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Abstract

We list here detailed analytical calculations for the post-buckled equilibrium solution (1st
mode) and the first vibration mode around this equilibrium solution, using the Kirchhoff
extensible model.

1 Introduction

The beam has length L, width w, thickness h, Young’s modulus F and density p. The bending
rigidity is then EI = Eh3w/12 and the stretching rigidity EA = Fhw, where A is the surface
area and I the second moment of area of the cross-section. We consider slender beams, with a
small ratio n = I/(AL?) = (1/12) (h/L)?. We use the arc-length S of the beam in its reference
configuration as a Lagrangian variable, that is S € (0, L) always. The beam is clamped horizon-
tally at its left end (S = 0), which lies at the origin. The right end (S = L) is constrained to
lie on the horizontal axis, with a horizontal tangent. An axial displacement D is imposed and
we compute the equilibrium shape and the vibrations around this shape. We then study how
equilibrium and vibrations vary as D is varied.
Kirchhoff equations for the dynamics of the beam write

Y = (1+e)sinf ,  X'=(1+e)cosh (1)
Ny =pAY . Ny=pAX (2)

EIf =M |, M =(1+e) (Nx sinf — Ny cosf) (3)
EAe= Nx cosf + Ny siné (4)

where the internal force is N = (Nx, Ny, 0), the bending moment is M = (0,0, M ). All variables

depend on both S and time 7" with the derivatives noted ’ def d/dS and - def d/dT. Rotation

inertia is neglected. We use the following scheme to non-dimensionalize the equations

y=Y/L , a=X/L (5)
n=NL?/(EI) , m=ML/(EI (6)
t=T/7 , with7=L*/pA/(EI) (7)
Using (4), we isolate:
e =1n(ny cosf + n, sinf) (8)



Figure 1: Buckling of a clamped-clamped beam. Displacement are V =Y et U = X — S.

and we obtain

v = (14 n(ny cosd+ny sinf)) sind

¥ = (1+n(ng cosf +ny sinh)) cos

n; = 4

n, = @

0 = m

m/ (1 +n(ng cos® + ny sinh)) (ng sin —n, cosf)

where
1
= A

Boundary conditions read

y(s =0,t)=0
z(s=0,t)=0 x(s=1t)=1—d Vit
0(s=0,t)=0

2 Equilibrium and vibrations

2.1 Equilibrium

Equilibrium equations are :

yp = (1 +ep)sinfp , 2= 1+eg)costp
n;JE = 0 ? niEE = 0
0 =mg , mlp = (14 eg) (nyy, sinfg — nyp cosOg)

erp = n(ngg cosfp + nyg sinfg)

(11a)
(11b)
(11c)



2.2 Small amplitude vibrations around equilibrium
Solutions of (9) having the form:

x(s,t) = xp(s) + 6x(s)e™! with |dx(s)| << 1 Vs
5(s) + 0y(s)e™ with |dy(s)| << 1Vs
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fulfil the vibration equations

(5n; = —w?dy

onl, = —w?izx

09 = om

dm' = (1+eg)[0ngsinfg — dny,cosbp + 00 (nyg sin g + nyp cosbg)] +
de (nyE sinfg — nyg cosbg)

5y = (1+eg)cosfpdl+ de sinfp

§2' = —(1+eg)sinfp 0 + de cosOp

where e = 1 (nygsinfg + nyp cosfg) and

de =1 (onysinbg + on, cos O + 60 (nyg cos g — nypsinfg))

2.3 Boundary conditions

For equilibrium we have

ye(0)=0 yp(l)=0
zp(0)=0 zp(l)=1—-d
0p(0)=0  0gp(1)=0

while for vibrations, we have

(19a)
(19b)
(19¢)

(19d)
(19e)
(19f)
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(23a)
(23b)
(23¢)

System (19) is 6D, and we have an additional parameter w. With the six above conditions, we
have then 1D paths of solutions, but system (19) being linear, we may norm the initial conditions,

or just fix one of the initial conditions to 1:
3y"(0) =1

Only isolated solutions remain: the vibration modes.

(24)



3 Post-buckled equilibrium

We solve the equilibrium equations in the near post-buckling domain, for p just above py (po ~

472, see (35)). System (12)—(14) with n,g = 0 and n,, = —p boils down to
0% = —p sinfg + %an sin20p with 0g(0) =0=0g(1)
yp =sinfg — %npsin 20p with yg(0) =0=yg(1)
As mg(s) = —pyg(s) + cte, boundary conditions on yg(s) are equivalent to condition
mg(0) = 0p(0) = mp(1) = 05(1)
We introduce the series for 0g(s), yr(s), and p

HE(S) = 601(8) + 6262(8) + 6303(8) +0 (64)
ye(s) = eyi(s)+ €ya(s) + ys(s) + O ()
p = po+epr+ 62p2 + €3p3 +0 (64)

(25)

(26)

(27)

(28)
(29)
(30)

with € a small parameter measuring the ’distance’ from buckling. At each order, we extract
equations for 6;(s), yi(s), and p;. Boundary conditions have to be verified at all orders. In order

to fix a length scale for €, we use the norm condition:
1
e=—4 / ye(s) cos2msds
0

3.1 order ¢

We have to solve

yi = (L—npo)by with y1(0)=0=y(1)
0/ = —po(1—npo)h with 61(0)=0=6;(1)
Solutions are
po(l —mpo) = 4r?
|- /I= 167
bo =
2n
1
yi(s) = 5(1 — €08 27s)
01(s) = o sin 27s
47
Eq. (31) imposes A; = 2.

(31)



3.2 order ¢

At order 2, we have to solve

vh = (1—npo)be — lIPLBo sin(27s) with y2(0) =0 = y2(1)
2 _
0 = —4n® 0, — B —po)pr 47Tp OPL i 25 with 02(0) = 0 = (1)
Solutions are
o= 0
A
ya(s) = ﬂ(l —npo)(1 — cos 2ms)
O2(s) = Agsin2ws

and Eq. (31) imposes Az = 0.

3.3 order ¢

At order 3, equations are

y3 = (1—npo)bs — 1—T‘17]]9O (%)3 sin®(2ms) — 77]9(:72 sin(27s)
y3(0) = 0
ys(1) = 0
05 = —4r° 03+ 1)0(1_6477])0) (%)3 sin®(27rs) — Z%(l — 2n)po) sin 27s
65(0) = 0
f3(1) = 0

and Eq. (31) gives As. The solution is
P3(167* — 3po) (887 + po)

A
3 4915275 (872 — po)
Po(1— 4ipo) = 14 + 27% + O(n?)
b2 12872(872 — po) 2 RV
03(s) pa(1672 — 3po)[9672 sin(27s) — (872 — po) sin(67s)]
A 48 (47)5 (872 — po)
1672 — 3py .
ys(s) = pgw sin?(3ms)

3.4 order ¢

At this order, we find

ps = 0
ya(s) = 0
94(8) =0
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3.5 order €

We find

0 3pg + T20p3n? — 14528pint + 90112po7S — 18022478
0

= 56
s 128 (4m)6(—pg + 872)3 (56)
2176 378 9
1728‘1'777+0(77 ) (57)
3.6 Solution up to ¢*
3 2 2 2 .
Do . 3P (167 — 3pg)[967~ sin(27s) — (87 — po) sin(67s)] 4 5
0 = €-—sin2 0 @) 58
E(s) €5 Sin2ms 4 e 18- (dn)5 (822 — po) +0e*+ 0 (e) (58)
24 sin(2 — si in 2
Op(s) = emsin2ms[l + 472+ O(n?)] + €n° < sin 7T81)92 sin(6ms) nm? s1n2 =y 0(772)) +0e
+0 (€°) (59)
€ 5 21672 —3py . 4 5
yp(s) = 5(1 —cos2ms) + € Po—n96.2 St (37s) +0e* + O (€) (60)
2
yp(s) = %(1 — cos 2s) + € 76L4 [1- Am’n + O(n2)] sin?(37s) +0e* + O (65) (61)
3 2
2 Py(167~ — 3po) 3 4 5
= 0 62
4 po+€ 1287r2(87r2—p0)+ € +piet+0(€) (62)
4 21 6 8
p = 4n? + 167+ O(1?) + €2 (7; + 27%n + O(n2)> +0e + €t <127; + 3%77 + O(n2)) +0 () (63)
3pg + 720p3m? — 14528p2r* + 90112po7S — 18022478 2176 3x
o= PO S —, L= S+ T+ 00) (64)
128 (47)8(—po + 872)3 128 4
1—+/1—1672
P = T T = 4n® 4 167 + O () (65)

Maximal vertical deflection (at the mid span) take the value

51672 — 3pg 4

T
ye(1/2) = e+ pj 10964 € +O(65) =¢e+ [1 —477277+O(772)] 63+O(65) (66)

2
64
Current position zg(s) is found by integrating (1 + eg(s)) cosfg(s) with

2

coslp(s) = 1— Po sin?(27s)e? + 0 € + O(e?) (67)
3272
4 3
_ 2 po(1 — 4npo) Do .2 3 4
ep(s) = —npo—ne {128%2(8@ —po) 3202 sin“(27s) | +0€” + O(€”) (68)
Hence
2m(p3 + 4pom? — 6471) s + (872 — pg)? sin drs .
= s(1—npy) — € 0 06 + O (') (69
rp(s) = s(1—mp) ~ Epo T F0E 40 () (69)
4
zp(s) = [s—4n’ns+ O] + [;(sin Ars — 47s) — %sn + 0(772)] E€+03+0 (64) (70)

6



We note d 2 1 — (xg(1)—2zg(0)) = 1—2g(1) the end-shortening (longitudinal displacement),
and have
21 (p3 + 4pom? — 647?)
25673 (872 — po)

d = npo+ € po +0e34+0 (64) (71)

= [4rin+ 0] + 6212[1 +27°0 + O(n*)] + 0€° + O (¢') (72)

Going back to the longitudinal displacement u(s) & z(s) — s, von Karman kinematics writes

e(s) = u/(s) + (1/2) v"?(s), where vertical displacement is written v(s) def y(s). This kinematics
is not strictly verified:

1 1 .
ep(s) —ug(s) — 51}%(3) = énpgez sin?(27s) + 0€® + O(e?) (73)
or -
1
2'p(s) —1+np+ —yE(s) = T P02 sin?(27s) + 0€3 + O(e*) (74)

2 322
Von Karman differential equation for the vertical displacement is not even verified at order e

"

ya'(s) + peyk(s) = 2712771)36 cos(2ms) + 0e® + 0(63) (75)

4 Vibrations around an equilibrium solution
We set :

w = w+ewr + €ws + €ws + O () (76)
Sy(s) = Oyo+ edyr + €20yz + 25y + O (64) (77)

Same expansion for all the other variables dz(s), 660(s), ...
4.1 Restriction to the first vibration mode: wy; =0

order ¢

Equations are

Sz = ndnge with §z0(0) = 0 = dxo(1) (78a)
dnly = 0 (78Db)
0 = by, +4m2dy, with dyo(0) = dyo(1) = dyh(0) = dyh(1) =0 (78¢)
Solutions are
dzo(s) = 0 (79a)
(5nx0(s) = 0 (79b)
dyo(s) = Ap(1 — cos2ms) (79c¢)



which yields

21 Ag
00p(s) = sin 27s 80a
o(s) Tp— (80a)
47T2A0
omp(s) = cos 27s 80b
o) = Tt (801)
dngo(s) = 0 (80c¢)
The norm condition (24) implies
1
Ay = — 1
0="712 (81)
order €'
Equations are
5y = ndng — po _ 1= 2P0 sin? 27rs , with dz1(0) = 0 = dz1(1) (82a)
872(1 — mpo)
0 = by, +4n%6y, , with 5y1(0) = dy1(1) = 64 (0) = dy; (1) = 0 (82¢)
Longitudinal mode solutions are
1 —2npg sindms
o) =
x1(8) Po4— o 643 (83)
1—2npy 1
ong = 84
naals) = o (34)
(85)
Transverse variable:
0y1(s) = A1(1 — cos2ms) (86)
The norm condition (24) forces A; = 0. We then have
dyi1(s) =0 =601(s) = omi(s) = dnyi(s) (87)
order ¢?
For longitudinal variable, equations are
Sy = ndngs with dxo(0) = 0 = da(1) (88)
onl, = 0 (89)
The solution vanishes
oxa(s) = 0 (90a)
onge(s) = 0 (90Db)



For transverse variables, equations boils down to

"

0y, + 477251/2' + Acosbrs + Beos2ns+C =0
with 0y2(0) = dy2(1) = dy5(0) = dy(1) =0

27p} 3po
A=-"01(16-2]
128 ( -

p% p% + 4dpom? — 647t 4r2w?

~ 1672 4(po — 4m?) P2
C— _47‘(’20.)%
P}
Solution is

115271 Sya(s) = A —90B + 144Cn’s — 144C7?s? + 2887 K + 90B cos 27s —
288712 K cos 21s — A cos 6ms — 7207 sin 2s + 72B7s sin 27s
1+ 272(s — 1)s — cos 2ms + m(1 — 2s) sin 27s

6y2<3> = ( ) 9671'27] ( ) + 0(770)

Boundary conditions éy}(1) = 0 imposes B = 2C', which in return yields wy

9 pé(pg + dpom? — 6414)

YL 76874 (—po + 472)
which yields, with (65)
2 9 [ 1 2 ] 3/2
w1 = 2n? [ 4 n2 | + 0w
3" g VI
The norm condition (24) fixes
12C - A
K —
3272
order ¢
Solutions are
dxs(s) = % + ;;177:7 (=7 cosms + cos 3ms + 8m(1 — 2s) sin® Ts) + o(n°)
5 - Po =BT s s
ng3(s) = MNask ~ P0gag,6 Wi cosdms
Wy = 0

dy3(s) = 0 = 663(s) = dms(s) = dnys(s)

(91a)
(91Db)

(91c)
(91d)

(91e)

(96)

(97)

(98)

(99)
(100)



order ¢*

For the longitudinal variables, equations are

dz)y = mndngy with dz4(0) = 0 = dxy(1) (101)

The solution vanishes
oxg(s) = 0 (103a)
onza(s) = 0 (103b)

For the transverse variables, equations boils down to

"

dys + 47r25y2 + f(ws, s, 5%, sin(2,4, 67s), ssin(2, 4, 67s), cos(2, 4,6, 107s),...) = 0 (104a)
with 0y4(0) = dya(1) = dy4(0) = dy4(1) =0 (104b)

We find w3 by enforcing the condition dy}(1) =0

(%) &
w3 = —
3 dm/) 4147214 (po — 872) (po — 4n?)2wy

M = 9p§ —13680pgr* — 655367'2(—285 + 1672) + 2pom?(—87 + 167%) +
768paT® (399 4 167%) + 8192pom'°(—831 + 327?) — 32p3n®(—4233 + 1767%) (106)

(105)

which yields, for small n

o —21+27%  7t(141 — 1072)
w3 =T +
216+/613/2 216+/671/2

where we note that the first term is exactly the same as in the von Karman model.

+0(n'/?) (107)

4.2 General case, wy # 0

todo !
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