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A Priori Reduction method and A Priori Hyper-Reduction method for a non linear problem

The A Priori Hyper-Reduction (APHR) method was developed for few years by D.Ryckelynck [START_REF] Ryckelynck | A priori hyperreduction method: an adaptive approach[END_REF]. Based on an extremely reduced finite element model, this method aims to perform extremely fast finite element calculations. This work aims to study some aspects of its numerical behavior.

Methods

In statics, the standard Finite Element Method (FEref) results in a system of equations which is solved by a Newton Raphson (NR) procedure. After calculating the tangent stiffness matrix KT and the equation residual r, the displacement increment du is obtained by the linear system K T du=r .

A first way to reduced the system size [START_REF] Krysl | Dimensional Model Reduction in Non-linear Finite Element Dynamics of Solids and Structures[END_REF] is to project the displacement on a base Φ, known a priori : u= a . The reduced displacement a is now calculated by equation also projected on this base (1), following a Galerkin approach. This method will be called A Priori Reduction (APR).

 T K T  da= T r (1)
The previous equation results in a reduced stiffness matrix, which can be inverted rapidly, but a large matrix product is necessary between KT and Φ . To reduce this last cost, Ryckelynck has proposed [START_REF] Ryckelynck | A priori hyperreduction method: an adaptive approach[END_REF] to assemble KT only on few degrees of freedoms, choosen correctly, and determined by a sparse identity matrix P. This method was called APHR. The resulting iterative equation (2) comes from the minimization of the residual following [START_REF] Lefevre | Different formulations for model reduction to simulate the crush of a mechanical part[END_REF].

 T K T T P K T  da= T K T T P r (2)

Results

Some tests were led on a short embedded beam, loaded at its extremity (figure 1a). The mechanical problem is non linear due to neohookean material, and large displacements. Calculations was led with FEAP software. An important point is that an adaptative time increment was used allowing the method to increase the time increment if possible.

Figure 2a shows that time CPU increases when loading force increases. Mainly, for low force, APR and APHR are faster than FEref, but the speed up is reduce (about 1.6 ). On the contrary, for high loading force, FEref curve is characterized by a slope change : for maximum force, the speed up of APR and APHR is about 5. The change in FEref behavior is due to limit in NR iterations (figure 2b) : if 5 FEref iterations cannot solve the system, then time increment has to be reduced. On the contrary, APR and APHR have the possibility to increase the number of iterations to reach solution. And then, time increment can stay large : it can even increase. This behavior can be explained by the fact than, with FEref method, only one search direction is used to solved the system, determined by KT. With APR and APHR, several search directions are used, determined by base Φ size.

Comparing the two A Priori methods, APHR is slightly faster than APR but speed up is low. Indeed, time to assemble and calculate reduced stiffness matrix is decreased compared to APR, but a larger base Φ is required to compensate for the lack of information due to reduced mesh (figure 1b). So the time to adapt the base becomes preponderant during resolution. 

Conclusion

The speed up due to APHR compared to APR is low. The main part of the speed up is due to the numerical behavior of FEref limited in number of iterations. The A Priori methods are superior when non linearity is large.
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