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Abstract Recent numerical work has shown that high-

speed confined granular flows down smooth inclines ex-

hibit a rich variety of flow patterns, including dense uni-

directional flows, flows with longitudinal vortices and

supported flows characterized by a dense core surrounded

by a dilute hot granular gas [1]. Here, we further an-

alyzed the results obtained in [1]. More precisely, we

characterize carefully the transition between the dif-

ferent flow regimes, including unidirectional, roll and

supported flow regimes and propose for each transition

an appropriate order parameter. Importantly, we also

uncover that the effective friction at the basal and side

walls can be described as a unique function of a dimen-

sionless number which is the analog of a Froude number:

Fr = V/
√
gH cos θ where V is the particle velocity at

the walls, θ is the inclination angle and H the particle

holdup (defined as the depth-integrated particle volume

fraction). This universal function provides a boundary

condition for granular flows running on smooth bound-

aries. Additionally, we show that there exists a similar

universal law relating the local friction to a local Froude

number Frloc = V loc/
√
P loc/ρ (where V loc and P loc

are the local velocity and pressure at the boundary,

respectively, and ρ the particle density) and that the

latter holds for unsteady flows.

1 Introduction

The scientific community has paid particular attention

to gravitational granular flows over the past 20 years.

These flows are ubiquitous in natural and industrial

processes [2,3]. However, their modeling and under-

standing still leave us with open issues. The complex-
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ity arises from grain-grain interactions, and also from

grain-boundary interactions which may induce correla-

tions over distances much greater than a grain diameter.

The inclined plane geometry was the most employed

configuration to study gravity-driven granular flow [4,

5]. It is simple and relevant for many practical situ-

ations, but it can be also seen as a rheological test

with constant friction. To date, experiments [4] and

simulations [6] have focused mainly on mildly sloping

and bumpy planes, leading to slow and dense flows

which are now fairly well understood [2,7]. More com-

plex flows, including span-wise vortices [8,9,10], were

obtained at slightly higher angles suggesting that upon

further steepening, granular flows may reveal original

features.

Obtaining steady and fully developed (SFD) flows

at steep angles is both an experimental and numeri-

cal challenge. Indeed, for unconfined flows, there is in

general a limit angle above which flows keep acceler-

ating. This limit angle may depend on many param-

eters such as the mechanical properties of the grain

and the nature of the base (flat or bumpy). A sim-

ple way to obtain SFD flows at high angles is to in-

troduce frictional side walls. Indeed, if the grainwall

friction coefficient is high enough, one may expect that

the base friction supplemented by the sidewall friction

will be able to balance the driving component of the

weight. This is what has been done recently by Brodu

et al. [1] by means of discrete element method simu-

lations. These simulations showed that SFD flows can

be produced at high angles and revealed the existence

of new flow regimes characterized by complex internal

structures with heterogeneous particle volume fraction

and secondary flows [1,11,12]. One of these regimes,

referred to as supported flow, is particularly interest-

ing since it displays uncommonly high bulk velocity,
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the granular flow being supported on a dilute granular

gaseous layer of highly agitated grains. Similarly to an

air-cushion suspension, this layer reduces the effective

wall friction and increases significantly the bulk veloc-

ity. These ”supported” flows are particularly interest-

ing with respect to geophysical issues. The reduction in

the effective friction due to the gaseous granular layer

could indeed explain unexpected long run-out distances

of large granular avalanches.

In this paper, we further analyzed the results ob-

tained by Brodu et al [1] on high-speed confined granu-

lar flows. We describe in details the transition between

the different flow regimes, including unidirectional, roll

and supported flow regimes and provide a unified pic-

ture to describe the variation of the effective friction at

the boundaries, in terms of a Froude number defined

as Fr = V/
√
gH cos θ where V is the particle velocity

at the walls, θ is the inclination angle and H the par-

ticle holdup (defined as the depth-integrated particle

volume fraction). This universal function can be seen

as a boundary condition for granular flows running on

smooth boundaries. In addition, we find that a similar

universal law relating the local friction to a local Froude

number Frloc = V loc/
√
P loc/ρ (where V loc and P loc

are the local velocity and pressure at the boundary, re-

spectively, and ρ the particle density) can be established

and that the latter holds for unsteady flows.

The outline of the paper is the following. In section

2 we briefly present the flow geometry and the discrete

element method used for the simulations. Then, in sec-

tion 3 we recall the different steady and fully developed

flow regimes and their main properties. Section 4 is de-

voted to the detailed analysis of the transition between

the different flow regimes. In section 5, we focus on the

basal and sidewall friction and discuss their relationship

with velocities at the boundary. Finally, we conclude in

section 6.

2 Flow geometry

We consider gravity-driven chute flows with flat fric-

tional bottom and side walls, as shown in Fig.1. The

chute is inclined with an angle θ with respect to the hor-

izontal. (0x) is the main direction flow, (0y) the cross-

wise direction and (0z) is the direction perpendicular

to the flow base. This geometry is similar to that used

in [1,11,13,14]. Here, the simulation cell has similar di-

mensions as those employed by Brodu and co-workers

[1,11]. In particular, the longitudinal length L and the

gap W between the side-walls are set to L = 20D and

W = 68D, respectively (where D is the particle diam-

eter). The channel is not bounded in the (0z) direction

and periodic boundary conditions are employed in the

stream-wise direction (0x).

Fig. 1 Scheme of the simulated system. The channel consists
of frictional and flat bottom and sides and is inclined with an
angle θ with respect to the horizontal. The longitudinal length
L and width W of the channel are set to 20D and to 68D,
respectively. The channel is not bounded in the (0z) direction
and we use periodic boundary conditions in the stream-wise
direction.

We use soft-sphere molecular dynamics simulations

where particles in contact can overlap [1,11]. The con-

tact forces between two particles have both a normal

and a tangential component. The normal force, Fn, is

modeled by a spring and a dashpot: Fn = knδ + γnδ̇,

where δ is the overlap and δ̇ its derivation with respect

to time, respectively, and, kn and γn are the spring stiff-

ness and the viscous damping coefficient, respectively.

A similar model is used for the tangential component

enforced by the Coulomb friction |Ft| < µ|Fn| where µ

is the friction coefficient.

We employ the same mechanical parameters as those

in the experiments by Louge et al. [15] and in the nu-

merical simulations of Brodu and co-workers [1,11]. We

choose values for kn and γn (resp. kt and γt) such that

the normal restitution coefficient eng (resp. the tangen-

tial one etg) is equal to eng = 0.972 (resp. etg = 0.25). The

particle-particle friction coefficient is set to µg = 0.33.

The walls (i.e., the bottom and the side-walls) are

treated like spheres of infinite mass and radius. The nor-

mal restitution coefficient enw and the friction coefficient

µw for the grain-wall interaction are set to enw = 0.8 and

µw = 0.593, respectively. These values are also taken

from Louge’s experiments [15].

The control parameters of the simulation are the

mass holdup H and the inclination angle θ, while the

the channel width W is kept fixed (i.e., W = 68D).

The particle hold-up H, defined as the depth-integrated

particle volume fraction (i.e., H =
∫∞
0
φ(z)dz, where φ

is the particle volume fraction at height z averaged over
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the width and length of the cell) is varied from 4D to

12D, and the inclination from 15◦ to 50◦.

In the following, unless otherwise specified, particle

volume fraction, velocity and velocity fluctuations are

averaged spatially in the stream-wise direction and over

time during 30 time units (i.e.,
√
D/g). We mainly fo-

cus on steady and fully developed (SFD) flow regimes,

that are flows with an averaged velocity that is time-

independent.

3 Steady and Fully developed flow regimes

3.1 General description of the flow regimes

In [1], 5 different steady and fully developed flow regimes

were identified: (i) A unidirectional, dense and layered

flow; (ii) a dense and layered flow regime with two lon-

gitudinal vortices located at the side wall and close to

the free surface; (iii) a roll regime which exhibits a pair

of counter-rotative longitudinal vortices that spans the

entire width of the cell; (iv) and (v) two types of un-

usual flows characterized by a dense core floating over

a dilute basal layer (referred here after to as supported

regimes). Four of these regimes are illustrated in Fig. 2

for H = 6D where the two-dimensional particle vol-

ume fraction map in the cross-section of the flow are

presented together with the streamlines.

Additional features are worth mentioning. While the

unidirectional flow presents a layered structure (see Ap-

pendix A for further details) with a high particle vol-

ume fraction (i.e., the depth-averaged volume fraction

is close to 0.6), the roll regime exhibits a slight den-

sity inversion, that is a lower particle volume fraction

close to the bottom and a higher volume fraction in the

bulk flow (see Fig. 2e). The appearance of the longitu-

dinal rolls can be explained as the result of a ”Rayleigh-

Bénard”-like instability [9]. This roll regime has been

observed in discrete numerical simulations for the first

time for unconfined geometries [10] (i.e., with absence of

lateral walls). Our simulations indicate that the lateral

confinement does not prevent from the emergence of the

roll regime. Interestingly, with the gap width used here

(i.e., W = 68D), we always get a single pair of rolls.

We could however conjecture that flow configurations

with a much larger gap width should give rise to the

formation of several pairs of rolls. In our configuration,

the pair of rolls always exhibit the same direction of

rotation, leading to a downward motion of the particles

in the center of the cell and a upward motion at the

lateral walls.

Supported flows exhibit striking feature with a dense

core floating on a dilute basal layer. This regime has

been first uncovered by Brodu et al. [1]. In comparison
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Fig. 2 Volume fraction map in the cross-section of the
flow for different flow regimes with a fixed particle hold-up
(H = 6D). The color codes the volume particle fraction (blue
indicates dilute regions while red dense ones) and the solid
lines stands for the streamlines. (a) Unidirectional, dense and
layered flow (θ = 19◦); (b) Roll regime (θ = 22◦); (c) and (d)
supported flow regimes with a symmetric core (θ = 27◦) and
an asymmetric core (θ = 40◦), respectively. (e) and (f) Corre-
spond vertical and transverse profiles of the packing fraction.
Note that the density map for the asymmetric core regime
has been averaged only over one time unit instead of 30 in
order to emphasize the asymmetry and its consequences.

with the roll regime, the density inversion of the vol-

ume fraction profile is much more marked (see Fig. 2e)

and the core get denser with increasing angle as de-

tailed in the next section. As argued in [1], the appear-

ance of a dense core is possibly linked to the cluster-

ing instability observed in the cooling process of gran-

ular gas [16,17] and in vibrated granular systems [18,

19]. Gravity-driven flows are of course somewhat dif-

ferent from vibro-fluidized granular systems but share

some similarities. The former can be seen as the re-
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Fig. 3 Phase diagram in the parameter space (H, θ) for
W = 68D. Unidirectional and dense flows with layering ob-
served close to the base; Dense flow regime with longitudinal
vortices located at the flow surface and close to the side walls;
Flows with a pair of longitudinal rolls that spans over the en-
tire cell width; Supported flows with a symmetric dense core;
Supported flows with an asymmetric dense core. The black
asterisk correspond to the flow regimes illustrated in Fig. 2.

sult of two effects: a shearing, induced by gravity and

collisions with the boundaries, which act as an energy

source. Thus, the motion along the flow, mainly driven

by gravity, could be considered as independent from the

motion in the transverse direction, which, according to

this hypothesis, would be mainly driven by the interac-

tions of the grains with the boundaries.

Additionally, it is important to note that the lon-

gitudinal rolls are still present in the supported flow

regime and are not suppressed by the presence of the

dense core. They give rise to particle exchange between

the dense core and the dilute surrounding region. At

the onset of the supported regime (i.e., θ = 25◦ for

H = 6D), the core possesses two planes of symmetry, a

vertical and an horizontal one. However, for larger incli-

nation angles (i.e., θ > 30◦), the horizontal symmetry

is broken and the core get bended. As a result, the core

starts to rock back and forth. This transition will be

discussed in further detail in the next section.

The above flow regimes are all steady and fully de-

veloped: they have an averaged velocity VL which is

time-independent. Each of them has a limited domain

of existence in the parameter space (H, θ) as illustrated

in Fig. 3. Several remarks follow. First, at low angles

(i.e., θ ≤ 17◦), the flow is not steady: the mean flow

velocity does not reach a steady value but fluctuates a

lot. These flows are close to the jamming transition and

have been named as intermittent flows. Brodu et al. [1]

indicated that flows definitively stop below θmin ≈ 14◦.

Second, we can note that the inclination angle is the

main parameter which drives the transition of the differ-

ent flow regimes. As the inclination angle is increased,

several transitions occurs successively: at roughly 20◦

unidirectional flows give rise to roll regime which itself

leads to supported flow above 25◦. The critical angles

characterizing these transitions increases slightly with

increasing particle hold-up. We will describe carefully

these transitions in Section 4.

3.2 Velocity and granular temperature

Vertical and transverse profiles of the stream-wise par-

ticle velocity for different flow regimes are displayed in

Fig. 4. As expected, the flow velocity increases with in-

creasing angle. We can note however that the increase

is not only due to an increase of the shear rate but also

to a large augmentation of the velocity at the bound-

aries. It is important to realize that the velocity is dis-

continuous in the two first layers close to the walls (in

particular for moderate inclination angles), indicating

that the latter play a peculiar role. This discontinuity

may pause a problem to define the relevant slip veloc-

ity. However, the velocity difference between the first

and second layer remains small and never exceeds a

few
√
gD. In the vertical direction, the flow is sheared

over the whole flow depth at low inclination angles (i.e.,

19◦ and 20◦), while the shear zone is essentially local-

ized in the dilute layer close to the bottom at higher

angles (i.e., for supported flows), In the transverse di-

rection, similar features are observed. At low inclina-

tion angles, the flow is sheared almost uniformly over

the whole width. In contrast, at larger angles, the shear

rate is more pronounced in the dilute layer close to the

vertical walls than within the dense core. At θ = 40◦,
the dense core flows as a plug and does not exhibit any

shear within it.
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Fig. 4 (a) Vertical and (b) transverse profiles of the stream-
wise particle velocity for θ = 19, 20, 27 and 40◦ and a fixed
particle hold-up H = 6D.
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Fig. 5 (a) Particle velocity Vb and Vw, respectively at the
base and at the side-walls, as function of the particle hold-up
H for increasing inclination. Both velocities are almost invari-
ant with the particle hold-up H, except for small inclination
angles where a slight increase is observed. In contrast, they
increases significantly with increasing inclination angle.

Importantly, we confirm the scaling law proposed

by Brodu et al. [1] concerning the mean flow velocity

VL:

VL√
gD
≈ A(H/D)α (sin θ − sin θc) (1)

with α ≈ 0.25, A ≈ 122 and θc ≈ 17.5◦. One can note

that the value of the critical angle θc is very close to the

lower boundary for SFD flows (see Fig. 3). The values

of the fitting parameters A and θc are expected to be

dependent both of the channel width W and the mi-

croscopic friction coefficients µg and µw. This scaling

indicates that the mean velocity increases both with

the inclination angle and the particle hold-up. How-

ever, it is important to note that the increase of the
mean flow velocity with the particle hold-up is rather

mild and drastically differs from the Bagnold scaling

law (i.e.,VL ∝ H3/2) which is relevant for slow and

dense granular flows on bumpy bottoms. For the latter,

the particle velocity almost vanishes at the bumpy bot-

tom while our flows that run over a smooth base have

a finite and large velocity at the base. We believe that

the difference in the scaling law results essentially from

the different nature of the basal boundary condition.

In addition to the mean flow velocity, the veloci-

ties at the boundaries are also interesting and relevant

quantities. The basal and side-wall slip velocities are

calculated at z = 0.5D and at y = 0.5D, respectively,

that is within the first wall particle layer. Note that

this choice differs from that made in [11], where the

basal slip velocity was evaluated in the second particle

layer at z = 1.5D. Although velocities are discontinu-

ous in the two first layers, their difference remains small

and both definitions of the slip velocity leads to simi-

lar results. The velocity at the bottom and at the side

walls are found to be almost independent of the par-

ticle hold-up within the range investigated so far (i.e.,

4 < H/D < 12) and increases with increasing incli-

nation angle (see Fig. 5). Interestingly, they are quan-

titatively similar and are linearly correlated with the

rescaled flow velocity VL/(H/D)0.25:

Vb ≈ Vw ≈ VL/(H/D)0.25 ≈ A (sin θ − sin θc)
√
gD . (2)

This invariance with the particle hold-up is quite sur-

prising but it is in line with the fact that the mean ve-

locity VL moderately increases with H. It is important

to note that this invariance is well verified for supported

flows but does not hold for flows with small inclination

angles (i.e., θ < 25◦), including both unidirectional and

dense flows and the roll regime. For the latter, we ob-

serve a clear increase of Vb and Vw for increasing particle

hold-up.

Granular temperature is a measure of the particle

velocity fluctuations. It is an important parameter in

various theories aiming to capture granular flow behav-

iors. It is defined as T = (Txx + Tyy + Tzz)/3 where

Tij =< uiuj > − < ui >< uj >, ui is the i component

of the instantaneous particle velocity and < . > stands

for time averaging and spatial averaging in the stream-

wise direction. We provide in Fig. 6 temperature map

within the cross-section of the flow as well as vertical

and transverse profiles of the temperature for various

flow regimes. We observe contrasting features for slow

and large angles, respectively. For unidirectional flows,

the temperature is relatively homogeneous with a tem-

perature at the bottom slightly greater than within the

bulk flow (see Fig. 6.a). In the roll regime, the tem-

perature is still very homogeneous within the bulk flow

but there is a larger contrast of temperature between

the bottom temperature and the bulk one. For large

angles (i.e., for supported flows), the temperature map

exhibits contrasting features. The supported dense core

is very cold and surrounded by a dilute hot gas. This

flow regime thus displays strong heterogeneities of tem-

perature which is strongly correlated to particle volume

fraction.

Lastly, it should be noted that the granular temper-

ature profile exhibits discontinuities close to the bound-

aries, similarly as the velocity profile: the first wall layer

is generally much colder than the second layer, empha-

sizing that the two first wall layers play an important

role.
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Fig. 6 Temperature map for different flow regimes. H =
6D and W = 68D. (a) Unidirectional dense regime; (θ =
19◦); (b) Roll regime (θ = 22◦): (c) and (d) supported flows:
symmetric core (θ = 27◦) and asymmetric core (θ = 40◦);
(e) Corresponding vertical and (f) transverse profiles of the
granular temperature.

4 Flow regime transition

In this section, we describe the transition between the

different flow regimes. For that purpose, we investigate

the variation of several key parameters that highlight

the flow regime transition.

4.1 Vorticity

We first consider the transition from the unidirectional

flow regime towards the roll regime. The vorticity is

the natural quantity for characterizing the presence of

longitudinal vortices. It is defined as Ω = ∇× v.

(a) (b)

(c) (d)

Fig. 7 Vorticity map for different flow regimes. H = 6D and
W = 68D. Solid lines represents the streamline in the flow
cross-section. (a) Unidirectional dense regime; (θ = 19◦); (b)
Roll regime (θ = 22◦): (c) and (d) supported flows: symmetric
core (θ = 27◦) and asymmetric core (θ = 40◦).

In Fig. 7, we present the vorticity map for different

flow regimes. For unidirectional flows, (e.g., H = 6D

and θ = 19◦), the vorticity is close to zero (i.e., less

than 2.10−2
√
g/D). Upon increasing inclination angle

(i.e., for θ = 22◦), roll regime develops with a visi-

ble pair of counter-rotative longitudinal vortices (see

Fig. 7.b). Upon further increase of the inclination an-

gle (i.e., for θ = 27◦ and 40◦), the flow exhibits simi-

lar vorticity pattern but with increasing values of the

vorticity. The behavior is illustrated in Fig. 8 that dis-

plays the maximum value of the vorticity within the

vortex as a function of the inclination angle for vari-

ous particle hold-up. This plot confirms that for dense

undirectional flows (θ < 20◦) the maximum vorticity is

extremely small and start to increase at the onset of

the roll regime. Besides, one can note that the vortic-

ity increases with the inclination angle at a greater rate

when one enters the supported regime (i.e., for θ ≈ 25◦)

and tends to saturate at large angles corresponding to

the asymmetric core regime (i.e., θ > 30◦).
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Fig. 8 Vorticity versus inclination angle for various particle
hold-up. The value of the vorticity stands for the maximum
value of the vorticity within the rolls (see Fig. 7).

As a summary, we confirmed that the vorticity is

the appropriate parameter to delineate the transition

from the dense flow regime towards the roll regime.

4.2 Maximum packing fraction

We then focus on the transition from the roll regime

towards the supported regime. As the supported regime

is accompanied with the formation of a dense core, it

is then natural to investigate how the volume fraction

evolves with increasing inclination angle.

In Fig. 9, we present the maximum value of the vol-

ume fraction φmax in the cross-section of the flow as

a function of the inclination angle. For a given particle

hold-up, this value first decreases with increasing angle,

as naturally expected. However, we observe a critical

angle around 25◦ at which the decrease is stopped and

the packing fraction reaches a local minimum. Above

this critical angle, the maximum packing fraction in-

creases with increasing angle and eventually reaches a

peak value at θ ≈ 30◦ before decreasing again. The ap-

pearance of the local minimum coincides with the emer-

gence of the supported flow regime with a dense core

floating on a gaseous layer. As previously discussed, the

increase of the packing fraction can be seen as the sig-

nature of the clustering instability in granular gas [16].

Importantly, the local maximum of the packing frac-

tion is reached just before the transition towards the

asymmetric core regime. After the local maximum, the

packing fraction starts a new decrease with increasing

angle. This decrease is concomitant with a shrinkage of

the latter: particles from the core evaporate and enter

the surrounding gaseous region.
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Fig. 9 Maximum packing fraction φmax as a function the
inclination angle for various particle hold-up.

Upon increasing the particle hold-up, the same trend

is observed for the maximum packing fraction. The pack-

ing fractions at the local minima and maxima both

increase with increasing particle hold-up but the dif-

ference between the maximum and minimum packing

fraction tends to decrease. This behavior of the pack-

ing fraction is reminiscent of the liquid-gas first-order

transition of a molecular gas. There is indeed a striking

resemblance with the isothermal curves of a simple gas

in the pressure-volume diagram.

As a conclusion, the evolution of the maximum pack-

ing fraction φmax as a function of the inclination pro-

vides a clear indicator of the transition between the

roll regime and the supported flows. The minimum of

the curve φmax(θ) delineates the onset of the supported

flow regimes.

4.3 Skewness

The last transition concerns the supported regime with

a asymmetric core. We attempted to characterize the

asymmetry of the dense core by investigating the asym-

metry of the instantaneous depth-integrated transverse

packing fraction profiles φ(y) through the skewness pa-

rameter S defined as

S =

∫W
0
dy φ(y) (y − µ)3/

(∫W
0
dy φ(y)

)
[∫W

0
dy φ(y) (y − µ)2/

(∫W
0
dy φ(y)

)]3/2 (3)

with µ =
∫W
0
dy φ(y) y/

∫W
0
dy φ(y).

We present in Fig. 10.a the skewness as a function of

time. The skewness S is small at low and moderate in-

clination angles (e.g., θ = 19, 22 and 27◦) but becomes

significant at larger inclination angle (e.g., θ ≥ 40◦) and

oscillates between positive and negative values with a
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Fig. 10 (a) Evolution of the skewness S of the depth-
integrated transverse packing fraction profile φ(y) as function
of time for inclination angles θ = 19, 22, 27 and 40◦ and a
fixed particle hold-up H = 6D. (b) Standard deviation of the
skewness S as a function of the inclination angle for various
particle hold-up.

well defined periodicity which is directly related to the

rocking motion of the dense core. The variation of the

amplitude of the skewness as a function of the incli-

nation is shown in Fig. 10.b for various particle hold-

up H. The amplitude is negligible (i.e., smaller than

0.005) for low inclinations and starts to increase pro-

gressively at the onset of the appearance of the sup-

ported regime (i.e., for θ > 25◦). This means that the

asymmetry of the flow develops as soon as the sup-

ported regime emerges. However, the amplitude of the

asymmetry reaches a significant value for larger incli-

nation angles. For definiteness, we have set the onset

of the transition when the amplitude of the asymmetry

goes beyond the critical value σc = 0.01. With this cri-

terion, we find that the asymmetric transition slightly

increases with increasing particle hold-up: it occurs at

θ ≈ 30◦, 35◦ and 37◦ for H = 4D, 8D and 12D, respec-

tively. This parameter thus allows to delineate a transi-

tion between supported regimes with a symmetric and

asymmetric core, respectively.

5 Sidewall and basal friction

In these types of confined flows, boundaries play an im-

portant role. It is thus instructive to investigate in par-

ticular how the effective sidewall and bottom friction,

defined as the ratio of tangential to normal stresses,

evolve according to the flow regimes reported below.

Brodu and co-workers [1] showed the sidewall and bot-

tom friction both increase with increasing inclination

angle but surprisingly decrease with increasing parti-

cle hold-up. Here, we are going further by investigating

how these trends could be cast into simple laws.

We first investigate the averaged effective friction at

the basal and lateral walls computed from the ratio of

the wall-averaged tangential stress to the wall-averaged

normal stress. Second, we analyze the basal and lateral

friction at the local scale.

5.1 Averaged friction law

The salient outcome of our data analysis is that the

variation of both the averaged basal and sidewall fric-

tion can be simply described through a unique dimen-

sionless number, analog to a Froude number, Fr =

Vboundary/
√
gH cos θ, where H is the particle hold-up,

θ the angle of inclination and Vboundary the velocity at

the considered boundary (i.e., either Vb or Vw). Indeed,

if we plot the effective basal friction and sidewall fric-

tion as a function of the Froude number Fr for all the

SFD flow regimes investigated so far (i.e., within the

parameter range: 4 ≤ H/D ≤ 12 and 15◦ ≤ θ ≤ 50◦),

we get a nice collapse of all the data onto a unique

curve (see Fig. 11). The µ(Fr) curve increases mono-

0 10 20 30 40

Fr
b
 ,  Fr

w

0,2

0,3

0,4

0,5

0,6

µ
b
 ,

 µ
w

Bottom
Side walls

Fig. 11 Effective basal friction µb (circle symbols) and side-
wall friction µw (square symbols) as a function of the Froude

number Frb = Vb/
√
gH cos θ and Frw = Vw/

√
gH cos θ, re-

spectively, for all the SFD flow regimes investigated so far
(i.e., within the parameter range: 4 ≤ H/D ≤ 12 and 15◦ ≤
θ ≤ 50◦). All the data collapse on a unique master curve (solid
line) which is obtained by a fit using Eq. 4. An exponential fit
(dash line) of the form µ(Fr) = µ2 + (µ1−µ2) exp(−Fr/Fr0)
with µ1 ≈ 0.27, µ2 = 0.57 and Fr0 ≈ 10.1 works well too.

tonically with the Froude number and seems to satu-

rate at large Froude number to an asymptotic value. In-

terestingly, the µ(Fr) curve shares strong resemblance

with the µ(I) rheological curve for dense granular flows

over bumpy bottoms and can be well approximated by

a similar functional form:

µ(Fr) = µ1 +
µ2 − µ1

1 + Fr0/Fr
, (4)
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where µ1, µ2 and Fr0 are fitting parameters. The best

fit to the data provides µ1 ≈ 0.24, µ2 ≈ 0.63 and Fr0 ≈
8. Formally, the parameters µ1 and µ2 correspond to

the value of the wall friction for vanishing and large

Froude number, respectively. For the basal friction law,

θ1 = arctan(µ1) ≈ 13.5 has the same physical meaning

as the corresponding parameter in the µ(I) rheology

and stands for the minimum inclination angle at which

a flow is sustainable. This value is smaller but reason-

ably close to the critical inclination angle inclination

below which the flow stops: θmin ≈ 14◦ [11]. Similarly,

θ2 = arctan(µ2) can be interpreted as the maximum

inclination angle at which steady flows can be achieved

in absence of side-wall friction. Physically, this value is

bounded by the microscopic friction angle between the

particle and the wall (i.e., θw = arctan(µw) = 30.7◦).

The best fit gives θ2 ≈ 32.2◦ which is greater than

the theoretical upper bound θw. This means that the

functional form we employ, although it provides a good

approximation in the range of studied Froude number,

is probably not fully relevant. A functional form based

on the exponential law,

µ(Fr) = µ2 + (µ1 − µ2) exp (−Fr/Fr0) , (5)

seems to provide a better alternative. This functional

form is similar to the original friction law proposed by

Pouliquen for flows over bumpy bases in [4]. However,

it differs in a subtle aspect. The original Pouliquen’s

friction law phrased as a function of the Froude number

would be written as µ = µ1+(µ2 − µ1) exp (−Fr0/Fr).
This form has the same asymptotic values for vanish-

ing and large Froude number (µ1 and µ2, respectively)

but has a different slope at zero Froude number: the

slope is zero whereas with the form given by Eq. 5 the

slope is finite. A detailed analysis at vanishing Froude

number would be required to determine which is the

better form. With the functional form given by Eq. 5,

the best fit gives µ1 ≈ 0.27, µ2 = 0.57 and Fr0 ≈ 10.1.

This fit provides a value of µ2 which is satisfactorily

smaller than the upper bound µw = 0.593.

Several additional comments follow. (i) It is im-

portant to note that the µb(Frb) law (resp. µw(Frw))

should be considered as a boundary condition which

relates the effective friction at smooth boundaries to

the flow velocity at the boundaries (through the Froude

number Frb or Frw). Consequently, they do not have

the same status as the frictional µ(I) rheology which

relates the internal effective friction (between adjacent

granular layers parallel to the base) to the local internal

shear rate through the inertial number I.

(ii) The Froude numbers Frb and Frw are defined

from the flow velocity evaluated at the boundary (i.e.,

Vb or Vw) because we are interested in what occurs at

the boundaries. Our definition of the Froude number

thus differs from the one used in related works [4,20,21]

and which is based on the mean flow or free surface ve-

locity. If we use the latter definition for the Froude num-

ber, we also obtain a good collapse but with a slightly

larger scattering. This result is not surprising since we

have seen that the mean flow velocity is of the same

order of magnitude as the velocities at the boundaries

(see Eq. 2). In contrast, dense and slow flows over a

bumpy bottom have a vanishing basal velocity (i.e., no-

slip condition) and thus the latter does not scale with

the mean flow velocity.

(iii) It is worthwhile to highlight the similarities and

differences between the µb(Frb) law and the µ(I) rheo-

logical law obtained for dense flows over a bumpy bot-

tom. As already mentioned, the latter describes the in-

ternal effective friction as a function of the local iner-

tial number I or equivalently to the local shear rate.

By continuity of the stresses, one can deduce a rela-

tionship between the friction and the inertial number

at the base, respectively µb and Ib. The µ(I) rheology

thus provides a relationship between the basal friction

and Ib while the µb(Frb) law relates the basal friction to

the flow velocity at the base through the Froude number

Frb. The question that arises is how the basal inertial

number Ib is related to the Froude number Frb. For

dense flows over bumpy bottom, the basal velocity is

generally assumed to vanish such that the Froude num-

ber Frb is reduced to zero. This contrasts with flows on

smooth inclines, where the flow velocity Vb at the base

is finite and closely related to the mean flow velocity VL
(Vb ∝ VL/H

1/4). The relation between Frb and Ib in

the context of granular flows on smooth inclines is not

known in general, except for unidirectional and dense

flows. In the latter regime, the bulk flow can be still rea-

sonably well described by the µ(I) rheology as shown

in [11] (this is not the case for the other flow regimes),

while the basal friction was shown to obey the µb(Frb)

law. The continuity of the friction at the bottom pro-

vides us with the following relation µ(Ib) = µb(Frb),

which thus relates Ib and Frb.

(iv) The µ(Fr) friction law provides a simple ex-

planation for the decrease of the bottom and wall fric-

tion with increasing particle hold-up. Indeed, recalling

that the velocities at the boundaries are almost invari-

ant with the particle hold-up (see Eq. 2), the Froude

number decreases with increasing particle hold-up at a

fixed inclination angle. This results in a decrease of the

basal friction since µ(Fr) is an increasing function of

the Froude number.

(v) Eq. 4 or Eq. 5 together with Eq. 2 and the defini-

tion of the Froude number provides us with an explicit
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expression of the basal and sidewall friction as a func-

tion of the inclination angle and particle hold-up.

2 4 6
gb/ Tb

0.30

0.35

0.40

0.45

0.50

0.55

b

other regimes
dense flows

Fig. 12 Bottom friction µb as a function of the dimen-
sionless contact slip velocity gb/

√
Tb. The solid line repre-

sent the best exponential fit of the form: µb = µ2 + (µ1 −
µ2) exp[−0.85(gb/

√
Tb−1.86)] with µ1 ≈ 0.32 and µ2 = 0.575.

The data corresponding to unidirectional dense flows do not
fall on the master curve represented by the solid line.

(vi) In kinetic theories for granular flows, the ef-

fective friction at bumpy wall is often expressed as a

function of the dimensionless quantity V/
√
T [22]. In

the case of flat frictional wall [22], the relevant quan-

tity is g/
√
T where g = ||V−(D/2)ω×n|| is the contact

slip velocity at the wall (n is the unit vector normal to

the wall and ω is the mean angular velocity). It is thus

instructive to check whether the friction at the basal

and side walls can be also described in terms of the

ratio g/
√
T . We present in Fig. 12 the effective bot-

tom friction as a function of the dimensionless quantity

gb/
√
Tb calculated at the base. We find a nice collapse

of the data on a single curve which is very similar to the

µ(Fr) curve. We can note however a deviation of the

monotonic behavior at low value of the friction (i.e., at

small inclination angles corresponding to dense flows).

It thus turns out that the Froude number and the di-

mensionless contact slip velocity g/
√
T play a similar

role and are closely related. We find indeed the follow-

ing correlation:

Frb ≈ 9.95

(
gb√
Tb
− 1.86

)
. (6)

The above correlation works well for large Froude num-

ber but fails for small Froude number below 2, corre-

sponding to dense flows.

(vii) Interestingly, we noted that if we use a defi-

nition of the Froude number based on the contact slip

velocity gb (resp. gw) instead of the translational ve-

locity Vb (resp. Vw), we also obtain a nice collapse of
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Vb/ gD
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30

40

50

g b
/

gD

H=4D
H=6D
H=8D
H=10D
H=12D

Fig. 13 Relationship between the contact slip velocity gb
and the translational velocity Vb at the base for increasing
particle hold-up from H = 4D to H = 12D. The solid line is
an affine fit to the data.

the data on a unique master curve. This confirms that

there is a close relationship between the contact slip ve-

locity and translational velocity at the boundaries (see

Fig. 13).

(vii) Finally, the exact form of the µ(Fr) curve is ex-

pected to be dependent of the material properties of the

grains and the walls and in particular of the microscopic

friction coefficients µw (resp. µg) between the particles

and the walls (resp. between the particles). Preliminary

numerical investigations indicate that the scaling with

the Froude number is however preserved when chang-

ing the material properties of the grains and the walls.

In other words, only the fitting parameters µ1, µ2 and

Fr0 are sensitive to a change of the micro-mechanical

parameters.

5.2 Local friction law

In the previous subsection, we analyzed the effective

friction at the base and at the side-walls at a global

scale. It can be interesting to check whether the friction

law established previously also holds at a local scale.

The effective friction at the base and at the side-walls

are not uniform along the cross-wise direction (y) and

the depth (z), respectively, as illustrated in Fig. 14. The

basal wall friction is smaller close to the side-walls than

in the center of the channel. The influence of the side-

wall extends over 10D to 20D. Similarly, side-wall fric-

tion exhibits a strong gradient according to the depth:

it decreases with increasing depth and reaches its min-

imum value at the base.

Defining a local Froude number (i.e., Frloc = V loc/
√
P loc/ρ,

where V loc and P loc are the local particle velocity and

pressure, respectively, at a given location at the basal or
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Fig. 14 (a) Cross-wise profiles of the effective basal friction
µb(y) for H = 6D and various inclination angles. (b) Vertical
profiles of the effective sidewall friction µw(z) for H = 6D and
various inclination angles.

side wall, and ρ is the particle density), we can display

how the local friction varies as a function of the local

Froude number. Similarly, as for the global friction, we

obtain for both the local basal and side-wall friction a

nice collapse on a unique master curve µloc(Frloc) (see

Fig. 15.a). This curve differs slightly from the global

law µ(Fr) essentially at large Froude number. Using

an exponential fit (cf Eq. 5), we obtained slightly dif-

ferent values for the fitting parameters: µloc1 ≈ 0.25

µloc2 ≈ 0.59 and Frloc0 ≈ 9.6. The most significant differ-

ence concerns the value of µ2 (0.59 against 0.57) which

is closer to the upper bound µw = 0.593.
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Fig. 15 (a) Local basal friction µlocb and sidewall friction µlocw

as a function the local Froude number Frlocb = V loc
b /

√
P loc
b

/ρ

and Frlocw = V loc
w /

√
P loc
w /ρ, respectively. The solid line stands

for the best exponential fit while the dash line represents the
exponential fit for the global friction µ(Fr). (b) Evolution
of the local basal friction in the transient regime for H =
10D and θ = 40◦ as a function of the local Froude number
Frlocb = V loc

b /
√
P loc
b

/ρ. The solid line stands for the master
local friction curve established in (a). Inset: Evolution of the
local side-wall friction in the transient regime for H = 10D
and θ = 40◦ as a function the local Froude number Frlocw =

V loc
w /

√
P loc
w /ρ.

Interestingly, the local friction law seems to hold

also for unsteady flows. As detailed in [1], the flow ex-

hibits a transient before reaching a steady state: the

mean velocity increases monotonically in course of time

and eventually saturates to a steady value. Figure 15.b

shows that even during the transient regime, the local

friction both at the base and at the side-walls evolves

along the master local friction curve µloc(Frloc). This

result thus indicates that the local friction laws are ro-

bust features for both steady and unsteady flows.

6 Conclusion

We have studied high-speed confined granular flows down

smooth inclines and describe in detail the different SFD

flow regimes, including unidirectional dense flows, roll

regime and supported flows. We have identified key pa-

rameters that allows to delineate precisely the domain

of existence of the different flow regimes in the parame-

ter space (H, θ). Importantly, we have highlighted that

the friction at the basal and side walls can be described

by a unique curve that depends solely of the Froude

number defined as V/
√
gH cos θ, where V is the parti-

cle velocity at the walls. We showed additionally that

the friction at the local scale also obeys a unique law

as a function of the local Froude number defined as

Frloc = V loc/
√
P loc/ρ. This local friction law is shown

to be very robust since it holds both for steady and

unsteady flows. We thus strongly believe that the lo-

cal friction law may be used successfully as a reliable

boundary condition for flows running on smooth walls.

A crucial question is the extent to which the SFD

flow regimes and their features are specific to the ma-

terial parameters and the confined geometry that we

have considered. Further extensive simulations where

the material parameters (friction and restitution coef-

ficient) and channel width W are varied would be re-

quired to check the generality of our outcomes. This

is a work planned for the near future. Preliminary re-

sults show that the SFD flows identified in this paper

are very robust to parameter change but their onset of

appearance may be significantly affected. For example,

increasing the dissipation in the grain-grain collision fa-

vors and reinforces the development of supported flows.

Finally, these results provide a unique set of very

complex granular flow regimes for testing theoretical

and rheological models.
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A Layering index

In the undirectional and dense flow regime, the particle vol-
ume fraction exhibits strong oscillations. It could be interest-
ing to introduce a layering index IL to quantify the number of
oscillation cycles. It is defined as follows. As the wavelength
of the oscillation is of the order of one grain diameter, we
look at within each layer of one diameter thickness and par-
allel to the bottom whether the volume fraction oscillates. In
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I L
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H=6D
H=8D
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Fig. 16 Layering index IL as a function of the in-
clination angles for various particle hold-up: IL =
(1/Nmax)

∑
i
Y
(
φmax
i − φmin

i − 0.1
)

where Y is the Heavi-
side function.

each layer i, we thus calculate the maximum and the mini-
mum of the volume fraction, φmin

i and φmax
i , respectively. If

the amplitude of the oscillation (i.e., φmax
i −φmin

i ) in a given
layer is greater than a critical value ∆φ, the layer is associ-
ated to an ordered layer of particles and the layering index
is incremented by one unit. The layer index IL is defined
as IL = (1/Nmax)

∑
i
Y
(
φmax
i − φmin

i −∆φ
)

where Y is the

Heaviside function and Nmax = H/0.6 is the highest possible
number of ordered layers within a uniform and dense flow
with a mean volume fraction of 0.6 and particle hold-up H.
The renormalization of IL by Nmax provides an index which
is bounded by 1. The critical value ∆φ used to quantify the
layering is taken to be 0.1. This choice is somewhat arbitrary
but it is good comprise to capture the oscillation of the pack-
ing fraction and eliminate random fluctuations of the packing
fraction profile.

The variation of the layering index with the inclination
angle is shown in Fig. 16. SFD unidirectional and dense flows
exhibit a strong layering with a layering index close to 1,
indicating that the whole depth of the flow dense flows) is
layered. Upon increasing the inclination angle (from 20◦ to
25◦), the layering index decreases progressively towards zero.
Above 25◦ (i.e., in the supported flow regime), the layering
index has fallen to a small but finite residual value (below
0.2). This mean that even in the supported regime, there re-
mains one ordered layer which is located at the bottom. This
residual dense ordered layer disappears at very large inclina-
tion angle. The layering index can thus not be employed to
delineate the transition towards the supported flow regime.
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