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L. Abbas-Turki* B. Diallo'and G. Pages?
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Abstract

In Conditional Monte Carlo Learning for Diffusions part I (CMCLDI) [2], we
presented a One-layered Nested Monte Carlo (INMC) to simulate functionals U of a
Markov process X. Based on a judicious combination between regression and INMC
used for localization purpose, this methodology allows to simulate U;>¢ conditionally
on Xg. The parallel suitability and scalability of INMC makes this algorithm very
competitive to simulate quantities that are almost impossible to simulate with other
methods. In this paper, using the double layer of trajectories, we explain further
the mathematical background of the control on the bias propagation. With this
double layer structure, we also detail how to adjust the variance to get a better
approximation of the second moment from the regression. In normal and log-normal
models, this variance adjustment allows a better description of tail events. Since we
applied this algorithm on Backward Stochastic Differential Equations in CMCLDI,
we show here its strength for the simulation of risk measures and optimal stopping
problems. T'wo highly dimensional numerical examples are executed in few minutes
on one Graphics Processing Unit (GPU).

1 Introduction

Various contributions like [1, 8, 15, 20, 24] show an increasing interest in Nested Monte
Carlo (NMC) simulation. NMC used to be avoided due to the heavy computations that
it involves, but it becomes relevant as it can be very efficiently implemented on massively
parallel architectures like Graphics Processing Units (GPUs). Its perfect scalability with
respect to an increasing computing capability makes it a sustainable solution for various
applications. In CMCLDI [2], we proposed local analytical approximations of functionals
of a diffusion using various regressions within One-layered Nested Monte Carlo (1INMC)
simulation. As INMC is two layers of Monte Carlo simulations, the inner trajectories
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are used for regressions when the outer ones are used for localization purpose. The
conditional learning stands then for regressions conditional to various starting points on
the outer trajectories.

In the present work as well as in CMCLDI [2], we choose local regressions even though
it can be replaced by local Neural Networks (NNs). Unlike [10, 12, 21] where NNs are
global on the whole Monte Carlo realizations, regressions are sufficient when made local
using INMC and their implementation is also very efficient using batch parallel processing
[3]. We already demonstrated the effectiveness of our methodology on a large number of
Backward Stochastic Differential Equations (BSDEs) examples presented in CMCLDI.
We also showed that the bias backpropagation can be removed using a new simple trick
that is only possible because of the nested nature of the proposed algorithm.

In this contribution, CMCLD part II (CMCLDII), we push further the capabilities of
CMCLDI (cf. [2]) using a small modification that allows to get accurate approximations
of the variance of the simulated functionals of diffusions. This modification plays an
important role to simulate tail events necessary to risk measures and optimal stopping
strategies. To make as simple as possible the explanation of the introduced modifications,
we use the same generic example presented in [2].

On a filtered probability space (2, F, (F;)o<t<7, P), the generic example is driven by an
Fi-Markov process (X;)¢co,r) taking its values on R%. Given the fine time discretization
S={to,....,tor} = {O,T/ZL, ...,T}, the functional U, of X is defined for s € S by

2L
(f) USZUS(XS>:ES Z f(tk’th7th+1) :E< Z f(tk7th7th+1) ]:; ’
s<t,<T

k=s2L /T

where E; () = E <~‘.7-"s>, the expectation is always considered under P, each determinis-

tic function f(ty,-,-) is B(R%) @ B(R¥)-measurable and assumed to satisfy the square
integrability condition E(f?(ty, Xi,, Xi,,)) < +oo with convention f(tye, Xy, , Xe,, )=
f(tar, X)) From the Markov assumption, for each s € S, the B(R*)-measurable func-
tion u, is deterministic.

INMC requires the simulation of a first layer (X™0),,,=1..a, of outer trajectories
of the process X that are kept in the machine’s random-access memory, then a second
(Xm0 =1, ., unstored layer of inner trajectories, on the top of each outer one indexed
by myg. Introducing a discretization set S C S for the process U, it is then possible
to define an inner simulation U™0™ = 7m0:S(X™0:m1) and an outer simulation U™ =
™. Defined in CMCLDI, @™° and @™ are respectively the coarse and the fine
approximations of the deterministic function u introduced in (f). The approximation

u™S is considered as an average value on the realizations u™S(X™0™) and thus it

averages out and reduces the approximation errors of 7™,

To improve further the coarse approximation, we replace the expression

— S 7
Uyt (x) = Wt + T vy (@) B (1.1)
given in CMCLDI by
aneS(e) = dfames| + 17 ) B, (1.9)
with
By =50 BUS (1.3)
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and

o] s, (L) SN
lames| = e + LN g (XIS B, (1.4)

S5,5k Sk>Sk 7‘1
VEl
1
mi=1

where * is used for the transpose operator, s; < s < S are increments from S, I, o M (x)

mo0,S {g the variance

is the considered regression basis, Bmo’ is the regression vector and ;%"

adjustment parameter
The factor vmov is used to adjust the variance of u™%;° defined in (1.2) without chang-

s Sk
M1 us Sk(XmO ml)

ing its average value. Indeed, the expression of ¢ [umo’k } makes the value ), 7

invariant with respect to 7;”03’;5 because equality (1.2) yields

o wo (X ZMl
Z Sj,Sk 55,8k _am(),S_F 1 t7—m (Xmo m1)Bmo7
= —_— !
M, % M, SR

mi1=1 mi1=1

Consequently, for each my = 1, ..., My, the benefit of (1.2) compared to (1.1) would be to
better simulate the second moment u.(X™0™1) without changing the accuracy of the first
moment given that the latter is generally very well approximated using regressions.

In the same fashion as for stopping bias backpropagation (cf. CMCLDI [2]), the
variance adjustment is based on the tower property used to obtain the equality

E (Vars(Us’)) =E (Es ([Us’ - ES(US’)]2)> =K ([Us’ - ES(US’)]2)

true for s > s > 0. For s = s; and s’ = s, with (s, s5,) as above, this equality allows us to

07

choose the adjustment parameter v;"0” that makes the average variance E (Vars(Uy)) es-

2
timated by EZMO_ (L S M [_mo’ (X™) — M gy (X:fso,’ml)/]\/ll] ) equal

mo=1 My mi1=1 5,8 mi1=1 us ,s!

mo=1 s, s,s’

2
to E ([Uy — E,(Uy)]?) estimated by MLO S Mo ([UM'”O’S — Zi\n{l 1U;”§,’ (Xoy ml)/Ml} )

Thus, the value of 7:;9’8 improves significantly the accuracy of the former estimator us-
ing the latter one. Using numerically the tower property to get the variance adjustment
parameter 4™ is made possible by the nested nature of the proposed simulation. We
take fully advantage of this (nested structure, tower property) combination for the pro-
posed variance adjustment trick. Other applications could benefit from this combination
to improve the simulation result.

The rest of this paper is organized as follows. In Section 2, we recall the main steps
of the algorithm including the variance adjustment modification and its adaptation to
an optimal stopping problem. In Section 3, we express the value of 4™ provide an
iterative construction of the discretization set S and explore in-depth the use of the tower
property for local bias control and local variance adjustment. Previously presented in
CMCLDI, stopping the bias backpropagation comes at the expense of an additional error
term studied in Section 4. Section 5 concludes this paper with a successful simulation of
both an American option and a risk measure examples in very high dimensions.



2 Methodology extension and application to optimal
stopping problems

In [2], we presented the algorithm steps and what should be done to stabilize it. We
explained the whole methodology on a simple problem and we showed its benefits when
one has to simulate the composition of functionals of a Markov process. Large number
of BSDEs and Reflected BSDEs (RBSDEs) are specific composition of functionals of a
forward process assumed Markov in various situations. In [2], we already presented the
adaptation of our methodology on the One step forward Dynamic Programming (ODP)
discretization scheme (cf. [16, 25]) of BSDEs. In this section, we start by briefly introduc-
ing the needed notations then explain the new modified version of our algorithm on the
generic example defined in (f). We finally apply the new modified version to a RBSDE
without a Z term.

Starting with notations, we introduce S = {t¢,...,toc} = {0, A, 2A,,...,T} as a fine
discretization set and S C S as a coarser one with A, = T'/2%. We then simulate the
outer trajectories (X™°) Mo as well as the inner ones (X;’j‘?jml)Z;Oefsl""’Mo’mlzl""’Ml
that start at the top of each realization X;?O with s; € §. Given the Borel-measurable

functions (€, )p=o,. oz_1 : R — R4 we define

mo=1,...

XZZO = gtk—1(XZ:01’§k0>7 when k Z 1 and XZ(?O = To, (2'1)
XPOM =&, (XD9™,€0%™) and X[ = X[, (2.2)

m1=1,A..,M1+M{

Since we focus essentially on the diffusion case, the functions (&, )x—o..2z_1 can be ob-

tained with a discretization scheme to get for instance

.....

gtk (23, 5) =T+ Atb(tka ZL‘) + U(tka ZL‘)& (23)

with the usual (cf. [28]) Lipschitz continuity condition on the coefficients b(t, x) and
o(t,x) uniformly with respect to ¢t € [0,7]. Introducing outer W™ and inner W™
realizations of an R%-Brownian motion W, we define & = W — Wi and £ =
wrem __jymemt where W, .., WMo are independent with

Sj,tk Sjstk—1
mo,mi1 __ mo,m1 m07m1 mo,mi _ mo
Sirtk - Sivth_1 + AW and Ws],sj L My M = Wsj
e 1
mo,m1)€{1,.... Mo} x{1,....M1+M], . . . .
and (AW %kml); e?j,‘..l,)ﬂ{},j . {1’?}72 g} M are independent Brownian motion increments
independent from W', ..., W with E([AW]"9"™]?) = A;. The resulting components of

the vector ((fmoml)kz({)]mlﬁglje{];/[o}zgM1+M} (&6 )y . b M“) are independent realiza-

tions with the same normal distribution.

We use X!o-mt L., Xmomudi t6 denote the dy components of X™mom and use the
mo,ml m07m1 mo,mi1 mo,mi1 mo,m1
notation X7 for (XS G X oA o X g Xortrt) for s;, sy, € S with 5; < Sg.

We remind also the notation of the stabilized regressmn basis 7;;"% M defined in CMCLDI

(cf. [2]) for any couple ¢; < t; from the fine discretization grid. The cardinal of the basis
7,'7,”]‘@4{ is equal to d} with d} <d;. T™ ; is also indexed by the number M] of trajectories

needed for the approximation of regression matrices and that are independent from those
used in the backward induction. We also reduce any superfluous dependence structure
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as well as the memory occupation by re-simulating on the fly each realization that has

not to be constantly stored. For example, if an inner trajectory is needed « times in the

backward induction, we simulate a independent copies of it and use each copy once.
Finally, introducing A and V notations for

r Ay =min(z,y) and = V y = max(zx,y),

we remind the definition of the time operator §° that associates to each s € S the next
increment in §. For a fixed index j € {1,...,2%}, we define 5;9]() on (Si)k<j, taken its
values in S N [s;,5;], by

52(3@ =3; Amin{s € S;s, < s <5;} (2.4)

with min(f)) = oo and the couple (s;,5;) sets the minimal and the maximal time increment
of the performed regressions conditionally on the realization X of the Markov process
X. The couple (s,35), mainly 5, sets the learning depth condltlonal to the information
available at time s. Given a coarse discretization set S, definitions 2.1 and 2.2 express
the value of (s,5)ses.

When S is fixed, the notation 5fj can be replaced by ds;. When s; <'sj, the notation
(5;9]_ can be replaced by §°. When § is fixed and s; < 5j, we can simplify both indices and
use ¢ instead of (5“%. Given a coarse discretization set S, the operator d has the following
properties

Prl. S; = 55].(Sj) = 5($j).
Pr2. Aslong as s, V s, < sp < 35, A 55y, 05, (8k) = 05, (S) = 0(sg)-

Pr3. The nth composition of d; denoted 5;3() is equal to 5; when n > |SNJs;, 5;]| where
| - | denotes the cardinal.

2.1 Variance adjustment modification on the generic example

When applied for the simulation of U defined by (f), the proposed learning procedure
associates to each scenario mg and to each discretization set S a couple of function families
(amoS wmS). Given s; < s, < ﬁ increments from S, equations (1.2), (1.3) and (1.4)
parametrizes the definition of @™ with respect to the variance adjustment parameter
7570519 Thus, we generalize the definition of 7™ introduced in CMCLDI (cf. [2]) which

is obtained straightforwardly if we take vg’“{;k = 1. Regarding the regression vector B;”os;k

used in (1.3), its value is obtained from an estimation of the vector a € R% that minimizes
the quadratic error given by

mO’Svtss‘(sk) m ?
j 0,m1 — tggmo mo,m1
E [st,sk <X5j73k’:65j(5k)) a Sj,Sk,M{ (ijﬂsk ) (25)
mo,m1 mo,m1 mo,m1 mo,mi mo,mi
Wlth XS Sk 5 (Sk) <ij,sk 7X5] Sk“l‘At? ceey XSj,(ssj(Sk:)_Aﬁ XSJ (Sk)> aIld
Ss (Sk) Sk 1
mo,S,0s(sk) mg,S

;i __ —mo, Mm()v

st,sk (:E) = u8j75sj~(8k) $w Us), 55 + Z f tk5k+l’ T 33[-1—1) (2.6>

t



where ks, = s, /Ay — 1, 2 = (24, ..., :U((;Sj(sk),sk)mt) with each coordinate of x belonging to
R,

We keep however the same definition of u™® given in CMCLDI (cf. [2]) which is
reminded hereafter. For s; < s, < 5j and s € {sy, sp + A, ...,0(sx) — A}, the fine
approximation at X" is defined by

1 My 3(sk)
~mo,S _ —mo,S mwnl 2 : mo,m1 mo,m1
U,s’% - M usk 5(8k S 5 Sk) + f tl’ XS k7 XS tl+1 ) : (27)
Lmi=1 ti41>s

To complete this inductive interconnected backward definition of w and u, we set the final
coarse approximation to

/(T ) ifs; =T,
S () = {

5053 w2 (z) = ﬂgz’o‘)g (z) if55<T.

(2.8)

For s; € S, 5 and s;, expressed in Definition 2.1, are really needed when T is sufficiently
big or the variance produced by X is large enough. Otherwise, (2.8) can be replaced by

ul (x) = fltae, x) = f(T, 7).

— —

——— — - | =
—
- m07m1 mOyml >

m ,m
Outer trajectory e R Z ftr, X 8t T 53 tr41 Hf< 320 s],ot'32 '
mo' Y K Z.fﬁ/u\” 05 m\\m il £ > 0,S

it $,t1+1 centred around usk$

X - S S
# %’\\ mo mo,m1
' — projected on TS],Sk M (X )

" -
- - .

Figure 1: An example for (2.9) when s, = d4,(s;), 0%(s;) = 0(sp) = 5 = tor = T
4@”?0’3} =S L=5and S = {to, ta, ts, tia, tie, tao, toa, tos, L3}

55,5k Sk Sk’

When s, = d5,(s;) and 6[ ?Osjk] =y 5 (when 'ygnos’k = 1), one can check the coherence

of the previous definitions aimed to approximate U defined in (f). Indeed, (2.7) would
provide for any s € {s;,s; + Ay, ..., 0(s;) — A} = {sj,5; + Ay, ..., 5, — Ay}

My

1
oS = — N s (X e Z Ft, X0 X (2.9)

8,85 ]\41 s],sk 8,5k S,t141
mi1=1 tj41>8

where the term E;’josf , defined in (1.2), is obtained through the projection of the sum

DT Pl XX TG0, (XIS on T, e (X%, In addition, if we

Sjyti+1 55,0(sk) 55,5k
li41>5k
had 62(s;) = 8(s) = 5; = tor = T then (2.8) would make ﬂg%‘ék)(-) = f(tye,-) and as
Sk
s € {sj,s;+ Ay, ..., s, — A} the definition of Nmo—_’ would involve Zf(tl, X ™ Xgym™)
ti41>8



t2L

plus the projection of Z fl, Xo9™ XO9T) + (T, X:;?T’ml) as shown on Figure 1.

si,t; Sjsti+1
tl+1>5k

705 is equal to _Z Z S, X35 X5 ) + f(T, X050 | as 0(sg) =T

Sk,Sk Skytia
m1 1]t 41>8k

Once we replaced (1.1) by (1.2), Definition 2.1 hereafter is similar to Definition 3.1
presented in CMCLDI.

Definition 2.1. Given a discretization set S C S

e Forany s €S, s is set to be equal to 6(s) and s is set backwardly to be the largest
discretization time u € SN|s, 0(s)] that satisfies

Mo

]. ~m, ~m my my

7 D A Z flt, X Xy || <€ (2.10)
mo=1 tj41>8

where {5} es is a family of positive bias tuning parameters.

o Fork < je{l,..,2%} that satisfy s; < s <35 < tor =T, the simulation U™

55,8k
of U around XJ° conditionally on X is set to be equal tow ‘mo’ (Xmo’ml) where u

is given in (1. 2) and (2.8). ' '
o Fork e {1,...,2} and s € {sg, sp + A, ..., 0(sk) — At} — {0}, the simulation U™

of U at X" is set to be equal to ﬂmﬁs with u expressed in (2.7).
e The average Ul of learned values on Uy is equal to

lear _ Z"”mm (211)

mol

and the simulated value U™ of Uy is equal to

5(0)
0 = 2 (TS X S (212)
0 mo=1 t141>0

with u expressed in (2.7).

In contrast to the inner layer approximation U™ ™! which is only defined on S, the
outer layer approximation U™ is defined on the whole fine discretization set S. At
t = 0, inner and outer trajectories coincide and yield Uy lear and Ug™ as two possible
approximations of Uy. The value of s depends on § (5) whose value involves the one of
02(s) and so on till 7. In Section 3.1, we provide an example of how to update iteratively
(8,35)ses With respect to the discretization set S.

It is remarkable that the term on the left of inequality (2.10) makes possible the
estimation of the average bias. In Section 3.2, we introduce a local bias estimation
that allows a more stringent bias control. None of these bias estimations is possible
without the double layer structure of NMC1. The choice of the tuning parameters
{eS}ses reflects a compromise between the targetted accuracy and the required com-
plexity. This choice has to take into account the standard deviation of the estimator

1 Mo ~mo,S __ ~m0, _ mo mo
v o (s — e = S f(, Xo, X)),




2.2 Application on RBSDEs with a Markov forward process

The variance adjustment trick introduced in this paper was not needed for the BSDE
examples studied in CMCLDI. However, when the considered example requires a better
description of the tail distribution, the choice vmo’ = 1 becomes insufficient. Here, we
consider an application to RBSDEs hke the one presented in [7] with the final condition
function g(-) and the driver { f(t, )} >~ assumed to be £-Lipschitz. We want to propose
a double layer approximation V" and V™0™ of the Snell envelope V', solution to

(Snl) Vr = g(X7) and for k < 2" : V,, = g(X4, )VEy, Vi, +A0 f (b Vi 1)),

that can be done using straightforwardly the recipe of Section 2.1 combined with a max-
imization by g. We introduce the coarse W™ and the fine W™ approximations of the
process V defined by

|

ty Etk [V'karl"i_Atf(tk: V;fkﬂ)]' (2'13)
Then, given a discretization set S and indices k < j € {1, ..., 2%} that satisfy s; < sp <5
and using J,(sy) defined in (2.4), we set the coarse approximation v, ,, around X['°

conditionally on X;;LO to

vy (x) = w00 (2) V g (), (2.14)
and the fine approximation v, s; at X", s € {sg, sr + Ay, ..., ds,(sx) — A}, to
TS = S v g(X2°). (215)
Denoting A, = 6,,(sx) — s and A, = (5Sj(sk) — S, we define
s_ 1 ¢
S =0 21<A Flsma 0% 0 (XI5 )) + Wg?éiwk)(Xﬁi;ﬁb))’ (2.16)
—
WS (z) = e[w;’;?;ﬂ T ()OS, (2.17)
where
1 s (=) &
] = T+ i X T (KO (2.18)
—

~mo,S mo,S (1Mo,S 153
Csj,sk _Vsj,s C's Sk Wlth

(Kmo ,)_1 M
Omo’s o 5j75k7M1 j : mO’S";Sj(Sk)(Xmmml Xm07m1 )

85,8k _ Ml Sj,sk,M{ 85,8k Sj7(ssj(8k)
mi1=1
mo,S,0s (k) mo,S,ds (sk) .
and C, 0l (@, 2) = T 4 (0)Coy 7 () with
—mo,S
m07575sj(3k) Askf(ska :;LO (sk)(‘r))
C3j7sk (.ZU) = + _mo,s (x) B wm078 5 (219)
Sj,ésj(sk) Sk»Sk
with a final coarse approximation given by
s g(x) if 57 = tye,
U2 () = 2.20
o (@) vg?g(x) = 53;;5(;9]_)@(93) if 55 < tyr. (2.20)



Definition 2.2. Given a discretization set S C S

o Forany s € S, s is set to be equal to §(s) and s is set backwardly to be the largest
discretization time u € SN|s, 0(s)| that satisfies

Mo
1
~mo,S __ "7”0787 _ _ %075‘7
Mo 2. <va“ Uy s — (0(s) = 9)f <S’U6<s>,6<s>>>

mo=1

< (2.21)

s

where {5} es is a family of positive bias tuning parameters.

o Fork < je{l,..2"5} that satisfy s; < sy < 5; <ty =T, the simulation ngg;ﬂml
of V' around XJ'° conditionally on X' is set to be equal to @;’josf(X;?Us:“) where v
is given in (2.14), (2.17) and (2.20).

o Fork e {1,...,2L} and s € {sp, s + A, ..., 0(sk) — At} — {0}, the simulation V™
of V at X is set to be equal to 07%° with T expressed in (2.15) and (2.16).

Us,si

e The average V" of the learned values on Vy is equal to

prlear _ 1 f: =mo.8 (2.22)
0 - MO ,UO’G ? -
mo=1

sim

and the simulated value V5™ of Vi is equal to

Mo
sim ]' ~m0,8 ~mo,8
Vo = glwo) v g 2. [5<O)f <5(0>’”6(0),W) +U6<o>,m}' (223)
mo=1

Similar to Definition 2.1, the inner layer approximation V™0™ is only defined on &
when the outer layer approximation V™0 is defined on the whole fine discretization set S.
At ¢t = 0, inner and outer trajectories coincide and yield Vj*" and V3™ as two possible
approximations of Vj. Similar also to Definition 2.1, it is remarkable that the term on the
left of inequality (2.21) makes possible the estimation of the average bias.

Although using an optimal stopping formulation [11] of the dynamic programming is
known to provide better numerical results [26], we prefered here to use INMC on the top of
the original algorithm [30] since its error estimates remains similar to the one presented for
BSDEs. As a future work, we would like to apply variance reduction methods with INMC
and provide very accurate double layer estimations of the optimal stopping strategy.

mo=1,...,My
3 Learning the values of § and { ;7?055}
37k SjES,SkGSﬂ]Sj,S_j]

Till now, the proposed learning methodology introduced M, M;, M,, S, ¢ and 7,':,3 as
hyperparameters. In a Monte Carlo simulation, the standard and efficient way to know
what is the appropriate number of trajectories that have to be simulated is through the
estimated confidence interval. The same can be done for the number of outer and inner
trajectories in INMC. We only draw attention to the number of trajectories M; and M]
that have to be sufficient given the number of terms d} in })\4{ used for the regression.

9



We refer the reader to [27] for asymptotic relations between the size of the projection
basis and the number of needed realizations. Consequently, the choice of My, M; and
M have to be specific to each application and set during the numerical simulation. The
same can be said for the tuning parameter ¢ as its value should be proportional to
1/v/My. Indeed, from the left term in inequalities (2.10) and (2.21), the user has to make
a numerical compromise between accuracy and complexity when picking the value of €°.

In this section, we want to relieve the use of S and of ”yS as hyperparameters. We
start by specifying iteratively the coarse discretization set S. At each iteration, we show
also how to update the couple (s,5) for any s € S. The iterative choice of S and of
(8,35)ses is made to keep the bias under control and thus to conserve the first moment
of simulations. Moreover, we detail how to conserve the second moment of simulations
using an appropriate value for the variance adjustment parameter ’y,’;fg. The latter choice
is further refined when the number M, of simulated outer trajectories makes possible a
local variance adjustment.

The iterative construction of & and (s,3)ses presented in Section 3.1 as well as the
expression of 7,';,8 presented in Section 3.2 are only given as an example and thus are not
restrictive.

3.1 An example of iterative definition of S and update of (s,5)scs

Like definitions 3.1 and 3.2 in CMCLDI, definitions 2.1 and 2.2 in Section 2 are intention-
ally announced without specifying the coarse discretization set S. Indeed, the presented
methodology can be applied for any S. It is then possible to use it for an iterative family
{8"}izo... 1 where L’ is an integer chosen in this section €]L/2, L]. When i increases
the coarse discretization gets finer in the sense of inclusion S® C S* C ... C SF-F.

For i = 0,...,L — L', we define the set S’ through the values taken by the decreas-
ing sequence (1" — 33‘)]‘:0,...,2% When i = 0, (S?)jZO,_“,QL is a homogeneously distributed
sequence where each term is repeated 25" times as follows

T
s = {2—L—‘ oV where [-] is the ceiling function. (3.1)

that yields S = {0,7/2", ..., (2¥ — 1)T/2", T}. The value of s} stays the same for any
iteration and is then given by s = 0.
i=1,...L—L
To define (sé)jzl,,._,gL fori=1,...,L — L', we introduce a scale (; and a translation g;
parameters. Since we want to keep each S as coarse as possible, the translation parameter
q; sets the starting index from which we should refine the discretization. ¢y = 0 and ¢; is
given by

¢ = ¢;—1 V max ({j €{qg_1+1, ...,2L}; IC;-_I}) (3.2)

where the condition IC;A_1 has to be specific to each application. Expression (3.2) ensures
an increasing translation parameter ¢; with respect to the iteration index 7. The scale
parameter Q; = 2°~2'~% is used to know the number of terms that should be equal to each
other. Thus, for indices bigger than ¢;, when the iteration index i increases Q; = 2L~

decreases and the discretization becomes finer.

10



Fori=1,...,L — L', we choose the following induction
8; = Szilljﬁ%' + §§711j>qi7 (33)

where the values of (§§’1) j—o0,..2L are given by

when j < ¢;_; define .§§_1 = sé._l
i1 i1
Qg P S (3.4)
otherwise, for j' > q;_1/Q; set &} _ TQij Q=1
J=Qi(3'—1)+1 2
. Qi . ) . o )
The notation sj is used for SZQi(j,_l)H, coey Sq, - Similar to &' defined through

J=Qi(j'—1)+1
(T — s%)j=0,..21, We introduce S’ to be the set of values taken by (T — 8%);_, or. From

(3.4), one can easily see that S' C &' and thus for any s € S' we have the inequality
55" () < 55 (s). (3.5)

In Figure 2, we illustrate how this discretization strategy is implemented when L' > L/2.

9070
032 _0\28 _0\24 _<0y20 0,16 _0y12 _0\8 04 0
(T80  T8)ias (TS (T, (T8 (T5)5 (T5)is (T8 )4 T-s,
qr=8
1,32 _1)28 - 1\24 o 1\20 116 A2 o 1\8 SRV o
(T—s]. )j=3 : (T S, )j=27 (T S, )j=23 (T S; )j= 19 (T S )J.=1 8 (T S; )J.= 19 (T S )J.=5 (T S; )J.= 1 T-s,
~ 1130 1126 " 1\22 1418 L 1y14 ~ 1410
(T8, )29 (T-8))i 25 (T-8))i 22 (T-s)) 7 (M5 13 (T-5))1

Figure 2: An example for (3.3) when L =5, L' =3, §* = {0, %, £, 3L T 5L 3L 7L 71
and S' = {0, L T 3T T 'S0 87 T1 T 9T ST 1T 5T T
T\ 1678216747160 8116227167 8 16 47 8+ J°

As shown on Figure 2, because S is the set of the values taken by (T — 8§)j:07m72L,
the increment 6(s) — s decreases as the value of the increment s € S’ decreases. To
counterbalance a rapid decrease of the time increment d(s) — s when s gets smaller,
the condition /C;_l in (3.2) has to take into account the accumulation of bias through
backpropagation. The value of K} given in Definition 3.1 allows then to increase the
discretization steps only when the estimated gained accuracy is larger than the maximum
accumulation of bias.

Definition 3.2 provides an updating strategy for (3_] 1 55)(s;)

., ,pest associated to the
§i=0,...,

iterative construction of S* given in Definition 3.1. We will use the notation (s;(s%),5;(s}))

to show an explicit dependence of the updating strategy on the sequence (s})j:(),...’QL
involved in the definition of S°.

Definition 3.1. Given an iteration step i = 0,...,L — L' — 1 for which the values of
(s5)j=0,.00, S, S, {€5 }sesi and q; are known, given j € {g; +1,...,2"} we define the
condition Ki = “eS" < 5" for s € (T —s})q41<1<; " where for s € (T —s§)g1<k<; we have
55(s) = 5‘§i(5‘§i(s)) and the definition of the couple (¢5',e5") is specified for the simulation
of (f) by

Mo My
i 1 Si i
St __ —mo,S mo,m1 _ —=mo,S mo,m1
©s -~ MyM, Z Z [“6§i(s>,631'(s> (X(s@'(s),asf(s)) “s,asis><X6§i<s>,5$"(s>) ’

mo=1mi=1

11



u€SiN]s,3]
and specified for the simulation of (Snl) by
My M ‘
—mo, S X mom _ 7m0, mo,m1
65 MOMl Z Z |: 657(5) 55(s) 651(5),551(5)) ws,631(s)( 551(5),651(5))] ’
mo=1

= S LSkl

s
ueSN|s,s]

with |S'N]s, u]| denotes the cardinal of the finite set S‘N|s, u].

The bias backpropagation of simulation (f) is linear when the one associated to simu-
lation (Snl) is not. Thus, the definition of the maximum bias accumulation €$* associated

to (Snl) involves a sum on the Lipschitz constant £ to the power of lag index, given here

by |8'N]s, u]|, multiplied by the maximal accepted bias esi per increment u € S$N|s,3].
S is deﬁned as the average difference between the estimation oS! (resp wmes")

0.8’ (resp. WS that involves

that involves the discretization set S¢ and the estimation u™
a finer discretization set S*. Using actualization (3.3) given (3.2) and K expressed in
Definition 3.1, we basically make the discretization set finer only when the difference

between approximations is superior to the maximal accumulation of bias £%°.

Definition 3.2. Given an iteration stepi = 1, ..., L—L' for which the values 0f(5§)j:07._.72L,

(s51)j=0,..20, 8" and q; are known, introducing

S — {u € 8'N|s, 55 (s)] that satisfies (2.10) when S = S'}
and ?’(Snl) = {u € 8'Ns, 65 (s)] that satisfies (2.21) when S = S'}
we set 5j(s}) = 85 (T — st) and 55(s%) = 55(s%” J YA maX(ST(f i) for the simulation of (f)

or 55(s%) = s_( 1 A ma (SZT(f:l)) for the simulation of (Snl).

qo=
_____ [§j(s$)],?825 e
____(TS')’S -
PG I‘SI_”L 29 __ .

1,10
(T- S, )] o(T- sJ )] i

Figure 3: An example for Definition 3.2 based on the example of Figure 2. Here, for
17(')
)

j = 27,28 we have 5;(s?) > max(S;_1).
J
As illustrated on Figure 3 and on Figure 4, the value of 5;(s?) given in Definition 3.2
can change depending on 5;(si") > maX(Sf_,,(')S ) is true or not. Indeed, since S is finer
than S*~!, the bias backpropagation associated to S' can be larger than the one associated
to S*~! and thus maX(ST() ) can happen to be significantly smaller than sj(s’ .
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90=0

- 55, e S S o 5 j(S’j;)]?zs e
L )j=fs_ o ) T2 s g-8
ke lif?ﬂ_l.['i(s_ll]lz_%ﬁk___*___X____x___X___x___x__[f‘(s'_)]_is_____.x_
{1 'f;_j:iz T (T-)s

Figure 4: An example for Definition 3.2 based on the example of Figure 2. Here, for
j = 27,28 we have 5;(s}) < max(g;i)sl).

3.2 From global to local bias control and variance adjustment
3.2.1 Local bias control

Given s € S, the couple (s,3) was expressed in Definition 2.1 as well as in Definition
2.2 and an updating strategy for (s,3) was established in Definition 3.2 when S is con-
structed iteratively. In order to reduce the bias backpropagation, these definitions used
1 MO T mo S

u k)

the double layer Monte Carlo to control the average bias. Indeed, as o Zmo:l

and MLO S Mo <~m0, o) Etl+1>8 (ts, X770, X[ )) are both approximations of the same

mo=1 5(s),0 li41

expectation E(Us) = ( )+ SO f(t, X[, X )), it is natural to have them al-

tj41>8 tit1

~mg,S _ ~mg,S
most equal. The same can be said for M Zmo 1 (Ua(s),@ + (d(s) — s) f(s, Ué(s),@)> and

for m Z%g L weS that are both approximations of E (Vi) + (6(s) — ) f(s, Vi) =
E (E; [Viis) + (6(s) — s) f(s, Vs(s))] ). For large values of My, the difference between these
approximations is due to bias. A judicious method to reduce this bias backpropagation
is to adjust the number of success1ve regressions through the appropriate choice of u in-
volved in —— Zmo L uleS and in 5 Zmo L WS In definitions 2.1 and 2.2, we select 5
as the largest value of u for which the bias remains under some threshold. This choice of
S, with s = d(s), sets the learning depth conditional to the information available at s € S.

The choice of (3)ses ought to decrease the global average value of the bias. More local

approach can be developed using equalities

4(s)
E(U,eny) = B\ Lw,elny | Uses + > f (i X7, X0 (3.6)

ti41>s

E([Vies)+(3(s) = $)f (s, Vi) Lvaciany) =E(LvierasBs [ Vi +(0(s) — 5)f(s, Vas))]) (3.7)

which are true for any localizing interval [a,b]. Considering the generic example (f)
with equality (3.6), when M is large enough, one can sort {u7'¢°},,,<ns, and define a
subdivision of localizing intervals {[a,, a4+1]}4>1 then choose u = 5 that does not induce a

My 1 ~mg,S + 25(3 ( ‘thlno7 X mo )} )

mo=1 umo E[aq,aq+1]} |: S) 6 tj41>8 ti41

and Mio Zn]‘i‘;:l (aﬁ;}g’ﬁ (770 clag.aginl} for all gs. The local increase of bias can be tracked

large difference between Mio >

13



for any s € SN [d(s),s[ and each interval [a,, a,+1] using the difference

Nmo,S A/rn/()7 m m
Mo Zl{~m0 E[aq,aq+1]} N 5),0(s) Z f tl’tho7thf1) : <3'8)

tj41>s8

The same can be done for (Snl) with equality (3.7). Although the local tracking of bias
was not necessary in our simulations, it is quite remarkable to point out the strength
of bias control induced by INMC. Provided that M, is sufficiently large, it is basically
possible to remove any bias backpropagation.

78] 35Sk

mo=1,...,M
3.2.2 From global to local value of { mO’S} ’ ’

S5 ES,SkGSﬂ]Sj,?j}

Given s; € S and s; € SN|s;, 5], various values can be considered for vmo’s The straight
choice is to take ”ymo’ = 1 which reduces the procedure to a standard regression like

in CMCLDIL. HOWGV@IfC this is not the suitable choice for problems that heavily depend
on tail distribution. Indeed, given two arbitrary square integrable random variables y;
and X, consider ys to be the regression of x; on a o(xy)-measurable basis. Because
generally regression preserves the mean value, it is reasonable to assume E(yx3) = E(x1).
However, projections reduce the value of the second moment i.e. E(x2) < E(x?) and thus
Var(xs) < Var(xi). The latter fact becomes a real problem for tail distribution in case
Var(ys) < Var(E(x1|xz2)). Some contributions tackle rare event simulation using a change
of probability trick [9, 14] and more recent contribution [4] implements reversible shaking
transformations.

In case E(x3) = E(x1) = 0, given that we know a good approximation of Var(E(x1|x2)),
it is possible to adjust the projected value x3 with a parametter v to make Var(yys) ~
Var(E(x1|x2)). Thus, vxs has the appropriate variance for the price of a slight increase
of the quadratic error since

2
E (i —val’) =E (i — xal*) + %E (Etalxe)])
then E ([x1 — vx3]?) = E ([x1 — x3|?) provided that ~ is slightly bigger than 1. This basic
idea is adapted hereafter to adjust the variance of the coarse estimators ™S and w5,
Using the global and local bias control presented above, we established strong con-
straints to make u™*° and 9™°° almost unbiased estimators of U and V respectively
given in (f) and (Snl). It is then possible to use their values to propose an appropriate
adjustment of the variance. For s; < s with s = s, d(sx), the whole idea is based on the
following equality

E (Var,, (0,)) = E (E, ([0, E.©,)]")) =E ([0, ~ E.,(6.)]")

true for any square integrable process © and thus when © = U or when © = V with U
defined in (f) and V defined in (2.13).

For © = U,V we associate §m0S = gmo:S ™0 respectively as fine approximations
7”07 — .
and 6 = w0 WMo respectively as coarse ones. We also set H™0S = B™mo:S (Cmo:S

which are subsequently the regression vector associated to either @™ or w™S. To define
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/™05 inductively, we need to introduce three notations starting with the non-adjusted
(7;’;055 1) conditional variance (& ;’;085 )? (sj < s) given for each couple (6, H) by
1 M| My _""075(Xmo,m1> ?
mo, mo, mo,m m 78 55,8 Sj,s
( sj?s [6) H]) ]\41 Z Qs + 7;7:3 M/ (X ’ 1 HS],OS Z . (39)
mi1=1 mi=1
Fm0sS (xmoma) oo 3+fT’”° iy (X% TS

without

g70.% (X7
an/[ll 1% in (3.9) can be replaced by Zml ! A

changing the value of (7% %,%)%. We introduce also the conditional variance (s; < s)

oms=t 3 [@m“‘"’(Xmo’ml) S ?”°’3<Xm°’ml>r (3.10)
559 M, 2~ sj,8 (s My A~ sjs \sjs
and the average conditional variance (s; < s)
1 & 1 & s :
(T, 50D = My 2=, [9?50’ - Mmlz—l 0.0 (X?f?;ml)] : (3.11)

Because expressions (3.10) and (3.11) are the estimators of E, <[@s — ]Esj(@s)]2> and of

E ([@3 — Esj((%s)f) respectively, it is natural to have asymptotically (as M; — oo and
My — o0) the equality

1 &
(05,0,501)° = 7= D (00°[0])° (3.12)
353 MO — Ve
for both s = s, 0(s).
For 6 = u,w, the estimators —— Z _ _ZZOS (Xo™) and 92%0’5 have negligible bias.

Thus, we can reasonably assume mductlvely that (3.12) is true for s = d(sy). Afterwards,
we choose the appropriate value of ’y;”’“gf that makes amo’ satisfy (3.12) for s = 5. We
have then the following definition.

Definition 3.3. For a discretization set S C S, s; € S, s, € Sﬂ]sj,s_j], 0 = u,w
and H™S = Bmo:S C™moS gssuming by backward induction that 'ymo’ 1s known for all
s =35;,...,0(s) and given a positive tuning value € < 1/3, we set then

mo,S
o 0] _ 5 o5, o [0]
mo,S 55,0(8k) Sk Sj Osj,s;C
Vo = o Lose)—sj<e T 52— L5 msze | - (3.13)
o GreSig ) ( d(sk) — s (sk)—s;< o8 N NG (sk)—s;>

According to (3.13), when d(s;) — s; is small and a fortiori s, — s; is small then the
conditional variance (02085[0])2 has to be linear with respect to time increment s, — s;.
This fact can be justified for diffusions using first order Taylor expansion of ¢(t, 8;) around
¢(t,0), for a standard Brownian motion 8 and a smooth function ¢. Also according to

(3.13), when 0(sg) — s; becomes sufficiently big, the conditional variance (a;’josf [0])? has

N A U I S
the same average decreasing ratio (U;J—kw]> with respect to (a$°5ik)[e])2.
O,Sj,é(sk) ’
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Although Definition 3.3 works well in our simulations, it can be turned into a more
local variance adjustment. In fact, similar to what was proposed for the bias control in
(3.6) and (3.7), for s; < s with s = sy, d(sy), the equality

2
E<Vafsg-(98>1{wr3j (@5<sk>>e[a,b]}> = E<1{Var5j (©@s()clatl}[Os = Esy (65)] )

is true for any localizing interval [a,b]. When M, is sufficiently large, one can sort
{(U:Z?éék)[e])2}1§mog M, to define a family of localizing intervals {[a,, a,11]}4>1 and set

S,q
(0078]’ E 1 o708

s Sk)

1 i
nmo,S 70,8 yrmo,my
Elag,aq+1]} QS’E My esj',s (ij’s ) .

mi=1

Condition (3.12) can be then replaced by its localized version

Mo
1
S7q 2 m ,S 2
(05100 = 37 D Lora elagansn @ 0D (3.14)
mof

If agnoéi,k)[@] € agy, agy+1], for some g, then it makes sense to replace (3.13) by

N[ — s, o5 0]
mo,S 55,0(sk) Sk Sj 0,5;,5%
73-057 ~m. 1(5 s s;<e 165 —s:>e | - 3.15
ok Syos’k [0, H] ( d(sk) — 55 (ow) =5 < P ’quo(s(sk)[ﬁ] (sk) =22 (3.15)

The local variance adjustment (3.15) was not necessary in our simulations. Never-
theless, it is quite remarkable to point out the high flexibility of the multilayer setting
induced by INMC. Thus when M, and M; are sufficiently large, one sees that this dou-
ble layer Monte Carlo makes possible a very fine tracking of both the bias of the first
layer fine estimators (U™0, V™) and the variance of the second layer coarse estimator
(Umo,ml7 Vmo,fm)‘

4 Error estimates for regression with different start-
ing points

After expressing error estimates for both coarse and fine approximations in CMCLDI
(Section 4), we showed in Section 5.4 the importance of using the couple (s,3)ses to cut
the bias propagation. Indeed, it is usual that successive regressions associated to a large
learning depth (the cardinal |[s,5] N S| is large for s € S) induce the accumulation of
significant errors, especially for nonlinear problems. When the standard compromise to
reduce these errors is to choose a coarser set S, our trick shortens the distance |5 — s|
to cut the propagation of these errors without decreasing the precision on §. This trick
could then introduce a new stage of approximation by making s < T for some s € S.

In this section, we present a control on this new stage of approximation used in the
generic example of [2](Section 3.1) extended in Section 2.1 which is adapted to BSDEs
n [2](Section 3.2) and to RBSDEs in Section 2.2. Focusing on the generic example,
equation (2.7) defines " O’S for any s € {sg, s + Ay, ..., 05,(sk) — Ay} using T ()

5k+0s ;(Sk
which is deduced from a regression on X o (S ) instead of a regression on X3! 5ui(s ! 0" Thus

provided that s is sufficiently close to sk we replaced a regressed function obtamed from
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inner trajectories starting at s by a regressed function obtained from inner trajectories
starting at s on the same outer trajectory mgy. We performed a similar approximation

in (2.8) when 5; < T as we defined 7"%° to be equal to EZO’S i.e. we replaced a

u i
5557 (85)55;
regression on X;Z}%ml by a regression on X;" (Z?)I?j- The adaptation of (2.7) yields similar
Sj )
approximations in (2.16) and in [2](3.12) when the adaptation of (2.8) yields similar

approximations in (2.20) and in [2](3.14).

For s; < s < s, we consequently approximate the regressed function EZ}OS‘: (+) resulting
T

form the projection of Z Ft, X9, X)) on X0 by the regressed function

S5t Sj5ti41 85,5k
ti41>8k
T

™05 (+) resulting form the projection of Z f(t, X7 X50™) on XM0™ and vice

55,8 S5t Sitig 858k
ti41>8k
versa. These two approximations are not absurd since one can straightforwardly see, from

the Markov property, that

T
() = B (z F(t, X1, X0

t1>sk

(4.1)

T

I mo,mi1 mo,mi

- E ( E f(tl7X8,tl 7X87tl+1 )
t1>sk

mo,m1 _
Xeg™ = x) .

In the following, we denote ]EZ}_O the conditional expectation knowing the trajectory
(X{")i>s;- When E,; is the usual conditional expectation knowing XST;LU, EZ}O is needed
since the regression basis depends on X™°. In Proposition 4.1, we establish a control on

2 2
Ege ([ﬂ:;?;f<X;",s°,;ml> — ug, (X7 ) and on EJ" ([W&S(ng,:n) — g, (X7 )

using two auxilary processes X and X defined for t; > s by

Xt = Xpo, Xpgmn = Xpom and for ty= s+ Ay, T

_mo’ml I K b

Xt = (B (X, E0TA,), €05, €05 (4.2)
RO = (B (- EXTY™ ET9), £, E10™).

where & is given in (2.3). -
As shown on Figure 5 for t; > s, X. ., is defined using Xpom = X7 and in-

S48t
crements from the process X"}, in contrast to defined using X"%™ and in-
crements from the process X", Proposition 4.1 provides a strong formulation of a

possible compromise between two error terms on the right of each inequality.

Proposition 4.1. For anyt € S, we assume wu; is [ut] Lip-Lipschitz. For s; < s < sy, taking
_ 512
;ng,sk - [usk]Lip + ]EZZLO(|B£§L?51€ d/l)

and K3, = [us,]Lip + \/ET°(|B§?SO,;S|§,1) where | - |4 is the Euclidean norm on R%, then

their values in the discretization set S, we define

VR mmsoem) — un (e ]) < e[ e ™) — u, ()

2
i \/ES ( di)

17

(4.3)

j‘z’mOyml — X ™Moma
S85,8,Sk S,Sk




\,m', lm)
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Figure 5: Regression of Z f, X" XS0 on Xom
li41>sk
D F(t, XTE™ XTI on X with s € {85+ A, sk — A
li41>5k
and

compared to regression of

mo,m1
— ug, (X )
Sj,Sk Sk 5,5k s] Sk

E?ﬁ(’([mﬁxwﬁw

2
Oenr) — ux)] )

(4.4)

)= el
mo,mi1

mof |
ICZ 18,5k ]Esj (‘ij-,s,sk

Xm[)yml
5515k

2)
d

Proof. As we simulate several independent copies of X™0™ (cf. few lines before (2.4)),

. . — . ~-mo,m
we make sure that the approximations u are independent from X"  from X
=-mo,mi

from X™>™ conditionally on X™. Moreover, from definition (4.2), (X

Sj,8,t1

)t,;>s- Then one

" and
)i,>s has the

mo,m1 Y mosm1 mo,m1
same law as (X" ),>s and (X)), >s has the same law as (X[
can write the following
2
2 vmo,
\/E’”O([ TSN — ug (XDR)]) = Emo([ T SRBYE) — u (XEWE) )

(4.5)

™mo mo mo, M1\ _ —mg,S, mo,ml
S E (|: ss;; (XSJ7S Sk) Ug s;i XS 35Sk >
2
mo( [77m0,S( Yy ™M0,M1Y __ mo ml
\/E ([ Us, sy, (XS,Sk- ) usk XS \Sh )
mo mo,m1 mo ml
+ ES <|:u5k(X375k: ) - U’Sk «51167 Sk )
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as well as

m — mo,m mo,m m — ~71Mo0,Mm1 0, 1
Emo umOS(X 05 1)7u (X 0, 1) 2 _ Emo umO’S(Xm m ) U m m
Sj S;jsSk S,k Sk $,5k - Sj Sj,Sk $j,8,8k 9k SJ s ek

mo( |7mo,S( 7y H0. =mg, S mo, ml
S \/Esj ([qu,Sk(XS]‘,S,Sk) us ,Sk XS] Sk

(4.6)
+\/Ezz*0([u;nosf<xz7wl> s (XI5 )
+\/E?;O< [Usk(Xg;LOG;:nl) — Usk :JIOS”:; )
which yield (4.3) and (4.4). O
Remark 4.1. o We introduced notation K3, since KV was already used in [2] to

control the bias term V. Indeed, Proposztzon 4.2 in [2] establishes the following
upper bound on the bias at time sy involving the mean squared error at time §(sy)

B (WS (X [2) < Ky, B ([0, (XT%0) = usen (XIG0)12)

e [n addition to the bias term W, Proposition 4.2 in [2] introduced also a variance
term V and a regression error term R that can be used to decompose each mean
squared error involved in the right side of inequality (4.3) and of inequality (4.4).
For instance, using Proposition 4.2 of [2] we have

Emo([—mg S(Xmg,ml) — g, (Xmo ,m1 )] ) Emo (Vmo S(Xmo m1)>

Sj,Sk Sj,Sk Sj,Sk Sj,Sk Sj,Sk

S5,Sk Sj,Sk Sj,Sk S5,k

B ([R5 (X0 ) 4+ WiosS (X ey )2

which leads to a compromise between (regression error R+ variance V+ bias W)

and IO

Emo W0,ML xrmg,my
2,85,k 8 s],s Sk 85,8k

n (4.4). As the latter term can be made

very small with a continuity argument and fine discretization, we can thus stop the
bias backpropagation by accepting an error that is virtually equal to zero!

Proposition 4.1 requires Lipschitz property of U that is fulfilled if f is Lipschitz. If f
and g are Lipschitz, one can also show Lipschitz property for V' solution of (Snl). It is
then possible to replace U by V', u by v and B by C' in Proposition 4.1. In contrast to U
and V| it is harder to establish Lipschitz property of the solution of a discretized BSDE
with a Z term. Using similar steps to the one presented in [29], Lemma 4.1 shows this
Lipschitz property for the One step forward Dynamic Programming (ODP) scheme

Y;k = ESk <Y5(Sk) + ASkak (Xsw Y;‘S(Sk% ZSIc))
Zy, = Al% E, (Y;F(sk)(Wé(sk) - Wsk>) = \/%—SkEsk (Ya(sk)Ca(sk)>

where f uses the X component and the vector (5(s,) has a normal distribution N (0, Iy, ).
Replacing si by k, As, by Ay and using Markov property (cf [18]) with

{Z/k(l’) = E (Ypt1(Er(, Gog1)) + Ak fre(@, Y1 (Ex(x, Corr)), 21(2)))
ze(z) = ﬁE (Y1 (Ex(, Chg1) ) Cht1) 5

then }A/sk = yp(Xs,) and Zk = 2;(Xs,)-
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Lemma 4.1. Assume that f(t,x,y,2) is [f]Lip-Lipschitz continuous with respect to x, y
and z uniformly int € [0,T], for the particular case f(T,x) we denote by [fr]Li, the Lip-
schitz coefficient. The coefficients b(t, z) and o(t,z) of the Markov process (2.3) are also
assumed Lipschitz continuous in x uniformly with respect to t € [0,T] with Lipschitz coef-
ficients denoted [b| i, and [0]Lip. For a fized value ng > 1, we assume that all increments

Ay are smaller than T /ng and we define C = [f] Ly (1 + {\/dl [flLip + \/T[f szl > + Cho

2ng

with Cy e = [b]Lip + 1[ ]sz, then for every time index k, yy is [yx]Lip-Lipschitz continuous
with
Yk nip < ([ykﬂ]mp ARC 4 A, [f]up> ~

Moreover the functions zy are [2x]Lip-Lipschitz continuous with

1 [Yisi] iy €TV do
Lip

P
[zk]sz \/A_k

If Ay = h is homogeneous with respect to k, we have

[kl < <[fT]LZp + [ﬂ%) LC(T=s1)

and

n [f1Li )
2k < Vi O(fTsz-i— ép)eC(T B gngCbo

Proof. Assume by backward induction that yxi1 iS [yg+1]rip-Lipschitz continuous. For
every z,z' € R4, we have

Ye(z) — yn(7') = E [yrr1 (Ex(2, Ger1)) — Yrr1 (Ex(2, i)
FAE [fi(2, Yk (@, Ger1))s 26(2)) — fr(@', Y1 (Ex(@, Grn)), 21()
FAE [fi@, Y1 (Ex (2, Gor1)), 20(2)) — Ji(@', Y1 (E(@, Crrn)), 20

FAE [fi(2, Yk (Er (@, Gerr))s 20(@)) — Fi(@', yrrr (E(@s Qo)) 2k

~—
—

and, for any random vector ¢ ~ N(0, I,)

a(x) — z(2) = \/1A_k,]E (s (Ek(z, €)) = gra (Er(2', €))]C) - (4.7)

We denote, when the denominator of these expressions are not equal to zero

[fk(xv yk—i—l(gk(*r’ Ck-i-l))a Zk<x>> - fk('rla yk+1(8k(x, Ck-i-l)? Zk('r)ﬂt(x N x/)

jx z =
’ |z —a' |3,
o, - (@ Yr1 (E(, o), 22(2) — fi(@', yra (Ex (2, Gerr), 21 ()]
o Yrer1 (Ee(, Cer1)) — U1 (En(2', Grr))
Lo = (', yrsa (Ex (2 ,Ck+1)| Zkgg)_ z{lz(x) ‘zkﬂ(gk( ', Gr1), zn(@ ))]t(Zk(x) — (@)
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where, for any z,2’ € R4, | 2 |5,= +/(x,z) and (z,2') = ‘zz’. When the denominator is
zero we set these quantities to 0 as well. Then 7, ,., K., and L, , are o((g+1)-measurable
random vectors bounded by |[f]L;, and

() = (') = E [ (Ex(@, G1)) = e (Ex(a’s o)) (1 + Ak )]
T A (B (L), 24(2) — 2(@) + AE[To ] (@ - ).

Note that
(E(Lea), Zk(l’)—zk@/» =E |Yer1 (&, Goy1)) — yk+1(5k(33,> Crr1)(E (Lzer), Ck+1/\/xk>}

so that

Ye(2) — yr(@) = E[ (Yrg1 (En(@, Gt1)) — Yot1 (Er (@', Gog1))) (1 + ApKp o + VALE ), Grr1))]
+ AkE [jz,x’](x - xl)'

Consequently, using Cauchy-Schwartz inequality for the first term on the right hand
side of the above decomposition and |J; .| < [f]Lip for the second,

|yk($) - yk(‘xl” < Hyk-i-l(gk(xagk-ﬁ-l)) Yk+1 (gk Ck-l—l H Hl + Aklcl o T r w x’ Ck—i—l H2
+ Ag[flLip |2 — 2" g -

By elementary computations already carried out in [5, 29|, one classically has for the
Euler scheme with step Ay,

Y1 (Ex(, Ger)) = Yrerr (Ex(@”, Ger) ||y < [Wr]nin|[ €6 (2, Grr) — En(, G |
< Wit Liple — 2']a, (1 + Cb,UAk)

with Cy o = [b]Lip + 3[0]7,,- On the other hand

E“ + AkK:w,w’ + V Ak( x,x’ aCk+l ‘ =1 + AQEK'Q + AkE|£I x! |2|Ck+1|2 + 2AkE(Kz,;E’)
+2¢/A ), ECry1) +2A “E Koo (B (Law); Cer)]

=0
<1+ Al upds + A4 + 287 (113 d1 + 28kl
<14+ 28k f]LipCrar,1

where we used E|(;|? = d; in the first inequality and for fixed ny > 1 given A, < T'/ng

we set Cy g, = (1 + {\/dl Urip \/ f]“p] ) Thus, we obtain

H I+ Aklcz,a:’ + v AkGE (Cx,ac’)a <k+1> ||2 <1+ [f]LipCf,thAk‘

Plugging these in the above upper bound yields

| ye() — yr(a’) | < [yk+1]Lip<(]- + [MipCrar k) (1 + CroAr) + Ak[f]Lz’ya) |z — 2" g,
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l.e.
(k] Lip < [yk+l]Lip((1 + [fripClray i) (1 + Ob,aAk)) + AilflLip

< <[yk+1]up e2C + A [f]Lip)
with
C = [fleiCrar + Chpo-

As for the z term, using Lipschitz property of y,,; and Cauchy-Schwarz’s inequality
then E|(; > = di and ||Ex(z, Gyr) — Er(2, C’Hl)Hz <o — @'|g, (14 ChpAy) we get

dy

. [yk-l-l]LiP ZE [(Ex(z, Gha1) — Ex(z, Ck+1))]2E [C}iﬂf

| 2e(2) — 2(2) [a<
k

5

<

[yk-i-l]Lip V dy et e |z —a" g, -

5

k

Thus, 2z is Lipschitz continuous with coefficient [z] Lip Satistying

1
[Zk]Lip g — [yk"‘l]Lip eAka,a,T /dl-

VAL

Assuming homogeneous time increment A, = h = T/n with n < 2F) then for k < n
we have

eCkh [yk]Lz‘p < [yk+1]Lip eClk+Dh  Ckh [f]Lip h.

which yields

n—1
eCkh [yk]Lip < [fT] Lip eonh + [f]LiP h Z eClh
=k

or cCT _ Chh

< [fT]LZ‘pe +[f]szh eCh _ 1

oCT

< el e + Ly heCh 1

< Ll iy et + i e“t/C.
Finally we have

[yk]Lip < [fT]Lip GC(T—Sk) + [f]Lip 6C(T—Sk)/c’ (48)
and
1 [f]up)ec(T_sk—h)ehcb,g /d,.

[Zk]Lip < ﬁ([fT]Lip + C
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5 Some numerical results

In this section we test the presented conditional MC learning procedure on American
option and risk measure. All simulations are run on a laptop that has an Intel i7-7700HQ
CPU and a single GeForce GTX 1060 GPU programmed with the CUDA/C application
programming interface. We refer the reader to [31] for an introduction to CUDA pro-
gramming. Like in [2], we used the code of the contribution [3] in order to perform the
batch parallel regressions induced by the proposed INMC simulation combined with local
regressions. The very competitive execution times that we present hereafter are possi-
ble not only because of the GPU use but also due to the adaptation of parallelization
strategies presented in [3].

5.1 American geometric put option

Given the (Snl) setting of Section 2.2 with a driver f = 0, we consider an American
geometric put option with constant interest rate r and a payoft

di +
9(x) = [K - H(xi)”‘h]

i=1

(5.1)

with an asset X given by X! = X' exp (('r - %2)(15 —8)+a(W} — W;)), t>s,1<i<d,
r=log(1.1), c = 0.4, K = X} = 100 and d; = 20.

Table 1: Numerical simulations for American option (5.1) simulated formula, [BC] bias
control [VA] variance adjustment: d; = 20, My = 2'', M, = 212,

L=2 L=3 L=4
(T=05)| (T=1) (T =2)

[VA] 2.561 4.236 6.363
(s=T) (£ 0.035) | (£ 0.042) | (& 0.054)

[BC] 2.493 3.734 5.130
(s=(s+1/4)ANT) | (£0.041) | (£ 0.061) | (£ 0.089)

[VA] + [BC] 2.291 2.890 3.961
(s=(s+1/4) ANT) | (£ 0.035) | (£ 0.037) | (£ 0.055)

Real Price 2.153 2.871 3.754

We approximate the price Vj associated to payoff (5.1). We choose the dimension d; = 20
to make sure that the variance of g(X) is sufficiently large. We point out however that it
works well for d; = 100. In Table 1 we show the price of an American geometric put option,
calculated by simulated expression V", for different maturities. Indeed, V{**™ provides
almost the same values. From top to bottom we have: a variance adjustment [VA], a bias
control [BC] and a combination of [BC] and [VA]. We show that the simulated expression
with a combination of [BC] and [VA] gives a good approximation of the price even for long
maturity 7' = 2. One can strengthen the bias control on a finer discretization time grid S
but this will increase further the complexity. In Table 1 [VA] 4 [BC], we choose a standard
time discretization for the approximation of American options with s = (s+1/4) AT and
we show that the variance adjustment is needed for better approximation of the conditional
expectation of scenarios close to the exercise frontier.
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Moy —rAs77m0,S

Figure 6 shows the difference between two approximations Mio Em0:1 e~ ()50 and
Mio Zﬂfg:l(@?gs) of the same quantity with respect to the time discretization. For s €

S =10, %, %, %, %, g, g, %, 1}, we implement on the left the conditional MC procedure using

s = T. On the right, we implement the conditional MC procedure controling the bias
with 5 = (s + Zl;) AT. We show that the control allows to reduce the bias propagation.
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Figure 6: Miozmgzle (3(s) )06(2)’@ Vs. MLOngzl(ws,g ); [Left] s = T [Right] 5 =

(s+2) AT: dy =20, My =2", M; =2" T=1and L =3.
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Figure 7: Numerical approximation of the price Vy: dy = 20, My =2 T =1, L = 3.
Figure 7 shows the approximation of the American geometric put option, calculated by
learned and simulated expression, with respect to the number of inner trajectories for

different maturities. Both expressions converge to the benchmark value for 2° outer
trajectories and 2'2 inner trajectories in 3 seconds.
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5.2 Initial Margin

We consider a portfolio of one hundred put options, the price Uy, of the portfolio at time
step sy is given by

d
U, = i: e~ TR ([K — X3] +) (5.2)

=0

with an asset X given by X! = X' exp ((T - %2)(75 —8)+o(W} — W;)), t>s,1<1<dy,
with r the interest rate, K the strike and T" the maturity.

We calculate the Initial Margin (IM) of this portfolio that is an amount posted by the
counterparty (or the bank) to overcome the loss of the portfolio during the liquidation
period after a default. IM is formalized here as follows

IM;, = ES{ (L, s(s0)) (5.3)

where the loss of the portfolio at time s over a period Ay, is denoted Ly, 5(s,) and is
defined here by

Lsy s(s) = Us(sy) — Usy.s

and the expected shortfall ES of level a is defined at time s; for any random variable Y
by
1

ES; (V) = m/ VaR§ (Y)da.

The value-at-risk VaR*(Y") of level a of some random variable Y conditionally to Fj, is

defined by
VaRS (V) =inflz e R: P(Y <2 | Fy,) > a}.

We considered the following parameters: T = 1, d; = 100, K = X} = 100, r = 0.01,
a=99% and A,, = 3% For each s, € § = {31—2;1 =0,.., 32}, we simulate Us, using @OTS
and we simulate Uy, using EZZ?L;‘:JFAS]C( Z:?;;EA%

IM is obtained using Black & Scholes formula for put options.

). A benchmark approximation of the

Figue 8 shows few distributions of the loss process. From top to bottom we show different
time steps s, € g—g, %, 3%} On the left, we perform the procedure without variance
adjustment and on the right we perform the variance adjustment. We show that the
variance adjustment is necessary to fit the benchmark distribution of the loss process.
Figure 9 shows the initial margin distribution. From top to bottom we show different time
steps si € {g—g, ;—g, 3%} The tail distribution of the loss process is very well approximated
and provides a fairly good representation of the distribution of IM.

Figure 10 shows the mean of IM with respect to the time horizon of the portfolio at the
top and the L2 relative error at the bottom. The relative error is sufficiently small as it

is generally less than 8% and does not exceed 11%.
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Figure 9: Numerical approximation of IM, distribution: [top to bottom] s €

M0:28,M1:28X5.
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