N

N

Exponential Input-to-State Stabilization of a Class of
Diagonal Boundary Control Systems with Delay
Boundary Control
Hugo Lhachemi, Robert Shorten, Christophe Prieur

» To cite this version:

Hugo Lhachemi, Robert Shorten, Christophe Prieur. Exponential Input-to-State Stabilization of a
Class of Diagonal Boundary Control Systems with Delay Boundary Control. Systems and Control
Letters, 2020, 138, pp.104651. 10.1016/j.sysconle.2020.104651 . hal-02956446

HAL Id: hal-02956446
https://hal.science/hal-02956446
Submitted on 2 Oct 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial - NoDerivatives 4.0
International License


https://hal.science/hal-02956446
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

Exponential Input-to-State Stabilization of a Class of Diagonal
Boundary Control Systems with Delay Boundary Control*

Hugo Lhachemi®*, Robert Shorten®” and Christophe Prieur®

“School of Electrical and Electronic Engineering, University College Dublin, Dublin 4, D04 VIWS, Ireland

bDyson School of Design Engineering, Imperial College London, London, U.K.

°CNRS, Grenoble-INP, GIPSA-Lab, Université Grenoble Alpes, 38000 Grenoble, France

ARTICLE INFO ABSTRACT

Keywords:
Infinite-dimensional systems
Riesz-spectral operator
Delay boundary control
Input-to-state stability
Fading Memory

This paper deals with the exponential input-to-state stabilization with respect to boundary disturbances
of a class of diagonal infinite-dimensional systems via delay boundary control. The considered input
delays are uncertain and time-varying. The proposed control strategy consists in a constant-delay
predictor feedback controller designed on a truncated finite-dimensional model capturing the unstable
modes of the original infinite-dimensional system. We show that the resulting closed-loop system is
exponential input-to-state stable with fading memory of both additive boundary input perturbations

and disturbances in the computation of the predictor feedback.

1. Introduction

Feedback stabilization of finite-dimensional systems in
the presence of input delays has been a very active research
topic during the past decades [1, 27]. Motivated by the delay
boundary control of Partial Differential Equations (PDEs),
the opportunity of extending this topic to infinite-dimensional
systems has recently attracted much attention [9, 29]. One of
the early contributions on input delayed unstable PDEs, re-
ported in [17], deals with a reaction-diffusion equation with
a controller designed by resorting to the backstepping tech-
nique. More recently, the opportunity to use a predictor feed-
back for the stabilization of a reaction-diffusion equation was
reported in [26]. The proposed control strategy, inspired by
the early works [6, 7, 28] dealing with delay-free boundary
feedback control, goes as follows. First, a finite-dimensional
truncated model capturing the unstable modes of the infinite-
dimensional system is obtained via spectral reduction. Then,
using the Artstein transformation for handling the input de-
lay, a predictor feedback is designed to stabilize the trun-
cated model. Finally, the stability of the closed-loop infinite-
dimensional system is assessed via a Lyapunov-based argu-
ment. This strategy was reused in [10] for the delay bound-
ary feedback stabilization of a linear Kuramoto-Sivashinsky
equation. This was then generalized to the boundary feed-
back stabilization of a class of diagonal infinite-dimensional
systems with delay boundary control for either a constant [18,
22] or a time-varying [19] input delay.

In this paper, we investigate the exponential input-to-
state stabilization with respect to boundary disturbances of
a class of diagonal infinite-dimensional systems via delay
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boundary control. In this setting, the considered input de-
lay is uncertain and time-varying. The main motivation in
achieving an input-to-state stabilization of the closed-loop
system relies in the fact that the Input-to-State Stability (ISS)
property, originally introduced by Sontag in [31], is one of
the main tools for assessing the robustness of a system with
respect to boundary disturbances. This property also plays a
key role in the establishment of small gain conditions for the
stability of interconnected systems [16]. Although the study
of ISS properties of finite-dimensional systems has been in-
tensively studied during the last three decades, its extension
to infinite-dimensional systems, and in particular with re-
spect to boundary disturbances, is more recent [4, 11, 12,
14, 15, 16, 20, 21, 23, 24, 25, 32, 33]. Moreover, most of
these results deal with the establishment of ISS properties for
open-loop stable distributed parameter systems. The litera-
ture regarding the input-to-state stabilization of open-loop
unstable infinite-dimensional systems is less developed.
The present paper extends the results reported in [18,
19] regarding the use of a constant-delay predictor feedback
for the delayed boundary stabilization of a class of diagonal
infinite-dimensional systems. The validity of such an ap-
proach was first assessed in [ 18] for a constant and known in-
put delay and then in [19] for an unknown and time-varying
input delay via Lyapunov-based arguments. While such an
approach allows the derivation of an ISS estimate with re-
spect to distributed disturbances [18], it fails in the estab-
lishement of an ISS estimate, in strict form!, with respect
to boundary disturbances. In this paper, under the assump-
tion of a sectorial condition on the eigenvalues correspond-
ing to the modes which are not captured by the truncated
model used for the design of the predictor feedback, we show
that the resulting infinite-dimensional closed-loop system is
exponential ISS with fading memory [16] of the boundary

"More precisely, this approach only allows the derivation of an ISS
estimate with respect to both the boundary perturbation and its time deriva-
tive, but not an ISS estimate in strict form, i.e., with respect to the only
magnitude of the boundary perturbation.
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disturbances for small variations of the time-varying delay
around its nominal value. The adopted approach relies first
on the extension of a small gain argument reported in [13] in
order to establish the ISS property of the closed-loop trun-
cated model, and then on the method reported in [21] for
the establishment of ISS estimates with respect to boundary
disturbances for diagonal infinite-dimensional systems.

This paper is organized as follows. The investigated con-
trol problem, the proposed control strategy, and the main re-
sult of this paper are introduced in Section 2. In Section 3 is
reported the stability analysis of the finite-dimensional trun-
cated model. Then, the proof of the main result of this paper,
namely the ISS property of the resulting closed-loop infinite-
dimensional system, is presented in Section 4. The relax-
ation of the assumed regularity assumptions for the bound-
ary disturbances is discussed in Section 5. Finally, conclud-
ing remarks are formulated in Section 6.

2. Problem setting and main result

The sets of non-negative integers, positive integers, real,
non-negative real, positive real, and complex numbers are
denoted by N, N*, R, R, Rj‘r, and C, respectively. All the
finite-dimensional spaces R? are endowed with the usual eu-
clidean inner product (x,y) = x'y and the associated 2-
norm ||x|| = v/(x,x) = VxTx. For any matrix M € R4,
|| M || stands for the induced norm of M associated with the
above 2-norms. For any t, > 0, we say that ¢ € CO(R; R)
is a transition signal over [0,1,]if 0 < @ < 1, (pl(_oo’()] =0,
and (p|[to’+m) =1.

2.1. Preliminary definitions
Throughout the paper, (H, (-, -)z) denotes a separable
Hilbert space over the field K which is either R or C.

Definition 1 (Boundary control system [8]). Consider the
abstract system taking the form:

Cil—)f(t) =AX(@), t20

BX (1) = v(®), t>0 9]
X(0) =X,
with A D(A) ¢ H — H an (unbounded) operator,

B : D(B) ¢ H - K™ with D(A) C D(B) the bound-
ary operator, and v : R, — K" a boundary input. We say
that (A, B) is a boundary control system if

1. the disturbance-free operator A, defined on the do-
main D(Ag) £ D(A) Nker(B) by Ay & Alpy,) is
the generator of a Cy-semigroup .S on H;

2. there exists a bounded operator B € L(K™, H), called
a lifting operator, such that R(B) C¢ D(A), AB €
LK™, H), and BB = In.

Definition 2 (Riesz spectral operator [8]). Letalinear and
closed operator A : D(Ay) C H — H with simple eigen-
values 4, and corresponding eigenvectors ¢, € D(Ag), n €
N*. A, is a Riesz-spectral operator if

1. {d),,, ne N*} is a Riesz basis [5]:

@ {¢,. n € N*} is maximal, i.e., spany ¢, = H;
neN*
(b) there exist constants mp, Mg € Rfr such that,

forall N e N*and all f,...,ay €K,
N
< Mg Y e, @

N N 2
2
mg Xl * < || Y @,
n=1 n=1 H n=1

2. the closure of {4,, n € N*} is totally disconnected,
i.e. for any distinct a,b € {4,, n € N*}, [a,b] ¢
{A,, n e N*}.

Remark 1. Let {1//,,, ne N*} be the biorthogonal sequence
associated with {¢,,, n € N*},i.e., (¢, w,,)3 = 8,,»- Then
y,, is an eigenvector of the adjoiont operator A(”; associated

with 4,. Moreover, the following series expansion holds:

VZEM, z= ) (zw,)y b, 3)

n>1

2.2. Problem and proposed control strategy

Let Dy > 0 and 6 € (0, Dy) be given. We consider the
abstract boundary control system (1) for which the boundary
input v takes the form:

o(t) = u(t — D(1)) + d; (1) “

for all + > 0 with d; R, — K" a boundary distur-

bance, u : [-Dy — 6,4+00) — K" the boundary control
with ”|l—Do—5,0J =0,and D : R, = [Dy—6,Dy+ 6] a
time-varying delay.

Assumption 1. The disturbance-free operator A is a Riesz
spectral operator.

Then, the Cy-semigroup generated by A, is given by
VzeH, Vi>20, S®Wz=) e (zy)yd, ()
n>1
Assumption 2. There exist Ny € N* and a € R such that
1. Rei, < —aforalln> Ny+1;

2. 82 sup

n>Ny+1

n

Re 4,

<

Remark 2. If the first point of Assumption 2 holds, the sec-
ond point £ < oo is equivalent to the existence of a constant
f > Osuchthat |[ImA,| < f|ReA,|foralln > Ny+ 1.

The boundary feedback stabilization problem of the con-
sidered system was solved in [19] in the disturbance-free
case by designing a constant-delay predictor feedback on a
finite dimensional truncated model capturing the unstable
modes of the infinite-dimensional system. In this paper, we
go beyond the result reported in [19] by considering the im-
pact of boundary disturbances while relaxing the assumed
regularity properties and compatibility conditions. Specif-
ically, assuming that the control input” u, the time-varying

2The construction of the control law must ensure this property.
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delay D, and the boundary disturbance d; are of class C 1
then, for any given initial condition X, € H, we can intro-
duce X € CO%R,; H) defined for all r > 0 by

X(t) = St){Xy— Bv(0)} + Bu(z) 6)
t
+ / St —s){ABv(s) — Bo(s)} ds
0

as the unique mild solution of (1), with control input v given
by (4), associated with (D, X, d;). We introduce the series
expansion X (1) = Y, ¢,(D¢g, with ¢,(1) £ (X (1), y,)
the coefficient of projection of the system trajectory X () into
the Riesz basis {d)n, ne N*}. The use of (6), combined
with (3) and (5), and an integration by parts, show that c,
statisfies

¢, (t) = e*'c,(0) @)

t
+ / D {(ABU(T). Wy )3y = A (BU(D), W)y } d
0

forall > 0. Thusc, € Cl(R+; K) and satisfies for all # > 0
the following ODE (see also [21]):

En(1) = Ay () = Ay (BU() W)y + (ABUDL W)y . (8)

Let £ = (e, ey, ..., e,) be the canonical basis of K”. Then,
introducing® b, £ —4,(Be,w,)y + (ABey,w,)y, we
obtain that

Y (1) = Ay, Y () + By, v(0)

= Ay, Y (0) + By {u(t = D)) + d, (1)} ®
with
Y() = [e,() en, )" € KM, (10)
and the matrices Ay = diag(4,...,4y) € KNoXNo and

By, = by 1<n<Ng 1<ksm € [KNoxm,
Assumption 3. (Ay, , By, ) is stabilizable.

Under Assumption 3, one can design a predictor feed-
back achieving the stabilization of the truncated model (9).
Then, following [19], such a predictor feedback can be suc-
cessfully applied to the original infinite-dimensional system.
Specifically, let ty, Dy > 0 and 6 € (0, D) be given. We
consider a given transition signal* ¢ € C!(R; R) over [0, #,].
We assume that D € C'(R,;R) with |D — Dy| < 6. The
closed-loop system dynamics takes the following form:

X = axo), (11a)
BX (1) = v(t) = u(t — D)) + d, (1), (11b)
u(t) = (p(t){ KY(t) + do (1) (11c)

3Note that the quantity b, is independent of the specifically selected
lifting operator B associated with (A, B), see [18].
“4See the notation section at the beginning of Section 2.

t
+K / e(l—s—Do)ANO BNou(s) ds } s
max(t—D,0)

X(0) = X, (11d)
for any + > 0. Function Y is defined by (10). The feed-
back gain K € K™No is selected such that A, = Ay, +
e PoAng By, K is Hurwitz. Functions dy,d; @ R, — K"
represent boundary disturbances.

Remark 3. While disturbance d; represents an additive dis-
turbance in the application of the delayed boundary control
u, disturbance d, gathers uncertainties of either/both the out-
put measurement Y or/and the computation of the control
law u that is solution of a "fixed point implicit equality" in-
volving an integral term [3].

2.3. Well-posedness in terms of mild solutions

In the first part of this paper, we consider the following
concept of mild solutions for the closed-loop system dynam-
ics.

Definition 3. Let (A, 3) be an abstract boundary control sys-
tem such that Assumption 1 holds. Let t;, Dy > 0, 6 €
(0, Dy), a transition signal ¢ € CI(R; R) over [0, 1y], and
K € K™PNo be arbitrary. For a time-varying delay D €
Cl(R+; R) with | D — D,| < 4, an initial condition X, € H,
and boundary perturbations d;,d, € C IR + K'™), we say
that (X, u) € CO([R{+; H)XC'([=Dy— 8, +00); K™) is a mild
solution of (11a-11d) associated with (D, X, d,d,)if 1) (6)
holds for all # > 0 with v given by (4); 2) u satisfies (11c) for
allt > —D, — 6 with Y defined by (10).

The following lemma, whose proof is placed in appendix,
assesses the well-posedness of the closed-loop system (11a-
11d) in terms of mild solutions.

Lemma 1. For any D € C'(R,;R) with |D — Dy| < 6,
Xy € H, and d,,d, € C(R,;K™), the closed-loop system
(11a-11d) admits a unique mild solution (X, u) € CO([R+; H)x
CY([-Dy — 8, +00); K™) associated with (D, X, dy, dy).

Remark 4. If we assume the stronger regularity assump-
tions @ € C*(R;R), D € C>(R,;R), dy,d, € C}(R,; K™),
and X, € D(A) such that BX, = d,(0), it can be shown
that the mild solution is actually a classical solution.

2.4. Main stability result

The stability of the closed-loop system (11a-11d) in the
disturbance free case (i.e., for d; = d, = 0) was assessed
in [18, 22] for a constant delay D(¢) = Dy and in [19] for an
uncertain and time-varying delay D(¢). The objective of this
paper is to study the impact of the boundary disturbances d,
and d, on the system trajectories. More precisely, we derive
the following result.

Theorem 2. Let (A, B) be an abstract boundary control sys-
tem such that Assumptions 1, 2, and 3 hold. Let ¢ € C'(R;R)
be a transition signal over [0, ty] for some to > 0. Let Dy > 0

H. Lhachemi et al.: Preprint submitted to Elsevier
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and K € K™No be such that A, = Ay, + e Do By, K
is Hurwitz. Let 6 € (0, D) be such that

M, || By K|| [el4all? — e=4] < 4, (12)
where A > 0 and M, > 1 are such that ||efa’|| < M e=*
for allt > 0. Then, there exist k € (0,a) and Ei > 0,
1 <i <6, such that, forany D € CI(R+; R) with |D—D,| <
0, Xo € H, and d|,d, € CI(R+;K"'), the mild solution
(X,u) € COR,; H)XC([-Dy— 8, +00); K™) of the closed-
loop system (11a-11d) associated with (D, X, d, dy) satis-
fies

X0l < Cre™ [ Xolly + C, sup e ||d, ()|
7€[0,1]

(13)
+ 63 sup
7€[0,max(t—(Dy—5),0)]

e dy (@)

and
lu@®ll < C4e™ | Xgll + Cs sup e Nd (D)l (14)
7€[0,1]

+Cg sup e ld,y ().
7€[0,1]

forallt > 0.

The next two sections are devoted to the proof of Theo-
rem 2. The extension of this result to continuous boundary
disturbances d;, d, is discussed in Section 5.

Remark 5. It is interesting to note that Theorem 2, involv-
ing the assumption § < 400, does not introduce any con-
straint on the amplitude of variation of the time derivative D
of the input delay D. This is in contrast with the result re-
ported in [19] for the disturbance-free case (i.e., d| = d, =
0), which allows & = +o00 but where the constant of the ex-
ponential stability property is a strictly increasing function,
going to +co at +0o0, of the supremum of | D|. The occurence
of a D term in the proof of the result reported in [19] is due to
the use of a Lyapunov-based argument. As discussed in the
sequel of this paper, the assumption & < +oco allows a proof
of Theorem 2 that does not rely on such a Lyapunov-based
argument.

3. Exponential ISS of the truncated model

In this section, we study the ISS property of the finite
dimensional truncated model. We refer the reader to [30] for
classical results about the establishment of ISS properties.

3.1. Preliminary lemma

We need the following preliminary lemma which is a dis-
turbed version of the disturbance-free version (p = 0) re-
ported in [13, Th. 2.5].

5Such a § > 0 always exists by a continuity argument in § = 0.

Lemma 3. Let A € K™ be Hurwitz, C € K™" andr > 0.
Let € € (0,r) be such that

M,||C|| [elle — =] < 2, (15)
where A > 0 and M, > 1 are such that ||e?"|| < M e=* for
allt > 0. Then, there exist 6, N > 0 and M > 1 such that,
forany d € CO([R+;[R) with |d| £ 1, any p,q € CO(R+;[K)
with |q| < 1, and any x(, € CO([—r—¢,0]; K"), the trajectory
of
x(t) = Ax(t) + q()C [x(t — r — ed(t)) — x(t — )] + p(t)
(16a)

x(t) =xp(r), -r—e<7<0 (16b)

fort > 0 satisfies

lx(®)Il < Me™" sup

7€[—r—e,0]

Ixo(DII+N sup e =D Ip(0)||
7€[0,1]

17)
forallt > 0.

PROOF. As the case C = 0 is straightforward, we assume
in the sequel that C # 0. The first part of the proof follows
the one in [ 13] while considering the impact of the disturbing
term p. We define, forallz > 0, v(t) = x(t—r—ed(t)) —x(t—
r). Let o € (0, A) be arbitrary, and which will be specified
in the sequel. Asin [13], we consider the cases d(¢) < 0 and
d(t) > 0 separately. In the case d(t) < 0, we have by direct
integration of (16a) that, for all 7 > r,

o(t) = 74O — 1| x(t = r)

t—r—ed(t)
+ / A== [g(1)Cu(x) + p(v)] de
t—r

because t—r—ed(t) > t—r > 0. Noting that ||e =490 —T || <
IAle _ 1
e 5

t—r—ed(t)
/ eA(t—r—ed(t)—T)q(T)CU(T) dT
t

—r

t—r—ed(t)
< M,||C|| / e~ Mimr=ed®=1) |1 (7)|| dr
t—r

t—r—ed(t)
< M,||Cle”Hmrmed®) / 47 x &7 ||u(2)|| dr
t—r
o 1 — e(A—0)ed(®)
< My|IClle?¢ e A" sup ()|
A—o TE[t—rt—r+e)
1= —(A—o0)e
< M|IC|e "N sup Tl

A—o

T€[t—rt—r+e]

where it has been used that —1 < d(¢) < 0, and, similarly,

t—r—ed(t)
/ eA(Z‘—r—ed(t)—T)p(T) dr
t—r

—o(t—r) 1 - e—(i—o‘)e
A—o

< M,e sup e”"[Ip(o)ll,

TE€[t—r,t—r+e€]

H. Lhachemi et al.: Preprint submitted to Elsevier
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we obtain that, for all t > r such that d(¢) <0,

@l < [elle = 1] 7 x e |1x(t = )| (18)
M,llC o'r1 — e—(ﬁ—o‘)e oT
+ M;|IClle sup e’ lo(@)l
A—oc TE[t—rt—r+e€)
or 1- e—(i—o‘)e oT
M sup (]

TE[t—r,t—r+€]
Now, in the case d(¢) > 0, we have by direct integration of

(16a) that, for all t > r + €,

v(®) = = [0 — 1] x(t — r — ed (1))

t—r
- / A=) [g(2)Co(z) + p(r)] de
t—r—ed(t)

because t —r > t—r—ed(t) > t—r —¢e > 0. Then, we
deduce that, for all # > r + ¢ such that d(r) > 0,

ol

< [ellAlle — 1] &0+ x U= 4D |Ix(t — r — ed ()| (19)
e—(/l—a)e

"ol

sup
T€[t—r—e,t—r]

e lp@l.

+ MyClle” 1=

sup
TE[t—r—€,t—r]

Combining (18-19), we obtain that, for all > r + e,

sup el

TE€[r+e,t]

< [e||A||e _ 1] eo‘(r+€) sup
7€[0,t—r]
—(A—0)e

e |Ix(o)|

(20)

o 1 - oT
+ M,IClle”” sup  e”F[u(D)]]

A—o 7€[0,t—r+e€]

sup e lp(o)]l.

7€[0,t—r+¢€]
Now, integrating (16a) over [0, ], we obtain for all # > 0,
t
x(t) = eA'x(0) + / AU [q(0)Cu(z) + p(1)] dr.
0

As x(0) = x(0), straightforward estimations show that, for
alltr >0,

M,||C|]

sup e”"Ix(o)ll < M, llxo (O]l +
e0.1]

sup e lo()l
z€[0.1]

+

Sup] e lp(o)ll. 2L

7€[0,t

From (20-21), we deduce that, forall t > r + ¢,

sup e [lu(r)l| < M et [el Al — 1] [1xo0)]|
TE€[r+e.t]
+46 sup e’ lu(o)]|
7€[0,t—r+€]

+—= sup e”F|p(D.
”C” 7€[0,1—r+e€]

where

lelClle
A—o

5 A o [eoe(eMANe — 1) 4+ 1 — e=mo)]

From the small gain assumption (15) and a continuity argu-
ment in ¢ = 0, we select c € (0, 4) such that 6 < 1. We
deduce that, for all r > 0,

M/leg(H-g) [ellAlle _ 1]

sup e’ oD < (1% (0|
7€[0,1] 1-6
+ sup e Tllu()]|
7€[0,r+€]
+ 2 s Il
”C“(l - 6) 7€[0,t—r+e€] '
Using (21), we obtain that, for all # > 0,
sup e’ |[x(7)||
7€[0,1]
u | M}L”C”ea(r+e) [e||A||€ _ 1] 0 -
< +
<M, 5G9 X1 (22)
M, ||C
+ # e lo@)|
— 0 zg[0,r+¢]

+ ./ — sup e”"||p(o)l|
(I =06)(A—0) rep04
It remains now to evaluate sup
7€[0,r+€]
note from the definition of v that

e°7||lv(7)||. To do so, we

sup  e”Fllu(o)l

7€[0,r+€]

S2e"(’+€)< sup  |lxp(o)Il + sup IIX(T)H). (23)
T€[—r—e,0] 7€[0,2¢]

Introducing V (¢) = ||x(¢)||? /2, the evaluation of V" via (16a),
the use of Young’s inequality, and recursive estimations over
time intervals of finite length r — e > 0 show the existence of
constants yg,y; > 0, which only depend on A, C, r, €, such
that

e |lp()l.

(24)

sup
r€[0,2¢]

Ix(@Il <vo  sup

7€[—r—e¢,0]

Ixo(2)Il +7, sup

7€[0,2¢]

Combining (22-24), we deduce the existence of constants
M > 1and N > 0 such that, for all ¢+ > 0,

sup €7 [|lx(7)|l
7€[0,1]

<M sup

7€[—r—e¢,0]

Ixo@ll + N sup

7€[0,max(t,2¢)]

e llp(@ll. (25)

To conclude, it remains to show that sup

e’ |l p()ll
7€[0,max(t,2¢)]
can be replaced by sup e°7||p(z)|| in (25). This is obvi-
7€[0,1]

ously true for t > 2e, as ’well ast = 0 because M > 1. Thus,
we focus on the case 0 < t < 2¢. Let T € (0, 2¢) be arbi-

trary. Let ¢, € COR,;R) with 0 < ¢, < 1, Caljory =1
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and Cn|[T+(2€_T)/n’+oo) =0forn > 1. We define p, = ¢,p €
CO(R+; K) and we denote by x,, the solution of (16a-16b) as-
sociated with the initial condition x and the disturbance p,,.
As p,(t) = p(t) forall 0 < ¢t < T, we obtain that x,,(t) = x(¢)
for all 0 < ¢t < T. Therefore, we obtain by applying (25) to
x, attime t =T that, foralln > 1,

sup e ||x(7)]|

7€[0,T]

<M sup lxg@I+N sup e’F|ip, (o)l
7€[—r—e,0] 7€[0,2¢]

— M sup |lxp(@D|l+ N sup eF||p(2)ll,

n=+00 re(r—e,0] 7€[0,T]

where the limit holds by a continuity argument. Thus, the
claimed estimate (17) holds.

3.2. Study of the truncated model
We apply the result of Lemma 3 to the study of the finite-
dimensional truncated model composed of (9) and (11c).

Lemma 4. Under the assumptions of Theorem 2, there ex-
ist o, Cl,CQ,C3,E4,65,EG > 0 such that, for any D €
C'(R,;R) with |D — Dy| < 6, Xy € H, and d,,d, €
CY(R,;K™), Y defined by (10), where X € CO(R,;H) is
the mild solution of the closed-loop system (11a-11d) asso-
ciated with (D, X, dy, d,), satisfies

YOIl < Cre™ | Xl + Cy sup e 2ldi ()]l (26)
7€[0,1]

+ G sup e oD dy (7))l

7€[0,max(t—(Dy—5),0)]

for allt > 0. Furthermore, the control law u satisfies (14)
with k = o forallt > 0.

PROOF. Let 6 € (0, Dy) satisfying the small gain condition
(12) be given. Let 6, N > 0 and M > 1 be the constants
provided by Lemma 3 for A = A, C = By K, q=1,r =
Dy, and € = 5. We introduce the Artstein transformation [1,
27] by defining, for all # > 0,

t

Z()=Y({) +/

e(t—D()—S)ANO BNOM(S) ds. 27)
f—DO

As u(r) = 0 for ¢ < 0, we obtain that u = @K Z + @d,.

Taking the time derivative, (9) yields for all # > 0

(1) = {A N, + @(De 20N B NOK} Z(@) (28)
+ By, K {[9Z]( = D)) — [@Z](t — Do)}
+ By,d, (1) + (e 20" By, dr (1)

+ By, {[9d,1(t = D(1) = [@0d,]( = Dy) } .

We first study the case t > t; £ t,+ Dy + 6. We have for
all t > ¢t that p(t) = @(t — Dy) = @(t — D(t)) = 1 and thus

Z(@t)= A Z(t) + By, K {Z@- D) - Z(t - Dy}

+ By, dy(0) + ¢ PN By dy(1)

+ By, {dy(t = D(1)) = dy(t = Dy) } -

Consequently, it follows from (17) that, for all > ¢,

1 Z®| 29)
< Me™ o) sup || Z(0)||+ Ny sup e °U9|\d,(0)]]
TE€[1),11] TE[t),t]
+ N, sup e dy(o)ll,
TE[t(,t]

with N| = N||BN0|| and
N,=N _DOANOB B oDy (08 4 1
2 le Noll + 1By, 1e”P0(e” + 1)}

We now study the case 0 < ¢t < ¢;. Introducing W (t) =
| Z(#)|% /2, the evaluation of W via (28), the use of Young’s
inequality, and recursive estimations over time intervals of
finite length Dy — 6 > 0 show the existence of y,, 1,7, > 0,
which only depend of A No» B No» K, Dy, 4,1y, such that

IZON < 7™ IY Ol + 7y sup el @) (30)

7€[0,7]
+7, sup e UD||dy(2)],
7€[0,1]

for all 0 < t < t;, where it has been used Z(0) = Y (0).
Thus, combining (29-30), we obtain that, for all # > 0,

IZOI < r3e” 1Y Ol + 74 sup e ld (o)l (31)
7€[0,1]
+7s sup e "I d,y ()|

7€[0,1]

withyy = Me®1y), 7y = Me®ty +Ny,andys = Me®"1y,+
N,. Fromu = ¢KZ + ¢d, and (2), we deduce that (14)
holds for k = ¢ with C, = ||K||y3/+/mg, Cs = ||K]||y4, and

66 = ||K|lys+1. Now, using estimates (2), (14) withk = o,
and (31) into (27) and the fact that, fori € {1,2},

t
/ sup e U7\ d,(7)| ds
m.

ax(t—Dy,0) 7€[0,s]

< Dye sup e 0||d (o),
7€[0,1]

we obtain that

1Yl < Cre™ 1 Xplly + Cy sup e Plldy (o)l (32)

7€[0,1]

+C; sup e UD|dy(7)||
7€[0,1]

for all > 0, with
Dy(c+]|A =

C1 = y3/\fmg + VN B IC /6,

Do(c+]|A =
C2 — Y4 +D0€ 0(0' || N0||)”BN0”C5’

Dy(c+]|A =
Cs =15+ Doe ™" 1A% V| By I1C.
To conclude the proof, it remains to show that we can sub-

stitute in estimate (32) the term sup e~°"~?||d,(z)|| by the
7€[0.1]
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term sup e°0=9|\d,(7)||. Todoso,letT > 0

7€[0,max(1—(Dy—6),0)]

be arbitrary. Let ¢, € C'(R; R) with 0 < ¢, < 1 be such that
€n|(—oo,T—(D0—5)] =l and C’l|[T—(DO—5)+(D0—5)/H,+OO] = 0 for
n > 1. Then we define d, , = ¢,d, € C'(R;K™). Thus we
can introduce (X, u,) the mild solution of (11a-11d) associ-
ated with (D, X, d;, d, ). From [18, Lem. 5.3] (see also [3]
in the case ¢ = 1), it can be seen that X |(g 7] = Xn | (0.7) and
Ul(—py—5.T—(Dy—5)] = Un| [ Dy—5,7—(Dy—3) APPlying the ISS
estimate (32) at time ¢t = T to X, for any n > 1, we obtain
that

Y (D)l
< Ce™ | Xglly + C, sup e *T0||d, ()]
7€[0,T]
+C; sup e T 0|0, (0)dy ().

7€[0,T]

By letting n — 400, a continuity argument shows that (26)
holds at time t = T. As T > 0 is arbitrary, this concludes
the proof.

4. Exponential ISS of the infinite-dimensional
system
This section is devoted to the proof of the main result of

this paper: namely, Theorem 2. Let ¢ > 0 be provided by
Lemma 4. Let 0 < k¥ < min(a, ¢) be given and define € =

k/a € (0,1). First, we infer from & = sup < 00

n>Ng+1 Rel
that the following estimate holds true for all n > Ny + 1

b | A Re 4,
ReA,+ x| |Red,|” |Red, +«
<g|l—=2 | <% (33)
—a+ kK a—K

where we have used the facts thatRe 4, < —a < —x < 0 and
the function x — x/(x+x) is positive and strictly increasing
for x € (—o0, —k). Now, from the integral expression (7) of
the coefficient of projection ¢, and using the definition of the
boundary input (4), we have for all t > 0

le, @)
< R, (0)] G4

t
+ |4, / eRe =D (Bu(r — D(2)),w, )y | d7
0
t
+ / eReMU=D [ ( ABu(t — D(1)), 9, )5, | dz
0
t
+ |4, / R (Bd, (1), y,) | dT
0

t
.\ / ReMID | (ABd| (), y,), | dr.
0

We now evaluate the different terms on the right hand side
of (34). Denoting by ey, ...,e,, the canonical basis of K",

we have d| (1) = Z dy (e, with dy ; () € K. Then, noting

that |d ,(1)| < ||d1(t)|| we have foralln > Ny+1andz >0
t
| 4] / ReMU=D | (Bd, (7), w, )y | dT
0

m t
< 1Al ) 1{Begw, )y | / eReM=D | 1dy ()| de
k=1 0

n t
1- _
<14l Y 1(Bewwi)y |/ =R A, (=) 4
k=1 0

x sup e ReA=D 14, (o)

7€[0,1]

1| _
T |red vabu| sup eIl @
< Z|<Bekw> | sup e Idy @)l (35)
= a—x n/'H

7€[0,1]

Similarly, we have foralln > Ny +1andz >0

t
eReM= | ( ABd, (1), W)y | dz

m
1
< | (ABe, w,)y | sup e D|ld ()]l (36)
a—K]; k>¥YnlH e[0] 1

We now estimate the two remaining integral terms involving
the control input u on the right-hand side of (34). We note
that these two integrals are null for ¢t < Dy—6 because u(zr) =
0 for 7 < 0. Thus we focus on the case t > D — 6. First, we
evaluate the following integral:

t
1,1 = / e Re4T|lu(z — D(7))|| dr
0

t
=/0 R 1 im0y (Dllu(z — D)l de

fort > Dy — 6. To do so, we note that

t
/ e Ry D0y @) sup e PO 4 (5| dr
0 s€[0,7—D(7)]

X (Do+6)

< e—(Re ApFit
= Re A, +«|

sup  e®ldy(s)ll.
5€[0,t~(Dy—5)]

Therefore, recalling that 0 < k < o, the use of (14) provided
by Lemma 4 yields

o< (Do+6)

It ——Re/lnl‘At
()_|Re/1+ | ®

with

A = Cue™ | Xollz +Cs  sup eI ld (s)|
S€[0,t—(Dy—0)]

K= dy ()]

+ C sup
s€[0,1—(Dy—5)]
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With u(t) = Y ug(t)e, where u,(t) € K, we have that
k=1

lup ()] < |lu(®)|| for all 1 < k < m. Recalling that Re 4, <

—a < —k < Oforany n > Nj + 1, we obtain that, for all

n> Ng+landt> Dy -9,

t
| 4] / eRe =D (Bu(r — D(1)),w, )y | d7
0

m
< 1Al Y 1(Bej wy )y 1€Re M T, (1)
k=1

k(Dg+8) M

S [ Be i) 1A0) 37
k=1

ad—K

and

t
/ eRe =D (ABu(t — D(7)), y,,)5 | dz
0

< DV I(ABeg )y [T, (1)

k=1
K(Dg+8)

2 1 (ABew, )y 1AQ). (38)
a— K =1

Based on (35-38), we deduce from (34), Young’s inequal-

Ny
ity, and the fact ||Y(0)]|> = Y |c,(0)|? that, for all > 0,

n=1

Y e, < Cre™IXoli5, + €, sup e dy (o))

7€[0,]

e =D dy (7)]|?,

n>Ny+1
+ 63 sup
7€[0,max(t—(Dy—5),0)]

(39)

where constants C; are given by

m m
Co= a8 ) | Berll3, + D I ABe 1%,

k=1 k=1

. 4 2m6ie2K(D0+5) i

G=—|1+—%+ 61|,
mpg (@ —K)?

i 8m6§ 2Dy +d)

3= 0-

mp(a — k)2

Consequently, as

IXOlly < [Mg Y, le, 01

n>1

S VMYl +

j

PIRIHGIS

n>Ny+1

we obtain from (26) and (39) that the ISS estimate (13) holds
witha =4/ Mp <Ci + \/éi>, 1 <i < 3, which concludes
the proof.

5. Extension of the main result to continuous
boundary perturbations

The result stated in Theorem 2 deals with mild solutions
associated with continuously differentiable boundary distur-
bances. However, as shown in [21], the satisfaction of an
ISS estimate, combined with the introduction of a proper
concept of weak solutions, can be employed to easily extend
the obtained ISS estimate to boundary disturbances exhibit-
ing relaxed regularity assumptions. Such a concept of weak
solutions extends to abstract boundary control systems the
concept of weak solutions originally introduced for infinite-
dimensional nonhomogeneous Cauchy problems in [2] and
further investigated in [8, Def. 3.1.6, Thm. 3.1.7, A.5.29] un-
der a variational from. In this context and adopting the ap-
proach reported in [21], we introduce the following concept
of weak solution for the closed-loop dynamics (11a-11d).

Definition 4. Let (A, 3) be an abstract boundary control sys-
tem such that Assumption 1 holds. Let t;, Dy > 0, 6 €
(0, Dyy), a transition signal ¢ € C L(R; R) over [0, tp), and
K € K™™No be arbitrary. For a time-varying delay D €
CI(R+; R) with | D — Dy| < 6, an initial condition X, € H,
and boundary perturbations d,d, € CO(R + K™), we say
that (X,u) € COR,;H) x CO(R,;K™) is a weak solution
of the abstract boundary control system (11a-11d) associ-
ated with (D, X,,d;,d,) if for any T > 0 and any z €
co([0,T1; D(A;))nc1 ([0, T'1; H) with® Ajz € cO([0, T1; H)
and z(T') = 0, we have:

T " dz
(0. 45200+ T0) ar
0
= — (X, 2(0))4, 41)

T
+ /O (Bu(t = D) + dy(1)), Agz(1) ), dt

T
- /O (AB(u(t — D)) + d (1)), z(1))4, 1,

with B an arbitrarily given lifting operator associated with
(A, B) and where the control input u satisfies u||_p _s o) = 0
and, forall t > 0,

u(t) = (p(t){KY(t) + dy(1) (42)
t
+ K/ e(l—S—DO)ANO BNO”(S) ds
max(t—Dy,0)
with Y defined by (10).

6Such a function z is called a test function over [0, T'].

H. Lhachemi et al.: Preprint submitted to Elsevier

Page 8 of 11



Short Title of the Article

In particular, using the definition of the mild solutions
(6) into the left hand side of (41), it is easy to show based
on an integration by parts, the basic properties of the Cy-
semigroups, and the fundamental theorem of calculus that
any mild solution is also a weak solution.

Remark 6. Following [21, Sec. 4], we have the following
facts.

e Definition 4 is independent of a specifically selected
lifting operator in the sense that the right hand side of
(41) is unchanged when switching between different
lifting operators B associated with (A, 13).

e X is the initial condition of the weak solution in the
sense that if (X,u) € CO(R;H) x COR,;K™) is a
weak solution associated with (D, X, d,d,) € H X
CO(IR+; K™) x CO(IR+; K"™) of the abstract boundary
control system (11a-11d), then X (0) = X|,.

We first state a preliminary result about the uniqueness
of the weak solutions for the studied problem.

Lemma 5. For any D € C'(R,;R) with |D — Dy| < 6,
Xy € H, and d\,d, € CO(R_; K™), there exists at most one
weak solution (X ,u) € CO(IR+; H)x CO(R+; K™) associated
with (D, X, d, d) of the closed-loop system (11a-11d).

PROOF. By linearity, it is sufficient to show that if (X, u) €
COR,; H) X COR,,; K™) satisfies

4 dz
/0 (X, A5z + 5@))}[ dr
T
=/ (Bu(t—D(t)),ASz(t))Hdt
0

T
_ / (ABu(t — D(1)), z(t)) 4 dt
0

for all T > 0 and for all test function z over [0,T] with
u|[_D0_5,O] = 0 and

t
u(t) = p(OK { Y1) + / 7PN B u(s) ds
max(t—Dy,0)

forallt > 0, then X = Oand u = 0. We proceed by induction
by showing that X|o , p,s)1=0 and ul[_p 5 (—1)(Dy—8)1=0
foralln > 1.

Initialization: From ul;_p _50 = 0, we obtain for T =
Dy — 6 that:

Do=s N dz
/0 (X, 4520 + E(t))}[ dr =0

for any test function z over [0, Dy — 6] because t — D(t) <
0 and thus u(t — D(t)) = O for all t < Dy — 6. Using

the test function z(r) = e~ 4! /130_5 (X(1), W)y M7 dr gy,

we obtain that A;z(t) + 3—?(0 = (X(®),yy )y v whence

/ODO_‘S | (X (1), W)y |>dt = 0. By continuity of X, we infer
that (X (¢), ), = Oforallt € [0, Dy — 6] and all k > 1.
As {I]/k, ke N*} forms a Riesz basis, this yields X (r) = 0
forall t € [0, Dy — 6].

Heredity: Let n > 1 be such that X/ ,p,_s; = 0 and
Ul{_py-5,(n=1)(Dy-6)1=0- Then, Y ,p,—5); = 0 and thus

t
u(t) = p()K PN B u(s) ds
max(t—Dy,0)

forall ¢t € [0, n(Dy—06)], whence (see [3] and [18, Lem. 5.3])
u(t) = Oforallt € [0, n(Dy—6)]. Thus, u(t—D(t)) = O for all
t € [0, (n+1)(Dy—06)] and we obtain with T = (n+1)(Dy—6)
that

(n+1)(Dy—5) . dz
/O (X0 A5z + Fw) dr=0

for all test function z over [0, (n+ 1)(Dy — 6)]. Using the test

function z(r) = e~ ! f(;+l)(D0—6) (X (1), Wy )y €M7 dr yy, we
. " dz .

obtain that Ajz(r)+ a(t) = (X (), Wy )3 Wi and thus we in-

fer that "™ | (X (1), )y, 1>dr = 0. By continuity
of X, we infer that (X(t),y);;, = Oforallt € [0,(n +
1)(Dy — &)l and all k > 1. As {y, k € N*} forms a Riesz
basis, this yields X () = O for all t € [0, (n + 1)(Dy — d)].
This completes the proof by induction.

We can now state the main result of this section whose
proof is an adapation of [21, Thm. 3].

Theorem 6. In the context of both assumptions and conclu-
sions of Theorem 2, for any D € C! (R,; R)with |D—Dy| <
6, Xo € H,and d,d, € CO([R+; K™), there exists a unique
weak solution (X ,u) € CO(R+; H)x CO(IR+; K™) associated
with (D, X, dy, d,) of the abstract boundary control system
(11a-11d). Furthermore, this weak solution satisfies the ISS
estimates (13-14) for all t > 0.

PROOF. We consider 6 € (0, D), k € (0, «), and the con-

stants El , Ez, 63, 64, 65, 66 > (0 as provided by Theorem 2.
Let D € CI(R_,_;[R{) with |D — Dy| < 6, Xy € H, and
dy.d, € CO(R +; K") be given. The uniqueness follows from
Lemma 5. We prove the existence.

For a given T > 0, as Cl([O, T1; K™) is a dense subset
of CO([0, T]; KK™), we introduce d, ,,.d,, € C'([0,T];K™)
such that (d, ,), and (d, ,), converge uniformly over [0, T]
to dy |y and d, | 1y, respectively. We introduce (X, u,,) €
CO([O, T]; H)xC! ([—=Dqy — 6, T]; K™) the unique mild solu-
tion of the abstract boundary control system (11a-11d) over
[0, T] associated with (D, X, d; ,, d, ,). By linearity of (11a-
11d), (X, = X,,,, u, — u,,) is the unique mild solution of the
abstract boundary control system (1 1a-11d) over [0, T'] asso-
ciated with (D, 0,d, , — d; ,,,d» , — d; ,)- Thus, we deduce
from (13-14) that (X,,),, and (u,,), are Cauchy sequences of
the Banach spaces C°([0, T']; H) and C°([0, T']; K™), respec-
tively. Thus X, ol X € CY%([0,T]; H) and u, T UE

CO([0, T1; K™) and (X, u) satisfies the estimates (13-14) for
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any ¢ € [0, T]. Itis easy to see from (13-14) that the obtained

X and u are independent of the selected approximating se-

quences (d, ), and (d, ), but only on D, X, d;, and d,.
Forany given0 < T} < Ty, let (X;,u;) € C°([0, T, ]; H)x

CO[0, T, 1; K™ and (X5, uy) € CO([0, T,]; H)xCO([0, T,1; K™)

be the result of the above construction over the time intervals
[0,T7] and [0, T5], respectively. By restricting the approx-
imating sequences of d; |[O,T2] and d2|[O,T2] to the interval
[0, T}], we obtain approximating sequences of d; |[0 7] and
dy|jo,,)- Then, we infer that Xy 7., = X, and uy | | =

u;. Consequently, we can define (X,u) € CO(IR+;H) X
CO(R;K™) such that (X oy, ulj.z) is the result of the
above construction for any 7" > 0. Then, (X, u) satisfy the
estimates (13-14) for all 1 > 0.

It remains to show that (X, u) is actually the weak solu-
tion associated with (D, X, d;, d,) of the abstract boundary
control system (11a-11d). Let T > 0 be arbitrarily given.
Let(dy ), € cl([0,T7; K™N and (dy )y € cl([0,T]; K™N
be approximating sequences, compliant with the procedure
of the previous paragraphs, converging to d, |[0’T] ,and d, | (0.1
respectively. Thus, the corresponding sequence of mild so-
lutions (X, u,), converges uniformly to (X|ory, uljo 7))
As mild solutions are weak solutions, we obtain that, for any
test function z over [0, 7] and any n > 1,

/T <x (1), A*2(t) + %(t)> dt
0 " 770 dr H
= — (X, 2(0))y

T
+ / ( Bluy(t = D)) + dy ,(1), Ayz(1) ), dt
0
T
- / (AB(u,(t = D) + dy ,(1), 2(1) ), dt
0

with un|[_D0_5’O] =0and

un(t) = (p(t) { KYn(t) + d2,n(t)

t

+K 75PN, By, u,(s)ds }

max(t—Dy,0)

for all t € [0, T], where

<Xn(l),ll/N0>H]T~

By letting n — +00, we obtain that (41-42) hold over [0, T'].
As both T > 0 and the test function z over [0, T'] have been
arbitrarily selected, this concludes the proof.

Y,0 = [(X,0.0)y

6. Conclusion

This paper has investigated the input-to-state stabiliza-
tion with respect to boundary disturbances of a class of di-
agonal infinite-dimensional systems via delay boundary con-
trol. First, a preliminary lemma regarding the robustness

of a constant-delay predictor feedback with respect to un-
certain and time-varying input delays has been derived un-
der the form of an ISS estimate with fading memory of the
disturbance input. This result was applied to a truncated
model capturing the unstable modes of the studied infinite-
dimensional system. Finally, this ISS property was extended
to the closed-loop infinite-dimensional system, first consid-
ering mild solutions and then for weak solutions associated
with disturbances exhibiting relaxed regularity assumptions.

A. Proof of Lemma 1

As “|[—D0—5,0] =0, (6) is equivalent over [0, Dy — 6] to
X(1) = S(O{Xy— Bd(0)} + Bd,(r)

t
+/ S(t — s){ABd,(s) — Bd,(s)} ds,
0

which is well and uniquely defined as an element of C°([0, Dy—
6]; H) with associated control input u = 0 € C 1([—DO -
6,01, K™).

We proceed by induction. Assume that, for a given n €
N*, there exists a unique couple (X,u) € c([o, n(Dy —
8)]; H)x C'([-Dy — 8, (n— 1)(D,y — §)]) such that (6) holds
over [0, n(Dy—6)] and (11c) holds over [-Dy—6, (n—1)(Dy—
6)]. In particular, reproducing the developments reported in
Subsection 2.2, ¢, is of class ¢! over [0, n(Dy — 6)], and
thus Y € C'([0,n(D, — 8)],IKNo). We show that there ex-
ists a unique couple (X, @) € CO([0, (n + (Dy = 8); H) X
CY([-Dy — 8, n(Dy — 8)]; K™) such that

X(t) = S(H){ X, — Bi(0)} + Bit) 43)

t
+ / St — s){ AB#(s) — Bi(s)} ds
0

with 8(t) = ii(t — D(t))+d(¢) for all t € [0, (n+ 1)(Dg — )]
and where the control law is characterized by a|_p _s50) = 0
and, for all 7 € [0, n(Dy — o)1,

ut) = w(t){KY(t) +dy(0) (44)

t

(t—s—Dy)Ay ~
+K e OBNOu(s)ds}

max(t—Dy,0)

with

<X(t)’ WN0>H] ' )

In particular, the induction assumption yields X | (0(Dy—5)] =
X and @|_p _5(n-1yDy—s)) = 4. Moreover, as t — D(r) <
n(Dy — o) fort < (n+ 1)(D,y — 6), we have Y@ = Y@,
i.e., the control input & over the time interval [0, n(Dy — 6)]
is only defined by X over the time interval [0, n(Dy—6)] and
does not depend on X over [n(Dy —6), (n+ 1)(Dy —5)]. As
Y € %[0, n(Dy — 6)]; IKNo), we obtain from [18, Lem. 5.3]
(see also [3] in the case ¢ = 1) that the control @ given by

70 = [(£@.w ),

H. Lhachemi et al.: Preprint submitted to Elsevier

Page 10 of 11



Short Title of the Article

the implicit equation (44) is well and uniquely defined on
[-Dy — 8, n(Dy — 6)] as an element of CO([—D, — 6, n(D, —
5)], Km) and is SuCh that al[—Do—&,(ﬂ—l)(Do—ﬁ)] = Uu. Introduc—

ing

ZO) =Y+ /

1
t—Dy—5)A ~
e=Po=) NOBNou(s)ds,
-D,

which is such that Z € C!([0, n(Dy—5)]; .KNo), we can write
i) = p(t)K Z(t)+ @(t)d,(t) forall t € [0, n(Dy—6)]. Thus
iec! ([=Dg— 6, n(Dy—6)]) and we obtain that (43) is well
defined over [—- Dy — 6, n(Dy — 6)]. This completes the proof
by induction.
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