)
e—0 e
by (3.4), where (-, -) denotes the standard scalar product in R?.
Assume now by contradiction that (3.31) does not hold true, in other words that,
up to a subsequence,
1
S A
for all e. First, we claim that (3.16) holds true, for 1o as in (3.36)-(3.37). Indeed,
let R >> 1 be given and let (y.). be such that y. € dBg,_(0) for all ¢ < 1. We get
from (3.28), (3.30) and (3.37) that

;i—{%’}failf&v(ws - ¢8)(y€) = VwO(O) '

This estimate, combined with (3.34), proves (3.16) since R > 1 may be chosen
arbitrarily large. Secondly, we may pick (y.)., such that y. € Br_(0) and

IV(we = e)lloc,e = [V (we — (e = 1:(0))) (ye)| (3.39)
for all €, and we get from (3.34) and (3.38) that |y.| = O (u.) for all e. However,
(3.30) and (3.37) with (3.16) contradict (3.38) with (3.39), which concludes the
proof of (3.31). Then (3.15) and (3.16) follow from both assertions in (3.20), from
(3.31) and from (3.36), which concludes the proof of Proposition 3.1. To end this
section, we assume (3.18) and prove (3.19). We have (3.22) and (3.26). Then, using
(3.24),

=0 (”V(we - ws)Hoo,e) (3.38)

(1+6)Y3 =14+ 0(|t|*/?) for all t > —1,
pe > 1 and v (7e) < 7., we get first

oF 1/3 27 \ /3
i T e ()

uniformly in Br_(0)\{0}, so that we eventually get

_\1/3
/ e“i/zdx — ve(m)/? / exp | O <ln 2r€> dr 2 e( Ggine )1/377? ,
By, (0) By, (0) |-

for all € < 1, which concludes the proof of (3.19) by (3.18). O

4. NONRADIAL BLOW-UP ANALYSIS: THE CASE OF SEVERAL BUBBLES

The following theorem is the main result of this section. It is a quantization
result determining in a precise way the possible blow-up energy levels. Notice that
assumption (4.3) will follow from variational reasons.

Theorem 4.1. Let h be a smooth positive function on . Let (\.)c be any sequence
of positive real numbers and (p.). be any sequence of numbers in [1,2]. Let (u.).
be a sequence of smooth functions solving

Ague + hue = )\Epsu’gf_le“ge , us>01in X, (4.1)
for all e. Let (8:)c be given by

2-pe 2(pe—1)

Ap? Pe pe Pe pe
B = 6Tps (/ (e“e — 1) dvg) </ ubeets dvg) (4.2)
b b
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for all €. If we assume the energy bound

lim ﬂs = ﬂ € [07 +OO) ) (43)
e—0
but the pointwise blow-up of the u.’s, namely
lim maxu. = 400, (4.4)
e—=0 X

then, there exists an integer k > 1 such that
8 =4rk. (4.5)

A quantization result on a surface and in the specific case p. = 2 was partially
obtained by Yang [53], following basically the scheme of proof developed in [21] to
get an analoguous result on a bounded domain. However, even in this specific case,
Theorem 4.1 is stronger (see also Remark 4.1). Indeed the analysis in [53] does not
exclude that a nonzero H'-weak limit ug of the u.’s contributes and breaks (4.5),
that would become

B = 4k + |Juol|7: - (4.6)
On a bounded domain and still in this specific case p. = 2, starting from the so-
called weak pointwise estimates and using the first quantization in [21], a more
precise blow-up analysis was carried out and in particular the precise quantization
(4.5) was obtained recently in [23]. Here on a surface and for general p.’s in [1, 2],
our proof starts also from the weak pointwise estimates, but gives at once the
precise quantization, without using any intermediate one, by pushing techniques in
the spirit of [23]. As mentioned in introduction, perturbing the standard critical
nonlinearity in the RHS of (0.16), as we do here, requires to be very careful, if one
wants to keep the precise quantization (4.5), which is crucial for the overall strategy
of the present paper to work. Indeed, it was recently proven in [41] that (4.5) may
actually break down for some perturbations of the nonlinearity in (0.16) which are
surprisingly weaker in some sense than the ones that we consider here.

As a byproduct of Theorem 4.1, we easily get the following corollary, allowing
to get critical points of F in (0.2) constrained to £z in (0.3), as the limit of critical
points of J, g as p — 2, for any fixed 3 ¢ 47N*.

Corollary 4.1. Let h be a smooth positive function on X and let 3 € (0, +00)\47N*
be given. Let (p:): be any sequence of numbers in [1,2) such that p. — 2 as e — 0.
Let (uc)e be a sequence of smooth functions such that (4.1) holds true for A. > 0
given by (4.2) and for B. := 8 for all €. Then, up to a subsequence, we have that
ue — u in C%, where u > 0 is smooth and solves (0.14) for p =2 and (0.16).

For any A > 0, p € [1,2] and u satisfying (0.12), observe first that we necessarily
have
2\ < mzaxh, (4.7)

by integrating (0.12) in X, by using qt9'et” > 2t, for all ¢t > 0 and all ¢ € [1,2],
and the assumption in (0.12) that w is positive on X.

Proof of Corollary 4.1. Let B, (pe)e, (uc)e and (A:). be given as in Corollary 4.1.
Since 8 ¢ 47N*| we get from Theorem 4.1 that (4.4) cannot hold true. Then, by
(4.7) and by standard elliptic theory as developed in [27], up to a subsequence,
Xe = Aand u. — uin C? as € — 0, for some C?-function v > 0 and some A > 0
satisfying the equation in (0.16) and (0.14) for p = 2. If u = 0, we clearly get
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a contradiction with (0.14), since 8 > 0. Then, v £ 0 and uw > 0 in X by the
maximum principle, which concludes the proof of Corollary 4.1. (]

We now turn to the proof of Theorem 4.1 itself. From now on, we let (A:)e be
a sequence of positive real numbers, we let (p:). be a sequence of numbers in [1, 2]
and we let (uc). be a sequence of smooth functions solving (4.1). Let (5;). be given
by (4.2). We also assume (4.3). Then, since

2—pe + 2(pe — 1)

=1, 4.8
Pe Pe (4.8)
Holder’s inequality gives that
/\E/ ug(pfl) euet — 1) dvy, = O(1). (4.9)
By (4.7), pe € [1, 2] and the fact that ¥ has finite volume
Ao / 2(pe— = A ug(ps’l)dvg + A ug(”fl)dvg
{us SQ} {us >2}
< o)+ /\56_2/ ey 2P==Dy . (4.10)
b
then as a consequence
A / uPe'" dv, = O(1) (4.11)
b

for all p € [0,2(p: —1)] and all e. We get (4.11), for p = 2(p. — 1), combining (4.9)
and (4.10), and then also for p € [0,2(p. — 1)), using that ¥ has finite volume and
(4.7).

As a first step, observe that we may directly get the following rough, subcritical
but global bounds on the u.’s.

Lemma 4.1. There exists C > 0 such that

1/3
/6"6 dvy < C
b

for all . In particular, for all given p < +00, (uc)e is bounded in LP.

Lemma 4.1 strongly relies on (4.3) and is actually the very first step to get
Proposition 4.1 below, already obtained in [53] for p. = 2. This lemma is relevant
to handle the term hu, in the LHS of (4.1), appearing in the present surface setting.

Proof of Lemma 4.1. Integrating (4.1) in 3, we get from the consequence (4.11) of
(4.3) that (u.). is bounded in L'. Set now i, = max{u.,1}. Multiplying (4.1) by
az'? and integrating by parts in X (see for instance [29, Proposition 2.5]), we get
/ |V (u 1/3 )|? dvg ——|—/ ~1/3 hucdv, —)\Epg/ ﬂ;l/?’u’;f*le“gedi}g.
b

Since @, > 1 and (u.). is bounded in L', it is clear that [ ﬁ;l/guedvg = 0(1).
Concerning the last integral, writing ¥ = {z s.t. ue > 1} U{z s.t. u. <1}, we find
that the integral on the latter set is of order O(1) since X has finite volume and by
(4.7), while the integral on the complement is of order O(1) by (4.11) for p = p. —1,
using . > 1. Similarly, since (u.). is bounded in L', (4 L3 ) is bounded in LZ?.
Then, by the Moser-Trudinger inequality, (exp(ﬂ;/?’))e is bounded in L'. Obviously,

the same property also holds for (exp(u;/ 3))5; which concludes the proof. a
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From now on, we also assume that the u.’s blow-up, namely we assume that
(4.4) holds. In order to prove Theorem 4.1, we need to introduce some notation
and a first set of pointwise estimates on the wu.’s gathered in Proposition 4.1 below.
As aforementioned, these estimates have already been proven by Yang [53] in the
case where p. equals 2 for all . Yet, if this last specific condition is not satisfied,
note that, even in the case p. — 27, we are not here in the suitable framework to
use the results from [53], since the nonlinearity appearing in the RHS of (4.1) is not
of uniform Moser-Trudinger critical growth (see [21, Definition 1]). However, as it
was already observed in the literature (see for instance [12]), the technique of the
pointwise exhaustion of concentration points introduced in [21] is rather robust and
may be successfully adapted to a much broader class of problems. Once Lemma
4.1 is obtained, the proof of Proposition 4.1 for general p.’s is very similar to the
corresponding proof for p. = 2 in [53].

Concerning the notation, for all i € {1,..., N} and € < 1, we may choose isother-
mal coordinates (By, (%;.¢), ¢ie, Ui ) around x; ., such that ¢; . is a diffeomorphism
from By, (zic) C X to U C R2, where 1 > 0 is some appropriate given positive
constant and B, (z;.) is the ball of radius x; and center z; . for the metric g,
such that ¢; (x;.) = 0, such that By, (0) C U, ., for some x > 0, and such that
(¢ic)xg = €2#1=&, where R? is endowed with its standard metric £ (see for instance
[20, 50]). We may also assume that (¢; ). satisfies

Ve, ¢ic(0)=0and lim ;. =g, in C? .(B2,(0)). (4.12)
e—
At last, we set
Uje = Uge O (b;sl and h;. = ho ¢;51
in B, (0). We denote also by dy(-,-) the Riemannian distance on (X, g).

Proposition 4.1. Up to a subsequence, there exist an integer N > 1 and sequences
(i¢)e of points in 3 such that Vue(x; ) = 0, such that, setting v, . := us(Tic),

v (o) 0 w
such that
vj e {1,.., N)\{i}, dg(“””;“’) — +o0, (4.14)
and such that -
S e — e (pae)) = To =T (14 ?) in Cl(R?), (4.15)
ase — 0, for alli € {1,..., N}. Moreover, there exist C1,Co > 0 such that we have
o min Ty (e P Ague] <y in X (4.16)
and
o uin w2y (e, ) [Viely < Co in 3 (4.17)

for all e. We also have that lim._,ox; . = x; for all i, and that there exists uy €
C?(X\S) such that
lirr(l) u. = ug in CF(2\S), (4.18)
e—

where S := {1, ...,xN}.
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Observe first that v, . — 400 as € — 0 by (4.7) and (4.13). As an other remark,
by (4.14) and (4.15), we have that

Ap? e
47N =N | 4e7?P0dz < liminf zpf / u2Pe=D e dy, |
P

R2 e—0

so that (4.3) and its consequence (4.11) for p = 2(p. — 1) are not only used to get
(4.15) from the classification in [7], but also to get that the extraction procedure
of the blow-up points (z;.). has to stop after a finite number N of steps, which
eventually gives (4.16) (see [21, Section 3]).

Remark 4.1. At this stage, we have only extracted the "highest bubbles” in (4.15)
and it is not yet clear at all whether N in Proposition 4.1 is a good candidate to
be k in (4.5) (see also the discussion in [23, Section 2])). Indeed, for p = 2, it is
now known (see [42]) that a tower of k-bubbles may ezist for nonlinearities which

are lower order perturbations of the one in (0.16) and we may then have only one
"highest bubble" (i.e. N = 1) with any k € N* in (4.5).

We get from (4.1) that
Au; o = *?ie (—hi,aui,e + /\Epguf;_le“ﬁi> , Ui >01in By, (0), (4.19)
for all 7 and e, where A = A, throughout the paper. For all ¢ € {1,..., N}, we set
kif N =1,
Tie = { min (§ minjeqr,. vy (i} dg(%ie, 2j.), 5) otherwise, (4.20)
for all ¢, so that we get from (4.13) and (4.14) that
lim 222 = 0. (4.21)

e—0 Ti,E

We set t; . :=In (1 + Lf ) in R%. We set also

Ve = By, ., (4.22)
where B, is as in (2.6) for (p,), and (p,), satisfying p,, . = p. and p, . = e,
for all € and all ¢ € {1,..., N}. Up to renumbering, we may also assume that
Tle <726 <o STNE (4.23)
for all e.

In order to link the present situation to the results of Sections 2 and 3, we need
some preliminary observations. Let I € {1,..., N} be given. Given a parameter
n € (0,1) that is going to take several values in the proof below, we let 7"1(,? be
given by

pE
p
. (rl(l)) _ n%, (4.24)
and, for 7, . as in (4.20), we set
Fl(j? = min (Tl,s, r}?) (4.25)

for all . By collecting the above preliminary information, we can check that Propo-
sition 3.1 applies with 7, = Fl(,z)’ Pe = Plie;, Ue = Ule, Ve = Ve and v, = Ul,e- In
particular, the definition (4.20) of r; . is used to get (3.11) from (4.17), while Lemma
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4.11s used to get (3.6) and (3.18). As a remark, the metrics (¢; . ).g and £ are equiv-
alent in B,;(0) by (4.12): we use this fact here and currently in the sequel. We get

in particular (see (3.19)) that Fl(z_) = 0(1) and even that

1
Invy.=0 (111 _(17)> , (4.26)

Tl,s

so that Proposition 3.1 also applies (see the remark involving (3.17)), and so that

we get
20 (1+0 ()
1- 7= > (1 =n)ne+0 (% - ) , (4.27)
D7 e ’

Yi,e > Vi,e = Ve

uniformly in [0, Fl(z)] and for all £ <« 1, using Proposition 2.1 and (4.24). We also
get from Section 3 (see (3.13)) that

|- ]
ure —v1el = O ( — (4.28)
P
and (see (3.14))
1
IV(u,e —vie)| =0 <p_1(n)> (4.29)
’yl,s Tl,E

uniformly in B_; (0) and for all ¢ < 1. We get now the following result:
l,e

Step 4.1. For alli € {1,..., N}, we have that

2. .
lim inf 71’5(21’6)
e—0 pflyi,e

and that there exists C > 1 such that

2 2 C
0<Te(r)<-— ( - 1) Yie + ——F—In o 5 T 0] <7«3/2> (4.31)
Pe ps%; /\e%’:a r2

>1, (4.30)

uniformly in r € (0,k] and for all e < 1, where @, . is continuous in [0,2k) and
given by
1
0 = ie dog, 4.32
Wie(7) 27r /33,r(0) e 408 ( )

for allr € (0,2k), where do¢ is the volume element for the metric induced in 0B, (0)
by the standard metric € in R?.

Proof of Step 4.1. We divide the proof of Step 4.1 into two parts.

Proof of (4.31). Here we show (4.31), assuming that (4.30) is already obtained for
some . Let 71 < 12 be two given numbers in (0,1). Then by (4.24), (4.25) and
(4.30), we get

fz(?) _ 7,577761) and #) — 7,1(77762)

Ti,&
for all e < 1. Then (4.31) holds true uniformly in (O,Tg];)} using (2.8) and (4.28)
for | = ¢ and parameters n; or 2. We get also from (4.27) and (4.28) that

Uj e (rg’n;)) =V (rl(f;)) + O (7};’5) <7ie+O (’yil,gpf) , (4.33)
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and from (4.29) that

1
IV (wie —vie)ll =0 () (4.34)
L <aBT(m)(o)) %p; 1”(22)

for all e < 1. For f a C? function around 0 € R? and r > 0, we let f(r) (see (4.32))
be the average of f on 0B,.(0); integrating by parts, we get

o (r) = / (Af)(2)dz (4.35)
B.(0)

with the usual radial (abuse of) notation. We write with (4.12) and (4.19) that

/ (Au; . )dx 2/ (Au; )dz + O / uide |,
BT(O) BT(NI) (0) BT(O)\BT(nl) (O)

that fBT(O) u; dr = O (7"3/2) by Holder’s inequality with Lemma 4.1 for p = 4, and
then, with (4.35), that

# o) <~ (2l (A0)) 1 0 () (4.36)

uniformly in r € [r(m) /i:| and for all € < 1. We get from the definition (4.24) of

i,e

r" for | =i and j € {1,2} that

("71) Pe
r :
-y = ~EEE Gy — ) + o(1) (4.37)
ri 82 4
as ¢ — 0. We now write
' )
ﬁ/i,s = 'Ug,e + (’a;,s - 'UE’E) == ;;671 1+0 (’YZTEPE) + 0 2(;762) )
p&’Yi,g rif

at 7™ for all € < 1, using Proposition 2.1 and (4.34). This implies with (4.37)

i,e

that

8
2w (rEZ“) =—" 40 (w};%f) , (4.38)
’ ’ PeYie

using also that
2
s (rl(ll)) —240 (uf,e/ (7“5,7?)) ) =2+0(1,7)

for all £ < 1, by the definition (4.24) of r""). Then, integrating (4.36) in [r{"", s]

i,€ i,e
and using the fundamental theorem of calculus and (4.38), we get that

4 _

Ui (s) — Uie <7"§nal)> <————n % (1+0(y.27)) +0 (53/2> (4.39)
’ ps’Yi,Ea ’I"izl ’

uniformly in s € [rgzl),m], for all ¢ < 1, and conclude the proof of (4.31) by

evaluating ;. (r(m)) with (2.8) and (4.33). To get the existence of C' > 0 in

1,€
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(4.31) from the remainder in (4.39), we use that (4.39) and @, .(x) > 0 imply

0<n r(f“) -0 (vﬁi_lm,s (rﬁ,’?))) +0 (%",Z_l) = 0(y}2)

uniformly in s € [r(m) k] and for all £ <« 1, thanks to (4.33). O

i€ )

Proof of (4.30). We now turn to the proof of (4.30). We prove it by induction on
i € {1,..., N}. In particular, we assume that (4.30) holds true at steps 1,...,4 — 1 if
i > 2. By contradiction, assume in addition that (4.30) does not hold true at step
i. Thus, by (4.24)-(4.25), up to a subsequence, we may choose and fix n € (0,1)
sufficiently close to 1 such that
A =i (4.40)

for all e < 1. Set J; = {j € {1,..., N} s.t. dg(xie,xjc) = O (ric)}. Obviously, we
get from (4.20) that

r1e =0 (1) (4.41)
for all e < 1 and all I € J;. We also find from (4.26) for [ =4 and from (4.40) that
rie = 0, s0 we get from (4.12) that

g = [(d1e), 9] (rie) = € in G} (R?), (4.42)
as e — O for all [ € J;. Up to a subsequence, we may assume that
lim $ec@e) _ 5 o g
e—0 Tie

for all [ € J;, and we have that S; := {%;,] € J;} contains at least two distinct
points, by (4.20), since r; . — 0 as ¢ — 0. We may now choose and fix 7 € (0,1)
small enough such that
3T < min |z — y
{(z.v)e82 2y}
and such that S; C By (37)(0). We can check that there exists C' > 0 such that any
point in
Qi,s = Bﬁs/T(O)\ UjGJi BTTi,:—; (d)i,a(x]}s))
may be joined to dB,,, _(0) by a C' path in ;. of &-length at most Cr; ., for all
¢ < 1. Therefore, by (4.40) with (4.27) and (4.28) for I = i, we may estimate first
uje on OBr,, _(0) and then get from (4.17) and (4.42) that

i = ie(rric) + 0 (31277) = (A= i +O(1) (4.43)

uniformly in Q; . and for all € < 1, with n € (0,1) still as initially fixed in (4.40).
Independently, we get from (2.8), (4.28) for [ =i and (4.40) that

_ 2 2 1
Ui,e(T’I‘i@) = — <p — 1) Yie T o1 <ln 5 2—1) 2 + O(l)) (444)
€

€ Pei e v; T

i,€ i,

for all e <« 1.
e We prove now that, for all j € J;

j<i = lim 1k
e—0 ’yj,E

=0, (4.45)
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up to a subsequence. Then, let j € J; such that j < i. By (4.23), we have that
rje < ;e and, by our induction assumption, we know from (4.30) at step j and
from (4.24)-(4.25) that, given any 12 € (0, 1),

(772) ’I“( n2) (446)

Tje Jie
for all e < 1. Then, by (4.27), by (4.28) for | = j with parameter n = 19, and by
the definition (4.24) of r("2) we have that

e (7)) < (1= )i (1 + 0(1)

as € = 0. For all | € J;, let w; . be given by

{ Awl,s = *ez(pl’shl,sul,s in Briyg/(QT)(O)a (4 47)

wye = 0 on aBm,s/(Z")(O) :

By observing that A(ue —wie) > 0 in By, /2-(0) by (4.19), the maximum
principle yields that w; . — w; . attains its infimum on B, _;(2,)(0) at some point
in 0B, _;@r)(0). Moreover, for all given p € (1, +00), we get from Lemma 4.1 and
(4.12) it

2(p—1)
INCIRCTS) [ Ppp— ( ) ,

so, by elliptic theory, (4.24)-(4.26) and (4.40), we get

2(p—1)
We(rie) =0 (rm” > (%16%) (4.48)
uniformly in By (2,)(0) as € — 0. Summarizing this argument for I = j, we get
(L =n)vie < (1 =m2)75(1 4 0(1)) (4.49)

as € — 0, using also (4.42)-(4.43). Indeed, by (4.42), observe that we may choose
7 > 0 sufficiently small from the beginning to have

aBn,E/(QT) (0) C (bl_,gl © ¢i,5 (Qi,s) 3 (450)
so that we may estimate u;. on 0B, _;2-(0) with (4.43), for all [ € J; and all
e < 1. Since 12 < 1 may be chosen arbitrarily close to 1, (4.49) gives (4.45).
e We prove now that, for all j € J;,

Vie =0 (Vie) - (4.51)
By contradiction, if (4.51) does not hold true, we choose j € J; such that

lim 12 =0, (4.52)
e—0 ’yj,E
up to a subsequence. In particular, we have j # i. If j > i, we may write that
7";2'5
tje(rje) =In—5=+o(1),
Hij.e
i uz .
=In—3= +t;(ric) +1In—= +o(1), (4.53)
i€ 17
p e
= () E’st—’_’YJE 715—’_0(11’1726—’_11’17‘76)7

fe(l+o0(1))
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as ¢ — 0. The first two equalities use (4.21); the third one uses first our assumption
J > i with (4.23) and (4.41), then the definition (4.24) for 7 as in (4.40), and at
last (4.13); the last equality uses (4.52). Thus, given any 7o € (0,1), we get in
complement of (4.45) and the paragraph below that (4.46) holds true also if j > i.
As a first consequence, for all given 0 < 0} < 72 < 1, we get that

2)
lim 25 =0, (4.54)

e—=0 7"7;,5

using (4.41). We get from (2.8) and (4.28), for [ = j and parameter n}, that

’ 2 2 1
e () = - ( - 1) Yiet —— (m o 0(1)> (4.55)
De p57j75 by ,yz(ps*l) (T(nz))

€lje J.e
for all e <« 1.

In order to have the desired contradiction with (4.52), fixing 7y € (0, 1), we prove
now the following estimate

2 r? _
Uje <T§22)> > Uy e(T7,e) + =1 In = s +0 ( i1’€p€> (4.56)
Pej e (7"?7;))

for all e < 1. Let ¢, be given by

Ay, =0in Brm/(gT)(O) ,
’(/JE = Uj76 on 837%5/(27) (0) 5

for all . We get first
e = Ui e(Tric) + O ('yi{;ps) (4.57)

for all e <« 1, by (4.43), (4.50) and the maximum principle for the harmonic function
Y. Let (z.)c be any sequence of points such that |z.| = r") for all e. Let G. be

€
the Green’s function of A in B, _/(27)(0) with zero Dirichljet boundary conditions.
We know that G.(z,y) > 0 by the maximum principle for all z,y € B, ;@2 (0),
x # y and for all . Let n; € (0,72) be fixed. By Green’s representation formula
and (4.19), using the positivity of Au;. + €?*#i<h;.u;. and that of G.(z.,-), we
have that

(Uj,e - ws - wj,e)(zs) > )\eps/ Gs(zaay)empj’suj,s(y)ps_leuy’i(y)dy (458)
B 1) (0)

for all e < 1, with w, . given by (4.47). There exists C' > 0 (see [23, Appendix B])
such that
r

1 f
Gelzy) = 5-In . L5y| ‘ <C

for all y € B,, _/2+)(0), for all z € Bs,., _/127)(0), y # 2z and for all ¢ < 1. Observe
also that (4.37) holds true for [ = j. Then, since |z.| = 1"](752), we first get that

1 Tie || 1 Tie
e(2e,) = —1 : 1 = —1 ’ 1 4.
Gelze:) anzs|+0()+0(|zs|) 2 M TOW (49
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uniformly in B (,)(0) and for all e < 1. Now, by (4.27) and (4.28) for [ = j with
parameter 1 = ]7}2, computing as in Proposition 2.1 or in the argument involving
(3.27), we get that, for some given 7 € (0, 1),

)) (460)

in B (n)(0) and for all ¢ < 1. Resuming arguments in (4.53) and using (4.54), we
have that

jre pe—1 )

—2t;.. 1

20, 1 oPe 8e 7 At | . ‘
)\Epee SaJﬁuPa 6”_7,5 = 72 1 + O 617 7€ ey + | : | + De
HjeVje Pe Tje jre

ri, T, 1, .
0< m#; <In =% 4 1In =5 = 4P (14 0(1)) (4.61)
Tie Hie Hje

as € — 0, since (4.52) is assumed to be true. By (4.59), (4.60) and (4.61), we get
that

A [ Gy ey
Br(ﬂl) (0)

J.e

(m)
1 Tie 8 (m1) 2 Tje 1
= —1In > +O(1) — 1+O |:/JL /Tvm :| +O Js _’_75
<27T i) e e e r(m) " afe

2 7"1'2 1—
= ——n =~ +0 (vj@ps)
Pe7j e (r§7762))

for all € <« 1, using the definition of pim) (4.37) and (4.46) with (4.26) for [ = j.

J,€
By plugging this last estimate with (4.48), (4.52) and (4.57) in (4.58), since (z¢).
is arbitrary, this concludes the proof of (4.56).

We now plug (4.44) and (4.55) in (4.56) and we get
2 2+o(1 1 1 _
< - 1> vie(1+0(1)) + % In—+Inh—|<0 ('yilepa ln’yi,s)
Pe pEPYi;- ri,a )‘5 ’
still using (4.52). However this estimate gives a contradiction for ¢ < 1, by (4.7)
and (4.26) for | =i and (4.40): (4.51) is proven.
e Then, using (4.23) and (4.45), (4.51) implies that for all [ € J;

Tie < Tie (462)
for all € <« 1. We now claim that there exists 73 € (n,1) such that
77;?753) =Tje (463)

for all j € J; and all ¢ < 1. Coming back otherwise to (4.24)-(4.25), up to a

subsequence, we may assume by contradiction that there exists j € J; such that
2t; (7
ieltid) 14 op1)

PeTj e

as e — 0. As aremark, we must have j # i by (4.40). Then, for all given 75 € (0, 1),
(4.46) holds true and the argument between (4.46) and (4.51) gives (4.52), which
does not occur by (4.51) and proves (4.63). For j € J;, since

@ie © ¢J_51 (0B, _/2(0)) C Q.
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by (4.20), (4.42), (4.62) and the definition of 7, we get from the equality in (4.43)
Uje(Tj,e/2) = Uie(Trie) + O (’722_1) )

so that we eventually have

Yie = 0 ('7]',5) 5 (464)
using the inequality in (4.43) and since ﬂj75(77j(-j7:’)/2) < 29;. by (4.27), (4.28) and
(4.63), for all ¢ < 1.
e We are now in position to conclude the proof of (4.30). Setting

Ue = 7575571 (ui,s(ri,s') - ﬂi,a(""i,s)) ,

with an argument similar to the proof of (4.43) one deduces from (4.17) and (4.42)
that (7.). is uniformly locally bounded in R?\S; for all ¢ < 1, where S; is given

below (4.42). Then, using (4.27) and (4.28) for | = ¢ with (4.40), we get from (4.12)
and (4.19) that

Aie = O (y2r2.) + 0 (r2one (7" ob e ) (i) ) = o1)

uniformly locally in R?\S; for all ¢ < 1. To get the last estimate, we use (4.26)
for [ = 7 to control the first term, while we estimate the second one first by
O((ﬂiwg/riﬁs)Q(lfﬁ)) (see Proposition 2.1) and then we conclude with (4.21). Hence,
there exists a harmonic function @y such that 4. — 4g in Clloc(Rz\Si) as € — 0.
Now observe that (4.17) also gives the existence of C' > 0 such that

1
Vig)| < C Y —— in RA\S;,
z€S; |l‘ N ‘
using the local convergence of the .’s in R?\S; and the lower estimate in (4.27)

for [ = 4. Then, by harmonic function’s theory, there exist real numbers a, and A
such that

in R%\S; . (4.65)

1
|z =
However, by (4.41) and (4.62), by (4.51) and (4.64), Proposition 3.1 gives that the
a; are positive and in particular (3.16) gives that

9 (i e ) =

for all x € §;. Picking now y an extreme point of the convex hull of S;, we get
from (4.65) that this last property fails for x = y, since S; possesses at least two
points. This gives the expected contradiction to (4.40) and concludes the proof of
(4.30). O

Step 4.1 is proven. a
Up to a subsequence, we assume from now on that
lim p. = po , (4.66)
e—0

for some py € [1,2]. As a first consequence of Step 4.1, we improve (4.7) and
conclude the proof of (4.5) and thus that of Theorem 4.1 in the subcritical case.
A key ingredient to get the sharp quantization (4.5) (and not (4.6) for ug # 0, for
instance) is given by (4.31) in Step 4.1: roughly speaking, the only way for the RHS
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of (4.31) to be positive at some 7 not too small is that A\ is quite small (see (4.68)
and (4.107) below).

Step 4.2. In any case, we have that
lim A, =0. (4.67)
e—0

Moreover, assuming that po € [1,2), (4.5) holds true for k = N and N given by
Proposition 4.1.

Proof of Step 4.2. By evaluating (4.31) at r = /i’yi(el_ps)/‘g, we get that

_ Pe o g _ < i
(1 5 ) Vet 3(pe = Dngie <In =+ 0(1) (4.68)

for all e « 1 and all ¢ € {1,..., N}, which clearly proves (4.67). Now assume that
po < 2 in (4.66). Up to renumbering, fix ¢ such that ;. is the largest of the v, .’s
for all e < 1 and all j. Given any n € (0,1) to be chosen later, setting 7'1(,2) as in

(4.24), we know from (4.30) that FZ(Z) = 7"1(,2) for all ¢ < 1 and all [. Then, we get
from (4.27) and (4.28) (see also Proposition 2.1) that

Ap? E _
/ =Pe uffse“ﬁa e*Pledy = (47 + o(1)) ’712,5 Pe | that
Brz(") (0)

2
(4.69)
/ Aep? oS 200 g 47+ o(1)
2(pe—1
B, (©) 2 %}EP )

and that
Upe = (1 — 77)’}/175 + 0] <7l1,5_p5) ,

1 4.70
S Ve + 2_111 +0(1) (4.70)
’ pe—1 (m)
De PV e Ae(r0)?

uniformly in 9B ) (0) for all ¢ < 1 and for all I. The second equality uses also (2.8)
l,e
with v = v, and py, = p.. Up to a subsequence, by comparing the two RHS of

(4.70), by using po < 2, 7'1(,? < k and that n (moving only here) may be arbitrarily
close to 1, we may complement (4.68) here and get that

1
(1-2) e +o(1) = (4.71)
for all [ as € — 0, so that we have in particular
Ve = (14 0(1))7ie (4.72)

for all I. Given any 77 € (0,7), we claim that the first equality in (4.70) implies that
e < (1= i) 7ie in Q= £\ UY, ¢} (BT,@) (0)) (4.73)

for all e <« 1. Otherwise, as when proving Proposition 4.1, if x. € . satis-
fies u.(x:) = maxq_ ue, then z. is a good candidate to be another concentra-
tion point for u.: we get that ;. = o(dg(xi e, x:)) for all [ by (4.15) and that
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mingegy, Ny ule (@) dg (21,0, 22)?|(Ague) (z:)| — +oo as e — 0, which contra-
dicts (4.16) and establishes (4.73). Independently, (4.71) gives

Ae o, (14 uPe) e dv, = O (exp (((1 —n)Po — (1 - p?())) Yoo+ o(fyf’fe)))

for all ¢ <« 1. Choosing 0 < 7 < 1 < 1 sufficiently close to 1 from the beginning
(depending on the smallness of 2 — pg > 0 here), we may plug this estimate and
(4.69) in (4.2) to conclude the proof of (4.5), using also (4.8) and (4.72). O

In contrast to the case py = 2 handled below (see also [21]), it is interesting to
note that, due to the global nature of both integrals in (4.2), we need also (4.72)
to get the quantization (4.5), at least for £ > 1 and 1 < py < 2 in (4.66). At that
stage, we are left with the proof of (4.5) in the more delicate borderline case py = 2.
We assume from now on that po = 2 in (4.66).

Conclusion of the proof of Theorem 4.1. We still use the notation and observations
of (4.24)-(4.25) and below. On the other hand, by (4.30) in Step 4.1, for all given
n € (0,1), we have that

rl(’z) =o(r,.) = 771(,? = rl(z) (4.74)

foralle < 1and alll € {1,..., N}. Then, as a consequence of Propositions 2.1 and
3.1, we get that (4.26)-(4.29) hold true. In particular, for all given ' < 1 in (0,1),
we get from (4.29) that

1
IV(u,e —ve)l =0 <M> (4.75)

7[75 Tl,s
uniformly in B (,(0) for all ¢ < 1 and all I. Then, for all given ' € (0,1), since
Tl,a

we also have

0<wv,e—u,. (rfz)

using the estimate in w’7 in Proposition 2.1, we eventually get that

(n")
, 2 1 2r) .

Ule — Hl,s (T —
‘ l,e 752 1 ‘ . |
uniformly in B (,(0)\{0} for all ¢ < 1 and all /. During the whole proof below,
Tl,a
we choose and fix 1y € (0,1) and set
Vj,a =
|uje =t (r)]
} < 5(7T02ﬂj,e(7“)1_”5 (4.77)
s.t 1—p. -
+2 Zlefj,s(r) Te " In |~—¢j,ﬁe(wz,a)|>
in B-(0)\ User, . (r) Brlmo) (Pj,e(x1e))

for all j € {1,...,N} and all ¢ < 1, where Cy > 0 is as in (4.17) and where I; (r)
is given by

(10)
J.e

sup( r € (r

Lie(r) = {1 € {1, N} st djc(aic) € By (0)} -
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As a first remark, it follows from the very definition (4.77) of v; . and from (4.76)
that, for all given ns € [ng, 1), we have

v > ™) (4.78)

= 'l
for all e < 1 and all [ € {1,..., N}. Our main goal now is to show that
Uje(vje) = O(1) (4.79)
for all e < 1 and all j € {1,..., N}. For all j, we may assume up to a subsequence

that either (4.79) or
lim @; . (v;e) = +00 (4.80)

e—0

hold true. Assume from now on by contradiction that (4.79) does not hold true for
all j so that we may choose and fix ¢ € {1,..., N} such that

v;e = min{v; . s.t. (4.80) holds true} . (4.81)
Clearly, we then have
lim ﬂi7€(l/i7€) = +00. (482)
e—=0
By (4.18), we also have that
limvy; . =0, (4.83)
e—0

so that, using (4.12), the following property currently used in the sequel holds true:
gre = ((410), 9) Wie) = € in CF,(R?) (4.84)
ase — 0, for all [ € I, where
I'={le{l,..,N}st. dy(xie,x1.) = O (v;) forall e < 1} .
Up to a further subsequence, we may also assume that

. i,e\ L ~
lim Pie(Tie) =7 € R?
e—0 l/i75

for all I € I. Set also S = {#; | | € I} so that clearly 0 € S. Fix 7 € (0,1) and
R > 1 to be chosen properly later on such that

3T<{ 1if S = {0},

min{(m’y)e‘gzu#y} |$ — y| otherwise,

and such that S C B3r(0). Set D. = Bry, . (0)\ Uier By, /3(¢ie(71,c)) for all
¢ < 1. Let now w,. be given by

{ At = _62%’5}“,6“’%6 in BRV@,E (0)7

4.85
we = 0 on 0BRy, . (0), ( )

for all €. Observe first by (4.19) that A(u;. —w.) > 0in By, ,(0) so that u; . — .
is radially nonincreasing in [0, Rv; ¢]. Moreover, the maximum principle gives that
Uje — W attains its infimum in Bg,, (0) at some point on 0Bgy, . (0). Indepen-
dently, for all given p > 2, by elliptic theory, we get from Lemma 4.1 and (4.12)
that

2(p—1)
[0 (Vi) Lo (Br(0)) = O (1A (We(Vie)) llLr(Br(0)) = O <Vi,€p ) (4.86)
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for all ¢ < 1. Summarizing, by (4.83) and since 7 < 1, this argument for R = 1
(only there) gives that @, -(Tv; ) > @ (v;.) + 0o(1), so that (4.82) leads to

Fz—: = ai,s(TVi,E) — +00 (487)
as € — 0. Then, as a consequence of (4.17) (and (4.84) again), we get that

uje =Te+ O (DL7Pe) (4.88)
uniformly in D, and for all € <« 1, using once more the mean value property on
0By, .(0) and the definition of 7. Then, by the maximum principle-based argument
below (4.85), with (4.83) and (4.86), we get that

inf w;.> mi ie+o(l)=T 1 4.89
o gy e Z 5D o U o(1) =T. +o(1) (4.89)

as € — 0.
We prove now that
Ie = 0(vj) (4.90)
as e — 0, for all j € I, up to a subsequence. Consider first the case j =i in (4.90).
For all given 72 € [no, 1), we have that

e (1) = (1= m2)752(1 + 0(1)) = T (1 + 0(1) (4.91)

for all e < 1. The first equality comes from the definition (4.24) of rl(ff), from (4.74),
from the equality in (4.27) and from (4.28) for | = i, while the inequality comes
from (4.78), (4.89) and the above largeness assumption S C Bsr(0) on R > 1.
Observe that (4.78) implies that (4.92) below holds true for ¢ = . Since 1, may be
arbitrarily close to 1, (4.91) concludes the proof of (4.90) for j = i. If now I # {i},
we may pick j € I'\{i} and we get from the very definition of I with (4.20) and
(4.84) again that r;. = O (v; ) for all e. Then, also in the last present case j # i,
using now (4.74) for I = j, we get

=0, (4.92)

for all t € I, and then similarly (4.91), to conclude the proof of (4.90).

At that stage, we may improve the estimate in (4.86). As a consequence of
(4.87), (4.88) and Lemma 4.1, writing merely that ||u; | z»(p.) = O(1), we get that
v; .I'? = O(1) for all €, so that (4.86) gives

[ie| = O (T1P) = o1} 7) (4.93)

uniformly in D,, for all € < 1, since p is fixed greater than 2 just above (4.86). Let
(. be given by

ACE =0in BRVZ',E (O) )

Ce = uj,e on 0BRy, (0)

for all e. By keeping track of the constant Cy of (4.17) and choosing R > 1 large
enough (depending only on S) from the beginning, using a mean value theorem on
0BRy, .(0), (4.84) and (4.87), we may get a slightly more precise version of (4.88)
on OBry, . (0), namely we have that

_ B 2nC
sup |G —ic(Ruie)| < sup  fuge — e (Ruie)| < =

S o7 4.94
BRV;,,E(O) BBRW,E (0) ]_'\;gg 1 ( )
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for all ¢ < 1, using also the maximum principle. Observe in particular that u; . =
(1 + o(1))T'. uniformly in D.. Let G. be the Green’s function of A in Bg,, _(0)
with zero Dirichlet boundary condition. Let (z.). be any sequence of points such
that

% € Bru, (0)\ Uier B oo (i (216)) (4.95)
for all e. We have that
~ 1 Q.Rl/Z e
)< —1 :
0 < Ge(2e,7) < 5 P

in Bry, . (0)\{z:} for all ¢ < 1. Thus, the Green’s reprentation formula gives that
0< (ui,s — W — Cs) (Zs)

o [ e (o) gy 4
21 S, 0 |z =l ’

for all €, using (4.19). Using Step 4.1 as above to employ Proposition 2.1 and (4.29),
we have that for all I € {1,..., N}

1 . .
[Vue| =0 ((770)175—1> uniformly in BSTZ(,ZO) (0) \BQ (0)
3

rl,e l,e

so that, for all j € I, we get as a byproduct of (4.77) and (4.81) with 7 < 1 that

- 1 ATy,
WLE(TW’E) - Uj,s| =0 (aj,e<7'ui7e)1 pg) +0 Z pe—1 In | - = l()s )|
€l (Vi) ’yl,s j,e\Lle

uniformly in B, (0)\ Uier, . (rv,.) B (¢je(x1e)), and then we eventually

2010 /5
obtain with (4.88) and our definition of 7 that

1 4Ty
1_‘6 — | = O I\l_pg + O h’l LE 497
‘ el ( B ) Z pe—1 | - —¢i,e($l,a)| ( )

Il c(rv;.2) The

uniformly in Dje := By, _/2(0ie(2,0)\ Vier o (rui) B jp (die (1)) for all e,
still using (4.84). Independently, using that |ze — ¢ c(z1)| > 1) we have

le

(mo)
2R e 2R i€ Tie

Vie _ 1y Vi, +0 (" (4.98)
‘Zg — ‘ |Ze - ¢i,e(xl,e)‘ ’I“lno + |Za — ¢i,s(l'l,a)|

,E€

In

uniformly in B (10 /9 (¢ie(z1¢)) and for all e < 1. By (4.75) for some given 1’ €
Tl,s ’ ’

(10,1) and since u;.(0) = v;(0), we get wy. — v . = 0(%1;175), so we eventually get
for all given 7 € (19, 1) that

o2t it
NP Lehs 8e™ e (1 4 o(e™<))
ePetly. € °° = 2 . pe—1
lul,eryl,e Pe

(4.99)
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uniformly in B (»)(0) and for all € < 1, still applying Proposition 2.1. Then, using
Tl,s

also (4.12) and (4.84), we get from (4.98) and (4.99) that

)\5 £ 2R 1,6 X _ e
- In — (2ol e ) (y) dy
2m Bv~(no)/2(¢i,s(ﬂfl,a)) ‘Z‘S B y| '
Le (4.100)
44+ o(1 v; 1
Pei e |Ze - d)i,e(xhe)‘ Me
as € — 0 and for all [ € I. Using the basic inequalities
[(L+ )P =1 < O ([t + [¢]?)
for all t > —1, and
N p N
(So] <oy
t=1 t=1
for all a; > 0 and all p € [1,2], we get first from (4.97) that
1 4 Pe
TV;.
ufs =T +0(1) + O Z ( = 1n|._¢‘ (; ))
el M o (4.101)

L.\ ATy,
oy ()
Z Ve | ’ _(bi,s(xhe)‘

lte,e(TVi,e)

uniformly in D, . and for all . Independently, we get from (4.7), (4.13), (4.24) and
(4.74) that

1 1
In——— = —t;.(r"™)) + o(1) + In ——,
- (1m0) ’ My e
le (4.102)
p 77 £
< (B +1+0m)

as € — 0 and for all I. Recall that we are now assuming that py = 2 in (4.66).
Then, we may get from (4.83), (4.92) and (4.102) that

1 475 o "
ST In ’ 5
"/l; | ' 7¢’L,E(Il75)‘

Ps_l
_ L In 47—”1‘,5 In 4TVi,5 (4103)
"yfé |- —@ie(z1e)|? |- —die(xre)*’

4’7’1/1"5

| : _¢i,s($l,8)|2

uniformly in Dj. as € — 0 and for all € I. Choose now ji, ..., jis| in I such that
{%j,, 75,5} = S. We compute and then get from (4.101)-(4.103) and from (4.90)

<C(1—no+o(1))In
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that
)\ 2R L €
ePe / 1n Vz,E (GQLPLE'U?E&_ 16 f5> (y) dy
2n Jp,, . |ze — vl '

=0 <>\€F§E_1 exp (T?=) x

Z / 1 2Rv; ¢ ( 4TV, ¢ >1n20 dy
n b
TVie ¢z (T, e) ) |Z€ - y| |y - ¢i,e(xl,e)|2
2

l€lj, < (Tvie)
= O( 51“{;5 exp (I‘gf)ui’s) ,

for all t € {1,...,|S|} and all £ < 1, using that 79 > 0 to get the last estimate. At
last, it readily follows from (4.88) that

Acpe / In 7|2Ryi’s| (€2wi,5ups—1€uf,i) (y) dy
27 Jp,. T =y

(4.105)
- ()\EF’E’S’l exp (I'?9) I/ZE)
for all ¢ « 1, where

S
DO,E = BRW,E (0)\ Ultzll BTW,E/Q (¢i,€(xjt,5)) .

Summarizing, by plugging (4.93), (4.94), (4.100), (4.104) and (4.105) in (4.96), we
get that

|ui,s (ZE) — Uje (RV'L',E)|

2 2+o(1) 1 41, ¢

lerl pf’yl €
+0 (A ATP="Lexp (I'22) 1 6)
for all e, given (z). as in (4.95). By the estimate v _T'? = O(1) just above (4.93)

for p > 4/3, we get that v /2 o(T'17P<). Then, evaluating (4.31) at 7v; . and by
(4.87), we get that

PeYie 2

2 1 -
S <ln)\ 251, +O(1)) +o(le™), (4.107)
then with (4.90) that

€ li,e 1,€

(2) < exp [ 22—t )
exp (I'fs) < exp — +0o(1) | ,
) D W T

that
Aeyi V02 < exp (*%Fe(l + 0(1))%’»’;71)
and eventually that
)\Efgfflyze exp (T'?=) = o(T'L 7<) (4.108)
for all ¢ < 1. By (4.76) and (4.106) with (4.108), we get that

1 3Ry,
Ui — Ui e(Ryi )| < (2mCo 4 0(1))TL P + O — In——*=—
| i,€ 1,6( Z,E)| ( 2 1) € (; Ve ‘ '_¢i,5(xl,e)‘
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uniformly in Bry, . (0)\{¢ic(2j, ¢), s $i.c(Tjs.c) }- In particular, using (4.90) again,
we get

|ﬂi,€(1/i,€) — ﬂi’E(Rl/i7€)| < (271'02 + 0(1))1%_175 (4109)
as € — 0. Then, pg = 2, (4.90), (4.106), (4.108) and (4.109) give that

|ui,8 - ai,E(Vi,EH

9 2 1 4Ty
< Sl Y 10_(1) In ;“ ] (4.110)
el (i) ryl,a Ze i,e\Lle

uniformly in B, (0)\ Ujer, (v, .) B (o) (¢s,c(21,c)) and for all e. But by (4.78) for
) ’ Tl.E

| = 4, our assumption (4.80) and by (4.18), the inequality in (4.77) for j = i and
r = Vi should be an equality somewhere on 0B, (0) of this set for all ¢ < 1,
which gives a contradiction to (4.110) and concludes the proof of (4.79).

Then, picking now a sequence (fg)e such that lim._,o . = 400 and . = o(Vj.e),
and setting

Vj. = inf {r > 0s.t. w0 > . in [0,7"]} ,
we get from (4.79) that

i <. (4.111)

forall j € {1,..., N} and all ¢ < 1. By (4.15), 7j . = o(1). As in (4.88), we get from
(4.17) and (4.18) that we can fix 0 < R < 1 such that u. = T(1 + o(1)) uniformly
in aqﬁj_jal(Bjo’E (0)) for all e « 1 and all j. Arguing now as below (4.73), we get
from (4.16) that

sup ue < 2T (4.112)
S\ ¢J_; (BRDJ'YE (0))

for all € < 1. Then choose and fix (f‘g)6 growing slowly to +0o and more precisely
such that

ATPe exp ((Zfs)pf) =0 (’y?_;pf) and

(4.113)
(2= p)n (142707 exp((202)7)) = o(1)
for all j as ¢ — 0. The first condition is clearly possible by (4.67). The second

one is also possible since A. ?épf_l) = O(1) by (4.68) and since now py = 2 in

(4.66). We may now compute and use either (4.112) in ¥\ U; (;5;; (Brp,.(0)), or the
controls given by the inequality in (4.77) for r = ¥, . thanks to (4.111), allowing to
estimate the nonlinearity as in (4.101)-(4.104). This leads to the following integral
estimates:

Aep?

uPee"s dz = o (727p5) ,
2 /E\Um;i (BT(W))(O)) : e
J.€
(4.114)
Aep?

2 /E\Uﬂ#ﬁ (B () @) (
J.€

oo ().
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while, computing as in (4.100), we get that

Aep?

2 /‘75151 (BT{HO) (0)>

Aep? 4 1
e (e 1) do = )
2 ¢;al (B (n9) (0)> i) Pe

Je

ugseuga dx = (47T + 0(1)) 7‘7261)5 ?

(4.115)

as € = 0. Thus, by plugging (4.114)-(4.115) in (4.2) and by using our conditions

(4.113) on (T';)., we get that

2—pe 2(pe—1)
N Pe Pe
47T+0(1) 2—p.
B =2 o (4 +oll ZW]E ’
j=1 7,€
2(pe—1)
’Y 2—pe Pe
=4m(1+o(1) <1+Z( “) ) :
g0 V0
(%)
using that
2—pe
,7 2(?5*1) e
1+Z(”’) = 1+0(1)
J#jo Tie

since p. — 2, where we choose jo € {1,..., N} such that v, . = minje(1,.. N} Vj.e
for all €, up to a subsequence. Then, in order to conclude the proof of (4.5) for
k = N, it is then sufficient to get that the term (x) converges to N, namely that

VjE{l,...,N}, ;%(2*]75)111&:0

Yjo,e

To get this, we use (4.67), (4.68) and argue as below (4.70) for n = 1/2 to write

] 1 1+40(1) ,.
(2-pe)rfe <1+ ())lnﬁé 2( Ve

for all 7, so that 1 < (vj,:/7jo,e)" = O (1/(2 — pe)) < +oo. Theorem 4.1 is proven.
O

5. COMPACTNESS AT THE CRITICAL LEVELS 8 € 47N* FOR p € (1, 2]

Our main goal in this section is to prove the following result:

Theorem 5.1. Let (\.). be any sequence of positive real numbers. Let p € (1,2] be
given and set p. = p for all . Let (uc). be a sequence of smooth functions solving
(4.1). Let (B:)e be given by (4.2). Assume that (4.4) holds true, so that (4.3) holds
true for some B € 4wN* (see Theorem 4.1). Then we have that

Be > p (5.1)
for alle < 1.
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More precisely, if (y1,¢)e ..., (7k,e)e are the sequences of positive real numbers
diverging to 400 given by Proposition 4.1, we show in the proof below that
k
4p—1)(1+o(1 _
B > 4 (k + 2= 0ol Zm,ﬁp> (52)
i=1

as € — 0. As a remark, according to the proof of Theorem 4.1, N in Proposition 4.1
equals k in (4.5). Interestingly enough, the cancellation of terms of order Vi P still
occurs here on a surface for all p € (1,2] and for arbitrary energies, as pointed out
in [39] concerning the unit disk for p = 2 and in the minimal energy case 8 = 4.

5.1. Further estimates in the radially symmetric case. Let p € (1,2] be
given, let (1), be a family of positive real numbers, and let (\,), be such that
(2.1) holds true, where p, = p for all 7, let ¢,,t, be given by (2.2) and let (B,), be
given by (2.6). Let also (7,), be a family of positive real numbers such that (2.3)
holds true, and such that

ty(79) < V7
v =0(1)

for all ¥ > 1. In this section we aim to get more precise estimates on the B,’s than
in Section 2, but at smaller scales around 0, in order to be technically as simple as
possible: namely, (5.3)-(5.4) imply (2.4)-(2.5). We also restrict here to the specific
case where p is fixed. As already mentioned in the introduction, some issues may
arise when studying compactness at the critical levels § € 47N* in the case p = 1.
Following [39, 40] and still abusing the radial notation r = |z|, we let wg be given
by

2r2 1 1—72 7% g
wo(r) = =To(r) + 15 = 3 T0() + 73 / T

for Ty as in (2.13), so that, by ODE theory, wy is the unique solution of
Awg = 4e2T0 (2wg + T — Tp) in R?,

wp(0) =0, (5.5)
wyq is radially symmetric around 0 € R2.

We further set
8p — 10

F= 2(p—1w+ (p—2)T5 —8(p— 1)Towo —
+4(p—1)wi+4(p— DTgwo + (p— )Ty,

5

and let w; be the unique solution of

Aw; = 4e=2To (211)1 + %F) in R?,
wy(0) =0, (5.7)
wy is radially symmetric around 0 € R2.
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Resuming the strategy and the explicit computations in [40, Section 3], even if we
do not have w; in closed form, we know that

Awyde = % |:(p —1) (”3 n 33”)

2 3 2
‘ 3 ’ 7(4 5) (58)
T D — 5w
+ 5 tp2) - T
We also have that

wo(r) = =To(r) + O(1),
5.9
wi (1) = () Awidr + O(1) (>

471' R2

as 7 — +oo. Note that the convention on the sign of the Laplace operator here is
not the same as that in [40]. In complement of the computations already done in

[40], we compute also
|z — 1 9 3
AT To(2)?de = o8
L ol =3

to get (5.8). Let wg ~, w1, be given by wo, = wo(-/p,) and wy , = wi(-/p), and

let w.,, be given by

2 N 4p— Dwoy | wiy+ wy
p,ypfl p2,y2p71 73;071

Proposition 2.1 already gives B, <« and some estimates on w. given by (5.10) in

[0,74] for all ¥ > 1. Much more precisely here, we get that w., is actually a small
remainder term in the following sense:

B, =~ (5.10)

Proposition 5.1. We have
w, =0 7t), w, =0y,

5
and
2 elr/? 4(p—1) Aw
p—1_BP _ 1y
ApBE~ ey = p,yp—lAt“/ (1 +0 ( e )) + 221 Awg , + a1

uniformly in [0,7,] and for all v >> 1 large, where w., is as in (5.10).

The proof of Proposition 5.1 follows the strategy of the proof of Proposition 2.1,
but the stronger assumption (5.3) basically reduces now the computations to Taylor
expansions.

Proof of Proposition 5.1. Let r., be given by
ry =sup {r € [0,7,] s.t. |w,| <1y}

for all . Taking advantage of the control on w, in [0,7,] given by this definition,
we may perform the following computations uniformly in [0, r,] as v — +oco. We
first get

2(p

1
=L ) (2wo,, +12) + w1y +wy)
Y

ol
8- Vtw,  Sp-1p-28 ( 7 )

B};: V=2t +

P22 6p>2° 73
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and
Bp—l — ’_Yp—l 1 _ 2(p - 1)t'y + 4(p - 1)2w07’y + 2(p - 1)(p - 2)t’2y + O ﬁ ]
K PP p2y2P p2y2P 3P

We use for this (5.3) and (5.9) and the expansions of (1+¢)? as € — 0. Then, using
(2.1), we similarly compute and get

A peB
8e ? 2(p—1) 9 2
2 [ T e (2o +16) +
1 3 2 4 3
p2y2p PP (w1, +wy) = 8(p — 1)"tywo,, — g(p -1)(p— 2)%

3
1 ci,x|{ =55
+8(p — 1)22uwoy + 2(p — 1) +8(p — 1)2w§ﬁ> 40 (76 (+ ))] ,
so that we eventually have

)\.Ypr;*leBs

8 —2t, 2 -1 ty/2
° {1+ p - )(2wo77+t3—t7)+0(8 >:|+

- P’Ypilu,%, Py 7317 (5].].)
42 [ 4(p—1) .
T s+ 250 ()]
731)71#% 7 K p? ey

for F as in (5.6), using again (5.3) to write £3/9°" = o(1). Then, setting w, =
W~ (+/ty), using now not only (2.13), but also (5.5) and (5.7), we get from (2.6)
that

[ —3T,/2
A, =86 i, 40 (129%) 40 (< ). (5.12)

uniformly in [0,7,/p,] as v — +oo, applying A to (5.10). The second-last term
in (2.14) is obtained when controlling B, in the LHS of (2.6), since our definition
of v, implies B, < « in [0,r,] for all v > 1. Then, (2.15) may be obtained from
(2.14) by using also (5.4). At that stage, we may conclude the proof of Proposition
5.1 by following closely the lines below (2.15) and showing mainly that (2.10) holds
true for all v > 1. O

As a direct corollary of Proposition 5.1, we get the following estimates:

Corollary 5.1. Assume that (5.3) is an equality, namely that

t(F) = V7 (5.13)
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for all v > 1, then we have that

2
AP / BPePrdx
B, (0)

9 o
- 2(p—2) 1

— 2—p
= 47y [1—1— e —&—0(721))

p—1 272 w2 33

8- o) (T ) 4 3(p—2) —T(p—5
trp (- (T4 5 +30-2-Ta-9) ).
2

—/\'yp/ B da

2 JB., 0

R 4(p—1) 1
= 201 [H e o\

+1<2(pp21) ((p—l) <7§+323) + (p—2)—77(4p27 5)>

e

RESNSeES)

P p?

and then that

2—p 2(p—1)

2 P 2 P
(W/ eBr dx) ()Wp / Bgerp dm)
2 JB., 0 2 B, 0 (5.14)
4(p — 1) 1
=4 <1 * p2y?P o <72p)>

Since the computations to get Corollary 5.1 from Proposition 5.1 basically resume
those in [40], we leave them to the reader. In particular, proving the first two
estimates in Corollary 5.1 uses (5.8) and the following computations

as y — +00.

1
Awodl‘ = — ATQdI = —/ TQATodl‘ = —7\/ TgATodl‘ = 471',
R2 R2 R2 2 R2
273
(wo(ATo) + T()A’wo) de =8m+ —.
R2 3

Once the first two estimates of Corollary 5.1 are obtained, proving (5.14) is quite
elementary: in particular, we observe in (5.14) the aforementioned cancellation of
the term ~P. Besides, the term 2P vanishes as well for p = 1. That is the
technical reason why the approach of this section does not work for p = 1 and why
we assume p > 1 in Theorem 5.1 (see also the paragraph above Remark 0.1).

5.2. Conclusion of the proof of Theorem 5.1. Let ()\.). be any sequence of
positive real numbers. Let p € (1,2] be given and set p. = p for all e. Let (u.). be
a sequence of smooth functions solving (4.1). Let (8:)c be given by (4.2). Assume
that (4.4) holds true, so that (4.3) holds true for some 8 € 47N* by Theorem 4.1.
We may also apply Proposition 4.1, getting in particular sequences (i ¢)e, (®ie)e,
(Vie)e and (¢;c)e, and we resume the notation r; ., ¢; and v; . in (4.20)-(4.22);
let also 7; . be given by

tie(Tie) = \ie (5.15)
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for all 7 € {1,...,k} and all e. By (4.30) in Step 4.1, we know that Fl(716/2) given by
(4.25) equals 7"1(716/2) in (4.24) for all I € {1,...,k} and all ¢ < 1. Moreover, since
rie = O(1) according to (4.20), we get that

P72 _ o(ric) = o(1) (5.16)

i,€

for all e < 1 and all ¢. By (4.24) and (5.15), we deduce that

T7e (1/2)

In 7’2 = ti.s(Fi,s) — ti,e (T‘i e ) + 0(1) S *3"}/1',5
ey e

i€

for all ¢ and all ¢ < 1. Then, we find from (5.16) that
Fie =0 (e77) (5.17)

for all ¢ <« 1 and all i. Proposition 2.1 may be applied as below (4.25). We get
that

FLE J— —Yi,e
|uie —viel = O <r(1/2)pl> =0(e7™)
i,€ 9,€
uniformly in By, _(0) for all e < 1 and all 7, using also (4.28). Then, using similarly
Proposition 2.1 to get that v; . = 7, .(1 4 o(1)), we obtain that

p P e e
uiE :UiE 1—|—O 3 (518)
’ ’ Yi,e
u? P 1
e e = @ i 1 + o0 Tp (519)
’yi,s

uniformly in By, _(0), for all ¢ < 1 and all ¢. An easy consequence of (4.12), (4.20)
and (5.16) is that the domains qSZEl(B,:m(O)) are two by two disjoint for all ¢ < 1.
Then we may write that

k
Ap? Ap? _
AP” uﬁﬁ.’e“gdvg > Z 24 uP €u§>562(‘0“5d£8,
2 2 2,€
= i=1 Br; . (0)

so that we have

Ap? . "A ,
i/ (e“s - 1) dvg > Z =P / (eui,e _ 1) e2Pie do
2 > ) 2 Bi‘i7g (0)

:=b; ¢

Using (4.12), (5.17), (5.18) and (5.19), we write e*¢i= =1+ O (7;.) and get

/ uﬁee“f@e%i»fdm = (/ vﬁse”ﬁdx) (1 +o (’y;fp>) , (5.21)
Br, . (0) By, . (0)

for all e < 1 and all 4. Similar arguments give that

/B " (eug"s - 1) e2¢ie oy — (/ o eUf,ede) (1 +o (7;,5217)) : (5.22)

Ti,e

Ti,e

Ti,e
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for all ¢ <« 1 and all i. By plugging (5.21)-(5.22) in (5.20) and coming back to the
definition (4.2), we obtain

2-p 2(p—1)
k P k 4 2-p 2(p—1)
ﬂe > Z bi,s Zai,e > Zbi; ai7€p s
=1 =1 ]

by Hélder’s inequality for vectors in R*. In order to compute the RHS, since we
have (5.17), so that (see (5.4)) we may apply also Proposition 5.1 to v; . in By, _(0)
and thus use (5.14). This proves (5.2) and concludes the proof of Theorem 5.1.

Remark 5.1. The minimization of Iz in (0.10) for § = 4w attracted some attention
(see for instance [16, 44]): in this case we basically have p = 1. Then, turn now
to the case p € (1,2] of this section. First if p = 2, we may get by following the
strategy in [40] that the convergence of (B:)e to 4w from above in (5.2) for k =1
gives back the existence of a mazimizer for (MT) if § = 4w (see also [3, 46, 25]).
Now, if p € (1,2), we already pointed out in the introduction that

—00 < @p,e = uienlgl ']p,47r(175)(u)

for alle € [0,1), where J, 3 is as in (0.13). Moreover, the existence of a minimizer
Ue for Jp ar(1—e) follows from a standard minimization argument for all given ¢ €
(0,1). Here again, the convergence of (B:). to 4w from above in (5.2) for k =1
gives the attainment of ©, ¢, since the present u.’s then have to converge strongly
in C% as e — 0.

We conclude this remark by a curiosity. If G > 0 is the Green’s function of
Ag + h in B, we may write G(z,y) = 4= (111@ —|—’H(az,y)) for all x # y. We

know that H € C°(X x X) and we set M = max,ex H(x,z). As a byproduct of the
analysis in the present paper, it can be also checked that

1 2, 2(p—1)

In— = (1— B)’VS—FIHL—FHz(x)—i—(p— 1)+ o(1),

Ae 2 8
as e — 0, if the u.’s blow-up at some x € ¥ for k =1 in (4.5) and solve (4.1), with
Ae given by (4.2), for f. = 4w (1 —¢), p. = p and . = maxy uc for all . We may
also get that

O©p0 = uienfgl Ipar(u) < — <ln7r +M+(p-1)+ (21));1)1)) . (5.23)
The large inequality in (5.23) is a byproduct of a by now rather standard test func-
tion computations (see for instance [51, Step 3.1]). The strict inequality is more
subtle and can be seen as a consequence of the convergence of the B.’s from above,
picking the refined test functions provided by the blow-up analysis, in the
spirit of [51, Section 4]. At last, observe that the exponential of the opposite of
the RHS of (5.23) converges to mexp (1 4+ M) as p — 2, which turns out to be
consistent with the original works [3, 25].

CONCLUSION OF THE PROOFS OF THEOREMS 0.2 AND 0.1

Let 8 > 0 be given. Assume first that p is given in (1,2). By Theorem 1.1,
there exist a sequence (f:). increasing to 5~ as ¢ — 0, and w. such that (4.1)
is satisfied for p. = p and A, given by (4.2) for all e. Now, we claim that the
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u.’s are uniformly bounded: this is a direct consequence of (4.5) in Theorem 4.1
if 8 ¢ 47N* and follows from Theorem 5.1 if 3 € 47N*| since the present sequence
(Be)e is assumed to increase. By elliptic theory in (4.1) and (4.7), we easily then
get that, up to a subsequence, the A\.’s converge to some A and the u.’s converge
in C? to some u solving the equation in (0.12) and (0.14). Observe in particular
that since 8 > 0, (0.14) gives that u > 0 is not identically zero, so that v > 0 in
> by Lemma 1.1. Then C, g > u is not empty in Theorem 0.1. The compactness
of Cp g also clearly follows from Theorems 4.1 and 5.1. For p = 1, and 8 ¢ 47N¥,
we take a sequences (pe), pe 4 1 and u. € Cp, 3. As before, by Theorem 4.1, up
to a subsequence (u.) converges to a positive function u € C; g, and Theorem 0.1
is proven. Assume now that p = 2. By Theorem 1.1 again, there exist a sequence
(B:)e increasing to 87, a sequence (pg). increasing to 27 as ¢ — 0, and u. such
that (4.1) is satisfied for A. given by (4.2) for all . First, if we have in addition
B & 4nN*, we get similarly from Theorem 4.1 that, up to a subsequence, the A.’s
converge to some A\ and the u.’s converge in C? to some u solving the equation in
(0.16) and (0.14). Then, we use again that S is positive to get from (0.14) that u
is actually positive in ¥ and then that u € Cy g. Thus, if we have now 3 € 47N*,
setting 8. = f — ¢ and p. = 2, there exists u. such that (4.1) is satisfied for A.
given by (4.2) for all 0 < ¢ < 1. By Theorem 5.1, we similarly get that the wu.’s
converge in C? to some u € Ca g solving (0.14)-(0.16), up to a subsequence. The
compactness of Cy g follows from Theorems 4.1 and 5.1 again, which concludes the
proof of Theorem 0.2 in any case.

REFERENCES

[1] D. Bartolucci and C.-S. Lin. Existence and uniqueness for mean field equations on multiply
connected domains at the critical parameter. Math. Ann., 359(1-2):1-44, 2014.

[2] L. Battaglia, A. Jevnikar, A. Malchiodi, and D. Ruiz. A general existence result for the Toda
system on compact surfaces. Adv. Math., 285:937-979, 2015.

[3] L. Carleson and S.-Y. A. Chang. On the existence of an extremal function for an inequality
of J. Moser. Bull. Sci. Math. (2), 110(2):113-127, 1986.

[4] S.-Y. A. Chang, C.-C. Chen, and C.-S. Lin. Extremal functions for a mean field equation
in two dimension. In Lectures on partial differential equations, volume 2 of New Stud. Adwv.
Math., pages 61-93. Int. Press, Somerville, MA, 2003.

[5] C.-C. Chen and C.-S. Lin. Sharp estimates for solutions of multi-bubbles in compact Riemann
surfaces. Comm. Pure Appl. Math., 55(6):728-771, 2002.

[6] C.-C. Chen and C.-S. Lin. Topological degree for a mean field equation on Riemann surfaces.
Comm. Pure Appl. Math., 56(12):1667-1727, 2003.

[7] W. X. Chen and C. Li. Classification of solutions of some nonlinear elliptic equations. Duke
Math. J., 63(3):615-622, 1991.

[8] W. X. Chen and C. Li. Prescribing Gaussian curvatures on surfaces with conical singularities.
J. Geom. Anal., 1(4):359-372, 1991.

[9] D. G. Costa and C. Tintarev. Concentration profiles for the Trudinger-Moser functional are
shaped like toy pyramids. J. Funct. Anal., 266(2):676-692, 2014.

[10] F. De Marchis. Multiplicity result for a scalar field equation on compact surfaces. Comm.
Partial Differential Fquations, 33(10-12):2208-2224, 2008.

[11] F. De Marchis. Generic multiplicity for a scalar field equation on compact surfaces. J. Funct.
Anal., 259(8):2165-2192, 2010.

[12] F. De Marchis, I. Ianni, and F. Pacella. Asymptotic profile of positive solutions of Lane-
Emden problems in dimension two. J. Fized Point Theory Appl., 19(1):889-916, 2017.

[13] M. del Pino, M. Musso, and B. Ruf. New solutions for Trudinger-Moser critical equations in
R2. J. Funct. Anal., 258(2):421-457, 2010.

[14] M. del Pino, M. Musso, and B. Ruf. Beyond the Trudinger-Moser supremum. Calc. Var.
Partial Differential Fquations, 44(3-4):543-576, 2012.



[15]
[16]
(17]
(18]
[19]
20]
(21]
[22]

23]

[24]
[25]
[26]
[27]

(28]

[29]

30]
[31]
[32]
33]
(34]
(35]
(36]
[37]
(38]
(39]
[40]

[41]

CRITICAL POINTS OF THE MOSER-TRUDINGER FUNCTIONAL 59

S. Deng and M. Musso. Bubbling solutions for an exponential nonlinearity in R2. J. Differ-
ential Equations, 257(7):2259-2302, 2014.

W. Ding, J. Jost, J. Li, and G. Wang. The differential equation Au = 87 — 87he" on a
compact Riemann surface. Asian J. Math., 1(2):230-248, 1997.

W. Ding, J. Jost, J. Li, and G. Wang. Existence results for mean field equations. Ann. Inst.
H. Poincaré Anal. Non Linéaire, 16(5):653—-666, 1999.

Z. Djadli. Existence result for the mean field problem on riemann surfaces of all genuses.
Commun. Contemp. Math., 10(2):205-220, 2008.

Z. Djadli and A. Malchiodi. Existence of conformal metrics with constant g-curvature. Ann.
Math., 168(3):813-858, 2008.

M. P. do Carmo. Differential geometry of curves and surfaces. Prentice-Hall, Inc., Englewood
Cliffs, N.J., 1976. Translated from the Portuguese.

O. Druet. Multibumps analysis in dimension 2: quantification of blow-up levels. Duke Math.
J., 132(2):217-269, 2006.

O. Druet, A. Malchiodi, L. Martinazzi, and P.-D. Thizy. Multi-bumps analysis for Trudinger-
Moser nonlinearities II-Existence of solutions of high energies. In preparation.

O. Druet and P.-D. Thizy. Multi-bump analysis for Trudinger-Moser nonlinearities I-
Quantification and location of concentration points. Journal of the European Mathematical
Society, to appear. DOI 10.4171/JEMS /1002, 2020.

P. Figueroa and M. Musso. Bubbling solutions for Moser-Trudinger type equations on com-
pact Riemann surfaces. J. Funct. Anal., 275(10):2684-2739, 2018.

M. Flucher. Extremal functions for the Trudinger-Moser inequality in 2 dimensions. Com-
ment. Math. Helv., 67(3):471-497, 1992.

L. Fontana. Sharp borderline Sobolev inequalities on compact Riemannian manifolds. Com-
ment. Math. Helv., 68(3):415-454, 1993.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Classics
in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

Q. Han and F. Lin. Elliptic partial differential equations, volume 1 of Courant Lecture Notes
in Mathematics. New York University Courant Institute of Mathematical Sciences, New York,
1997.

E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities, volume 5 of
Courant Lecture Notes in Mathematics. New York University Courant Institute of Mathe-
matical Sciences, New York, 1999.

S. Ibrahim, N. Masmoudi, K. Nakanishi, and F. Sani. Sharp threshold nonlinearity for max-
imizing the Trudinger-Moser inequalities. J. Funct. Anal., 278(1):108302, 52, 2020.

V. I. Judovi¢. Some estimates connected with integral operators and with solutions of elliptic
equations. Dokl. Akad. Nauk SSSR, 138:805-808, 1961 (in Russian).

T. Lamm, F. Robert, and M. Struwe. The heat flow with a critical exponential nonlinearity.
J. Funct. Anal., 257(9):2951-2998, 2009.

P. Laurain. Concentration of CMC' surfaces in a 3-manifold. Int. Math. Res. Not. IMRN,
(24):5585-5649, 2012.

Y. Li. Harnack type inequality: the method of moving planes. Comm. Math. Phys.,
200(2):421-444, 1999.

Y. Li. Moser-Trudinger inequality on compact Riemannian manifolds of dimension two. J.
Partial Differential Equations, 14(2):163-192, 2001.

C.-S. Lin and M. Lucia. Uniqueness of solutions for a mean field equation on torus. J. Dif-
ferential Equations, 229(1):172-185, 2006.

A. Malchiodi. Morse theory and a scalar field equation on compact surfaces. Adv. Differential
Equations, 13(11-12):1109-1129, 2008.

A. Malchiodi. Topological methods for an elliptic equation with exponential nonlinearities.
Discrete Contin. Dyn. Syst., 21:277-294, 2008.

A. Malchiodi and L. Martinazzi. Critical points of the Moser-Trudinger functional on a disk.
J. BEur. Math. Soc. (JEMS), 16(5):893-908, 2014.

G. Mancini and L. Martinazzi. The Moser-Trudinger inequality and its extremals on a disk
via energy estimates. Calc. Var. Partial Differential Equations, 56(4):Art. 94, 26, 2017.

G. Mancini and P.-D. Thizy. Glueing a peak to a non-zero limiting profile for a critical
Moser—Trudinger equation. J. Math. Anal. Appl., 472(2):1430-1457, 2019.



60 F. DE MARCHIS, A. MALCHIODI, L. MARTINAZZI, AND P.-D. THIZY

[42] G. Mancini and P.-D. Thizy. Critical points of Moser-Trudinger type functionals: a general
picture. 2020. In preparation.

[43] J. Moser. A sharp form of an inequality by N. Trudinger. Indiana Univ. Math. J., 20:1077—
1092, 1970/71.

[44] M. Nolasco and G. Tarantello. On a sharp Sobolev-type inequality on two-dimensional com-
pact manifolds. Arch. Ration. Mech. Anal., 145(2):161-195, 1998.

[45] S. I. Pohozaev. On the eigenfunctions of the equation du + Af(u) = 0. Dokl. Akad. Nauk
SSSR, 165:36-39, 1965 (in Russian).

[46] M. Struwe. Critical points of embeddings of HS’" into Orlicz spaces. Ann. Inst. H. Poincaré
Anal. Non Linéaire, 5(5):425-464, 1988.

[47] M. Struwe. The existence of surfaces of constant mean curvature with free boundaries. Acta
Math., 160(1-2):19-64, 1988.

[48] M. Struwe. Variational methods, volume 34 of Ergebnisse der Mathematik und ihrer Grenzge-
biete. 8. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Re-
lated Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin,
fourth edition, 2008. Applications to nonlinear partial differential equations and Hamiltonian
systems.

[49] T. Suzuki. Global analysis for a two-dimensional elliptic eigenvalue problem with the expo-
nential nonlinearity. Ann. Inst. H. Poincaré Anal. Non Linéaire, 9(4):367-397, 1992.

[50] M. E. Taylor. Partial differential equations I. Basic theory, volume 115 of Applied Mathe-
matical Sciences. Springer, New York, second edition, 2011.

[51] P.-D. Thizy. When does a perturbed Moser—Trudinger inequality admit an extremal ? Anal.
PDE, 13(5):1371-1415, 2020.

[62] N. S. Trudinger. On imbeddings into Orlicz spaces and some applications. J. Math. Mech.,
17:473-483, 1967.

[63] Y. Yang. Quantization for an elliptic equation with critical exponential growth on com-
pact Riemannian surface without boundary. Calc. Var. Partial Differential Equations, 53(3-
4):901-941, 2015.

(Francesca De Marchis) DIPARTIMENTO DI MATEMATICA GUIDO CASTELNUOVO, UNIVERSITA
La SapiEnza, PiazzaLe ALpo Moro 5, 00185 Rowma, Itany
Email address: demarchis@mat.uniromal.it

(Andrea Malchiodi) ScuoLA NORMALE SUPERIORE, P1azza DEI CAVALIERI 7, 56126 Pisa,
Iravy
Email address: andrea.malchiodi@sns.it

(Luca Martinazzi) DIPARTIMENTO DI MATEMATICA GUIDO CASTELNUOVO, UNIVERSITA La
SAPIENZA, P1azzaLE ALpo Moro 5, 00185 Roma, ItaLy
Email address: luca.martinazzi@uniromal.it

(Pierre-Damien Thizy) INsTiTUT CAMILLE JORDAN, UNIVERSITE CLAUDE BERNARD LyoN 1,
BATIMENT BRACONNIER, 21 AVENUE CLAUDE BERNARD, 69622 VILLEURBANNE CEDEX, FRANCE
Email address: pierre-damien.thizyQuniv-lyonl.fr



