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Improved Coprime Linear Array Configuration for
Moving Platform in DOA Estimation

Xiao Yang, Yide Wang, and Pascal Chargé

Abstract—Moving platform based coprime linear arrays
(CLAs) have been studied in recent years. It is shown that by
shifting a CLA a half wavelength, the resulting difference coarray
can be regarded as the union of the difference coarray of the
original CLA and its two shifted versions with one lag to the
left and one lag to the right, respectively, filling the majority or
all holes in the difference coarray. However, only the lags which
are neighbors of holes are actually useful, while the shifts of the
other lags generate lags which already exist, contributing then
negligibly to the increase of the degrees of freedom (DOFs). In
this letter, an improved CLA configuration for moving platform is
proposed. By judiciously designing the sensor positions, all lags
can be utilized to fill holes, consequently a difference coarray
with more consecutive lags can be obtained. Compared with
the original configuration, the proposed configuration can detect
more sources with the same number of sensors and same length
of array motion.

Index Terms—array motion, coprime linear array, difference
coarray, DOA estimation, high DOFs

I. INTRODUCTION

IRECTION of arrival (DOA) estimation with high de-

grees of freedom (DOFs) has attracted lots of attention
in wireless communication system. With precise DOA infor-
mation, transmission energy can be focalized to the wanted
users and interferences can be efficiently eliminated to increase
the channel capacity, and high DOFs can increase the number
of users served [1], [2]. Consisting of two uniform linear
subarrays with large inter-element spacing, a coprime linear
array (CLA) can resolve O(MN) sources with O(M + N)
sensors by exploiting the difference coarray obtained from the
covariance matrix of the received signals [3]. Being superior
to the conventional uniform linear arrays (ULAs), which can
only detect up to M — 1 sources with M sensors, CLAs have
been considered as a promising array configuration thanks to
its great advantage in terms of DOFs [4], [5].

However, because of the existence of holes in the difference
coarray of a CLA and only the consecutive lags can be directly
used to implement DOA estimation by subspace based algo-
rithms like MUSIC [6] and ESPRIT [7], the effective DOFs,
which roughly equal to the half number of the consecutive
lags, are not as high as expected. To solve this problem, many
methods have been proposed to fill the holes and lengthen the
consecutive part of the difference coarray. In [8], the CLAs are
generalized with two operations, by which two improved CLA
configurations, namely coprime arrays with compressed inter-
element spacing (CACIS) and coprime arrays with displaced
subarrays (CADiS), are proposed. By selecting appropriate
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parameters, a difference coarray with a longer consecutive
part can be obtained, and the effective DOFs are increased
consequently. In [9], the holes in the difference coarray are
interpolated by nuclear norm minimization, allowing to use
the remaining elements of the difference coarray and increase
the number of detectable signals. In [10], a new coprime
configuration named k-times extended coprime array with
an additional complementary subarray is proposed, which
exhibits a complete difference coarray as well as higher DOFs.

The above mentioned methods consider the CLAs based on
fixed platform, and CLAs can also be mounted on a moving
platform, like air-borne, vehicle-attached or ship-based. In [11]
and [12], a moving CLA is considered, and the shift of the
CLA is set to the half wavelength of incoming signals such that
the source positions, incoming directions and signal temporal
properties can be assumed to be constant. It is shown that due
to such array motion, the resulting difference coarray can be
regarded as the union of the difference coarray of the original
CLA and its two shifted versions with one lag to the left and
one lag to the right, respectively, such that the neighboring
holes of each lag can be filled, generating then a difference
coarray with more consecutive lags and increasing the effective
DOFs. However, only the lags which are neighbors of holes
are utilized to fill the holes. For the lags in the consecutive
part without neighboring holes, the shifts of them generate lags
already existing in the difference coarray of the original CLA,
contributing negligibly to the resulting difference coarray and
the increase of the DOFs.

In this letter, an improved CLA configuration for moving
platform is proposed. By judiciously designing the sensor ele-
ment positions, a lengthened difference coarray with controled
hole positions is obtained, such that all lags can be utilized to
fill the holes by array motion. Contrary to [13] which discusses
nested arrays, our proposition is dedicated to CLAs as [11]
and [12]. The proposed CLA configuration has a difference
coarray with much more consecutive lags and higher effective
DOFs than [11] and [12] with the same number of sensors and
same length of array shift. Simulation results are provided to
show the performance of the proposition.

II. SIGNAL MODEL

Consider a CLA composed of two overlapped uniform linear
subarrays, having N and M sensor elements, with inter-
element spacings Md and Nd, respectively. M and N are two
coprime integers and d = % is the unit inter-element spacing
with )\ the wavelength of incoming signals. Without loss of
generality, it is assumed that M/ < N. The sensors are located
at positions {dy,ds,...,dr}, where L is the total number of
sensors. Because the first sensor is shared by the two subarrays
and set as the reference point, we have L = M + N — 1
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Fig. 1. Moving platform based CLA with N =5 and M = 4.

and d; = 0. The CLA moves along the array direction with a
constant velocity v. The DOAs of sources and signal temporal
properties are assumed to be constant for a small array motion.
Fig. 1 shows the situation where N =5 and M = 4.

Suppose that there are K (K is supposed to be known)
uncorrelated, far-field and narrowband signals impinging on
the CLA from directions {61, 60s,...,0x}, respectively, with
—90° < 6, < 90° and 1 < k < K. The observation of the
CLA, at time ¢, can be expressed as [11], [12]

x(t) = APs(t) + n(t) (1)

where A = [a(01),a(02),...,a(0k)] is the
directional matrix of the CLA, with directional vector

a(,) = [l,ej%d% sinf)k,.“’ejQ-rrdTLsinOk]T; & =
diag{ejQﬂ“Tt sin 64 , 6]'271%‘ sinGg7 o ej?ﬂ'%t sin OK} indicates
the movement of the array; s(t) = [s1(t),s2(¢),...,sx(t)]T

represents the incoming signal vector; n(t) denotes the white
Gaussian noise vector with zero-mean and covariance matrix
0?1, with Iy, the L x L identity matrix and o2 the noise
power, and the noise is supposed to be independent from the
source signals.

At time ¢ + 7, the observation of the CLA becomes

X(t+7)=B®s(t+7)+n(t+7) (2)
where B = [b(91),b(92)7...,b(9K)J and b(f;) =
(67275 sin 0k’ej2w% sinf pi2m L sin 0T
denote the wupdated directional matrix and vector,
respectively. By setting vr = d = 2, we have
b(6),) = [ej2w§sin9k ejQTr‘“;d? sinfr ej27rd+>\L sinék]T'

For narrowband signals with carrier frequency f, we have
sp(t+7) = €727/ 75;(t), and (2) can be re-written as

X(t +7) = ™ TB®s(t) + n(t + 7) 3)

Then using the phase factor compensating technique de-
scribed in [14], we get

X(t+7)=e7?x(t +7) =B®s(t) +n(t +7) (4

with i(t + 7) = e72™/7n(t 4 7), and by combining (1) and
(4), we obtain the following observation of the synthetic array:

y(t) = { o } — Ausi(t) + { i } )

where A, = [AT BT]7 stands for the directional matrix of
the synthetic array, composed of the original CLA and the
shifted CLA after moving for a unit inter-element spacing d,
and ss(t) = ®s(¢) is the equivalent incoming signal vector.

2

III. ANALYSIS OF THE DIFFERENCE COARRAY

According to the CLA configuration introduced in Section
I, taking d as unit, the sensor positions sets of the original
and shifted CLAs can be given as

P,={Mn,0<n<N-1}U
{Nm,0<m < M-1}
P,={Mn+1,0<n<N-1}U

{Nm+1,0<m <M -1}

(6)

)

According to [11] and [12], since the synthetic array can be
regarded as the union of the original and shifted CLAs, the
corresponding difference coarray positions set is composed of
the sets of cross-lags between all the subarrays of the original
CLA and the shifted CLA, which can be expressed as

D =Dy UDy1r UDigr UDgyr UDggr UDyror ()

where subscripts 1 and 2 refer to the 1°% and 2°¢ subarrays
of the original CLA, and 1’ and 2’ refer to the 15* and 2"¢
subarrays of the shifted CLA, respectively. The self-lags of
them form subsets of the sets of cross-lags and do not affect
the resulting difference coarray. Dy, (u,w € {1,2,1’,2'}),
denoting the sets of the cross-lags between the subarrays
specified by subscripts « and w, can be expressed as

Dyo = {Mk; — Nko} U {Nky — Mky} ©)
Dy = {Mk, — Mk, =1} U{Mk, — Mk, +1}  (10)
Do = {Mky — Nkb — 1} U{Nkh — Mk, +1}  (11)
Doy = {Nky — MK, — 1} U{MEk} — Nky +1}  (12)
Doy = {Nky — Nkb — 1} U{Nky — Nk +1}  (13)
Do = {Mk, — Nki} U{Nk, — ME;} (14)

where ki, ko, k] and k) are four integers with 0 < ky, k] <
N—1and 0 < ko, k) <M —1.

It is proved in [11] and [12] that the resulting difference
coarray after array motion (8) can be re-written as

D = Dy, UDL UDE (15)

with
DE =Dy — 1 (16)
DI =Dys + 1 (17)

which can be regarded as the difference coarray of the original
CLA shifting one lag to the left and one lag to the right,
respectively. Consequently, the neighboring holes of each lag
in the difference coarray of the original CLA can be filled
due to the array motion. For the same reason, two additional
lags can be obtained at the two ends of the original difference
coarray, lengthening the consecutive part and increasing the
effective DOFs.

For the moving platform based CLA in Fig. 1, Fig. 2 and
Fig. 3 show the difference coarrays of the CLA before and
after motion, where blue dots and red rhombuses represent
the lags and holes, respectively. It can be observed that being
regarded as the lags of D15 shifting one lag to the left and one
lag to the right, respectively, the lags of D, and DF, fill the
holes in Dy, and a hole-free difference coarray is generated.
Meanwhile, since D, and DX, are the shifted versions of D15
with only one lag to the left and right, respectively, if there are
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Fig. 2. Difference coarray of the CLA with N = 5 and M = 4 before array
motion (D12).
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Fig. 3. Difference coarray of the CLA with N = 5 and M = 4 after array
motion (D = D12 UDL, UDER).

Fig. 4. Difference coarray of the inter-element spacing compressed CLA with
N =5and M =4.
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Fig. 5. Redesigned CLA with N =5 and M = 4.

three or more consecutive holes in D2, only the holes having
neighboring lags can be filled. For the other holes without
neighboring lags, they would be remained unfilled because
the corresponding positions in D%, and D, are also holes.
Even if the resulting difference coarray after motion is not
always hole-free, the number of consecutive lags increases
significantly with array motion. The closed-form expression
of the number of consecutive lags for different values of M
and N is derived in [11], which is at most 2M (N — 1) + 3
when the resulting difference coarray after motion is hole-free.

However, it can be noticed that only the lags which are
neighbors of holes (e.g. {x | x = +8,£10,£12,£15} in
Fig. 2) are used to fill the holes. For the consecutive lags
without neighboring holes (e.g. {x | =7 < = < 7} in Fig.
2), the shifts of them generate lags which already exist in the
difference coarray of the original CLA before motion. Without
generating new lags, such lags do not contribute to the increase
of the DOFs by array motion. In the next section, an improved
configuration of moving platform based CLA is proposed, in
which all the lags can be utilized to fill holes by array motion,
and more consecutive lags as well as higher effective DOFs
can be obtained.

IV. PROPOSED CONFIGURATION

Firstly, the inter-element spacing of the subarray with

N sensor elements is compressed from Md to % The

resulting difference coarray before array motion has a

consecutive part with M N + M — 1 lags in the range of
172 2 .

2 2

Proof: see [8].

TABLE I
NUMBERS OF CONSECUTIVE LAGS COMPARISON
(M,N) | consecutive lags
4.5) 35
47 51
original 6,7) 51
configuration 6,11) 79
(8,9) 67
(8,11) 147
4.5) 69
4.7 93
proposed (6,7) 141
configuration 6,11) 213
(8,9) 237
(8,11) 285

Fig. 4 shows the resulting difference coarray after compress-
ing the inter-element spacing of the CLA in Fig. 1. In order to
use the lags in the consecutive part without neighboring holes
by array motion, we propose to lengthen the inter-element
spacings of both the subarrays three times, from % and Nd
to % and 3N d, respectively. Consequently, the positions of
the lags in the new difference coarray are also enlarged three
times, such that in the range of [— MgN — %—H’), MgN +%—
3], lags are uniformly distributed, and every two adjacent lags
are exactly separated by two holes, which are generated by
the lengthening of the inter-element spacing. Being different
from the CLA configuration in Fig. 1 used in [11] and [12],
the redesigned CLA with the same values of N and M and
its corresponding difference coarray are shown in Fig. 5 and
Fig. 6, respectively. It can be observed that for the lags in the
range of [—3MN _ 3M 4 3 3MN | 3M _ 31" the shifts of
them with one lag to the left and one lag to the right generate
new lags which do not exist in the original difference coarray
of the redesigned CLA, filling their neighboring holes and
generating a consecutive part without holes in the range of
[—3MN _ 3M 4 o 3MN 4 3M _ 9], The resulting difference
coarray after array motion is shown in Fig. 7.

V. DOFS COMPARISON WITH SIMULATION RESULTS

For the original moving platform based CLA configuration
in [11] and [12], we can obtain a difference coarray with at
most 2M (N — 1) + 3 consecutive lags after array motion. For
the proposed configuration, although the obtained difference
coarray is not complete, it has a longer consecutive part in
the range of [—3M~ — 3M 4 9 SMN 4 3M _ 9] with a
total number of 3MN + 3M — 3 consecutive lags, which
is obviously more than that of the original configuration
even when the latter is hole-free. Therefore, the proposed
configuration can significantly increase the effective DOFs
with the same number of sensor elements and same length of
array motion. Table I shows the comparison of the numbers of
consecutive lags in the final difference coarrays of the original
and proposed CLA configurations with different values of M
and N.

To show the benefit of the proposed CLA configuration
in terms of DOFs increasing, the MUSIC method is applied
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Fig. 6. Difference coarray of the redesigned CLA with N = 5 and M = 4 before array motion.
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Fig. 7. Difference coarray of the redesigned CLA with N =5 and M = 4 after array motion.
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Fig. 8. MUSIC spectrum of the proposed CLA configuration with N = 5
and M = 4.

to perform DOA estimation on a CLA with N 5 and
M 4. For the original CLA configuration in [11] and
[12], a difference coarray with 35 consecutive lags is obtained
after the array motion with a length of % After the step
of spatial smoothing [3], a rank restored covariance matrix
with dimension 18 x 18 is obtained, and up to 17 signals
can be detected according to the principle of the MUSIC
method. For the proposed configuration, a difference coarray
with 69 consecutive lags is obtained after the same length
of array motion, therefore a rank restored covariance matrix
with dimension 35 x 35 is obtained, and up to 34 signals can
be detected. Fig. 8 depicts the DOA estimation result of the
proposed configuration with 25 sources uniformly distributed
from —60° to 60° with the signal-to-noise ratio (SNR) being
10dB and the number of snapshots being 2000. For the original
CLA configuration in [11] and [12], because the number of
sources exceeds the number of DOFs, the MUSIC method
cannot work.

VI. CONCLUSION

In this letter, the difference coarray of moving platform
based CLA proposed in [11] and [12] is analyzed, and the
problem that the lags in the consecutive difference coarray
part contribute negligibly to the increase of the DOFs after
array motion is pointed out. To address this issue, an improved
CLA configuration for moving platform is proposed. By
judiciously designing the sensor element positions with two
steps, all the lags contribute to fill holes after array motion,
significantly lengthening the consecutive part of the difference
coarray. Compared with the original CLA configuration, the
proposed configuration has a difference coarray with much

more consecutive lags. Therefore much more sources can be
detected with the same number of sensor elements and same
length of array motion. The moving platform based coprime
arrays for two-dimensional DOA estimation [15] would be the
future research orientation.
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