Enora Denimal 
email: enora.denimal@inria.fr
  
Jean-Jacques Sinou 
email: jean-jacques.sinou@ec-lyon.fr
  
Samuel Nacivet 
  
L Nechak 
  
Squeal analysis based on the effect and determination of the most influential contacts between the different components of an automotive brake system

Keywords: Automotive brake system, Complex Eigenvalue Analysis, Finite Element Model, Multi-contacts, Friction, Genetic Algorithm

Many numerical simulations have been dedicated to the brake squeal prediction by considering the predominant influence of the frictional interface between the pads lining and the disc. However, many others contact interfaces are present in an automotive brake system. Nowadays, the influence of the state of these contacts on the stability behavior of an automotive brake system and thus, on the squeal propensity is not yet well understood.

This paper attempts to provide a huge investigation on the sensitivity of squeal propensity to the various contact interfaces between pads, piston, bracket and caliper. The main contribution of the present study aims not only to give a better understanding on the role of these numerous contacts in an automotive brake system but also to propose a strategy based on genetics algorithms in order to reduce the number of simulations to achieve by ranking the effects of all the independent contact states in a pre-design process.

Introduction

Although squeal noise does not affect braking efficiency, the resulting self-excited vibrations and squeal noise of the car disc brakes are a source of considerable discomfort to the user and leads to customer dissatisfaction. Therefore, the growing demands of having quieter brakes and the customer complaints that may result in significant warranty costs motivate the need to study brake squeal early in the design process. Thereby, a better understanding and prediction of the propensity of squeal noise in car brake systems is an important challenge that is faced by the automotive engineers. For example, many studies on Finite Element Models (FEM) for automotive brake squeal have been conducted in recent years [START_REF] Fazio | Reduction strategy for a brake system with local frictional non-linearities -application for the prediction of unstable vibration modes[END_REF][START_REF] Tison | Improvement in the predictivity of squeal simulations: Uncertainty and robustness[END_REF][START_REF] Nobari | Uncertainty quantification of squeal instability via surrogate modelling[END_REF][START_REF] Dai | Suppression of brake squeal noise applying finite element brake and pad model enhanced by spectralbased assurance criteria[END_REF][START_REF] Lü | A unified approach for squeal instability analysis of disc brakes with two types of random-fuzzy uncertainties[END_REF][START_REF] Oberst | Nonlinear transient and chaotic interactions in disc brake squeal[END_REF][START_REF] Festjens | Effectiveness of multilayer viscoelastic insulators to prevent occurrences of brake squeal: A numerical study[END_REF][START_REF] Treimer | Uncertainty quantification applied to the mode coupling phenomenon[END_REF]. Different methodologies are available to predict such phenomenon and two main categories are distinguishable: the dynamic transient analysis and the Complex Eigenvalue Analysis (CEA). It is noteworthy that some researchers [START_REF] Abubakar | Complex eigenvalue analysis and dynamic transient analysis in predicting disc brake squeal[END_REF][START_REF] Massi | Linear and non-linear numerical approaches[END_REF][START_REF] Loyer | Study of nonlinear behaviors and modal reductions for friction destabilized systems. application to an elastic layer[END_REF] use these two approaches to predict disc brake squeal. It was found that the CEA may lead to an over or under-estimation of the unstable modes, and that only the dynamic transient analysis allows to find the squeal behavior. However, because of the high computational cost of temporal methods, the CEA is then widely privileged in an industrial context. This method consists in the determination of the complex eigenvalues of the system around its nonlinear equilibrium as they characterize the possible appearance of an initial growing oscillatory behavior. These dynamic instabilities that may create unwanted squeal noise are so predicted.

The determination of the mechanism that induces the unstable vibrations is one of the most important step in studying brake systems and squeal. It is now admitted that there is no unique mathematical model in order to explain the mechanisms and dynamic phenomena of friction and instability in brake systems. According to some researchers [START_REF] Ibrahim | Friction-induced vibration, chatter, squeal and chaos part ii: Dynamics and modelling[END_REF][START_REF] Ibrahim | Friction-induced vibration, chatter, squeal and chaos part 1: mechanics of contact and friction[END_REF][START_REF] Crolla | Brake noise and vibration -state of art[END_REF], there are four general mechanisms for friction-induced system instability in brake systems: stick-slip, variable dynamic friction coefficient, sprag-slip [START_REF] Spurr | A theory of brake squeal[END_REF] and coupling mechanism. The first two approaches rely on changes in the friction coefficient with relative sliding speed affecting the system stability. The last two approaches used kinematic constraints and modal coupling in order to develop the instability. In the present study the mode coupling phenomenon, that is caused by friction between the pads and the disc during braking, is privileged. In this case, instability can occur with a constant brake friction coefficient. We recall that even if many FEM studies used a constant value of this coefficient, some others offer sometimes further analysis on the influence of this friction coefficient by considering various effects such as a non-uniform contact pressure between the brake linings and the disc, the dependence of the friction coefficient versus velocity or temperature or the pads wear. The reader may refer to documents [START_REF] Ibrahim | Friction-induced vibration, chatter, squeal and chaos part ii: Dynamics and modelling[END_REF][START_REF] Ibrahim | Friction-induced vibration, chatter, squeal and chaos part 1: mechanics of contact and friction[END_REF][START_REF] Crolla | Brake noise and vibration -state of art[END_REF][START_REF] Kindkaid | Automative disc brake squeal[END_REF][START_REF] Ouyang | Numerical analysis of automative disc brake squeal: a review[END_REF][START_REF] Papinniemi | Brake squeal: a literature review[END_REF] for details on these problematic that are not covered in this paper.

In recent years, the uncertainty analysis of brake squeal has become a hot topic. Indeed, some researchers demonstrate that considering uncertainty improves squeal prediction. For example, Tison et al. [START_REF] Tison | Improvement in the predictivity of squeal simulations: Uncertainty and robustness[END_REF] statistically modelled the surfaces of the linings and studied the impact on stability. They showed that a modification of the surface of the linings has a high impact on the stability and can be considered as a key point for a more robust squeal prediction via CEA. Moreover, different methodologies have also be proposed to predict the squeal instability of industrial brake systems with uncertainties. Sarrouy et al. [START_REF] Sarrouy | Piecewise polynomial chaos expansion with an application to brake squeal of a linear brake system[END_REF] used a multi-element polynomial chaos expansion coupled with a CEA analysis for the prediction of brake squeal with uncertainties. Nobari et al. [START_REF] Nobari | Uncertainty quantification of squeal instability via surrogate modelling[END_REF] used kriging in order to predict the evolution of the real part of an unstable eigenvalue, and so the squeal propensity, assuming several uncertain parameters. On the same way, Nechak et al. [START_REF] Nechak | Sensitivity analysis and kriging based models for robust stability analysis of brake systems[END_REF] used kriging to realize a sensitivity analysis of the stability of a brake system. Lu et al. [START_REF] Lü | Brake squeal reduction of vehicle disc brake system with interval parameters by uncertain optimization[END_REF] used an interval analysis to model uncertainty on geometrical dimensions, material and loading properties of the brake system on a RSM build to surrogate the FEM. Then, they realized an optimization to identify a robust design. In 2017 [START_REF] Lü | A unified approach for squeal instability analysis of disc brakes with two types of random-fuzzy uncertainties[END_REF], they used fuzzy logic combined to interval analysis in order to quantify the uncertainty in a FEM of a brake system. In 2017, Do et al. [START_REF] Do | A global strategy for the stability analysis of friction induced vibration problem with parameter variations[END_REF] used the fuzzy logic to manage the frictional contact problem in a numerical strategy to perform more rapidly multiple CEA and so the prediction of brake squeal.

Even if the determination of the assembled state of the brake system that secure the brake pads in the assembly is sometimes estimated in the first analysis step, the ability to use a representative model that takes into account the entire possible contact states between different components of the brake is only rarely implemented. In the study of the squeal noise phenomenon, it is considered that the frictional contact between the pads and the disc is the parameter of primal importance. However numerous components of the brake are in interaction with each other by various contact interfaces. If these contacts can be considered as secondary, no rigorous methodology has been proposed yet to study their impact on friction-induced squeal of a complete automotive disc brake model and the consequences of these contact states on the squeal propensity is quite poorly known. For this reason, a better understanding of considering internal contacts is of prior importance for the industrial and scientific community working on the automotive brake squeal.

It is with this mind that the present study proposes to inspect the influence of these internal contacts on the squeal propensity of an automotive brake and a strategy based on the genetic algorithm for the determination of the most influential contacts on brake squeal.

The paper is organized as follow. In a first part, the motivation of the present paper is developed. The automotive brake system under study is presented with its several interfaces that are frictional or not. The classical CEA is then briefly described. Once the problem is presented, preliminary results are given in a second part. This makes it possible to point out the influence of the friction coefficient at the interface between the pads and the disc, and also the influence of other potential internal frictional interfaces. To stay in an affordable computational cost, it is also shown that it is possible to consider only two different states, frictional or not, for each contact. Then, a deeper understanding of the role of internal contact interfaces on the system's stability is proposed in a third part by undertaking, first, a comparison of the unstable modes, and secondly, an analyze of the contact conditions associated to an instability in a given frequency range. In order to rank the effects of all the independent contact states, the restriction on the concept of the most unstable mode per frequency range is introduced. Finally, a strategy based on a Genetic Algorithm (GA) is adopted to define with a reduced computational cost the most unfavorable case (depending on the different internal contact states) to be considered in a design study concerning the squeal propensity. Motivation of such numerical strategy for an industrial point of view, as well as the advantages and limitations of the proposed methodology are discussed.

Automotive brake system and stability analysis

In this section, the Finite Element Model (FEM) of the automotive brake system under study will be first presented. Then brief reminders about the stability analysis are given. 2.1 FEM brake system and motivation of the proposed study

The brake system under study is shown in Figure 1. The hydraulically actuated disc brake consists of several components such as the disc, floating caliper, outer and inner pads, hub knuckle, piston and wheel. The braking action can be summarized as follows: during the braking process, hydraulic pressure is applied to the piston, and the inner pad is pushed by the piston until it contacts the disc. Then, the reaction forces push the caliper and the outer pad against the opposite side of the disc. The caliper that holds the two pads can move in parallel to the rotation axis of the disc when pressurizing and braking. This action create friction between the pads and disc. Sometimes squeal occurs when the brakes are applied. Even if it should not negatively affect brake stopping performance, instability and mode coupling due to friction may generate vibration of the brake components, especially the pads and disc.

Traditionally the friction coefficient at the pad/disc interface is considered as one of the most influential parameter on the automotive brake system stability. Thereby, the majority of numerical simulations for the prediction of squeal propensity are performed by considering only the two friction surfaces between the pads and disc for different values of this friction coefficient and neglecting other friction surfaces at other components of the automotive brake system.

However, many contact interfaces are present in an automotive brake system. During braking, different components can interact with each other through different contact interfaces. It is particularly true for the pads that can be in contact with three components in addition to the disc, namely the piston, the caliper and the bracket. The status of each contact is directly related to the position of the pads in the automotive brake system, which are supposed to be free of movement. It can be noted that a new static equilibrium of the brake system may appear if a state of contact is modified (in particular if the contact is considered as frictional or not). This leads to a new potential state of the brake system with respect to its stability.

The implementation and the validation of the FEM is not the main concern of this study. For more details, please see [START_REF] Fazio | Reduction strategy for a brake system with local frictional non-linearities -application for the prediction of unstable vibration modes[END_REF][START_REF] Nacivet | Modal amplitude stability analysis and its application to brake squeal[END_REF]. The materials of the different components of the brake and their properties used in the FEM are given in Table 1. A linear penalty method is used for the contact constraint enforcement and the classic Coulomb's law is used for all the frictional interfaces. The braking pressure and the disc rotation velocity are constant. The hydraulic system is represented by an effort applied on the back of the piston and on the caliper surface. Considering more specifically the boundary conditions, the brake system is connected to the car's frame by considering a zero displacement condition imposed at the connection of the knuckle with the frame. The connection between the knuckle and the tie rod is modelled by ball joints. The rotation between the hub and the knuckle is stacked. We will only explain the inclusion of various contact states in the 2.

Considering these three contact interactions between the piston and the pad, the bracket and the pad and the caliper and the pad, the non-linear dynamic problem of the brake system can be written as:

M Ẍ + C Ẋ + KX + F piston/pad (X) + F bracket/pad (X) + F caliper/pad (X) + F nl (X) = F ext ( 1 
)
where X is the generalized displacement vector, and the dot represents the derivative with respect to time. M, C and K are mass, damping and structural stiffness matrices, respectively. F ext represents the external efforts, here it corresponds to the pressure applied on the piston and the caliper. F piston/pad (X), F bracket/pad (X) and F caliper/pad (X) define the equivalent stiffness contributions for the interfaces of the two sub-systems under consideration (see [START_REF] Fazio | Reduction strategy for a brake system with local frictional non-linearities -application for the prediction of unstable vibration modes[END_REF][START_REF] Nacivet | Modal amplitude stability analysis and its application to brake squeal[END_REF] for more details). In the case of contact for a given interface, normal forces and friction forces are generated. The detachment (i.e. switching from a contact state to a non-contact state at the selected interfaces) is allowed for each interface. F nl are the non-linear efforts and contains contributions from both the non-linear contact forces and frictional forces at the pad/disc contact interfaces (see [START_REF] Nacivet | Modal amplitude stability analysis and its application to brake squeal[END_REF] for more details). Each contact interface is characterized by a classical Coulomb's law with a constant friction coefficient.

So the motivation and the goal of the present paper is to study the impact of considering all of these contact surfaces on the automotive brake system stability.

Stability analysis

As previously mentioned in the introduction, the CEA is the classical and privileged method for the squeal prediction in car industry. It is based on the analysis of the eigenvalues of the system linearized around its static equilibrium. The presence of the friction forces may introduce non-symmetric terms in the system's matrices, which can lead to instabilities. The full CEA procedure is detailed bellow.

By defining the global stiffness matrix K nl,U S due to not only the structural components of the brake system but also the three contact interfaces as follow:

K nl,U S U S = KU S + F piston/pad (U S ) + F bracket/pad (U S ) + F caliper/pad (U S ) (2) 
where K nl,U S corresponds to the linearized stiffness matrix at the vicinity of the non-linear equilibrium point. This contribution includes the possibility of contact or loss of contact for the three internal contact interfaces between the pad and the piston, the bracket and the pad, and the caliper and the pad. The determination of the non-linear static equilibrium U S is then given by:

K nl,U S U S + F nl (U S ) = F ext (3) 
The system is studied around the equilibrium point U S by assuming a small perturbation X, so that X = U S + X. Then, the non-linear force F nl can be linearised to the first order around the equilibrium point U S . By denoting J nl the Jacobian matrix of F nl at the point U S , it comes: F nl (X) = F nl (U S ) + J nl X. The previous relation of Equation 1 can be rewritten in the following form:

M Ẍ + C Ẋ + (K nl,U S + J nl )X = 0 (4) 
The eigenvalue problem to be solved is then given by eigenvalue problem:

(λ 2 M + λC + (K nl,U S + J nl ))Ψ = 0 (5) 
Due to friction, the matrix J nl is non-symmetric. So running CEA produces complex eigenvalues λ j = a j + iω j and complex eigenvectors Ψ j . ω j defines the pulsation of the mode Ψ j and a j the associated real part. The system is considered as unstable if at least one eigenvalue has a positive real part. If all the real parts are negative the equilibrium point remains stable. Hence, the squeal propensity of a brake system reflects the tendency of the brake to squeal. Based on the CEA, it corresponds to the ratio between the number of unstable configurations (eigenvalues with positive real parts) and the number of samples. The higher is the positive real part, the higher is the initial growth rate of the dynamic response when the static sliding equilibrium is perturbed. We recall that the CEA analysis may lead to an underestimation or an over-estimation of the unstable modes observed during squeal noise because the linearized stability around an initial equilibrium point with a defined contact state is not valid during friction-induced vibration and noise. So the nonlinear transient self-excited vibrations can become very complex and include more or less unstable modes due to the nonlinear contact and loss of contact interactions at the frictional interface. Therefore, a complete nonlinear simulation should be performed in addition to the stability analysis to estimate the real most unstable configuration in regard to squeal noise [START_REF] Soobbarayen | Numerical study of friction-induced instability and acoustic radiation-effect of ramp loading on the squeal propensity for a simplified brake model[END_REF][START_REF] Soobbarayen | A simplified approach for the calculation of acoustic emission in the case of friction-induced noise and vibration[END_REF][START_REF] Oberst | Guidelines for numerical vibration and acoustic analysis of disc brake squeal using simple models of brake systems[END_REF][START_REF] Sinou | A global strategy based on experiments and simulations for squeal prediction on industrial railway brakes[END_REF]. This is out of reach of the present study because of the numerical implementation difficulty and the prohibitive calculation times associated with the estimation of friction-induced vibration and noise for a FEM brake system.

Preliminary results and conclusions on the influence of the friction coefficient at internal contact interfaces

A classical methodology to study the squeal propensity of an automotive brake system consists in running several CEA for different values of the friction coefficient. In order to focus only on the influence of the different interfaces, the damping is neglected in the present paper. Indeed, the role of damping remains an extremely important issue in the squeal problem and several studies on the effect of damping on stability and on self-excited vibrations have been proposed. We recall that damping proves to have two different effects: a "lowering effect" that tends to stabilize the system and a "smoothing effect" that may induce a destabilizing effect regarded for a long time as a "paradox". However, considering that investigating the effect of damping is out of the scope of the present study, the reader can refer to the following paper [START_REF] Fritz | Investigation of the relationship between damping and mode-coupling patterns in case of brake squeal[END_REF][START_REF] Fritz | Effects of damping on brake squeal coalescence patterns-application on a finite element model[END_REF][START_REF] Kirillov | The effect of small internal and external damping on the stability of distributed nonconservative systems[END_REF]. Therefore, in order to have a first trend on the influence of the friction coefficient (denoted µ intern ) at the nine internal contact interfaces, the following strategy is first proposed: all the considered internal contacts presented in Table 2 are characterized by the same friction coefficient µ intern . Two specific cases are undertaken:

Case 1: a variation of the friction coefficient µ intern is considered at the nine internal contact interfaces (from 0 to 1 by keeping the same value for each internal interface) for three different values of µ pad-disc : µ pad-disc = 0.3, µ pad-disc = 0.5 or µ pad-disc = 0.7;

Case 2: four specific configurations versus µ intern are investigated with a variation of the friction coefficient µ pad-disc from 0 to 1. The four different values of the friction coefficient µ intern at the nine internal contact interfaces are µ intern = 0, µ intern = 0.15, µ intern = 0.3 and µ intern = 0.5. It is reminded that the nine internal interfaces have the same value of µ intern for each configuration.

The evolution of the eigenvalues in the complex plan are displayed in Figure 3 for Case 1. The different mode shapes associated to the different instabilities are very similar when µ intern varies, and the location of the unstable large-amplitude vibrations are constant. For the sake of brevity, they are not represented here. Similarly, Table 3 summarizes the number of instabilities, the range of friction coefficient values for which the mode is unstable (noted µ u,inf ; µ u,sup ) and the associated frequency of the unstable mode for the four configurations tested in Case 2. All these preliminary results of Cases 1 and 2 demonstrate the influence of the friction coefficient µ intern . Showing Figure 3, it is also observed that even if the variation of µ intern does not drastically affect the frequency value of the unstable modes, a significant effect is visible on the variation of the real parts. For instance, if µ pad-disc = 0.5, at 3900Hz, the real part varies from about 30 to about 290. Of course as previously discussed, Figure 3 illustrates the fact that the friction coefficient µ intern impacts the number of unstable modes. Hence, when µ pad-disc = 0.5, at about 5300Hz, the mode is unstable only when µ intern is superior to 0.6. Comparing cases where µ intern = 0, the main difference is observed on the real part of the instabilities and on the number of instabilities. Indeed when µ intern increases (but is non zero), the number of unstable modes increases. As summarized in Table 3, when µ intern = 0.15 only four instabilities are present, whereas six instabilities (seven respectively) exist when µ intern = 0.3 (µ intern = 0.5 respectively). Moreover, a variation of µ intern implies a significant variation of the real parts of unstable modes. Indeed, considering the instability around [4700 -4800]Hz, the maximum of the real part may decrease or increase when µ intern increases according to the value of µ pad-disc . Hence, when µ pad-disc = 0.3, the increasing of µ intern has a destabilizing effect, when it has a stabilizing effect for µ pad-disc = 0.5 and µ pad-disc = 0.7. (see and compare Figures 3 for example).

It is also observed in Table 3 that the value of the critical point and the frequency of each unstable mode are very dependent on both the values of µ intern and µ pad-disc . So the effect of µ intern can not be considered as negligible. It is not intuitive and it can be complex to analyze. However, by analyzing all the results, a first trend emerges. However, a significant trend is emerging: the system's behavior is very different if µ intern = 0 or µ intern = 0. In other words, two cases are easily differentiated, the first corresponding to the case where the coefficient of friction µ intern is not zero, the second where it is zero, which corresponds to contact or non-contact conditions. In the following, the terminology "non-frictional state" will be used to describe the case for µ intern = 0. The terminology "frictional state" will be used to describe the case for µ intern = 0. Now a first intermediate conclusion can be made: this preliminary study demonstrates the influential role of internal contacts of a brake system on its stability. It is obvious that in a process of characterizing the squeal propensity of a brake system, they cannot be neglected. In view of the numerical cost that so many additional parameters may imply, this conclusion can be a tedious one and a strategy to take these contacts into account at a reasonable cost is necessary. As previously discussed, the first strong trend lies on the fact that the system can be studied with two different states for each internal contact, namely frictional or not. In this preliminary study we recall that we considered a simplified case for which all internal contact interfaces behave in the same way. In a more general context where each internal contact can have a specific configuration (no friction with µ intern = 0 or friction with µ intern = 0), a number of 2 9 = 512 different configurations (i.e. nine internal contacts and two states) for one fixed µ pad-disc has to be analyzed. Moreover, for each configuration a large number of CEA is required for the prediction of the µ pad-disc induced instabilities of the industrial FEM. 

µ pad-disc = 0.5, (c) µ pad-disc = 0.7 -Contacts: • RCBE, • RCBI, • DB, • DH, • MU ext, • MU int, • PP, • RBE, • RBI, • RHE, • RHI
At this stage of the study it is essential to remember that the configuration µ intern = 0 can be performed by using different friction values µ intern . This choice can then impact the stability results. Also in order to carry out a more detailed study on the independent effect of each internal contact interface, we propose to quickly explain the choice that has been made on the value of µ intern for the rest of the study. In order to argue our choice, the evolution of the magnitude of the total force due to contact pressure at the different internal interfaces are displayed on Figure 4. It is observed that the magnitude of the total force in each contact changes and reaches a steady state above a certain threshold. An increasing of µ pad-disc raises this threshold. For some contacts, the variation between the initial state at µ intern = 0 and the steady state is weak, as for PP or MU int/ext. But for others, the variation can be large and becomes larger when µ pad-disc increases, as for RCBE which has an initial total magnitude of pressure forces equals to 1550 N when µ intern = 0 and about 500 N when µ intern = 1, if µ pad-disc = 0.7. In light of these results, to choose the value of the non-zero friction coefficient µ intern , two different choices are possible. The first one is a friction coefficient µ intern on which the system has reached its steady state. However the steady state's threshold varies with µ pad-disc and so it could be difficult to determine a value for which the system is always at its steady state, not to mention that this threshold value is initially unknown and may depend of the contact. The second choice is to take a value of the friction coefficient µ intern for which the force magnitudes due to contact pressure at the different interfaces are in a transitional state on regard to the friction coefficient µ intern . It is this second choice that we retained for the rest of the study. The value of the friction coefficient µ intern is taken equal to 0.15. Even if this choice appears to be close to the threshold value if µ pad-disc = 0.3, the design of automotive brake systems are generally performed for values of the friction coefficient µ pad-disc superior to 0.3. Moreover, by taking µ intern = 0.15, we notice on Figure 3 that the majority of instabilities have already emerged. As previously observed, the real part of eigenvalues varies with µ intern so this cannot be a criterion to choose its value. The frequencies are, on the other hand, not very sensitive to this value. In a nutshell, by taking µ intern = 0.15, the unstable modes and their frequencies are identified which is consistent in relation to our motivation and the purpose of our study.

4 On a better understanding of the role of internal contact interfaces

Motivation

Based on the above results and to stay in affordable computational times, the choice can be made to limit the study to the consideration of two contact states for each of the nine interfaces: a non-friction state with a zero friction coefficient µ intern , and a friction state with a friction coefficient µ intern equals to 0.15. If all combinations of internal contacts are considered for a fixed µ pad-disc , significant differences on the associated squeal propensities can nevertheless be observed. This is illustrated in Figures 5 where the friction coefficient µ pad-disc is constant and fixed at 0.3 for Figure 5(a) and at 0.5 for Figure 5(b). The 512 associated CEA configurations are performed for both cases and the obtained eigenvalues are superimposed and displayed in the complex plan. The influence of the contact conditions appears to be an important factor in the prediction of squeal frequencies. For both cases, some groups of eigenvalues can be made: for example between [1080; 1120]Hz or [1850; 2000]Hz. But for frequencies higher than 3300Hz, a strong dispersion is observed. It makes the tracking of the unstable modes versus the configurations a very hard task. A first conclusion is the high sensitivity of the unstable eigenvalues to contact states. So it is necessary to investigate more precisely those results by analyzing the impact of each of the nine internal contact interfaces on the generation or not of unstable modes. The effects of the frictional behavior between the other parts on the motion of the disc-pad interface is not presented in this study since they are outside the scope of the study. The main objective of the present study is to undertake a global vision of the effect of contact interfaces and the determination of the most influential contacts between the different components of an automotive brake system. In order to conduct such an analysis, this section is organized as follow: in a first time, the shapes of unstable modes are studied and compared in regard to different internal contacts. In a second time, the contact conditions associated to an unstable frequency are analyzed. The main objective is to identify recurrent unstable modes, or to identify contacts that are systematically involved in some instabilities.

Analysis of the unstable modes versus internal contacts

The first step consists in the comparison of the unstable modes. For this purpose, a group of 25 representative configurations is retained. Their characteristics are given in Table 4 and the unstable frequencies are given in Table 5. For information, the first configuration corresponds to the case where all internal contacts are not frictional and the second where all are frictional. The eleventh and twelfth configurations correspond to the two most unstable configurations (i.e. with the maximum real part). In order to compare the different unstable modes observed for each configuration, it is necessary to take a friction coefficient µ pad-disc at the pad/disc interface that makes a maximum of instabilities emerge. As seen in Table 3, the higher the friction coefficient is, the higher the number of instability is. For this reason, the friction coefficient at the pad/disc interface µ pad-disc is chosen equal to 0.9 in order to get as many instabilities as possible.

The different unstable modes observed on the twenty-five configurations tested are compared by applying a Modal Assurance Criterion (MAC). The MAC corresponds to a measure of the degree of linearity between two modes. A high value of the MAC indicates that the mode shapes are correlated, and so modes can be paired and it is possible to consider that they correspond to the same instability. A low value, indicates that mode shapes are orthogonal (i.e. uncorrelated), and so that they do not correspond to the same instability. The MAC value between two mode shapes Φ 1 and Φ 2 is given by:

MAC(Φ 1 , Φ 2 ) = |Φ * 1 Φ 2 | Φ 1 Φ 2 2 (6)
where * designate the conjugate transpose of a complex vector.

For the sake of simplicity, the unstable mode shapes of the twenty-five configurations tested are concatenated and an AutoMAC is performed. The AutoMAC matrix obtained is displayed Figure 6. The different configurations are separated by a red dot line. The block at the i th row and at the j th column corresponds to the MAC matrix between the unstable modes of configurations i and j. The blocks on the diagonal are the AutoMAC of each configuration.

Except for a few exceptions, there is no correspondence between the different unstable modes of the different configurations. Some configurations seem to have similar unstable modes (for example configurations 2 and 19 or 25 and 8), but in most cases there is no correlation. The Frequency MAC (FMAC), which is a MAC with a frequency scale, is displayed Figure 7. It appears that mode shapes with a high correlation have close natural frequencies. Indeed, MAC values around 1 are at proximity of the diagonal. But it is also possible to find two modes with similar natural frequencies and totally different mode shapes. This study shows that the unstable modes are different for each configuration and are sensitive to the contact state at each of the nine internal interfaces. It means that it is actually not possible to track an unstable mode versus the different configurations. A further study was carried out by comparing all modes (i.e. stable and unstable) of the different configurations and the results were similar. It points out two important conclusions: no correlation can be done between one unstable mode for a specific configuration and a stable mode of another configuration; and the whole modal basis is influenced by the contact states.

To investigate more precisely the problem, the MAC is also computed by considering just one component of the system. The different MAC matrix of each component are displayed Figure 8. For the sake of visibility, results are presented only for the first twelve configurations, but they are similar for the others. If only the disc is considered (see Figure 8 (a)), numerous correlations are observed. In other words the vibration modes of the disc are common to the different configurations. However, when a pairing can be done through the mode shape of the disc, it appears that there is no correlation between the other components, particularly in the case of the caliper and the bracket. These two components are highly sensitive to the contact states at the nine internal interfaces, and a pairing just by tracking the mode shapes of the disc could lead to a misunderstanding of the system behavior. To illustrate this observation, some mode shapes are represented and compared: for two different cases, the mode shapes of two modes which have a high MAC disc value are given in Figure 9 for the first case, and in Figure 10 for the second case. Their characteristics are given in Table 6. For the first case, the unstable mode is located around 3480Hz for configurations 5 and 14. The global MAC is equal to 0.5748, but the MAC associated to the disc is equal to 0.9555. Indeed, when the deformed shapes of the disc are compared, they are visually the same for both configuration. But if the focus is done on the caliper or on the bracket, the deformed shapes are different. It is confirmed by the two associated MAC values equal to 0.053 and 0.088 respectively. For configuration 5 (see Figure 9(a) and (c)), there is almost no deformation on the bracket and maximum of amplitude are concentrated on the disc. But for configuration 14 (see Figure 9(b) and (d)), the bracket has an important deformation which is of the same order as the disc.

In the same way, by comparing the instability at 4250Hz of configurations 3 and 4, the disc has the same mode shape which is consistent with the high MAC value for the disc that is equal to 0.9444. But when looking more precisely the other components, their mode shapes are different. This is particularly true in the case of the bracket component, for which the MAC value is equal to 0.0423. For both configuration, the maximum of deformation is localized on the handle (see Figure 10). But for configuration 4, the deformation at the contact with the screw on the right is also important (see Figure 10(d)), whereas it is not the case for configuration 3 (see Figure 10(c)). In conclusion, these results lead to an important difficulty to deal with the different contacts conditions for the nine internal interfaces. It would have been interesting to identify one or several unstable modes common to the different configurations. Thus, the unstable eigenvalues could have been grouped together by tracking an unstable mode. However, the modes are sensitive to the contact states for each of the nine internal interfaces. So it is not possible to follow an unstable mode with respect to the different configurations. It is then necessary to adopt an other strategy to analyze the problem under study and to have an increased understanding of the role of each internal contact interfaces on the squeal propensity.

Influence of the contact conditions per frequency range and restriction on the concept of the most unstable modes

As it was previously shown, it is not possible to understand the role of each internal contact interfaces on the squeal propensity by tracking the unstable modes for all the frequency range of interest. In other words, being able to establish a relevant link between the appearance of instabilities via the mode shapes of instabilities and certain conditions of internal contacts is not easily achievable. So another strategy has to be adopted to analyse the problem under study and to better understand the role of each internal interface on the appearance of instabilities. In order to achieve such an objective, the automotive brake system is now studied for some specific frequency range of interest.

In order to illustrate the proposed approach, all unstable frequencies obtained with the 512 CEA are retained and the total frequency range ([0;6000] Hz) is divided into sub-intervals of 5 Hz. On each of these frequency intervals, the number of unstable frequencies present is determined, it corresponds to the occurrence of unstable frequencies displayed in Figure 11. Twelve small frequency intervals that focused on a peak of occurrences are retained, the main purpose being to establish whether some specific internal contact conditions are observable for a given peak of unstable frequencies. The characteristics of each frequency range are given in Table 7. Then, for each interval, the repartition of the contact conditions of the nine internal interfaces associated to the unstable frequencies are determined. Results are summarized in Figure 12 where, for each frequency range and for each internal contact, the percentage of repartition between a non-frictional state (in blue) and a frictional state (in yellow) is given. For a few cases, the role of some internal contact states in the existence of the instability of a frequency range of interest is obvious. For example, under 1140Hz, the existence of instabilities is always related to a non-frictional state of the contacts DB and DH. For the frequency range [1400; 1470]Hz, instabilities are mainly related to a frictional state of contacts DB, PP and RHI and a non-frictional state of contacts DH, RHE, RCBE and RBE. For [1150; 1650]Hz, the emergence of instabilities corresponds to a non-frictional state of contacts RBE and RCBE. However, if such an analysis gives some interesting tendencies in some cases, there is no concrete conclusion for most frequency ranges. See for instance the frequency ranges [1800; 2000]Hz and [3775; 3930]Hz where the repartition is around 50% for each internal contact interface.

This approach is interesting but seems limited since it is possible to find two completely different mode shapes with similar natural frequencies. Moreover, the results are strongly influenced by the choice of the frequency range, which can be difficult to determine when the peaks of the occurrences of unstable frequencies are not clearly distinct. For this reason a more comprehensive approach must be defined. Instead of characterizing the condition of instabilities existence, the choice is made to characterize the most unstable configuration of larger frequency ranges, which can be assume at a first glance as the worst case scenario for an automotive brake system. This choice can be interpreted as a simplification or a restriction of the general problem to the study of the influence of internal contact for the most unstable modes.

This leads us to identify the contact state of each of the nine internal interface that brings the system in the most unstable configuration. The notion of the "most unstable configuration" is not necessarily unique and Here, the most unstable configuration is defined by the configuration with the maximum real part (i.e. the highest growth rate of the unstable mode). It is worth to remind that, because the analysis is based only on the CEA, this "most unstable configuration" does not mean necessarily the configuration that induces the most important squeal noise in the brake system but the configuration with high possibility of squeal noise. It is worth to remind that the stability analysis may lead to an underestimation or an overestimation of the unstable modes as previously explained in Section 2.1 and a complete nonlinear simulation should be performed in addition to the stability analysis to estimate the real most unstable configuration in regard to squeal noise. This is out of reach of the present study because of the numerical implementation difficulty and the prohibitive calculation times associated with the estimation of friction-induced vibration and noise for a FEM brake system. The frequency range under study is reduced to [0; 6000]Hz in order to be concise in our analysis, the idea being to illustrate the relevance of the proposed methodology.

Then the methodological approach is the following one: the status of one internal contact interface is imposed (a frictional state or not) while all other internal interfaces can be in any state. Then 2 8 = 256 CEA are performed and the maximum of real parts is determined. This procedure is repeated for each of the nine internal contact interfaces by applying the non-frictional state (with µ intern = 0) or friction (with µ intern = 0.15). Because some configurations are redundant, only 512 CEA calculations are required. The results obtained with µ pad-disc = 0.3 and µ pad-disc = 0.5 are presented in Figure 13.

A relevant analysis of the impact of each internal contact is then possible. For example, if the contact between the piston and the inner pad is non-frictional (see Figure 13b at contact PP and blue point), the maximum real part is equal to 725, while it is equal to 1100 in the case of frictional state for PP is (see yellow point). Here the "most unstable configuration" versus the contact PP corresponds to the frictional state.

More generally, it also appears that the two internal contacts that give the most important difference of results (in terms of the Maximum Real Part) according to their state of contacts (i.e. frictional or not state) are the piston-inner pad contact (PP) and the inner top radial contact (RHI). On the contrary, the bottom and top caliper-pad contact (DB and DH) give very close results (in terms of the Maximum Real Part) regardless of their contact status. These results indicates that considering the possibility of a change of contact status for the two internal contacts DB and DH is not necessary for a future analyze and design studies. Moreover according to the level of accuracy required in a design process, it is also possible to define the internal contacts whose two states (friction or not) to be kept and those for whom a contact state is privileged. For example, if the most unstable scenario has to be characterized at about 5%, then it is characterized by a frictional state for internal contacts PP, RHE and RBI and by a non-frictional state for internal contacts RHI, RCBI, RCBE and RBE. The state of the two internal contacts DB and DH is in the margin of error. Now the same analyze can be carried out for different frequency ranges in order to better understand the role of each internal interface on the appearance of instabilities by frequency ranges of interest. Results are displayed in Figure 14. As in the previous case, it is possible to create a hierarchy between the different internal contacts and to decide whether or not to retain the possibility of the two state for a specific internal contact in a design process. It is also observed that the internal contacts that appear to be the most influential on the "most unstable configuration" depend of the considered frequency range. For instance, the contribution of the contact PP is low for [950; 2005]Hz but crucial for [4000; 4890]Hz. On the contrary, the contribution of the two contacts DB and DH is high for the two frequency ranges [0; 950]Hz and [950; 2005]Hz but low between [4000; 4890]Hz. It is also noted that the influence of the internal contact states DB and DH versus the "most unstable configuration" are reversed on the first two frequency ranges. For the first frequency range [0; 950]Hz the "most unstable configuration" is obtained for the non-frictional state of the internal contacts DB and DH, whereas it corresponds to the friction state of DB and DH for the second frequency range [950; 2005]Hz.

In conclusion, the proposed strategy allows us to rule on the effect of all independent internal contacts. Some internal contacts have a large contribution and play a key role on the propensity of automotive brake squeal, whereas the others have a small impact and only add a slight variation on the instability phenomena. Moreover it is possible to propose a restriction of the potential evolution of the contact states to be considered for each internal interface according to a given design process versus a frequency range of interest. Considering that the CEA enables to get the squeal propensity but has the disadvantages of being under-or over-predictive, the determination of this area and its characteristics may be enough in a design process.

5 Use of a genetic algorithm to determine the most critical scenario

Motivation for an industrial point of view

This section is devoted to the use of a Genetic Algorithm (GA) to identify the case scenario defined as "the most unstable configuration". Finding this type of configuration is indeed an objective of interest for the PSA automotive industry. This may seem paradoxical since one would expect to look for the design leading to the least squeaky system. However, the prohibitive cost of calculation makes it impossible to propose a global design strategy that includes the internal interfaces. So the proposed procedure is divided into two steps. First, because the actual behavior of these internal contact interfaces in service is uncertain and not controlled, the most harmful design in regard to them is determined. And finally, a design study on controllable parameters is performed on this "most unstable configuration" in order to mitigate it. For example, the selected instability in the automotive brake system design should then be eliminated or reduced by changing the geometry or material properties of the brake components to decouple the coupling modes.

To cope with the high number of internal contacts and the too high numerical cost of taking all configurations into account, a first reduction of the problem size is realized by only assuming two different contact states for each internal interface: non-friction with µ intern = 0 or friction with µ intern = 0, and the variation of the friction coefficient µ intern for µ intern = 0 is not taken into account (this assumption is in agreement with the first conclusions of the study). However, it still represents a high number of CEA to perform since there are numerous internal contacts, so it is necessary to find a strategy to overcome this numerical cost. Because the problem is discontinuous, a strategy based on GA is undertaken.

Genetic algorithm and adaptation for the problem under study

This section aims to briefly recall the concept and approach associated with Genetic algorithm (GA) that is a kind of Evolutionary Algorithm (EA) used to approximate the solution of a given problem in a reasonable time. In this study, 6 objective functions are considered and correspond to the maximal real part for each frequency range provided in Table 8. A population, in which the individuals try to improve themselves evolves, generation after generation with respect to the objectives. An individual is a configuration and is described by its genes (i.e. the status of the different internal contacts) and is associated to the maximal real part observed on each frequency range. A population is a group of individuals (i.e. a group of configurations). A generation is an iteration of the algorithm and corresponds to the current population. The general methodology is sketched in Figure 15(a). The different steps are the following:

Step 1: Initialization with an initial group of configurations created randomly,

Step 2: Evaluation of maximal real parts of each configuration,

Step 3: Creation of new configurations by selection, crossover and mutations,

Step 4: Evaluation of maximal real parts of each configurations,

Step 5: Creation of a new population with old and new configurations.

Steps from 3 to 5 are iterated until a stop criterion is reached. The different operators that characterized the GA are : Selection: different strategies are proposed in the literature as the wheel selection, the tournament selection or even the elitist selection. In the present study, the tournament selection is used. It consists in the creation of tournaments between individuals (i.e. configurations) chosen randomly in the population and the best of them are selected.

Crossover: this operator is used to create the genes (i.e. contact status) of the new generation from those of the previous one. Several techniques are possible as the single-point crossover, the two-points crossover or the uniform crossover. Here, a uniform crossover is considered. For each contact, the child's contact status is chosen randomly between one of the two parents.

Mutation: this operator creates random modifications of genes (i.e. of contact status). This is important for GA to replace "forgotten" genes (i.e. contact status) of old population or to test new combinations.

For more details, the reader can refer to [START_REF] Deb | A fast and elitist multiobjective genetic algorithm: Nsga-ii[END_REF][START_REF] Whitley | A genetic algorithm tutorial[END_REF]. GA are adapted to both Single-Objective (SO) optimization and Multi-Objective (MO) optimization and according to the application, different methods exist. For the present study, the objective is to determine the internal contact status that give the maximum real part on each frequency range of interest. Since there are 6 frequency ranges an so 6 objective functions, a MO algorithm 14. For the second frequency range, the most influential contacts are DB, DH, RCBE and RBE. It appears here that the GA has identified quickly the most influential contacts on the frequency range.

In the same way, similar analysis can be made on the other frequency ranges for different contacts.

From a computational cost point of view, the second set of parameters requires 36 extra calculations compared to the first set. These extra calculations bring a better precision on the estimation of the real part for each frequency and for all the margin of error calculated; however, they do not bring real contribution on the identification of the most influential contacts. In fact, the main influential contacts are determined in a few generations (i.e. less than 90 calculations) as shown in Figure 18, the additional cost (i.e. 36 extra calculations) being only necessary for a more accurate prediction of the maximum real part of eigenvalues as indicated in Figure 17.

In conclusion the use of a GA enables to identify with a few CEA the area with the maximum real part and the most influential contact states are quickly identified for different frequency range on interest. Actually, it is the accurate determination of the maximum real part that requires a higher number of computations. In a context were the case scenario defined by "the most unstable configuration" could be determined with a margin of error, the GA gives satisfactory results. The characteristics of the most unstable configuration are estimated by running only 86 CEA instead of the 512 calculations to be done without GA. So this strategy appears to be of interest for an industrial point of view in order to find the most harmful design in regard to the internal contact interfaces while saving in numerical computing time.

Conclusion

The objective of the present study was to investigate the influence of internal contacts of a disc brake system on its squeal noise propensity. Indeed, the caliper, the bracket, the piston and the pads can interact through contact interfaces and so, influence the stability of the system which is determined with the CEA. In order to work with affordable computational time, the different contacts are modeled by two different states: frictional or not. Then, this numerical study reveals that they have a strong impact on the squeal propensity. A deeper analyze establishes the sensitivity of the unstable modes to these contact formulation and prevents their use as a criterion to track instabilities. It insights the difficulty to predict all instabilities with a unique configuration and highlights the need to consider various configurations in order to improve the prediction of squeal noise. However, the consideration of all contact conditions during the design process of a brake system is a necessity but it is nowadays unaffordable because of the prohibitive number of calculations to perform. To cope with this difficulty, the present study proposes a methodology to rank the role of internal contacts and to determine the most influential of them. The study here demonstrated that a GA has the ability to quickly identify the most influential contacts and the worst-case scenario.

The important role of the internal contact conditions was demonstrated. The high number of potential cases to be studied by considering various internal contact conditions can be time consuming. Hence only two different contact conditions were retained in order to reduce the size of the problem and hence to save computational times. Then, the proposed strategy consists to find the worst-case scenario in term of the "most unstable configuration" (i.e. the configuration with the highest value of real parts) and to apply the design process on this case. However, it could be conceivable to consider uncertainties on the contact conditions in order to realize a robust design process . If this strategy is probably the most adapted to the problem, the consideration of this nine additional parameters in the design process is still a scientific barrier.

Although this study points out an additional difficulty in predicting squeal noise and proposes a strategy for dealing with it in a limited number of calculations, some interesting developments should be considered. First, the strategy adopted here to predict the squeal propensity is based on the CEA, which may lead to an under-or over-estimation of unstable modes. It might be interesting to see if the influence on the dynamic of the system is as important. Moreover, the worst-case scenario presented here is based on only one criterion, namely the highest growth rate, it might be interesting to investigate another criterion. Last but not least, one of the most crucial next steps is to study the squeal propensity, with all contact conditions, of the brake after design on the worst-case to verify that the reduction of the level of instability on the most unstable configuration actually implies a reduction of the level of instability on all configurations.
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 1 Figure 1: Finite element model developed with Abaqus -Assembled view (left) and exploded view (right)
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 2 Figure 2: Contact Interfaces of internal (left) and external (right) pads

Figure 3 :

 3 Figure 3: Evolution of complex eigenvalues in the complex plan assuming a variation of the friction coefficient µ intern at the interfaces for three different values of µ pad-disc : (a) µ pad-disc = 0.3, (b) µ pad-disc = 0.5, (c) µ pad-disc = 0.7
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 4 Figure 4: Evolution of the magnitude of the total force due to contact pressure at the different interfaces versus the friction coefficient µ intern at the interfaces for three different values of µ pad-disc : (a) µ pad-disc = 0.3, (b) µ pad-disc = 0.5, (c) µ pad-disc = 0.7 -Contacts: • RCBE, • RCBI, • DB, • DH, • MU ext, • MU int, • PP, • RBE, • RBI, • RHE, • RHI
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 5 Figure 5: Eigenvalues in the complex plan and frequency ranges for µ pad/disc = 0.3 (left) and µ pad/disc = 0.5 (right)
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 67 Figure 6: AutoMAC of the 25 configurations -Red dot lines corresponds to the separation between the configurations
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 8 Figure 8: AutoMAC matrices of the unstable modes of 12 configurations for the different components: (a) Disc, (b) Caliper, (c) Bracket, (d) Inner Pad, (e) Outer Pad13
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 9 Figure 9: Comparison of mode shapes of configurations 5 (left) and 14 (right) -Face view (top) and Profile view (bottom)
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 1011 Figure 10: Comparison of mode shapes of configurations 3 (left) and 4 (right) -Face view (top) and Profile view (bottom)
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 121314 Figure 12: Percentage of repartition of contact states for the different frequency intervals -Blue: non-frictional state (µ intern = 0) and yellow: frictional state (µ intern = 0.15)
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 17 Figure 17: Precision of the solution obtained for 1000 initializations for the first (a) and second (b) set of parameters on each frequency range -dark blue: 10% of error, blue: 20% of error, green: 25% of error and yellow: 30% of error 25

Figure 18 :

 18 Figure 18: Repartition of the contact states of the solution obtained for 1000 initializations for the first (a) and the second (b) sets of parameters on each frequency range -Blue: non-frictional state and yellow: frictional state 26
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Table 2 :

 2 Contact parameters

	Interface letter Type of contact

Table 3 :

 3 Instabilities for different internal friction coefficients

		Instability	Frequency (Hz)	Maximum Real	µ u,inf ; µ u,sup
		number		Part	
		1	540.3	133.3	[0.1;1]
		2	676.7	62.92	[0.9;1]
		3	1574	33.14	[0.2;1]
		4	2172	216.9	[0.75;1]
		5	3431	842.8	[0.45;1]
		6	3461	350.1	[0.7;1]
	µ intern = 0	7	3662	181.3	[0.35;0.55]
		8	4168	624.7	[0.7;1]
		9	4239	236.5	[0.25;0.45]
		10	4242	168.8	[0.8;0.95]
		11	4598	72.81	[0.9;1]
		12	4742	141.6	[1;1]
		13	5355	374.9	[0.7;1]
		1	3119	92.08	[1;1]
		2	3446	34.52	[1;1]
	µ intern = 0.15	3	3633	16.06	[0.6;0.6]
		4	3810	192.8	[0.35;1]
		5	5389	658.2	[0.4;1]
		1	803.4	40.52	[0.65;1]
		2	3106	100.9	[0.65;1]
	µ intern = 0.3	3 4	3443 3669	48.27 30.38	[1;1] [1;1]
		5	3816	178	[0.35;1]
		6	5365	627.6	[0.65;1]
		1	802.9	72.43	[0.65;1]
		2	3002	32.95	[0.8;1]
		3	3093	82.75	[0.6;1]
	µ intern = 0.5	4 5	3681 3824	227.5 145.3	[0.75;1] [0.4;1]
		6	4331	104.3	[0.65;1]
		7	5241	133.9	[0.85;0.95]
		8	5324	302.7	[1;1]

Table 4 :

 4 Characteristics of the 25 configurations under study

	Configuration	Number of instabilities	RHI	RHE	RCBE	RCBI	Contact Name RBE RBI	PP	DB	DH
	CFG1	11	0	0	0	0	0	0	0	0	0
	CFG2	7	0.15	0.15	0.15	0.15	0.15	0.15	0.15	0.15	0.15
	CFG3	5	0.15	0.15	0.15	0	0.15	0	0.15	0.15	0.15
	CFG4	9	0	0.15	0.15	0	0.15	0.15	0.15	0	0
	CFG5	8	0	0.15	0.15	0	0.15	0.15	0	0	0
	CFG6	6	0	0.15	0.15	0	0.15	0	0	0.15	0.15
	CFG7	6	0.15	0	0	0.15	0.15	0.15	0.15	0.15	0.15
	CFG8	6	0	0	0.15	0.15	0.15	0.15	0.15	0.15	0.15
	CFG9	7	0.15	0.15	0	0	0	0	0.15	0.15	0.15
	CFG10	7	0.15	0.15	0	0	0	0	0.15	0	0
	CFG11	6	0	0.15	0	0	0	0.15	0.15	0	0.15
	CFG12	6	0	0.15	0	0	0	0.15	0.15	0.15	0
	CFG13	9	0	0	0	0	0	0	0.15	0	0
	CFG14	5	0	0	0	0	0	0	0.15	0	0.15
	CFG15	5	0	0	0	0	0	0	0.15	0.15	0.15
	CFG16	6	0	0.15	0	0	0	0	0.15	0.15	0.15
	CFG17	6	0.15	0.15	0.15	0	0	0	0.15	0.15	0.15
	CFG18	8	0.15	0.15	0.15	0.15	0	0	0.15	0.15	0.15
	CFG19	7	0.15	0.15	0.15	0.15	0.15	0	0.15	0.15	0.15
	CFG20	6	0.15	0.15	0.15	0.15	0.15	0.15	0	0	0
	CFG21	6	0.15	0.15	0.15	0.15	0.15	0.15	0	0	0.15
	CFG22	6	0.15	0.15	0	0	0	0	0.15	0	0.15
	CFG23	4	0.15	0.15	0	0	0.15	0.15	0.15	0.15	0.15
	CFG24	6	0	0	0.15	0.15	0	0	0.15	0.15	0.15
	CFG25	6	0	0	0	0	0.15	0.15	0.15	0.15	0.15

Table 5 :

 5 Frequencies of unstable modes of the 25 configurations

	Configuration

Table 6 :

 6 Characteristics of observed mode shapes

	Configuration	CFG5	CFG14	CFG3	CFG4
	Freq. (Hz)	3473.7	3496.8	4231.8	4267.5
	Real Part	627.63	302.73	1429	1376.7
	MAC Global	0.575		0.371	
	MAC Disc	0.955		0.944	
	MAC Bracket	0.053		0.528	
	MAC Caliper	0.088		0.042	
	MAC Inner Pad	0.126		0.222	
	MAC Outer Pad	0.203		0.566	

Table 7 :

 7 Frequencies intervals

	N o Freq. interval (Hz)
	1	[500; 800]
	2	[1070; 1140]
	3	[1400; 1470]
	4	[1550; 1650]
	5	[1800; 2000]
	6	[2970; 3020]
	7	[3385; 3515]
	8	[3775; 3930]
	9	[4200; 4320]
	10	[4880; 4970]
	11	[4988; 5055]
	12	[5400; 5595]

Table 8 :

 8 Frequencies intervals

	N o Freq. interval (Hz)
	1	[950; 2005]
	2	[2005; 2881]
	3	[2881; 4000]
	4	[4000; 4890]
	5	[4890; 6000]

Table 9 :

 9 Genetic algorithm parameters

	N o	1	2
	Population size	25	30
	Number of selected individuals 12	20
	Number of generations	5	4
	Average number of calculations 86.3	122.8
	[950; 2005]Hz), GA solutions always have a frictional state for contacts DB, DH and almost RBI; and always
	a non-frictional state for contacts RCBE and almost RBE. These results have to be compared with results
	presented in Figure		
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Initialisation

is not what we are looking for in our study. In fact, our goal here is to determine the solution (i.e. "the most unstable configuration") for each frequency range. So the strategy consists to launch a SO-GA for each function. If they started one after the other, the different populations cannot learn from each other. Also the proposition developed here relies in the launch of the six SO-GA simultaneously with a common population. The general sketch of the method is given in Figure 15(b). Overall operation remains the same: crossover, mutations and child evaluations are realized for the global population. The difference relies in the selection of parents: the whole population is considered and the N/N f best individuals for each objective functions are selected for the next step, where N is the number of parents to select and N f the number of objective functions. In order to limit the number of CEA to perform, an archive is created with all tested individuals and new individuals must not be inside.

Numerical results

Two different sets of parameters are considered for the GA. They are given in Table 9. The first set is characterized by a smaller population and a low number of potential parents but more generations are accepted, when the second set has a bigger population and a higher number of potential parents but the maximal number of generations is smaller. To compare the performances of the two sets, each algorithm is launched 1000 times.

An example of obtained results is displayed in Figure 16 for both set of parameters. The different individuals tested by the algorithm are in black, the solution obtained by the algorithm in blue and the theoretical solution in red. It is clear that the algorithm gives a good approximation of the reference solution and the map created by the different individuals gives a good overview of the complete complex plan (compare to Figure 5).

To evaluate the robustness of the algorithm, the percentage of cases where the correct solution is estimated in a certain margin of error is displayed for each function (see Figure 17). In both cases, solutions are well approximated except in the case of the third frequency range. This latter case is particular. Indeed considering reference results, if one considers the second eigenvalue closest to the solution for this frequency range, then there is 22% of difference between the real parts. For the other frequency ranges, the algorithm proves its efficiency and gives a satisfactory estimation. If a margin of error of 10% is considered, the second set of parameters has better results than the first one. For example, between [950; 2005]Hz, with the first set the solution is estimated with less than 10% of error in 75% of cases, whereas it is in 90% of cases for the second set of parameters. It can be noted that if a margin of error of 20% is considered, then their performances are very similar.

The repartition of the contact status of GA solutions is also displayed in Figure 18. Results are very similar for both sets of parameters and some tendencies appear. For example, for the second frequency range (between