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INTRODUCTION

The development of Li-ion batteries has had a transformative impact on our society, which was formally recognized with the award of the 2019 Nobel Prize in Chemistry to scientists who played a key role in unlocking this technology. [START_REF] Stephan | The Age of Li-Ion Batteries[END_REF] Li-ion batteries have been found to have the highest energy density among all viable rechargeable battery technologies developed to date, [START_REF] Palacín | Why do batteries fail?[END_REF] resulting in the widespread adoption of hybrid electric vehicles and plug-in electric vehicles, as well as the stated goal of some countries to fully transitioning to electric vehicles over the next decade or so. [START_REF] Crabtree | The coming electric vehicle transformation[END_REF] However, there are some concerns about the availability of sufficient Li for the universal implementation of Li-ion batteries in the automotive sector, and as a result, there have been vigorous efforts to develop alternative Na-ion battery technologies in which the slightly lower energy densities are counterbalanced by the greater abundance and lower cost of Na ions. [START_REF] Bianchini | Comprehensive Investigation of the Na3V2(PO4)2F3-NaV2(PO4)2F3 System by Operando High Resolution Synchrotron X-ray Diffraction[END_REF] One promising Na-ion cathode materials developed in recent years is Na3V2(PO4)2F3 (NVPF), which has a large theoretical capacity (~256 mAh/g based on the exchange of four Na ions, although ~128 mAh/g (2 Na) are easily achievable and ~192 mAh/g (3 Na) can be achieved with wide voltage windows and custom cycling protocols), a high average discharge voltage and outstanding rate capability [START_REF] Bianchini | Comprehensive Investigation of the Na3V2(PO4)2F3-NaV2(PO4)2F3 System by Operando High Resolution Synchrotron X-ray Diffraction[END_REF][START_REF] Gover | The electrochemical insertion properties of sodium vanadium fluorophosphate, Na3V2(PO4)2F3[END_REF][START_REF] Shakoor | A combined first principles and experimental study on Na3V2(PO4)2F3 for rechargeable Na batteries[END_REF][START_REF] Bianchini | Additional Sodium Insertion into Polyanionic Cathodes for Higher-Energy Na-Ion Batteries[END_REF][START_REF] Yan | The Na3V2(PO4)2F3/Carbon Na-Ion Battery: Its Performance Understanding as Deduced from Differential Voltage Analysis[END_REF][START_REF] Yan | Higher energy and safer sodium ion batteries via an electrochemically made disordered Na3V2(PO4)2F3 material[END_REF][START_REF] Broux | High Rate Performance for Carbon-Coated Na3V2(PO4)2F3 in Na-Ion Batteries[END_REF][START_REF] Ponrouch | Towards high energy density sodium ion batteries through electrolyte optimization[END_REF] . Based on the analysis of variable-temperature synchrotron diffraction data, three structural polymorphs of NVPF have been identified. Above 395 K, the structure was determined to be tetragonal (space group I4/mmm, #139) with unit cell dimensions of a = b = 6.39271(3) Å and c = 10.75589 (6) Å with a volume of 439.558(3) Å [START_REF] Crabtree | The coming electric vehicle transformation[END_REF] . On cooling to room temperature, the symmetry is lowered to orthorhombic (space group Amam, #63) with lattice parameters of a = 2 9.02847(3) Å, b = 9.04444(3) Å and c = 10.74666(6) Å, as well as a doubled unit cell volume of 877.544(6) Å [START_REF] Crabtree | The coming electric vehicle transformation[END_REF] . [START_REF] Bianchini | Na3V2(PO4)2F3 Revisited: A High-Resolution Diffraction Study[END_REF] The low-temperature structure of this phase (seen below 250 K) could not be determined in previous studies, though prior indexing studies indicated the likely presence of a supercell 3X larger in volume than the room temperature structure resulting from the tripling of the b-axis of that unit cell, as is summarized in Table 1. [START_REF] Bianchini | In situ diffraction studies of electrode materials for Li-ion and Na-ion batteries[END_REF] The room temperature (RT) structure of NVPF shares a common framework with the high-temperature (HT) structure of this phase. This framework is comprised of building blocks of VO4F2 octahedral dimers (with the F anions located at apical sites) and PO4 tetrahedra, as illustrated in Figure 1. The primary difference between the HT tetragonal and the RT orthorhombic structure is the arrangement of Na ions, whose crystallographic sites are distributed about the VO4F2 octahedra with 4-fold rotational symmetry in the HT structure and with mirror symmetry in the RT structure when viewed along the (pseudo)tetragonal axis. Both the HT and RT structures contain partially occupied Na crystallographic sites, and the structure distortion associated with the HT->RT transition is driven by the partial localization of Na ions on cooling, leading to the breaking of the tetragonal symmetry. The close relationship between the RT and LT structures suggests that the RT->LT structure transition is also driven by the localization of Na ions on cooling. In the previously reported RT-NVPF structure, the Na1 site is fully occupied while the Na2 and Na3 sites are about 2/3 and 1/3 occupied, respectively. The fact that the preliminary indexing studies show a tripling of the unit cell volume on cooling across the RT->LT transition strongly suggests that this transition is driven by the complete localization of Na ions that were distributed across Na2 and the Na3 sites in the RT structure. It is therefore expected that understanding the nature of the ordering of Na ions will be critical to solving the LT structure. This knowledge is required to understanding the crystal chemical interactions that drive the twophase transitions and to understanding the preferred local coordination environments of Na ions that control the mobility of Na ions within this structure at all temperatures.

Despite the importance of knowing the LT-NVPF structure, its determination is an exceptionally difficult challenge that cannot readily be accomplished using conventional tools for the structural analysis of powder diffraction data. Density functional theory (DFT) studies have previously suggested that the ordering of Na ions can occur within the boundaries of the RT-NVPF unit cell. [START_REF] Dacek | Structure and Dynamics of Fluorophosphate Na-Ion Battery Cathodes[END_REF] However, the DFT structure is not consistent with preliminary indexing studies carried out using high-resolution synchrotron powder diffraction data that strongly suggest that the LT phase has a C-centered orthorhombic cell with a volume 3x larger than the RT structure. [START_REF] Bianchini | In situ diffraction studies of electrode materials for Li-ion and Na-ion batteries[END_REF] Although the indexing result is robust, the small magnitude of the distortions causes the superstructure reflections to be ~100X weaker than the subcell reflections and for this reason does not allow clear discrimination between the 22 possible space group assignments consistent with the choice of a C-centered orthorhombic cell. Also, the 1:3 volume relationship between the LT and RT polymorphs suggests that the LT structure does not belong to a maximal subgroup of the RT structure and thus cannot be trivially deduced. All these challenges are further magnified by the large size of the LT cell (contains 216 atoms in a large volume of ~2600 Å 3 ) and the fact that each atomic site will be nearly but not exactly symmetrically equivalent to other closely related sites.

For these reasons, we have chosen to take a novel materials genomic approach to structure solution in which a multitude of trial structures based on all plausible orderings of Na ions are explicitly enumerated and then individually tested against the experimental powder diffraction through automated Rietveld refinement. While enumeration methods are regularly combined with first principles DFT methods to identify the lowest energy structural polymorph associated with the ordering of chemical species in systems with many plausible configurations, [START_REF] Dacek | Structure and Dynamics of Fluorophosphate Na-Ion Battery Cathodes[END_REF] to the best of our knowledge experimental powder diffraction data has never been utilized as the primary metric to assess the validity of large sets of trial configurations generated using modern enumeration methods [START_REF] Hart | Generating derivative structures from multilattices: Algorithm and application to hcp alloys[END_REF][START_REF] Hart | Generating derivative structures at a fixed concentration[END_REF] though we do note one instance where powder diffraction data were used to pre-screen DFT energy minimization trials. [START_REF] Meredig | A hybrid computational-experimental approach for automated crystal structure solution[END_REF] Using this novel approach, a number of closely related structural models capable of reproducing the experimental observed powder diffraction patterns were obtained. This necessitated further efforts to identify the most correct structural model, and a combination of structural and density-functional theory analyses were used to suggest an optimal model for the low-temperature structure of Na3V2(PO4)2F3, providing the first structural model capable of completely describing its experimentally observed supercell.

EXPERIMENTAL SECTION

Na3V2(PO4)2F3 was synthesized as described in previous publications. [START_REF] Bianchini | Na3V2(PO4)2F3 Revisited: A High-Resolution Diffraction Study[END_REF] Samples were enclosed in borosilicate capillaries (0.7 -1.0 mm in diameter). Synchrotron X-ray powder diffraction patterns were measured at the MSPD beamline of the ALBA Synchrotron (Barcelona) [START_REF] Fauth | The new Material Science Powder Diffraction beamline at ALBA Synchrotron[END_REF] utilizing the high-angular mode of the station (13 channel Si 111 multi-analyzer setup) where data are collected in the Debye-Scherrer geometry over a 2θ angular range of 2° -50° at a wavelength of 0.62003 Å. Temperature control was provided by a Cryostream Plus nitrogen blower from Oxford Cryosytems. Both the Jana2006 and TOPAS software packages were used to identify symmetry and systematic absences in the 100 K XRD pattern of LT-NVPF.

Trial structural generation and analysis was carried out using pymatgen, the open source Python library for implementing and manipulating crystal structures developed by the Materials Project. [START_REF] Ong | Python Materials Genomics (pymatgen): A robust, open-source python library for materials analysis[END_REF] Structure enumeration was performed using a pymatgen interface to the external enumlib library, [START_REF] Hart | Generating derivative structures at a fixed concentration[END_REF][START_REF] Hart | Algorithm for generating derivative structures[END_REF] with a different atom type used as a placeholder to denote each choice for a local environment for later substitution. Pawley and Rietveld fits of all enumerated trial structures for the 100 K data were performed using a custom-built Python interface to the command line implementation of the TOPAS software (v6). [START_REF] Coelho | TOPAS and TOPAS-Academic: an optimization program integrating computer algebra and crystallographic objects written in C++[END_REF] Additional custom Python scripts were used to automatically generate TOPAS input files for each trial structure and to extract refined parameter values from output files.

Rietveld refinements of trial structures investigating their ability to reproduce the 100 K diffraction data were performed using two refinement strategies, one static and one dynamic. In the static one, the atomic coordinates returned by the enumeration were not allowed to vary from their initial position, while in the dynamic one, all atomic positions were freely refined within the crystallographic constraints of the space group symmetry of each trial structure resulting from enumeration. In all refinements, isotropic atomic displacement parameters (ADPs) were allowed to vary but were constrained to be equal for all sites containing a given elemental type.

In order to maximize the sensitivity to structural features, care was taken to optimize the fitting of the experimental diffraction data. Lattice parameters were refined along with the inclusion of a 2 zero error correction. Peak shapes were modeled with pseudo-Voigt shapes with an additional exponential convolution to fit their asymmetry. Different breadths were used to model subcell (k = 3n when the b-axis was tripled with regard to that of the RT structure) and supercell reflections following a complex aphysical model (sample input file included as Supporting Information) whose goal was to optimize peak shape predictions. It is expected that the HKL-dependent broadening was due to different coherence lengths of subcell and supercell peaks while the asymmetry was due to strain gradients.

Density functional theory (DFT) as implemented in the Vienna Ab Initio Simulation Package (VASP) was used to carry out structure relaxation. [START_REF] Kresse | Efficiency of ab-initio total energy calculations for metals and semiconductors using a plane-wave basis set[END_REF][START_REF] Kresse | Efficient iterative schemes for ab initio total-energy calculations using a plane-wave basis set[END_REF] Exchange-correlation effects on the electron density were accounted for using the Perdew-Burke-Emzerhof functional. [START_REF] Perdew | Generalized gradient approximation made simple[END_REF] The recommended "Na_pv", "V_pv", "P", "O", and "F" pseudopotentials distributed in VASP were employed for all calculations. In addition, corrections for the Hubbard U were implemented for vanadium (U = 3.25 eV) using the standard Materials Project values as documented and implemented in the pymatgen VASP input sets. [START_REF] Ong | Python Materials Genomics (pymatgen): A robust, open-source python library for materials analysis[END_REF] An energy cutoff of 520 eV and an automatically generated, -centered k-point mesh with a reciprocal density of 64 k-points per Å -3 were used, as implemented in the base structure optimization workflow defined in the atomate package. [START_REF] Mathew | Atomate: A high-level interface to generate, execute, and analyze computational materials science workflows[END_REF] Symmetry constraints were explicitly turned off during the structure relaxation process. Atomic displacement parameters were computed using the phonopy package [START_REF] Togo | First principles phonon calculations in materials science[END_REF] following the methodology described by Grosse-Kunstleve and Adams. [START_REF] Grosse-Kunstleve | On the handling of atomic anisotropic displacement parameters[END_REF] Second order interatomic force constants were calculated from finite displacements in a 1x1x2 supercell of the 108 atom primitive cell. Forces were obtained using the PBE exchange correlation functional using a tight energy convergence criterion of 10 -6 eV and a single k-point at .

RESULTS

Of the three known polymorphs of Na3V2(PO4)2F3, an important battery cathode previously investigated through synchrotron powder diffraction studies, only the structure of the low-temperature polymorph (LT-NVPF) remains unknown. Unlike the RT and HT polymorphs, the LT structure is expected to have fully ordered (and thus fully occupied) Na sites and will provide clear insights into the local coordination environments that are largely responsible for determining the activation energies for Na ion motion. Although the quality of powder diffraction data for the LT phase was comparable to that of the RT and HT polymorphs, previous attempts at structure solution were unsuccessful primarily due to the difficulty of determining the space group symmetry of this phase, a consequence of the large volume of its unit cell and the very weak intensities of the superstructure peaks associated with the presumed Na ion ordering (Figure 2). Other than the expected contraction due to cooling, the LT diffraction pattern is virtually indistinguishable from the RT pattern until viewed at a high magnification to resolve the very weak superstructure peaks. Enumeration Strategy. Since conventional methods of structure solution did not give the structure of LT-NVPF, we chose to pursue a novel route for structure solution based on a materials genomics approach. For this, we explicitly enumerated and tested all plausible orderings of Na ions in the RT-NVPF compatible with two constraints. The first is a unit cell where the b-axis of the RT cell is tripled (Table 1), as suggested by the preliminary indexing of the LT-NVPF diffraction data of Figure 2. Although a centered lattice was suggested by preliminary indexing, we did not enforce this constraint due to the inability to make definitive conclusions based on the weak superstructure peaks. The second is the presence of three different ordering motifs, as suggested by the 2:1 ratio of disordered Na site occupancies in the RT structure. There are three types of Na crystallographic sites in the room temperature structure of NVPF, with a cluster of neighboring Na positions shown on the left side of Figure 3. The Na1 (4c) atomic site is fully occupied and is well-separated from the other Na sites and was therefore judged to be essentially unaffected by the RT->LT structural transition. In contrast, there are two pairs of Na2 and Na3 sites in the cluster. The Na2 (8f) and Na3 (8f) sites are partially occupied with experimentally determined fractional occupancies that are about 2/3 and 1/3, respectively, and have a summed occupancy in the cluster that is double that of the Na1 site when accounting for their higher multiplicity. Since the Na2 and Na3 sites are separated from each other by only 0.90 Å (a distance much less than the diameter of Na ions) it is impossible for both sites in a pair to be simultaneously occupied. It is therefore expected that the RT->LT structural transition is driven by Na cations ordering in a pattern that results in each Na2-and Na3-derived site being either fully occupied or completely empty.

Both the preliminary indexing results for the LT structure (in which the cell volume triples) and the refined site occupancies (which can be described as fractions with a denominator of 3) suggest that there are three different types of structural motifs that can result from the ordering of Na atoms. Based on the ratio of site occupancies between the Na2 and Na3 site (2:1 ratio), it was hypothesized that the three motifs occur in equal proportions and have occupancy patterns of (A) Na2 / Na2, (B) Na2 / Na3, or (C) Na3 / Na2, where the first and second label indicate the atomic site that is occupied on the left and right side of the cluster, respectively, as illustrated in Figure 3. An occupancy pattern of Na3 / Na3 is chemically implausible due to the very short distance (2.8 Å) between Na ions in this pair.

Even under the constraining assumption that the LT-NVPF structure can be described as an ordering pattern of these three structural motifs, there are an immense number of possible configurations due to the large unit cell size. Within the tripled cell volume, there are 3 [START_REF] Bianchini | Na3V2(PO4)2F3 Revisited: A High-Resolution Diffraction Study[END_REF] = 531,441 possible permutations of sodium orderings. However, the use of symmetry-aware software which can identify and eliminate duplicate structures which are symmetry equivalents [START_REF] Hart | Generating derivative structures at a fixed concentration[END_REF][START_REF] Hart | Algorithm for generating derivative structures[END_REF] allowed the identification of a more tractable subset of 2,940 unique orderings. The significant challenge of investigating all of these trial structures was made possible through the development of automated scripts for highthroughput Rietveld refinement and the use of the powerful TOPAS software package for Rietveld refinement which enabled the rapid convergence of refinements for each trial structure and allowed all refinements to be carried out in ~55 h on a laptop personal computer.

Rietveld Evaluation of Trial Structures. While enumeration methods have commonly been applied to generate trial structures for problems associated with density functional the-ory (DFT) such as the use of cluster expansion methods to understand the local configurations within structures with site disorder, [START_REF] Gautam | The Intercalation Phase Diagram of Mg in V2O5 from First-Principles[END_REF][START_REF] Hinuma | Phase transitions in the LiNi0.5Mn0.5O2 system with temperature[END_REF][START_REF] Huang | Finding and proving the exact ground state of a generalized Ising model by convex optimization and MAX-SAT[END_REF][START_REF] Urban | Computational understanding of Li-ion batteries[END_REF][START_REF] Van Der Ven | Firstprinciples theory of ionic diffusion with nondilute carriers[END_REF] they have not to the best of our knowledge been previously applied to purely experimental structure solution and refinement problems. There is a close analogy between DFT and structure solution problems in that they both are designed to minimize a single parameterenergy in the case of DFT and Rwp in the case of structure refinements. However, diffraction experiments have the additional challenge of working with data with experimental uncertaintiesthe structure with the lowest Rwp need not be the most correct structure due to effects of these errors as well as to the different number of refinement parameters associated with different trial structures.

A schematic illustration of the present structure solution problem is given in Figure 4. The enumeration process will provide many trial structures which reside on a complex landscape of Rwp values obtained with respect to the experimental data. Each trial structure can then be improved through the process of Rietveld refinement in which the coordinates of atomic sites are optimized, driving the structure to the vicinity of either a local or a global minimum in Rwp after the optimization process converges. The number of potentially accessible local minima and the ability to find the global minimum will depend on the complexity of the system, the capabilities of the optimization algorithm, and the diversity and reasonableness of the starting trial structures. In order to get a sense for the energy landscape associated with the LT-NVPF structure, structure refinements were carried out in two ways. First, refinements were carried out with atomic coordinates fixed to the initial values returned through the enumeration process (Figure 5a). Second, refinements were carried out with the atomic coordinates of all crystallographic sites freely refined within symmetry constraints (Figure 5b) associated with the initial trial structure. For these plots, the small subset of enumerated structures having an A-centered lattice (18 structures, further details in Figure S1) is indicated with red symbols. A summary of the enumeration and refinement results organized by space group is provided in Table 2.

With fixed atomic coordinates, the fits using the as-returned enumerated structures vary nearly continuously across a wide range of Rwp values ranging from about 11 to 15% with three very broad peaks in this distribution (Figure S2). Enumerated structures with an A-centered lattice were responsible for some of the best fits, supporting the validity of this assignment from the preliminary indexing studies. However, there was no single best structure that was clearly superior to all others.

Upon refinement of atomic coordinates, the distribution of Rwp values across the 2,940 trial structures resulted in most of the structures being organized into about half a dozen narrow bands that presumably reflect key minima, as previously suggested in Figure 4. Surprisingly, most (~2,500) trial structures after optimization were found to reside in a sharp band at a Rwp value of about 9.5% that appears to correspond to the global minimum. This indicates that the biggest challenge is not finding the one structural model that effectively fits the diffraction data but instead discriminating between many refined structures that can effectively fit the data in order to determine which one space group symmetry best describes the LT-NVPF structure. Identification of Optimal Symmetry. The 2,940 trial structures identified through enumeration all belong to one of ten possible space groups, as listed in Table 2. We have chosen to use non-standard space group settings to describe these com-pounds in order to permit a common orientation of cell axis relative to the RT structure (which itself has been described in the non-standard setting Amam of space group #63 to preserve the c-axis alignment with the HT tetragonal structure). This enables the relationship between common symmetry elements to be better illustrated. These ten space groups are either monoclinic with the c-axis unique or orthorhombic, and in either case can be primitive or A-centered. The enumerated structures are predominantly monoclinic (2,800), with the vast majority of these (2,716) belonging to the minimal symmetry space group P11m which has only mirror planes in the Na ion layers. A total of 140 orthorhombic structures were identified. Only 18 structures have the centered lattice suggested by indexing studies with 6 of these in the monoclinic space group A11m, 6 in the monoclinic space group A112/m, and 6 in the orthorhombic space group A21am (remembering that the C-centered lattice from indexing can be trivially transformed to an A-centered lattice).

The ten space groups in Table 1 are organized in groups based on the number of refined parameters for their crystallographic sites (fractional coordinates x, y, and z) that were optimized during refinement. The highest symmetry structures have 86 or 87 parameters, the second tier of compounds has double that, and the last tier (P11m) has quadruple that. While the best fits to the experimental data (as judged by Rwp values) were obtained using the lowest symmetry structures, this does not directly indicate the correctness of structures since those refinements had more free parameters. The most promising space group instead is A21am, which achieves excellent fits to the data with a minimal number of parameters. The three best fitting A21am trial structures (#867, Rwp = 9.52; #1860, Rwp = 9.60; #2179, Rwp = 9.61) all fall in the lowest bands of Figure 5b and Figure S2 and are near the minimum Rwp value achieved across all trial structures (#840, Rwp = 9.29) which belonged to space group P21nm.

Further assessments of the relative merits of the ten space group choices can be made by comparing the symmetry elements present within each space group (Table 2) and their effect on fit quality. The five space groups containing inversion symmetry (-1) give the worst fits to experimental data as judged by their mean Rwp values, strongly indicating the absence of inversion symmetry in the true structure. An examination of the remaining symmetries indicates that the best fits (Rwp ≤ 9.33) all contain a subset of the symmetry elements present in space group A21am and further support the choice of this space group.

Curiously, trial structures with A11m symmetry gave worse fits to the data than the optimal A21am structure despite A11m being a subgroup of A21am and thus having only a subset of the A21am symmetry constraints. We attribute this to these refinements universally getting stuck in local minima. This likely occurs because the enumerated Am structures necessarily contain features which violate A21am symmetry, and because the six trial structures had insufficient structural diversity to relax to the global minimum during refinements. This hypothesis was explicitly tested by taking the optimal enumerated A21am structure and then relaxing the symmetry down to A11m prior to the start of Rietveld refinement. When this was done, the refinement in A11m gave a low Rwp of 9.54 whose fit quality is indistinguishable from that obtained in A21am.

Further assessments of the relative merits of different space group symmetries can be obtained by visually examining the quality of the fit obtained using the best trial structure within each space group, as is shown on a log scale in Figure 6. The trial structures for space groups Pnam and Pnnm miss one or two of the largest supercell peaks and are clearly incorrect. The best trial structure for the presumed space group of A21am does not miss any of the three clearly resolved supercell peaks in this region, and additionally, does not predict intensity where no peaks are present in the data. The best fitting trial structures from the remaining space groups all predict some intensity in regions where there are no clear peaks in the experimental diffraction data as well as predicting a large number of peaks with negligible intensity. As such, the data support the space group of A21am as the optimal choice. A last experimental check of the suitability of the A21am space group is the direct comparison of the best fit structure in this higher symmetry space group to the global best fit across all structures, which occurred in the lower symmetry space group P21nm. This comparison is shown in Figure 7 on a log scale in a region where the superstructure peaks can be most readily discerned. The space group P21nm provides no discernable advantages in predicting experimentally observed peaks which are forbidden in A21am, nor does this space group have a smaller number of predicted peaks which are experimentally absent. The main advantage of P21nm over A21am appears to be in a slightly improved quality of fit to the experimental peak intensitiesbehavior that can be attributed to overparameterization of the refinement. An examination across the entire range of the fit of the LT-NVPF diffraction data to the refined A21am structural model (Figure S3, with data provided as Supporting online information) shows that the intensities of the hundreds of clearly resolvable diffraction peaks in this pattern can be fit with only minor intensity errors. As such, the optimal A21am structural model must closely match the true NVPF structure.

As a complement to the experimental tests of symmetry, the suitability of the A21am space group symmetry was also assessed through DFT methods which were utilized to relax the best experimentally determined A21am structure without applying any symmetry constraints (P1 symmetry). If the proposed A21am space group symmetry is too high, the DFT energy optimization should result in relaxation to a lower symmetry space group. This did not occur during testing, and the DFTrelaxed structure was still best described by the A21am space group. As shown in Figure 8, a direct comparison of the experimentally refined structure (top) and the DFT-relaxed structure (center) shows no significant differences, again supporting the assignment of A21am symmetry for LT-NVPF.

One curious aspect of the RT->LT structural transition of NVPF is that the unit cell volume triples as a result of this transition despite the absence of order 3 symmetry elements in the parent RT structure (Amam symmetry). An examination of the optimal A21am structure model in Figures 8 andS4 shows how this tripling develops. The Na atoms corresponding to the Na2 and Na3 sites in the RT structure align between vanadium octahedra in pairs with large (L), medium (M), or small (S) separations between the ions, and repeat in the pattern LMS moving along the central row of this structure as indicated by the red, blue, and green arrows, respectively, of Figure 8. It should be noted that this same type of sequence is generally observed for optimized trial structures that fall in the band with the lowest Rwp (Figure S5), though in a manner that is potentially changed by an origin shift, by axis permutations, or by the application of symmetry elements present in the structure, making it challenging to directly compare different trial structures. The robust observation of local bonding changes that drive the tripling of the b-axis in the original Amam cell even in lower symmetry trial refinements strongly supports the assignment of A21am symmetry.

Analysis of A21am LT-NVPF structure. Details of the data collection are provided in Table 3, while crystallographic site information is provided in Table 4. Additionally, CIF files are provided as Supporting Information for the experimental structure, the DFT-relaxed structure, and a rescaled version of the DFT-relaxed structure which was isotropically expanded to have the same volume as the experimental cell. A comparison of key bond distances in these three structures is provided in Table 5. The experimentally refined LT-NVPF structure is All sites were refined with Biso values (in Å 2 ) constrained to be equal for all sites for a given element, with refined values of Na: 0.60(3), V: 0.068(1), P: 0.093(2), O: 0.00(3), and F: 0.15 (4). These values are uniformly low due to the absence of a correction for absorption and are generally lower by ~0.65 than the average Beq values obtained from DFT calculations: Na: 1.33, V: 0.50, P: 0.52, O: 0.85, F: 0.88. The full DFT results are provided as Supporting Information in the form of a CIF file. remarkable in its complexity in that it contains 33 unique crystallographic sites (9 Na, 3 V, 3 P, 12 O, and 6 F) whose fractional coordinates xyz require 87 parameters to describe. This structure is far more complex than that of the room-temperature polymorph which had only 9 crystallographic sites (3 Na, 1 V, 1 P, 2 O, 2 F) and 16 refined parameters associated with the fractional coordinates of these sites.

The large number of crystallographic sites in the LT-NVPF structure combined with the correlations associated with the very similar coordination environment of independent crystallographic sites (that are derived from the same site in the higher-symmetry RT / HT structures) and the difficulty of accurately quantifying the intensity of the weak superstructure peaks severely limits the accuracy with which bond distances can be determined. The DFT-optimized structure of this phase will not suffer from these experimental limitations and therefore provides an important reference that can give insights into both the true local geometries and the magnitude of the experimental errors. However, comparisons between DFT and experimental results can only be effectively made after adjusting the volume of the DFT-optimized structure to match the experimentally measured volume of the LT-NVPF structure due to the well-known deviations between these two methods. [START_REF] Lejaeghere | Error estimates for solid-state density-functional theory predictions: an overview by means of the ground-state elemental crystals[END_REF] . [START_REF] Wang | A High-Energy NASICON-Type Cathode Material for Na-Ion Batteries[END_REF] Once this is done, it can be seen that the spans of P-O distances (1.54 -1.56 Å) and V-O distances (1.99 -2.07 Å) observed for the adjusted DFT data are much narrower than for the experimental structure obtained from Rietveld refinement against powder diffraction data (1.47 -1.60 Å and 1.90 -2.08 Å). These results are consistent with an uncertainty of about 0.05 Å in the experimentally determined bond distances, which is about an order of magnitude larger than is typically seen when refinements are carried for modest size unit cells (such as that of RT-NVPF) using similar quality powder diffraction data.

From thermodynamic arguments, it can be expected that the bonding preferences of the ions are more effectively satisfied in the LT polymorph than in the RT polymorph, especially with regard to the Na ions that are involved in an order-disorder transition. Within the RT polymorph, the Na1 site adopts a monocapped trigonal prismatic environment (CN = 7) with a formula of NaO4F3, with the four oxygens making up the corners of the prismatic face that is capped. The Na2 site shares this NaO4F3 mono-capped trigonal prismatic coordination environment (CN = 7), while the Na3 coordination differs from the other two sites only in missing the capping F ion of the trigonal prism (NaO4F2, CN = 6). All three types of trigonal prisms in the RT-NVPF structure are constructed from three pairs of atoms belonging to VO4F2 octahedra with half the atoms coming from octahedra located in the plane above the Na site (+z) and the other half located in the plane below the Na site (-z). In the case of the Na1 and Na2 sites, the two coordinating oxygens at the same height along z come from the edge of a single VO4F2 octahedron while in the case of the Na3 site, the two coordinating oxygens come from the corners of two different octahedra. The pair of F atoms on the edge of the trigonal prisms always come from the terminal apical positions of two separate VO4F2 octahedra (one above and one below), while the capping F atom is same plane as the Na sites and comes from the central apical position of a cornersharing pair of VO4F2 octahedra. Due to the displacement of the Na3 site away from the center of the VO4F2 octahedral edge, this site is further away from the potential capping ligand (Na-F distance of ~3.2 Å), resulting in the lower CN for this site. 1 Labels of "1", "2", and "3" indicate sites derived from the RT Na1, Na2, and Na3 sites, respectively. [START_REF] Palacín | Why do batteries fail?[END_REF] Bond valence sum (BVS) values for Na sites were calculated using the experimental XRD results and are provided on a per-bond basis to show relative bond strengths.

The LT-NVPF coordination environments for the 12 total trimers of Na sites surrounding central F ions in the optimal A21am structure are shown in Figure 9. Due to the symmetry of this space group, there are only 3 unique types of trimers since each Na site has a multiplicity of 4. The coordination environment for each of the 9 distinct crystallographic Na sites in the LT structure can be related to one of the three types of sites in the RT polymorph. Since the RT Na1 site is already fully occupied, it is no surprise that this coordination environment is preserved in the LT polymorph. This can be seen in that each trimer of Na sites has one mono-capped trigonal prism that is derived from a Na1 site whose CN = 7 polyhedron is rendered in blue. Each trimer also contains a second Na site with a monocapped trigonal prism that is clearly derived from a Na2 site in the RT structure whose CN = 7 polyhedron is rendered in green. The relative orientation within the trimer of the Na2-derived site to the Na1-derived site is not always the same. Along the tripled b-axis of the unit cell, the Na1-derived sites are always oriented in the same direction while the Na2-derived sites have a repeating pattern of ++-or --+ that can only be realized within the tripled unit cell where + andindicate the polyhedron is pointing towards the + ora-axis, respectively).

The third type of Na site in the trimer is derived from the Na3 site in the RT polymorph, and it is the most strongly distorted relative to the parent structure. In the RT structure, the Na3 site is significantly displaced relative to the center of the trigonal prism. In the LT structure, the Na ion can be displaced even further to the point where it moves into what would have been a face of the original trigonal prismatic environment and is better described as having a square planar environment with a stoichiometry of NaO2F2. In this planar environment, the coordinating O and F anions have very short Na-X distances of about 2.4 Å, strongly contrasting with the pair of oxygens lost from the coordination shell which are pushed out to a Na-X distance of nearly 2.9 Å. For the three unique polyhedral types derived from the Na3 site of the RT structure, one has a clear square planar CN = 4 environment, another has a clear prismatic CN = 6 environment similar to that inferred from the room temperature structure, and the third is intermediate between the two. Intriguingly, these types of coordination environments are robustly observed across a wide range of optimized LT-NVPF trial structures generated through enumeration followed by Rietveld refinement. A comparison of the structures returning the lowest Rwp value for each of the 10 space groups identified through enumeration is shown in Figure S5 and S6. In each case, it is observed for the 36 total Na sites within the unit cell volume that 12 have an environment characteristic of the Na1 site (blue), 12 have that of the Na2 site (green) and the remaining 12 have that of the Na3 site (brown) of the RT structure. While the Na1-derived site positions are the same in every refinement, the trial structures most noticeably differ in the arrangement of the Na2-and Na3-derived sites. Furthermore, the three space groups with the lowest Rwp fits (P21nm, Rwp = 9.29; P21am, Rwp = 9.30, P11m, Rwp = 9.33) adhere to the key rules for arranging Na sites observed for the optimal A21am structure, namely that (1) inversion symmetry is not present, (2) each trimer has exactly one Na1-, Na2-, and Na3-derived site, and (3) the relative orientations of the Na2 sites repeat with a ++-or --+ pattern. Interestingly, the lowest energy DFT structure identified through exhaustive evaluation of all possible orderings in the RT-NVPF subcell 14 also obeyed the first two rules and has the same space group symmetry as the optimal A21am symmetry identified in this work (though the 3x smaller DFT cell results in a different location of some symmetry elements with respect to the polyhedral units of the structure). This space group symmetry was also reported for the doubly desodiated composition of Na1V2(PO4)2F3, again with a 3x smaller cell volume. [START_REF] Bianchini | Comprehensive Investigation of the Na3V2(PO4)2F3-NaV2(PO4)2F3 System by Operando High Resolution Synchrotron X-ray Diffraction[END_REF] The lowest Rwp results for all other candidate space groups identified among the enumerated trial structures are observed to violate one or more of these rules, and for this reason they are limited in their ability to reproduce the experimentally observed diffraction pattern.

DISCUSSION

While there is no single test or analysis that can confirm the proposed A21am symmetry structure for Na3V2(PO4)2F3, this structural model is consistent with many separate observations for both the refined structure and for the multitude of other trial structures. The A21am symmetry matches the preliminary indexing of the experimental diffraction data (centered orthorhombic lattice). Indexing studies were unable to identify any simpler lattice that could generate all observed peaks nor any higher symmetry structure that could reproduce the observed diffraction data with more constraints. When DFT relaxation was carried out in the absence of symmetry constraints, the A21am symmetry was retained. The structural features observed in the refined A21am structure provide a clear reason for the tripling of the cell volume, and furthermore do so with a minimal number of independent crystallographic sites. Finally, there is a clear pathway of symmetry breaking connecting the proposed A21am superstructure with the Amam symmetry subcell of RT-NVPF. A21am symmetry is one of the seven maximal non-isomorphic subgroups of the Amam symmetry of the RT polymorph, and the tripled-volume A21am supercell is the maximal isomorphic A21am supergroup of lowest index associated with expansion in the b-axis direction.

The modeled A21am diffraction pattern fits the observed diffraction data across hundreds of diffraction peaks with minimal errors (Figure S3). As such, if a better structural model exists, any differences with the present A21am structure must be extremely small. In many ways, the quality of the present powder diffraction data sets the limits for the possible confidence in the correctness of the proposed A21am structural model since the very weak nature of the superstructure peaks (~100x weaker than the subcell peaks) means that most of them have intensities which are near or below the detection limit of the high-resolution synchrotron data used for this work. The collection of complementary higher-intensity lower-resolution synchrotron powder diffraction data would enable the superstructures to be more effectively probed, and additionally, would significantly reduce the large esds of ~0.05 Å associated with key bond distances.

Even though nearly 3,000 trial structures were tested, the possible existence of a better structural description than the A21am model that we have proposed cannot be ruled out. All the trial structures were generated under the assumption of one set of rules for orderingit is not feasible to exhaustively examine all possible configurations under all possible rules for ordering. However, exhaustive sampling of parameter space is not requiredit is only necessary to generate a trial structure which can relax to the global minimum (Fig. 4). This can occur in either the correct space group or in subgroups of the correct space group but is necessarily impossible in space groups which have symmetry constraints not present in the correct one. If different rules govern the ordering of cations, it is possible that LT-NVPF has a different space group symmetry which was not identified through the enumeration process. However, the tested space groups effectively sampled the subgroups of the RT-NVPF Amam structure. Furthermore, the low symmetry space group P11m provided essentially no constraints to the nature of the ordering and the 2,716 trial configurations in the space group were unable to do a substantially better job modeling the data than the much more highly constrained A21am structure. We do not believe that a better 3D space group can be found, though we cannot rule out the possibility of a higher dimensional space group providing a simpler or more complete description of the LT-NVPF symmetry. However, an effective investigation of possible 4D, 5D, and 6D space groups would require a data set in which the different cell axes can be more effectively separated and discriminated (such as electron or single crystal diffraction data) than the present powder diffraction data.

A survey of inorganic structural databases indicates that the LT-NVPF unit cell volume is very large, with only about 6% of structures having a larger reduced unit cell volume. Among those 6% of structural reports, the overwhelming majority of structures were solved by single crystal rather than powder diffraction methods. The few percent of structures in this tier that were solved by powder methods were generally solved by either using a closely related chemical analogue with a known crystal structure as a starting point, [START_REF] Stinton | The 136-atom structure of ZrP2O7 and HfP2O7 from powder diffraction data[END_REF] or by systematically evaluating candidates identified through subgroup-supergroup relationships using distortion mode analysis techniques to minimize the number of refined parameters. [START_REF] Lewis | An Exhaustive Symmetry Approach to Structure Determination: Phase Transitions in Bi2Sn2O7[END_REF] The number of unique crystallographic sites in the structure of LT-NVPF described here is within about a factor of 4 of the largest structures robustly solved by powder diffraction for non-molecular solids, and the materials genomics method described here is thus one of the most powerful tools for powder structure determination. [START_REF] Cerny | Crystal Structures from Powder Diffraction: Principles, Difficulties and Progress[END_REF] 

CONCLUSIONS

We demonstrate a new materials genomics approach to structure solution from powder diffraction data that utilizes enumeration methods to automatically generate chemically plausible structures whose relative merit is then assessed by Rietveld refinement. This approach was used to solve the complex lowtemperature structure of Na3V2(PO4)2F3 even in the absence of conclusive information about its space group symmetry, a system that conventional structure solution methods failed to produce a structure for in prior investigations. In this materials genomics approach, the generation of structural models was predominantly driven by chemistry-based rather than symmetrybased principles, in contrast to other approaches typically used to solve very complex structures. Our novel approach should be broadly applicable for elucidating the complex ordering of cations that occur in battery materials during the processes of ion intercalation and de-intercalation that play a central role in a many important emerging energy storage systems.
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Figure 1 .

 1 Figure 1. Known 300 K crystal structure of RT-NVPF, with symmetrically distinct sodium sites labeled. Coordination polyhedra are shown in lavender for P and in light and dark teal for V. Crystallographic site information for the three sodium sites (including their site occupancy factor, SOF) is also shown.

Figure 2 .

 2 Figure 2. Comparison of synchrotron XRD data ( = 0.62 Å) collected on NVPF at 300 K (RT, red) and 100 K (LT, blue). Inset is shown at an approximately 50X zoom, highlighting additional lowintensity supercell peaks associated with Na cation ordering (*).

Figure 3 .

 3 Figure 3. Clustering of partially occupied Na2 and Na3 sites in RT-NVPF structure at 300 K (left) and the corresponding three equally likely ordered arrangements (A, B, C) of fully occupied Na2 and Na3 sites hypothesized to occur at 100 K for LT-NVPF (right).

Figure 4 .

 4 Figure 4. Schematic illustrating the structure solution process. All plausible Na ordering patterns (2,940) were generated through an enumeration process. Each trial structure (circle) was then opti-

Figure 5 .

 5 Figure 5. Comparison of Rwp values for all 2,940 trial structures obtained after Rietveld refinements in which atom positions were fixed (left) or were freely refined, allowing structures to be optimized (right). Refinements in centered space groups are indicated with red symbols, and are shown in more detail in Figure S1, while Rwp histograms are shown in Figure S2.

Figure 6 .

 6 Figure 6. Comparison of best fits obtained for structures optimized by Rietveld refinement for each of the 10 space groups identified for enumerated structures in a region that allows superstructure peak intensities to be evaluated. Experimental data are shown in black and simulated intensities are shown as colored lines, with a vertical log scale that is offset by 1.85 for successive data sets.

Figure 7 .

 7 Figure 7. Comparison of the best fit in centered orthorhombic space group A21am (Rwp = 9.52) with the best overall fit among all trials (space group P21nm, Rwp = 9.29). Data (black) and models are shown on a log scale; difference patterns (below) on a linear scale.

Figure 8 .

 8 Figure 8. Polyhedral representation of optimal A21am structure of LT-NVPF obtained after Rietveld refinement (top) and after DFT structure relaxation (center). The large (red), medium (blue), and small (green) gaps between Na ions in the center row are indicated by arrows. An additional plot of the second DFT calculation used to obtain atomic displacement parameters is also shown (bottom) with the thermal ellipsoids drawn at the 90% level. The VO6 octahedra are shown in dark blue when the apical F is in the Na plane and in teal otherwise, and the PO4 tetrahedra are shown in mauve. Na atoms are shown in dark grey in the upper layer and light grey in the lower layer, O are shown in red, and F in green.

Figure 9 .

 9 Figure 9. Coordination environments of the 36 Na atomic sites in LT-NVPF structure organized as 12 trimers (6 each at z = 0 and z = 1/2) around central fluorine sites (green spheres), allowing a comparison with other LT-NVPF structural models (Figure S6). Sites derived from Na1 (CN = 7) are shown in blue, Na2 (CN = 7) in green, and Na3 in brown (CN = 6 or 4).

Table 1 . Comparison of Na3V2(PO4)2F3 polymorphs

 1 

	T (K)	S.G.	a	b	c	Vol. (Å 3 )
	400 (HT) I4/mmm	6.39 6.39	10.76 440 (1x)
	300 (RT) Amam	9.03 9.04	10.75 878 (2x)
	100 (LT) unknown 9.02 27.14 10.73 2627 (6x)

Table 2 . Enumeration trial structure symmetry and refinement summaries.

 2 

	S.G.	Space group	Cen-	a-axis	b-axis	c-axis	-1	S.G.	# of trial	# xyz	Rwp	Rwp
	#	(non-standard)	tering	sym.	sym.	sym.		(std.)	models	params.	(mean)	(best)
	36	A 21 a m	A	21	a,n	21/m,b		Cmc21	6	87	9.81	9.52
	12	A 1 1 2/m	A	1	1	2/m,b	+	C2/m	6	86	10.97	10.57
	58	P21/n 21/n 21/m	P	21/n	21/n	2/m	+	Pnnm	6	86	10.33	10.31
	62	P21/n 21/a 21/m	P	21/n	21/a	21/m	+	Pnma	6	87	12.55	12.40
	31	P 21 n m	P	21	n	m		Pmn21	68	174	9.64	9.29
	26	P 21 a m	P	21	a	m		Pmc21	54	174	9.42	9.30
	10	P 1 1 2/m	P	1	1	2/m	+	P2/m	36	172	10.14	9.46
	11	P 1 1 21/m	P	1	1	21/m	+	P21/m	36	174	10.16	9.50
	8	A 1 1 m	A	1	1	m,b		Cm	6	174	10.30	9.81
	6	P 1 1 m	P	1	1	m		Pm	2716	348	9.72	9.33

Table 3 . Data collection parameters for LT-NVPF (100K)

 3 

	Empirical formula	Na3V2(PO4)2F3
	Z	12
	Molar mass (g/mol)	5013.48
	Theoretical density (g/cm 3 )	3.17
	Space group	A21am (#36)
	Crystal system	Orthorhombic
	Lattice parameters (Å)	a = 9.01928 (4)
		b = 27.13787 (12)
		c = 10.73307 (5)
	Unit cell volume (Å 3 )	2627.07 (2)
	Radiation type	X-ray
	Wavelength (Å)	0.62003
	Rwp	9.52
	dmax, dmin	8.87 > d > 0.6155
	Unique reflns (I/ ≥ 8; all)	718; 3235
	Temperature (K)	100

Table 4 . LT-NVPF (100 K) crystallographic sites

 4 

	Site Wyck.	x	y	z
	Na1 4a	0	0.0409(3)	0.4001(10)

Table 5 . Bond distances in LT-NVPF from XRD, DFT, and by DFT linearly rescaled to the XRD cell volume

 5 

	Site		XRD	DFT	DFT	Site 1 Ligand XRD	DFT	DFT	BVS 2
					(adj.)					(adj.)	(bond)
	P1	1 x O	1.47(2)	1.545	1.521	Na1	2 x F	2.31(1)	2.365	2.330	0.18
		1 x O	1.50(2)	1.548	1.525	"3"	2 x O	2.48(2)	2.531	2.493	0.16
		1 x O	1.55(2)	1.548	1.525		2 x O	2.75(2)	2.696	2.655	0.08
		1 x O	1.58(2)	1.558	1.535	Na2	2 x O	2.31(2)	2.454	2.417	0.25
	P2	1 x O	1.49(2)	1.551	1.528	"2"	2 x F	2.36(1)	2.434	2.398	0.16
		1 x O	1.54(2)	1.547	1.524		2 x O	2.53(2)	2.584	2.545	0.14
		1 x O	1.55(2)	1.551	1.528		1 x F	2.60(2)	2.616	2.577	0.08
		1 x O	1.60(2)	1.550	1.526	Na3	2 x O	2.30(2)	2.453	2.416	0.26
	P3	1 x O	1.51(2)	1.546	1.523	"1"	1 x F	2.40(2)	2.493	2.455	0.14
		1 x O	1.53(2)	1.547	1.524		2 x F	2.45(2)	2.490	2.453	0.12
		1 x O	1.53(2)	1.558	1.534		2 x O	2.50(2)	2.606	2.567	0.15
		1 x O	1.61(2)	1.540	1.517	Na4	2 x O	2.36(2)	2.394	2.358	0.22
	V1	1 x O	1.92(2)	1.994	1.965	"1"	1 x F	2.40(2)	2.432	2.396	0.14
		1 x F	1.963(6) 2.025	1.995		2 x F	2.45(2)	2.458	2.421	0.13
		1 x O	1.97(1)	2.010	1.980		2 x O	2.61(2)	2.603	2.564	0.11
		1 x O	1.99(2)	2.030	2.000	Na5	2 x O	2.34(2)	2.400	2.364	0.23
		1 x O	2.02(2)	2.063	2.032	"2"	2 x F	2.52(1)	2.484	2.447	0.10
		1 x F	2.08(1)	2.031	2.000		2 x O	2.60(2)	2.653	2.613	0.12
	V2	1 x F	1.90(2)	2.026	1.996		1 x F	2.62(2)	2.699	2.658	0.08
		1 x O	1.96(2)	1.991	1.961	Na6	2 x F	2.35(1)	2.379	2.343	0.16
		1 x O	1.96(2)	2.040	2.010	"3"	2 x O	2.44(2)	2.447	2.411	0.18
		1 x F	1.994(5) 2.027	1.996	Na7	2 x F	2.34(2)	2.379	2.343	0.16
		1 x O	2.02(1)	2.050	2.019	"3"	2 x O	2.43(2)	2.435	2.398	0.18
		1 x O	2.04(1)	2.018	1.988		2 x O	2.67(2)	2.804	2.762	0.09
	V3	1 x O	1.92(1)	2.027	1.997	Na8	2 x F	2.45(2)	2.472	2.435	0.13
		1 x O	1.95(1)	1.998	1.968	"2"	1 x F	2.46(2)	2.492	2.455	0.12
		1 x F	1.97(2)	2.028	1.998		2 x O	2.51(2)	2.517	2.480	0.15
		1 x F	1.979(6) 2.027	1.996		2 x O	2.56(2)	2.639	2.600	0.13
		1 x O	2.01(2)	2.021	1.990	Na9	2 x F	2.43(2)	2.480	2.443	0.13
		1 x O	2.03(2)	2.070	2.039	"1"	2 x O	2.48(2)	2.469	2.432	0.16
							2 x O	2.50(2)	2.482	2.445	0.15
							1 x F	2.51(2)	2.476	2.438	0.11
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