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ABSTRACT DIFFERENTIAL TRIPLET AND BOUNDARY
RESTRICTION OPERATORS WITH APPLICATION TO FRACTIONAL
DIFFERENTIAL OPERATORS

HASSAN EMAMIRAD AND ARNAUD ROUGIREL

ABSTRACT. This paper is concerned with the construction and analysis of fractional differ-
ential operators acting on the usual Hilbert space of square integrable functions defined on
a bounded interval. That task is attacked thru an abstract approach giving raise to two
new objects: differential triplets and boundary restriction operators. This approach allows a
systematic study of fractional differential operators supplemented with homogeneous linear
boundary conditions. As an application, the regularity of the solution to the one-dimensional
fractional Laplace equation with homogeneous Dirichlet boundary conditions is investigated.

1. INTRODUCTION

Caputo’s or Riemann-Liouville’s fractional derivatives are generally meant as operators
acting on functions of the time variable. However, Delsarte’s representation formula led us
to consider Caputo’s derivatives of functions of the space variable as well (see [ER19]).

Now the next step is the study of differential operators built upon the fractional derivative
D2, instead of the usual (first order) derivative. Our aim is to define and study fractional
differential operators acting on the Hilbert space L?*(0,b) with b € (0, o), supplemented with
homogeneous linear boundary conditions. The basic issues we would like to address are the
following.

(i) Are these operators densely defined?
(ii) What can be said about the adjoint of densely defined operators?

(iii) Are these operators self-adjoint?

(iv) Are they onto, one-to-one, bijective? That amounts to solving fractional differential

problems with the subsequent issues of existence, uniqueness and well-posedness.

In order to give some answers to these questions, the framework of operator theory will
be used. That is, we will consider D* as an instance of an operator Ay; acting on an
abstract Hilbert space H. Then we have to highlight axiomatic properties that allow to
define abstract linear boundary conditions, and to answer, at least partially, to questions
(i)-(iv) at an abstract level. Hence this approach aims to unify the analysis of fractional
differential operators, and the one of usual differential operators.

This task gives rise to two new objects featured in Definitions 2.1 and 2.3: abstract dif-
ferential triplet and boundary restriction operator. The former encodes the facts that, for
any o € [%, 1], D* admits a right inverse which is related to its adjoint thru the symmetry
S :urs u(b—-). We refer to Example 2.4 and Section 4 for the cases @ = 1 and a € [1,1)
respectively. Boundary restriction operator encapsulates the facts that the adjunction of
homogeneous linear boundary conditions to a differential operator conserves the density of
its domain, and does not change the regularity of the functions lying in its domains.
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Roughly speaking, the operator Ay in a differential triplet (Ay, B,S) is meant to be
boundary condition free, and consequently is in some sense maximal. On the other hand,
a boundary restriction operator of Ay is thought as Ay; supplemented with homogeneous

linear boundary conditions. In the case where Ay := our abstract approach gives a new
d

dzx
(called here boundary restriction operators of %). We refer to Sub-subsection 2.3.5 and
Proposition 2.22 for a detailed presentation.

It turns out that our abstract framework leads to many relationships. Some of them are
featured in Section 2 and 3. For instance, let T := (Am, B,S) be a differential triplet.
As a right inverse of Ay, the operator B induces an isomorphism from its range R(B) :=
B(H) onto H. That isomorphism, denoted by A7, is called the pivot operator of T. Then
Proposition 2.9 states the formula

d
dzx?

classification of the operators < supplemented with homogeneous linear boundary conditions

(A7)" = A7

where T* := (SAuS, B*,S) is the adjoint differential triplet of T (see Definition 2.2), and
A+ is the pivot operator of T*.

Sufficient conditions for a restriction operator to be densely defined are given in Proposition
2.5. That gives rise to a characterization of boundary restriction operators by means of the
minimal operator of an abstract differential triplet (see Corollary 2.14). Roughly speaking,
the minimal operator is the restriction of Ay with domain consisting in all functions whose
boundary values vanish. We refer to Definition 2.6 for a precise statement.

The structure of the domain of a boundary restriction operator is given in Proposition 2.15.
The domains of boundary restriction operators are classified by subspaces of a well identified
space isomorphic to ker Ay X ker Ay;. In the case where ker Ay has finite dimension d,
there results that the domain of a given boundary restriction operator is described thru dg
parameters with 0 < dr < 2d: see Subsection 2.3. It turns out that there is no canonical
choice for these parameters. However, in applications, these dp parameters are chosen to be
boundary values. Let us notice that our abstract approach highlights the fact that boundary
values are closely related to the kernel of Ay;.

Let us be more specific regarding boundary values. In the standard case where Ay := <4

dz’
one has d = 1, and any function v in the domain of % possess two boundary values: u(0),
u(b). However, in the fractional framework featured in Section 4 (where Ay := D®), one has

d = 2, and any function v in D(D®) possess four boundary values:

w(0),  gi—ax* (u—u(0))(0), w(b), gi_a* (u—1u(0))(b).

In view of Subsection 4.5, a straightforward consequence is that the scalar initial value
problem with unknown

D =h in L*(0,b), u(0) = u,

is never well-posed because uniqueness fails. In order to have well-posedness, two initial
conditions must be set (see Proposition 4.4). Let us stress that Ay := D® is neither Caputo’s
nor Riemann-Liouville’s derivatives, but rather one of their extensions (see Definition 4.2).

Once a differential triplet (Ay, B,S) is set, one may construct second order differential
operators like A2 := Ay o Ay A convenient way to built a self-adjoint operator from D? is
to start with the symmetric operator D* o (D*)*: see Example 3.1 and Subsection 5.1 for the
cases @« = 1 and « € (0,1) respectively. That approach allows to define the so-called one-
dimensional Laplace operator with Dirichlet boundary condition. Our main result regarding
that operator is Theorem 5.6 which gives the regularity of the solution to the one-dimensional
fractional Laplace equation with homogeneous Dirichlet boundary condition.



In the literature, the study on abstract boundary conditions starts at least in 1939 with
[Cal39], but seem to focus on symmetric operators. We refer to Example 2.4 and Remark
4.6 for comments related to the work of J.W. Calkin and V. Ryzhov.

The outline is as follows. Abstract differential triplets and boundary restriction operators
are considered in the forcoming section. Section 3 deals with abstract second order differ-
ential triplets. Sections 4 and 5 are concerned with applications to fractional derivatives.
Miscellaneous results are gathered in appendices at the end of this paper.

2. AN ABSTRACT SETTING

For all purposes, let us recall some usual definitions and notation. Let H be a complex
Hilbert space, whose inner product, denoted by (-, -), is assumed to be linear w.r.t. the first
variable. An operator A on H is a linear map defined on a subspace D(A) of ‘H, with values
in ‘H. Any operator A : D(A) C H — H is equipped with the graph-norm. A* ker A and
R(A) stand for the adjoint, the kernel and the range of A. The space of bounded operators
on H is denoted by L(H). The identity map of H is denoted by idy. If E C H then (E) is
the subspace of H generated by E, and

E-:={feH|(f.h)=0Vh e E}.
If A, A are two operators on H then A is a restriction of A, or A is an extension of A if
D(A) C D(A) and Au=Au, Vue D(A).
In symbol, we write A C A.
2.1. Differential triplets and boundary restriction operators.

Definition 2.1. Let A, B and S be three operators on H. The triplet (A,B,S) is called an
(abstract) differential triplet on H if

Be L(H) (2.1)
R(B) C D(A), AoB=idy (2.2)
S € L(H) satisfies S* =8, S?=idy (2.3)
B* = SBS. (2.4)

By using in particular B* = SBS, we show easily that (SAS,B*,S) is a differential triplet
on H. Then we set this definition.

Definition 2.2. Let 7 := (A, B,S) be a differential triplet. The differential triplet
(SAS, B*,S), denoted by T+, is called the adjoint differential triplet of T. O

Since B is bounded, we have B** = B, thus the adjoint differential triplet of 7* is T.

In the sequel, being given a differential triplet 7 := (A, B, .S), our very aim is to describe
the closed densely defined restrictions of Ay whose adjoint operator is a restriction of SAyS.
In view of Theorem 2.3, Sub-subsection 2.3.5 and Subsection 4.4, these operators are Ay
supplemented with abstract homogeneous linear boundary conditions. In this respect, Ay
is meant to be mazimal. In applications, Ay is chosen to be boundary condition free. That
justifies this definition.

Definition 2.3. Let 7 = (A, B, S) be a differential triplet, and A be an operator on H.
We say that A is a boundary restriction operator of T or, for the sake of simplicity, of Ay if

(i) A is a densely defined restriction of Ayy;
(i) A* C SA\S.
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Item (i) is need for A* to be well defined. Regarding item (ii), we observe that functions
in the domain of a differential operator or in the domain of its adjoint have essentially the
same regularity, and differ by their boundary values. Item (ii) encodes that observation.
Thus a boundary restriction operator of Ay can be seen as Ay supplemented with some
(homogeneous linear) boundary conditions.

Using the well-known direct sum of normed vector spaces (see Definition A.1), we may
state this basic result whose importance is fundamental in this work.

Proposition 2.1. Let A : D(A) CH — H and B € L(H) be such that R(B) C D(A) and
AoB =1idy. Then

D(A) = ker A ® R(B) in D(A). (2.5)
Moreover, for each w € D(A), there exists a unique ug € ker A such that
u=uy+BAu in D(A). (2.6)

Proposition 2.1 is an easy consequence of this result.

Proposition 2.2. Under the assumptions and notation of Proposition 2.1, let, in addition,
E be a closed subset of H. Then B(E) is closed in D(A).

Proof. Let (en)nen € € and u € D(A) be such that
Be, — u  in D(A). (2.7)

Then e, = ABe,, — Awu in H. Since £ is closed in H, Au lies in £. Moreover, the continuity
of B yields that Be, — BAwu in H. However, Be, — w in H, according to (2.7). Thus
u = BAu, and u belongs to B(E) since we have shown that Au € £. O

The following basic differential triplet will appear many times in the sequel in order to
illustrate the main results of that section. In particular, we will show in Subsubsection 2.3.5,
that the class of boundary restriction operators of % is the set of operators % supplemented
with homogeneous linear boundary conditions.

Example 2.4. Let H be the standard complex Hilbert space L?(0,b) (see (4.1)), and g; be
the function of L?(0,b) defined for a.e. x in [0,b] by ¢g1(x) = 1. Also, we set

d
Avi= Awg = - H'(0,b) C L*(0,b) — L*(0,b), (2.8)

Bif =g+ fand Sf := f(b—"), for all f € L?(0,b). Then T; := (An 1, B1, S) is a differential
triplet. Moreover,

ker AMJ = <gl>,
and (2.6) implies the basic identity

u(z) = u(0) + /Ox u'(y)dy, Yz e[0,b, VYue H(0,Db).

Regarding the adjoint differential triplet 7" := (SAwm1S, B,*,S), one has SAy 1S =
—Apa, and (2.6) reads
u = ug + B SAm 15U = uy — By Amav,

with ug € ker SAMS = (g1). Thus up = u(b) and

u(z) = u(b) —/ u'(y)dy, Vzel0,b].
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Since SAy 1S = —Awm1, a boundary restriction operator of 7; cannot be symmetric. Hence
differential triplets and boundary restriction operators are not encapsulated in Calkin’s theory
of abstract symmetric boundary conditions. See [Cal39, Theorem 1.1]. 0J

The following result is a step toward the description boundary restriction operators of any
differential triplet T := (A, B, S). Let us recall that, in view of Proposition 2.1, for each
u € D(An), there exists a unique ug € ker Ay such that

u=ug+ BAyu in D(Am). (2.9)

In a symmetric way, by considering the adjoint triplet of T, each f € D(SAyS) has a unique
decomposition

f = fo+ B*SAuSF. (2.10)
where fy € ker AyS.

Theorem 2.3. Let (A, B, S) be a differential triplet, and A be a boundary restriction op-
erator of Aw.

(i) If f € D(SAuS) then
feDA) <= (Au,fo) = (uo, SAMSS), Vue D(A),

where uy and fy are given by (2.9) and (2.10).
(ii) If A is closed and v € D(Ayp) then

uwe D(A) <<= (Aww, fo) = (ug, A" f), VYV fe D(A").
Proof. For each f € D(SAuS) and u € D(Ay), one has
(Amu, f) = (Avu, fo) + (BAyu, SAuS f) (by (2.10))
= (Awu, fo) + (u, SAMSf) — (uo, SAMSf) (by (2.9)). (2.11)
(i) Assuming f € D(A*), we have since A* C SAyS and A C Ay,
(u, SAMSf) = (u, A" f) = (Au, f) = (Amu, ), VYu e D(A).
Thus with (2.11),
(Au, fo) = (uo, SAMSS), Yu e D(A). (2.12)
Conversely, let f € D(SAuS). Plugging (2.12) into (2.11), we get, for each u € D(A),
(Amu, f) = (Au, ) = (u, SAMSS).
Thus the definition of the adjoint operator gives that f € D(A*).
(ii) Let u € D(A). Arguing as above, we get what we want:
(Amu, fo) = (ug, A*f), Y fe€ D(AY).
Conversely, if u € D(Ay) satisfies the above identity, then going back to (2.11), we get
(Amu, ) = (u, SAMSS) = (u, A*f), VY f e D(AY).
Thus u € D(A*). However, A** = A since A is closed. O

For each differential triplet 7, let us denote by ¢cBRO(T) the set of all closed boundary
restriction operators of T .

Proposition 2.4. Let T = (A,B,S) be a differential triplet, and T* be its adjoint triplet in
the sense of Definition 2.2. Then, for each A in ¢cBRO(T), SAS lies in cBRO(T*). Thus
the map

cBRO(T) — ¢cBRO(T*), A~ SAS

1s well defined, and besides, is a bijection.
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Proof. Let A be an element of cBRO(T). Clearly, SAS is a closed densely defined restriction
of SAS. Moreover, Theorem C.1 and [DS63, Lemma 6 p. 1189] yield that (this can be proved
directly by using (2.3))

(SAS)* = SA*S C S(SAS)S,

since A* C SAS. Thus SAS lies in cBRO(T¥).

Let us denote by F the map A — SAS. Since S? = idy, we deduce that F' is one-to-one.
Moreover, let A € ¢BRO(T*). Since T is the adjoint triplet of 7*, we infer from the first
part of that proof that SAS belongs to cBRO(T). Then F(SAS) = A, so that F is onto. [

2.2. Properties of boundary restriction operators. The following result features suffi-
cient conditions for a restriction of Ay, to be densely defined, and is of fundamental impor-
tance in that paper.

Proposition 2.5. Let (Ay, B, S) be a differential triplet in the sense of Definition 2.1. Let
also F' be a closed subspace of H, and A be a restriction of An. If

B(F*+) C D(A) (2.13)
SEF N D(Am) C ker Ay, (2.14)
then D(A) is dense in H.
Proof. Let f € D(A)*. Then for each ¢ € F*+, (2.13) yields that By € D(A), so that
0= (f,BY)=(B"f,v) = (SBS[,¢¥).

Thus SBSf € F*t = F, since F is assumed to be closed. Due to S? = idy, one has
BSf € SF. Using R(B) C D(Au) and (2.14), we get

Thus (2.2) yields Sf = 0, and finally f = 0. That proves the density of D(A). O

The choice of F' := {0} in Proposition 2.5 allows to introduce a special densely defined
operator introduced in this definition.

Definition 2.5. Let 7 := (A,B,S) be a differential triplet. The restriction of A to the
domain R(B) is called the pivot operator of the differential triplet T. That-is-to-say, the
pivot operator of 7, denoted by A+ satisfies

D(Ar) = R(B), Aju:=Au, VYue D(Ar). (2.15)
O
Let a differential triplet 7 := (A,B,S) be given. It is easily proved that
0 lies in the resolvant set of Ar, (Ay)™' =B, (2.16)
and the following Poincaré inequality holds
lull < IBll|Arul, ¥u e D(Ar). (2.17)

Clearly, any operator A satisfying A7 C A is densely defined. In the framework of Example
2.4, the domain of the pivot operator of 7; is equal to

oH'(0,b) := {u € H'(0,b) | u(0) = 0}. (2.18)



In order to classify boundary restriction operators, we need to study the adjoint of restric-
tions of Ay, For, we will first consider large restrictions of Ay i.e. restrictions of Ay that
are extension of Ar. In other words, we will first study operators A satisfying

Ar C AC Ay (2.19)

Proposition 2.6. Let T := (Au, B, S) be a differential triplet on H, and A be an operator on
H satisfying (2.19). Then D(A) is dense in H, so that A* exists. Moreover, B*A* = idp(a-).

Proof. Since A7 C A, the domain of A is dense in H. Moreover, for each f € D(A*),

(f, Au) = (A" f,u), Vue D(A). (2.20)

Let ¢ € ‘H. Then, by assumptions, By € D(A), and
ABY = AuBy =1,

due to (2.2). Thus by choosing u := B in (2.20), one gets

(f.4) = (B A™f ), Vv € H.
Hence B*A* = idp(a-). O
Proposition 2.7. Under the assumptions and notation of Proposition 2.6,

D(A*) = B*(ker A*) = {B*h | h € ker A*}. (2.21)

Moreover, for each f € D(A*), there is a unique h € ker A+ such that f = B*h. Also
h=A*f, thus A*f € ker A+ and

f=BA*f. (2.22)
Proof. (2.22) follows from Proposition 2.6. Let us denote for simplicity, B*(ker A+) by D*.
Let f € D(A*). Choosing u € ker A in (2.20), we get

(A*f,u) = 0.

Thus A*f € ker AL. Then (2.22) leads to D(A*) C D*. Conversely, consider f := B*h any
element of D*. Let u € D(A). By (2.6), u = uy + BAu for some (unique) ug in ker A. Thus
(f, Au) = (h, BAu) = (h,u — uy),

Since h € ker A+, one has (h,ug) = 0; so that (f, Au) = (h,u). By definition of D(A*), we
infer f € D(A*) and A*f = h. That proves (2.21) and the uniqueness of h. O
Proposition 2.8. Let (Ay, B, S) be a differential triplet. Let also A : D(A) C H — H be

such that

Then A is a boundary restriction operator of An.

Proof. By Proposition 2.6, A is densely defined. Thus there remains to prove that A* C
SAmS. For, let f € D(A*), and h:= A*f. By (2.22) and (2.4), (2.3),
Sf = BSh.

Thus (2.2) yields that Sf € D(Ay) and AySf = Sh. Whence A* C SAyS. O

Recalling Definition 2.5 of pivot operator, the following result states that the adjoint of
the pivot operator is the pivot operator of the adjoint differential triplet.
Proposition 2.9. Let T := (Am, B, S) be a differential triplet and T* := (SAuS, B, S) its
adjoint triplet. Then the pivot operator A1 of T is a closed boundary restriction operator of

T, and
(Ay)* = Age = SAFS. (2.23)
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Proof. Proposition 2.8 entails that A7 is a boundary restriction operator of Ay. In order to
prove the first equality of (2.23), we notice on the one hand that, by definition of Az,

On the other hand, since A is a boundary restriction operator of Ay,
(A7) € SAuS. (2.25)

By Proposition 2.7,
D((A7)*) = B*((ker A7)™).
Since, by (2.16), A7 is one-to-one, we get D((Ar)*) = R(B*). Hence, with (2.24)
D((A7)*) = D(A7+).
Besides, for each u € D(A7r+), one gets by using successively (2.24) and (2.25),
Aru = SAySu = (Ar)*u.

We have proved that (Ar)* = Ap«.

Let us show that Ay« = SA7S. For, since (Ay)* = Ar-, Proposition 2.7 yields that
each f € D(Ar) reads f = B*Arf. Thus Sf = BSApf. By definition of Ay, we
deduce Sf € D(Ar) and ArSf = SArf; so that SArSf = Ar.f. We have shown that
A« C SAFS. By symmetry, replacing 7 by 7%, one has Ay C SA7-S. With S? = idy, we
derive the wished equality.

Finally, since (A7)* is a closed operator, we deduce from (Ar)* = SA7S that A is closed
as well. 0

After the study of “large” restrictions of Ay, we will investigate “small” restrictions A of
Ayr. In that case, A* is not necessarily a restriction of SAyS: see (2.29).

Theorem 2.10. Let A be an operator on H, B in L(H), and F be a closed subspace of H.
Suppose that A is densely defined and

D(A) = B(F*) (2.26)
ABy =1, Vi e Ft. (2.27)
Then the following assertions hold true.
(i) R(A) = F+ ker A*=F.
(ii) R(B*) C D(A*), A*B* = idy.
(iii) D(A*) = F & R(B*) in D(A*).
(iv) For each f € D(A*), there exists a unique hy € F' such that

f=hy+B"A"f. (2.28)
(v) Conversely, for each hy € F' and each h € H,
fi=hy+ Bhe D(A*), A“f=h. (2.29)

Proof. (i) Let us show that R(A) = F*. For, let y € R(A). By (2.26), there exists ¢ € F'*
such that y = ABt. Then (2.27) yields that y = ¢ € F+. Conversely, let ¢ € F*+. Then
the vector u := Bt lies in D(A) and Au = v by (2.26)-(2.27). Hence ¢ € R(A), so that
R(A) = F*.

It is well-known that ker A* = R(A)*. Thus, since F is closed in H, we deduce that
ker A* = F.
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(i) Let u € D(A). Using R(A) = F*, we deduce that ¢ := Au lies in F*. Hence, by
(2.26), By € D(A). Then

A(BY —u) =19 — Au (by (2.27))
=0 (by definition of ).
Since, by (2.26)-(2.27), A is one-to-one, we derive that By = u, so that
BAu=wu, VYue D(A). (2.30)

For each ¢ € H, (2.30) yields that
(B*), Au) = (¢, BAu) = (¢¥,u), VYue D(A).

Thus, by definition of the adjoint operator, B*1) belongs to D(A*), and A*B*y) = 1. That
proves the second item.

Items (iii)-(v) in the statement of the theorem follow from Proposition 2.1, by using (i)
and (ii). O

The following proposition is a key-step toward characterization of boundary restriction
operators.

Proposition 2.11. Let (A, B, S) be a differential triplet. Let also F' be a closed subspace
of H, and A be a restriction of Ay satisfying D(A) = B(F*). Then

Proof. Assuming SF C ker Ay, we deduce that (2.14) holds true. Thus Proposition 2.5
yields that D(A) is dense in H, so that A* is well defined. Let f € D(A*), and h := A*f.
By (2.28) and (2.4), there exists hy € F such that

Sf = Shy+ BSh.

By (2.2), BSh € D(Ay) and AyyBSh = Sh. Regarding Shy, we know by hypothesis that
Shy € ker Ay, that is Ay Shy = 0. There results that Sf € D(Ay) and AySf = Sh, thus
A* C SA\S.

Conversely, Theorem 2.10 gives that F' = ker A*. However, A* C SA\S implies that
ker A* C ker SAyS. Thus SF C ker Ay due to S? = idy. O

By taking F := Sker Ayy = ker A\S, Proposition 2.11 allows us to introduce a special
boundary restriction operator, the so-called minimal operator of a differential triplet.

Definition 2.6. The minimal operator of a differential triplet (A,B,S) is the restriction of
A to the domain B((ker AS)*).

Proposition 2.12. If (Aw, B, S) is a differential triplet with minimal operator Ay, then
(Am)* is the minimal operator of the adjoint triplet (SAwS, B*,S). Moreover,
SALS = (Aum)".

Proof. We start with the equality of the domains of SA,,S and (Ay)*. By Proposition C.2
and S? = idy,

S((ker Ay)*) = (S(ker Ay)) " = (ker AyS)*. (2.31)
Recalling that D(A,,) := B((ker AyS)*), we obtain

B*((ker Ay)*) = SD(Ay).

Since by Proposition 2.7, D((Au)*) = B*((ker Ay)*), there results that D((Ay)*) is equal
to D(SALS).
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Let f € D(SAnS). Then Sf € D(A,), and, by definition of A, there exists some
Y € (ker Ay S)*t such that Sf = Bi. Hence, since B* = SBS, one gets f = B*(S) and

SAnSF = Si. (2.32)

However, f € D((AM)*) as well. By (2.31), Sy € (ker Ay;)*. Applying Proposition 2.7
with A := Ay, we deduce from f = B*(Sv) and St € (ker Ay)* that (Ay)*f = S¢. Thus
with (2.32), (Am)*f = SALSf. There results that (Ay)* = SA,S. Finally, (Ay)* is minimal
since its domain is B*((ker Ay)*). O

Since A,, is minimal, its adjoint is maximal for the adjoint triplet. More precisely, this
results holds.

Proposition 2.13. Let A,, be the minimal operator of a differential triplet (Ay, B,S). If
Aw is a closed operator then SAuS = (Aw)*.

*

Proof. Since Ay is assumed to be closed, the adjoint of (Ay)* is equal to Ay. Since S
is invertible and S* = S, one has (SA,S)* = S(An)*S. Thus the result follows from
Proposition 2.12. O

A consequence of the latter proposition is that the minimal operator is a boundary re-
striction operator which is closed according to Proposition 2.12. More generally, we have the
following characterization of closed boundary restriction operators.

Corollary 2.14. Let (Ay, B, S) be a differential triplet, and A be a restriction of Ay. If
Am and A are closed operators then the following assertions are equivalent.

(i) A is a boundary restriction operator of Ay.
(i) Am C A.

Proof of Corollary 2.14. Assuming (i), the definition of boundary restriction operators yields
that A* C SAyS. That is, by Proposition 2.13, A* C (A,,)*. Moreover, ker Ay, is trivial in
view of (2.16) and A, C Ay. Therefore A,, is closed according to Proposition A.1; so that
(Am)*™ = Ay, Thus, since A is closed too, we deduce that A, C A. The converse is then
obvious since (Ay,)* = SAuS, by Proposition 2.13. O

In order to describe closed boundary restriction operator of Ay, it is sufficient, in view of
Corollary 2.14, to study the closed operators A satisfying A, € A C Ay. The following
Proposition provides the structure of their domain.

Proposition 2.15. Let (Ay, B, S) be a differential triplet, and A be a restriction of Ay.
Assume in addition that Ay is closed. Then
(i) D(Am) = ker Ay @ Blker AyS) @ B((ker AyS)*t) in D(Aw);
(i) the following assertions are equivalent.
(ii-a) A is a closed boundary restriction operator of Ay.
(ii-b) There exists a closed subspace E of D(Ay) such that E C ker Ay @ B(ker AyS)
and

D(A) = E® B((ker AyS)")  in D(Aw). (2.33)

Proof. (i) Since Ay is assumed to be closed, ker Ay is closed in H, and a fortiori in D(Ay).
Then using ker Ay S = S ker Ay and Proposition 2.2, we prove that B(ker AyS) and
B((ker AyS)*) are closed in D(Ay). Finally, (2.5) entails that the sum is direct.

(ii) Assuming (ii-b), let us first show that A is closed. For, Proposition A.2 yields that
D(A) is closed in D(Ayp). Since Ay is closed, there results that A is a closed operator in
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‘H. Secondly, since A is a closed restriction of Ay satisfying A, C A, Corollary 2.14 entails

(ii-a).
Conversely, let us assume that A is a closed boundary restriction operator of Ay;. Then
Corollary 2.14 entails that A, C A. Thus, in view of (i), we have

B((ker AyS)*t) € D(A) C ker Ay @ B(ker AyS) @ B((ker AyS)*).

Then we set

E := D(A) N (ker Ay ® B(ker A\S)). (2.34)
We are now in position to prove (2.33). Since A is assumed to be closed and A C Ay, we
infer that D(A) is closed in D(Ay). Besides applying Proposition A.2 with E := ker Ay
and F := (ker AyS)t, we obtain that ker Ay @ B(ker AyS) is closed in D(Ay). Hence E
(defined by (2.34)) is closed in D(Ay;).

Let u € D(A). By (i), there exist u; € ker Ay @ B(ker AyS) and uy € B((ker AyS)™h)

such that u = u; + uy. Moreover, u; = u — uy belongs to D(A) since

uy € B((ker AyS)*t) = D(An) € D(A).
Whence uq lies in E. Thus

D(A) = E + B((ker AyS)™).

Since the intersection is trivial, (2.33) follows. O

Corollary 2.16. Let (Am, B,S) be a differential triplet, and A be a boundary restriction
operator of Ax. If Am and A are closed operators then
(i) D(SAWS) = ker AyS @ B*(ker Ayr) @ B*((ker Ay)*);
(ii) there exists a closed subspace E° of D(SAmS) such that E5 C ker Ay S @ B*(ker Ay)
and
D(A*) = E* & B*((ker Av)™). (2.35)

Proof. Let T* := (SAuS, B*,S) denote the adjoint differential triplet of (Ay, B,S). Since
A is a boundary restriction operator of Ay, one has A* C SAuS. Moreover, A* = A, hence
A* is a closed boundary restriction operator of 7*. Applying Proposition 2.15 with 7", we
prove easily the assertions of the corollary. 0

Example 2.7 (Continuation of Example 2.4). Recalling that 77 := (Ama, B1, S),
ker Ay y = ker(Ay1S) = (g1), we notice that

Bl ((ker AMJS)J_) = B1 (glj_) 5

and B1g1 = g1 * g1 = g2 (see (4.2) for the notation g,). Item (i) in Proposition 2.15 tells us
that each w in D(Ap 1) reads in a unique way,

u=uig1 + ujgs + By, (2.36)
where u, v} € C and ¥+ € g;-. More explicitly,

w(z) = uy +ujr + /f YH(y)dy, Vo €l0,b].
0

Since fob V(y)dy = (¥, g1) = 0, we derive
ur =u(0), uwy=b"(u(b) —u(0)). (2.37)

Thus the space
EMJ = ker AM,l ©® Bl (ker AMJS) = <g1, g2>
encapsulates the boundary values of elements of D(Ay 1) = H*(0,0).
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Regarding 7;* := (— A1, Bf, 5), Corollary 2.16 yields that each f in D(—Ay1) reads

f=ho+ g+ g+axy, (2.38)
where f1, f| € C and ¢+ € g,=. One has g, ¥ g1 = S(g1 * Sg1) = Sgo. Thus (2.38) entails

b
/(@) =f1+f{<b—a:>+/ SHy)dy, Ve [0,

We may compute f; and f] from the latter identity. However, it is simpler to notice that
Sf e D(Am1), so that (2.38) yields that

Sf=figr+ flgs + g% 97,
where ot = Syt € g,-. By (2.36)-(2.37), we get
fi=F®),  fi=b"(f(0) = f(b)). (2.39)
That “coordinates trick” will be used in Section 4 for fractional operators.
Again, the space
Elf/[,l := ker AM71 ) Bik (ker AMJ) = <gl, Sgg> = <g1, gg> (240)
encapsulates, but in a different way, the boundary values of the elements of D(—Ay1).

Recalling Definition 2.6, the minimal operator of 77, denoted by Ay, 1 has domain H} (0, b).
]

2.3. Boundary restriction operators with finite dimensional kernel. In this section,
being given a differential triplet (Ay, B,S) with minimal operator A,,, we will assume that
Ay has non trivial finite dimensional kernel. Hence, there exist an integer d > 1, and linearly
independent vectors &1, ..., &; of D(Ay) such that

ker AM = <£1, ce 7fd>- (241)

Therefore Ay is closed according to Proposition A.1. Let A be a closed boundary restriction
operator of Ay in the sense of Definition 2.3. In view of Proposition 2.15,

D(A) = E ® B((ker AyS)*), (2.42)

for some subspace E of
En = ker Ay @ B(ker AyS). (2.43)
Assuming first that E is not trivial, we denote by (ei,...,eq,) one of its basis, where

dg € [1,2d] is the dimension of E. For each j € [1,dg], the embedding
E C ker Ay & B(ker AyS)
and (2.41) yield that
ej = x;& + BSyi;&,, (2.44)
where x5, y;; € C, and the repeated indexes sum convention is used, i.e.

d
T8 = Z DISE
=1

Setting
wj = x5k, W= ks in ker Ay, (2.45)
we have
€; = Wj + BSM; € ker AM ) B(kerAMS), V1 S ] S dE (246)
Although the following proposition is known from Fredholm operator theory, we give its
proof for sake of completeness.
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Proposition 2.17. Under the above assumptions and notations, in particular (2.41)-(2.46),
let A be a closed boundary restriction operator of Ani. Then the range of A is closed in H.

Proof. Let (un)n>0 C D(A) and f € H be such that Au, — f in ‘H. By (2.44), (2.46), for
each n > 0, there exist 27,..., 2} € C and ¢;; € (ker AyS)* such that
uy, = 2w + B(alSw + o).
Thus
Au, = 25w + ¢ € ker Ay S @ (ker Ay S) ™
Denoting by P € L(H) the orthogonal projection onto ker Ay S, we infer
riSw; —— Pf  in H.

n—oQ

However, by closedness of the finite dimensional space generated by Swi, ..., Swy_, Pf reads
Pf = x;Suwj,

for some x1,...,24, € C. Then we set

u = xje; +B(f — Pf).
Since f — Pf lies in (ker AyS)*, and, by (2.42), D(A) contains B((ker AyS)*), we infer
that u belongs to D(A), and Au = f. The proof of the proposition is now completed. O

Proposition 2.18. Under the assumptions of Proposition 2.17, and recalling that d denotes
the finite dimension of ker Ay, the following assertions holds true.

(i) If A is onto then dim E > d.

(i) If A is one-t-one then dim E < d.

(iii) If A is a bijection then dim E = d.
Proof. Let P € L(Ey\) be the projection on B(ker AyS) along ker Ay By (2.42), each u in
D(A) reads u = e + B¢*, where e € E and ¢+ € (ker Ay S)t. Thus, since e — Pe lies in
ker Ay,

Au = AMP€ + QﬁL.

If A is onto then for each h in ker Ay S, there exist e € E and ¢+ € (ker AyS)*L such that

Ay Pe+ ¢t = h.

ApPe belongs to ker AyS, thus by orthogonality, AyyPe = h. Thus AyP(E) = ker AyS.
Since dim ker Ay S = d, we have dim F > d.
If A is one-to-one then E Nker Ay = ker A = {0}. Hence Grassman’s formula leads to

dim £ = dim(F + ker Ay) — dim(ker Ay) < d,
since F and ker Ay are subspaces of Fy, and dim Fy; = 2d. O

2.3.1. Abstract boundary conditions for D(A*). We will describe D(A*) by linear equations
involving only coordinates in Ey;. The result is stated in Proposition 2.19. These equations
are called abstract boundary conditions since in application, coordinates in Ey; are linearly
related to boundary values of functions in D(A*).

Starting from the decomposition

D(SAumS) = ker AyS @ B*(ker Ay) & B* ((ker Ayp) ™),
given by Corollary 2.16, any f € D(SAumS) reads in a unique way (see (2.41))
f = fiS& + B fi& + B ™, (2.47)
where f;, f € C for all 1 <i < d, and ¢t € (ker Ay)*.
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Proposition 2.19. Under the above assumptions and notations, in particular A is a closed
boundary restriction operator of A, (2.41)-(2.47) hold and 1 < dg < 2d, let f belong to
D(SAuS). Then

feDA) <= (), [i&)= (v, [i&), V1<j<dg.
Proof. Let f € D(SAuS) and u € D(A). Starting from the first equivalence of Theorem 2.3,
using (2.42), (2.46), and recalling that (eq,...,eq,) is a basis of E,
f e D(AY) (2.48)
is equivalent to
(A(w; + BSw) + BSYY), fo) = (wj, SAMSS), V1< j<dp, Y € (ker Ay)*.
However,
(ABS@Z)l,fo) = (SwLafO) - (¢L7Sf0) = 07
since ¢+ € (ker Ay)* and Sfy € ker Ay. Thus (2.48) is equivalent to
Moreover, recalling (2.10), and using (2.47), we get fo = f;S¢ and SASSf = fl& + ot
Since (w;, t) = 0, (2.48) is equivalent to
(W), fi&) = (wj, fi&), V1<j<dg
[

2.3.2. Dimension of E®°. Let us recall that A denotes a closed boundary restriction operator
of (Ay, B, S). In view of Corollary 2.16, let E® be the subspace of

Ey = ker Ay S @ B* (ker Ayp) (2.49)
satisfying
D(A*) = E* & B*((ker Au)"). (2.50)
For each j € [1,dg|, we introduce the following linear form on E},
Fj :ker AyS @ B*(ker Ay) — C,  fo+ fi = (fo, Sw)) — (SAMS f1, w;). (2.51)

Then we may compute the dimension of E®.

Proposition 2.20. Under the assumptions and notation of Proposition 2.19, and (2.49)-
(2.51), the dimension of E® is 2d — d.

Proof. We claim that

di
E* = () ker F}. (2.52)
j=1

Indeed, £° C ﬂ?ﬁl ker F; by Proposition 2.19 and since E®* C D(A*). Conversely, let f be in
the intersection. Since f € EY; € D(SA\S), Proposition 2.19 leads that f € D(A*). Besides

E}; N D(AY) = E*,
since
D(SAuS) = Ey & B* (ker Ay)™)
D(A*) = E* & B*((ker Au)™)
E° C E,.
Thus f € E®. That proves the claim.
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Since SAuSB* = idy, B* is one-to-one. Hence (see (2.49)) Ef; has dimension 2d.
Therefore, standard results in linear algebra yield that E® has dimension 2d — dg provided
Fy, ..., Fy, are linearly independent in the dual space of E};.

In order to check that independence, let Ay, ..., \s, € C be such that \;F; = 0. By setting

fo = S/\_jw}, f1:= —B*A_jwj,
we have (see (2.45))
fo+ fi € ker AyS @ B*(ker Anp) = Eyy
Thus
0= (NEj, fo+ f1) = IINwjl? + A%
Going back to (2.46), we infer that Aje; = 0. Thus A; = 0 for all j € [1, dg], since (e1, . . ., eq,)
is a basis of E®. The proof of the theorem is now completed. O

2.3.3. Abstract boundary conditions of D(A). We assume that E is not maximal, that is
E # E\, or equivalently

0<drp <2d—-1. (2.53)
Then Proposition 2.20 entails that £° is not trivial. Let (ef,...,e5; 4, ) be a basis of E*. In
view of (2.49), e} reads

¢; = Sw + B'wj’, V1< j<2d—dp, (2.54)
for some w$ and wj’ in ker Ay;. By Propositions 2.15 (i) and C.2, each u in D(Ay;) reads
u = ui&; + BSul&; + BSyt, (2.55)

where u;, v, € C for all 1 < i < d, and ¥+ € (ker Ay1)*. Then arguing as in the proof of
Proposition 2.19, we may show the following result.

Proposition 2.21. Under the above assumptions and notations, in particular (2.41)-(2.47)
and (2.53)-(2.55), let u € D(An). Then

ue DA) = (& w)) = (w& W), V1<j<2d—dg.
2.3.4. Limit cases. Our analysis is complete when F is a proper subset of Fy;. There remains

to investigate of the cases where ' = F) and F is trivial.
(1) IftE = EM then dE = 2d, A= AM, and

E= EM = kerAM & B(kerAMS)

Setting
1< <d 0 if1<j<d
wj = & 1 _‘7_. , W= 1 _‘7_, ) (2.56)
0 ifd+1<j<2d J &i—a ifd+1<j<2d
it is clear that
ej:wj+BSw;, V1§]§2d,
constitutes a basis of E. Then Proposition 2.19 yields that
0= (&, fl& V1<j<d =0

Thus f € D(A*) iff its component on FE)y are trivial. We will see in applications, that
the above equations are equivalent to the cancellation of all boundary values of f. Also
A* = (Am)* is the minimal operator of the differential triplet (SAyS, B*,S). That result
was already proved in Proposition 2.12.
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(i) If E is trivial then dg = 0, A = A,,. Starting from the first equivalence of Theorem
2.3, each u € D(A,) reads u = BSyt, for some 1+ € ker Ay;. Thus

ug = 0, (Au, fo) = (¢L, Sf()) =0, Vfoe€kerAyS.

Thus Item (i) in Theorem 2.3 yields A* = SA\S, so that there is no boundary condition.
The characterization of D(A,,) in terms of boundary conditions follows from Proposition
2.21. Indeed, setting

S . oyt
Wi =Wy, W= Wy

where w; and w,’ are defined thru (2.56), it is clear that

ej- = Sw; +B*w3’7', V1i<j<2d

constitutes a basis of E® = E}; := ker A\ S @ B*(ker Ayp). Thus Proposition 2.21 gives

(W&, &) =0 V1<j<d {ul:o

<~ 2.58

u € D(A,) <= {

2.3.5. Boundary restriction operators of %. We will illustrate the latter theory in the case
where Ay := Ay = %. Starting from Example 2.7, and recalling that T; := (A1, By, S),
one has

ker Ay = (g1), d=1, & =g1, Eu=FEw1=(91,9), Eu=FEu=(91,50).
In view of (2.36) and (2.38), each u € Eyy and f € E}, read

u=wug1 +uige, f= figi+ f159.

We will classify the closed boundary restriction operators A of % w.r.t. the dimension of

E. Tt will appear that these operators form the set of all operators % supplemented with

homogeneous linear boundary conditions. Also, we will determinate in a systematic way the
adjoint of each boundary restriction operator.

(i) If E = Ena = (g1, 92) then, in view of (2.56),
dp =2, wi=g¢g, w=0 w =0 w)=g.
Starting from (2.57) and using (2.39), we obtain
feD((An)) = fi=fi=0 <= [f(0)=f(0) =0.
(ii) If E is trivial then A = A, ;. Starting from (2.58) and using (2.37), we obtain
we€DAn1) <= w=uj=0 <= u(0)=u(b)=0.
(iii) If £ is one-dimensional, that is dg = 1, E = (e;) where (see (2.45)-(2.46))
e1 = Tng1 +yngs, W= Tng, W= yig,
then Proposition 2.19 and (2.39) yield
fe€DA) =7 fi=Tuf] (2.59)
< T f(0) = (T + b)) f (D). (2.60)

That is the characterization of D(A*) in terms of boundary conditions.
In order to characterize D(A) in terms of boundary conditions, one needs to find a
basis of E®. We know that its dimension is 2d — dg = 1. Thus setting

*x s/

S . — s/ . — S __ S
wy =Tug, Wi =Yngi, € =w)+ Bluwy,
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(2.59) yields that E® = (e3), and Proposition 2.21 and (2.37) yield

u € D(A) < xuull = Y11U1
<> z11u(b) = (211 + by11)u(0). (2.61)

That is the characterization of D(A) in terms of boundary conditions.
Let us emphasize some standard boundary conditions.
(a) If 21, = 0 then D(A) = ¢H'(0,b), and A is the pivot operator Ax of T; (see
Definition 2.5). Also D(A*) = ,H*(0,b).
(b) If 211 + by1; = 0 then D(A) = ,H'(0,b). Also D(A*) = H'(0,b).
(c) If y11 = 0 then

D(A) = D(A*) = {u € H'(0,5) | u(0) = u(b)}.
That corresponds to periodic boundary conditions.

Finally, let us show that for each boundary restriction operator A of Ay, satisfies
u(b)f(b) = u(0)f(0), Vue D(A), feDA). (2.62)

Indeed, that relation is clear for Items (i) and (ii). Regarding Item (iii), combining (2.60)
and (2.61), one gets

5611107(0) = (zn + byn)?(b)U(O) = $11U7(b)-

If 211 # 0 then (2.62) holds. Otherwise, (2.62) follows from the result of Item (a).
Let us notice that (2.62) may be obtained directly by using by-part-integration, indeed

b
0= (Au, f) — (u, A" f) = /0 U f 4+ uf dz = uf(b) — uf(0).

We claim that the notion of closed boundary restriction operator of % fits exactly with
the one the “operator % supplemented with homogeneous linear boundary conditions”. In

order to make that statement precise, let us define the latter notion.

Definition 2.8. Let & : H(0,b) C L?(0,b) — L*(0,b) and A be an operator on L?(0,b).
We say that A is % supplemented with homogeneous linear boundary conditions if A is a
restriction of % and one of the following conditions holds.

(1) D(A) = {u e H'(0,0) | u(0) = u(b) = 0};

(ii) there exist aj, ay € C such that

D(A) = {u e H'(0,b) | a1u(0) + asu(b) = 0}.

Proposition 2.22. Let A be an operator on L*(0,b). Then the following assertions are
equivalent.

(i) A is a closed boundary restriction operator of (<, By, S).
(i) A is % supplemented with homogeneous linear boundary conditions.

Proof. There results from the above analysis that a boundary restriction operator of % is

% supplemented with homogeneous linear boundary conditions. Conversely, let A be %

supplemented with some homogeneous linear boundary conditions. Then D(A) contains
H;(0,0), thus the minimal operator A,,; of 7; is a restriction of A. Thus A* C (A, 1)* =

SAn1S, by Proposition 2.13. Hence A is a boundary restriction operator of %. O
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hc(l') . { ¢ .

0 otherwise

Then, by Proposition 2.5, the restriction A of Ay; to By(h, ") is still densely defined. How-
ever, for each ¥ in h,*, u := Byt satisfies

0 = (he, Au) = u(c) — u(0) = u(c).

Thus, in view of Definition 2.8, A is not c% supplemented with some homogeneous linear

boundary conditions. Hence Proposition 2.22 entails that A is not a boundary restriction
operator of %.
Also, since Sh, does not belong to ker Ay, the equivalence of Proposition 2.11 tells us

that A* is not a restriction of SAy;S. By (2.29), we sce that D(A*) contains a non smooth
element, namely h..

This example highlights the link between homogeneous linear boundary conditions set on
D(A), and regularity of functions of D(A*).

3. SECOND ORDER DIFFERENTIAL TRIPLETS

In application, the maximal operator Ay of a differential triplet is a basic operator like %
or D% Thus Ay can be seen as a first order operator. From that point of view, A,7 := Ayjo Ay

is a second order operator, like % or —%. This section is devoted to a study of boundary
restriction operators of second order differential triplets.
Being given a differential triplet 7 = (Ay, B, .S), it is easy to check that

T? = (A, B%S), TT":=((AuS)* B*B.idy), T*T = ((SAw)* BB",idy) (3.1)

are differential triplets. The two latter triplets are equal to their adjoint (see Definition 2.2).
However, the adjoint triplet of 772 is

(T?)" := (SA\S, (B*)2,9).

Thus Proposition 2.4 yields that the closed boundary restriction operators of (72)* can
be obtained from the ones of 72. Moreover, if we start from 7* instead of 7, that is if
T := (SA\S, B*,S), then

T*T = ((AuS)*, B*B, idy).
Thus, among these four so-called second order differential triplets, it is enough to study the
two first triplets of (3.1).

Let us recall that the pivot operator is defined by (2.15), and minimal operator by Definition
2.6.

Proposition 3.1. Let (Ay, B,S) be a differential triplet such that Ay is a closed operator
on H. Then the following assertions hold true.

(i) ker Ay and B(ker Ay) are in direct sum in D(Ay) and
ker(AM)2 = ker AM (&) B(ker AM) m D(AM)
(ii) ker(AnS)? = ker Ay S @ B*(ker Ayy).
(iii) The pivot operator L= of T? is equal to (At)?.
(iv) The pivot operator Ly« of TT* is equal to (A1S)%.
(v) The minimal operator of T? is equal to (Am)?, where Ay, is the minimal operator of T.
(vi) The minimal operator of TT* is equal to (Ap,S)?.
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Proof. We will prove only the odd items relative to 72. The others items, relative to 77T *
can be established in a same way.

(i) Arguing as in the proof of Proposition 2.15, we may show that ker Ay; and B(ker Ayp)
are in direct sum in D(Ay). Let u € ker(Ay)?. Then Ayu = £ for some & € ker Ay. By
Proposition 2.1, there exists ug € ker Ay such that u = ug + BE. Thus u lies in ker Ay @
B(ker Ayp). Since the converse is obvious, Item (i) is proved.

(iii) Let us start to show that Ly C (A7)?. For, each u € D(Ly2) reads u = B*) for
some ¢ € H, and satisfies Ly2u = . Since D(A7) = R(B) and A7B = idy, we derive
u € D((A7)?) and (A7)*u = . Thus L= C (A7)%

We will be done if we prove that D((A7)?) € D(Ly=). For, each u € D((A7)?) satisfies
B*(Ar)*u = u, since (Ay)~' = B. Thus u belongs to R(B?), which by definition is the
domain of L.

(v) Denoting by L,, the minimal operator of 7?2, we start to show that L,, C A_2. For, by
definition of L,, each u € D(L,,) reads u = B*)* for some 1)+ € (ker A,2S)*, and satisfies
Lyu = . Moreover, by Item (i) and Proposition C.2,

(ker A2 S)" = (ker AyS)™ N (SB(ker Ay)) ™. (3.2)

We claim that u = B~ lies in D(Ay,). Indeed, by definition of A,,, it is enough to prove
that Byt € (ker AyS)*t. For each & € ker Ay, one has

(By™, S€) = (v, B*S¢) = (¥, SBE) =0,

since ¢+ lies in (SB(ker AM))L, according to (3.2). Thus Byt € (ker AyS)*, and the claim
is proved.

Then A,u = By*. By (3.2) again, we know that ¢+ € (ker Ay S)*. Whence A, u belongs
to D(Ay) and A %*u = ¢*. Recalling that L,u = ¢+, we get L, C A 2

Finally, let us show that D(A,_2) C D(Ly). For, let u € D(A_?). Since A, C Af, one
has

B*A_*u = u. (3.3)
There remains to prove that A_2u € (ker Ay2S)*. For, we will use (3.2). Item (i) in
Theorem 2.10 tells us that R(A,) = (ker Ay S)*. Thus A, %u € (ker AyS)*. Moreover, for
each & € ker Ay,
(A, %u, SBE) = ((SAnS)SAnu, BE).
By Proposition 2.12, SA,S = (Aum)*. Thus, since B¢ lies in D(Ay ), one has
(A u, SBE) = (Amu, SE) =0,

since R(An) = (ker AyS)*. Hence A, %u € (SB(ker AM))L. There results from (3.2), that
A, *u belongs to (ker 4,;25)*. Going back to (3.3), we get u € D(Ly,). O

According to Proposition 3.1, A, ? and A,? are boundary restriction operators of 72. More
generally, the following result investigates the product of two closed boundary restriction
operators. The adjoint of the product is computed via a deep result of S. Holland stated in
Theorem C.1.

Proposition 3.2. Let (Ay, B, S) be a differential triplet such that Ay has a finite dimen-
stonal kernel. Then

(i) if A1, Ay are closed boundary restriction operators of T then AyAy is a boundary re-
striction operator of T 2.

(i) If Ay, Ay are closed boundary restriction operator of T* and T respectively, then AyA;
is a boundary restriction operator of TT*.
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Proof. We will prove only (i) since (ii) follows in the same way. Let us start to show that
AgA; is densely defined. Since A; and Ay are closed, A; is an extension of the minimal
operator Ay, of T, by Corollary 2.14. Thus

R(A1) D R(An) = (ker AyS)™*,

by Item (i) in Theorem 2.10. Since R(A;) is closed by Proposition 2.17, we deduce that
R(A;) has finite codimension in H. Then Theorem C.1 yields that AsA; is densely defined,
and (AQAl)* = ATA;

Since A;, A, are boundary restriction operators of Ay, one has A;* C SAyS. Thus
At A C SA2.S. Hence AsA; is a boundary restriction operator of T2, OJ

This well-known proposition, whose proof will be omitted, provides self-adjoint restrictions
of (AMS)Q
Proposition 3.3. If A is closed densely defined operator on H then the following assertions
hold true.
(1) Lop := AA* is a non-negative (i.e. (Lopu,u) > 0, Yu € D(Lyp)) self-adjoint operator
on H.

(i) The spectrum of Loy, is contained in the real interval [0, 00).

(iii) R(Lop) = R(A) and ker Lo, = R(A)*.

Example 3.1. With the notation of Example 2.7, we consider the following second order
differential triplets

712:: (;_;2731275)7 7’171* ( d27B Bl,ZdL2ob)
We know by Item (a) in Subsubsection 2.3.5, that the domain of the pivot operator of 7y is
oH"'(0,b). Thus Proposition 3.1 (iii) tells us that the domain of the pivot operator Ly of

T, % is

D(Ly,») = {u € H*(0,0) | u(0) =0}.
In a same way, the pivot operator Lz;7+ of 7T;7{" has domam
D(Lyi7+) = {u € H*(0,b) | u(b) =0}.

Moreover, using also Proposition 2.9, we get

L7y = A (Aq)"
Hence Proposition 3.3 entails that L7+ is self-adjoint.
Regarding the minimal operators of 7; ? and 777}, their common domain is

D(Ly1) = {ue Hy(0,b) | v € Hy(0,b)}
= {u € H*(0,b) | uw(0) = u(b) = u'(0) = u'(b) = 0}.
Also, Proposition 3.1 gives
ker(——) ker(dIQ) (g1, g2)-

Finally, let us introduce Lo, p,1, the well-known opposite of the one-dimensional Laplace
operator with Dirichlet boundary condition. In our framework, that operator is defined by

d d |«
Lopp1i=—o(—)", 3.4
p,D,1 dl’ © (dCU) ( )
Where = Am. Thus Lop piu = —%u for each u in

D(Lop,p,1) = {u € H*(0,b) | u(0) = u(b) = 0}.
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Proposition 3.3 entails that L., p1 is a positive self-adjoint operator on H, a well-known
result.

4. FIRST ORDER FRACTIONAL DIFFERENTIAL OPERATORS

Let us turn our attention to the application of the theoretical results of Section 2 to

fractional differential operators. Applications of these theoretical results to the operator %
has been achieved in Subsubsection 2.3.5. Keeping the same approach, we will study the first

order fractional differential operator D* and its boundary restriction operators.

4.1. A differential triplet. Let b € (0,00), and H := L*(0,b). The standard inner product
of the complex Hilbert space H is

b —
(f,h):= / flz)h(x)dx, VY f,heH. (4.1)
0
The related norm of L?*(0,b) is denoted by || - ||. Also, for each 3 > 0, let gg be the function
of L'(0,b) defined for a.e. z in [0,b] by
1
= ——a"". 4.2
(o) = 15 (42)

The domain of the fractional differential operator D® is a follows.

Definition 4.1. For each o € (0,1), we denote by D(An,) the space of functions u in
L*(0,0) for which there exists ug € C such that

Gi—a* (u—ug) € HY(0,b).
The following result whose proof is elementary, is a particular case of [ER19, Prop. 2.1].

Proposition 4.1. Let b € (0,00), a € [3,1) and u € D(Awa). Then there exists a unique
ug € C such that
G1—a* (u—ug) € H(0,b).

Although elements of D(Ay,) are not continuous in general (see Remark 4.3 (ii) below),
we will set, in view of Proposition 4.1, u(0) := ug for each u € D(An.q).
We are now in position to define a (maximal) fractional differential operator on L?(0,).

Definition 4.2. Let b € (0,00) and « € [3,1). Then we define the operator

d
Ana : D(Ana) C L2(0,0) — L*(0,b), uws a{gl_a * (u— )}, (4.3)

where ug is the unique complex number given by Proposition 4.1. For each u € D(Am ),
A qu is called the fractional derivative of u of order o in L*(0,b). Also we put

D% := Apq.
If o =1 then Ay, is defined according to Example 2.4.
Remark 4.3. Let > 0. If a = % then
gs € D(Ay1) = B=1
If a € (3,1) then

1
95 € D(Ave) <<= [>a+ 5 or pe{l,a}l.

Let a € [3,1) and gg € D(Aua)-
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(i) If 5 # a then gz admits a continuous representative on [0, b, still labeled gz. Moreover,
if § # 1 then Ay o9s = gp—o and gz(0) = 0. On the other hand, Ay ag1 =0, g1(0) = 1.

(ii) If B = o then & > 3, Ayaga = 0 and g,(0) = 0. Let us notice that g, is not continuous
at x = 0, although it lies in D(Apr ).

Finally,
ker Ayjo = {<g1> %f a=3; : (4.4)
’ (91, 9a) 1f%<0¢<1

O

For each « € [3,1], let
B, : L*(0,b) — L*(0,b), f+> g * f. (4.5)
S L*(0,b) — L*(0,b), fw f(b—">) (4.6)
To = (Aras Bas S). (4.7)

Clearly, for all f € L?(0,b), Bof € D(Ay.) with B, f(0) = 0. Using also the fact that g, is
real-valued, we check easily that 7, is a differential triplet. We put

go ¥ u = (By)'u = S(ga* (Su)), Vae(0,00), VueL*0,b). (4.8)
Moreover, in view of (4.4), we infer from Propositions 2.1 and A.1 that Ay, is a closed
operator on L?(0,b).

1

4.2. Restriction operators. For a € [3,

Then

1), let A, o denote the minimal operator of 7.

D(Ama) = Ba((ker Ay0S)7"). (4.9)

Definition 4.4. For o € [%, 1), Caputo’s operator “D” is the restriction of Ay, to the
domain

D(“D") == {u € D(Ama) | g1-a * (u—u(0))(0) = 0}.

Let us focus on eigenmodes of “D®. Since, for all f € L?(0,b), k € N,
1(Ba)* Il = 9an * FII < Nlgakllzronll FI| = garcr B £,

and the kernel of ®D” is generated by ¢g; = 1, we recover, thanks to Proposition C.3, the
following well-known result. For each A\ € C, the kernel of “D” — X is the one-dimensional
space generated by the function

€con = Y Ngarsr  in L*(0,D). (4.10)
k>0

Of course, ec o, may be expressed by means of the Mittag Leffler function E, thru the
identity
ecar(r) = Eq(Ax?) a.e x € [0,0].

Let us now introduce the another famous fractional operator.

Definition 4.5. For a € [1,1), Riemann-Liouville’s operator "*D® is the restriction of Ay
to the domain

DD = {u € D(Aum,) | w(0) = 0}.



23

Let us focus on eigenmodes of RBED”. In the case where o € (%, 1), the kernel of B:D® is
generated by ¢,. Thus, arguing as for Caputo’s operator, we get that, for each A € C, the
kernel of VD™ — ) is generated by the function

ERL,a,\ +— Z /\kga(k-‘rl)' (411)
k>0

On the over hand, if & = 1 then *“D® has a trivial kernel, thus Proposition C.3 yields that

RLD® has no eigenmode.
4.3. Analysis of Ay, for % < a < 1. In view of Subsection 2.3, one has d = 2, and (see

(2.43), (2.42))

Eno i=ker Ay @ Ba(ker AyioS) = (91, 9os Bagi, BaSGa)- (4.12)
D(Ama) = Enta ® Ba(S(ker Ayo) ™) (4.13)

Regarding the eigenmodes of D®, in view of the above analysis, and in particular of (4.10)-
(4.11), we derive that, for each A € C, the kernel of D* — X is generated by ec, and

E€RL,a,\-

Let us focus on boundary values of functions in D(D?®). There results from (4.12)-(4.13)
that u lies in D(Aw,) if and only if there exists uy, ug, uj, uy € C and ¥+ € (g1, go)* such
that

U =g + Uzga + Batlg1 + BaSuhga + BaSP. (4.14)

We claim that v admits a continuous representative on (0, b], and that continuous repre-

sentative, still labelled u satisfies

uy = u(0)
U2 = J1-qa * (U - U(O))<O)
Wb+ 1) = g1 s (0~ u(0))(6) — g1_a* (u— u(0))(0)
UrG14a(b) + U]l gall” = w(b) — u(0) — g1 * (u — u(0))(0)ga (D).

Indeed, regarding u;, we have already observed that ¢;(0) = 1, g,(0) = 0, and B,h(0) =0
for each h € L*(0,b). Thus u; = u(0). For uy, convoluting (4.14) with g;_,, we derive

Gl_o * (u — u(O)) = uygy + g1 * (uh g1 + ubSga + SUT).
Thus the second equation of (4.15) follows. Regarding u, we start from the identity

(4.15)

Amot = uigr + uhSg, + SYT
Using (S¢a, 1) = 1+a(b), and (S¥*+, g1) = (¥4, 1) = 0, we get

(Anatt; g1) = uyb + upgira(b). (4.16)
Then the definition of Ay, entails the third equation. In the same way,
(AM,att; Sga) = u/lglJra(b) + UIQHQOLHQ- (4.17)

Moreover, since o > %, Ja * Ao is continuous on [0, b, according to Theorem B.1. Thus,

Ja * AM,aU(b) = (AM,au7 Sga) = ullgl—i-a(b) + u,2||59a||2‘
Hence, starting from
U = U191 + U29a + ga * AM,auv
and noticing that the right hand side is continuous on (0,b], we deduce that u admits a

continuous representative on (0, b] satisfying the last equation of (4.15). That proves the
claim.
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Regarding S A oS, in view of (2.49) and Corollary 2.16, one has
Eypo o= ker Ayo S @ B (ker Anio) = (91,990, By 915 B, ga)
D(S5An0S) = By o ® B, ((ker Aya)b).

Thus f lies in D(SAmS) if and only if there exists fi, fa, f1, f+ € C and ¢t € (ker Aypo)t
such that

f=figi + f2594 + B, (f{gl + f59a + SOL)- (4.18)

Thus
Sf = hig1+ f2ga + Ba(figr + f359a + S¢™). (4.19)
Let Pg, . : D(Ama) = D(Awma) be the projection on Ey, along B((ker AyS)*). By
comparison with (4.14), there results that (fi, fo, f], f3) are the coordinates of P, ,(Sf) in

the basis (g1, ga, Bag1; BaSga) of Eno. Hence f has a continuous representative on [0, ),
still labelled f, and (4.15) yields

Jfi=1)
f2=g1a x (Sf = f())(0)
fib+ f3011a(0) = gima * (Sf = f(0)(b) = g1a * (Sf — £(b))(0)
Fi914a(b) + fllgall® = f(0) = f(b) = g1-a * (Sf = f(0))(0)ga (D).

For all purposes, let us mention that f(b) := S f(0) where S f(0) is defined thru Proposition
4.1.

(4.20)

4.4. Boundary restriction operators for a € (%, 1).

4.4.1. Minimal operator. In view of (4.9) and combining (4.14) and (4.15), this result is
obtained easily.

Proposition 4.2. Let o € (%, 1) and Ay be the minimal operator of T,. Then

D(Ana) = {ga* 0" | ¥ € {g1,590)" }
= {u € D(Awa) | w(0) = u(b) = (g1-a * u)(0) = (g1-a * u)(b) = 0}.
Remark 4.6. We claim that there is no symmetric boundary restriction operator of D®.
Thus as far as one is concerned with the use of hilbertian operator theory to study boundary
value problems, our approach is different from the one of V. Ryzhov, since the latter relies
on self-adjoint operators (see [Ryz07, Assumption 2, Section 1].

In order to prove the claim, we proceed by contradiction assuming that A is a symmetric
boundary restriction operator of D*. Then A,,, € A according to Corollary 2.14; so that
A« is a symmetric operator. For each ¢, ot € (g1, Sg,)", Proposition 4.2 entails that the
functions g, * ¢+ and g, * p* belong to D(Apn.). Using the symmetry of Ay, o, we infer

(", (By = Ba)¥™) =0.
Hence there exist ki, ko € C such that
S (o * Slﬁl) — Ga * ¢l = k191 + k259a. (4.21)
By Theorem B.1(i), the functions

Ja * S¢La Ja * ¢L7 qn

are continuous at x = b, unlike S¢,. Thus ky = 0. Then, evaluating (4.21) at x = b, we get

kl = _(Swj_aga) = —(¢L>Sga) = 07
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since ¥t € (g1, Sg.)" and g, * S vanishes at o = 0 due to Theorem B.1(i). Thus
Byt = Batt, VYt € (g1, 59a)" (4.22)

Now, let ¢ € C*[0,b] be such that 1(0) = ¥ (b) = 0. Clearly, there exist k;, ko € C such
that

Wt = — kigi — k2S94 € (g1, Sga) ™
Then (4.22) yields that
S(ga * SW — o * d} € <gl+o¢7 Sgl+a7 Snguga * Sga>'

By Theorem B.1(ii-b), the left hand side lies in C1[0,b]. However, ¢iia, S¢ita, Sg2a and
ga * Sg, do not belong to C*[0, b] since

Jo * Sga = Ga * (Sga - Sga(o)) + Sga(0>gl+a

and g, * (Sga — Sg4(0)) lies in C'[0, 2]. Thus, by density, B,* = B,, which is false as we can
see by testing with g;. That proves the claim.

4.4.2. Caputo’s operator. In view of Definition 4.4, setting
EC = <gla Bagl? Basga>7

(4.15) yields that
D(°D") = Ec @ B, (S(ker Aya)").

Thus Proposition 2.15 tells us that “D” is a closed boundary restriction operator of Ay .
With the notations of Subsection 2.3, one has dp, = 3 and

&i=a §2 = o

€1 =0 w1 =0 wy; =0
es = Bag1 wy =10 wy = g
es = BoSq, w3 =0 W5 = Ga-

Then Proposition 2.19 yields that, in view of the notation (4.19),
f € D(°D™) = 0= (g1, fi&), (91, fi&) = (ga, fi&s) = 0
— (f{gl + fégavgl) = 07 fl = f2 =0.
Moreover, by the third equation of (4.20),
(figr + f290: 1) = G1-a * (Sf = f(5))(b) = g1a * (Sf — f(D))(0).

Accordingly, we obtain the following characterization of elements of D(°D®") in terms of
their boundary values.

FEDED™) = f() = (g0 SF)O0) = (graxSHB) =0, (4.23)
Also, we have

D(°D™) = {f € L*(0,b) | g1-a * Sf € H}(0,b)}
= B (g,"). (4.24)
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4.4.3. Riemann-Liouville operator. Proceeding in the same way, we obtain that the Riemann-
Liouville operator is a closed boundary restriction operator of D%, and

f € D(M'D™) <= 0 = (g, fig1 + f390), fr=F2=0.
Since (fig1 + f39a; 9a) = fig1+a(b) + f3llgall?; (4.20) gives
f € D(MD™) = f(0) = f(b) = g1-a  SF(0) = 0.
4.4.4. the operator Ar,. Let us focus on the pivot operator Ar, defined by (see (2.15))
D(Ar) := R(B,), Agnu:=Au.u, VYue€ D(A7L). (4.25)
This result is easily proved thanks (4.14)-(4.15) and Proposition 2.9.
Proposition 4.3. For a € (3,1),
D(A7,) = {u € L*(0,b) | g1_a*u € ¢H'(0,b)}
= {u € D(Am,a) | u(0) = g1_a *xu(0) = 0}.
In a symmetric way, one has
D((A7,)") = {f € D(SAuaS) | £(b) = (91-a * Sf)(0) = 0},

4.5. First order fractional boundary value problems. For a € (%, 1), let
To == (D%, By, S) be the differential triplet defined by (4.7). There results from the invert-
ibility of the system (4.15) that the boundary values of a function u in D(D®) are

u(0), ua(0), u(b), ua(b),
where u, = g1_o * (u — u(0)) € H'(0,b). For sake of concision, we will set
u(0)
Ua(0)
u(b)
U (b)
For h € L*(0,b), M € M(4,C), a 4 x 4 matrix with coefficients in C, and hy,. € C* a vector
belonging to the range of M, we will consider this boundary value problem
Find v € D(D®) such that
{ D =h, MC(u)= hpe.

C(u) =

(4.26)

The second equation of (4.26) is clearly non homogeneous linear boundary conditions. In
the sequel, we will discuss existence, uniqueness and well-posedness for Problem (4.26). We
consider the cases where M has rank 1 or 2.

(i) The case where M has rank 1.
(i-a) Regarding uniqueness issue, we may assume that o = 0 and hy, . = 0. Let A be the
restriction of D* with domain

D(A) :={u e D(D*) | MC(u) = 0}.

Clearly, (4.26) is uniquely solvable iff A is one-to-one. Moreover, it turns out that
A is not one-to-one. Indeed, setting

E:=D(A)N By = {u € By | MC(u) =0},

we claim that
D(A) = E @ B((ker AyS)™).
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Indeed, since B((ker AyS)t) = D(Ay,a), Proposition 4.2 entails
B((ker AyS)*™) € D(A),

Then the claim may be easily proved by using (4.13). Thus Proposition 2.15 yields
that A is a closed boundary restriction operator of D®. Moreover, by (4.14)-(4.15),
dim E' = 3, hence Proposition 2.18 tells us that A is not one-to-one, so that (4.26)
is not uniquely solvable. 0

(i-b) Existence issue. Since M has rank 1, we may assume that the boundary condition
of (4.26) reads

a1u(0) + ague (0) + azu(b) + aguy(b) = hy.e,
where a; € C and hy, . € C. Using the splitting
L*(0,b) = ker AypS @ (ker Ay S)*,
h reads h = h g1 + hSga + ¢, for some (unique) A}, b, € C and ¢ € (ker AyS)t.
Thus setting
c1(h) == higi1a(b) + Rollgal?
ca(h) = Mb + hygiia(D),
we prove easily with (4.14)-(4.15), that if
ay +az #0 or as+ ga(b)ag+as #0
then, for each h and hy, ¢, (4.26) has at least a solution. Otherwise, (4.26) is solvable
iff
azcy(h) + agca(h) = hye.

It could be surprising that (4.26) with one boundary condition may have no solution.
However the same thing appears also in the case o = 1. Indeed, the problem
d

wt= h, w(b) —u(0) = hy. € C,

has no solution if fob hdxz # hy..
A case where M has rank 2. Assuming, again with a slight abuse of notation, that
hy.e € C?, we will show that

D% = h, (;;(?3)) = e (4.27)

is well-posed. Let | - | be any norm on C2.

Proposition 4.4. For each hy. € C* and h € L?(0,b), the boundary value problem
(4.27) admits a unique solution u. Moreover

[ullpoey < CUIAN+ |Ab.cl),
for some constant C' independent of u, hy,. and h. Hence (4.27) is well-posed.

Proof. Uniqueness: with the notation of Item (i-a), we have A = Ay, where Az, is
defined by (4.25). Thus (2.16) gives that (4.27) has at most a solution. Regarding
existence, we consider the problems of finding functions v and w such that

v e D(ATQ), AEU = h, (428)
w € ker D%, (Ji(?g)) = hp.c. (4.29)
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By (2.16), one has v = (A7)~ 'h. Moreover, since ker D® = (g1, g}, we show easily that
(4.29) has a unique solution w, and that

[w]l < Clhw.cl. (4.30)

Thus u := v + w solves (4.27). Finally, using (4.30) and (2.17), we get the estimate
of u in D(D?).
0J

5. SECOND ORDER FRACTIONAL DIFFERENTIAL OPERATORS

Starting from first order fractional differential operators, we will built second order frac-
tional differential operators. More precisely, starting from 7, := (D%, B,,S) given by (4.7),
we will study some boundary restriction operators of 7,7, * by using the abstract setting of
Section 3. According to (3.1),

T.T." = ((D*S)?, B, By, idr2(op)) -

The domain representation of (D“S)? featured in this proposition is a consequence of the
basic splitting (2.5). Let us recall that g, %' f := S(ga * Sf).

Proposition 5.1. For a € (3,1), each u in D((D*S)?) reads

U= 1191 + 2590 + 359140 + T49a ¥ ga + ga ¥ (ga * (DQS)Qu)a (5.1)
where
1 = u(b)
To = g1_o * (Su —u(b))(0
2 =01 ( ( ))( ) (5.2)
xg = D*Su(b)

T4 = gi—a * (SD*Su — D*Su(b))(0).
Conversely, for all h € L*(0,b), and 1, ...,z4 € C, the function
U= 1101 + x2Sgo< + CU?)‘S’gl-i-oz + T49a * Ja + Ga *' (goc * h)7
belongs to D((D*S)?) and satisties (D“S)*u = h.
Proof. Each u in D((D®S)?) satisfies SD*Su € D(D®). Thus Proposition 2.1 and (4.14)-
(4.15) yield
SD*Su = x3g1 + T4Ga + ga * (D*S)?u, (5.3)

with z3, 24 as in (5.2). In the same way, since u € D(SDS), we derive from (4.18)-(4.20),
that

U= 2191 + 25¢a + g ¥ (SD*Su), (5.4)
with z1, 25 as in (5.2). Using g, ¥ ¢1 = S¢11a, We obtain the wished representation of w.
The converse is obvious. O

*
a -

This proposition allows to describe the domain of the minimal operator L., , of 7T,
Proposition 5.2. For a € (3,1),
D(Lina) = {ga * (9o ¥ ") | ¥ € (91,590, 59110 9o ¥ 9a) ™" }-
Alternatively, D(Ly, o) is the set of all functions u € D((D*S)?) satisfying
u(0) = u(b) = g1-a * Su(0) = g1_o * Su(b) =0
D*Su(0) = D*Su(b) = g1_o * SD*Su(0) = g1_o * SD*Su(b) = 0.
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Since ker(D®S)? has dimension four, a function u in (D*S)? has eight boundary conditions.
They are featured in Proposition 5.2.

Proof of Proposition 5.2. By Proposition 3.1 (ii),

ker(D*S)* = (g1, Sgas SG1+ar Ga *' Ga)- (5.5)
Thus the first representation follows from Definition 2.6 of minimal operators. The second
one is a straightforward consequence of Proposition 3.1 (vi) and Proposition 4.2. O

Let us now investigate reqularity issues. Among other things, we will show that the more
regular functions of D((D*S)?) are contained in the domain of the restriction L; of (D*S)?,

defined by
D(Ly) := {u € D((D*S)?) |
gi—a * (Su—u(b))(0) = gi_a * (SD*Su — D*Su(b))(0) = D*Su(0) = 0}. (5.6)

In other words, with the coordinates of (5.2), D(Ly) is the set of all functions u € D((D*S)?)
such that

x9 = x4 = D*Su(0) = 0. (5.7)
This result gives a representation of elements of D(L;).
Proposition 5.3. For a € (3,1), each u in D(Ly) reads
U= 7191 + 2359110 + ga ¥ (9o * L1u),

where 1 € C and x3 == —(Lyu,Sg,). Conversely, for all h € L?(0,b) and r; € C, the
function

U= T1g1 — (h7 Sga)Sgl-i-a + Ja */ (ga * h),
belongs to D(Ly), and Liu = h.

Proof. Let u be in D(Ly). According to (5.7), one has zy = x4 = 0. Thus, evaluating (5.3)
at x = b, we end up with

0 = D*Su(0) = x5 + (ga * Liu)(b).

Since (go * Liu)(b) = (Lyiu,Sgs), the representation of elements of D(L;) follows. The
converse is obvious. 0J

The domain of L, is designed so that Theorem B.1 is fully applicable, due to cancellation
of singular terms. That gives the following regularity result.

Proposition 5.4. For a € (3,1), let D(Ly) be defined by (5.6).
(i) If a < 3 then D(Ly) C C020=5[0, b], with continuous injection.
(i) If 3 < a then D(Ly) C C20=5[0,b], with continuous injection.
Proof. Let u € D(Ly). Recalling that o = x4 = 0, (5.4) reads
Su = 2191 + go * D*Su. (5.8)
On the other hand, by (5.3),
SD*Su = 1391 + go * (D*S)*u. (5.9)
Let us estimate z; and x3. Taking A := (D*S)? in Proposition 2.1, (2.5) reads
D((D*S)?) =ker(D*S)*® R(B,’B,)  in D((D“S)?).
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Thus the projection onto ker(D*S)? along R(B,*BE) is a well defined element of
L(D((D*S)?)). Thus in view of (5.1) and (5.5), we derive
2191 + 2359140l < CllullpL,)-
Thus, since g; and Sg;, are linearly independent in L?(0,b), we get
21| + Jas| < Cflullper,)- (5.10)
With Theorem B.1 (i) and (5.10), we derive from (5.9) that D*Su lies in C%*~2[0, ], and
ID°Sullgo_y < Cllullo
Thus, using also D*Su(0) = 0, Theorem B.1 (ii-a) yields that, if o < 2,
190 * D*Sullg 501 < Cllullp,)-
Going back to (5.8), and using (5.10), we get
lellozay < Cllullo,.

In the case where @ > %, the same computation gives the assertion (ii) in the statement of
the current proposition. [

More generally, let us discuss the regularity of any function u in D((D*S)?) in terms of the
coordinates 1, . .., x4 appearing in (5.2). For that, Theorem B.1 will be often used, although
not always cited. First of all, we claim that

ue C™0,b), VB <2a—1. (5.11)

Indeed, starting from (5.1) and setting f := S(ga * (DO‘S)QU), we notice that the function

S(ga % (ga * (DS)*u)) = ga * [ = ga * (f — f(0)) + f(0)g14a

lies in C%[0,b] € C®?*71[0,b]. Moreover, g, belongs to LP(0,b) for any p < . Thus
Theorem B.1 (i) yields that

Ga ¥ go € COP[0,0], VB <20 —1.

Then the claim follows by returning to (5.1).

(i) If 22 :== g1_a * (Su — w(b))(0) # O then u has a singularity at = b. Let us notice
that even if |u(z)| — oo when z — b, u(b) is a well defined finite number. Indeed, by
definition, it is equal to Su(0), the latter being given by Proposition 4.1, owing to the
fact Su € D(D®). For instance, the function v := x1g; + Sg, lies in D((D*S)?) with
Sv(0) = x1, and has a singularity at = = b.

(ii) If 5 = 0 then we deduce from the proof of (5.11) that

u € C°0,b], VjB<2a-—1. (5.12)

(ii-a) if 24 = g1_a * (SD*Su — D*Su(b))(0) # 0 then (5.3) entails that D*Su has a
singularity at x = b. That result implies that u cannot be more than C“-regular,
that is to say u & C%[0, 0], for all 8 € (a, 1]. Indeed, otherwise g;_ * (Su— Su(O))
would belong to C1#=[0,b], by Theorem B.1 (ii-b). Whence D*Su € C%#~20, ],
which is impossible since D*Sw is not continuous at z = b;
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(ii-b) if 24 = 0 then (5.3) yields that
D*Su € C*2[0,b].
Accordingly,

CO20=300,b]  ifa<3
o % (D?Su — DSu(0))u € ™ .
g (D*Su u(0))u {01’2“2[0, b iff<a

Hence, for each o € (3,1), there exists € € (0,1 — «) such that
o * (D*Su — D*Su(0))u € C***<[0, b); (5.13)
(ii-b-1) if D*Swu(0) # 0 then (5.4) entails
Su = 191 + D*Su(0)g14a + ga * (D*Su— D*Su(0)).

Thus u € C%2[0, b], but owing to (5.13), u & C%?[0,b], for all 8 € (a, 1];
(ii-b-2) if D*Su(0) = 0 then w lies in D(L4), hence its regularity is given by Propo-
sition 5.4.

5.1. One-dimensional fractional Laplace operator with Dirichlet boundary condi-
tion. Roughly speaking, instead of constructing differential operators starting from the basic
operator %, we construct differential operators starting from D®. More precisely, instead of
building differential operators in the framework of the differential triplet 7; := (<, By, S),
we will use 7, := (Am.a, Ba, S), by keeping the same process.

Let a € [3,1). In view of (3.4), the opposite of the one-dimensional fractional Laplace
operator with Dirichlet boundary condition is

Lop.p.a i= D* 0 (DY), (5.14)

where D := Ay, is given in Definition 4.2. Of course, the one-dimensional fractional Laplace
operator with Dirichlet boundary condition is —D® o (D*)*.

Proposition 3.3 entails that L., p. is a positive self-adjoint operator on L?*(0,b). By
Proposition 2.12,

Loppo = D0 SA, oS, (5.15)

where, according to (4.9), Ay, , is the minimal operator of T, := (Am.a, Ba, 5).

This proposition gives a description of the domain of L, p o and an inversion formula for
that operator, namely (5.17)-(5.18).

Proposition 5.5. For a € (%, 1), each u in D(Lop p o) reads
U= 1359110 + Taga ¥ ga + ga ¥ (ga * Lop,n,ath),

where (x3,14) € C? is the unique solution to this linear system

{ 23b + 249140(0) + (Lop.D.at, SG1+a) = (5.16)
239140 (0) + 24]|gal|* + (Lop, 0,0, ga ¥’ ga) = 0. '
Conversely, for all h € L?(0,b) and (x3,z4) € C? satisfying
{ 3b + 249140(0) + (h, Sg140) =0 (5.17)
23914a(b) + Zallgall® + (7, ga ' ga) =0, '
the function
U= 2350110 + T10a ¥ Ga + Jo ¥ (9o * h), (5.18)

belongs to D(Lep p.o), and satisfies Lop p ot = h.
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Proof. Let u be in D(Lyp p.o). By (5.15), Su lies in D(Ay ), so that Proposition 4.2 entails
u(b) = (g1-a * Su)(0) = 0. Then Proposition 5.1 yields that

St = go * (2391 + T4S9a + S(ga * Lop.n.alh))-

Since, by Proposition 4.2 again,

D(Ana) = {ga *Qﬂj_ | W € <91759a>L};

we derive (5.16). The converse is obvious. O

For all h € L*(0,b), let us consider the following fractional Laplace equation with homoge-
neous Dirichlet boundary condition:

LOpyDﬂu = h7 u € D(Lop,D,a)- (519)

This theorem gives well-posedness and regularity results for Problem (5.19). For all pur-
poses, let us recall that the function gz is defined by (4.2), the symmetry S by (4.6), and

that Yo * Ja = S(ga * (Sga>>
Theorem 5.6. Let o € (3,1) and h € L*(0,b). Then the following assertions hold.

(i) Problem (5.19) has a unique solution u. Moreover, ||u|| < C||h||, where C' is independent
of u and h.
Let Ey be the two-dimensional subspace of L*(0,b) generated by Sga1 — bSgs and
9o *' g = Ga+1(b)Sa-
(ii) If h € Ey* then
(5.20)

3

Y CO2=3[0,b)  ifa<?
CL23(0,0]  ifd<a’

(iii) If h & Ey* then
ue C0,b], VB <2a—1.

Moreover, for all 8 € (a,1], u & C%P[0,b]. The regularity of u is analyzed after the
proof of Proposition 5.4.

Let us notice that there is a regularity gap between cases (ii) and (iii). Indeed, if h € Ey*
then there exists 3 € (o, 1] such that u € C%?[0, b].
In the standard o = 1, (5.19) reads

—u" =h, wue H*0,b)NH0,b).

It is well know that the solution u of that problem lies in C*2[0, 4], for all h € L2(0,b). That
corresponds to the limit case & — 1 in (5.20). However, Fy reduces to (g2). Thus E, does
not induce any dichotomy in that case.

Proof of Theorem 5.6. (i) By Proposition 5.5, (5.19) is uniquely solvable. Since Lo, p o is
self-adjoint, it is a closed operator. Whence it is a Banach isomorphism between its domain
and L?(0,b). Hence the estimate follows.

(ii) According to Proposition 5.3, the function

w:=—(h,594)SG11a + Ga * (go * ) (5.21)

lies in D(L;) and satisfies Lyu = h. For each h € E,*, we readily check that z3 := —(h, Sga),
xy = 0 satisfies (5.17). Thus u is the solution to (5.19). Therefore (5.20) follows from
Proposition 5.4.
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(iii)Let us assume that h ¢ E,*. By the above regularity analysis (in particular (5.12) and
(5.13)), it remains to show that the solution u to (5.19) does not belong to D(L;). In view
of Proposition 5.5, u reads

U= 350140 + Taga ¥ ga + o * (ga * h).
If 24 # 0 then (5.7) entails that u ¢ D(Ly). If 24 = 0 then we claim that D*Su(0) # 0.
Indeed, one has
D*Su(0) = w3+ (g * h)(b) = 23 + (h, Sga)-
If D*Su(0) = 0 then, since v € D(Lop po), Proposition 5.5 entails that x5 = —(h, Sg,) and
x4 = 0 solve (5.16). Hence h € E,*. That proves the claim. There results from (5.7) that
u & D(Ly). O

APPENDIX A. DIRECT SUMS DECOMPOSITION

Definition A.1. Let X be a normed vector space, and E, F' be subspaces of X. If ENF =
{0} and E, F are closed in X, then E and F are said to be in direct sum in X, and the set
EaoF:={e+flecE, feF}

is called the direct sum of E and F in X.

Proposition A.1. Let A be an operator on H, B € L(H), and € be a closed subspace of H.
Assume in addition that

(i) D(A) =ker A® B(E) in D(A);
(il) ABY = for ally € €.
Then the following assertions are equivalent.
(a) ker A is closed in H.
(b) A is a closed operator on H.
Proof. It is obvious that (b) implies (a). Conversely, let us consider (uy,),eny C D(A), and u,
f in H such that
H H
U, — u, Au, — f.
By Assumption (i), for each n € N, there exists h,, € ker A and 1), € £ such that
U, = hy, + BY,.
With (ii), we get Au, = 1, — f. Thus f € &€ since € is assumed to be closed in ‘H. Moreover,
since B is continuous,
h, = u, — By, — u— Bf.
Then (a) yields that uw — Bf lies in ker A. Thus recalling that f € £, we derive
u=(u—Bf)+ Bf € ker A® B(E).
Whence, u € D(A), and Au = f (thanks (ii)), so that A is a closed. O

The (direct) sum of two closed subspaces is not always closed. The following result gives a
sufficent condition for a direct sum to be closed. For all purposes, let us recall that D(A) is
always endowed with the graph-norm, and accordingly, a closed subspace of D(A) is meant
to be closed w.r.t. the norm of D(A).

Proposition A.2. Let A be a closed operator on H and B € L(H) be such that R(B) C D(A)
and A oB = idy. Let also F be a closed subspace of H, and E be a closed subspace of D(A)
satisfying

E CkerA®B(F). (A.1)
Then E ® B(F1) is closed in D(A). In particular, ker A @ B(F*) is closed in D(A).
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Proof. Let (up)neny C E @ B(F+) and v € D(A) be such that

U, — w in D(A). (A.2)
In order to show that u lies in E @ B(F*), we write, for all n > 0,
Uy, = €, + Biy (A.3)
= hy + B, + Bir, (A.4)
where e, = h,, + By, € E, h,, € ker A, ,, € F and - € F+.

By (A.2),
Au, = U, + b — Au.

Thus the continuity of the orthogonal projections on F' and F* yields that

’an — ¢wa ¢7JL_ — wi_oa
for some ¢, € F, L € F+. Now going back to (A.4) and using the continuity of B, we
arrive at
B — u — Bipoo — BYZ.
Since A is closed, its kernel is closed in H, so that
oo i= 1 — Bipos — Bipog
lies in ker A. Regarding e,, which is equal to h,, + B, setting e, := hy + Bt one has
€n — €oo; Aen:¢n —>77Z)oo'
Since A is a closed operator, we get Aey, = 1o, so that (e,) converges toward e, in D(A).
By assumption, £ is closed in D(A), hence e, belongs to E. Finally, letting n — oo in (A.3),
we end up with
U= ey +BYs € EDB(F).
Hence £ @ B(F1) is closed in D(A).
As a particular case, the choice of E = ker A yields that ker A ® B(F*) is closed in
D(A). O

APPENDIX B. REGULARITY RESULTS FOR FRACTIONAL INTEGRATION

Let us denote by C0,b] the space of all complex continuous functions defined on [0, b]
equipped with the norm ||ul]o,0 := sup,¢jo 4 |u(z)]. For each 8 € (0, 1], we denote by C%#[0, b]
the space of functions u € C10, b] such that

_ B
|ulo,g ;== sup —|u(1’) u()| < 0.

x,y€[0,b] |l’ - y|
Ty

We equip that space with the norm
[ullos := sup [u(x)] + |ulos-
z€[0,b]

In other words, if 3 < 1 then C%#[0,b] is the space of Holder continuous functions on [0, b].
If 8 =1 then C%[0,8] is the space of Lipschitz continuous functions on [0,b]. We denote
by oC%?(0,b) the subspace of C%?[0,b] whose elements vanish at 2 = 0. Besides, we set
C%0[0, 0] := C[0, b].

For each 8 € [0,1], C%?[0,b] is the space of all complex functions u € C*[0,b] such that
the derivative u’ of u belongs to C%?[0,b]. The space C**[0, ] is endowed with the norm

lullig == sup [u(z)|+ [|u]los.
z€[0,b]
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Based on the seminal work of Hardy and Littlewood ([HL28]), we may state this result.
Theorem B.1. (i) If g € (0,1], p € (%,oo], and f € LP(0,b) then gg * f belongs to
OCO’B_%[O, b]. Moreover, the linear map
0,8—2
LP(0,b) — oC™772[0,b], frrgsxf

is continuous on LP(0,b).
(i) Let a € (0,1), B €[0,1], and f € ,C*?[0,b].
(ii-a) If a+ B < 1 then g, * f lies in C%*+P[0,b] and the map

00075[07 b] — CO,Q+IB [07 b]7 f = Ja * f
is continuous on (C*?[0,b].
(ii-b) If 1 < a+ B then go * f lies in CHFP=1[0,0] and the map
oCO7[0,0] = CHH0,0), f e gox f

is continuous on oC*?[0,b].

(iii) Limit case o = 5. If p € [1,00) and f € L*(0,b) then gijo * f belongs to LP(0,D).

Moreover, the map
L2(07 b) — LP(O, b)7 f = gi/2 * f
is continuous on L*(0,D).
Proof. Ttem (i) is proved in [SKM93, Theorem 3.6 p67|; see also [HL28, Theorem 12|. Item
(ii) follows from [SKM93, Corollary 1 of Theorem 3.1, p56|. Item (iii) follows from Young

inequality in the case 1 < p < 2. If p > 2 then a simple modification of the proof of [SKM93,
Theorem 3.5 p66| yields the result. Indeed, just take ¢ = 0o in that proof. [

APPENDIX C. MISCELLANEOUS RESULTS

Let H be a complex Hilbert space. By using the notations featured at the end of the
introduction, we start with this deep result of S. Holland.

Theorem C.1. (|Hol68, Theorem 1|) Let Ay, Ay be closed densely defined operators on H.
If R(Ay) is a closed subspace of finite codimension in H then A Ay is densely defined, and
especially, (AyA1)* = AT A3,

Proposition C.2. Let £ C H and S € L(H) be such that S* = S and S* = idy. Then
S(EL) = (SE)*.

Proof. Let f € H. Then

feSEr) = Sfe&t (since S? = idy)
<= (Sf,h) =0, Vhef&
<~ (f,Sh)=0, Vhef& (since S* =§)
— f € (SE)*.

OJ

Proposition C.3. Let A be an operator on H and B € L(H) be such that R(B) C D(A)
and Ao B =idy. Let also A € C. If |\ < m or
1B*|F — 0 (C.1)
k—o0

then the following assertions are equivalent.
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(i) w e D(A), Au = Au.
(ii) There emists ug € ker A such that u =", A*B*uq.

Proof. Let us assume (C.1), and in a first step, Item (i). Then Proposition 2.1 yields the
existence of some ug € ker A such that u = ug + ABu. Using the latter relation, we show by
induction that

U= Z NeBRyy + A\ By, Wne N
k=0
Then assumption (C.1) allows us to pass to the limit w.r.t. n, so that Item (ii) holds true.
Conversely, assuming (ii) and using (C.1), we derive that the series

U= Z N BFu,

k>0

converges in H and, by continuity of B, that u = uo + B(Au). Hence the assumption
Ao B = idy yields Item (i).

The proof under assumption |A| < ﬁ is similar and even simpler to the one under (C.1).
So we will skip it. O
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