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ABSTRACT DIFFERENTIAL TRIPLET AND BOUNDARY
RESTRICTION OPERATORS WITH APPLICATION TO FRACTIONAL

DIFFERENTIAL OPERATORS

HASSAN EMAMIRAD AND ARNAUD ROUGIREL

Abstract. This paper is concerned with the construction and analysis of fractional differ-
ential operators acting on the usual Hilbert space of square integrable functions defined on
a bounded interval. That task is attacked thru an abstract approach giving raise to two
new objects: differential triplets and boundary restriction operators. This approach allows a
systematic study of fractional differential operators supplemented with homogeneous linear
boundary conditions. As an application, the regularity of the solution to the one-dimensional
fractional Laplace equation with homogeneous Dirichlet boundary conditions is investigated.

1. Introduction

Caputo’s or Riemann-Liouville’s fractional derivatives are generally meant as operators
acting on functions of the time variable. However, Delsarte’s representation formula led us
to consider Caputo’s derivatives of functions of the space variable as well (see [ER19]).

Now the next step is the study of differential operators built upon the fractional derivative
Dα, instead of the usual (first order) derivative. Our aim is to define and study fractional
differential operators acting on the Hilbert space L2(0, b) with b ∈ (0,∞), supplemented with
homogeneous linear boundary conditions. The basic issues we would like to address are the
following.
(i) Are these operators densely defined?
(ii) What can be said about the adjoint of densely defined operators?
(iii) Are these operators self-adjoint?
(iv) Are they onto, one-to-one, bijective? That amounts to solving fractional differential

problems with the subsequent issues of existence, uniqueness and well-posedness.
In order to give some answers to these questions, the framework of operator theory will

be used. That is, we will consider Dα as an instance of an operator AM acting on an
abstract Hilbert space H. Then we have to highlight axiomatic properties that allow to
define abstract linear boundary conditions , and to answer, at least partially, to questions
(i)-(iv) at an abstract level. Hence this approach aims to unify the analysis of fractional
differential operators, and the one of usual differential operators.

This task gives rise to two new objects featured in Definitions 2.1 and 2.3: abstract dif-
ferential triplet and boundary restriction operator . The former encodes the facts that, for
any α ∈ [1

2
, 1], Dα admits a right inverse which is related to its adjoint thru the symmetry

S : u 7→ u(b − ·). We refer to Example 2.4 and Section 4 for the cases α = 1 and α ∈ [1
2
, 1)

respectively. Boundary restriction operator encapsulates the facts that the adjunction of
homogeneous linear boundary conditions to a differential operator conserves the density of
its domain, and does not change the regularity of the functions lying in its domains.
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Roughly speaking, the operator AM in a differential triplet (AM, B, S) is meant to be
boundary condition free, and consequently is in some sense maximal. On the other hand,
a boundary restriction operator of AM is thought as AM supplemented with homogeneous
linear boundary conditions. In the case where AM := d

dx
, our abstract approach gives a new

classification of the operators d
dx

supplemented with homogeneous linear boundary conditions
(called here boundary restriction operators of d

dx
). We refer to Sub-subsection 2.3.5 and

Proposition 2.22 for a detailed presentation.
It turns out that our abstract framework leads to many relationships. Some of them are

featured in Section 2 and 3. For instance, let T := (AM, B, S) be a differential triplet.
As a right inverse of AM, the operator B induces an isomorphism from its range R(B) :=
B(H) onto H. That isomorphism, denoted by AT , is called the pivot operator of T . Then
Proposition 2.9 states the formula

(AT )∗ = AT ∗

where T ∗ := (SAMS,B
∗, S) is the adjoint differential triplet of T (see Definition 2.2), and

AT ∗ is the pivot operator of T ∗.
Sufficient conditions for a restriction operator to be densely defined are given in Proposition

2.5. That gives rise to a characterization of boundary restriction operators by means of the
minimal operator of an abstract differential triplet (see Corollary 2.14). Roughly speaking,
the minimal operator is the restriction of AM with domain consisting in all functions whose
boundary values vanish. We refer to Definition 2.6 for a precise statement.

The structure of the domain of a boundary restriction operator is given in Proposition 2.15.
The domains of boundary restriction operators are classified by subspaces of a well identified
space isomorphic to kerAM × kerAM. In the case where kerAM has finite dimension d,
there results that the domain of a given boundary restriction operator is described thru dE
parameters with 0 ≤ dE ≤ 2d: see Subsection 2.3. It turns out that there is no canonical
choice for these parameters. However, in applications, these dE parameters are chosen to be
boundary values. Let us notice that our abstract approach highlights the fact that boundary
values are closely related to the kernel of AM.

Let us be more specific regarding boundary values. In the standard case where AM := d
dx
,

one has d = 1, and any function u in the domain of d
dx

possess two boundary values: u(0),
u(b). However, in the fractional framework featured in Section 4 (where AM := Dα), one has
d = 2, and any function u in D(Dα) possess four boundary values:

u(0), g1−α ∗
(
u− u(0)

)
(0), u(b), g1−α ∗

(
u− u(0)

)
(b).

In view of Subsection 4.5, a straightforward consequence is that the scalar initial value
problem with unknown u

Dαu = h in L2(0, b), u(0) = u0,

is never well-posed because uniqueness fails. In order to have well-posedness, two initial
conditions must be set (see Proposition 4.4). Let us stress that AM := Dα is neither Caputo’s
nor Riemann-Liouville’s derivatives, but rather one of their extensions (see Definition 4.2).

Once a differential triplet (AM, B, S) is set, one may construct second order differential
operators like A 2

M := AM ◦AM. A convenient way to built a self-adjoint operator from Dα is
to start with the symmetric operator Dα ◦ (Dα)∗: see Example 3.1 and Subsection 5.1 for the
cases α = 1 and α ∈ (0, 1) respectively. That approach allows to define the so-called one-
dimensional Laplace operator with Dirichlet boundary condition. Our main result regarding
that operator is Theorem 5.6 which gives the regularity of the solution to the one-dimensional
fractional Laplace equation with homogeneous Dirichlet boundary condition.
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In the literature, the study on abstract boundary conditions starts at least in 1939 with
[Cal39], but seem to focus on symmetric operators. We refer to Example 2.4 and Remark
4.6 for comments related to the work of J.W. Calkin and V. Ryzhov.

The outline is as follows. Abstract differential triplets and boundary restriction operators
are considered in the forcoming section. Section 3 deals with abstract second order differ-
ential triplets. Sections 4 and 5 are concerned with applications to fractional derivatives.
Miscellaneous results are gathered in appendices at the end of this paper.

2. An abstract setting

For all purposes, let us recall some usual definitions and notation. Let H be a complex
Hilbert space, whose inner product, denoted by (·, ·), is assumed to be linear w.r.t. the first
variable. An operator A on H is a linear map defined on a subspace D(A) of H, with values
in H. Any operator A : D(A) ⊆ H → H is equipped with the graph-norm. A∗, kerA and
R(A) stand for the adjoint, the kernel and the range of A. The space of bounded operators
on H is denoted by L(H). The identity map of H is denoted by idH. If E ⊆ H then 〈E〉 is
the subspace of H generated by E, and

E⊥ :=
{
f ∈ H | (f, h) = 0 ∀h ∈ E

}
.

If A, A are two operators on H then A is a restriction of A, or A is an extension of A if

D(A) ⊆ D(A) and Au = Au, ∀u ∈ D(A).

In symbol, we write A ⊆ A.

2.1. Differential triplets and boundary restriction operators.

Definition 2.1. Let A, B and S be three operators on H. The triplet (A,B,S) is called an
(abstract) differential triplet on H if

B ∈ L(H) (2.1)
R(B) ⊆ D(A), A ◦ B = idH (2.2)

S ∈ L(H) satisfies S∗ = S, S2 = idH (2.3)
B∗ = SBS. (2.4)

By using in particular B∗ = SBS, we show easily that (SAS,B∗, S) is a differential triplet
on H. Then we set this definition.

Definition 2.2. Let T := (A,B,S) be a differential triplet. The differential triplet
(SAS,B∗,S), denoted by T ∗, is called the adjoint differential triplet of T . �

Since B is bounded, we have B∗∗ = B, thus the adjoint differential triplet of T ∗ is T .
In the sequel, being given a differential triplet T := (AM, B, S), our very aim is to describe

the closed densely defined restrictions of AM whose adjoint operator is a restriction of SAMS.
In view of Theorem 2.3, Sub-subsection 2.3.5 and Subsection 4.4, these operators are AM

supplemented with abstract homogeneous linear boundary conditions. In this respect, AM

is meant to be maximal. In applications, AM is chosen to be boundary condition free. That
justifies this definition.

Definition 2.3. Let T = (AM, B, S) be a differential triplet, and A be an operator on H.
We say that A is a boundary restriction operator of T or, for the sake of simplicity, of AM if
(i) A is a densely defined restriction of AM;
(ii) A∗ ⊆ SAMS.
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Item (i) is need for A∗ to be well defined. Regarding item (ii), we observe that functions
in the domain of a differential operator or in the domain of its adjoint have essentially the
same regularity, and differ by their boundary values. Item (ii) encodes that observation.
Thus a boundary restriction operator of AM can be seen as AM supplemented with some
(homogeneous linear) boundary conditions .

Using the well-known direct sum of normed vector spaces (see Definition A.1), we may
state this basic result whose importance is fundamental in this work.

Proposition 2.1. Let A : D(A) ⊆ H → H and B ∈ L(H) be such that R(B) ⊆ D(A) and
A ◦ B = idH. Then

D(A) = kerA⊕R(B) in D(A). (2.5)
Moreover, for each u ∈ D(A), there exists a unique u0 ∈ kerA such that

u = u0 + BAu in D(A). (2.6)

Proposition 2.1 is an easy consequence of this result.

Proposition 2.2. Under the assumptions and notation of Proposition 2.1, let, in addition,
E be a closed subset of H. Then B(E) is closed in D(A).

Proof. Let (en)n∈N ⊆ E and u ∈ D(A) be such that

Ben −→ u in D(A). (2.7)

Then en = ABen −→ Au in H. Since E is closed in H, Au lies in E . Moreover, the continuity
of B yields that Ben → BAu in H. However, Ben → u in H, according to (2.7). Thus
u = BAu, and u belongs to B(E) since we have shown that Au ∈ E . �

The following basic differential triplet will appear many times in the sequel in order to
illustrate the main results of that section. In particular, we will show in Subsubsection 2.3.5,
that the class of boundary restriction operators of d

dx
is the set of operators d

dx
supplemented

with homogeneous linear boundary conditions.

Example 2.4. Let H be the standard complex Hilbert space L2(0, b) (see (4.1)), and g1 be
the function of L2(0, b) defined for a.e. x in [0, b] by g1(x) = 1. Also, we set

AM := AM,1 :=
d

dx
: H1(0, b) ⊆ L2(0, b)→ L2(0, b), (2.8)

B1f := g1∗f and Sf := f(b−·), for all f ∈ L2(0, b). Then T1 := (AM,1, B1, S) is a differential
triplet. Moreover,

kerAM,1 = 〈g1〉,
and (2.6) implies the basic identity

u(x) = u(0) +

∫ x

0

u′(y) dy, ∀x ∈ [0, b], ∀u ∈ H1(0, b).

Regarding the adjoint differential triplet T ∗1 := (SAM,1S,B
∗

1 , S), one has SAM,1S =
−AM,1, and (2.6) reads

u = u0 +B∗1SAM,1Su = u0 −B∗1AM,1u,

with u0 ∈ kerSAMS = 〈g1〉. Thus u0 = u(b) and

u(x) = u(b)−
∫ b

x

u′(y) dy, ∀x ∈ [0, b].
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Since SAM,1S = −AM,1, a boundary restriction operator of T1 cannot be symmetric. Hence
differential triplets and boundary restriction operators are not encapsulated in Calkin’s theory
of abstract symmetric boundary conditions. See [Cal39, Theorem 1.1]. �

The following result is a step toward the description boundary restriction operators of any
differential triplet T := (AM, B, S). Let us recall that, in view of Proposition 2.1, for each
u ∈ D(AM), there exists a unique u0 ∈ kerAM such that

u = u0 +BAMu in D(AM). (2.9)

In a symmetric way, by considering the adjoint triplet of T , each f ∈ D(SAMS) has a unique
decomposition

f = f0 +B∗SAMSf, (2.10)
where f0 ∈ kerAMS.

Theorem 2.3. Let (AM, B, S) be a differential triplet, and A be a boundary restriction op-
erator of AM.
(i) If f ∈ D(SAMS) then

f ∈ D(A∗) ⇐⇒ (Au, f0) = (u0, SAMSf), ∀u ∈ D(A),

where u0 and f0 are given by (2.9) and (2.10).
(ii) If A is closed and u ∈ D(AM) then

u ∈ D(A) ⇐⇒ (AMu, f0) = (u0, A
∗f), ∀ f ∈ D(A∗).

Proof. For each f ∈ D(SAMS) and u ∈ D(AM), one has

(AMu, f) = (AMu, f0) + (BAMu, SAMSf) (by (2.10))
= (AMu, f0) + (u, SAMSf)− (u0, SAMSf) (by (2.9)). (2.11)

(i) Assuming f ∈ D(A∗), we have since A∗ ⊆ SAMS and A ⊆ AM,

(u, SAMSf) = (u,A∗f) = (Au, f) = (AMu, f), ∀u ∈ D(A).

Thus with (2.11),
(Au, f0) = (u0, SAMSf), ∀u ∈ D(A). (2.12)

Conversely, let f ∈ D(SAMS). Plugging (2.12) into (2.11), we get, for each u ∈ D(A),

(AMu, f) = (Au, f) = (u, SAMSf).

Thus the definition of the adjoint operator gives that f ∈ D(A∗).
(ii) Let u ∈ D(A). Arguing as above, we get what we want:

(AMu, f0) = (u0, A
∗f), ∀ f ∈ D(A∗).

Conversely, if u ∈ D(AM) satisfies the above identity, then going back to (2.11), we get

(AMu, f) = (u, SAMSf) = (u,A∗f), ∀ f ∈ D(A∗).

Thus u ∈ D(A∗∗). However, A∗∗ = A since A is closed. �

For each differential triplet T , let us denote by cBRO(T ) the set of all closed boundary
restriction operators of T .

Proposition 2.4. Let T = (A,B,S) be a differential triplet, and T ∗ be its adjoint triplet in
the sense of Definition 2.2. Then, for each A in cBRO(T ), SAS lies in cBRO(T ∗). Thus
the map

cBRO(T )→ cBRO(T ∗), A 7→ SAS
is well defined, and besides, is a bijection.
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Proof. Let A be an element of cBRO(T ). Clearly, SAS is a closed densely defined restriction
of SAS. Moreover, Theorem C.1 and [DS63, Lemma 6 p. 1189] yield that (this can be proved
directly by using (2.3))

(SAS)∗ = SA∗S ⊆ S(SAS)S,
since A∗ ⊆ SAS. Thus SAS lies in cBRO(T ∗).

Let us denote by F the map A 7→ SAS. Since S2 = idH, we deduce that F is one-to-one.
Moreover, let Ã ∈ cBRO(T ∗). Since T is the adjoint triplet of T ∗, we infer from the first
part of that proof that SÃS belongs to cBRO(T ). Then F (SÃS) = Ã, so that F is onto. �

2.2. Properties of boundary restriction operators. The following result features suffi-
cient conditions for a restriction of AM to be densely defined, and is of fundamental impor-
tance in that paper.

Proposition 2.5. Let (AM, B, S) be a differential triplet in the sense of Definition 2.1. Let
also F be a closed subspace of H, and A be a restriction of AM. If

B(F⊥) ⊆ D(A) (2.13)
SF ∩D(AM) ⊆ kerAM, (2.14)

then D(A) is dense in H.

Proof. Let f ∈ D(A)⊥. Then for each ψ ∈ F⊥, (2.13) yields that Bψ ∈ D(A), so that

0 = (f,Bψ) = (B∗f, ψ) = (SBSf, ψ).

Thus SBSf ∈ F⊥⊥ = F , since F is assumed to be closed. Due to S2 = idH, one has
BSf ∈ SF . Using R(B) ⊆ D(AM) and (2.14), we get

BSf ∈ SF ∩D(AM) ⊆ kerAM.

Thus (2.2) yields Sf = 0, and finally f = 0. That proves the density of D(A). �

The choice of F := {0} in Proposition 2.5 allows to introduce a special densely defined
operator introduced in this definition.

Definition 2.5. Let T := (A,B, S) be a differential triplet . The restriction of A to the
domain R(B) is called the pivot operator of the differential triplet T . That-is-to-say, the
pivot operator of T , denoted by AT satisfies

D(AT ) := R(B), AT u := Au, ∀u ∈ D(AT ). (2.15)

�

Let a differential triplet T := (A,B,S) be given. It is easily proved that

0 lies in the resolvant set of AT , (AT )−1 = B, (2.16)

and the following Poincaré inequality holds

‖u‖ ≤ ‖B‖‖AT u‖, ∀u ∈ D(AT ). (2.17)

Clearly, any operator A satisfying AT ⊆ A is densely defined. In the framework of Example
2.4, the domain of the pivot operator of T1 is equal to

0H
1(0, b) := {u ∈ H1(0, b) | u(0) = 0}. (2.18)
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In order to classify boundary restriction operators, we need to study the adjoint of restric-
tions of AM. For, we will first consider large restrictions of AM i.e. restrictions of AM that
are extension of AT . In other words, we will first study operators A satisfying

AT ⊆ A ⊆ AM. (2.19)

Proposition 2.6. Let T := (AM, B, S) be a differential triplet on H, and A be an operator on
H satisfying (2.19). Then D(A) is dense in H, so that A∗ exists. Moreover, B∗A∗ = idD(A∗).

Proof. Since AT ⊆ A, the domain of A is dense in H. Moreover, for each f ∈ D(A∗),
(f, Au) = (A∗f, u), ∀u ∈ D(A). (2.20)

Let ψ ∈ H. Then, by assumptions, Bψ ∈ D(A), and
ABψ = AMBψ = ψ,

due to (2.2). Thus by choosing u := Bψ in (2.20), one gets
(f, ψ) = (B∗A∗f, ψ), ∀ψ ∈ H.

Hence B∗A∗ = idD(A∗). �

Proposition 2.7. Under the assumptions and notation of Proposition 2.6,

D(A∗) = B∗
(

kerA⊥
)

=
{
B∗h | h ∈ kerA⊥

}
. (2.21)

Moreover, for each f ∈ D(A∗), there is a unique h ∈ kerA⊥ such that f = B∗h. Also
h = A∗f , thus A∗f ∈ kerA⊥ and

f = B∗A∗f. (2.22)

Proof. (2.22) follows from Proposition 2.6. Let us denote for simplicity, B∗(kerA⊥) by D∗.
Let f ∈ D(A∗). Choosing u ∈ kerA in (2.20), we get

(A∗f, u) = 0.

Thus A∗f ∈ kerA⊥. Then (2.22) leads to D(A∗) ⊆ D∗. Conversely, consider f := B∗h any
element of D∗. Let u ∈ D(A). By (2.6), u = u0 +BAu for some (unique) u0 in kerA. Thus

(f, Au) = (h,BAu) = (h, u− u0),
Since h ∈ kerA⊥, one has (h, u0) = 0; so that (f, Au) = (h, u). By definition of D(A∗), we
infer f ∈ D(A∗) and A∗f = h. That proves (2.21) and the uniqueness of h. �

Proposition 2.8. Let (AM, B, S) be a differential triplet. Let also A : D(A) ⊆ H → H be
such that

R(B) ⊆ D(A), A ⊆ AM.

Then A is a boundary restriction operator of AM.

Proof. By Proposition 2.6, A is densely defined. Thus there remains to prove that A∗ ⊆
SAMS. For, let f ∈ D(A∗), and h := A∗f . By (2.22) and (2.4), (2.3),

Sf = BSh.

Thus (2.2) yields that Sf ∈ D(AM) and AMSf = Sh. Whence A∗ ⊆ SAMS. �

Recalling Definition 2.5 of pivot operator, the following result states that the adjoint of
the pivot operator is the pivot operator of the adjoint differential triplet.

Proposition 2.9. Let T := (AM, B, S) be a differential triplet and T ∗ := (SAMS,B
∗, S) its

adjoint triplet. Then the pivot operator AT of T is a closed boundary restriction operator of
T , and

(AT )∗ = AT ∗ = SAT S. (2.23)
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Proof. Proposition 2.8 entails that AT is a boundary restriction operator of AM. In order to
prove the first equality of (2.23), we notice on the one hand that, by definition of AT ∗ ,

AT ∗u = SAMSu, ∀u ∈ D(AT ∗) = R(B∗). (2.24)

On the other hand, since AT is a boundary restriction operator of AM,

(AT )∗ ⊆ SAMS. (2.25)

By Proposition 2.7,
D
(
(AT )∗

)
= B∗

(
(kerAT )⊥

)
.

Since, by (2.16), AT is one-to-one, we get D((AT )∗) = R(B∗). Hence, with (2.24)

D((AT )∗) = D(AT ∗).

Besides, for each u ∈ D(AT ∗), one gets by using successively (2.24) and (2.25),

AT ∗u = SAMSu = (AT )∗u.

We have proved that (AT )∗ = AT ∗ .
Let us show that AT ∗ = SAT S. For, since (AT )∗ = AT ∗ , Proposition 2.7 yields that

each f ∈ D(AT ∗) reads f = B∗AT ∗f . Thus Sf = BSAT ∗f . By definition of AT , we
deduce Sf ∈ D(AT ) and AT Sf = SAT ∗f ; so that SAT Sf = AT ∗f . We have shown that
AT ∗ ⊆ SAT S. By symmetry, replacing T by T ∗, one has AT ⊆ SAT ∗S. With S2 = idH, we
derive the wished equality.

Finally, since (AT )∗ is a closed operator, we deduce from (AT )∗ = SAT S that AT is closed
as well. �

After the study of “large” restrictions of AM, we will investigate “small” restrictions A of
AM. In that case, A∗ is not necessarily a restriction of SAMS: see (2.29).

Theorem 2.10. Let A be an operator on H, B in L(H), and F be a closed subspace of H.
Suppose that A is densely defined and

D(A) = B(F⊥) (2.26)

ABψ = ψ, ∀ψ ∈ F⊥. (2.27)

Then the following assertions hold true.
(i) R(A) = F⊥, kerA∗ = F .
(ii) R(B∗) ⊆ D(A∗), A∗B∗ = idH.
(iii) D(A∗) = F ⊕R(B∗) in D(A∗).
(iv) For each f ∈ D(A∗), there exists a unique hf ∈ F such that

f = hf +B∗A∗f. (2.28)

(v) Conversely, for each h0 ∈ F and each h ∈ H,

f := h0 +B∗h ∈ D(A∗), A∗f = h. (2.29)

Proof. (i) Let us show that R(A) = F⊥. For, let y ∈ R(A). By (2.26), there exists ψ ∈ F⊥
such that y = ABψ. Then (2.27) yields that y = ψ ∈ F⊥. Conversely, let ψ ∈ F⊥. Then
the vector u := Bψ lies in D(A) and Au = ψ by (2.26)-(2.27). Hence ψ ∈ R(A), so that
R(A) = F⊥.

It is well-known that kerA∗ = R(A)⊥. Thus, since F is closed in H, we deduce that
kerA∗ = F .
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(ii) Let u ∈ D(A). Using R(A) = F⊥, we deduce that ψ := Au lies in F⊥. Hence, by
(2.26), Bψ ∈ D(A). Then

A(Bψ − u) = ψ − Au (by (2.27))
= 0 (by definition of ψ).

Since, by (2.26)-(2.27), A is one-to-one, we derive that Bψ = u, so that

BAu = u, ∀u ∈ D(A). (2.30)

For each ψ ∈ H, (2.30) yields that
(B∗ψ,Au) = (ψ,BAu) = (ψ, u), ∀u ∈ D(A).

Thus, by definition of the adjoint operator, B∗ψ belongs to D(A∗), and A∗B∗ψ = ψ. That
proves the second item.

Items (iii)-(v) in the statement of the theorem follow from Proposition 2.1, by using (i)
and (ii). �

The following proposition is a key-step toward characterization of boundary restriction
operators.

Proposition 2.11. Let (AM, B, S) be a differential triplet. Let also F be a closed subspace
of H, and A be a restriction of AM satisfying D(A) = B(F⊥). Then

SF ⊆ kerAM ⇐⇒ D(A) = H, A∗ ⊆ SAMS.

Proof. Assuming SF ⊆ kerAM, we deduce that (2.14) holds true. Thus Proposition 2.5
yields that D(A) is dense in H, so that A∗ is well defined. Let f ∈ D(A∗), and h := A∗f .
By (2.28) and (2.4), there exists hf ∈ F such that

Sf = Shf +BSh.

By (2.2), BSh ∈ D(AM) and AMBSh = Sh. Regarding Shf , we know by hypothesis that
Shf ∈ kerAM, that is AMShf = 0. There results that Sf ∈ D(AM) and AMSf = Sh, thus
A∗ ⊆ SAMS.

Conversely, Theorem 2.10 gives that F = kerA∗. However, A∗ ⊆ SAMS implies that
kerA∗ ⊆ kerSAMS. Thus SF ⊆ kerAM due to S2 = idH. �

By taking F := S kerAM = kerAMS, Proposition 2.11 allows us to introduce a special
boundary restriction operator, the so-called minimal operator of a differential triplet.

Definition 2.6. The minimal operator of a differential triplet (A,B,S) is the restriction of
A to the domain B

(
(kerAS)⊥

)
.

Proposition 2.12. If (AM, B, S) is a differential triplet with minimal operator Am then
(AM)∗ is the minimal operator of the adjoint triplet (SAMS,B

∗, S). Moreover,

SAmS = (AM)∗.

Proof. We start with the equality of the domains of SAmS and (AM)∗. By Proposition C.2
and S2 = idH,

S
(
(kerAM)⊥

)
=
(
S(kerAM)

)⊥
= (kerAMS)⊥. (2.31)

Recalling that D(Am) := B
(
(kerAMS)⊥

)
, we obtain

B∗
(
(kerAM)⊥

)
= SD(Am).

Since by Proposition 2.7, D
(
(AM)∗

)
= B∗

(
(kerAM)⊥

)
, there results that D

(
(AM)∗

)
is equal

to D(SAmS).
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Let f ∈ D(SAmS). Then Sf ∈ D(Am), and, by definition of Am, there exists some
ψ ∈ (kerAMS)⊥ such that Sf = Bψ. Hence, since B∗ = SBS, one gets f = B∗(Sψ) and

SAmSf = Sψ. (2.32)

However, f ∈ D
(
(AM)∗

)
as well. By (2.31), Sψ ∈ (kerAM)⊥. Applying Proposition 2.7

with A := AM, we deduce from f = B∗(Sψ) and Sψ ∈ (kerAM)⊥ that (AM)∗f = Sψ. Thus
with (2.32), (AM)∗f = SAmSf . There results that (AM)∗ = SAmS. Finally, (AM)∗ is minimal
since its domain is B∗

(
(kerAM)⊥

)
. �

Since Am is minimal, its adjoint is maximal for the adjoint triplet. More precisely, this
results holds.

Proposition 2.13. Let Am be the minimal operator of a differential triplet (AM, B, S). If
AM is a closed operator then SAMS = (Am)∗.

Proof. Since AM is assumed to be closed, the adjoint of (AM)∗ is equal to AM. Since S
is invertible and S∗ = S, one has (SAmS)∗ = S(Am)∗S. Thus the result follows from
Proposition 2.12. �

A consequence of the latter proposition is that the minimal operator is a boundary re-
striction operator which is closed according to Proposition 2.12. More generally, we have the
following characterization of closed boundary restriction operators.

Corollary 2.14. Let (AM, B, S) be a differential triplet, and A be a restriction of AM. If
AM and A are closed operators then the following assertions are equivalent.
(i) A is a boundary restriction operator of AM.
(ii) Am ⊆ A.

Proof of Corollary 2.14. Assuming (i), the definition of boundary restriction operators yields
that A∗ ⊆ SAMS. That is, by Proposition 2.13, A∗ ⊆ (Am)∗. Moreover, kerAm is trivial in
view of (2.16) and Am ⊆ AT . Therefore Am is closed according to Proposition A.1; so that
(Am)∗∗ = Am. Thus, since A is closed too, we deduce that Am ⊆ A. The converse is then
obvious since (Am)∗ = SAMS, by Proposition 2.13. �

In order to describe closed boundary restriction operator of AM, it is sufficient, in view of
Corollary 2.14, to study the closed operators A satisfying Am ⊆ A ⊆ AM. The following
Proposition provides the structure of their domain.

Proposition 2.15. Let (AM, B, S) be a differential triplet, and A be a restriction of AM.
Assume in addition that AM is closed. Then
(i) D(AM) = kerAM ⊕B(kerAMS)⊕B

(
(kerAMS)⊥

)
in D(AM);

(ii) the following assertions are equivalent.
(ii-a) A is a closed boundary restriction operator of AM.
(ii-b) There exists a closed subspace E of D(AM) such that E ⊆ kerAM ⊕ B(kerAMS)

and
D(A) = E ⊕B

(
(kerAMS)⊥

)
in D(AM). (2.33)

Proof. (i) Since AM is assumed to be closed, kerAM is closed in H, and a fortiori in D(AM).
Then using kerAMS = S kerAM and Proposition 2.2, we prove that B(kerAMS) and
B
(
(kerAMS)⊥

)
are closed in D(AM). Finally, (2.5) entails that the sum is direct.

(ii) Assuming (ii-b), let us first show that A is closed. For, Proposition A.2 yields that
D(A) is closed in D(AM). Since AM is closed, there results that A is a closed operator in
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H. Secondly, since A is a closed restriction of AM satisfying Am ⊆ A, Corollary 2.14 entails
(ii-a).

Conversely, let us assume that A is a closed boundary restriction operator of AM. Then
Corollary 2.14 entails that Am ⊆ A. Thus, in view of (i), we have

B
(
(kerAMS)⊥

)
⊆ D(A) ⊆ kerAM ⊕B(kerAMS)⊕B

(
(kerAMS)⊥

)
.

Then we set
E := D(A) ∩

(
kerAM ⊕B(kerAMS)

)
. (2.34)

We are now in position to prove (2.33). Since A is assumed to be closed and A ⊆ AM, we
infer that D(A) is closed in D(AM). Besides applying Proposition A.2 with E := kerAM

and F := (kerAMS)⊥, we obtain that kerAM ⊕ B(kerAMS) is closed in D(AM). Hence E
(defined by (2.34)) is closed in D(AM).

Let u ∈ D(A). By (i), there exist u1 ∈ kerAM ⊕ B(kerAMS) and u2 ∈ B
(
(kerAMS)⊥

)
such that u = u1 + u2. Moreover, u1 = u− u2 belongs to D(A) since

u2 ∈ B
(
(kerAMS)⊥

)
= D(Am) ⊆ D(A).

Whence u1 lies in E. Thus

D(A) = E +B
(
(kerAMS)⊥

)
.

Since the intersection is trivial, (2.33) follows. �

Corollary 2.16. Let (AM, B, S) be a differential triplet, and A be a boundary restriction
operator of AM. If AM and A are closed operators then
(i) D(SAMS) = kerAMS ⊕B∗(kerAM)⊕B∗

(
(kerAM)⊥

)
;

(ii) there exists a closed subspace Es of D(SAMS) such that Es ⊆ kerAMS ⊕ B∗(kerAM)
and

D(A∗) = Es ⊕B∗
(
(kerAM)⊥

)
. (2.35)

Proof. Let T ∗ := (SAMS,B
∗, S) denote the adjoint differential triplet of (AM, B, S). Since

A is a boundary restriction operator of AM, one has A∗ ⊆ SAMS. Moreover, A∗∗ = A, hence
A∗ is a closed boundary restriction operator of T ∗. Applying Proposition 2.15 with T ∗, we
prove easily the assertions of the corollary. �

Example 2.7 (Continuation of Example 2.4). Recalling that T1 := (AM,1, B1, S),
kerAM,1 = ker(AM,1S) = 〈g1〉, we notice that

B1

(
(kerAM,1S)⊥

)
= B1

(
g ⊥1
)
,

and B1g1 = g1 ∗ g1 = g2 (see (4.2) for the notation gα). Item (i) in Proposition 2.15 tells us
that each u in D(AM,1) reads in a unique way,

u = u1g1 + u′1g2 +B1ψ
⊥, (2.36)

where u1, u′1 ∈ C and ψ⊥ ∈ g ⊥1 . More explicitly,

u(x) = u1 + u′1x+

∫ x

0

ψ⊥(y) dy, ∀x ∈ [0, b].

Since
∫ b
0
ψ⊥(y) dy = (ψ⊥, g1) = 0, we derive

u1 = u(0), u′1 = b−1
(
u(b)− u(0)

)
. (2.37)

Thus the space
EM,1 := kerAM,1 ⊕B1(kerAM,1S) = 〈g1, g2〉

encapsulates the boundary values of elements of D(AM,1) = H1(0, b).
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Regarding T ∗1 := (−AM,1, B
∗
1 , S), Corollary 2.16 yields that each f in D(−AM,1) reads

f = f1g1 + f ′1g1 ∗′ g1 + g1 ∗′ ψ⊥, (2.38)

where f1, f ′1 ∈ C and ψ⊥ ∈ g ⊥1 . One has g1 ∗′ g1 = S(g1 ∗ Sg1) = Sg2. Thus (2.38) entails

f(x) = f1 + f ′1(b− x) +

∫ b

x

ψ⊥(y) dy, ∀x ∈ [0, b].

We may compute f1 and f ′1 from the latter identity. However, it is simpler to notice that
Sf ∈ D(AM,1), so that (2.38) yields that

Sf = f1g1 + f ′1g2 + g1 ∗ ϕ⊥,
where ϕ⊥ = Sψ⊥ ∈ g ⊥1 . By (2.36)-(2.37), we get

f1 = f(b), f ′1 = b−1
(
f(0)− f(b)

)
. (2.39)

That “coordinates trick” will be used in Section 4 for fractional operators.
Again, the space

Es
M,1 := kerAM,1 ⊕B∗1(kerAM,1) = 〈g1, Sg2〉 = 〈g1, g2〉 (2.40)

encapsulates, but in a different way, the boundary values of the elements of D(−AM,1).
Recalling Definition 2.6, the minimal operator of T1, denoted by Am,1 has domain H1

0 (0, b).
�

2.3. Boundary restriction operators with finite dimensional kernel. In this section,
being given a differential triplet (AM, B, S) with minimal operator Am, we will assume that
AM has non trivial finite dimensional kernel. Hence, there exist an integer d ≥ 1, and linearly
independent vectors ξ1, . . . , ξd of D(AM) such that

kerAM = 〈ξ1, . . . , ξd〉. (2.41)

Therefore AM is closed according to Proposition A.1. Let A be a closed boundary restriction
operator of AM in the sense of Definition 2.3. In view of Proposition 2.15,

D(A) = E ⊕B
(
(kerAMS)⊥

)
, (2.42)

for some subspace E of
EM := kerAM ⊕B(kerAMS). (2.43)

Assuming first that E is not trivial, we denote by (e1, . . . , edE) one of its basis, where
dE ∈ [1, 2d] is the dimension of E. For each j ∈ [1, dE], the embedding

E ⊆ kerAM ⊕B(kerAMS)

and (2.41) yield that
ej = xijξi +BSyijξi, (2.44)

where xij, yij ∈ C, and the repeated indexes sum convention is used, i.e.

xijξj :=
d∑
i=1

xijξi.

Setting
ωj := xijξi, ω′j := yijξi, in kerAM, (2.45)

we have
ej = ωj +BSω′j ∈ kerAM ⊕B(kerAMS), ∀ 1 ≤ j ≤ dE. (2.46)

Although the following proposition is known from Fredholm operator theory, we give its
proof for sake of completeness.



13

Proposition 2.17. Under the above assumptions and notations, in particular (2.41)-(2.46),
let A be a closed boundary restriction operator of AM. Then the range of A is closed in H.

Proof. Let (un)n≥0 ⊂ D(A) and f ∈ H be such that Aun → f in H. By (2.44), (2.46), for
each n ≥ 0, there exist xn1 , . . . , xndE ∈ C and φ⊥n ∈ (kerAMS)⊥ such that

un = xnj ωj +B
(
xnj Sω

′
j + φ⊥n

)
.

Thus
Aun = xnj Sω

′
j + φ⊥n ∈ kerAMS ⊕ (kerAMS)⊥.

Denoting by P ∈ L(H) the orthogonal projection onto kerAMS, we infer

xnj Sω
′
j −−−→
n→∞

Pf in H.

However, by closedness of the finite dimensional space generated by Sω′1, . . . , Sω′dE , Pf reads

Pf = xjSω
′
j,

for some x1, . . . , xdE ∈ C. Then we set

u := xjej +B
(
f − Pf

)
.

Since f − Pf lies in (kerAMS)⊥, and, by (2.42), D(A) contains B
(
(kerAMS)⊥

)
, we infer

that u belongs to D(A), and Au = f . The proof of the proposition is now completed. �

Proposition 2.18. Under the assumptions of Proposition 2.17, and recalling that d denotes
the finite dimension of kerAM, the following assertions holds true.
(i) If A is onto then dimE ≥ d.
(ii) If A is one-t-one then dimE ≤ d.
(iii) If A is a bijection then dimE = d.

Proof. Let P ∈ L(EM) be the projection on B(kerAMS) along kerAM. By (2.42), each u in
D(A) reads u = e + Bφ⊥, where e ∈ E and φ⊥ ∈ (kerAMS)⊥. Thus, since e − Pe lies in
kerAM,

Au = AMPe+ φ⊥.

If A is onto then for each h in kerAMS, there exist e ∈ E and φ⊥ ∈ (kerAMS)⊥ such that

AMPe+ φ⊥ = h.

AMPe belongs to kerAMS, thus by orthogonality, AMPe = h. Thus AMP (E) = kerAMS.
Since dim kerAMS = d, we have dimE ≥ d.

If A is one-to-one then E ∩ kerAM = kerA = {0}. Hence Grassman’s formula leads to

dimE = dim(E + kerAM)− dim(kerAM) ≤ d,

since E and kerAM are subspaces of EM, and dimEM = 2d. �

2.3.1. Abstract boundary conditions for D(A∗). We will describe D(A∗) by linear equations
involving only coordinates in EM. The result is stated in Proposition 2.19. These equations
are called abstract boundary conditions since in application, coordinates in EM are linearly
related to boundary values of functions in D(A∗).

Starting from the decomposition

D(SAMS) = kerAMS ⊕B∗(kerAM)⊕B∗
(
(kerAM)⊥

)
,

given by Corollary 2.16, any f ∈ D(SAMS) reads in a unique way (see (2.41))

f = fiSξi +B∗f ′iξi +B∗ϕ⊥, (2.47)

where fi, f ′i ∈ C for all 1 ≤ i ≤ d, and ϕ⊥ ∈ (kerAM)⊥.
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Proposition 2.19. Under the above assumptions and notations, in particular A is a closed
boundary restriction operator of AM, (2.41)-(2.47) hold and 1 ≤ dE ≤ 2d, let f belong to
D(SAMS). Then

f ∈ D(A∗) ⇐⇒ (ω′j, fiξi) = (ωj, f
′
iξi), ∀ 1 ≤ j ≤ dE.

Proof. Let f ∈ D(SAMS) and u ∈ D(A). Starting from the first equivalence of Theorem 2.3,
using (2.42), (2.46), and recalling that (e1, . . . , edE) is a basis of E,

f ∈ D(A∗) (2.48)

is equivalent to(
A(ωj +BSω′j +BSψ⊥), f0

)
= (ωj, SAMSf), ∀ 1 ≤ j ≤ dE, ∀ψ⊥ ∈ (kerAM)⊥.

However, (
ABSψ⊥, f0

)
=
(
Sψ⊥, f0

)
=
(
ψ⊥, Sf0

)
= 0,

since ψ⊥ ∈ (kerAM)⊥ and Sf0 ∈ kerAM. Thus (2.48) is equivalent to(
Sω′j, f0

)
= (ωj, SAMSf), ∀ 1 ≤ j ≤ dE.

Moreover, recalling (2.10), and using (2.47), we get f0 = fiSξi and SAMSf = f ′iξi + ϕ⊥.
Since (ωj, ϕ

⊥) = 0, (2.48) is equivalent to

(ω′j, fiξi) = (ωj, f
′
iξi), ∀ 1 ≤ j ≤ dE.

�

2.3.2. Dimension of Es. Let us recall that A denotes a closed boundary restriction operator
of (AM, B, S). In view of Corollary 2.16, let Es be the subspace of

Es
M := kerAMS ⊕B∗(kerAM) (2.49)

satisfying
D(A∗) = Es ⊕B∗

(
(kerAM)⊥

)
. (2.50)

For each j ∈ [1, dE], we introduce the following linear form on Es
M

Fj : kerAMS ⊕B∗(kerAM)→ C, f0 + f1 7→ (f0, Sω
′
j)− (SAMSf1, ωj). (2.51)

Then we may compute the dimension of Es.

Proposition 2.20. Under the assumptions and notation of Proposition 2.19, and (2.49)-
(2.51), the dimension of Es is 2d− dE.

Proof. We claim that

Es =

dE⋂
j=1

kerFj. (2.52)

Indeed, Es ⊆ ∩dEj=1 kerFj by Proposition 2.19 and since Es ⊆ D(A∗). Conversely, let f be in
the intersection. Since f ∈ Es

M ⊆ D(SAMS), Proposition 2.19 leads that f ∈ D(A∗). Besides

Es
M ∩D(A∗) = Es,

since

D(SAMS) = Es
M ⊕B∗

(
kerAM)⊥

)
D(A∗) = Es ⊕B∗

(
(kerAM)⊥

)
Es ⊆ Es

M.

Thus f ∈ Es. That proves the claim.
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Since SAMSB
∗ = idH, B∗ is one-to-one. Hence (see (2.49)) Es

M has dimension 2d.
Therefore, standard results in linear algebra yield that Es has dimension 2d − dE provided
F1, . . . , FdE are linearly independent in the dual space of Es

M.
In order to check that independence, let λ1, . . . , λdE ∈ C be such that λjFj = 0. By setting

f0 := Sλjω
′
j, f1 := −B∗λjωj,

we have (see (2.45))
f0 + f1 ∈ kerAMS ⊕B∗(kerAM) = Es

M.

Thus
0 = 〈λjFj, f0 + f1〉 = ‖λjω′j‖2 + ‖λjωj‖2.

Going back to (2.46), we infer that λjej = 0. Thus λj = 0 for all j ∈ [1, dE], since (e1, . . . , edE)
is a basis of Es. The proof of the theorem is now completed. �

2.3.3. Abstract boundary conditions of D(A). We assume that E is not maximal, that is
E 6= EM, or equivalently

0 ≤ dE ≤ 2d− 1. (2.53)
Then Proposition 2.20 entails that Es is not trivial. Let (es1, . . . , e

s
2d−dE) be a basis of Es. In

view of (2.49), esj reads

esj = Sωsj +B∗ωsj
′, ∀ 1 ≤ j ≤ 2d− dE, (2.54)

for some ωsj and ωsj
′ in kerAM. By Propositions 2.15 (i) and C.2, each u in D(AM) reads

u = uiξi +BSu′iξi +BSψ⊥, (2.55)

where ui, u′i ∈ C for all 1 ≤ i ≤ d, and ψ⊥ ∈ (kerAM)⊥. Then arguing as in the proof of
Proposition 2.19, we may show the following result.

Proposition 2.21. Under the above assumptions and notations, in particular (2.41)-(2.47)
and (2.53)-(2.55), let u ∈ D(AM). Then

u ∈ D(A) ⇐⇒ (u′iξi, ω
s
j ) = (uiξi, ω

s
j
′), ∀ 1 ≤ j ≤ 2d− dE.

2.3.4. Limit cases. Our analysis is complete when E is a proper subset of EM. There remains
to investigate of the cases where E = EM and E is trivial.

(i) If E = EM then dE = 2d, A = AM, and

E = EM = kerAM ⊕B(kerAMS).

Setting

ωj :=

{
ξj if 1 ≤ j ≤ d

0 if d+ 1 ≤ j ≤ 2d
, ω′j :=

{
0 if 1 ≤ j ≤ d

ξj−d if d+ 1 ≤ j ≤ 2d
, (2.56)

it is clear that
ej = ωj +BSω′j, ∀ 1 ≤ j ≤ 2d,

constitutes a basis of E. Then Proposition 2.19 yields that

f ∈ D(A∗)⇐⇒

{
0 = (ξj, f

′
iξi) ∀ 1 ≤ j ≤ d

(ξj−d, fiξi) = 0 ∀ d+ 1 ≤ j ≤ 2d
⇐⇒

{
fi = 0

f ′i = 0 ∀ 1 ≤ i ≤ d.
(2.57)

Thus f ∈ D(A∗) iff its component on EM are trivial. We will see in applications, that
the above equations are equivalent to the cancellation of all boundary values of f . Also
A∗ = (AM)∗ is the minimal operator of the differential triplet (SAMS,B

∗, S). That result
was already proved in Proposition 2.12.
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(ii) If E is trivial then dE = 0, A = Am. Starting from the first equivalence of Theorem
2.3, each u ∈ D(Am) reads u = BSψ⊥, for some ψ⊥ ∈ kerA⊥M. Thus

u0 = 0, (Au, f0) = (ψ⊥, Sf0) = 0, ∀ f0 ∈ kerAMS.

Thus Item (i) in Theorem 2.3 yields A∗ = SAMS, so that there is no boundary condition.
The characterization of D(Am) in terms of boundary conditions follows from Proposition

2.21. Indeed, setting
ωsj := ωj, ωsj

′ := ωj
′,

where ωj and ωj ′ are defined thru (2.56), it is clear that

esj := Sωsj +B∗ωsj
′, ∀ 1 ≤ j ≤ 2d

constitutes a basis of Es = Es
M := kerAMS ⊕B∗(kerAM). Thus Proposition 2.21 gives

u ∈ D(Am)⇐⇒

{
(u′iξi, ξj) = 0 ∀ 1 ≤ j ≤ d

0 = (uiξi, ξj−d) ∀ d+ 1 ≤ j ≤ 2d
⇐⇒

{
ui = 0

u′i = 0 ∀ 1 ≤ i ≤ d.
(2.58)

2.3.5. Boundary restriction operators of d
dx
. We will illustrate the latter theory in the case

where AM := AM,1 = d
dx
. Starting from Example 2.7, and recalling that T1 := (AM,1, B1, S),

one has

kerAM = 〈g1〉, d = 1, ξ1 = g1, EM = EM,1 = 〈g1, g2〉, Es
M = Es

M,1 = 〈g1, Sg2〉.

In view of (2.36) and (2.38), each u ∈ EM,1 and f ∈ Es
M,1 read

u = u1g1 + u′1g2, f = f1g1 + f ′1Sg2.

We will classify the closed boundary restriction operators A of d
dx

w.r.t. the dimension of
E. It will appear that these operators form the set of all operators d

dx
supplemented with

homogeneous linear boundary conditions. Also, we will determinate in a systematic way the
adjoint of each boundary restriction operator.
(i) If E = EM,1 = 〈g1, g2〉 then, in view of (2.56),

dE = 2, ω1 = g1, ω2 = 0, ω′1 = 0, ω′2 = g1.

Starting from (2.57) and using (2.39), we obtain

f ∈ D
(
(AM,1)

∗) ⇐⇒ f1 = f ′1 = 0 ⇐⇒ f(0) = f(b) = 0.

(ii) If E is trivial then A = Am,1. Starting from (2.58) and using (2.37), we obtain

u ∈ D(Am,1) ⇐⇒ u1 = u′1 = 0 ⇐⇒ u(0) = u(b) = 0.

(iii) If E is one-dimensional, that is dE = 1, E = 〈e1〉 where (see (2.45)-(2.46))

e1 = x11g1 + y11g2, ω1 := x11g1, ω′1 := y11g1,

then Proposition 2.19 and (2.39) yield

f ∈ D(A∗)⇐⇒ y11f1 = x11f
′
1 (2.59)

⇐⇒ x11f(0) = (x11 + by11)f(b). (2.60)

That is the characterization of D(A∗) in terms of boundary conditions.
In order to characterize D(A) in terms of boundary conditions, one needs to find a

basis of Es. We know that its dimension is 2d− dE = 1. Thus setting

ωs
1 := x11g1, ωs

1
′ := y11g1, es1 = ωs

1 +B ∗1 ω
s
1
′,
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(2.59) yields that Es = 〈es1〉, and Proposition 2.21 and (2.37) yield

u ∈ D(A)⇐⇒ x11u
′
1 = y11u1

⇐⇒ x11u(b) = (x11 + by11)u(0). (2.61)

That is the characterization of D(A) in terms of boundary conditions.
Let us emphasize some standard boundary conditions.

(a) If x11 = 0 then D(A) = 0H
1(0, b), and A is the pivot operator AT1 of T1 (see

Definition 2.5). Also D(A∗) = bH
1(0, b).

(b) If x11 + by11 = 0 then D(A) = bH
1(0, b). Also D(A∗) = 0H

1(0, b).
(c) If y11 = 0 then

D(A) = D(A∗) = {u ∈ H1(0, b) | u(0) = u(b)}.

That corresponds to periodic boundary conditions.
Finally, let us show that for each boundary restriction operator A of AM,1 satisfies

u(b)f(b) = u(0)f(0), ∀u ∈ D(A), f ∈ D(A∗). (2.62)

Indeed, that relation is clear for Items (i) and (ii). Regarding Item (iii), combining (2.60)
and (2.61), one gets

x11uf(0) = (x11 + by11)f(b)u(0) = x11uf(b).

If x11 6= 0 then (2.62) holds. Otherwise, (2.62) follows from the result of Item (a).
Let us notice that (2.62) may be obtained directly by using by-part-integration, indeed

0 = (Au, f)− (u,A∗f) =

∫ b

0

u′f + uf ′ dx = uf(b)− uf(0).

We claim that the notion of closed boundary restriction operator of d
dx

fits exactly with
the one the “operator d

dx
supplemented with homogeneous linear boundary conditions”. In

order to make that statement precise, let us define the latter notion.

Definition 2.8. Let d
dx

: H1(0, b) ⊆ L2(0, b) → L2(0, b) and A be an operator on L2(0, b).
We say that A is d

dx
supplemented with homogeneous linear boundary conditions if A is a

restriction of d
dx

and one of the following conditions holds.
(i) D(A) = {u ∈ H1(0, b) | u(0) = u(b) = 0};
(ii) there exist a1, a2 ∈ C such that

D(A) =
{
u ∈ H1(0, b) | a1u(0) + a2u(b) = 0

}
.

Proposition 2.22. Let A be an operator on L2(0, b). Then the following assertions are
equivalent.
(i) A is a closed boundary restriction operator of ( d

dx
, B1, S).

(ii) A is d
dx

supplemented with homogeneous linear boundary conditions.

Proof. There results from the above analysis that a boundary restriction operator of d
dx

is
d
dx

supplemented with homogeneous linear boundary conditions. Conversely, let A be d
dx

supplemented with some homogeneous linear boundary conditions . Then D(A) contains
H1

0 (0, b), thus the minimal operator Am,1 of T1 is a restriction of A. Thus A∗ ⊆ (Am,1)
∗ =

SAM,1S, by Proposition 2.13. Hence A is a boundary restriction operator of d
dx
. �
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Remark 2.9. For any c ∈ (0, b), let

hc(x) :=

{
1 if x ∈ [0, c]

0 otherwise
.

Then, by Proposition 2.5, the restriction Ã of AM,1 to B1(h
⊥
c ) is still densely defined. How-

ever, for each ψ in h ⊥c , u := B1ψ satisfies

0 = (hc, Ãu) = u(c)− u(0) = u(c).

Thus, in view of Definition 2.8, Ã is not d
dx

supplemented with some homogeneous linear
boundary conditions. Hence Proposition 2.22 entails that Ã is not a boundary restriction
operator of d

dx
.

Also, since Shc does not belong to kerAM,1, the equivalence of Proposition 2.11 tells us
that Ã∗ is not a restriction of SAM,1S. By (2.29), we see that D(Ã∗) contains a non smooth
element, namely hc.

This example highlights the link between homogeneous linear boundary conditions set on
D(A), and regularity of functions of D(A∗).

3. Second order differential triplets

In application, the maximal operator AM of a differential triplet is a basic operator like d
dx

or Dα. Thus AM can be seen as a first order operator. From that point of view, A 2
M := AM◦AM

is a second order operator, like d2

dx2
or − d2

dx2
. This section is devoted to a study of boundary

restriction operators of second order differential triplets.
Being given a differential triplet T = (AM, B, S), it is easy to check that

T 2 := (A 2
M, B

2, S), T T ∗ :=
(
(AMS)2, B∗B, idH

)
, T ∗T :=

(
(SAM)2, BB∗, idH

)
(3.1)

are differential triplets. The two latter triplets are equal to their adjoint (see Definition 2.2).
However, the adjoint triplet of T 2 is

(T 2)∗ :=
(
SA 2

MS, (B
∗)2, S

)
.

Thus Proposition 2.4 yields that the closed boundary restriction operators of (T 2)∗ can
be obtained from the ones of T 2. Moreover, if we start from T ∗ instead of T , that is if
T := (SAMS,B

∗, S), then
T ∗T =

(
(AMS)2, B∗B, idH

)
.

Thus, among these four so-called second order differential triplets, it is enough to study the
two first triplets of (3.1).

Let us recall that the pivot operator is defined by (2.15), andminimal operator by Definition
2.6.

Proposition 3.1. Let (AM, B, S) be a differential triplet such that AM is a closed operator
on H. Then the following assertions hold true.
(i) kerAM and B(kerAM) are in direct sum in D(AM) and

ker(AM)2 = kerAM ⊕B(kerAM) in D(AM).

(ii) ker(AMS)2 = kerAMS ⊕B∗(kerAM).
(iii) The pivot operator LT 2 of T 2 is equal to (AT )2.
(iv) The pivot operator LT T ∗ of T T ∗ is equal to (AT S)2.
(v) The minimal operator of T 2 is equal to (Am)2, where Am is the minimal operator of T .
(vi) The minimal operator of T T ∗ is equal to (AmS)2.
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Proof. We will prove only the odd items relative to T 2. The others items, relative to T T ∗
can be established in a same way.

(i) Arguing as in the proof of Proposition 2.15, we may show that kerAM and B(kerAM)
are in direct sum in D(AM). Let u ∈ ker(AM)2. Then AMu = ξ for some ξ ∈ kerAM. By
Proposition 2.1, there exists u0 ∈ kerAM such that u = u0 + Bξ. Thus u lies in kerAM ⊕
B(kerAM). Since the converse is obvious, Item (i) is proved.

(iii) Let us start to show that LT 2 ⊆ (AT )2. For, each u ∈ D(LT 2) reads u = B2ψ for
some ψ ∈ H, and satisfies LT 2u = ψ. Since D(AT ) = R(B) and ATB = idH, we derive
u ∈ D((AT )2) and (AT )2u = ψ. Thus LT 2 ⊆ (AT )2.

We will be done if we prove that D((AT )2) ⊆ D(LT 2). For, each u ∈ D((AT )2) satisfies
B2(AT )2u = u, since (AT )−1 = B. Thus u belongs to R(B2), which by definition is the
domain of LT 2 .

(v) Denoting by Lm the minimal operator of T 2, we start to show that Lm ⊆ A 2
m . For, by

definition of Lm, each u ∈ D(Lm) reads u = B2ψ⊥ for some ψ⊥ ∈ (kerA 2
M S)⊥, and satisfies

Lmu = ψ⊥. Moreover, by Item (i) and Proposition C.2,

(kerA 2
M S)⊥ = (kerAMS)⊥ ∩

(
SB(kerAM)

)⊥
. (3.2)

We claim that u = B2ψ⊥ lies in D(Am). Indeed, by definition of Am, it is enough to prove
that Bψ⊥ ∈ (kerAMS)⊥. For each ξ ∈ kerAM, one has

(Bψ⊥, Sξ) = (ψ⊥, B∗Sξ) = (ψ⊥, SBξ) = 0,

since ψ⊥ lies in
(
SB(kerAM)

)⊥, according to (3.2). Thus Bψ⊥ ∈ (kerAMS)⊥, and the claim
is proved.

Then Amu = Bψ⊥. By (3.2) again, we know that ψ⊥ ∈ (kerAMS)⊥. Whence Amu belongs
to D(Am) and A 2

m u = ψ⊥. Recalling that Lmu = ψ⊥, we get Lm ⊆ A 2
m .

Finally, let us show that D(A 2
m ) ⊆ D(Lm). For, let u ∈ D(A 2

m ). Since Am ⊆ AT , one
has

B2A 2
m u = u. (3.3)

There remains to prove that A 2
m u ∈ (kerA 2

M S)⊥. For, we will use (3.2). Item (i) in
Theorem 2.10 tells us that R(Am) = (kerAMS)⊥. Thus A 2

m u ∈ (kerAMS)⊥. Moreover, for
each ξ ∈ kerAM, (

A 2
m u, SBξ

)
=
(
(SAmS)SAmu,Bξ

)
.

By Proposition 2.12, SAmS = (AM)∗. Thus, since Bξ lies in D(AM), one has(
A 2

m u, SBξ
)

= (Amu, Sξ) = 0,

since R(Am) = (kerAMS)⊥. Hence A 2
m u ∈

(
SB(kerAM)

)⊥. There results from (3.2), that
A 2

m u belongs to (kerA 2
M S)⊥. Going back to (3.3), we get u ∈ D(Lm). �

According to Proposition 3.1, A 2
m and A 2

T are boundary restriction operators of T 2. More
generally, the following result investigates the product of two closed boundary restriction
operators. The adjoint of the product is computed via a deep result of S. Holland stated in
Theorem C.1.

Proposition 3.2. Let (AM, B, S) be a differential triplet such that AM has a finite dimen-
sional kernel. Then
(i) if A1, A2 are closed boundary restriction operators of T then A2A1 is a boundary re-

striction operator of T 2.
(ii) If A1, A2 are closed boundary restriction operator of T ∗ and T respectively, then A2A1

is a boundary restriction operator of T T ∗.
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Proof. We will prove only (i) since (ii) follows in the same way. Let us start to show that
A2A1 is densely defined. Since A1 and AM are closed, A1 is an extension of the minimal
operator Am of T , by Corollary 2.14. Thus

R(A1) ⊇ R(Am) = (kerAMS)⊥,

by Item (i) in Theorem 2.10. Since R(A1) is closed by Proposition 2.17, we deduce that
R(A1) has finite codimension in H. Then Theorem C.1 yields that A2A1 is densely defined,
and (A2A1)

∗ = A∗1A
∗
2.

Since A1, A2 are boundary restriction operators of AM, one has A ∗
i ⊆ SAMS. Thus

A∗1A
∗
2 ⊆ SA2

MS. Hence A2A1 is a boundary restriction operator of T 2. �

This well-known proposition, whose proof will be omitted, provides self-adjoint restrictions
of (AMS)2.

Proposition 3.3. If A is closed densely defined operator on H then the following assertions
hold true.
(i) Lop := AA∗ is a non-negative (i.e. (Lopu, u) ≥ 0, ∀u ∈ D(Lop)) self-adjoint operator

on H.
(ii) The spectrum of Lop is contained in the real interval [0,∞).
(iii) R(Lop) = R(A) and kerLop = R(A)⊥.

Example 3.1. With the notation of Example 2.7, we consider the following second order
differential triplets

T 2
1 := ( d2

dx2
, B 2

1 , S), T1T ∗1 := (− d2

dx2
, B ∗

1 B1, idL2(0,b)).

We know by Item (a) in Subsubsection 2.3.5, that the domain of the pivot operator of T1 is
0H

1(0, b). Thus Proposition 3.1 (iii) tells us that the domain of the pivot operator LT 2
1

of
T 2
1 is

D
(
LT 2

1

)
=
{
u ∈ H2(0, b) | u(0) = u′(0) = 0

}
.

In a same way, the pivot operator LT1T ∗
1
of T1T ∗1 has domain

D
(
LT1T ∗

1

)
=
{
u ∈ H2(0, b) | u(b) = u′(0) = 0

}
.

Moreover, using also Proposition 2.9, we get

LT1T ∗
1

= AT1(AT1)
∗.

Hence Proposition 3.3 entails that LT1T ∗
1
is self-adjoint.

Regarding the minimal operators of T 2
1 and T1T ∗1 , their common domain is

D
(
Lm,1

)
=
{
u ∈ H1

0 (0, b) | u′ ∈ H1
0 (0, b)

}
=
{
u ∈ H2(0, b) | u(0) = u(b) = u′(0) = u′(b) = 0

}
.

Also, Proposition 3.1 gives

ker(− d2

dx2
) = ker( d2

dx2
) = 〈g1, g2〉.

Finally, let us introduce Lop,D,1, the well-known opposite of the one-dimensional Laplace
operator with Dirichlet boundary condition . In our framework, that operator is defined by

Lop,D,1 :=
d

dx
◦
( d

dx

)∗
, (3.4)

where d
dx

:= AM,1. Thus Lop,D,1u = − d2

dx2
u for each u in

D
(
Lop,D,1

)
=
{
u ∈ H2(0, b) | u(0) = u(b) = 0

}
.
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Proposition 3.3 entails that Lop,D,1 is a positive self-adjoint operator on H, a well-known
result.

4. First order fractional differential operators

Let us turn our attention to the application of the theoretical results of Section 2 to
fractional differential operators. Applications of these theoretical results to the operator d

dx
has been achieved in Subsubsection 2.3.5. Keeping the same approach, we will study the first
order fractional differential operator Dα and its boundary restriction operators.

4.1. A differential triplet. Let b ∈ (0,∞), and H := L2(0, b). The standard inner product
of the complex Hilbert space H is

(f, h) :=

∫ b

0

f(x)h(x) dx, ∀ f, h ∈ H. (4.1)

The related norm of L2(0, b) is denoted by ‖ · ‖. Also, for each β > 0, let gβ be the function
of L1(0, b) defined for a.e. x in [0, b] by

gβ(x) =
1

Γ(β)
xβ−1. (4.2)

The domain of the fractional differential operator Dα is a follows.

Definition 4.1. For each α ∈ (0, 1), we denote by D(AM,α) the space of functions u in
L2(0, b) for which there exists u0 ∈ C such that

g1−α ∗ (u− u0) ∈ H1(0, b).

The following result whose proof is elementary, is a particular case of [ER19, Prop. 2.1].

Proposition 4.1. Let b ∈ (0,∞), α ∈ [1
2
, 1) and u ∈ D(AM,α). Then there exists a unique

u0 ∈ C such that
g1−α ∗ (u− u0) ∈ H1(0, b).

Although elements of D(AM,α) are not continuous in general (see Remark 4.3 (ii) below),
we will set, in view of Proposition 4.1, u(0) := u0 for each u ∈ D(AM,α).

We are now in position to define a (maximal) fractional differential operator on L2(0, b).

Definition 4.2. Let b ∈ (0,∞) and α ∈ [1
2
, 1). Then we define the operator

AM,α : D(AM,α) ⊂ L2(0, b)→ L2(0, b), u 7→ d

dx

{
g1−α ∗ (u− u0)

}
, (4.3)

where u0 is the unique complex number given by Proposition 4.1. For each u ∈ D(AM,α),
AM,αu is called the fractional derivative of u of order α in L2(0, b). Also we put

Dα := AM,α.

If α = 1 then AM,1 is defined according to Example 2.4.

Remark 4.3. Let β > 0. If α = 1
2
then

gβ ∈ D
(
AM, 1

2

)
⇐⇒ β ≥ 1.

If α ∈ (1
2
, 1) then

gβ ∈ D(AM,α) ⇐⇒ β > α +
1

2
or β ∈ {1, α}.

Let α ∈ [1
2
, 1) and gβ ∈ D(AM,α).
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(i) If β 6= α then gβ admits a continuous representative on [0, b], still labeled gβ. Moreover,
if β 6= 1 then AM,αgβ = gβ−α and gβ(0) = 0. On the other hand, AM,αg1 = 0, g1(0) = 1.

(ii) If β = α then α > 1
2
, AM,αgα = 0 and gα(0) = 0. Let us notice that gα is not continuous

at x = 0, although it lies in D(AM,α).
Finally,

kerAM,α =

{
〈g1〉 if α = 1

2

〈g1, gα〉 if 1
2
< α < 1

. (4.4)

�

For each α ∈ [1
2
, 1], let

Bα : L2(0, b)→ L2(0, b), f 7→ gα ∗ f. (4.5)

S : L2(0, b)→ L2(0, b), f 7→ f(b− ·) (4.6)
Tα := (AM,α, Bα, S). (4.7)

Clearly, for all f ∈ L2(0, b), Bαf ∈ D(AM,α) with Bαf(0) = 0. Using also the fact that gα is
real-valued, we check easily that Tα is a differential triplet. We put

gα ∗′ u := (Bα)∗u = S
(
gα ∗ (Su)

)
, ∀α ∈ (0,∞), ∀u ∈ L2(0, b). (4.8)

Moreover, in view of (4.4), we infer from Propositions 2.1 and A.1 that AM,α is a closed
operator on L2(0, b).

4.2. Restriction operators. For α ∈ [1
2
, 1), let Am,α denote the minimal operator of Tα.

Then
D(Am,α) = Bα

(
(kerAM,αS)⊥

)
. (4.9)

Definition 4.4. For α ∈ [1
2
, 1), Caputo’s operator CD

α is the restriction of AM,α to the
domain

D(CD
α
) :=

{
u ∈ D(AM,α) | g1−α ∗

(
u− u(0)

)
(0) = 0

}
.

�

Let us focus on eigenmodes of CD
α. Since, for all f ∈ L2(0, b), k ∈ N,

‖(Bα)kf‖ = ‖gαk ∗ f‖ ≤ ‖gαk‖L1(0,b)‖f‖ = gαk+1(b)‖f‖,

and the kernel of CD
α is generated by g1 = 1, we recover, thanks to Proposition C.3, the

following well-known result. For each λ ∈ C, the kernel of CD
α − λ is the one-dimensional

space generated by the function

eC,α,λ :=
∑
k≥0

λkgαk+1 in L2(0, b). (4.10)

Of course, eC,α,λ may be expressed by means of the Mittag Leffler function Eα thru the
identity

eC,α,λ(x) = Eα(λxα) a.e x ∈ [0, b].

Let us now introduce the another famous fractional operator.

Definition 4.5. For α ∈ [1
2
, 1), Riemann-Liouville’s operator RLD

α is the restriction of AM,α

to the domain
D(RLD

α
) :=

{
u ∈ D(AM,α) | u(0) = 0

}
.

�
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Let us focus on eigenmodes of RLD
α. In the case where α ∈ (1

2
, 1), the kernel of RLD

α is
generated by gα. Thus, arguing as for Caputo’s operator, we get that, for each λ ∈ C, the
kernel of RLD

α − λ is generated by the function

eRL,α,λ :=
∑
k≥0

λkgα(k+1). (4.11)

On the over hand, if α = 1
2
then RLD

α has a trivial kernel, thus Proposition C.3 yields that
RLD

α has no eigenmode.

4.3. Analysis of AM,α for 1
2
< α < 1. In view of Subsection 2.3, one has d = 2, and (see

(2.43), (2.42))

EM,α := kerAM,α ⊕Bα(kerAM,αS) = 〈g1, gα, Bαg1, BαSgα〉. (4.12)

D(AM,α) = EM,α ⊕Bα

(
S(kerAM,α)⊥

)
(4.13)

Regarding the eigenmodes of Dα, in view of the above analysis, and in particular of (4.10)-
(4.11), we derive that, for each λ ∈ C, the kernel of Dα − λ is generated by eC,α,λ and
eRL,α,λ.

Let us focus on boundary values of functions in D(Dα). There results from (4.12)-(4.13)
that u lies in D(AM,α) if and only if there exists u1, u2, u′1, u′2 ∈ C and ψ⊥ ∈ 〈g1, gα〉⊥ such
that

u = u1g1 + u2gα +Bαu
′
1g1 +BαSu

′
2gα +BαSψ

⊥. (4.14)
We claim that u admits a continuous representative on (0, b], and that continuous repre-

sentative, still labelled u satisfies
u1 = u(0)

u2 = g1−α ∗
(
u− u(0)

)
(0)

u′1b+ u′2g1+α(b) = g1−α ∗
(
u− u(0)

)
(b)− g1−α ∗

(
u− u(0)

)
(0)

u′1g1+α(b) + u′2‖gα‖2 = u(b)− u(0)− g1−α ∗
(
u− u(0)

)
(0)gα(b).

(4.15)

Indeed, regarding u1, we have already observed that g1(0) = 1, gα(0) = 0, and Bαh(0) = 0
for each h ∈ L2(0, b). Thus u1 = u(0). For u2, convoluting (4.14) with g1−α, we derive

g1−α ∗
(
u− u(0)

)
= u2g1 + g1 ∗ (u′1g1 + u′2Sgα + Sψ⊥).

Thus the second equation of (4.15) follows. Regarding u′j, we start from the identity

AM,αu = u′1g1 + u′2Sgα + Sψ⊥.

Using (Sgα, g1) = g1+α(b), and (Sψ⊥, g1) = (ψ⊥, g1) = 0, we get

(AM,αu, g1) = u′1b+ u′2g1+α(b). (4.16)

Then the definition of AM,α entails the third equation. In the same way,

(AM,αu, Sgα) = u′1g1+α(b) + u′2‖gα‖2. (4.17)

Moreover, since α > 1
2
, gα ∗ AM,αu is continuous on [0, b], according to Theorem B.1. Thus,

gα ∗ AM,αu(b) = (AM,αu, Sgα) = u′1g1+α(b) + u′2‖Sgα‖2.
Hence, starting from

u = u1g1 + u2gα + gα ∗ AM,αu,

and noticing that the right hand side is continuous on (0, b], we deduce that u admits a
continuous representative on (0, b] satisfying the last equation of (4.15). That proves the
claim.
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Regarding SAM,αS, in view of (2.49) and Corollary 2.16, one has

Es
M,α := kerAM,αS ⊕B ∗

α (kerAM,α) = 〈g1, Sgα, B ∗
α g1, B

∗
α gα〉

D(SAM,αS) = Es
M,α ⊕B ∗

α

(
(kerAM,α)⊥

)
.

Thus f lies in D(SAM,αS) if and only if there exists f1, f2, f ′1, f ′2 ∈ C and ϕ⊥ ∈ (kerAM,α)⊥

such that
f = f1g1 + f2Sgα +B ∗

α

(
f ′1g1 + f ′2gα + ϕ⊥

)
. (4.18)

Thus
Sf = f1g1 + f2gα +Bα

(
f ′1g1 + f ′2Sgα + Sϕ⊥

)
. (4.19)

Let PEM,α
: D(AM,α) → D(AM,α) be the projection on EM,α along B

(
(kerAMS)⊥

)
. By

comparison with (4.14), there results that (f1, f2, f
′
1, f

′
2) are the coordinates of PEM,α

(Sf) in
the basis (g1, gα, Bαg1, BαSgα) of EM,α. Hence f has a continuous representative on [0, b),
still labelled f , and (4.15) yields

f1 = f(b)

f2 = g1−α ∗
(
Sf − f(b)

)
(0)

f ′1b+ f ′2g1+α(b) = g1−α ∗
(
Sf − f(b)

)
(b)− g1−α ∗

(
Sf − f(b)

)
(0)

f ′1g1+α(b) + f ′2‖gα‖2 = f(0)− f(b)− g1−α ∗
(
Sf − f(b)

)
(0)gα(b).

(4.20)

For all purposes, let us mention that f(b) := Sf(0) where Sf(0) is defined thru Proposition
4.1.

4.4. Boundary restriction operators for α ∈ (1
2
, 1).

4.4.1. Minimal operator. In view of (4.9) and combining (4.14) and (4.15), this result is
obtained easily.

Proposition 4.2. Let α ∈ (1
2
, 1) and Am,α be the minimal operator of Tα. Then

D(Am,α) =
{
gα ∗ ψ⊥ | ψ⊥ ∈ 〈g1, Sgα〉⊥

}
=
{
u ∈ D(AM,α) | u(0) = u(b) = (g1−α ∗ u)(0) = (g1−α ∗ u)(b) = 0

}
.

Remark 4.6. We claim that there is no symmetric boundary restriction operator of Dα.
Thus as far as one is concerned with the use of hilbertian operator theory to study boundary
value problems, our approach is different from the one of V. Ryzhov, since the latter relies
on self-adjoint operators (see [Ryz07, Assumption 2, Section 1].

In order to prove the claim, we proceed by contradiction assuming that A is a symmetric
boundary restriction operator of Dα. Then Am,α ⊆ A according to Corollary 2.14; so that
Am,α is a symmetric operator. For each ψ⊥, ϕ⊥ ∈ 〈g1, Sgα〉⊥, Proposition 4.2 entails that the
functions gα ∗ ψ⊥ and gα ∗ ϕ⊥ belong to D(Am,α). Using the symmetry of Am,α, we infer(

ϕ⊥, (B ∗
α −Bα)ψ⊥

)
= 0.

Hence there exist k1, k2 ∈ C such that

S(gα ∗ Sψ⊥)− gα ∗ ψ⊥ = k1g1 + k2Sgα. (4.21)

By Theorem B.1(i), the functions

gα ∗ Sψ⊥, gα ∗ ψ⊥, g1
are continuous at x = b, unlike Sgα. Thus k2 = 0. Then, evaluating (4.21) at x = b, we get

k1 = −(Sψ⊥, gα) = −(ψ⊥, Sgα) = 0,
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since ψ⊥ ∈ 〈g1, Sgα〉⊥ and gα ∗ Sψ⊥ vanishes at x = 0 due to Theorem B.1(i). Thus

B ∗
α ψ

⊥ = Bαψ
⊥, ∀ψ⊥ ∈ 〈g1, Sgα〉⊥. (4.22)

Now, let ψ ∈ C1[0, b] be such that ψ(0) = ψ(b) = 0. Clearly, there exist k1, k2 ∈ C such
that

ψ⊥ := ψ − k1g1 − k2Sgα ∈ 〈g1, Sgα〉⊥.

Then (4.22) yields that

S(gα ∗ Sψ)− gα ∗ ψ ∈ 〈g1+α, Sg1+α, Sg2α, gα ∗ Sgα〉.

By Theorem B.1(ii-b), the left hand side lies in C1[0, b]. However, g1+α, Sg1+α, Sg2α and
gα ∗ Sgα do not belong to C1[0, b] since

gα ∗ Sgα = gα ∗
(
Sgα − Sgα(0)

)
+ Sgα(0)g1+α

and gα ∗
(
Sgα−Sgα(0)

)
lies in C1[0, b

2
]. Thus, by density, B ∗

α = Bα, which is false as we can
see by testing with g1. That proves the claim.

4.4.2. Caputo’s operator. In view of Definition 4.4, setting

EC := 〈g1, Bαg1, BαSgα〉,

(4.15) yields that
D(CD

α
) = EC ⊕Bα

(
S(kerAM,α)⊥

)
.

Thus Proposition 2.15 tells us that CD
α is a closed boundary restriction operator of AM,α.

With the notations of Subsection 2.3, one has dEC
= 3 and

ξ1 = g1 ξ2 = gα

e1 = g1 ω1 = g1 ω′1 = 0

e2 = Bαg1 ω2 = 0 ω′2 = g1

e3 = BαSgα ω3 = 0 ω′3 = gα.

Then Proposition 2.19 yields that, in view of the notation (4.19),

f ∈ D(CD
α∗

)⇐⇒ 0 = (g1, f
′
iξi), (g1, fiξi) = (gα, fiξi) = 0

⇐⇒ (f ′1g1 + f ′2gα, g1) = 0, f1 = f2 = 0.

Moreover, by the third equation of (4.20),

(f ′1g1 + f ′2gα, g1) = g1−α ∗
(
Sf − f(b)

)
(b)− g1−α ∗

(
Sf − f(b)

)
(0).

Accordingly, we obtain the following characterization of elements of D(CD
α∗

) in terms of
their boundary values.

f ∈ D(CD
α∗

) ⇐⇒ f(b) =
(
g1−α ∗ Sf

)
(0) =

(
g1−α ∗ Sf

)
(b) = 0. (4.23)

Also, we have

D(CD
α∗

) =
{
f ∈ L2(0, b) | g1−α ∗ Sf ∈ H1

0 (0, b)
}

= B ∗
α (g ⊥1 ). (4.24)
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4.4.3. Riemann-Liouville operator. Proceeding in the same way, we obtain that the Riemann-
Liouville operator is a closed boundary restriction operator of Dα, and

f ∈ D
(
RLD

α∗)⇐⇒ 0 = (gα, f
′
1g1 + f ′2gα), f1 = f2 = 0.

Since (f ′1g1 + f ′2gα, gα) = f ′1g1+α(b) + f ′2‖gα‖2, (4.20) gives

f ∈ D
(
RLD

α∗)⇐⇒ f(0) = f(b) = g1−α ∗ Sf(0) = 0.

4.4.4. the operator ATα. Let us focus on the pivot operator ATα defined by (see (2.15))

D(ATα) := R(Bα), ATαu := AM,αu, ∀u ∈ D(ATα). (4.25)

This result is easily proved thanks (4.14)-(4.15) and Proposition 2.9.

Proposition 4.3. For α ∈ (1
2
, 1),

D(ATα) =
{
u ∈ L2(0, b) | g1−α ∗ u ∈ 0H

1(0, b)
}

=
{
u ∈ D(AM,α) | u(0) = g1−α ∗ u(0) = 0

}
.

In a symmetric way, one has

D
(
(ATα)∗

)
=
{
f ∈ D(SAM,αS) | f(b) = (g1−α ∗ Sf)(0) = 0

}
.

4.5. First order fractional boundary value problems. For α ∈ (1
2
, 1), let

Tα := (Dα, Bα, S) be the differential triplet defined by (4.7). There results from the invert-
ibility of the system (4.15) that the boundary values of a function u in D(Dα) are

u(0), uα(0), u(b), uα(b),

where uα := g1−α ∗
(
u− u(0)

)
∈ H1(0, b). For sake of concision, we will set

C(u) :=


u(0)
uα(0)
u(b)
uα(b)

 .

For h ∈ L2(0, b), M ∈M(4,C), a 4× 4 matrix with coefficients in C, and hb.c ∈ C4 a vector
belonging to the range of M , we will consider this boundary value problem{Find u ∈ D(Dα) such that

Dαu = h, MC(u) = hb.c.
(4.26)

The second equation of (4.26) is clearly non homogeneous linear boundary conditions. In
the sequel, we will discuss existence, uniqueness and well-posedness for Problem (4.26). We
consider the cases where M has rank 1 or 2.
(i) The case where M has rank 1.

(i-a) Regarding uniqueness issue, we may assume that h = 0 and hb.c = 0. Let A be the
restriction of Dα with domain

D(A) :=
{
u ∈ D(Dα) | MC(u) = 0

}
.

Clearly, (4.26) is uniquely solvable iff A is one-to-one. Moreover, it turns out that
A is not one-to-one. Indeed, setting

E := D(A) ∩ EM,α =
{
u ∈ EM,α | MC(u) = 0

}
,

we claim that
D(A) = E ⊕B

(
(kerAMS)⊥

)
.
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Indeed, since B
(
(kerAMS)⊥

)
= D(Am,α), Proposition 4.2 entails

B
(
(kerAMS)⊥

)
⊆ D(A),

Then the claim may be easily proved by using (4.13). Thus Proposition 2.15 yields
that A is a closed boundary restriction operator of Dα. Moreover, by (4.14)-(4.15),
dimE = 3, hence Proposition 2.18 tells us that A is not one-to-one, so that (4.26)
is not uniquely solvable. �

(i-b) Existence issue. Since M has rank 1, we may assume that the boundary condition
of (4.26) reads

a1u(0) + a2uα(0) + a3u(b) + a4uα(b) = hb.c,

where ai ∈ C and hb.c ∈ C. Using the splitting

L2(0, b) = kerAMS ⊕ (kerAMS)⊥,

h reads h = h′1g1 + h′2Sgα + φ, for some (unique) h′1, h′2 ∈ C and φ ∈ (kerAMS)⊥.
Thus setting

c1(h) := h′1g1+α(b) + h′2‖gα‖2

c2(h) := h′1b+ h′2g1+α(b),

we prove easily with (4.14)-(4.15), that if

a1 + a3 6= 0 or a2 + gα(b)a3 + a4 6= 0

then, for each h and hb.c, (4.26) has at least a solution. Otherwise, (4.26) is solvable
iff

a3c1(h) + a4c2(h) = hb.c.

It could be surprising that (4.26) with one boundary condition may have no solution.
However the same thing appears also in the case α = 1. Indeed, the problem

d

dx
u = h, u(b)− u(0) = hb.c ∈ C,

has no solution if
∫ b
0
h dx 6= hb.c.

(ii) A case where M has rank 2. Assuming, again with a slight abuse of notation, that
hb.c ∈ C2, we will show that

Dαu = h,
( u(0)
uα(0)

)
= hb.c (4.27)

is well-posed. Let | · | be any norm on C2.

Proposition 4.4. For each hb.c ∈ C2 and h ∈ L2(0, b), the boundary value problem
(4.27) admits a unique solution u. Moreover

‖u‖D(Dα) ≤ C(‖h‖+ |hb.c|),
for some constant C independent of u, hb.c and h. Hence (4.27) is well-posed.

Proof. Uniqueness: with the notation of Item (i-a), we have A = ATα where ATα is
defined by (4.25). Thus (2.16) gives that (4.27) has at most a solution. Regarding
existence, we consider the problems of finding functions v and w such that

v ∈ D(ATα), ATαv = h, (4.28)

w ∈ ker Dα,
( w(0)
wα(0)

)
= hb.c. (4.29)
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By (2.16), one has v = (AT )−1h. Moreover, since ker Dα = 〈g1, gα〉, we show easily that
(4.29) has a unique solution w, and that

‖w‖ ≤ C|hb.c|. (4.30)

Thus u := v + w solves (4.27). Finally, using (4.30) and (2.17), we get the estimate
of u in D(Dα).

�

5. Second order fractional differential operators

Starting from first order fractional differential operators, we will built second order frac-
tional differential operators. More precisely, starting from Tα := (Dα, Bα, S) given by (4.7),
we will study some boundary restriction operators of TαT ∗α by using the abstract setting of
Section 3. According to (3.1),

TαT ∗α =
(
(DαS)2, B ∗

α Bα, idL2(0,b)

)
.

The domain representation of (DαS)2 featured in this proposition is a consequence of the
basic splitting (2.5). Let us recall that gα ∗′ f := S(gα ∗ Sf).

Proposition 5.1. For α ∈ (1
2
, 1), each u in D((DαS)2) reads

u = x1g1 + x2Sgα + x3Sg1+α + x4gα ∗′ gα + gα ∗′
(
gα ∗ (DαS)2u

)
, (5.1)

where 
x1 = u(b)

x2 = g1−α ∗
(
Su− u(b)

)
(0)

x3 = DαSu(b)

x4 = g1−α ∗
(
SDαSu−DαSu(b)

)
(0).

(5.2)

Conversely, for all h ∈ L2(0, b), and x1, . . . , x4 ∈ C, the function

u := x1g1 + x2Sgα + x3Sg1+α + x4gα ∗′ gα + gα ∗′ (gα ∗ h),

belongs to D((DαS)2) and satisties (DαS)2u = h.

Proof. Each u in D((DαS)2) satisfies SDαSu ∈ D(Dα). Thus Proposition 2.1 and (4.14)-
(4.15) yield

SDαSu = x3g1 + x4gα + gα ∗ (DαS)2u, (5.3)
with x3, x4 as in (5.2). In the same way, since u ∈ D(SDαS), we derive from (4.18)-(4.20),
that

u = x1g1 + x2Sgα + gα ∗′ (SDαSu), (5.4)
with x1, x2 as in (5.2). Using gα ∗′ g1 = Sg1+α, we obtain the wished representation of u.
The converse is obvious. �

This proposition allows to describe the domain of the minimal operator Lm,α of TαT ∗α .

Proposition 5.2. For α ∈ (1
2
, 1),

D(Lm,α) =
{
gα ∗′ (gα ∗ ψ⊥) | ψ⊥ ∈ 〈g1, Sgα, Sg1+α, gα ∗′ gα〉⊥

}
.

Alternatively, D(Lm,α) is the set of all functions u ∈ D((DαS)2) satisfying

u(0) = u(b) = g1−α ∗ Su(0) = g1−α ∗ Su(b) = 0

DαSu(0) = DαSu(b) = g1−α ∗ SDαSu(0) = g1−α ∗ SDαSu(b) = 0.
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Since ker(DαS)2 has dimension four, a function u in (DαS)2 has eight boundary conditions.
They are featured in Proposition 5.2.

Proof of Proposition 5.2. By Proposition 3.1 (ii),

ker(DαS)2 = 〈g1, Sgα, Sg1+α, gα ∗′ gα〉. (5.5)

Thus the first representation follows from Definition 2.6 of minimal operators. The second
one is a straightforward consequence of Proposition 3.1 (vi) and Proposition 4.2. �

Let us now investigate regularity issues. Among other things, we will show that the more
regular functions of D((DαS)2) are contained in the domain of the restriction L1 of (DαS)2,
defined by

D(L1) :=
{
u ∈ D

(
(DαS)2

)
|

g1−α ∗
(
Su− u(b)

)
(0) = g1−α ∗

(
SDαSu−DαSu(b)

)
(0) = DαSu(0) = 0

}
. (5.6)

In other words, with the coordinates of (5.2), D(L1) is the set of all functions u ∈ D((DαS)2)
such that

x2 = x4 = DαSu(0) = 0. (5.7)
This result gives a representation of elements of D(L1).

Proposition 5.3. For α ∈ (1
2
, 1), each u in D(L1) reads

u = x1g1 + x3Sg1+α + gα ∗′ (gα ∗ L1u),

where x1 ∈ C and x3 := −(L1u, Sgα). Conversely, for all h ∈ L2(0, b) and x1 ∈ C, the
function

u := x1g1 − (h, Sgα)Sg1+α + gα ∗′ (gα ∗ h),

belongs to D(L1), and L1u = h.

Proof. Let u be in D(L1). According to (5.7), one has x2 = x4 = 0. Thus, evaluating (5.3)
at x = b, we end up with

0 = DαSu(0) = x3 + (gα ∗ L1u)(b).

Since (gα ∗ L1u)(b) = (L1u, Sgα), the representation of elements of D(L1) follows. The
converse is obvious. �

The domain of L1 is designed so that Theorem B.1 is fully applicable, due to cancellation
of singular terms. That gives the following regularity result.

Proposition 5.4. For α ∈ (1
2
, 1), let D(L1) be defined by (5.6).

(i) If α < 3
4
then D(L1) ⊂ C0,2α− 1

2 [0, b], with continuous injection.
(ii) If 3

4
< α then D(L1) ⊂ C1,2α− 3

2 [0, b], with continuous injection.

Proof. Let u ∈ D(L1). Recalling that x2 = x4 = 0, (5.4) reads

Su = x1g1 + gα ∗DαSu. (5.8)

On the other hand, by (5.3),

SDαSu = x3g1 + gα ∗ (DαS)2u. (5.9)

Let us estimate x1 and x3. Taking A := (DαS)2 in Proposition 2.1, (2.5) reads

D
(
(DαS)2

)
= ker(DαS)2 ⊕R

(
B ∗
α Bα

)
in D

(
(DαS)2

)
.
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Thus the projection onto ker(DαS)2 along R
(
B ∗
α B

B
α

)
is a well defined element of

L
(
D
(
(DαS)2

))
. Thus in view of (5.1) and (5.5), we derive

‖x1g1 + x3Sg1+α‖ ≤ C‖u‖D(L1).

Thus, since g1 and Sg1+α are linearly independent in L2(0, b), we get

|x1|+ |x3| ≤ C ′‖u‖D(L1). (5.10)

With Theorem B.1 (i) and (5.10), we derive from (5.9) that DαSu lies in C0,α− 1
2 [0, b], and

‖DαSu‖0,α− 1
2
≤ C‖u‖D(L1).

Thus, using also DαSu(0) = 0, Theorem B.1 (ii-a) yields that, if α < 3
4
,

‖gα ∗DαSu‖0,2α− 1
2
≤ C‖u‖D(L1).

Going back to (5.8), and using (5.10), we get

‖u‖0,2α− 1
2
≤ C‖u‖D(L1).

In the case where α > 3
4
, the same computation gives the assertion (ii) in the statement of

the current proposition. �

More generally, let us discuss the regularity of any function u in D((DαS)2) in terms of the
coordinates x1, . . . , x4 appearing in (5.2). For that, Theorem B.1 will be often used, although
not always cited. First of all, we claim that

u ∈ C0,β[0, b), ∀ β < 2α− 1. (5.11)

Indeed, starting from (5.1) and setting f := S
(
gα ∗ (DαS)2u

)
, we notice that the function

S
(
gα ∗′

(
gα ∗ (DαS)2u

))
= gα ∗ f = gα ∗

(
f − f(0)

)
+ f(0)g1+α

lies in C0,α[0, b] ⊂ C0,2α−1[0, b]. Moreover, gα belongs to Lp(0, b) for any p < 1
1−α . Thus

Theorem B.1 (i) yields that

gα ∗′ gα ∈ C0,β[0, b], ∀ β < 2α− 1.

Then the claim follows by returning to (5.1).
(i) If x2 := g1−α ∗

(
Su − u(b)

)
(0) 6= 0 then u has a singularity at x = b. Let us notice

that even if |u(x)| → ∞ when x → b, u(b) is a well defined finite number. Indeed, by
definition, it is equal to Su(0), the latter being given by Proposition 4.1, owing to the
fact Su ∈ D(Dα). For instance, the function v := x1g1 + Sgα lies in D((DαS)2) with
Sv(0) = x1, and has a singularity at x = b.

(ii) If x2 = 0 then we deduce from the proof of (5.11) that

u ∈ C0,β[0, b], ∀ β < 2α− 1. (5.12)

(ii-a) if x4 := g1−α ∗
(
SDαSu − DαSu(b)

)
(0) 6= 0 then (5.3) entails that DαSu has a

singularity at x = b. That result implies that u cannot be more than Cα-regular,
that is to say u 6∈ C0,β[0, b], for all β ∈ (α, 1]. Indeed, otherwise g1−α∗

(
Su−Su(0)

)
would belong to C1,β−α[0, b], by Theorem B.1 (ii-b). Whence DαSu ∈ C0,β−α[0, b],
which is impossible since DαSu is not continuous at x = b;
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(ii-b) if x4 = 0 then (5.3) yields that

DαSu ∈ C0,α− 1
2 [0, b].

Accordingly,

gα ∗
(
DαSu−DαSu(0)

)
u ∈

{
C0,2α− 1

2 [0, b] if α < 3
4

C1,2α− 3
2 [0, b] if 3

4
< α

.

Hence, for each α ∈ (1
2
, 1), there exists ε ∈ (0, 1− α) such that

gα ∗
(
DαSu−DαSu(0)

)
u ∈ C0,α+ε[0, b]; (5.13)

(ii-b-1) if DαSu(0) 6= 0 then (5.4) entails

Su = x1g1 + DαSu(0)g1+α + gα ∗
(
DαSu−DαSu(0)

)
.

Thus u ∈ C0,α[0, b], but owing to (5.13), u 6∈ C0,β[0, b], for all β ∈ (α, 1];
(ii-b-2) if DαSu(0) = 0 then u lies in D(L1), hence its regularity is given by Propo-

sition 5.4.

5.1. One-dimensional fractional Laplace operator with Dirichlet boundary condi-
tion. Roughly speaking, instead of constructing differential operators starting from the basic
operator d

dx
, we construct differential operators starting from Dα. More precisely, instead of

building differential operators in the framework of the differential triplet T1 := ( d
dx
, B1, S),

we will use Tα := (AM,α, Bα, S), by keeping the same process.
Let α ∈ [1

2
, 1). In view of (3.4), the opposite of the one-dimensional fractional Laplace

operator with Dirichlet boundary condition is

Lop,D,α := Dα ◦ (Dα)∗, (5.14)

where Dα := AM,α is given in Definition 4.2. Of course, the one-dimensional fractional Laplace
operator with Dirichlet boundary condition is −Dα ◦ (Dα)∗.

Proposition 3.3 entails that Lop,D,α is a positive self-adjoint operator on L2(0, b). By
Proposition 2.12,

Lop,D,α = Dα ◦ SAm,αS, (5.15)
where, according to (4.9), Am,α is the minimal operator of Tα := (AM,α, Bα, S).

This proposition gives a description of the domain of Lop,D,α and an inversion formula for
that operator, namely (5.17)-(5.18).

Proposition 5.5. For α ∈ (1
2
, 1), each u in D(Lop,D,α) reads

u = x3Sg1+α + x4gα ∗′ gα + gα ∗′ (gα ∗ Lop,D,αu),

where (x3, x4) ∈ C2 is the unique solution to this linear system{
x3b+ x4g1+α(b) + (Lop,D,αu, Sg1+α) = 0

x3g1+α(b) + x4‖gα‖2 + (Lop,D,αu, gα ∗′ gα) = 0.
(5.16)

Conversely, for all h ∈ L2(0, b) and (x3, x4) ∈ C2 satisfying{
x3b+ x4g1+α(b) + (h, Sg1+α) = 0

x3g1+α(b) + x4‖gα‖2 + (h, gα ∗′ gα) = 0,
(5.17)

the function
u := x3Sg1+α + x4gα ∗′ gα + gα ∗′ (gα ∗ h), (5.18)

belongs to D(Lop,D,α), and satisfies Lop,D,αu = h.
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Proof. Let u be in D(Lop,D,α). By (5.15), Su lies in D(Am,α), so that Proposition 4.2 entails
u(b) = (g1−α ∗ Su)(0) = 0. Then Proposition 5.1 yields that

Su = gα ∗
(
x3g1 + x4Sgα + S(gα ∗ Lop,D,αu)

)
.

Since, by Proposition 4.2 again,

D(Am,α) =
{
gα ∗ ψ⊥ | ψ⊥ ∈ 〈g1, Sgα〉⊥

}
,

we derive (5.16). The converse is obvious. �

For all h ∈ L2(0, b), let us consider the following fractional Laplace equation with homoge-
neous Dirichlet boundary condition:

Lop,D,αu = h, u ∈ D(Lop,D,α). (5.19)

This theorem gives well-posedness and regularity results for Problem (5.19). For all pur-
poses, let us recall that the function gβ is defined by (4.2), the symmetry S by (4.6), and
that gα ∗′ gα := S

(
gα ∗ (Sgα)

)
.

Theorem 5.6. Let α ∈ (1
2
, 1) and h ∈ L2(0, b). Then the following assertions hold.

(i) Problem (5.19) has a unique solution u. Moreover, ‖u‖ ≤ C‖h‖, where C is independent
of u and h.

Let E2 be the two-dimensional subspace of L2(0, b) generated by Sgα+1 − bSgα and
gα ∗′ gα − gα+1(b)Sgα.
(ii) If h ∈ E ⊥

2 then

u ∈

{
C0,2α− 1

2 [0, b] if α < 3
4

C1,2α− 3
2 [0, b] if 3

4
< α

. (5.20)

(iii) If h 6∈ E ⊥
2 then

u ∈ C0,β[0, b], ∀ β < 2α− 1.

Moreover, for all β ∈ (α, 1], u 6∈ C0,β[0, b]. The regularity of u is analyzed after the
proof of Proposition 5.4.

Let us notice that there is a regularity gap between cases (ii) and (iii). Indeed, if h ∈ E ⊥
2

then there exists β ∈ (α, 1] such that u ∈ C0,β[0, b].
In the standard α = 1, (5.19) reads

−u′′ = h, u ∈ H2(0, b) ∩H1
0 (0, b).

It is well know that the solution u of that problem lies in C1, 1
2 [0, b], for all h ∈ L2(0, b). That

corresponds to the limit case α → 1 in (5.20). However, E2 reduces to 〈g2〉. Thus E2 does
not induce any dichotomy in that case.

Proof of Theorem 5.6. (i) By Proposition 5.5, (5.19) is uniquely solvable. Since Lop,D,α is
self-adjoint, it is a closed operator. Whence it is a Banach isomorphism between its domain
and L2(0, b). Hence the estimate follows.

(ii) According to Proposition 5.3, the function

u := −(h, Sgα)Sg1+α + gα ∗′ (gα ∗ h) (5.21)

lies in D(L1) and satisfies L1u = h. For each h ∈ E ⊥
2 , we readily check that x3 := −(h, Sgα),

x4 := 0 satisfies (5.17). Thus u is the solution to (5.19). Therefore (5.20) follows from
Proposition 5.4.
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(iii)Let us assume that h 6∈ E ⊥
2 . By the above regularity analysis (in particular (5.12) and

(5.13)), it remains to show that the solution u to (5.19) does not belong to D(L1). In view
of Proposition 5.5, u reads

u = x3Sg1+α + x4gα ∗′ gα + gα ∗′ (gα ∗ h).

If x4 6= 0 then (5.7) entails that u 6∈ D(L1). If x4 = 0 then we claim that DαSu(0) 6= 0.
Indeed, one has

DαSu(0) = x3 + (gα ∗ h)(b) = x3 + (h, Sgα).

If DαSu(0) = 0 then, since u ∈ D(Lop,D,α), Proposition 5.5 entails that x3 = −(h, Sgα) and
x4 = 0 solve (5.16). Hence h ∈ E ⊥

2 . That proves the claim. There results from (5.7) that
u 6∈ D(L1). �

Appendix A. Direct sums decomposition

Definition A.1. Let X be a normed vector space, and E, F be subspaces of X. If E ∩F =
{0} and E, F are closed in X, then E and F are said to be in direct sum in X, and the set

E ⊕ F := {e+ f | e ∈ E, f ∈ F}
is called the direct sum of E and F in X.

Proposition A.1. Let A be an operator on H, B ∈ L(H), and E be a closed subspace of H.
Assume in addition that
(i) D(A) = kerA⊕B(E) in D(A);
(ii) ABψ = ψ for all ψ ∈ E.

Then the following assertions are equivalent.
(a) kerA is closed in H.
(b) A is a closed operator on H.
Proof. It is obvious that (b) implies (a). Conversely, let us consider (un)n∈N ⊂ D(A), and u,
f in H such that

un
H−→ u, Aun

H−→ f.

By Assumption (i), for each n ∈ N, there exists hn ∈ kerA and ψn ∈ E such that
un = hn +Bψn.

With (ii), we get Aun = ψn → f . Thus f ∈ E since E is assumed to be closed inH. Moreover,
since B is continuous,

hn = un −Bψn → u−Bf.
Then (a) yields that u−Bf lies in kerA. Thus recalling that f ∈ E , we derive

u = (u−Bf) +Bf ∈ kerA⊕B(E).

Whence, u ∈ D(A), and Au = f (thanks (ii)), so that A is a closed. �

The (direct) sum of two closed subspaces is not always closed. The following result gives a
sufficent condition for a direct sum to be closed. For all purposes, let us recall that D(A) is
always endowed with the graph-norm, and accordingly, a closed subspace of D(A) is meant
to be closed w.r.t. the norm of D(A).

Proposition A.2. Let A be a closed operator on H and B ∈ L(H) be such that R(B) ⊆ D(A)
and A ◦ B = idH. Let also F be a closed subspace of H, and E be a closed subspace of D(A)
satisfying

E ⊆ kerA⊕ B(F ). (A.1)
Then E ⊕ B(F⊥) is closed in D(A). In particular, kerA⊕ B(F⊥) is closed in D(A).
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Proof. Let (un)n∈N ⊂ E ⊕ B(F⊥) and u ∈ D(A) be such that

un −→ u in D(A). (A.2)

In order to show that u lies in E ⊕ B(F⊥), we write, for all n ≥ 0,

un = en + Bψ⊥n (A.3)

= hn + Bψn + Bψ⊥n , (A.4)

where en = hn + Bψn ∈ E, hn ∈ kerA, ψn ∈ F and ψ⊥n ∈ F⊥.
By (A.2),

Aun = ψn + ψ⊥n −→ Au.
Thus the continuity of the orthogonal projections on F and F⊥ yields that

ψn −→ ψ∞, ψ⊥n −→ ψ⊥∞,

for some ψ∞ ∈ F , ψ⊥∞ ∈ F⊥. Now going back to (A.4) and using the continuity of B, we
arrive at

hn −→ u− Bψ∞ − Bψ⊥∞.
Since A is closed, its kernel is closed in H, so that

h∞ := u− Bψ∞ − Bψ⊥∞
lies in kerA. Regarding en which is equal to hn + Bψn, setting e∞ := h∞ + Bψ∞, one has

en −→ e∞, Aen = ψn −→ ψ∞.

Since A is a closed operator, we get Ae∞ = ψ∞, so that (en) converges toward e∞ in D(A).
By assumption, E is closed in D(A), hence e∞ belongs to E. Finally, letting n→∞ in (A.3),
we end up with

u = e∞ + Bψ⊥∞ ∈ E ⊕ B(F⊥).

Hence E ⊕ B(F⊥) is closed in D(A).
As a particular case, the choice of E = kerA yields that kerA ⊕ B(F⊥) is closed in

D(A). �

Appendix B. Regularity results for fractional integration

Let us denote by C[0, b] the space of all complex continuous functions defined on [0, b]
equipped with the norm ‖u‖0,0 := supx∈[0,b] |u(x)|. For each β ∈ (0, 1], we denote by C0,β[0, b]
the space of functions u ∈ C[0, b] such that

|u|0,β := sup
x,y∈[0,b]
x6=y

|u(x)− u(y)|β

|x− y|
<∞.

We equip that space with the norm

‖u‖0,β := sup
x∈[0,b]

|u(x)|+ |u|0,β.

In other words, if β < 1 then C0,β[0, b] is the space of Hölder continuous functions on [0, b].
If β = 1 then C0,1[0, b] is the space of Lipschitz continuous functions on [0, b]. We denote
by 0C

0,β(0, b) the subspace of C0,β[0, b] whose elements vanish at x = 0. Besides, we set
C0,0[0, b] := C[0, b].

For each β ∈ [0, 1], C1,β[0, b] is the space of all complex functions u ∈ C1[0, b] such that
the derivative u′ of u belongs to C0,β[0, b]. The space C1,β[0, b] is endowed with the norm

‖u‖1,β := sup
x∈[0,b]

|u(x)|+ ‖u′‖0,β.
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Based on the seminal work of Hardy and Littlewood ([HL28]), we may state this result.

Theorem B.1. (i) If β ∈ (0, 1], p ∈ ( 1
β
,∞], and f ∈ Lp(0, b) then gβ ∗ f belongs to

0C
0,β− 1

p [0, b]. Moreover, the linear map

Lp(0, b)→ 0C
0,β− 1

p [0, b], f 7→ gβ ∗ f
is continuous on Lp(0, b).

(ii) Let α ∈ (0, 1), β ∈ [0, 1], and f ∈ 0C
0,β[0, b].

(ii-a) If α + β < 1 then gα ∗ f lies in C0,α+β[0, b] and the map

0C
0,β[0, b]→ C0,α+β[0, b], f 7→ gα ∗ f

is continuous on 0C
0,β[0, b].

(ii-b) If 1 < α + β then gα ∗ f lies in C1,α+β−1[0, b] and the map

0C
0,β[0, b]→ C1,α+β−1[0, b], f 7→ gα ∗ f

is continuous on 0C
0,β[0, b].

(iii) Limit case α = 1
2
. If p ∈ [1,∞) and f ∈ L2(0, b) then g1/2 ∗ f belongs to Lp(0, b).

Moreover, the map
L2(0, b)→ Lp(0, b), f 7→ g1/2 ∗ f

is continuous on L2(0, b).

Proof. Item (i) is proved in [SKM93, Theorem 3.6 p67]; see also [HL28, Theorem 12]. Item
(ii) follows from [SKM93, Corollary 1 of Theorem 3.1, p56]. Item (iii) follows from Young
inequality in the case 1 ≤ p ≤ 2. If p > 2 then a simple modification of the proof of [SKM93,
Theorem 3.5 p66] yields the result. Indeed, just take q =∞ in that proof. �

Appendix C. Miscellaneous results

Let H be a complex Hilbert space. By using the notations featured at the end of the
introduction, we start with this deep result of S. Holland.

Theorem C.1. ([Hol68, Theorem 1]) Let A1, A2 be closed densely defined operators on H.
If R(A1) is a closed subspace of finite codimension in H then A2A1 is densely defined, and
especially, (A2A1)

∗ = A∗1A
∗
2.

Proposition C.2. Let E ⊆ H and S ∈ L(H) be such that S∗ = S and S2 = idH. Then
S(E⊥) = (SE)⊥.

Proof. Let f ∈ H. Then
f ∈ S(E⊥)⇐⇒ Sf ∈ E⊥ (since S2 = idH)

⇐⇒ (Sf, h) = 0, ∀h ∈ E
⇐⇒ (f, Sh) = 0, ∀h ∈ E (since S∗ = S)
⇐⇒ f ∈ (SE)⊥.

�

Proposition C.3. Let A be an operator on H and B ∈ L(H) be such that R(B) ⊆ D(A)
and A ◦B = idH. Let also λ ∈ C. If |λ| < 1

‖B‖ or

‖Bk‖
1
k −−−→

k→∞
0 (C.1)

then the following assertions are equivalent.
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(i) u ∈ D(A), Au = λu.
(ii) There exists u0 ∈ kerA such that u =

∑
k≥0 λ

kBku0.

Proof. Let us assume (C.1), and in a first step, Item (i). Then Proposition 2.1 yields the
existence of some u0 ∈ kerA such that u = u0 + λBu. Using the latter relation, we show by
induction that

u =
n∑
k=0

λkBku0 + λn+1Bn+1u, ∀n ∈ N.

Then assumption (C.1) allows us to pass to the limit w.r.t. n, so that Item (ii) holds true.
Conversely, assuming (ii) and using (C.1), we derive that the series

u :=
∑
k≥0

λkBku0

converges in H and, by continuity of B, that u = u0 + B(λu). Hence the assumption
A ◦B = idH yields Item (i).

The proof under assumption |λ| < 1
‖B‖ is similar and even simpler to the one under (C.1).

So we will skip it. �

References

[Bre83] Haïm Brezis. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maîtrise. Mas-
son, Paris, 1983.

[Cal39] J. W. Calkin. Abstract symmetric boundary conditions. Trans. Amer. Math. Soc., 45(3):369–442,
1939.

[DS63] Nelson Dunford and Jacob T. Schwartz. Linear operators. Part II: Spectral theory. Self adjoint op-
erators in Hilbert space. With the assistance of William G. Bade and Robert G. Bartle. Interscience
Publishers John Wiley & Sons New York-London, 1963.

[ER19] Hassan Emamirad and Arnaud Rougirel. Delsarte’s equation for Caputo’s operators. Preprint,
https://hal.archives-ouvertes.fr/hal-02393236, 2019.

[HL28] G. H. Hardy and J. E. Littlewood. Some properties of fractional integrals. I. Math. Z., 27(1):565–
606, 1928.

[Hol68] Samuel S. Holland, Jr. On the adjoint of the product of operators. Bull. Amer. Math. Soc., 74:931–
932, 1968.

[Ryz07] Vladimir Ryzhov. A general boundary value problem and its Weyl function. Opuscula Math.,
27(2):305–331, 2007.

[SKM93] Stefan G. Samko, Anatoly A. Kilbas, and Oleg I. Marichev. Fractional integrals and derivatives.
Gordon and Breach Science Publishers, Yverdon, 1993.

Hassan Emamirad
Laboratoire de Mathématiques, Université de Poitiers & CNRS.

E-mail address: emamirad@math.univ-poitiers.fr

Arnaud Rougirel
Laboratoire de Mathématiques, Université de Poitiers & CNRS.

E-mail address: rougirel@math.univ-poitiers.fr


