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The resolvent of the Nelson
Hamiltonian improves positivity

Jonas Lampart*!

April 19, 2021

We give a new proof that the resolvent of the renormalised Nelson
Hamiltonian at fixed total momentum P improves positivity in the (mo-
mentum) Fock-representation, for every P. The argument is based on an
explicit representation of the renormalised operator and its domain using
interior boundary conditions, which allows us to avoid the intermediate
steps of regularisation and renormalisation used in other proofs of this
result.

1 Introduction

An operator on a Hilbert space is said to preserve positivity if it leaves a cone of
“positive elements”, e.g. functions that are point-wise non-negative, invariant. It is
said to improve positivity if it maps any non-zero positive element to a strictly pos-
itive element, meaning that the scalar product with any positive element is strictly
positive. This property has important consequences for the spectral theory of the
operator. For example, if a self-adjoint bounded operator improves positivity and
has a maximal eigenvalue, then this eigenvalue is simple, with a strictly positive
eigenfunction, by the Perron-Frobenius-Faris theorem [Far72]. This method plays
an important role in the spectral analysis of Hamiltonians from quantum field theory
(QFT) [GJ70, Gro72, Far72, Fr674, BFS98, Mgl05, DH19].

An important example is the Nelson model for the interaction of a non-relativistic
particle with a bosonic field. At fixed total momentum P this model is described by
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a self-adjoint Hamiltonian acting on the symmetric Fock space
(o.9]
%P L2 R3 @ L2 R?) ®Symn‘ (1)

The Hamiltonian has the formal expression
H(P) = (P —dTI'(k))? + d['(w) + a(v) + a*(v), (2)

where dI'(k) is the field momentum, acting on each factor L?(R?) as multiplication
by the respective variable, w denotes the operator of multiplication by the dispersion
relation w(k) = VA2 + m2 (where m > 0 is the boson mass) and v(k) = gw(k)~ /2,
g € R, is the form-factor of the interaction. This expression cannot be interpreted as
a sum of densely defined operators on #p since v ¢ L?(R3). However, it is possible
to define a self-adjoint renormalised Hamiltonian corresponding to the formal ex-
pression. This was constructed for the translation-invariant model by Nelson [Nel64],
and by Cannon [Can71] for the model at fixed momentum (see also [GW18, DH19]
for a recent exposition and refinements). This operator is obtained as the limit
A — oo (in norm-resolvent sense) of the operators Hy(P) — Ep — Hyen(P) with
ultraviolet (UV) cutoff, where v is replaced by vy (k) = v(k)1(Jk| < A) and Ey € R
are appropriately chosen numbers.

Frohlich [Fro73, Fro74], and Mgller [Mgl05], showed for the Nelson model with
UV cutoff that the resolvent of the Hamiltonian as well as the generated semigroup
improve positivity, and used this to prove that the ground state of the Hamiltonian
Hy(P) (which exists for m > 0 and small | P|) is simple. In [Fr673, Fro74] it was also
announced that the same positivity property holds for the renormalised operator.
However, a complete proof was given only recently by Miyao [Miy19, Miy18], who
showed that the semigroup generated by the renormalised Hamiltonian improves
positivity for every P, which implies the same property for the resolvent. This was
then used by Dam and Hinrichs [DH19], who proved non-existence of the ground
state for m = 0. Positivity for P = 0 in the path-integral representation had
been shown earlier by Gross [Gro72] (for the model with cutoff), and by Matte and
Mpgller [MM18] for the renormalised Hamiltonian. The difficulty in proving these
results is, roughly speaking, that Hye,(P) is defined as a limit, and in this limit
positive quantities could converge to zero.

In this article we give a new proof that the resolvent of Hye,(P) improves positivity.
We use a representation of the operator and its domain in terms of generalised
boundary conditions, called interior boundary conditions, which allows us to work
only with the renormalised operator and avoid approximation by operators with
cutoff and the difficulties this entails. The method of proof should be well suited for
generalisations to other Hamiltonians, in particular the general Nelson-type models
treated in [LS19, Sch19] (see Remark 2.2) and the Bogoliubov-Frohlich Hamiltonian,



whose renormalisation was recently achieved using the approach of interior boundary
conditions [Lam19, Lam20].

2 Results

In order to state our main results, we will first need to introduce some notation and
give the precise definition of the Hamiltonian by interior boundary conditions. This
approach to the UV problem was proposed by Teufel and Tumulka [TT16, TT20]. It
was applied to the massive (m > 0) Nelson model by Schmidt and the author [L.S19],
and generalised to the massless case (m = 0) by Schmidt [Sch20]. We reprove the
self-adjointness of the Hamiltonian in Section 2.2 and then state the main result in
Section 2.3.

2.1 Notation and defintion of the Hamiltonian

For normed spaces X,Y we denote by #(X,Y’) the normed space of bounded linear
operators from X to Y, and write Z(X) := #(X, X). For a densely defined operator
L,D(L) on X we view D(L) as a normed space with the graph norm ||z| p(z) :=
Jolx + | Lellx.

For a unitary U € %(L*(R3)) we define T'(U) as the induced unitary on J#p
acting on jfé”) = (LZ(RS))®Symn as U®™, For a self-adjoint operator L we denote
by dI'(L) the self-adjoint generator of I'(e ™). We will denote by C' various positive

constants, whose value may change from one equation to another.
Let

Lp := (P —dl'(k))* + dI'(w) (3)

with w(k) = Vk? +m?, m > 0. This operator leaves the particle-number invariant
and acts on an n-particle wavefunction as multiplication by the non-negative function
of K = (k1,...,kn)

Lp(K) := (P—ij)2+2w(kj). (4)
j=1 j=1

It is thus self-adjoint on its maximal domain D(Lp) C #p and non-negative. For
A > 0 we set, with v(k) = gw(k)~'/2, g € R,

G3 = —a(w)(Lp+ N}, (5)

where a(v) is the annihilation operator that acts on (a dense subspace of) %Iﬁn“)
as

(a0 ) (1) = VAT T [ o(€)o D (K, e, (6)



The operator G is bounded on #p (see Lemma A.1). The action of the adjoint,
which is thus also bounded, is given on jf]ﬁ”) by

n+1 o/ (1) Kj
(G)ﬂ/}(n))<K): WZ pr )j_)\)’ (7)

where K j € R3(™=1) denotes the vector K with the entry k; removed.
The domain of the Hamiltonian at total momentum P is

D(Hp) = { € Hp: (1 - Gy)¢ € D(Lp) . (®)

The condition (1 — Gy)y € D(Lp) is the interior boundary condition that encodes
the behaviour of ¢ for k — oco. Note that ran(G) — G,) C D(Lp), so this condition
is independent of A > 0.

The action of Hp on its domain can be expressed as

Hp = (1=G\)"(Lp+A)(1 =G\ +T\— A, (9)

with the operator T\ = Ty x + Toq,), whose “diagonal part” acts on e%”lgn), n € Np,
as the operator of multiplication by

1 1
Taath) = [ O (g ~ o) % 10)

and the off-diagonal part acts as the integral operator (for n > 0)

( Tog 9™ Z/RS LP K£ 4(—>\ -4) dg. (11)

To understand the connection of the Hamiltonian (9) and the formal expres-
sion (2), we expand the former into a sum of terms that are individually not
elements of J#p, but of D(Lp') (the completion of /#p under the norm ||¢| =
I(Lp +1)"%|| ). In this sense, we have for ¢ € D(Hp)

Hpyp = Lpyp + a™(v)¢ + A, (12)

where A is an extension of a(v), as we explain below. This shows that Hp is
independent of A and essentially acts as the formal expression (2), up to the choice
of extension A D a(v).

We now derive (12). First note that, by boundedness of G, a(v) € Z(D(Lp), #p),
so we set D(a(v)) = D(Lp). Let D(Ty) := D(L% + dT'(w)'/?) C #p be the domain
of T (for appropriate € > 0, see Equation (18) below). Consider the subspace

D(A)y:=D(Lp)® G \D(T\) C H#p. (13)



Since, by its definition, D(7T)) is independent of A, and G\ — G, € B(H#p, D(Lp))
(as one easily checks using the resolvent identity), we have D(A)y = D(A), for all
p, A > 0. We may thus drop the subscript A, and we have D(a(v)) C D(A). We
then set

A D(A) — %p (14)
A, Gap) = a(v)y + T
The operator A is well defined and independent of A since
T =Ty = (A= )G Gup = a(v)(Gx — Gp), (15)

which also follows from the resolvent identity. For ¢» € D(Hp), i.e. with (1—-G))¢ €
D(Lp), we then have (see the proof of Theorem 2.1 for the justification of ¢ € D(T)))

A = A(1 =G+ AGxp = A((1= G, Gavp) = a(v)(1 = G+ Ty. (16)
This implies (12), since by definition of G

Hpyp = (Lp +A)(1 = G)Y +a(v)(1 — Gy +Thg — A
= Lpy +a”(v)y + Ay.

2.2 Self-adjointness of the Hamiltonian

It was proved in [LS19, Sch20] that the translation-invariant Nelson Hamiltonian
(which is unitarily equivalent to the direct integral of the fibre-operators Hp [Can71])
is self-adjoint, bounded from below and equals the renormalised operator constructed
in [Nel64, Can71, GW18]. For the convenience of the reader, we reprove this result
for the fibre Hamiltonian Hp, with key Lemmas provided in Appendix A.

Concerning positvity, the important point is that the method of proof also yields
a formula for (Hp + p)~! for large enough 1, since it uses the Kato-Rellich theorem
(see also [Pos20] for alternative representations of the resolvent). In order to show
positivity of the resolvent we will basically follow this proof with some modifications
that give control over the sign of certain terms. In particular, the arguments of
Section 3.2 also imply self-adjointness of Hp (in a slightly different representation).
Our result can thus almost be viewed as a corollary to the proof of self-adjointness,
whereas the proof via renormalisation [Miy19, Miy18] requires a much finer analysis
of the behaviour as A — oco.

Theorem 2.1. The operator Hp is self-adjoint on D(Hp), bounded from below, and
HP = Hren(P)-



Proof. First, (1 — G,) has a bounded inverse (see Lemma A.1), so D(Hp) is dense.
Furthermore, for A > 0

(1=G)(Lp+ M1 = Gy) (17)

is invertible and thus self-adjoint on D(Hp) and non-negative.

Self-adjointness of Hp will follow from the Kato-Rellich theorem if we can show
that T is bounded relative to this operator with infinitesimal bound. The key is
that, by Lemma A.2 and Lemma A.3, we have for any ¢ > 0

[ Txe)|

o < O(I(Lp + Nl + 140 (w) 2 ) (18)

This implies that 7 (1 — G)) is infinitesimally bounded relative to (17), by bounded-
ness of (1 — G%)~!. Taking € < 1/4 it follows from Lemma A.1b) and Lemma A.lc)
that Th\G is a bounded operator on D(dT'(w)'/?). Since (1 — Gy) is an isomor-
phism on D(dI'(w)'/?) by Lemma A.1d), the operator T\G is bounded relative to
(1 — Gy\)*dI'(w)2(1 — G) and thus infinitesimally bounded relative to (17). This
implies self-adjointness and the lower bound.

The equality Hp = Hyen(P) can be proved by showing that Hp is the norm-
resolvent limit of Hy(P) — E,, where

HA(P) = Lp + a(vy) + a*(vp), (19)
with vp (k) = gw(k)~Y21(|k| < A), and

Ep = —(up, (K + w(k)) " oa) L2(ms)- (20)
To see this, define G, 5 := —(Lp + 2)"'a*(vy), for z € C\ R_. Then rewrite

HA(P)+ 2= (1= Gz)"(Lp +2)(1 = G.a) — a(va)(Lp 4+ 2) " 'a*(va),  (21)
and note that

—a(vp)(Lp + 2)"'a*(va) = Ex = Taon + Toazn = Tea,

with T4 . A, Tod,.,a defined as in (10), (11) with v replaced by va (and A by z).
Writing out the resolvent difference, we obtain, for z € C\ R and p > 0,

(Hp +2)7" = (HA(P) — Epy 4+ 2) " (22)
=(HA(P) — Ex +2)" ' (Ha(P) — Hp)(Hp + 2)
=(HA(P) = Ex+2) ' (1 = Gun) (Lp + p) (G — Gun)(Hp +2) 7!
+ (HA(P) = Ex +2) (G — Gua)*(Lp + p)(1 = Gu)(Hp + 2) 7!
+ (HA(P) — Ex 4 2) " (Tyun — T) (Hp + 2) .



The convergence to zero of this expression in norm then follows from

Gun “° G, in B(Ap) (23)
Top “Z° T, in B(D(T,), #p), (24)

and the fact that (HA(P) + z)"'(1 — G,)*(Lp + p) is bounded uniformly in A,
which can be proved along the lines of Lemmas A.1, A.2, A.3 (see [Sch20, Sch19] for
details). O

Remark 2.2. The results of [LS19, Sch20] apply to general Nelson-type models in
d < 3 dimensions with v,w satisfying |v(k)| < |g||k|~%, w(k) > (m? + k2)#/2 with
appropriate conditions on «, 8 (see also [Sch19] for models with relativistic parti-
cles). Our method also works for these more general models under the additional
hypothesis that /3 > d — 2 — 2« (which ensures that Ty \G is bounded).

2.3 Positivity of the resolvent of the Nelson Hamiltonian

In this section we formulate and prove our main result.

Definition 2.3. We define the cone of positive elements Cy C 5p by
Cy = { € #p|¥n € Ny : ™ > 0 almost everywhere}. (25)

We write that ¢ > 0 if ¢» € C and ¢ > 0 if (¢, ) > 0 for all non-zero ¢ > 0. An
operator A € HB(H#p) preserves positivity if ACy C C4, and improves positivity if
Aty > 0 for all ¢ € C; \ {0}.

We will show that the resolvent of Hp improves positivity if g < 0, that is if v(k)
is strictly negative.

Theorem 2.4. Let P € R3, m > 0 and g < 0. Then for all A\ > —info(Hp) the
resolvent (Hp + \)~! improves positivity with respect to C.. .

If instead ¢ > 0 and v is positive all our results hold with positivity defined by
the cone

C_:= {1 € #p|¥n € Ny : (—1)"¢™ > 0 almost everywhere}, (26)

since the operators with interactions v and —v are unitarily equivalent via U =
r'(-1).

To see why Theorem 2.4 might hold, first note that (Lp+\)~! preserves positivity
since it is obtained from a multiplication operator by a positive function. Using the

sign of v, one easily sees that Gy, (1 — Gy)™! = 227G (for X > 1) and their



adjoints preserve positivity by inspection of the formula (7). With this, the inverse
of

(1-=GN"(Lp+ N1 -Gy) (27)

preserves positivity, and it is not difficult to show that it improves positivity (see
Lemma 3.3). In the formula (9) for Hp + A, this is perturbed by the operator T).
The off-diagonal part T5,q ) is an integral operator with negative kernel, so —Tq x
preserves positivity. This can be dealt with by a perturbative argument due to
Faris [Far72], the essential point of which is that the Neumann series (1 + A4)~! =

J‘?’;O(—A)j is positivity-preserving if —A is. However, the diagonal part Tq y is a
multiplication operator by a function that does take positive values. This is the
main obstacle to turning this argument into a rigorous proof. It will be dealt with

by slightly changing the representation of Hp, as explained in Section 3.1.

Remark 2.5. If, in deviating from our hypothesis,

|v(k)[?
/RS o k< (28)

as is the case for the H. Frohlich’s polaron model where w = 1 and v(k)  1/k, the
formal Hamiltonian makes sense as a quadratic form. Self-adjointness can be proved
as in [LS19, Sect.2], and the operator T) is simply given by

T\ = —a(v)(Lp + X)) "ta*(v). (29)
Hence —T) preserves positivity and the proof that the resolvent of Hp improves

positivity is rather straightforward starting from there.

3 Proof of positivity

3.1 A modified representation of Hp

We will deal with the positive part of Ty y by absorbing it with Lp and modifying
the representation of Hp. A similar idea was used in the renormalisation of more
singular Hamiltonians of Nelson type [Lam19, Lam20].

For arbitrary n € Ny (which we suppress in the notation) and K € R3" let

T (K) = (Tax(K))+ (30)

be the positive part of the function Ty (/) given in (10). By scaling (see Lemma A.2
for details) we have

roa(K) < C(Lp(K) + \)F (31)



for any € > 0 and some C. Thus for every A > 0 and € > 0, 74 \(K) defines a
bounded operator from D(L%) to #p. We denote this operator by 74 \ and define
T— X as

T_x:=Tgx—74 2 <0. (32)
For A > 0 we now define I, a modification of G, as the adjoint of
Fy = —a()(Lp+7yx+A)"" (33)
Lemma 3.1. The family of operators F\ has the following properties:
a) Fy is bounded;
b) ran F\ C D(L%) for all 0 < s < 1/4 and for all \g > 0

sup |[(Lp + A)*F)|l sy < oo
A> o

¢) Fx maps D(dT(w)'/?) to itself for all \g > 0 there exists C > 0 so that for all
A > X\ and i € D(dD(w)/?)

A0 (@) 2 Exipll g < CATVAIAT (@) 240

d) There exists \g > 0 so that for A\ > Ao, 1 — F\ is invertible on H#p and
D(dI'(w)/?) with

sup (H(l - F/\)_1 B(Ap) T (1 — FA)_IHﬂ(D(dF(w)I/%)) <00

A> Ao

¢) D(Hp) = (1 — Fy)"'D(Lp).

Proof. Statements a)—c) are proved by reduction to the corresponding properties of
G. By (31) we have for ¢ € #p

HTH(LP oAt A)—wH% <C H(Lp + A)—HwH% . (34)
The resolvent formula gives
F =G (1= maLp+moa+ 27, (35)

which thus implies a), since G is bounded (see Lemma A.la)). The difference of
the adjoints is then

Gr—Fy=(Lp+ 742+ A) "7 AGa (36)



By Lemma A.1b), (Lp + A)*G, is bounded, uniformly in A. Thus by taking ¢ = s <
1/4 in (31), 74 \G) is bounded. This implies b) and c) since Lp + 7 > Lp and
thus (Lp + A)(Gx — F) is a bounded operator, uniformly in A.
Statement d) follows from b) and ¢) by Neumann series, as in Lemma A.1d).
Finally, e) follows from the fact that ran (Gy — F)\) C D(Lp) as proved by (36).
O

Proposition 3.2. For every A > 0 we have the identity
Hp=(1 —F)\)*(Lp—l-T_h)\—l-)\)(l —F)+5S.— X

with Sy = Sax + Soan, D(S\) = D(Ty), given by
(Sarv™) (K)

:<T_A(K)+ (&) Prya(K, €)

R3 (Lp(K,f) + )‘)(LP(Kvg) +T+,>\(Kv£) + A

)d£> (K
and (for n > 0, while SOd’Aw(O) =0)

™Y (k) = — S 0(€v(ky) ™ (K5, €)
(Suas®™) )= =3 [ ey + d:

T+,)\(K7 5) + A

Proof. We can rewrite the expression for Soq,\ as

(Soar™) (K)

u v(&)v (k)T A(K, O™ (K, )
+2 /Rs (Lp(K, &) + N (Lp(K, &) + T4 A (K, &) + A)
(37)

Putting the second term together with the second term of Sq ) yields the identity

S :Tod,)\ + 7N+ CL(U)(LP + T+ )\>_1T+’,\(Lp + A)_la*(v)
=Toax + 7 + F374 2Ga, (38)

where the last expression is a bounded operator on ##p by the proof of Lemma 3.1.
Now using this, we obtain

Hp =(1-G))"(Lp+A)(1 =G\ +Th — A

(1 -GN (Lp+AN)(1—=Gx)+ 71 x+ S\ — FX Gy — A

(1-GN"(Lp+ 714+ A1 —=Gy)+ 5 — A

+ (1 = GY)1e 2GA + Gy — FXT4 0G. (39)

10



By (36) we have 74 \G) = (Lp 4+ 74 ) + A)(G) — F)), so we can rewrite the last line
as

Gityx+ (1 = GY)Te ZG\ — FX74 2G)

= G\Tea(1 = F)) + (1 = FX)m4 0Gr — GATe (G — F))

(G — P\ (Lp 4 mor+ N = F) 4 (1= F)(Lp + 7ox + \) (G — F))
—(Ga = EN)"(Lp+ 140+ A)(Gr — F))

=1 =F)Lp+1in+ N1 =F) = (1 =G\ (Lp+ 1A+ A)(1 = GA)~< |
40

This proves the identity as claimed. O

3.2 Proof of Theorem 2.4

We start by proving that the principal part of Hp, as given in Proposition 3.2,
improves positivity.

Lemma 3.3. Assume that g < 0 and let Ao be as in Lemma 3.1d). Then, for all
A > Ao the operator

Ro(N) 12((1 — )" (Lp+ 12+ A1 - FA))il

=(1=F) (Lp+ra+N) 11 -F)!
is positivity-improving with respect to Cy.
Proof. We need to show that for all non-zero ¢, > 0 we have
(1= F) e, (Lp+mix+ V)71 = F)7le) > 0. (41)

Let n > 0 be such that ¢+ £ 0. From the formula

s D) (¢ —v(§) (n41)
R D) = Vit [ e e e (12)

we see that F /{‘ (n+1) £ 0, since the first factor of the 1ntegrand is strictly positive.

By induction then (F*)”Jrl (n+1) £ 0. Since (1 — F¥)~! = 721 (Fy) (by choice
of \o), this implies that
(1-F)e,2) >0, (43)

where @ € #p denotes the vacuum vector. This proves (41), since the same applies
to (1 — Fy)~'4 and the restriction of (Lp + 74 + A)~! to the vacuum sector is
a strictly positive number, so both arguments of the scalar product have non-zero
overlap with the vacuum. O

11



To complete the proof of Theorem 2.4, we will use a perturbative argument for
Sx. Since Soq,x is an integral operator with negative kernel, the key point is that
now Sy, is essentially negative.

Lemma 3.4. For all A\g > 0 there exists pg such that for p > pg and every A > Ao
the operator —(S\ — ) is positivity-preserving.

Proof. The operator Syq ) is an integral operator with negative kernel, hence —Suq
is positivity-preserving. Further, on the n-particle sector, the operator Sq is a
multiplication operator by the sum of 7_ y(K'), which is non-positive, and a non-
negative function. We will show that this function is bounded (uniformly in A > Ag
and n) and then choose

po = sup Sa(K), (44)
A>\o,nENp, K cRdn

whence —Sg 5 (K) + p > 0 for almost every K € R®". For this, first use (31) (with
e < 1) and then the Hardy-Littlewood rearrangement inequality, to obtain for A > Ao

_ (&) P A (K, €)
81 (K) =T = [ R T TN D T ST
1
= Jes @ T T =
1
<€ f e .
which yields the claim. O

Proof of Theorem 2.4. We start by deriving a formula for the resolvent of Hp for
sufficiently large A\. Let XAp be as in Lemma 3.1d), p > po as in Lemma 3.4,
A > max{u, N}, and Ryp(\) as in Lemma 3.3. Then, by the representation of
Proposition 3.2, we have

(Hp + A~ m)Ro(A) = 1+ (Sx — w)Ro(N). (46)

We now prove that this is invertible by a Neumann series for sufficiently large .
By Lemma A.2 and Equation (45) there exists a constant C' > 0 such that

[(Sax — ) Ro(M | a0
< [T aRo(M)l gy + 1(Sax — T-x — 1) Ro(A) || z(0)
< CI(Lp + AN Ro(M)lapy + (o + 1) 1Ro(M) || 2) - (47)

12



Using that (1 — F\)~! =1+ F\(1 — F\)~!, we obtain for ¢ < 1/4 by Lemma 3.1

I(Lp + M) RoM) () <L = ) ) (H(LP + )7 )

+[(Lp+ NTFA1 = F2) " L+ Nl )

<ONTL, (48)
In view of (47) we thus have
1(San — ) Ro(MN) (o) < CA (49)

By Lemma A.4 we have for the off-diagonal part

SoarRo(N) () < ClAT(w)2Ro(N) || () - (50)
Using Lemma 3.1d) and the fact that ||[(Lp + A)_lH%(ﬂBD(dF(sz)) is bounded by
a constant times A\~/2 we obtain

14T (w)? Ro (M) 230)
< (1 = Fx) " Hlaparey2p e + )" gom pareyz2p (1= FO) ™ lzom)
< OX7V2, (51)

Altogether, we find that there exists C' > 0 such that
165X = ) Ro(A)]| < CA™Y2, (52)
and it follows that for large enough A
(Hp+ A= )™ = Ro(A) (1 + (Sx — ) Ro(N) ™"
= Ro(M) i) ( — (5 — M)RO(A))j~ (53)
=

By Lemma 3.4, the sum defines a positivity-preserving operator, which is one-to-one
since it is invertible. As Rg(\) improves positivity by Lemma 3.3, we have for every

P €Ci\ {0}

Ro(A) (1 + (Sx — ) Ro(N) 9 > 0. (54)

€C\{0}

This proves the claim for all A > A1, for some A\; > 0. The property extends to all
A > —info(Hp) since, for v > A\ > A > —info(Hp), (v — A\)(Hp +7)~! has norm
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less than one, and thus

(Hp+ X" = (Hp +9) 7 (1 - (= N(Hp +9)7)

— (Hp )Y (= N (Hp 7)) (55)
=0

improves positivity. O
A Technical Lemmas

Here we reprove the key Lemmas of [LS19, Sch20] for the special case of the (massive
or massless) Nelson model at fixed momentum.

Lemma A.1. The family of operators Gy has the following properties:
a) For every A > 0, the operator G is bounded;

b) ran Gy C D(L%) for any 0 < s < 1/4, and for all \g > 0

sup [[(Lp + A)*Gall gy < o0
A> Ao

¢) Gy maps D(dT(w)'/?) to itself and for all Ao > 0 there exists C > 0 so that
for all X > Ao and ¢ € D(dT(w)/?)

A ()2l < CATVH[AD (@) o3

d) There exists Ao so that for all X > \g the operator 1—G)y is boundedly invertible
on #p and D(dT(w)'/?), and

-1 -1
sup (1= G2l + 10 = G0 lapiarieyrs) < o

Proof. For a) and b) it is sufficient to prove that
—a(v)(Lp + )" (56)

defines a bounded operator on #p, uniformly in A\. To prove this, we insert a factor
of \/w(€)/w(n) and its inverse, and then use that ab < (a? + b%)/2 as well as the
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symmetry in &, 7, to obtain for n > 1

la(o)(Lp + X))

(" 1)

1/2 (&Y™ w(m1/2
| dQ/df/d LP ™ (@, Ew(€) (©7"(@.nw(n)

R3(n—1) (Q,m) + N1 =sw(n)l/2 (Lp(Q, &) + ;\)1’%(5)1/2
Ol(Q.OP o)l
- nRS(n/n dQ/df Lp(Q,8) +A R[dﬂ (Lp(Q,n) + N)1=25w(n) (57)

By the Hardy-Littlewood rearrangement inequality we have for s < 1/4

dn

/ [v(n)[dn
R3 (LP(QW) + A)1_2sw P — n— Zn 1 k. ) + )\>1—25

<g’ /
(n) R* (0% +m?)((
dr
r3 |T]2(72 + N\)1—2s’ (58)
which is uniformly bounded for A > \g. Together with (57) and the symmetry of
(™ this gives

< g

. ©™(Q, 9
la(u)(Lp + A)*~Lyp()2 e <nC (/ ) dQR/d’E Lp(Q,8) + A
RSTL 1

B Sy w(ky) [ ™ (K)|?
_C’RidK = () 10

< CW(")H;I@
To prove c), we proceed as in (57) to obtain (denoting §(

1L+ dF(w))_1/2a(v)(LP +2) ™

n

=1 w(k;))

K)

ji”(n 1)

»™(Q, &) Q(Q,n)*v(n)|?
) 2nR3<n/1> dQ/ O BN 6T R/ M@ vt

Spelling out Q(Q,7n)? = Q(Q)? + 2w(N)(Q) + w(n)?, we have three terms to deal
with. The term with w(n)? leads to

1 w(n)[v(n)|*dy 9 dr
1+9(Q) /Rd Tr(@un) £ 02 = (Q(Q) L N2 /Rg Rk (61)

by scaling and rearrangement. Similarly, we find for the other terms

29(Q) lu(n)|*dn 2g°
0 e =

dr
Lp(Qm) +A)? ~ 2Q) + A Jrs [7](7 + 1)’ (62)
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and

Q(Q)? jo(n) 2 2 ar
1+9(Q) /RS (Lp(Q,m) + A)?w(n) = (QQ) + )\)1/2 /R3 IT2(r2 +1)2° (63)
Using symmetry as in (59) this implies for A > Ag

11+ A0 (@)~ a(o)(Lp + A TP s < OATV2(d0(w) 722 ),
P P

(64)
and proves c) by duality.
To prove d) observe that b) and c) imply that
Gl z(p) + Gl z(paryrrzy) < CA™7 (65)

for s < 1/4. Thus for large enough A the inverse of 1 — G in both spaces exists and
is given by the Neumann series, whose norm is bounded by (1 — CA;*)~L. O

Lemma A.2. For any e > 0 there exists C' > 0 such that for all A > 0, n € Ny and
K € R3"

I Tax(K)| < C(Lp(K) + ).

Proof. We treat only the case n > 0, the case n = 0 is similar but simpler. We have
(with Q(K) =327 w(k;))

B Z(P =20 1k —)* =&+ Q(K)+ A
st = | WP e gy
(P = S, )+ 20€]1P — X0 k)
A e G ES o
9 QK) + A
* O e g T (o7

To simplify the notation, we set p := P — 3% ; k;. The first term in (66) and the
term (67) are bounded by almost identical arguments, so we only give the details
for one of them.

Using that (€2 + w(&)) > €27%w(€)%* > [£]272%¢ (for 1 > & > 0) in (67), to avoid a
singularity in £ = 0, and then scaling out /Q(K) + A, we obtain by rearrangement

(67) <(QK) + Vg T
R[f“‘f((m—f) +1)

(68)
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For the second term in (66) we have

9 2(¢||p
Gl e o ey R R
2 2|P’
<9 e oor N (69)
Scaling by |p| # 0 then yields
2lp| de < 2 Sde = C, (70)

v (- O+ N Jus E(E - )

where C' is independent of p since the last integral is invariant by rotations. Com-
bining these bounds proves the claim. O

Lemma A.3 (cf. [Sch19, Lem.3.8]). There is C > 0 so that the inequality
HTod,)\?/J(n)H%ﬂ(n) < CHdI‘(w)1/2¢(n)H
P

A
holds for all A >0 and n € N.
Proof. We may write
e Z (O 2" (K5, €) v(€)w(k;)'/de
Tod R ( Lp Kf )+ M)V 2w (k)2 (Lp(K,€) + M)V 2w(§)?
(71)
By the Cauchy-Schwarz inequality we obtain
O™ (K5, &)
| Toa ™ (Z/Rd Lp Kg e ( " d&) (72)
*w(ke)
(Z R3 ( LP KU + Mw(n >dn>. (7%)

The factor (73) is bounded by (writing Q(K) =37 w(k;) and p= P — 377, kj)

n o(n) Pao(ke)
E/ R sty

n 1
Z (ko) (QUK) + A)~ 1/2/ . dn
— R3 p _ 2
- (( Q(K)+A 77) +1)|T7’
v 1
< g2 w(k)) QUK _1/2/ —————=dn, 74
Zzzl ( f) ( ) RS ( B + 1)|77|2 ( )
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where in the final step we have used the Hardy-Littlewood inequality on the integral.
We use this to estimate the integral of |Tpq z¢)™ (K)|? over K and obtain

[ Toa " )||jf<n)
o Z/ / w(l{:g)Q(K)_l/z\v(k‘j)|2W(§)|¢(n)(f(ja5)|2d§dK (75)
ja=1 /R RS (Lp(K, &) + Mw(k;) |

By renaming the variables k; = 7, £ = k; in the j-th integral, and using the sym-
metry of (™, this becomes

1 Toaxe" H%An)
Wk QL 1)~ 2o () Pw(k;) [ ™ ()|
<3 o S e it
1)~ 2o () Pw(k;) [ (K)?
+]Z1/3" /]R?’ (Lp(K,n) +A) et 7

The first term is bounded by
" 2o () 2 (k) [ () 2
(76) < / / dnd K
E ron Jpo Lp Kn) N () 7
C [ D2l )R )2 ()Pl
3n ,_

< [ QU (K)PdK, (78)

| /\

by the same scaling argument as before.
By the same reasoning, the second term satisfies the bound

S k)| (K)|?
(77) S];/?m s ( Lp K ) +A)w< )I/andK

<o [ o) pt (k) PaK (79)
R3n
and this proves the claim. O
Lemma A.4. There is a C' > 0 so that the inequality

1Soan® ™| < C|ldD(w)"/ 2™

jg/lg” H;y/}yl)
holds for all A > 0 and n € N.
Proof. As 71 5(K) > 0, the proof is identical to that of Lemma A.3. O
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